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Abstract

We consider a Feller diffusion (Zs,s > 0) (with diffusion coefficient /23 and drift
6 € R) that we condition on {Z; = a,}, where a, is a deterministic function, and we
study the limit in distribution of the conditioned process and of its genealogical tree as
t — 4+00. When a; does not increase too rapidly, we recover the standard size-biased
process (and the associated genealogical tree given by the Kesten tree). When a;
behaves as a3%t* when 6 = 0 or as a e??1°!* when 0 # 0, we obtain a new diffusion, as
already proved by Overbeck in 1994 in the case # = 0. We give a new representation of
this diffusion using an elementary SDE with a Poisson immigration. The corresponding
genealogical tree is described by an infinite discrete skeleton (which does not satisfy
the branching property) decorated with Brownian continuum random trees given by a
Poisson point measure.

As a by-product of this study, we introduce several sets of trees endowed with
a Gromov-type distance which are of independent interest and which allow here to
define in a formal and measurable way the decoration of a backbone with a family of
continuum random trees.
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1 Introduction

1.1 The discrete case motivation

In [1], for the geometric reproduction law, and in [5], for general super-critical
reproduction laws with finite mean and some special sub-critical reproduction laws,
the authors consider the limit of a Galton-Watson (GW) process (Z,,n € IN) started at
Zy = 1 conditionally on Z, = a,, as n goes to infinity, provided the event {Z, = a,} has
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Brownian CRTs

positive probability. They also consider more generally the local limit of the GW tree,
which in particular allows to study condensation phenomenon (on this latter subject,
see [29, 28, 4]). Depending on the growth rate of a,, as n goes to infinity, they observe
different regimes for the limiting random tree: if a,, = 0 for n large, the limiting tree
corresponds to the GW tree conditioned on the extinction event; if a,, is strictly positive
but grows slowly (including the case a,, bounded), then the limit is the so-called Kesten
tree, which consists in an infinite spine decorated with independent GW trees with the
initial reproduction law; if a,, grows at a moderate speed (given in the super-critical
case of finite variance by a,, ~ am™ with a > 0 and m the mean of the reproduction
law), then the limit is a skeleton given by an immigration process decorated again with
independent GW trees with the initial reproduction law; if a,, grows faster than m™ (that
is limy, oo m~"a, = oco) then results are known only for the geometric reproduction law
(the limit exhibits a condensation at the root, that is, the root has an infinite number
of children, and then those children generate independent trees) and for bounded
reproduction laws (the limit is the regular b-ary tree, with b the possible maximum
number of children).

We mention that the local limit distributions of the GW tree with geometric reproduc-
tion also appear when considering the local limit of trees having n vertices with a Gibbs
distribution where the energy is the height of the tree, see [21].

This work is a first step to extend those results to random real trees called Lévy trees
introduced by Duquesne and Le Gall in [18, 19] which are scaling limits of (sub)critical
GW trees and can be seen as genealogical trees for (sub)critical continuous state branch-
ing processes (CSBP); see also [3, 20] for the extension of this latter representation to
the super-critical case. We shall only consider Feller diffusions, which correspond to
CSBPs with quadratic branching mechanism and whose genealogy can be described
using the Brownian continuum random tree introduced by Aldous [9]. Our results belong
also to the family of works dedicated to the description of limits of conditioned random
real trees, in this direction, see [34, 33, 17, 2].

1.2 Feller diffusion with Poisson immigration

We consider a (nonnegative) quadratic CSBP Z = (Z;,¢ > 0) associated with the
branching mechanism:

Yo(N) = BA* + 256,

with 8 > 0 and 0 € R. The process Z is a solution to the stochastic differential equation
(SDE):

dZt = 4/ 2ﬁZt dBt — 2ﬂ92tdt, fort > 07

where (B;,t > 0) is some standard Brownian motion. The CSBP is sub-critical (resp.
super-critical) if § > 0 (resp. € < 0). The time scaling parameter g will be fixed, but
we shall stress in the notations the size scaling parameter 6, and denote by ]PZ the
distribution of 7 starting at Zy = x > 0.

Let a = (at,t > 0) be a non-negative function. We shall consider the local limit of the
process Z conditionally on {Z; = a;} as t goes to infinity, that is the possible limiting
distribution of Zjy ,) = (Z,,r € [0, s]), with s fixed, conditionally on {Z; = a;} as t goes to
infinity. We recall that this question is related to the description of the Martin boundary
of Markov processes and extremal time-space harmonic functions, see [22]. We have for
t > s> 0and H, a bounded o(Z| ,))-measurable random variable:

E [H,|Z; = a;) = B} [H, K (s, Z;t,a1)]
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where K is the so-called Martin kernel, see (2.22) for an explicit formula. Then, all the
extremal time-space harmonic functions h appear as the limit of:

h(s,x) = tl}irgloo K(s,z;t,a;) forall s,z € Ry (1.1)
for some non-negative function a = (a¢, ¢t > 0). Overbeck [36] gives, up to a normalizing
constant, all the extremal time-space harmonic functions A for the critical Feller diffusion
(that is 8 = 0), and gives also the SDE solved by the Doob h-transform of the process Z,
see Lemma 2.7 for the extremal harmonic functions and Corollary 4.2 for the SDE (1.2)
below with # € R which includes the sub-critical and super-critical cases. For keeping
the introduction as simple as possible, we shall stick to the critical case § = 0 considered
in [36], and choose 3 = 1 (the general case can be deduced using a deterministic time
change or a Girsanov transformation of 7). In this case, the extremal harmonic functions
h are, with B defined in (2.13) and a different normalizing constant than in [36] for
a > 0:

+ Extinction case a; = 0 for ¢ large: h%(s,z) = 1;
« Low regime a; > 0 and a; = o(t?): h%(s,z) = ;
» Moderate regime a; ~ at? with a € (0,+00): h%(s,2) = e~ ** B(az)/a.

In particular for the three regimes, for all z > 0, all s > 0 and all bounded o(Z[g ,))-
measurable random variable H,, we get:

Jim EC [H, | Z; = a;) = EY [H m}
The case z = 0 is trivial as it is an absorbing state for Z.

For a € [0,+00), the Doob h-transform of the process Z using the harmonic func-
tion h%, denoted by Z* = (Z,t > 0), satisfies the following SDE according to [36,
Theorem 3]:

dZy = \/2Z8dB: +29,(Z)dt, t>0, Z§ >0, (1.2)

where the function g, is, for a = 0, constant equal to 1, and for « > 0 with H*(s,y) =
e~ ** B(ay)/a, equal to:

B'(ay)
"Blay)

The process Z¢ is nonnegative, and using Feller’s conditions for the classification of
boundaries of one-dimensional diffusion, see [30, Table 6.2 p.234], we easily get that for
any « € [0,400), 0 is an entrance boundary point for Z?, that is, 0 is not accessible but it
is possible to start the process Z¢ from 0, and also +o0 is a natural boundary point for
7%, and thus inaccessible.

Motivated by the backbone decomposition of the corresponding genealogical tree
given in the next section, we provide a new representation of the process Z¢ using a
Poisson immigration given in Corollary 4.2 which is stated for the general case 6 € R.

9a(y) = y Oy log(H*(,y)) =

Proposition 1.1 (Representation using a Poisson immigration, case § = 0). Leta > 0
and (Sg,t > 0) be a Poisson process with intensity adt, independent of the Brownian
motion (By,t > 0). The process Z“ starting at Z§ = 0 is distributed as the solution
Y= (Y,*t>0)of:

dY,* = /2Y2dB, +2(Sf + 1)dt  with Y =0. (1.3)
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The proof of this result, given in Section 4.2, uses a result from Rogers and Pitman
[39] for a transformation of a Markov process to still be a Markov process. When the
process Z< starts at Z§ = = > 0, the constant 1 in the drift term of (1.3) must be
replaced by a random constant independent of B and S, see the beginning of the proof
of Corollary 4.2 in Section 4.3.

1.3 Decomposition of the Brownian CRT with respect to n leaves taken at ran-
dom at a given height

We denote by IN? the canonical o-finite measure associated with the CSBP Z under P?.
Intuitively, under INY, the population starts with an infinitesimal individual at time ¢ = 0.
Let 7 denote under IN? the genealogical tree of the process Z, it is the so-called Brownian
continuum random tree (CRT) introduced by Aldous. In this context, the random tree 7
can be easily built from a Brownian excursion, and the measure IN’ can then be identified
with the excursion measure of the reflected Brownian motion. We write p for the root
of 7. In [19, Theorem 4.5], Duquesne and Le Gall give a decomposition of the critical
or sub-critical Brownian tree 7 by taking a leaf uniformly at random at level ¢ > 0 and
decorating the branch from the root to this leaf with independent Brownian CRTs. There
is no difficulty to extend this result to the supercritical case, see Corollary 5.9. We then
extend this representation by giving a decomposition of the Brownian CRT when taking
n leaves uniformly at random at level ¢ > 0 and decorating the discrete tree spanned by
the n leaves and the root with independent Brownian CRTs, see Theorem 5.8. This result
completes the description of [20] where one chooses theses vertices at random without
condition on their level.

Stating and proving this result relies on a lengthy study of various spaces of trees
and the measurability of various maps defined on those sets of trees, which are detailed
in Section 6. We shall present informally the mathematical objects and state the theorem
in the critical case § = 0 with 3 = 1 for simplicity; we also write IN for IN?. Let A; denote
the local time at level ¢ associated with the Brownian tree 7 (its total mass is equal to Z;
the size of the population at level t): this measure allows to sample random individual
“uniformly” at level ¢; the measure A; is supported by the leaves of 7 at level t. Under
IN[dT] A?"(dv*) we can sample the Brownian CRT 7 with n leaves v* = (v1,...,v,) € T"
at level ¢. To those n distinguish vertices, we shall add the root ¢ of 7 and set v = (g, v*),
and shall see (7,v) as an element of the Polish metric space of the complete locally
compact n + 1-pointed trees, ']l“l(;”c)_K, equipped with the local Gromov-Hausdorff distance
(and where all n + 1-pointed trees which are isomorphic are identified), see Section 6 for
precise details. We describe the rooted tree spanned by the root and the distinguished
v* vertices using a combinatorial construction on growing discrete planar trees with
fixed height ¢ defined in Section 5.4.1 where starting from one branch of height ¢, we
graft uniformly successively branches with their leaf at height ¢. Let us stress that we
use the planar structure of the trees in this section only, and that the grafting of the new
branch is uniformly done on the right or on the left. After n such steps, we obtain the
random n + 1-pointed tree (T v,), where the distinguished vertices v,, are first the
root, and then the leaves ranked in their arrival order (and not in the planar order). Then,
very informally, on this discrete tree, for all « € I a countable set of indices, we graft
at z; € Tu" a subtree T;, where M(dz, dT) = 3,/ 8(z,,13)(dz, dT) is a Poisson point
measure with intensity 2 d.#(dz) IN[dT], where d.Z is the length measure on TU"f, This
grafting procedure, Graft,, is rigorously defined in Section 7.2.2 based on the technical
material from Section 6. So we are now able to state Theorem 5.10 for § =0 and g = 1.
Recall v = (p,v*) € T+, with o the root of 7.

Theorem 1.1 (Generalized n-leaves decomposition, case § = 0). Let ¢t > 0 and n € IN*,
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n)

For every non-negative measurable function I defined on TI(OC_K, we have:

N [ AS™(dv*) F(T, v)] — "l E [F(Graftn((Tgnif, V), M))] .
Tn

For n = 1, see Theorem 5.8, this is the so-called Bismut decomposition which appears
in [19] stated in the framework of the contour process of the Lévy trees. As pointed out
by a thorough referee it is possible to state Theorem 1.1 using the contour process given
by the Brownian excursion, providing an interesting shorter proof. We however choose to
stick to the tree framework presentation in order to clarify measurability issues such as
the grafting procedure for random complete locally compact trees, which is a commonly
used operation on trees. We believe those topological technical results postponed to
Sections 6 and 7 will be useful for future works on continuum random trees.

Let us mention here that there have been several works on skeletal/backbone decom-
positions for (spatial) branching processes and their corresponding genealogical trees,
for example see [2, 10, 12, 20, 26, 27, 32] and the references therein. In particular, in
[26], coupled systems of SDEs were established to represent the skeletal decompositions
for continuous-state branching processes (conditioned on survival), where the skeletons
are determined by continuous-time Galton-Watson processes. And we refer to [20] for
the reconstruction of a Lévy tree from a backbone tree, which could be formed by leaves
taken at random in a Poissonnian way from the Lévy tree according to the so-called mass
measure; see Remark 5.4 there and [18]. For representations of branching processes
(with immigration) via SDEs, we also refer to [15] and references therein.

1.4 Local limit of conditioned Brownian CRT

The Brownian CRT 7T gives the genealogical structure of the CSBP Z. We shall
give a description of the genealogical structure of the CSBP associated with the Doob
h-transform and prove that it appears naturally as local limit of the Brownian CRT T
conditioned to be large. We stress that the local limits obtained here are different from
the one obtained by conditioning on the non extinction at large time, see [2] in this
direction. We denote by Ti,c_x = T](SLK the set (of equivalence classes) of complete
locally compact rooted real trees, see Section 6 for more details.

Recall that in the critical case # = 0 the Brownian CRT 7T is compact. In the
introduction, we simply denote by t; the real tree t truncated at level t. We denote by
G; the o-field generated by 7; for ¢ > 0; in particular the process Z is adapted to the
filtration (G;,t > 0). Let F' be any bounded continuous function defined on Ti,._k.

+ Extinction case: a; = 0 for ¢t large. We have:

Jim N[P(T) 1z,~ay] = N[F(T5)].
The result is obvious for the critical case as the tree 7 is compact IN-a.e., that
is Ty = T for t large enough. We obtain the same result in the sub-critical case
0 > 0. In the super-critical case ¢ < 0, using the Girsanov transformation from [3]
to define the super-critical Lévy tree, see also (5.6), we get that:

tlinolo ]Ne [F(Izﬁ) 1{Zt=at}} = ]NW‘ [F(,TS)]

Those results hold also in general for any compact Lévy trees.

« Low regime: q is positive and a; = o(t?). We recall that the Kesten tree 7* is
informally obtained by grafting the trees (73,4 € I) respectively at levels (h;,i € I)
on an infinite spine, where the point measure ), _; 05, ,(dh,dT) is a Poisson point
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measure with intensity measure 21y,-0;dhIN[d7]. See Lemma 7.2 for a more
formal definition of the Kesten tree. The Kesten tree appears already as the local
limit of general compact Lévy trees when conditioning instead by {Z; > 0}, see [2].
The next result is Theorem 5.14 restricted to the critical case § = 0 with 79¢ = 7*
(notice therein the difference of the limit between the super-critical case and the
sub-critical one).

Theorem 1.2. We have in the low regime, a, = o(t*) and a; > 0, that:

tlgglo]N[F(’];) | Zy = at] =E[F(7))].

« Moderate regime: a, ~ at?, where a € (0,+00). We first consider a backbone
tree T*° representing in some sense the genealogy associated with a Poisson
immigration with rate «, see Section 5.6 for a more precise description. Secondly,
let the point measure ), ; 0., 1,(dz,dT) be, conditionally given 79, a Poisson
point measure with intensity rate 2.2 (dz) N[d7] with .Z(dz) the length measure
on %0, Then, the random tree 7% is obtained by grafting, for i € I, the tree
T, at vertex z; on the backbone tree 0. (As, for a = 0, T%9 can be seen as an
infinite spine, the Kesten tree is indeed distributed as 790y The next result is
Theorem 5.13 restricted to the critical case 6§ = 0.

Theorem 1.3. We have in the moderate regime, a; ~ at® with o € (0,+00), that:

Jim N[F(T:) | Z =] = B[P (T29)].

Let us stress that the backbone tree does not enjoy the branching property, as
already observed by [1, 5] in a discrete setting. In a forthcoming paper, we shall
recover the branching structure in the backbone by considering a weighted tree.

» High regime: lim, ..t 2a; = +o0o (or limy_,o e 2%t q, = 400 if § # 0). The
description of the possible limit in this regime is still an open question. As in the
discrete setting studied in [1], one could ask if there is a condensation phenomenon
at the root. However, to study such local limits, which would not be locally compact
(at least at or near the root), one would require a non trivial extension of the
current topology developed for complete locally compact trees.

1.5 Outline of the paper

Section 2 is devoted to some notations and elementary facts for the quadratic CSBP,
the transition kernel under the canonical measure IN’, and the Martin boundary for
the process Z (under IPg, and the excursion measure IN?). We then present families of
martingales for the process Z and then the local limits of the process Z conditionally
on Z; = a; for ¢t large and some deterministic function (a;,¢ > 0) (under IPﬁ and the
excursion measure IN?) in Section 3. We prove Proposition 1.1 on the representation
of the Doob h-transform of the process Z with A harmonic extremal using a Poisson
immigration in the general case 6 € R in Section 4, see Corollary 4.2. We provide the
backbone decomposition in Section 5, with the decomposition with respect to n leaves
from Theorem 1.1 in Section 5.5 and the local limit of Brownian CRT conditioned to
Zy = ay from Theorems 1.2 and 1.3 in Section 5.6. We have made the choice to use some
intuitive (but abusive) definition in Section 5, in particular considering the Graft,, map
in order to state the result without burdening the reader with too much technicalities;
we clarify all the definitions in Section 7 using the lengthy technical Section 6.

Let us mention that the introduction is written with the time scale parameter g = 1
and for the critical case § = 0. The general cases 5 > 0 and 0 € R could be deduced
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in finite time from the particular case by scaling or using the Girsanov transform on
CSBP. However, if those computations are not that complicated, they are lengthy and
treacherous; so we decided to treat the general cases but for the introduction.

An index of all the (numerous) relevant notations is provided at the end of the
document.

2 General quadratic CSBP

2.1 Notations

We set Ry = [0,+00), R} = (0, +00), N={0,1,2,---} and N* = {1,2,--- }.

For z € R, we set zy = max(0,z) and z_ = max(0, —z), so that z = =, —z_. We write
¢, for the Dirac mass at z.

Let (E,&) be a measured space. For a (nonnegative) measure y on E and A € &,
we denote by i 4(dz) the measure 14(x)u(dx). We write u(f) = (f,p) = [ fdp = (f, 1)
for the integral of the measurable real-valued function f with respect to the measure g,
whenever it is meaningful.

We say that a function from a measurable space to a measurable space is bi-
measurable if it is measurable and the image of any measurable set is a measurable set
(when the function is one-to-one this is equivalent to the function and its inverse being
measurable).

2.2 Quadratic CSBP

Most results in this section can be found in [18, 16, 3, 20]. Let 8 > 0 be fixed. Let
0 € R. We consider the quadratic branching mechanism 1y given for A € R by:

Vo(N) = BA? + 2860 (2.1)

The corresponding CSBP Z = (Z;,t > 0) is the unique strong solution to the following
stochastic differential equation (SDE):

dZt = v/ 2,8Zt dBt — 269tht for ¢ > 0, (22)

where B = (B;,t > 0) is a standard Brownian motion and Z;, = « > 0. For ¢t > 0, let F; be
the o-field generated by (Z,,t € [0,t]). We write PP? to stress the value of the parameter
6, and the initial value of the process Z, Z; = x. We denote by IN’ the canonical measure
of the process Z with Z; = 0, normalized in such a way that for A\ > 0:

N? [1—e 7] =45 (N),

where o = f0°° Z, dt is the total size of the population under the canonical measure IN?
and 1, ' () is the only solution ¢ to 1¢(¢) = A such that ¢ > 26_. In particular, the process
(Z;,t > 0) under PY is distributed as the process (Ziel Zt(i),t > 0) where >
a Poisson point measure with intensity zIN?(dZ). We refer to [18] for # > 0 (critical
and sub-critical case) and to [16, 3, 20] for # < 0 (super-critical case) for a detailed
presentation of the CSBP process Z and the corresponding continuum Brownian random
tree 7.

With a slight abuse, we say that two random variables or functionals Y’ and Y have
the same distribution under IN? if the pushed forward measures of N’ by Y’ and Y are
equal.

iel 52(1) is

We introduce the following positive functions ¢’ and ¢’ defined for ¢t € (0, +oc0) by
) =& =1/t and for 0 # 0:

20 Y 20
Ctezi and C?:Ct :m

g (2.3)
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Remark 2.1 (Scaling property of Z). In this remark, we write Z5:%! for Z under IN? or
P’ in order to stress the dependence in 3 > 0 and § € R. LetY = (Y, s > 0) be a Feller
diffusion that is, Y = Z!#=1.0=0 Under PP,, it is given as the unique strong solution to
the SDE, with initial condition Yy = x:

dYs; = v/2Y,dB;, fors>0. (2.4)

We denote by (Q:,t > 0) the semi-group of the diffusion Y and recall that it is a Feller
semi-group with the so-called following branching property:

Qi(x+2',) = Qi(x,)) * Qy(a’,-) forall t>0 and z,2’' € R,. (2.5)

We shall denote by IN the canonical measure of Y.
For f > 0 and § € R, the process Z!%Y! under N? (resp. P?) is distributed as the
process:
(e—mt Yy e, t > 0) (2.6)

under N (resp. P, ), with the convention that l/cf =0 fort = 0. Notice that the range of
1/c? ast runs in R, is [0,1/(20_)). Even though, using this scaling and time change, it is
(almost) enough to state the forthcoming results for the particular case § =1 and 6 = 0,
we shall keep general values for the parameters in order to better understand their role.
This ends the remark.

The functions ¢’ and & are decreasing with:

lim ¢ = lim & =400, lim ¢/ =20_ and lim & =26,. (2.7)
t—0+ t—0+ t—+o0 t——+o0

We also have for ¢ > 0:

& =c0 =420 (2.8)
We define for t > 0 and A > —¢&?:
pYeH A&l
6 t 6 t —t
A\t) = e g A 2.9
u(v) E?—i—)\ Cy 5t9+)\7 ( )

and set u’()\,0) = A for t = 0. This gives that for t > 0 and A > —¢&’:
20\
ifg#0
u? (N 1) = { (204 ) e280t —\7 0670,
(14 ABY), i£6 =0,

For r > 0 and ¢t > 0, we have that:
0.0 0
U (crvt) = Cigp-

We recall from the above mentioned references ([18, 16, 3, 20]) for A > 0 and by analytic
continuation for A < 0, that for¢ > 0 and x > 0:

N’ [1—e ] =u’(\t) and EY[e %] =e @O forall A > —&.  (2.10)
We denote by ¢ = inf{t > 0; Z; = 0} the lifetime of the process Z. We recall that for

all ¢t > 0:
INY[¢ > t] = lim uf(\ ) = P(1).
A—00

By considering the series in A in (2.9) and (2.10), we deduce that for all ¢ > 0 and n € IN*:

N [(&2)"] = nief. (2.11)
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We now give a martingales related to the CSBP Z. Since u’(\,t) = u=%(\ 4 26,t) — 20
for A > ¢ — 26, we deduce that the process (e?’?, t € I) is a martingale with respect to
the filtration (F;, ¢ > 0) under N with I = R* and under PY with I = R.. Furthermore,
according to [3, Section 4], we have that for € R, ¢t > 0 and = > 0:

N~dZ) 7 = e*? N[dZ],7, and E;°[dZ)z = *% =) EJ[dZ] x,. (2.12)

Recall that & is decreasing in ¢, and thus —¢/ > —&%. The next lemma is an easy
consequence of (2.10) and the following elementary equality:

w(—é,,,t)=—¢& forallt>0andr > 0.

Lemma 2.2. Let§ € R, © € Ry, r > 0 and the quadratic CSBP (Z;,t > 0) solution
of (2.2). The process (eef+rzf, te I) is a martingale with respect to the filtration
(F¢,t > 0) under N with I = R’ and under P? with I = Ry.

2.3 Transition densities and Martin Kernel

We first provide the densities of the entrance law IN?[Z; € dz, ¢ > t] and the transition
kernel NY[Z,, € dy| Z, = ] of the (homogeneous) CSBP Z under its excursion measure
fort > 0, x > 0 and y > 0. We shall consider the function By and B on R defined by:

z) = Z k'(kxil)' and B(z) = zBo(z) = vz I, (2Vz), (2.13)
keN ’

where I1(z) = >, n(2/2)?"F! /il(i + 1)! is the Bessel function. Notice that By(0) = 1.

Lemma 2.3 (Entrance law and transition densities of 7). Let # € R. Let s,t > 0 and
y > 0. We have N?[Z,, , € dy| Z; = 0] = §o(dy) and for x > 0:

NY[Z; € dz, ¢ > t] = ¢! (x) dx,
N'[Zirs € dy| Zo = o] = PL(Z, € dy) = e~ b (dy) + ¢ (2,9) dy.
where:
¢ () = & e, (2.14)
q%(z,y) = xlél e —(aty)ef—20y B (zyclel). (2.15)

Notice that for x = 0 the transition kernel of Z is a Dirac mass at 0; this amount to
take g (0, y) =0 forall ¢t > 0 and y > 0, which is consistent with (2.15). We also mention
thatf qt z,y)dy =1— e .

The case 0 =0and 8 = 11isin [36]. We provide a short proof for any parameters for
the reader convenience.

Proof. We omit the parameter ¢ in the proof. On one hand, we get that for A > 0:
Ne Ly = -IN[1—e ] + N[ > 1] = c(t) — u(A,1).
On the other hand, using (2.9), we get:

o0
/ crbpe”CFNT dg — c(t) —u(,t).
0

Then use that finite positive measures on R are characterized by their Laplace transform
to obtain that N?[Z; € dx, ¢ > t] = ¢;(x) dz with ¢; given by (2.14).

EJP 0 (2023), paper 0. https://www.imstat.org/ejp
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For the transition kernel, we get that for A > 0:

)

N {e_’\z”s

Z, =] =) = e

where, thanks to (2.9), a = x¢;¢; and b = ¢;. Notice that:

a 1 a ket e (ay)k by—A
— — —0Yy—AyYy
ebH_lJrgq(k%—l)! <b+)\) _1+“Z/ Kk + 1)1 ¢ dy.

Using (2.3), we deduce that N?[Z;, , € dy| Z, = x] = e~ §o(dy) +q:(2,y) dy, with q.(, y)
given by (2.15). O

Let us notice that q?(z, ) is also the transition density of the CSBP Z under P? , for
every ro > 0. As fort > s > 0 and x,y € R, the probability measure P%(Z;, , € dy)
is absolutely continuous w.r.t. P{(Z; € dy), the Martin kernel is defined by the Radon-

Nikodym derivative:

PY(Z,_, € dy)
K(s,z;t,y) = —]Pa(; cd) (2.16)
1\4t Y

2.4 Martin boundary
According to Overbeck [36], see also [22, Section 10], all extremal (non-negative)
time-space harmonic functions for the CSBP Z appear as the limit of the Martin kernel
K(s,xz;t,a;), see (2.16), as t goes to infinity and where (a;,¢ > 0) is a non-negative
function. To study the possible limits:
lim K(s,x;t, a), 2.17)

t—o0

we shall consider the functions on ]Ri:

B eQﬁGs
H%(s,x) =2 %% and H*%(s,z) = emo/cs M, (2.18)
e!

for @ > 0 and with B defined in (2.13). Notice that lim,_,o H*? = H%?.
We consider the following intermediary result with the functions ¢ and g given
in (2.14) and (2.15).

Lemma 2.4. Lets > 0 and x > 0. If (a;,t > 0) is positive and lim;_, o a; &% = a €
[0, 4+00), then we have:

6
m B0 2 H>l (s, 2). (2.19)

Proof. We omit the superscript 6 in the proof. We get from (2.15) and (2.8) that for
t>s>0andy > 0:

0 -
w — pe TCt—s e*y(ctfsfq) Ct_s?t_s B
at (y) CtCt
Recall from (2.7) that lim;—, o ¢ = 26_ so that:

0 (cht—sét—s) .

Jim e TCt—s = g7 207 (2.20)
—00

It is elementary to check that:

2801 2Pl —1 _ 1

lim ¢;_sCis/c1é =€ and lim (¢—5 — 1)/t =

t—o00 t—00 2‘9| - 050‘7
where the latter limit is simply s if 6 = 0. The result is then immediate. O
EJP 0 (2023), paper O. https://www.imstat.org/ejp

Page 10/71


https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Brownian CRTs

The result below for § = 0 appears in [36, Section 5], and the proof for general 6,
based on (2.16) and Lemma 2.4 is similar.

Lemma 2.5 (Martin boundary). Let s > 0 and x > 0.

(i) Extinction case. If a; = 0 fort large enough, then the limit (2.17) exists and is
equal to:
h@,&(s’m) — h@,a(x) — 6726_(0571) )

(ii)) Low and moderate regimes. If the sequence (a;,t > 0) is positive and lim;_, | - a; c?éf

a € [0,400), then the limit (2.17) exists and is equal to:

Hl(s, 2)
«,f _ 1,0,0 ) .
h (S,LIZ‘) =h (l’) HO"IG‘((L 1)

(iii) High regime. Iflim;_, . a; c?& = +oo, then the limit (2.17) exists and is equal to:

hoo(s’ .’E) = 1{5:0, =1}

By considering the accumulation points of the sequence (a; cf 6f ,t > 0), we deduce
from Lemma 2.5 that there is no other possible case for the existence of the limit (2.17).

Remark 2.6 (Equivalent condition for the moderate regime). The moderate regime
condition lim;_, o a; /& = o € (0,4+00), which appears in Lemma 2.5 (ii), is in fact
equivalent to:

242 if 0 =
ay ~ {0‘5 it0 =0, 2.21)

a(20)2e28191tifp # 0.
Proof. We omit the superscript # in the proof. The low and moderate regimes are a direct

consequence of Lemma 2.4. In the extinction case, use that K(s,z;t,0) = e %¢t-stc
and (2.20) to get the result. For the high regime, using that for y > 0:

0 ifz =0,
. A TCt—stCt ~
K(s,x;t,y) =e X < B(ay ct,ict,s) R o (2.22)
B(ycicr)
Equation (2.13), the asymptotics of the Bessel function I;(z) ~ e* /v/27z as z goes to
infinity and (2.20), we deduce that lim; o K(s,;t,a:) = 1{5=0, =1}- O

Using similar arguments as in [36, Section 5] stated for § = 0, the Girsanov transform
(2.12) to reduce the cases 8 < 0 to 8§ > 0 and then Remark 2.1 to reduce those latter
cases to the case § = 0, we get the following result.

Lemma 2.7 (Extremal harmonic functions). Let 5 > 0 be fixed. Let # € R. The
extremal time-space harmonic functions of Z!%% are the functions h*? for o € A where

A= {0} U[0, +00).

Proof. Notice that h*° is not an harmonic function. According to [22, Section 10], the
functions h*? with o € A are the only possible extremal harmonic functions. Thanks
to (2.12) it is enough to consider the case § > 0. Thanks to Remark 2.1, for § > 0, we
have that:

.0 o ,0 —2830s a _
Y [F(Zy ) h (1,20 = B [ Vi g, € [0,) (1,72 1, )]

= Ca B [F(e™ Yy 0,5 € [0,1]) ¢/ B(aYy/)],
where for « = 0, C,B(ax) is simply replaced by Cy z, and C,, is a finite positive constant.

Then use that 1, (Y;,s > 0) and (e~ **B(aYs),s > 0) for a € (0,+00) are martingales,
see [36], to conclude when 6 > 0. O
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3 Local limits for the process 7

3.1 Some martingales
We present in this section two martingales which will naturally appear in the local
limits for the Brownian continuum random tree (CRT). Let > 0. Define:
H(s,y) = e “* yBo(ay), s>0,y>0, (3.1)

where B is defined in (2.13). Recall § € R. Let M*? = (M™° ¢t > 0) be the process
defined by:
MM = (1), 279 7,) = HYO(t, Z,), (3.2)

where the last equality is a direct consequence of (2.18) on the definition of H*?. For
0 = 0, this formula corresponds to [36, Eq. (19)] up to a normalizing constant.

Using Theorem 3 of [36] and Remark 2.1, we get the following result (where a
martingale under the o-finite excursion measure is understood to be a process with
integrable marginals).

Proposition 3.1. Let§ € R, « > 0 and ¢ € R,;. The process (Mto"e, te I) is a non-
negative martingale under NY with I = (0, +o0) and under P? with I = R, .

Proof. The case 6 = 0 under P, is in [36, Section 5]. For 6 # 0, use Remark 2.1 to get
the result under P, for all 6 € R.
Moreover, for all t > 0, we have, using (2.11) and &7 /¢! = 5%, that:

N’ {M;ﬂ =1 (3.3)

Then use the Markov property under the excursion measure to conclude the result also
holds under INY. O

We introduce an other family of related martingales. For # € R and a > 0, we set
M? = (Mt > 0) with:

Mta,e — o20Z: Mta,fe _ H“(l/éf, e 2P0t Zt) eQOZt’ (3.4)

using (3.2) and ¢, o — & for the second equality. We then deduce from Proposition 3.1
the following corollary.

Corollary 3.2. Let € R, a > 0. The process M*? is a martingale under IN?, and for
t > 0 and any non-negative F;-measurable random variable H;, we have:

Y[, M7 = N [ v (3.5)
Remark 3.3 (The case § =0 and o« = 0). Lett > 0. For 8 = 0, we have:
M0 = M =1 (B, Zy):
For a = 0, we have:
MY = 7,629 and MY® = 7,¢20(Z:=5Y) (3.6)

Then for « = 6 = 0, we have: .
MO = M) = 7,

Remark 3.4 (The case a < 0). We consider the process MY defined by (3.2) and (3.1)
with o negative. Using |M°| < e2lel/<! 1}*1 | we get the integrability of the process
M>?, Using that By is a converging series with positive terms, we deduce that the
martingale property of the process M* holds as in Proposition 3.1 for a negative.

EJP 0 (2023), paper O. https://www.imstat.org/ejp
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3.2 Local limit

We first consider the Poisson regime, whose name is inherited from the representation
given in Proposition 4.1 based on a Poisson immigration. Let a = (a¢, ¢t > 0) be a positive
function.

Proposition 3.5 (Poisson regime). Letf € R, s > 0 and Hs be a bounded F;-measurable
random variable. Let a € (0,+00). Assume the function a is such that as t — oo large:

a2 t? if6 =0,
a+ ~
"l a(20)72e28101t i £ 0.

Then we have:

IN[H, MY if >0,

- (3.7)
IN[H, M™% if <O0.

lim N[H| Z, = a,] = N [Hs M;"""'} - {
— 00
Proof. Let s > 0 and H; be fixed. For ¢t > 0, thanks to (2.14) on the entrance law density
and (2.15) on the transition kernel density, we have:

ING [qut(Zsa at+s)]

NOH,| Zivs = arys] = )
[ | t+ t"r] qt+s(at+s)

Then use Lemma 2.4 to get the existence of the limit:

lim

(3.8)
t=too Grys(args)

A(Zsyares) _ J M0 30 >0,
C | A1 ife <o.

The Markov property, Proposition 3.1 (see (3.3) in its proof) and Corollary 3.2 (with
H, = 1) give that the IN?[q.(Zs, arys)/Grrs(arss)], NO[M®P] and IN?[M 9] are all equal
to 1. To conclude use that, for nonnegative functions, the a.e. convergence and the
convergence of the integrals imply the L' convergence in (3.8). This concludes the
proof. O

The same proof can be used for the Kesten regime.

Proposition 3.6 (Kesten regime). Let 6 € R, s > 0 and H,; be a bounded non-negative
Fs-measurable random variable. Assume the function a is positive (a; > 0) and such that

ast — oo:
o(t?) if0 =0,
ar =
' o(e?P101t) if g £ 0.

Then we have:

N [H, M%%] ifo >0,

- 3.9)
IN9[H, M%%] ifg <O0. (

lim N[H,| Z, = a,] = N [H Z. ew“"'ﬂ - {
—00

For completeness, we add the well known extinction case, that is the function a; = 0
for large t, which is a direct consequence of (2.12). Since the event {Z; = 0} has infinite
measure under IN?, we consider the restriction instead of the conditioning.

Proposition 3.7 (Extinction regime). Letf € R, s > 0 and H, be a bounded non-negative
Fs-measurable random variable. Then we have:

INP[H,] if6>0
lim N? [Hy 175 o] = NPIH,] = s = (3.10)
Jon N2 12,0 = W) o <o.
EJP 0 (2023), paper O. https://www.imstat.org/ejp
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4 Change of measure

We give a representation of the distribution of the process Z under the change of
measure given by the martingale M ¢ using a Poisson immigration; and we identify
it with the solution of the SDE from [36, Theorem 3]. Even if Proposition 4.1 and
Corollary 4.2 below are a direct consequence of Proposition 5.11 and Theorem 5.13
(see Remarks 5.12 and 5.15), we provide an independent proof in Sections 4.2 and 4.3
which is interesting by itself. The proof will be done for 5 = 1 and # = 0, and then use a
time-change, see Remark 2.1, to get 6 € R.

4.1 SDE representation

Let 8 > 0and 6 € R. Let B = (B, t > 0) be a standard Brownian motion. Let a > 0
and S*(dt) be a Poisson point measure on R, with intensity o3 e?#* dt, independent
of the Brownian motion B. We set S = §4(]0,]) for t € R... We define the process
yol = (}’t“’a,t > 0) under P? as the unique strong solution (conditionally on S) of the
following SDE:

Ay 0 = \/28Y20aB, — 280V, dt + 268 (7 +1)dt fort >0, and Y' =0. (4.1)

Notice that by definition, we have S5*¢ = 0.

Proposition 4.1 (An SDE with Poisson drift). Let o > 0, § € R and ty > 0. The process
(Zs,t € [0,t0]) under IN? [o Mt‘g"g} is distributed as the process (Y,* t € [0, t]).

The proof of this proposition is detailed in Section 4.2. Notice that Corollary 3.2
provides a Girsanov transform between the law of Y*¢ and Y*~? starting from 0.
As 0y log(H*(t,y)) does not depend on ¢, we simply write J, log(H*(-,y)).

Corollary 4.2 (The SDE with Poisson drift is a diffusion). Let o > 0 and 8 > 0. The
process (Yto"e,t > 0) satisfies the stochastic differential equation with initial condition
Yoa’g =0:

dY;aﬂ _ /QﬁY}a,G dB; — 2B9K€a’0 dt + 218 e2£¥0t )/toz,e 8y log(Ha(',GQBOt Yta,e)) dt, t>0.
(4.2)

The proof of this corollary is detailed in Section 4.3. We mention that the solution to
the SDE (4.2) is path-wise unique, see Theorem IX.3.5.(iii) in [38], and thus the SDE (4.2)
has a unique strong solution.

In [36, Theorem 3] when 8 = 1 and 6§ = 0 (the function A therein is given by
y~ 1 H(s,y) up to a multiplicative constant), it is already proven that the solution of (4.2)
is the Doob h-transform of the Feller diffusion. Proposition 4.1 and Corollary 4.2 give
an alternative proof of this result. Equation (4.1) gives a more useful description of this
process which will be translated in terms of genealogical trees in the next sections.

4.2 Proof of Proposition 4.1

Following Remark 2.1, we first use a scaling argument to remove the parameters (8
and 6.

Let a > 0. We simply write (Y, S®) for (Y*? S%%) when § = 0 and 3 = 1, that is,
S« = (8%,t > 0) is a Poisson process with parameter « independent of the Brownian

motion B and Y = (Y%, ¢t > 0) is the unique strong solution (conditionally on S) of the
following SDE:

dY® = 1/2Y*dB; +2(S; + 1)dt fort >0, and Yy =0. (4.3)

EJP 0 (2023), paper 0. https://www.imstat.org/ejp
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Let 3,a > 0 and 6 € R. Recall that (Y*? §*%) depends also on 3. Define the process
(Y7o, 5%) = ((¥J, 5¢),s € [0,1/(26-))) by:

Y/ =20y *? and S =50 with s= (4.4)

1
of
Then, it is elementary that this deterministic time change yields the following result.

Lemma 4.3. Let 3,a > 0 and § € R. The process (Y'®,5'“) under P’ (whose law
depends on (f3,0) and «) is distributed as ((YSO‘, 5¢),s €0, 1/(29,))).

Let (P;,t € Ry) be the transition semi-group on R, x IN of the Markov process
(Y, S%). The next result is necessary when checking conditions from [39] to ensure that
a projection of a Markov process is still a Markov process. Let (Y, (resp. Cj) denotes
the set of continuous real-valued functions defined on R} x IN which are bounded (resp.
which vanish at infinity, with R4 x IN endowed with the L*>° norm).

Lemma 4.4. The semi-group (P;,t € R,) has the Feller property, that is P,C, C C}, for
allt > 0. The semi-group (P;,t € R;) is also a Feller semi-group, that is, P,Cy C Cy for
allt > 0 and lim;_,o4 P f(y, k) = f(y, k) forall f € Cy and (y, k) € Ry x IN.

Proof. Let ((Yto"(y"k), SRy ¢ > 0) denote the solution of the SDE (4.3) starting from

(y,k) € Ry x N, that is, ™" = S2 + k and (conditionally on S*®:*)) the process
Y (%) is a strong solution to the SDE:

Ay @R =\ oy @k qp, 4 2@k L 1ydt fort >0, and VUM =y

Let (X/,t > 0) be a Feller diffusion starting from y (it is distributed as a solution to the
SDE (2.4)), independent of the (Yta’(y’k), S;”(y’k))tzg. By the branching property, see (2.5),
we have the equality in distribution for the processes:

(@ 50 4> 0) @ (v 00 4 xp, 5709 1> 0).

Recall Q; denote the semi-group of the process X%, see Remark 2.1. Then for every
t>0,z,y € Ry, k € N and every bounded continuous function f defined on R, x IN, we
have:

Pif(x, k) — Pif(y, k) = {f (}/t“’(g”’k)7sf"(f””“)) _f (y;a’(y’k% Sf"(y’k))}
—F [f (Ka,(o,k) +th’5ta,(0,k)) _ (Ytoz.,((),k) +X§’,Sf"'(°’k))}

= [Qtf(ma‘(o,k))sta,(o,k)) (CE) — Qtf(yta,(o,k))séwo,k)) (y):| )

where f(, 1) is the continuous map z + f (y + =, k). By the Feller property of the semi-
group Q; and the dominated convergence theorem, we deduce that lim,_,, P, f(z, k) —
P, f(y,k) = 0. This gives the Feller property of the kernel P;.

The continuity lim;_0+ P, f(y,k) = f(y,k), for f € C, is a direct consequence of
the path right-continuity at time ¢ = 0 of the process (Y ¥k k) Since P,Cy C
P,Cy C Cy, to conclude that the semi-group (P;, ¢ € R, ) is Feller, it is enough to prove
that P f vanish at infinity for f € Cy. Let f € Cy. Notice that Sf“’(y’k) = S + k and
Sy is nonnegative. It is well known that on can define the family of Feller diffusions

(X7, (t,y) € R2) in such a way that a.s. lim, . X/ = 4oco. Using that v,k s also

nonnegative, we deduce that Limy,.(y k) —oo f (Yta’(y’k),Sf’(y’k)) = 0 a.s. and we get
limyax(y,k)—o0 P2f (¥, k) = 0 by dominated convergence. This finishes the proof. O

EJP 0 (2023), paper O. https://www.imstat.org/ejp
Page 15/71


https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Brownian CRTs

We now give the density of (Y,*, S5*). Recall that Y* = S§ = 0. Let N be the counting
measure on IN.

Lemma 4.5. Lett > 0. The random variable (Y%, S{*) has a density f on Ry x IN with
respect to dy ® N(dk) given by:

k , k+1

1 « -
f(y,k)zt—zme—m“ W, y>0,kel. (4.5)

Proof. Conditionally on S, by (4.3), we can see Y* as a quadratic CSBP (with 5 = 1)
with immigration whose rate is 2(S;* + 1)d¢. This implies that, conditionally on S, the
process Y is distributed as (Ziel Tin,<ty Yt(f)hi,t > 0), where };c; 0(, vy (dt,dY) is
a Poisson point measure on Ry x C(R4,R4) with intensity 2(Sg + 1)d¢ IN[dY] and IN is
the excursion measure of a CSBP with branching mechanism (\) = \2.

We deduce that for A, 1 > 0:

Y —pse| —pSE—[t2(S 4+ 1)N[1—e *Yt—r]dr| _ —pSE—2 [H(S&+1) Py dr
E{e t lj‘t:|_]E|:eMt fo(, )[ ]T_Ee t fo TF(E—r)N ,

where we used (2.10) for the last equality (with 5 = 1 and § = 0). Denote by (§;,i € IN*)
the increasing sequence of the jumping times of the Poisson process S, and set {; = 0.
Then, we have on {S;* = k}:

t N )\ k ) Eit1Nt )\

i
i1t

i=0
k
S Z(z + Dlog(14 (t—r)N)
i=0 &

k
= Zlog(l +(t—&)A).
=0
Conditionally on {Sf* = k}, the random set {¢1,...,&;} is distributed as {tUy, ..., tUs}
(notice the order is unimportant and is not preserved), where Uy, ..., Uy are independent
random variables uniformly distributed on [0, 1]. We deduce that:

k
[T+t —o)n) ] (1 4+

i=1

B o oust] = 3 7(at)kz:at_uk E

where for the last equality, we used the definition of f given in (4.5). This finishes the
proof. O

Recall that Y* = S§ = 0. Let p; be the distribution density of Y* for ¢ € R;. We have
po = 0o the Dirac mass at 0, and for ¢t > 0, we deduce from Lemma 4.5 that p;(dy) has a
density on R, with respect to the Lebesgue measure given by:

pil(dy) =t e V(L y)dy, t>0,y>0, (4.6)
where H® is defined in (3.1). We now give some properties of the conditional law of .S;

given Y;. Recall By defined in (2.13).

EJP 0 (2023), paper O. https://www.imstat.org/ejp
Page 16/71


https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Brownian CRTs

Lemma 4.6. Lety € R,. The law of S§* conditionally on {Y,* = y} does not depend on t.
More precisely, we get forallt > 0, k € N and y > 0:

1 (ay)®

POSE=kIYE =) = 500 FE+ 1)1

(4.7)

Proof. Using Lemma 4.5, we directly have (4.7) for t > 0. Notice that for y = 0, we have
Bo(0) = 1 and

1 ()
Bo(ay) kl(k+1)!  ~h=0F
As (Yy, S8) = (0,0), we deduce that (4.7) also holds for ¢t = 0. O

We can now prove the Markov property of the process Y* = (Y2, ¢ > 0).

Lemma 4.7. The process Y“ from (3.2) with initial condition Y§* = S§ = 0 is a Markov
process on R, and its transition semi-group (Q:,t € Ry) is the unique semi-group
on Cp(R+,R4) with the Feller property and such that p, = poQ: fort € R, where the
probability measure p; is defined in (4.6).

Proof. We say that a probability kernel K is continuous if for all continuous and bounded
function f, K f is also continuous (and bounded). We say that a collection of probabilities
L on a metric space is determining if for two bounded continuous functions f and g,
w(f) = u(g) for all u € £ implies f = g. The proof is base on [39, Lemma 1], which we
recall:

Let E and E’ be metric spaces endowed with their Borel o-fields, X = (X;,t > 0) a
FE-valued continuous time Markov process with fixed initial distribution \ and transition
semigroup (P;,t > 0) that we suppose to be Feller (that is P, is continuous for every
t > 0), ¢ a continuous function from E to E’, A a continuous probability kernel from E’
to E (thatis A : (y,A) — A(y,A), y € E' and A € B(F)), and p; the distribution of ¢ o X;.
Suppose further that:

(i) for eacht > 0 a conditional distribution for X; given ¢ o Xy =y is A(y,-), y € E’;
(ii) the collection {p; : t > 0} is determining.

Then ¢ o X, is Markov with initial law p, and transition semigroup (Q; : t > 0), which is
the unique semigroup on E’ with the Feller property such that p, = poQ;, t > 0.

We now check hypothesis from this lemma with the notation £ = Ry x N, £/ = R,
X = (Y%, 8%, X =0,0) and ¢(y, s) = y. The semi-group (F;,t > 0) is Feller, see Lemma
4.4. The probability kernel A(y; dz,dk) = P(Sy* = k|Y,® = y)d,(dz) N(dk) does not
depend on t by Lemma 4.6 and is clearly continuous. This gives condition (i). We now
check condition (ii), that is the one-dimensional marginal distributions of Y%, (p;,t € R4.),
are determining. To prove this, notice that:

£ e B[] = [ o )y,
JR,

where H(y) = h(y)y Bo(ay). As the Laplace transform characterizes bounded continuous
functions, we deduce that if E[h(Y,*)] = E[g(Y,*)] for all ¢t € Ry, then H = G (with
G(y) = g9(y)y Bo(ay)) and thus h = g on (0, +00) and by continuity on R .

As the assumption of [39, Lemma 1] are satisfied, we deduce that Y* is a Markov
process, and that its transition semi-group (Q;, ¢ € R, ) is the unique Feller semi-group
such that p; = poQ: for t € R, with p, the distribution of Y,*. O
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Remark 4.8. Let us stress that if we consider the Markov process (Y W) §o(w:k)),
the solution of the SDE (4.3) starting from (y, k) € Ry x IN, then there is no guarantee
that Y*W:*) js Markov if y > 0. However, fory > 0, if &, is a N-valued random variable
with distribution given by (4.7), and we consider the process (Ya’(y’gy), Sa’(yﬁfy)) with
random initial condition (y,¢,), according to Lemma 4.6 and the Markov property, we
deduce that Y*(:&) is indeed Markov with transition semigroup (Q;,t € R ) and initial
condition y.

We now compare the distribution of Y* and the distribution of the Feller diffusion Y
defined in Remark 2.1, which is a CSBP with parameter 8 = 1 and 6 = 0. Following (3.2),
we set for ¢ > 0:

MY =H(t, Y;) = e Y, Bo(aY;).

Let IN denote the canonical measure of Y.

Lemma 4.9. Let«a > 0. Let ¢ty > 0. The process (Y%, t € [0,t0]) has the same distribution
as the process (Y;,t € [0,t]) under N [e M ].

Proof. Notice that Y, = 0 and that the process (Y;,t € [0,t0]) is continuous IN-a.e. and
thus IN [o Mg ] -a.e. We first check that the two processes have the same one-dimensional
marginals. Clearly Y* =Yy, = 0. Let ¢ > 0. According to Lemma 2.3, the entrance law of
Y; under IN has density y — t~2e~¥/*. Recall the density p; defined in (4.6). We deduce
that for A > 0:

N [e‘AYt Mﬂ =/ e M HE(t,y) t 2 e/t dy z/
Ry

e py(dy) = E [e‘*yﬂ .
Ry

Since the Laplace transform characterizes the probability distribution on R, we obtain
that Y,* has the same distribution as Y; under IN [e M?].

Using Doob’s h-transform, we get that the process (Y;,t € [0,%]) under IN [o Mtu(‘)]
is Markov. Using that M“ is a martingale under IN (see Proposition 3.1 and use that
Y is distributed as Z when 8 = 1, § = 0), that M} is a function of ¥;, and that Y is
Markov under IN, we get that (V;,¢ € [0,%y]) under IN [e M| is also Feller. We deduce
from the uniqueness property of Lemma 4.7 and the identification of the one-dimensional
marginals from the first step of the proof, that (Y,%,t € [0,¢0]) has the same distribution
as (Y;,t € [0,to]) under IN [e M ]. O

We can now give the proof of Proposition 4.1. Let 5, > 0, # € R and ¢y > 0. Using the
time changes given by Remark 2.1 and (4.4), we deduce that the process (Yto"e, t €[0,t0])

is distributed as the process (Z;,t € [0,to]) under IN’ {. M{Z’g}

4.3 Proof of Corollary 4.2

We first consider the case 6 = 0. Recall that Y* = S5 = 0. Since Y'“ satisfies (4.3),
then by Lemma 4.6 and Remark 4.8, the Markov process (Y, ¢t > 0) starting from y > 0
with the same semigroup as Y solves the following equation:

AV, Y = \/2Y, Y dB; + 2(S* + ¢Y)dt, t>0, and Y Y =y,
where S and ¢Y are independent and (since S§ = 0) for k € IN:

1 (ay)®

PE =k =50 1)
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We deduce that E[¢Y] = g, (y) with:

1 ()t o
929) = Botam) kZ:O (= Y0y los(M (. v)),

where 0, log(H*(t,y)) does not depend on ¢.

As g, is finite, we deduce that E[Y;*"Y] = 2g,(y)t + at? is also finite. Since Y is a
Feller process by Lemma 4.7, we can consider its semi-group, say (Q:,t € R4), which
is also the semi-group of Y*¥, and its corresponding infinitesimal generator, say A,
defined on the set Cj of real-valued continuous function defined on R, and vanishing at
infinity (possibly on a subspace). Notice the process YV is continuous. We consider the
Dynkin’s characteristic operator U/ defined by, for y € R:

B [f(VE)] — f(y)
Mf(y) N l‘flﬁ)l E, [Ty,s] ’

when the limit exists, and 7, . = inf{t > 0: |Y*¥ — y| > ¢}. The domain Dy, is defined
to be the set of those f € Cy for which U f(y) exists for all y € Ry and U f € Cy, see [40,
Section II1.12]. According to Dynkin’s theorem, see Theorem II1.12.2 therein, we also
have that A = U (with the same domain).

Let C'%¥ be the set of all infinitely differentiable functions f with compact support in
R, . By conditioning on (5%,£¥) and applying It6’s formula, one easily get that for any
felCg andy > 0:

Af(y) =y f"(y) + 294 (y) f'(y).

Now for the second order differential operator y 85 + 2g4(y) 0y, using Feller’s conditions
for the classification of boundaries of one-dimensional diffusion, see [30, Table 6.2 p.234],
we easily get that 0 is an entrance boundary point (that is, 0 is not accessible but it is
possible to start the process from 0) and that 4oc0 is a natural boundary point; thus both
0 and +o0 are inaccessible.

The drift coefficient g, has a continuous derivative; but it is not bounded, so one can
not directly use [23], see Theorem 1.1 in Section 8.1 and Theorem 2.1, to completely
identify the generator. However, stopping the process Y*¥ when it reaches a large
level, say M, one can show that up to this stopping time the process Y®¥, with y < M,

is a diffusion which is distributed as the solution of the SDE dY,*¥ = {/2V,*¥dB; +

294 (YY) dt starting from Y*¥ = 0. We leave this details to the interested reader.
We then deduce that Y is a diffusion starting from Y;* = 0 and for ¢ > 0:

dY,” = \/2Y2 dB; + 2ga(Y,¥) dt.

That is, the proces Y© is a solution to the SDE (4.2) with # = 0. Recall from (4.4) that
YVl = o280t yo with s = 1/¢f = (e2#9* —1)/20. With this deterministic time-change, we
deduce that the process Y0 satisfies (4.2).

5 Backbone decomposition

We introduce basic facts on the space of real trees in Section 5.1. We recall some
properties of the Brownian CRT in Section 5.2. We give in Section 5.4 a recursive
construction of some discrete random trees using a grafting procedure defined in
Section 5.3. Let us stress that the measurable and topological properties of the grafting
procedure, as well as its formal definition, are discussed in detail in Section 6.3. In
Section 5.5, we provide a decomposition of a (sub)critical Brownian CRT according to
n leaves at a given distance from the root and uniformly chosen at random, this is a
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generalization of the case n = 1 from [19, Theorem 4.5]. We prove our main results in
Section 5.6 on the local convergence of the Brownian CRT conditioned to have a large
population at time ¢, as t goes to infinity.

5.1 Notations for trees
5.1.1 Real trees

We use the framework of real trees to encode the genealogy of a continuous state
branching process. We refer to [24] for a detailed introduction to real trees.

A real tree (or simply a tree in the rest of the text) is a metric space (7,d) that
satisfies the two following properties for every u,v € T":

(i) There is a unique isometric map f,, from [0, d(u,v)] into T" such that:
fuw() =u and fuw (d(u, 11)) = 0.

(ii) If ¢ is a continuous injective map from [0, 1] into 7" such that ¢(0) = v and ¢(1) = v,
then the range of ¢ is also the range of f,, ,.

The range of the map f, , is denoted by [u, v]. It is the unique continuous path that links
u to v in the tree. We will write [u, v[ (resp. Ju, v], Ju, v]) for [u,v] \ {v} (resp. [u, v]\ {u},
[, o]\ {u, 0}).

A rooted tree is a tree (7,d) with a distinguished vertex denoted by ¢ and called
the root. We always consider rooted trees in this work. For an element x of a rooted
tree (T, d, 0), we denote by H(z) = d(p, x) its height, and we set H(T') = sup ., H(x) the
height of the tree T

An element x of T\ {p} is a leaf if T'\ {«} has only one connected component; by
convention the root is a leaf if and only if T is reduced to the root. We denote by Lf(T)
the (non-empty) set of leaves of 7. The skeleton of the tree is the set Sk(T") = T\ L{(T).
The set of branching points (or vertices) Br(T') is the set of x € T such that T\ {z} has
at least 3 connected components if x # o or at least 2 components if = = p.

For a vertex = € T, we define the subtree T, “above” x as:

T,={yeT: zeloy]}

The real tree T, is endowed with the distance induced by T and will be rooted at z. If
u,v € T, we denote by u A v the most recent common ancestor of v and v, i.e. the unique
vertex of T such that:

Lo, u] N o, v] = [o,uAv].
If (T,d, o) is a rooted real tree and a is a positive real number, we define the scaled tree
aT as:
aT = (T, ad, ) (5.1)
where all the distances in the tree T" are multiplied by the factor a.

The trace of the Borel o-field of T"on Sk(7') is generated by the sets [s, s'], s, s’ € Sk(T)
(see [25]). Hence, there exists a o-finite Borel measure .#7 on T, such that:

LT(LET)) =0 and £7([s,5]) =d(s,s).

This measure .#7 is called the length measure on 7. When there is no ambiguity, we
simply write .Z for .£7.
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5.1.2 Gromov-Hausdorff distance and sets of trees

We endow the set of (isometry equivalence classes) of rooted real trees with the classical
Gromov-Hausdorff distance whose definition (with the notion of correspondences) is
described below. We refer to [31] for general results on Gromov-Hausdorff metrics.

Let (T,d, 0) and (T",d’, ¢') be two rooted compact real trees. A correspondence R
between T and 7" is a subset of T' x T” such that:

(i) for all x € T, there exists 2’ € T’ such that (z,2') € R,
(ii) for all 2’ € T”, there exists « € T such that (z,2') € R,
(i) (o,0') € R.
The distortion of such a correspondence R is defined as:
dist(R) = sup {|d(z,y) — d'(a",¢)|; (2,2'), (y,9') € R}.

For two compact rooted trees (7T, d, p) and (T7,d’, o) we set:

1
don(T,T') = inf S dist(R),

where the infimum is taken over all the correspondences between (7, d, ) and (77, d’, ¢').
The function dgy is the so-called Gromov-Hausdorff pseudo-distance, see [35]. Fur-
thermore, we have that degg(7,T") = 0 if and only if there exists an isometric bijection
from (7, d) to (T",d") which preserves the root. The relation dgu(7T,T") = 0 defines an
equivalence relation between compact rooted trees. The set Tk of equivalence class-
es of compact rooted trees endowed with dgy is then a metric Polish space, see [35,
Proposition 9]. We shall consider below the trivial tree Ty € Tk reduced to its root.

We can generalize this definition to compact n-pointed rooted trees where a n-pointed
rooted tree is a triplet (T, d, v) where (T, d) is a rooted real tree and v = (vg, v1, ..., p)
with that v9g = p is the root of 7" and v4,...,v,, are n distinguished (possibly equal)
vertices. A correspondence between two n-pointed rooted trees (7', d,v) and (T",d’,v’)
is a correspondence between (7', d, p) and (1”,d’, ¢') which satisfies moreover (v;,v}) € R
foralli € {1,...,n}, where v/ = (v}, v],...,v),) with v{ = ¢/, the root of T’. The distance
dg}){ on the space ’JP%? ) of equivalence classes of compact n-pointed rooted trees is then
defined in the same way as dgyg on Tk, and following the arguments of [35] one get that

the metric space (’Jl“%?), dgg) is Polish; and notice that (Tk,dgu) = (’]I‘;?), dgl){).

For a rooted n-pointed tree (7, d,v) and t > t7 = maxX;c{o,... n} d(0, v;), we define the
rooted n-pointed tree T truncated at level ¢ as (r,(T,v), d, v) with:

r(T,v)={zeT: H(z) <t}, (5.2)

and the distance on (7, v) is given by the restriction of the distance d. We shall simply
write (T, v) for (r¢(T,v),d,v). By the Hopf-Rinow theorem, the tree r;(T, v) is a compact
n-pointed rooted tree for all ¢ > ¢ if the rooted n-pointed tree (T, d, v) is complete and
locally compact, see [6] and references therein. Two complete locally compact trees
(T,d,v) and (T",d’,v') are equivalent if and only if there exists an isometric one-to-one
map from (T,d) to (T”,d') which preserves the distinguished vertices. This defines
indeed an equivalence relation. The set ’]I‘l(:C)_K of equivalence classes of complete

locally compact rooted trees is then endowed with a distance d(angH in the spirit of
[6], see Section 6.2 below and more precisely Proposition 6.4, so that it is a metric
Polish space and T%) is an open dense subset of ”Jl“l(:g_K. For n = 0, we simply write

Tioe—k and drqy for Tl(:c)fK and d(LrgH We shall consider below the infinite spine tree
Ty = (R4, -|,0) € Tioc—k, where | - | is the usual Euclidean distance.
EJP 0 (2023), paper O. https://www.imstat.org/ejp
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5.1.3 Grafting operation

We recall the grafting operation of [2]. Let (T, d, (0, x)) be a complete locally compact
rooted 1-pointed tree and (7”7, d’, ¢’) be complete locally compact rooted trees. We define
the tree T'®, T’ as the tree obtained by grafting 7" on the tree T at vertex z. We set:

T®, T'=TuU(T'\{d}). (5.3)
d(y,y') ify,y' €T,
Yy, €T @, T', d®(y,y') = < d'(y, ') ify,y €T, (5.4)

d(y,z) +d'(d',y') fyeT, y €T,

where LI denotes the disjoint union of two sets. By construction (T ®, T”,d®, p) is a
complete locally compact rooted tree. It is easy to see that the equivalence class of
T ®, T’ does not depend of the choice of the representatives in the equivalence classes of
T and 7’ and hence the grafting operation is well-defined on T),._; it is even continuous,
see Lemma 7.1. We also refer to Section 6.3 for a more general grafting procedure and
its topological properties.

Let (T,v) € Tl(: C)fK be either the infinite spine tree T; (and n = 0) or a discrete tree
(and n € IN*), that is, a compact rooted real tree with all its leaves being distinguished,
see (6.11) for a more formal definition. Let M = ., §(,, 1) be a point measure on the

T x Tioc—k. We define intuitively the tree Graft, ((T,v), M) as the tree:
Graft, ((T,v), M) = (T &4, i1 (Ti,i € I),v) (5.5)

obtained by grafting each complete locally compact rooted tree 7T; on 7' at point x;
(and keeping the n distinguished elements v of T'). It is not clear that the resulting
tree belongs to ’Jl“l(:g_K (some assumptions must be added to M) nor that this infinite
grafting procedure can be proceeded in a measurable way (so that we get indeed a
random tree when the tree 7" and the point measure M are random). We give a formal
definition of this procedure in Section 7.2 and check that it is well defined (after some
lengthy topological preliminaries) with good measurable property in ’]I‘l(:C)_K, where
M is a particular Poisson point measure considered in the context of the backbone
decomposition from Section 5.5. Even if the presentation (5.5) is abusive, we stick to
this informal definition for simplicity.

5.2 Brownian CRTs and Kesten trees

Brownian CRTs are random trees in Tj,._k that encode the genealogy of continuous-
state branching processes.

Before recalling the definition of such trees, we give some additional notation. For a
complete locally compact rooted tree t, we define the population at level a as the subset:

Zi(a) ={uet, H(u)=a}.

We denote by (t()* i € I) the connected components of the open set t \ r,(t). For
every i € I, let p; be the MRCA of t(V-*, which is equivalently characterized by [o, 0;] =
Nuet(r.+ [0, u]; notice that o; € Z¢(a). We then set t) = t()* U {o;} so that t(¥) is a
complete locally compact rooted tree with root p;, and we consider the point measure on

Zt(a) X TIOC_K:
N’; - Zd(gi)t(”).
il
We then recall the definition of the excursion measure IN? for 8 > 0 and 6§ > 0
associated with a Brownian CRT from [19]. The underlying parameter (3 is fixed, and will
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be omitted from the notation. There exists a measure IN? on Tk (and hence on Tjyc_k)
such that:

(i) Existence of a local time. For every ¢ > 0 and for IN? [dT]-a.e. T, there exists a
finite measure A, on 7 such that

(a) Ag =0 and, for every a > 0, A, is supported on Z7(a).
(b) For every a > 0, N[dT]-a.e., we have {A, # 0} = {H(T) > a}.

(c) Foreverya > 0, IN? [dT]-a.e., we have for every continuous function ¢ on 7:

N R
(Ao, ) = Egrg+cg//\fa (du, dT")p(u) 1 (T7)>e}

1
= lim —/Ngig(du,dT/)SD(U)l{H(T’)Zs}'

e—0+ Cg
(ii) Branching property. For every a > 0, the conditional distribution of the point
measure N, (du,d7”), under the probability measure IN°[d7 | H(7) > a] and giv-

en r,(7), is that of a Poisson point measure on Z7(a) x Tioc—x With intensity
Ag(du)IN?[AT].

(iii) Regularity of the local time process. We can choose a modification of the
process (A,,a > 0) in such a way that the map a — A, is N?[d7]-a.e. continuous
for the weak topology of finite measures on 7.

(iv) Link with CSBP. Under IN’[dT], the process ({A,,1),a > 0) is distributed as a
CSBP under its canonical measure with branching mechanism:

P(A) = BAZ 260N, A >0.

We now extend the definition of the measure IN? (only on Tj,._k) for § < 0 by a
Girsanov transform, following [7]. For ¢t > 0, set G; = o(r(7T)) and Z; = A¢(T), the latter
notation is consistent with Section 2.2. The CSBP process Z = (Z;, t > 0) is Markov with
respect to the filtration (G;,¢ > 0). For < 0 and ¢ > 0, we set:

N-?[dT) g, = *# N°[dT]g,. (5.6)

Then properties (i) to (iv) still hold for every 6 € R. This Girsanov transform is consistent
with the Girsanov transform of CSBPs given by (2.12). Let us stress that the measure VY
on T,._k depends also on the parameter g > 0.

The so-called Kesten tree with parameters (3,0) € R x R, which appears first in
[8] for # = 0 and B = 1/2 as the self-similar continuum random tree, can also be obtained
as the genealogical tree associated with the continuous-state branching process with
the same parameters, conditioned on non-extinction (see for instance [33]). This latter
process can also be constructed by adding to the initial process a particular immigration.
We use this second approach to extend the definition of the Kesten tree for 6 < 0.

Using our framework, the Kesten tree with parameters (3,60) € R% x R is built as
a countable family of trees defined by a Poisson point measure grafted on the infinite
spine tree T;:

T* = Grafty(T1, M), (5.7)

with M(dh, dT') a Poisson point measure on R x T,k with intensity 281,-0ydh IN?[dT].
We refer to Section 7.2 for a more formal presentation which in particular implies that
the Kesten tree is a T),._k-valued random variable, see Lemma 7.2.
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5.3 The set of (planar) discrete trees

A discrete tree is a compact rooted tree with a finite number of leaves. We denote
by ’]I‘é?s) the subset of n-pointed discrete tree whose leaves are distinguished (see (6.11)

for a formal definition): for (t,v) € ’Jl“((f;) with v = (vg = ¢,...,v,), we have that
Lf(t) C {vo,...,v,}. According to Lemma 6.11, the set ’Jl“((i?s) is closed. We can consider a

discrete tree with a planar structure by enumerating its leaves, or more precisely its
distinguished vertices, “from the left to the right”. This will allow us to define oriented
grafting; this will be used in the next section. Intuitively a discrete tree (t,v) € ’]l“gfs) is
a planar tree if for all x € t, there exists 0 < i, <i4 < n such that v; € t; if and only if

i € {ig,...,ia}; we check in Section 7.3 that the set of (equivalence classes of) n-pointed

(n)

planar tree T,

c T is also closed.

1 3 2

Figure 1: A tree (t,v) € T\, with v = (o,1,3,2)

We now define an oriented grafting of a discrete tree t’ on a discrete tree t at point
x € t; we shall use later on this construction for planar trees; this is similar to the
first grafting defined in Section 5.1.3 but for the ordering of the distinguished vertices.

Formally, if (t,v) be an n-pointed discrete tree with v = (vg = 9,v1,...,v,), (t/,v') an
m-pointed discrete tree with v/ = (v{, = ¢/, v}, ...,v},) and z € t, we define for e € {g,d}:
(t,v) @ (t, V) = (t @, t/, v @ v/) € T{™ (5.8)

with t ®, t’ defined in (5.3) and:

! / /
V@SV = (V0,0 Vigm1, V1, s Upyy Vigs -+ 5 Un), (5.9)

d 7 / /
V@V = (V0. Vigs ULy ey Uy Vigtds - - - Un), (5.10)
where:

i =min{i € {0,...,n}: v; €t} and iq =max{i €{0,...,n}: v; € t,}, (5.11)

and the convention that if i, = 0 (that is, = p), then v ®& v/ = (vg,v],...,V),,01,...,0p),

rrmo
and if iq = n, then v ®4 v/ = (vo, ..., v,,v},...,v,,). Let us stress that i, and iq are well
defined as all the leaf are distinguished. Notice also that if (t,v) and (t’,v’) are planar,
so is (t,v) ®E (t/,v').
Furthermore, fori € {1,...,n} and h < H(v;), we shall consider the grafting of t’ at
x; 5 € t the point of [p, v;] at height h:

(t,v) ®5 5, (¢, V) = (t,v) @5, , (¢, V). (5.12)

Notice this latter grafting is well defined on the equivalent classes of discrete trees, and
it is measurable thanks to Lemma 7.3.
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5.4 A discrete random tree constructed by successive grafts

5.4.1 A random tree

In this section, for a > 0, we denote by ([0,a], (0,a)) € ’]I‘Ehg the (equivalent class of the)
tree [0, a] endowed with the usual distance on R, rooted at ¢ = 0 and pointed at a; and
when there is no possible confusion we simply denote it by [0, a].

Let t > 0 and let v be a probability measure on [0,t]. Let £ = (§, k € IN*) be a
sequence of independent random variables with distribution v and let ((K k€K, k € ]N*)
be a sequence of independent random variables independent of the sequence &, with K,
uniformly distributed on {1,...,k} independent of ¢, uniformly distributed on {g,d}. For
every integer n > 2, we set (§§"), . ,fn 1) the increasing order statistic of (£1,...,&,-1).
Then we define the family of pointed planar trees ((Tgn),vgn)) (T ),vfm"))), with

(Té") (”)) e T | recursively by:

plan’

g ..

« TV = (0,4, that is, (T, v{™) = ([0,1], (0,%)) € T}

plan-
» For every k € {1,...,n — 1}, conditionally given the random variable (T ,(c ), v,(cn))
in T;lin, we define the 'El(f il Il-valued random variable (T ,(:31, v,(i)l) by grafting a
branch of length ¢ — (") uniformly on the left or on the right of a uniformly chosen

vertex among the k vertices of chn) at level 5,(6”), and the new leaf (which is, as
all the other leaves, at level t) is added to the vector recording the distinguished
vertices. Formally, using the grafting procedure (5.12) we set:

A = AP 6 [ort-ef]. 519

Figure 2: The trees T, Tg4), T§4) and Tffl) obtained from the se-
quences (K; = 1,Ky = 1, K5 = 2) and (51 = g,ag = d,e3 = d). The
dashed lines represent the levels 51 ,fz , 3

By construction, we get that (T\"™,v{™) belongs to T*) for all k € {1,...,n}. To

plan
simplify the notations, we set T,, = (T4”,v{").

Recall that for a rooted tree 7', .7 denotes its length measure; and we simply write
% when there is no ambiguity. The next lemma relates the distributions of T,, and of
T,.1; its proof is given in the next section. Recall that T'") is a subset of T

plan dis *

Lemma 5.1. Lett > 0. Assume that the probability distribution v has a positive density

faens With respect to the Lebesgue measure on [0,t]. For n € N*, G a measurable non-

negative function defined on ’]I‘S?SH), and ¢ a random variable uniformly distributed on
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{g,d} and independent of T,,, we have:

n+1
2

E U ZL(dz) faens(H () G(Tn ®° [O,tH(x)])} = E[G(Tp41)] .  (5.14)
Tn

Remark 5.2. We comment on the left-hand side of (5.14). First notice the grafting on

T,, is oriented, which is consistent with the fact that the discrete tree T,, is a planar

tree. Second, we check that the integral

7= /T Z(d) faens(H(2)) G(T,, ®; [0,t — H(z)))

is a non-negative random variable. Recall that T,, = (T, v\""). Then, we can write T

as follows:

n t
T=" [ ) ah faone(h) G (T, 97 0.8~ ),
(n) ’
k=1 k—1
with the convention that 5(()”) = 0. Therefore, using the continuity of the grafting function,
see Lemma 7.3, we obtain that 7 is a non-negative real-valued random variable, and thus
its expectation is well defined.

5.4.2 Proof of Lemma 5.1

The proof is based on two technical lemmas. We first consider the case ¢t = 1 and v
the uniform distribution on [0, 1]. Let us denote by Tu"f for T,, when v is the uniform
distribution on [0, 1].

Lemma 5.3. Forn € IN*, G a measurable non-negative functional defined on ”Jl“g?:l),

and ¢ a {g,d}-valued uniform random variable independent of T'"f, we have:

2(dx) G(Tgnif ®F [0, — H(x)])] - ”; LE [a(Tum)] . (5.15)

E

T;‘lr‘if
Remark 5.4. From (5.15), we see "} is just the mean length of T:"if,

Proof. To simplify notation, we write T, for Tflnif. We give a proof by induction. For n =
1, this is a direct consequence of the construction of T, = ng) from Tg2) =T, =10,1]

given by (5.13).

Let n € IN* and assume that (5.15) holds for n replaced by any k € {1,...,n — 1}. We
will use for the proof a special representation of planar binary trees. Let 7' be a compact
planar binary tree rooted at p, with all leaves at height 1; in particular the tree T has
a finite number of leaves. If T" has at least two leaves, since it is compact with a finite
number of leaves, there exists a lowest branching vertex, say . We set h = H(z) and T=
(resp. Td) the left (resp. right) subtree above z. In our settings, we have:

h=H(z) and T = ([o,2] ®, Tg) ®d T = ([o 2] ®s Td) ®2T®,

where, with a slight abuse of language (see Lemma 6.6 for formal justification), one has
removed the vertex x from the distinguished vertices after the graftings. For convenience,
we consider the scaled left and right trees 7% = (1 —h)~'7% and 79 = (1 — k)T (recall
(5.1) for the definition of a scaled tree), so that 7% and 7¢ are rooted bounded binary
planar trees with all their leaves at height 1. We call (h, 7%, T) the decomposition of T'
according to its lowest branching vertex.
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Let ({YLH), TS, ., T¢. ) be the decomposition of T,, ;1 according to its lowest branch-
ing vertex (which is indeed at height §§"+1) by construction). Denote by I,,; the number
of leaves of T% +1- Using a Polya urn starting with two balls of color g and d, we get that,
by construction, I, is the number of balls of color g in the urn after n draws. Thus I,,4+;
is uniform on {1,...,n} and independent of 5;"“). Notice that if U is a uniform random
variable on [0, 1], for every h € (0,1), conditionally given {U > h}, the random variable
(1 — h)~Y(U — h) is still uniformly distributed on [0,1]. This gives that, conditionally
on {§§"+1) = h} and {I,41 = i}, the two trees T%,, and T}, are independent and
distributed respectively as T; and T,,1_;.

We consider a measurable non-negative functional G defined on the space of rooted
compact binary planar trees with a finite number of leaves, all of them at height 1 of the
form:

G(T) = g1(h) g2(T®) gs(T?), (5.16)

where the g;’s are measurable non-negative functionals and (h, 7%, T) is the decomposi-
tion of 7" according to its lowest branching vertex. Setting f;(i) = IE [¢;(T;)] for j € {2,3},

we have since fE"H) is distributed according to a 5(1, n) distribution (as the minimum of
n independent uniform random variables):

1 n
BT = ([ ant - nr—tan) 23 @i+ 1- i)

- (/0 gl(h)(l—h)”_ldh> ng(i)fg(ﬂ—&—l—i). (5.17)

On the other hand, let ( YL), T2, TY) be the decomposition of T,, according to its
lowest branching vertex. Let « € T,, and set h = H(z).

e Ifh < g§">, the decomposition of T,, ®& [0, 1 — h] according to its lowest branching
vertex is given by (h,[0,1],(1 — h)~'T/,) where T/, is as the tree T,, but for its
lowest branch whose length is 55") — h instead of 5%"). Notice that the shapes of
the tree T/, and T,, are the same. Then using again the property of conditioned
uniform random variables, we deduce that conditionally on {fin) > h}, the tree
(1 — h)~'T!, is distributed as T,. Thus, we get:

/0 ) dh] fa(1) fa(n).
(5.18)

E UF 1{H(I)<£§m}$(dx) G(T, ®2 0,1 — h])} —E

By symmetry, we have:

(n)
1

g1(h) dh] f2(n) f3(1).
(5.19)

E {/r | 1{H(m)<§£")}$(d$) G(Tn @2 [0,1— h]):| - F i

» Forzx ¢ ’i‘%, the decomposition of T,, ®Z [0,1 — h] according to its lowest branching
vertex is given by (¢ (1 — h)=177, T9), where 77 = T% ® [0,1 — h]. Notice that

the length measure on the tree T% is obtained by scaling by (1 — f;n))_l the length
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measure on T, restricted to T&. We deduce that:

E [/T 1peqsy £ (dz) G(T, @5 0,1 - h])}

n

= B g1 (6" s(T) /T Lpserny 2™ (de) g (1 - €)1 (T5 @5 [0,1 - H(w)]))}

B [ g2 (e0)gs(T2) /

g
Tn

(1= )2 @) o (75 5 0.1 1)) |

:E:(1—§§")) (")} Zf?,TL—Z U 2T dygz i ® [J—H(y)})}?

where we used the distribution of (T%, T¢) conditionally on §§") and I, for the last
equality. Using that, by induction, (5.15) holds for n = i, we get:

E [/T 1y, e, 2(d2) G(T, @5 [0,1 - h])]

B[ - 6] —= 5 2L 1) o)

14
=1 (5.20)
B[ -6 E)] Z f2(i) fa(n —i+1).
* By symmetry, for z € Tg, we get:
:E[a—s%”)) “”} 12 fa(0) fon — i+ 1)
e (5.21)
n +1
=B [0~ )a ")) 1L ) S i 1),
=1

Summing (5.18) times P(e = g) = 1/2, (5.19) times P(¢ = d) = 1/2, (5.20) and (5.21),
and using that 51”) has distribution 8(1,n — 1) so that:

(n)
1

E

1 Bl -] - /01 g1(h)(1 = h)" " dh,

g1(h) dh] =

0

we deduce that:
E M Z(dx) G(Tn ®: [0,1 - H(w)])}
- ([ -t an) S s -

i=1

Thanks to (5.17), we deduce that (5.15) holds for G given by (5.16). Then use a monotone
class argument to conclude that (5.15) holds for any measurable non-negative G. This
concludes the proof by induction. O
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We now consider ¢t > 0 and assume that the probability distribution » has a positive
density f4ens With respect to the Lebesgue measure on [0, t]. Let F' denote the cumulative
distribution function of v. By the assumptions on fyens, F' is a bijection from [0, ¢] onto
[0,1] and its inverse F'~! is continuous. For a compact rooted real tree (7',d, o), we
define:

Vo € T, Hlens (z) = F~Y(H(z)),
Yo,y eT, d.fdcns(x7 y) — Hfdcns(x) =+ H faens (y) — 9 [ faens (x A y)

The scaling map R/ @ (T, d, 0) — (T,d%4s, 9) is then well-defined from {7 € Tk :
H(T) <1} to Tk. We shall now prove it is continuous.

Lemma 5.5. The map R/ from {T € Tk, H(T) < 1} to Tk is continuous.

Proof. Let ¢ > 0. As F~! is uniformly continuous with our assumptions, there exists
6 > 0 such that, for every z,y € [0, 1]:

z—yl<d= |F ' (z) - F ()| <

| ™

Let T, T’ € Tk with H(T) < 1 and H(T") < 1 such that dgu(T,T") < §/8. Then, there
exists a correspondence R between (elements in the equivalence classes) T and T” such
that dist (R) < 2dgu(T,T") +6/4 < §/2.
For every (z,2'), (y,y’) € R, we have:
|dfdens (‘/I:, y) _ d/fdens (.I'/7 y/) ‘
— |Hfdens (z) + Hfdens(y) _ 2Hfdens(‘,1: Ay) — Hfdens(l,/)
_ Hfaens (y/) + 9 | fdens (x/ A y/)’
< [P (H(@) — P (HE))| + [P (HE) - P (HE))|

+2‘F71(H(:c/\y)) — F ' (H(a' /\y’))’.
As (z,2') € R, we have |H(z) — H(2')| < dist (R) < 6 and consequently,
‘F*l(H(x)) - F*l(H(x’))‘ <e/2.
Similarly, we have

P[P (H(y) - P (HE))| < /2.

We also have:

|H(z Ay)— H(zAy)| = %|H(x) +H(y) —d(z,y) — H@') — H(Y' )+ d'(«',y/)|
< SlH@) ~ HE@)| + 3 |H) ~ HE)| + ld,y) - d @y
< gdist (R)

< 6.

This gives ‘F—l (H(z Ay)) — F~(H(' A y’))‘ <e/2.

To conclude, we have dist/4»s(R) < 2¢ which implies that délﬁ“s(T, T') < e. This gives
the continuity of the map Rfaens, O
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We now prove Lemma 5.1. Recall that T,, denotes the trees constructed with the
probability measure v(dz) = fqens(z) dr and TUf the trees constructed with the uniform
distribution on [0,1] as studied in the first step. By construction, for all n € IN*, the
random variables Rfans(TUnf) and T,, have the same distribution. Notice also that, for
every T' € Tk and every non-negative measurable function g on R} x Tj,._x, we have:

/T LT (dy) g(H(y), T) = /R LD () frons (B0 () g (B9 (), R4 (T')).

Ffdens (T)

Let GG be a measurable non-negative functional defined on the space of rooted compact
binary planar trees with a finite number of leaves, all of them at height ¢t. We first have:

E [/ LT (dz) faens (H(z)) G(Tn ®; [0,t— H(x)])]
Ty
=F [/ ngdcm (TR (A) faens (Hfdens (m))
Rfdens (T?Lnif)
G(Rfdens (Tznif) @i [0, t _ Hfdens (x)] )}

=E

if
T%xn

"%T:Lnif (dy) Go Rfdens (T;lbnif ®Z [O, 1-—- H(:‘/)])] )

Applying Lemma 5.1, and then that Rfdens (TBL‘j;fl) and T, ; have the same distribution,
we get the result.

5.4.3 An infinite tree with no leaves

Let fint be a positive locally integrable function on [0, +00). Let S be a Poisson point
measure on R with intensity fi,(¢) dt. We denote by (£;,7 > 1) the increasing sequence
of the atoms of S and by N the process (N; = S([0,]), t > 0).

Let (¢,,n > 1) be independent random variables uniformly distributed on {g,d} and
let (K,,,n > 1) be independent random variables uniformly distributed on {1,2,...,n}
respectively, all these variables being independent and independent of S.

We define a tree-valued process (T;,t > 0) where, for every ¢ > 0, the random tree T,
is compact, has height ¢t and NV; + 1 leaves, all of them at height ¢. Before going into this
construction, we first define a growing procedure on rooted n-pointed trees for n € IN*:

Growth,, ((T,v),h) € T with (T,v) €T’ and he R, (5.22)

as the tree obtained by grafting on all the distinguished vertices of T, but the root (that
is, on v* = (vy,...,v,)) a branch of length h, distinguishing the new leaves with the
order naturally induced by v* and removing the vertices v* from the list of distinguished
vertices. This function is formally defined in Section 7.5, see also Lemma 7.4 for its
measurability.

We can now construct the process (%;,t > 0) inductively. For 0 < ¢t < &, we set
%, = ([0,],(0,t)) and N, = 0.

Let n € IN* and assume that (%¢,, v, ) is a tree of height ,, with n leaves, all of them
at height &, and distinguished (i.e. the vector v,, is composed of the root of T, and all
its leaves). Then, we define the process on (&, &,+1] by setting, for every ¢t € (&, &nt1]:

Ty = Growth, (T, ,t — &) ®% ¢ [0, —&,] and Ny =n.

Standard properties of Poisson processes give the following result.
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Lemma 5.6. For everyn > 1 and everyt > 0, conditionally given N, = n — 1, the tree
%, is distributed as the tree T,, of Section 5.4.1 associated with the density faens on [0, ]
given by:

fdens(u) - fl]i—l,t(sfz;)

t
li,(u) with F(t) = / fint () du. (5.23)
0

We now view the tree T; as a real-tree of T,._k (we forget about the distinguished
leaves which is a continuous operation thanks to Lemma 6.6). It is easy to see that the
process (T;,t > 0) satisfies the Cauchy property in Tio.—xk as rs(T;) = rs(%) for every
s < t < t'. Thus this sequence converges a.s. in T,._x, and we write:

ke — lim F,. (5.24)

t—4o0
The tree T°%€ is a T),._k-valued random variable which has no leaves. The tree Tk will
serve as a backbone for the description of the genealogical tree of the conditioned CSBP.

We present now an ancillary result which is interesting by itself; it is a consequence of
Lemma 5.1 on two tree-valued processes that have the same one-dimensional marginal.

We first consider the process (T;,¢ > 0) associated with the intensity fi,x = 1, that
is, fint(t) = 1 for all ¢ > 0. Then we construct a sequence t = (t,,n > 1) of increasing
real trees, with t,, € ’JT%) for every n > 1, all of them of height 1. Let (ex,k > 1) be
independent random variables uniformly distributed on {g,d}. We define the sequence
t by induction by setting first t; = ([0,1],(0,1)). Let n > 1 and assume that (t,, v,,) is
a tree of TE? ) with height 1 and with n leaves all of them at height 1. Conditionally
given t,,, let V,,; 1 be a random element on t,, uniformly chosen according to the length
measure; that is V,,1; is distributed according to the measure ¢, .Z, with .Z the length
measure on t,, and the normalization ¢, = 1/.%(t,,). Notice that V,,4; is a.s. not a leaf
nor the root of t,,. Then we set:

a1 =t ®)7 (0,1 — H(Viy1)].

Vat1
In particular, for every measurable nonnegative function G, we have:

Z(dx)
£, £ (tn)

E[G(tn 1) 61, bnrenta] = G(tn @ [0,1 - H(;v)]). (5.25)

From Definition (6.12), we see that the measurable function Z\7t records the number
of vertices at level t of a tree without leaves: N,(T') = Card ({x €T: H(z) = t}) Let us

consider the continuous (see Lemma 6.6) canonical projection II : T% ) — Tk defined
by 112 (t, v) = t. We write T5%¢ = r,(T5*°) for t > 0.

Proposition 5.7. Letn > 1 and fin; = 1. For all measurable non-negative functional G
defined on T((i?s), we have, with .Z the length measure on t,,:

2n—1

E[G(Sl)‘len—l}: E

n!

n—1
G(tn) I X(tk)] : (5.26)

k=1

and for all measurable non-negative functional G defined on Tk (or on T),c_k):

E [G(Tikc) ‘ Ny (Fke) = n] —-F [G o II°(T;) ‘ Ni=n— 1} . (5.27)

Proof. By construction, we have that the process ((‘kae, Ny(Fk)),t > 0) is distributed

as the process ((Hﬁvﬁl(it),Nt + 1),t > 0). This gives (5.27).
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We now prove (5.26) by induction. Thanks to Lemma 5.6, conditionally given N; =
n — 1, the tree T, is distributed as T, For n = 1, we have T = t, = (]0,1], (0, 1))
hence Equation (5.26) holds. Let us suppose that (5.26) holds for some n > 1. Applying
Lemma 5.1, one gets:

; 2
E[G(T)] = ——F

. LT (dx)
Tumf
B |2 /

punie TR (Tnif)

G(T;;“if ®: [0,1— H(m)})] .

Now we apply the induction assumption for the right-hand side of the previous equation
to get:

E[G(T30)]
B 2 271—1 . D‘Zt" (dx) _— n—1 .
= |26 | jtn(tn)G(tn@ (0.1 - H())) kl;[lg (t)
T T o
= ® | Gtten) TL2 ).

by definition of the tree t,,.; and by (5.25). This gives that (5.26) holds with n replaced
by n + 1. This concludes the proof by induction. O

5.5 The n-leaves decomposition of the Brownian CRT

The decomposition of a (sub)critical Brownian CRT 7 according to a spine [0, z],
where x € T is a leaf picked at random at level ¢ > 0, that is according to the local
time A;(dz), is given in Theorem 4.5 in [19]. In our setting, it can be rephrased in the
next theorem. Notice that, for ¢ > 0, the (planar discrete) 1-pointed tree [0,¢] € ’]Tl(;():_K
denotes the segment [0, t] endowed with the Euclidean distance, with the root 0 and the
distinguished vertex t. Recall that the grafting operation Graft,, on a n-pointed discrete
tree of trees formalized by atoms of a Poisson point measure M has been intuitively
presented in (5.5) (or (7.3)) and formally defined in Section 7.2.2, see (7.4) therein, using
the theoretical background of Section 6.8, so that Graft,([0,¢], M) in (5.28) below is a
well defined Tl(iz_K-vaIued random variable.

Theorem 5.8 ([19]). Let 5> 0,60 >0 andt > 0. Let M be under It a Poisson measure
with intensity 23 19 4 (s)dsIN?[dT]. For every non-negative measurable functional F on

T . (or T\})), we have, with ¢ the root of T:

INY [/T A(dv) F(T, (0,v)) | = e 2P E [F(Graft,([0,t], M))] . (5.28)

We extend this result to the super-critical case 6 < 0.

Corollary 5.9 (One-leaf decomposition). Let 3 > 0,0 € R andt > 0. Let M be underE a
Poisson measure with intensity 23 1o 4 (s)dsIN’[dT]. For every non-negative measurable
functional F on ”JFSLK, Equation (5.28) holds.

Proof. Let (T,v) € ’JI‘SLK with v = (p,v). We denote by (T7,i € I) the connected
components of the set T'\ [o, v]. For every z € T, there exists a unique z; € T such that
Nzere [0, 2] = o, xi] and we set T; = Ty U {z;} viewed as a real tree rooted at x;. Then
we define the point measure M(T,v) on Ry x Toe_xk by:

M(T V)= Sn).1,-

icl
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This map is well defined according to Corollary 6.34. Even if we shall not use it as
such, let us mention that a.s. M(Graft;([0,t], M)) = M; this can be easily deduced from
Proposition 6.33.

We first prove (5.28) for functionals F' of the form:

F(T,v) = e~ (&MTV) (5.29)

where (T,v) € TSLK, ® is a continuous non-negative function with bounded support
defined on Ry x Ty . (with T}, = Tiec—k \ {To} where Ty € Tjoc—k is the tree
reduced to its root, see Section 6.9).

For simplicity, we write (7, v) for the 1-pointed tree (7, (o, v)). Let 6 > 0. Using (5.6),
we have for every s > ¢ that:

N [ / At(dv)e@’M(“(T’”m} e [ / Ag(dv) €207~ (@ MO (T o))
T T

We apply then (5.28) to get:

N-? [/ At(dv)e—@vM(rs(T,v)))}
T
— o280t R [62923 F(rs(Graftl([o,t],M))}

t
= exp {—Qﬁot —23 [ dalN’ [1 —~ e*%*s—a(ﬂ)“f’zs—a} }
0

t
= exp {—2/3975 — 25/ da (]N—e {1 _ e—‘:D(a,rs—a(T)):| + IN? [1 - ezezs_a])}
0
t
= exp {259t - 26/ da N~ {1 - e_(b(avr4sfa(7_))i| } 7
0

where we used standard property of Poisson point measures for the second equality,
(5.6) again for the third one, and that IN? [1 — e?/%«| = u(—26,a) = —26, see (2.8) and
(2.9), for the last one. As ® has bounded support, we get taking s large enough:

t
N—Y U At(dv)e@”M(T’”))} = exp {25975 - 25/ daIN"? {1 — e*‘Na»’”} } .
T 0

Then the result follows from the definition of Graft, ([0, ¢], M), that is (5.28) holds for F’
given by (5.29).

As (T,v) is a measurable function of M(7,v), see Section 7.6, we then conclude by
the monotone class theorem that Equation (5.28) holds for any non-negative measurable
function F' defined on TI(ZLK. O

Let 3> 0,0 € Randt> 0. Recall & = (20)/(1 — e~2%) defined in (2.3). We consider
the probability measure on [0, ¢]:

259 62698

v(ds) = 2B ]

Lio4(s)ds = B&(0) e 20075 11 1(s) ds. (5.30)

Let (T,,v,) be, under P%?, the planar tree, element of ’]I‘ESS) defined in Section 5.4.1
associated with the measure v and ¢ > 0 (recall that all the distinguished vertices from
v, but the root are at distance ¢ from the root). The following theorem is a generalization
of Theorem 5.8 when picking n leaves uniformly at random at level ¢.
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Theorem 5.10 (Generalized n-leaves decomposition). Let 5 > 0, § € R, t > 0 and
n € IN*. For every non-negative measurable function F' defined on ’H‘l(:ng, we have:

N U AP (av*) P(T,v)| =t (&) " e 2 B2 [F (Graft, (T, va), M) )|, (5.31)

where v = (o,v*) € T"T!, with o the root of T, and, under E’!, conditionally giv-
en (T,,v,), M(dz,dT) is a Poisson point measure on T, X T,._x with intensity
28d.ZLT (dz)IN?[dT].

We stress again that measurability of the grafting map Graft,, on a discrete tree is
formally stated in Section 7.2.2, so that Graft,, ((Tn7 V), /\/l) is indeed a rJPI(:C)_K-Valued
random variable (see in particular (7.3) and (7.4) therein). The proof of this theorem
is postponed to Section 8 as it heavily relies on the topological setting developed in
Section 6.

5.6 Local limit of conditioned Brownian CRT

Let 8> 0, 6, € R, and let S be a Poisson point measure on [0, c0) with intensity
measure fiy(t) dt, where:
fins(t) = aB e t>0. (5.32)

We first consider the case a > 0. Denote by (§;,i € IN*) the increasing sequence of
jumping times of the inhomogeneous Poisson process (N = §%¢([0,t]),¢ > 0). We
consider the ’Jfé?s) -valued random variable ¥ of Section 5.4.3 for n > 1 associated with
fint- In particular, recall that, for every n > 1, T, is a discrete tree with n distinguished
leaves, where all of them are at height &,,. Recall the construction of the infinite backbone
ke in Section 5.4.3 from the sequence of trees %¢,.. Notice its distribution depends
on « and @ (and also 3 which is fixed). We informally define 7% as the tree obtained
by grafting on T°*° (whose distribution depends on a and #) a tree 7; at point x; where,
conditionally given T°*¢, the family ((x;,7;),4 € I) is the atoms of a Poisson point measure
on T8¢ x T)o._x with intensity 282" (dz)IN?(dT).

For o = 0, the infinite backbone rooted tree T has only one branch and is identified
with (R,,0), and the tree 7 is then identified with the Kesten tree with parameter
(8, 0) defined in Section 5.2 and formally in Section 7.2.1.

Since we are considering equivalence class of trees, it is ambiguous to present T
as a subtree of 7. This motivates the introduction of marked trees in Section 6.4; and
to avoid confusion, we shall denote T the subtree of 7®Y; it is in the same equivalence
class as T in T),._k. We refer to Section 7.7 for a formal and more rigorous definition
of the trees (7, T*¢). We then define the random process (7,“’,¢ > 0) by setting:

T = (7).

Recall that the Tj,._k-valued function 7 is under IN’ a Brownian tree; and we write
T: = r+(T). We now give the main result of this section.

Proposition 5.11 (Representation of an A-transform of the CRT). Let § € R%, 6, € R+
andt > 0. For every non-negative measurable functional F' on T,._k (or Tx), we have:

o r (7)) = [rcm ]

Remark 5.12 (On the h-transform of 7). By considering the size population at level t
of T*Y, the above proposition gives a representation of the process (Z;,t > 0) under
IN?[- M %] as a quadratic CSBP with a Poisson immigration given by T°¢ and the grafting
intensity 28 £ (dx)IN?(dT). As (N, (T5¢), ¢ > 0) is distributed as (N? +1,¢ > 0), that
is, as (Sf"e -+ 1,¢ > 0), this provides another proof of Proposition 4.1.
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Proof of Proposition 5.11. We first consider the case a > 0. Let us fix t > 0, and write
N, for N, Recall Ny(T) is the number of vertices of T at level ¢. Since Tsk¢ = T
in Tk, we get that N,(T*%) = N,(%%) is distributed as N, + 1. The fact that
(T, N;(T*%)) is a well defined random variable is detailed at the end of Section 7.7.
We shall also consider the truncated backbone ff’g =r(T?) for t > 0, and see Tf’g as
a subtree of 7,.

Let (T,,n > 0) be the sequence of trees defined in Section 5.4.1 associated with the
function:

faens(8) = BE(0) e 20— 104 4(s). (5.33)

Recall the continuous canonical projection II; : ’JI‘%? N Tx defined by II¢ (t,v) = t. Set
Grafty = II} o Graft,. Then we have:

E [F (7?’9)} =) E [F (7?’6) ‘ Ny(T*) = n + 1] P(N& = n)
nelN

(crfcf)m /et

=Y E [F(rt (GrafthJrl(S?’e,Mt))) ‘ N — n}

n!

nelN
5 0\n n—a/c?
= %E |:F(’I"t (GraftZ_H(TnH,Mt))ﬂ %,

where we used that Nt(TO"(’) is distributed as N, ¥ 11 for the first equality, that condition-
ally on N,(T%) = n + 1, the random tree 7, is distributed as r; (GrafthJrl(‘Z?’e, Mt))

conditionally on Nta’e = n where, conditionally given %;, M; (resp. M,) is a Poisson
point measure on T’ x Tk (resp. T,11 x Tx) with intensity 28 2% (dz)IN(d6) (resp.
28 .#Tn+1(dz)IN?(d6)), and that N/’ is distributed as a Poisson process with intensity o
at time 1/¢{ (see Lemma 4.3) for the second one, and that 3?,0 conditionally on Nta’e =n
is distributed as T, 11 with fi,t and fgens in (5.23) given by (5.32) and (5.33) (see Lem-
ma 5.6) for the last one. Using Theorem 5.10 and that v(ds) in (5.30) is exactly fgens(s) ds
with f4ens given by (5.33), we have:

E {F (” (GraftzH(TnH,Mt)))} - M]No [/T A?(n—&-l)(dv*)F(Tt(T))}

(n + 1)' n41
_ (Ete)n S 0 ®(n+1), 1. «
= g N A @ ET)

)" o260t
) e ” (tnl o N (2 R

as Z; = Ay(1) is the total local time of 7 at level ¢. Thus, using the definition of M in
(3.2), we obtain:

=l (e -

nelN

( 5f)n 0260t

6
(a/cf)" e/
(n+ 1!

N [Z7 T (T3] —

— N? [F n Mf"e} .

The simpler case a = 0, which is left to the reader, can also be handled in a similar
way. O

As a conclusion, we deduce the following result for a > 0.
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Theorem 5.13 (Local limit of CRT in the Poisson regime). Let o, 8 > 0, § € R. Assume
that the function a is such that ast — oo :

afB?t?, if6 =0,
a+ ~
" a(20)"2e20101 iFg £ 0.

For every non-negative measurable function F' on Tk and s > 0, we have:
lim N[F(T,) | Z = )] = B [F (7;‘%'9‘)} .
—00

Proof. Clearly, Proposition 3.5 still holds if H is G; = o(rs(7)) measurable, that is
H, = F(T;) with F non-negative defined on T),._k, and Z, is the total local time of 7 at
level t, see Section 5.2. We deduce that:

Jim W[F(T)| 70 = ] = W [F(T) M| < B [F(7)]
— 00
where we used Proposition 5.11 for the last equality. O

Similarly, we also get the following result for o = 0. Recall that 70 is a Kesten tree
with parameter (3, 6).

Theorem 5.14 (Local limit of CRT in the Kesten regime). Let 8 > 0, # € R. Assume that
the function a is positive such that ast — oco:

o(t?), if§ =0,
ar =
"7 lo(e28101) ifg £ 0.

For every non-negative measurable function F' on Tk and s > 0, we have:
lim N[F(T,) | Zo = )] = B [F (7;07‘“)} .
— 00

Remark 5.15. Using [36], Corollary 4.2 on the SDE for the size-population process Z,
is a direct consequence of Theorems 5.13 (for a € (0,+o0)) and 5.14 (for « = 0) and
Remark 5.12.

6 Set of trees, topology and measurability

In a nutshell, the main objective of this section is to define the grafting and splitting
functions, as well as the decorating and de-decorating functions in a measurable way
on the set of complete locally compact rooted real trees, so that we can properly define
in Section 7 the random variables used the in the previous sections. An index of all the
(numerous) relevant notations of this section is provided at the end of the document.

We keep the basic definitions and notations for rooted real trees from Section 5.1.
In Section 6.1 we consider the regularity of the spanning of subtrees. In Section 6.2,
we study the Polish spaces of equivalent classes of compact (resp. complete locally
compact) rooted trees with distinguished vertices endowed with the Gromov-Hausdorff
distance. We define various grafting measurable operations (denoted by ®;) of a tree
on an another tree in Section 6.3. Motivated by the fact that some random trees are
obtained as decorated backbone trees, we introduce in Section 6.4 the space of marked
trees, that is of trees with a distinguished subtree (or backbone tree). We also establish
in this section the measurability of various truncation maps. The short Section 6.5 is
devoted to special case of the backbone tree being reduced to an infinite spine (this
is the case for the Kesten tree). In Section 6.6, we consider specifically discrete trees
which are spanned by n distinguished vertices, and describe them as a set of branches
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indexed by all the possible subsets of the n distinguished vertices. This description
is then used in Section 6.7 to split (with a function Split,) a complete locally compact
tree with n distinguished vertices as subtrees supported by the different branches of
the discrete tree spanned by the distinguished vertices. Then, we provide in a sense
the inverse construction in Section 6.8 where (with a function Graft,,) we decorate the
branches of a discrete trees with subtrees. In Section 6.9, we describe a measurable
procedure to decorate a branch with a family of subtrees given by the atoms of a point
measure on the set of trees (the function Tree) and a measurable procedure to describe
the decoration of a distinguished branch of a tree (the function M) through a point
measure on the set of trees.

We shall use many times Lusin’s theorem from [37] or [11, Exercise 6.10.54 p.60]
which states that, if f is a measurable function defined on a Borel subset A of a Polish
space to a Polish space, then f(B) is a Borel set for all Borel subsets B C A if and only if
the set of all values y, such that f~!({y}) is uncountable, is at most countable.

6.1 Continuity of the map Span

Recall the definition of the set T%? ) of n-pointed compact rooted tree in Subsection

5.1.2, endowed with the distance dg’l){ Recall also the definition of the tree spanned by

n vertices. For a rooted n-pointed tree (T, d,v), with v = (g, v; ...,v,), we denote the
corresponding spanned tree Span°®(T, v) as:

Span®(T,v) = U Lo, vi]- (6.1)
k=1

The tree (Span°(T, v), d, o) will be simply denoted by Span°® (7, v), whereas we will denote
by Span(T, v) the rooted n-pointed tree (Span®(T,v),d,v). For y € T, we also define
pv(y), the projection of y on Span®(T,v), as the only point of Span®(T,v) such that:

[o,y] NSpan®(T,v) = [o, pv(y)]- (6.2)
Let us state a technical result which will be used several times in what follows.

Lemma 6.1. Letn € IN. Let (T,d,v) and (T’,d',v’) be two compact rooted n-pointed
trees and let R be a correspondence between them. For every (x,z') € R with a’ €
Span°®(T”,v'), we have:

d(z,py(x)) < gdist (R).

Proof. Let (z,2') € R with 2’ € Span®(7”,v’). First remark that there exist k,¢ €
{0,...,n} such that py(z) € Jvg,v,] and 2’ € [v},, v;]. Indeed, let us set:

A={vy: pv(z) € [o,vx]} and A = {v}: 2’ € [d,v;]}.

Notice that A # () and A’ # (). If there exists £ > 1 such that v;, € A and v;, € A’, then
one can take ¢ = 0 so that vy = p and v, = ¢’. Otherwise, take k and ¢ with k # ¢ such
that v, € A and v, € A’ . In this case, we get v, ¢ A. Clearly we have py(x) € [vi, ve] and
by a similar argument, «’ € [v;,, v;]. Therefore, we have:

2d(z, pv(2)) = d(z,vp)+d(z,v)—d(vi, ve) < d' (2, vp)+d (2, vp)—d' (v, vp)+3 dist (R).

Then, use that d'(2/,v},) + d' (2, v)) — d'(v},,vy) =0, as 2’ € v}, v;], to conclude. O
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If (T,v) and (7", v’) belong to the same equivalence class in T, then so do Span(T, v)
and Span(7’,v') in T%" ). Therefore, the function (T,v) — Span(T,v) is well defined

from ’H‘i? ) to Tg’ ). A first consequence of Lemma 6.1 is that this function is Lipschitz

continuous; this result will be completed in Lemma 6.7.

Lemma 6.2 (Continuity of the map Span). Let n € IN. The map (T,v) — Span(T,v) is
4-Lipschitz continuous from ’IP&" ) to ’IF&" ),

Proof. Let (T,v),(T",v') be two compact rooted n-pointed trees and let R be a corre-
spondence between them. Let us set with obvious notations:

R = {(x,p(,, (2'): (z,2) €R, w € Spano(T,v)}
U {(pv(x),x’): (x,2') €R, 2’ € Spano(T’,v’)}. (6.3)
Clearly, R is a correspondence between Span(T,v) and Span(7”,v’). We now compute its

distortion. We consider the case = € Span(7T,v), ¥’ € Span(T’,v’) and (z,2'), (y,v') € R,
so that (x,pl.(2")) and (pv(y),y’) belong to R. We have:

[d(2,pv(v) — & (P, y)

= ’d(l‘, ) - d<y7pv(y)) - d/(xlvy/) + dl(x/apv’ ($/)>

< |d(z,y) —d'(@', )| + d(y, pv(v) + d' (2, pv (2"))
< 4dist (R),

where we used Lemma 6.1 for the last inequality. The other cases can be treated similarly.
This implies that dist (R) < 4dist (R) and thus, by definition of d\%:

dC (Span(T, v), Span(T',v")) < 4d& (T v), (T'.v")).
O

6.2 Set of (equivalence classes of) rooted n-pointed complete locally compact
trees

Recall the definition of the height H(z) = d(p, x) of a vertex x in a rooted tree (7', d, p).

For a rooted n-pointed tree (T,d,v) and ¢t > 0, we define the rooted n-pointed tree T
truncated at level ¢ as (r:(7T,v), d, v) with:

r(T,v)={ze€T: H(z) <t} U{Span®(T,v)}, (6.4)

and the distance on r(7T,v) is given by the restriction of the distance d. We shall
simply write (T, v) for (r;(1,v),d,v). (Notice that for ¢t > t7 = max;¢yo,... n} d(0,v;) the
truncated operations defined by (6.4) and (5.2) coincide.)

If (T,v) and (7”,v’) are in the same equivalence class of rJl“gl), so are (T, v) and
r¢(T’,v’). Thus the function r; can be seen as a map from "JT%" ) to itself. When n = 0, we
shall simply write r,(T") for r.(T, 0). The next lemma is about the continuity of r;.

Lemma 6.3 (Continuity of r;). Let n € IN. For s,t > 0 and (T,v),(T",v') € T, we
have:

A5 (re (T, V), rias (T V') < 4dS (T, ), (T, V) + . (6.5)

The map (t, (T,v)) — (T, v) is continuous from R, x T to T,
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Proof. Let (T,d,v),(T",d',v') be two compact rooted n-pointed trees. Firstly, notice that
dgll){ (ri45(T,v),r(T,v)) < s. Secondly, recall Definition (6.2) of the projection p, on
Span®(T,v). For y € T, we also define the projection p;(y) of y on r;(T,v) as the only
point of r(T, v) such that:

lo,y] N (T, v) = [o, pe(y)].

We first prove the analogue of Lemma 6.1. Let R be a correspondence between (T, v) an
(T",v"). Let (z,2’) € R with 2’ € r,(T’,v’). By construction, we have p;(x) € [[pV x),

= &

If 2/ € Span(T’,v’), then we deduce from Lemma 6.1 that d(z,p;(z)) < d(z,py(z)) <
3dist (R). If 2’ € ry(T',v') \ Span(T”,Vv’), then we have H(z') < t and thus H(z) =
d(o,z) < d'(¢',2') + dist (R) < ¢ + dist (R), which implies that d(z,p;(z)) < dist (R). In

conclusion, we get d(z,p;(z)) < 3dist (R). Now, arguing as in the proof of Lemma 6.2,
n)

we deduce that d7)} (re(T, V), 74(T',v)) < 4d%5 (T, v), (T’,v')). This gives the result. O

If a rooted n-pointed tree (T, d, v) is complete and locally compact, then the rooted
tree r4(7T,v) is compact for all ¢ > 0. Following [6], we set for two complete locally
compact rooted n-pointed trees (T, v) and (7", v'):

din(T,v), (T',v')) = /Ooo et (1 AdSD (rt(T,v),rt(T’,v/))> .

Furthermore, we have that dggH((T, v), (T',v')) = 0 if and only if there exists an iso-

metric bijection from (7', d) to (7”,d') which preserves the distinguished vertices (this
can easily be proved with similar arguments as for [6, Proposition 5.3]). The relation
d(Lng ((T,v),(T’,v')) = 0 defines an equivalence relation. Arguing as in [6] where n = 0,
we get the following result. Following the notations in [6], for n = 0, we simply write

Tioe—x and dp,qy for ']TI(Z)LLK and dggH

Proposition 6.4 (’]1“lOC k 1s Polish). The set ’]I‘f:c)_K of equivalence classes of complete
locally compact rooted n-pointed trees endowed with d(ﬂgH is a metric Polish space.
Furthermore, the set ’]I‘%" ) of equivalence classes of compact rooted n-pointed trees is an

open dense subset of T\")_ .

We first provide a short proof for the following inequalities.

Lemma 6.5 (Inequalities for dgll){ and dggH). Letn € N. For (T,v),(T",v') € ’]I‘%"), we
have:
A (T, ), (T' V) < 1A 4G (T, V), (T', ). (6.6)

For (T,v),(T",v') € " k and s,t > 0, we have:

loc—

A (re(T,v), 1o (T V) < 4d{0 (T, v), (T, V) + 5, (6.7)
A (r (T, V), (T',¥')) < det d0, (T, v), (T',¥')). (6.8)

The map (t, (T, v)) ~ r,(T,v) is continuous from Ry x T{") . to T{") . (and to T\").

loc—

Proof. Equation (6.6) is a direct consequence of (6.5) with s = 0 and the definition
of d(L78H Equation (6.7) follows from similar arguments, using also that rt/ ° ru =

Tw O Ty = Tpay. FOT ¢ < s, we have 4 1dgﬁ(rt(T,v),rt(T’, V) _dg?{( S(T,v), s (T, v")).
Integrating with respect to e™* ds gives (6.8). The continuity of the map (¢, (7, v)) »—> rt(T)
is a direct consequence of (6.7). O
EJP 0 (2023), paper O. https://www.imstat.org/ejp

Page 39/71


https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Brownian CRTs

We deduce from (6.6) and (6.8) that all the measurable sets of (T%"), dg%) are mea-

surable sets of (Tf:c)fwd(ﬁgH), and that a converging sequence in (”JI‘%? ), d(é%) is also

converging in (’JPI(:C)_K, dggH) We also we deduce from (6.6) that the restriction to T%’ )

of a continuous function defined on (T](c’r)Lc)fK7 dggH) is also continuous on (T% ), dgL ) )-
Removing from v some of the distinguished vertices (but the root) is continuous, see

the next lemma. For (T, v = (vg = 9,...,v,)) € Tl(:C)_K and 0 € A C {0,...,n}, we set:

AT, v) = (T,va) with v = (v;,i€ A). (6.9)

For simplicity, we shall write II% for 1194 when A is reduced to {0}, so that II¢ corre-
sponds to removing all the distinguished vertices but the root.

Lemma 6.6 (Removing some distinguished vertices is continuous). Let n € IN and
0€ Ac{0,...,n}. The map II3* from ’]I‘h?c)_K to Tl(fg_K, with k the cardinal of A, is
1-Lipschitz continuous.

Proof. First, notice that the equivalence class of (T, v 4) in Tl(f c)fK does not depend of the

choice of (T, v) in its equivalence class in TI(ZC)_K. Thus the map I1%4 is well defined from

']PI(ZCLK to Tl(f 27K. It is clearly 1-Lipschitz continuous since a correspondence between
the trees (7, v) and (7", v’) is also a correspondence between (T, v4) and (T, v/,). O

We give an immediate consequence on the continuity of the maps Span and Span®.

Lemma 6.7 (Continuity of the maps Span and Span®). Let n € N. The map (T,v) —
Span(T,v) and (T,v) — Span°®(T,v) are 4-Lipschitz continuous from ’]I‘I(ZCLK to "Jl“l(fc)fK
and to T),._k respectively.

Proof. Notice that d(LrgH(Span(T, v),Span(1",v)) = dg%(Span(T, v),Span(1”,v)), and
thus the map Span from TI(SLC)_K to TI(SLC)_K is 4-Lipschitz continuous, thanks to Lem-
ma 6.2. Then use Lemma 6.6 on the continuity of II? and the fact that Span® = II{, o Span

to conclude. O

Next, we check that rerooting or reordering the distinguished vertices is a continuous
operation. For a vector v = (vg,...,v,) and a permutation 7 of {0,...,n}, we set

VT = (Vr(0)s- - > Vn(m))-

Remark 6.8. One can see that the map (T,v) — (T,v™) is an isometry on T%"). The
next lemma is an extension to complete locally trees.

Lemma 6.9 (Permuting the distinguished vertices is continuous). Let n € IN and let m be
a permutation on {0, ...,n}. The map (T,v) — (T,v™) defined on Tf:c)_K is continuous.

Proof. First notice that if (T, v) and (7”,v’) are rooted n-pointed trees belonging to the

same equivalence class of ’JFI(:CLK, so do (T,v™) and (7”,v'™). Thus, the map (7,v) —

(T,v™) is indeed well-defined on rJI‘I(:C)_K. We shall use the following notation: we denote
by r; the truncation r, when one forgets about the distinguished vertices (but the root):
ry = II7 or,. (Take care that IIY o r; # r; o II7.) To prove the continuity of the map, we
consider two cases.

1st case: No rerooting, 7(0) = 0. In that case, for every ¢t > 0 and every (7, v) €

T(" ., we have that r{(T,v) = r2(T,v™) and thus we get that:

A (1), (T, V') = dy (T, V), (T, V).
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This trivially implies the continuity of the map.

2nd case: With rerooting, 7(ko) = 0 for some ko # 0. Let (T,v), (T",v’) € TI(ZCLK,

with v = (vg = g,...,v,) and v/ = (v = ¢/,...,v),), such that dggH((T,v),(T’,v’)) <1/2.

rEn
As v, and vfm are always in correspondence as well as g and o', we have, for every ¢t > 0
that:

| H (vr,) — H(vy,)| < 245 (ri(T,v), ro(T7, V).
Multiplying by e~? and integrating yields:
LA [H(vyy) — H(vp,)| < 2480 (T, v),(T', V")) < 1,
and hence:
H(vy,) < H(vg,) + 1.
We set hg = H(vg,) + 1. Then, for every ¢t > 0, we have:

i (T,v") Crip,(T,v) andthus 7 (T,v") =1 (rf+h0 (T,v),v”),

and the same holds for 7”. Consequently, applying Lemma 6.3, we have:
+oo
0 (T,v7), (T, V') < 4/0 ate™ (1A G (17, (Tov), V), (11, (T V),9'7) ) )

“+oo
= 4/ dte™? (1 A dg% (Pt (T5 V), oo (T7, v')))
0
< ety ((T,v), (T, V),

where we used for the second inequality that d\) ((T,v™), (T',v'™)) = i ((T,v),(T,v"))
for (T,v), (T',v') € TE?). The continuity of the map follows. O

We shall also consider the set of trees whose root is not a branching vertex:

T = {(T,v) e T+ 0 ¢ Br(T)}. (6.10)

We shall simply write T __ for T")%, when n = 0.

Lemma 6.10. The set T\’ is a Borel subset of T\")_,..

Proof. For a rooted tree T, we define its diameter by diam (T') = sup{d(z,y) : =,y € T}.
Notice that H(T) < diam (T) < 2H(T). Clearly the function diam is constant on all

equivalent classes of ’]I‘i?) and thus of rJI‘I(:C)_K. If diam (7') = 2H(T) < 400, then we
deduce that the root is a branching vertex. Recall II? for (6.9). More generally, we get
that:

T2 = U Dun with D= {T € T+ diam (v, o 115,(T)) = 2t
nelN*
Since the functions diam , r; and II; are continuous, we deduce that D, is closed, and
hence Tf:c)’_oK is a Borel subset of T} ._k. O

We now define the set of discrete trees. We say that a rooted n-pointed tree (T, d, v)
is a discrete tree if T' is equal to the tree spanned by its distinguished vertices: T =
Span®(T,v). We define the set of (equivalence classes of) discrete trees with at most n
leaves as:

’JI‘((;;S) ={(T,v) e Tl(:c)fK : (T,v) = Span(T,v)}. (6.11)

As a direct consequence of the continuity of the map Span we get the following result.
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Lemma 6.11. Let n € IN. The set of discrete trees T((;;) is a closed subset ofT%) and of
(n)
Tl:c—K'
We end this section with partial measurability result on the number of vertices at a
given height of a tree.

Remark 6.12. It is immediate to check that the map (T, v) — (d(vi, vj), 1,5 € {0,... ,n})
is injective 1/2-Lipschitz continuous from (’]I‘I(OC) K> dggH) to R+ x(n+1) endowed with
the supremum norm (i.e. the maximum of the distances between coordinates). It is also

bi-measurable thanks to Lusin’s theorem.

Let Tio!4f be the set of trees with no leaves:
Tl = {T € Tioe—k : LE(T) = 0}.

For T € TPl and ¢ > 0, let N;(T') denotes the number of vertices at height ¢ of T':

loc—

N(T) = Card ({w € T+ H(z) = t}), (6.12)

It is easy to prove (and left as an exercise to the reader) that N, (T) is finite using that T
is complete locally compact without leaves. We have the following result.

Lemma 6.13 (Measurability of N;). The set T}°!%f is a Borel subset of T,._k and the

loc—

map (t,T) — Ny(T) is measurable from R, x ’]I‘{}Doclf%(f to IN.

Proof. Lett > 0 and let ©,,(¢) be the set of discrete trees such that all the distinguished
vertices (but the root) are leaves at height ¢:

O,(t) = {T € T} : d(o,v;) = t and d(v;,v;) > 0 foralli,j € {1,...,n}}.

Thanks to Remark 6.12, ©,,(t) is a Borel set of T ¢ T{" ¢ T\"”)_.. For T € Tie_xk,

we get that {T’ € ’]l“g.f) I (T7) = T} is finite. We deduce from Lusin’s theorem that II)

restricted to ”JI‘((;;S) is bi-measurable. This implies that the set II? (©,,(t)) is a Borel subset

of Tie—x. We deduce that the set of trees with no leaves, Tio!#f which is formally

defined by:
Tl = () Ut ((0am)),
kEN* neN
is a Borel subset of Ty,c_x. We also get that {7" € Tolcaf N =n}=r; ( (@n,(t)));

this implies that the map N, is measurable. Since ¢ — Nt (T) is non-decreasing and
left-continuous, we deduce that the map (t,7) — N;(T) is measurable from R x Tioleaf
to IN. O

6.3 Grafting a discrete tree on another one

We define, in a slightly more general context than Section 5.1.3, the grafting of a
complete locally compact rooted tree at a distinguished vertex of an another compact
locally compact rooted tree. For (T, v) € ’]I’l(:c) K and (T",v') € ’]Tl(fC)_K andi € {0,...,n},
withn,k >0, v= (v =0p,...,v,) and v/ = (vj = ¢,...,v;,), we define the tree T' ®; T"
by (5.3) and the distance d® by (5.4) with x replaced by v;, and consider the distinguished

vertices v v = (vg = 0,...,Un,0],...,0%).

Lemma 6.14 (Continuity of the grafting map). Letn,k € N andi € {0,...,n}. The map
(T,v),(T',v")) = (T ®; T',v ® v'), is continuous from T xTH o ’]I‘(n+k)

loc— loc— loc—
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Proof. Let (Ty,v1), (T},v}) € T . and (Ty,va), (T}, vh) € T . Set T = Ty @, T,

T =T ® T), v=vi ®vy, and v = v| ® v}.

First suppose that the trees are compact, that is (71, v1), (17, v]) € T%") and (7, v2),
(T5,vh) € ’]T%). Let R; be a correspondence between (elements of the classes) (77, v1)
and (77,v}) and let R, be a correspondence between (elements of the classes) (15, v2)
and (73,v%). We set R = Ry U Rs with g2 and ¢}, replaced respectively by v; and v}. It
defines a correspondence between (7,v) and (7”,v’). For every (z,z’), (y,y') € R, we
have:

‘dl(x7y)
‘dg(l‘,y)

and if (z,2’) € Ry and (y,y’) € R2, we have:

d/1(30/7y/)‘ < dist (Rl) if (va/)a (yay/) € R17
dy(a’,y')| < dist (R2) if (2,27), (y,¢') € Ra,

‘d®($,y) - dl@(x/7y/)’ = {

’d®(l‘7y) - d/®(l‘/,y/)‘ = ‘dl(x7vi) + d2(p27y) - d/2(pl2ay/) - dll(xlvvg)’
< dy(z,v5) — di (2!, v))| + |da(02,y) — da(0h,y")]
< dist (R1) + dist (R2).

This gives:
dgl:l_k) ((Tv V)a (T/7 V/)) S dglgl((Tla Vl)a (Tllv Vll)) + dg?l((T% V2)a (T2/7 VIQ)) (613)

Now consider (T3, v1), (T],v}) € " k and (T, va), (T3, v5) € Tl((]fc)_K. Without loss

loc—
of generality we assume that H(v}) > H(v;). Remark that, for every ¢ > 0, we have, with

a+ = max(a,0):
(T, v) = 1¢(T1,v1) ®; "(t—H(w)), (T2, V2)
and hence
d(ggk) (re(T,v),m (T, v"))
— i (re(T1,v1) @i (= m))s (T2, v2), 7e(T1, V1) @i T— o)), (To, V) -

Therefore, we have:

dekt) (T,v), (T',v"))

“+o0

= / dte™ (1 /\dglgk) (re(T, v),rt(T’,v’)))
0
“+o0

< dte™* (1/\de (n(Tl,V1),7’t(T1/’V/1)))
0

“+ o0
+/ dt e_t (1 A d(GkI){ (T(t—H(Uq,))+ (T27 VQ); T(t_H(v;))+(T2/7 Vé)))
0
< d{oy (T1,v1), (T1,v4)) + 410D dP0 0 ((Ta, va), (T3, vh)) + H(v)) — H(v;)
S 3 dggH((Tla Vl)a (T1/7 Vll)) + 4d]('_‘kc2‘.H((T23 V2)7 (TQIa V/Q))7

where we used Equation (6.13) for the first inequality and Lemma 6.3 for the second one.
This completes the proof. O

We shall use a version of the grafting procedure where, instead of grafting on v;,
we shall graft on the branch [p, v;] at height h provided that H(v;) > h. Letn € N
and i € {0,...,n} be given. For h € Ry and (T,v) € T, we denote by x; the
unique vertex of T that satisfies x; € [o,v;] and H(x; ;) = H(v;) A h. Then, the map
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(h, (T,v)) = (T, (v,z:4)) is clearly continuous from Ry x T{") . to T{"""). We then
define the grafting map ®; ; by:

(R (T,v),(T' V) » T @, T = (T @, T',v@ V'), (6.14)
as the composition of

[adding the vertex z;;]: (h,(T,v)) — (T,v) with v = (vg = g,...,v,) and v =
(v, 2in) = (00 = 0,...,0p = VUp, Unt1 = Tijn),

[graftingl: ((T,¥),(T",v)) = (T ®n41 T, v ® v') and
[removing the (n+1)-th distinguished vertex]: (T = T®,, 117", v&Vv') — (T”,vav’).
Since all those maps are continuous, we get the following result.

Lemma 6.15 (Continuity of the grafting map ®; ). Let n,k € N, i € {0,...,n}. The

map (h, (T,v),(T',v")) = T ®; , T' is continuous from R, x T\")  x T . to T,

6.4 Set of (equivalence classes of) marked trees

We shall consider trees with a marked infinite branch; for this reason we introduce
the notion of marked trees. In this part, we do not record an order on the marked
vertices as in the n-pointed trees.

We say that (7, 5,d, o) is a marked rooted tree if (T,d, o) is a rooted tree and the
set of marks S is a subtree of 7" with the same root (that is ¢ € S) endowed with the
restriction of the distance d. A correspondence between two compact marked rooted
trees (7,5,d,0) and (T7,5,d’, ') is a set R C T x T’ such that R is a correspondence
between (T, d, o) and (T",d’, o) and RN (S x S’) is also a correspondence between (5, d, o)
and (S',d’, ¢'). Then, we set:

dig; ((T,8),(1",8")) = inf % dist (R),

where the infimum is taken over all the correspondences R between (T, S,d, o) and
(T",d’', S, ¢'). An easy extension of [6] gives that d[é]H is a pseudo-distance, and that
dg]H (T,T") = 0 if and only if there exists an isometric one-to-one map ¢ from (7,d) to
(T',d’") which preserves the root and which is also one-to-one from S to S’. The relation

dg]H((T, S),(T',S")) = 0 defines an equivalence relation. The set TE] of equivalence

classes of compact marked rooted trees (7, S, d, ) endowed with d[é]H is then a metric

Polish space. We simply write (7, .5) for (T, S, d, o), and unless specified otherwise, we
shall denote also by (7', .9) its equivalence class. Since

den(T, T') V deu(S, 8") < d2L (T, S), (T7, 8')), (6.15)

we deduce that the map (7,S5) — (7,5) from TE] to (Tk)? (endowed with the max-
imum distance on the coordinates) is continuous. For ¢ > 0, we define the trun-
cation function rt[Q] of a marked rooted tree (7, S,d, p) as the marked rooted tree
rPUT, ) = (r(T),r¢(S). d, 0), where we recall that r,(T) = {z € T: H(z) < t}. If (T, S)
and (7”,5’) are in the same equivalence class of T, so are r?] (T,S) and r?] (17,5");

thus the function r?] can be seen as a map from TE] to itself. Similarly to (6.5), we have

fort,s > 0 and (T, 5), (T",5') € T2

afl (P, 9,071, 8)) < 4B (1,9, (T, 8)) + 5. (6.16)
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This implies that the map (¢, (T, 5)) — r?] (T, S) is continuous from R x TE] to 'IFE].

If a complete marked rooted tree (7,.5,d, g) is locally compact, then the marked
rooted tree r?] (T, S) is compact for all t > 0. Following [6], we consider for two complete
locally compact marked rooted trees (7, S) and (77, 5"):

dELn((T,9),(T',8')) = / etat (1Adgl (WPrs) P s))). ean

Furthermore, we have that df(]}H((T, S),(T",5")) = 0 if and only if there exists an iso-

metric one-to-one map ¢ from (7', d) to (7”,d’) which is one-to-one from S to S’ and
preserves the roots. Thus the relation dfg}H((T, S),(T",5")) = 0 defines an equivalence
relation, see [7, Proposition 5.3]. The set Tl[z]C_K of equivalence classes of complete
locally compact marked rooted trees (T, 5,d, ¢) endowed with d[féH is then a metric
Polish space. Furthermore, TE] is an open dense subset of rJl“l[i]c_K. Combining (6.15)

and the definition of dféH we get the elementary following result.
Lemma 6.16 (Regularity of the projection). The map P : (T,S) — T from TELK to
Tioe_xk is 1-Lipschitz.

Similar equations to (6.6), (6.7) and (6.8) holds with d(ﬁgH and dg% replaced by d[LgéH
and d[é]H For future use, let us give the equations corresponding to (6.7) and (6.8). For
(T,5),(1",8") ’]Tl[i]C_K and s,t > 0, we have:

., (r?] (T,8),r2 (T, S’)) <4dP,((1,9),(T",5) + s, (6.18)
af (P, 9),P01, 81) < aet i (T,9),(T',8)). (6.19)
We also we have the following result consequences of (6.16) and (6.18).
Lemma 6.17 (Continuity of the truncation map). Letn € IN. The map
(t,(T, S)) — (T, S)

is continuous from R x TE] to ’]PE] and from R x rJl“l[i]c_K to TEL_K (and to TE]).

We give in the next lemma an example of a ']I‘E] and ’]l“l[i]c_K valued function.

Lemma 6.18 (Continuity of Span®). Letn € IN. The map
(T,d,v) — (II;(T), Span® (T, v), d, o)
(n) (n)

fromT)  _\ to T][i]ciK (resp. from T’ to TE] ) is injective, bi-measurable and 16-Lipschitz
(resp. 4-Lipschitz) continuous.

Proof. We first consider the compact case. Let (T, v) and (77, v’) be rooted n-pointed
compact trees and let R be a correspondence between them. Recall the definition of
py in (6.2) as the projection on Span®(7,v) and the correspondence R from (6.3). We
set R = R UR. By construction R[? is a correspondence between (T, Span°®(T,v))
and (7”,Span®(7T”,v")). From the proof of Lemma 6.2, we get that dist (R?) < 4 dist (R).
This directly implies that:

d[é]H ((T7 Span® (T, V))7 (T’7 Span®(T", V/))> < 4d(c?})1((T, v), (T, v’)). (6.20)
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This gives that the map (7, d,v) — (T, Span®(T,v),d, o) from T%") to TE] is 4-Lipschitz
continuous.

We now consider complete locally compact trees. Let (7, v) and (7”,v’) belong to
TELK. We have:

dng ((T, Span®(T,v)), (T”, Span®(T", V’)))
= / e tdt (1 A d[é]H (rE] (T, Span®(T, v)),r?] (1", Span®(T", v’))))
0
< 4/0 e tdt (1 A d[é]H((rt(T, v), Span®(T,v)), (r«(T",v'), SpanO(T’,V’)))>

o0

< 16/ et dt (Mdgg (rt(T7v),rt(T’,v’)))
0

=16 d{'gy (T, v), (T',¥"))

where we used (6.16) (with 7" and S replaced respectively by (7, v) and Span° (7, v) and
similarly for 77 and S’) for the first inequality, and (6.20) (with (7, v) replaced by (T, v))
as well as the relation Span®(r:(7,v)) = Span° (7, v) for the second. This gives that the
map (7T, d,v) — (T, Span° (T, v),d, o) from ']l“l(:C)_K to TEL_K is 16-Lipschitz continuous.
Clearly those maps are injective and thus bi-measurable thanks to Lusin’s theorem.

O

Remark 6.19. Let us stress that for (T, v) a rooted n-pointed compact tree, the rooted
tree

ri? (T, Span® (T, v)) = (rt(T), r¢(Span® (T, v)))
and the rooted tree

(7“,5(T),SpanO (r(T, v))) = (r(T), Span®(T,v))

differ if and only if t is smaller than the height of Span®(T,v).

Let (7, 5,d, o) be a marked complete locally compact rooted tree. To simplify, we
shall only write (T, S) for (T, S, d, o). We define the projection of z € T on S, ps(z) € S,
as the element of S uniquely defined by:

[o.ps(2)] = [0, 2] N S.

Now, we consider the truncation of a marked tree at a given height, say ¢, of the marked
subtree. For ¢t > 0 and € € {—, +}, we set:

(T, 9) = (T 9),m(9) (6.21)
with:
rﬂ#(T, S) = {x €T: H(ps(z)) < t},

7“£21’*(T, S) = {x €T: H(ps(z)) < t} U{zesS: H(z) =t}.

)

See Figure 3 for an instance of r?]’E(T, S), where S is an infinite branch. For

¢ € {+,—}, we also denote by rt[2]’E(T, S) the marked rooted tree (rtm’e(T, S),d, o) en-

dowed with the restriction of the distance d and the root p. Furthermore, if (T, S) and
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(T",S’) belong to the same equivalence class of T{i]c K OT T[Q] then so do T[Q]’E(T S) and
ri?P¥(T7, 8"). Thus the map (¢, (7, S)) rP5(T, S) is a well defined map from R x T\,
to TE)]C_K fore € {+,—}.

N\ N\
DN PN,

(T, S) r2(r, 5) r2 (T, 9)

Figure 3: Example of restrictions of a tree 7" with a marked spine S (in bold).

Remark 6. 20 (Examples). We give elementary examples. Fore € {+,—} and t > 0, we
have that r”"* (T, {0}) = (T, {o}) and "~ (T,{0}) = ({0}, {0}) as well as v * (T, {0}) =
(T,{0}). We also have fort € R, that rPE(T,T) = (r(T),m(T)).

Remark 6.21 (The map 7’[ 1 is not continuous). Lete € {+,—} and t > 0. The func-
tion T]E 1< is not continuous from ']I‘l[i]C_K to itself. Indeed take t = 1 without loss of
generality and consider T = [0,2] and S5 = [0,6], with 6 € [0,2], o = 0 and the Eu-
clidean distance. Notice that ([0 1],[0,1]) = (81,81) # (T, S1). Then we have that
lims 1 dig; (T, S5), (T, S1)) = 0, r225(T, S5) = (T, S5) for § < 1, ri?(T, S5) = (S, 91) for
§> 1, (T, 81) = (81, 51) and (T, 8,) = (T, 51).

We have the following measurability result.

Lemma 6.22 (Measurability of some truncation maps). Let ¢ € {+,—}. The map
2]

(t,(T,S)) — (T, S) is measurable from Ry x T2, to T2 .

Proof. Let a > 0. For a marked tree (T,5) = (T, 5, d, 0), we define its partial dilatation
R, (T,S) = (T, S,dq,, 0) as the marked tree with d,(z,y) = ad(z,ps(z)) +d(ps(z), ps(y)) +
ad(y,ps(y)) if ps(z) # ps(y) and do(z,y) = ad(z,y) if ps(z) = ps(y). Intuitively the
distances on 7" are multiplied by a outside S. The equivalence class of R,(7T’,S) in TELK

does not depend of the choice of (T',.5) in its equivalence class in TE]C_K; so the map R,

is well defined on rJI‘l[O]C k toitself. Notice that the map R, is continuous and one-to-one

with inverse R, /,. It is immediate to check that, for ¢ > 0:

This and Lemma 6.17 imply the measurability of the map (¢, (T, S5)) — r2 (T, 9).

Then, notice that lim,, i rt[gH to get the measurability of the map (¢, (7, S)) —
P2, 9). O
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We end this section by proving (in a very similar way) that the map r,[f] below, which
consists in cleaning the root, that is, in erasing the bushes at the root of a marked tree
is measurable. For (7, 5) = (T, 5, d, 0) a marked complete locally compact rooted tree,
we set:

T, 8) = (BT, 5),5) with 1P(T,8) = {z e T ps(e) £ 0} Ufe)  (6.22)
We also denote by 2 (T, S) the marked rooted tree (r,[?] (T, S),d, 0) endowed with the
restriction of the distance d and the root g. Furthermore, if (T, S) and (7", S’) belong to

the same equivalence class of TELK, then so do r2(T, S) and r? (77, §'). Thus the map

r is well-defined from TEL_K to Tl[i]C_K.

Lemma 6.23 (Measurability of the root cleaning map). The map r?] is measurable from

2 2
T{O]C—K to T{O]C—K .

Proof. Let a > 0. For a marked tree (7,5) = (T, S5,d, 0), we define its partial dilata-
tion R, (T,S) = (T, 5,d,, o) as the marked tree with d/(z,y) = F,(t)d(z,y) if ps(z) =
ps(y) with t = H(ps(z)), and otherwise d,,(z,y) = F,(t)d(z,ps(z)) + ad(ps(z),ps(y)) +
Fo(s)d(y,ps(y)) with t = H(ps(z)), s = H(ps(y)), and the function F, defined for ¢ > 0
by Fy(t) =t ANa+a?(a—t)y ifa < 1, and F,(t) = 1/F/,(at) if a > 1. Notice that
for € T\ {0}, we have, as a goes down to 0, that: d,(z,0) ~ ad(z,p) as well as
d} (2, 0) ~ a~td(x, p) if ps(x) # 0; and d;(z, 0) ~ a~'d(x, p) as well as d; (z, 0) ~ ad(z, p)
if ps(z) = o.

The equivalence class of R/ (T, S) in Tl[i]c—x does not depend of the choice of (T, S) in
its equivalence class in "JTE)LK ; so the map R/, is well defined on TELK to itself. Notice
that the map R, is continuous and one-to-one with inverse R/ /o IS immediate to check

that for t > 0:

2 _ 2]
T4 air(r)lJr Ryjqori o R,.
This and Lemma 6.17 imply the measurability of the map TLQ]. O

6.5 Set of (equivalence classes of) trees with one infinite marked branch

Let us denote by Ty = (o,{0}) the rooted tree reduced to its root. Notice that
rZ (T, 8) = {(Ty, To)} if and only if [, 2] N S = {0} implies = o. Let T} = ([0, %), d, 0)
be the tree consisting of only one infinite branch. We consider the set (of equivalence
classes) of complete locally compact rooted trees with one infinite marked branch and
its subset of trees whose root is not a branching vertex:

T = {(1.9) e TP+ S =171 in Toox (6.23)
Tipinel {(T, S)e T . p¢ Br(T)} . (6.24)

Lemma 6.24. The sets T;"™™ and T;*" are Borel subsets of ']I‘E]C_K.

Proof. Consider the projection II : (7,5) +— S from Tl

construction 1-Lipschitz and thus continuous. As nggi{cz II-1({T1}), we get that
T}>"« is Borel.

Notice that for (T,5) € TP™,, then, by definition of /", we get that the root
is not a branching vertex of (T, S) if and only if r([)21’+(T, S) = (To,Ty). Then, the

set TP%Y = TePine (r([)Z]’J“)‘1 ({(TO,TO)}> is Borel as the map r([f]’+ is measurable

k to Toe—x, which is by

loc—K loc—
according to Lemma 6.22. O
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We shall be mainly consider elements of Tls(‘)’c“lc}f in what follows. For simplicity, we

shall write 7* = (T, S) for an element of T;*". For t > 0 and T* = (T, S) in T}, we
have T (T%) = (rﬂ’J’(T), r(9)) where the rooted tree r(S) is given by ([o, 2], 0) with

x € S uniquely characterized by d(o, z) = t. We shall consider a slight modification of

[2],.+ spine,0 2],
T

on T*%0 say 7,”"", where one keeps track only of (o, z) instead of r(S):

T = (), (00)- (625

It is left to the reader to check that 7> is defined on T3 and T\

e -valued. Similarly
to Lemma 6.22, we get the following result.

Lemma 6.25. The function (t,T*) — 72" (T*) from R, x TP to Tl(;():fK is measur-
able.

6.6 Another representation for discrete trees

Let n € IN be fixed. Let (T,v), with v = (vg = o,...,v,), be a complete locally
compact rooted n-pointed tree. We will decompose the tree Span(7,v) as a sequence of
edges. To do so, we introduce some notations. Let A C {0,...,n} be non-empty. We set
va = (vi,i € A). We denote by v4 the most recent common ancestor of v 4, which is the
only element of 7" such that:

[o,val = () [o, vxl- (6.26)
k€A
Notice that v(;; = v;. Recall that for x € T, T, is the subtree of 7" above = and rooted
at z. Let P;" be the set of all subsets A C {1,...,n} such that A # (. For A € P, if
Ty, N Span®(T,v4e) # 0 with A = {0,1,2,--- ,n} \ A, we set waq = v4, otherwise we
define w4 € [o,v4] as the only element of 1" such that:

[o,wa] = Span®(T,vac) N Span® (T, (0,v4)). (6.27)

Equivalently w,4 is the only element in [, v4] such that wy = VAU{k,} fOr some kg € A°
and for all k € A°, we have vayqy € [0, wa]. Notice that wy; . .3 = 0. We also record
the lengths of all the branches [wa,v4]:

L, (T,v) = (La(T,v),A € P}) with (4(T,v)=d(wa,va). (6.28)

Figure 4: A discrete trees spanned by the leaves {1, 2, 3}.

For instance, we record the quantity of interest in Table 1 for the discrete tree
spanned by the leaves {1,2,3} from Figure 4. We can see that each branch of the
discrete tree appears (through their length) once and only once in L3(7T,v).

Set v = (Vo = o, (va,A € P})) € T?, so that (T, V) is a complete locally compact
rooted (2" — 1)-pointed tree with the same root ¢ as 7. Notice that all the vertices in
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Table 1: Quantities of interest for the discrete tree from Figure 4.

lAcP [ {13 | {2 | {3 [{u2}[{1,3}] {2,3} [{1,2,3}]

VA 1 2 3 a a b a
wA a b b a a a 0
£a d(a,1) | d(b,2) | d(b,3) 0 0 d(a,b) | d(o,a)

v appear in v (possibly more than once), and that w4 also appears in v for all A € P;".
Recall the set of discrete trees defined at the end of Section 6.3. The nex’gr lemmil states
that L,, encodes discrete trees continuously. Set Im (L,,) C RE” (with Rﬁ" =R3 ) for
the image of L,,.

Lemma 6.26 (Regularity of the branch lengths as a function of the tree). Let n € IN*.

The map (T,v) — (T, V) is well defined from TI(SLC)_K to ’]I‘l(fc__é), and it is continuous.
+

The function L,, is well defined from Tf:C)_K toIm (L,) C IE{f" and is continuous. Fur-

thermore, Im (L,,) is closed and L,, is a one-to-one bi-measurable map from Té?s) to

Im (L,,).

Proof. If (T,v) and (1”,v’) belong to the same equivalence class in Tf:c)fxf then we
deduce from (6.26) and (6.27) that (7, v) and (7", V') belong also to the same equivalence

class. This implies that the function (T, v) — (T, V) is well defined from ’]I‘l(:C)_K to Tff::é).

We deduce from (6.26) and (6.27) that this function is in fact continuous on Tl(fC)_K. We
+
also get that the function L,, is well defined from Tl(: C)fK to Rz .

We shall now precise the image of the function L,, and prove its continuity. Recall
x4 = max(x,0) denotes the positive part of z € R. We define the function L from

R o ]Ri;r by, for d = (d;;,0 <i,j <n)and A € P;}:
1
LA(d) = Z inf {(d”/ + dij’ + dji’ + djj’ — 2dl] — 2d7yj/)+ 14,5 € A and i/,j/ € AC} R

where A°¢ = {0,...,n}\ A. We also define the function D from ]Rﬁ”+ to ]RS:LH)X("H) by,
for{ = ({a,A€P})andi,j € {0,...,n}:

Dij(0) = > a(Lpicajgay + Ligajeay) - (6.29)
AePt

The functions L and D are continuous. Consider the closed subset Q™ of ]R(fﬂ)x(nﬂ)

satisfying the so-called four-point condition, that is the set of all (d;;,0 < 4,5 < n) €
IRS:’H)X("H) such that:

dij +dirj < max(d;; + djjr,dij + dji/) forall 4,7, i/,j/ S {0, S ,n}.

Notice that the four-point condition is also used to characterize metric spaces which are
real trees, see [24]. Then, one can check that the function L is one-to-one from 9™ to
L(Q™) with inverse D. We also get that L(Q() is closed (indeed if (¢* = L(d*),k € IN)
is a sequence of elements of L( Q(")) converging to a limit, say ¢, then it is bounded
and thus the sequence (d*,k € IN) is also bounded. Hence there is a converging sub-
sequence, and denote by d its limit which belongs to Q™) as this set is closed. Since L is
continuous, we get that L(d) = ¢ and thus ¢ belongs to L(Q(™), which gives that L(Q(™)
is closed). Since for (T,v) € T\")_., we have that L, (T,v) = L(d(vi,v;),0 < i,j <n),

we deduce that the function L,, is continuous from ”JFI(:C)_K to L(QM).
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We now prove that Im (L,,) = L(Q™) and that L,, is one-to-one from Tf;fs) to L(Q™).
Let £ = ({4, A € P;) € L(Q™). Thus, there exists a sequence d = (d;;,0 < i,j < n) €
Q™ which satisfies the four-point condition and such that L(d) = /. Since d satisfies the
four-point condition, we get that there exists a discrete tree (T, d,v) € Tfﬁs) such that
d(vi,v;) = d;; for all 4, j € {0,...,n}. This proves that Im (L,,) = L(Q™). Then use that
L is one-to-one from Q™ to L(Q™)) with inverse D and that two discrete trees (T, d, v)
and (7’,d’,v') are equal in T((il) if and only if d(v;, v;) = d'(v],v}) for all 4,5 € {0,...,n}
to deduce that L,, is one-to-one from ’]I‘f;l:) to L(Q™) and thus bi-measurable thanks to
Lusin’s theorem. g

6.7 The splitting operator for a pointed tree

We want now to decompose the pointed tree (T, v) along the branches of Span°®(T, v).
We keep notations from Section 6.6.

Let (T,v), with v = (vg = o, ..., v,), be a complete locally compact rooted n-pointed
tree. Recall Definition (6.2) of the projection p, on Span(T,v). For A € P;", consider the
rooted 1-pointed tree:

Ta(T,v) = (Ta(T,v), (04,v4)) € T L, (6.30)

lo

with root p4 = wy and
Ta(T,v)={z €T: py(z) €lwa,va]} U{wa}.
By construction, we have that £4(T,v) = d(g4,v4).

Notice that £4(T,v) = 0 if and only if 74(T,v) is reduced to its root, that is,

04}, (04,04)). Notice also that £ 4(T,v) > 0 implies that TA belongs to ']I‘(l)f , the set
loc—K

1%3:4{ such that the root is not a branching point (see Definition (6.10)). We

also define the rooted 1-pointed tree T{O} (T,v) € rJI‘I(Olg_K = (T(0y (T, v), (0, 0)) by:

of treesin T

Tioy(T,v) = {z € T : Jo,x] N Span®(T,v) = 0},

with root ¢ and distinguished vertex also p. If (T,v) and (7”,v’) belong to the same
equivalence class in ’IFI(:(LK, then we get that 7' (7, v) and T4 (7", v') belong also to the
same equivalent class in ”Jl“l(;g_K for A € P,, = P;} U{{0}}. Thus, the map Split,, defined
on T{") . by:

Split, (7,v) = (Ta(T.v), A € P, (6.31)

2’71
takes values in (’]I’SLK) . We give an instance of the function Split,, in Figure 5.

Lemma 6.27 (Measurability of the splitting map). Let n € IN*. The map Split,, from
on
Tl(;LC)_K to (Tl(éz_K) is measurable.

Proof. The proof is divided into three steps.
Step 1: The map Ty, is measurable. Let (T,v) € ’]I‘(”)fK. By construction, we

loc

have that r([)Q]’+ (T, Span®(T',v)) = (T;oy(T,v), To). We deduce from Lemma 6.22 on the
measurability of ri>%, that the map (T, v) — Tioy = (T;0y (T, V), (0, 0)) is measurable.

Step 2: A measurable truncation function. Let n > 1. Let (T, v) be a rooted n-pointed
tree. Recall the definition of 74(7,v) from (6.30). We set ¢(T,v) = T{1 2. »}(T,V) so

(2], +

")_K to ’Jl“l(jg_K. Recall the measurable truncation functions r;

that ¢ is a map from Tl(

and 7:[3] from (6.25) and (6.22), respectively.
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T{1,2,3}(T= V)

¢ W Ty (T v)

1%

Figure 5: The splitting of the left hand tree with respect to v = {p, 1,2, 3}.
In this instance, T 2} and T}, 3, are reduced to their own root.

We set:

2 2], o
qI(T7 v) = TL Vo rg(]gj;’{l v}) (T’ Span® (T, V))

Thanks to Lemma 6.18, the map (T, v) ~ (T, Span°®(T,v)) is continuous from Tl(:c)—K
to ’JTELK. Thanks to Lemma 6.26 and Remark 6.12, we get that the map (7,v) —

d(o, U}{l,i..,b}) is continuous from T(™) k to Ri. Then, use Lemmas 6.22 and 6.23 on

loc—
the measurability of r?]’s and r” to conclude that the map ¢’ from Tglc)fx to Tl[i]ch is

measurable and it has the same image as the map (7', (0,v)) — (T, [o,v]) from Tl(;g_K

to "JPELK. According to Lemma 6.18 (with n = 1), this latter map is injective and
measurable. Hence the map ¢, which is the composition of ¢’ and this latter map, is
measurable.

Step 3: Conclusion. Let A C {1,...,n} be non-empty. Notice that T, is the image
of (T, v) by: the expansion procedure (T, v) — (T,V) from the first part of Lemma 6.26,
the rerooting at w4 from Lemma 6.9, the reducing procedure from Lemma 6.6 where
one forgets about all w,/ and vy for A’ C A¢, and then the function g from Step 2. This

implies that the function (T, v) ++ T4(T,v) is measurable from Tl(:CLK to T&LK. O

6.8 The grafting procedure

Letn € N*. Let ¢ = ({4, A € P,;f) € Im (L,,). According to Lemma 6.26, there exists

a unique (up to the equivalence in ’Jl“%g)) rooted n-pointed discrete tree (S, v) (that is

S = Span®(S,v)) such that L, (S,v) = £. Recall v4 and wy defined in Section 6.6 for
A € P;f so that:

S= J [wa,val, (6.32)

AeP;t

where the sets (Jwa,va[, A € P,/) are pairwise disjoint.
Recall that T;*™™% denotes the set (of equivalence classes) of complete locally com-
pact rooted trees with one infinite marked branch such that the root is not a branching
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vertex. Let T* = (T%, A € P;") be a family of elements of equivalence classes in T;*™"%.

Then, we define the tree (T,v) = Graft,(¢,7*), where T is the tree S with that the
branches Jwa,v4] are replaced by the trees given by the first component of rﬂ’J“(le)
(where the second component has been identified to Jwa, va]).

We now provide a more formal construction of Graft, (¢,7*). Let ¢ € Im (L,,), and
consider the rooted n-pointed discrete tree (S,v) = L () € ']I‘((i?s) and v = (v =
0,...,0n). Set v = (Vo = o,(va,A € P;})) € T?", with v4 the most recent common
ancestor of (v;,i € A) defined in (6.26). Thus, we get that (S,v) € Tg:_l) is a rooted
(2™ — 1)-pointed discrete tree with the same root g as S.

In a first step, we build by a backward induction an “increasing” sequence of dis-
crete trees ((Sg,vi),k € {0,...,2" — 1}) such that (Si,vy) € T with root 0. We set
(San_1,van_1) = (S,V). Recall that z is a leaf of a tree T with root p if z € [o,y] C T
implies y = . Assume that (Sky1,Vey1) is defined for some & > 0. We consider the
lexicographical order on the non-empty sets of IN defined recursively as follow: for
A, B C IN non empty, we write A < B: if min A < min B; or if min A = min B and A is a
singleton but not B; or if min A = min B, A and B are not singletons and A’ < B’ where
A’ = A\ {min A} and similarly for B’. Notice this order is total. We set:

Aps1 =max{A € P, ,va € viy1 and v is a leaf of (Sk41, Vis1) }-

Then, we define v, as the sequence v, where vy, , has been removed (notice that

the first element of vy, is still the root p), and we set (S, vi) = Span(S, vi) € ']I‘gfs). We

also set By = max{B € P, : vp = wa,,, }. By construction, vp, = w4, , belongs to the
sequence vj and is therefore an element of v for some index, and, with a slight abuse of
notation, we simply denote this index by Bj. We have, using the grafting operation from
Section 6.3 that:

(Sk+17vk7+1) = (Skavk) ®Bk [07€Ak+1]7 (633)

where the equality holds in Tl((’fj_ 1I)< (and in Té’f: ") and by convention [0, ] denotes the
discrete 1-pointed tree ([0,¢], (0,¢)) with root 0. Notice that £,,,, = 0 if and only if
Span®(S,vy) = Span®(S, vi11). Eventually, notice that (So,vo) = ({0}, 0) is the rooted
tree reduced to its root o = v{o0} and By = {0}. Let us stress, that in Section 6.3,
the vector v is obtained by adding the distinguished vertex £, , of [0,£4, ] to v;.
However here we identify [0, (4, ] with [vp, = wa,,,,v4,,,] and add the distinguished
vertex vy, ., to vy in order to obtain vy ;.

For instance, we give in Table 2 the sequences (A, 1 <k < 2" —1) and (B;,0 <k <
2™ — 2) for the tree of Figure 4.

Table 2: The sequences (Ax41,0 < k < 6), (Bs,0 < k < 6) and
(¢a,.,,0 < k <6) for the tree of Figure 4.

k 0 1 2 3 4 5 6
A | {12} | {1,2,3} | {13} | {1} {23 | {2} | {3}

By 0 | {13} | {L2) | {123} | (1,23} | (2.3} | {23}
la,., || d(o,a) 0 0 d(1,a) d(a,b) | d(2,b) | d(3,b)

Remark 6.28. The family {Ax, k € {1,2" — 1}} is exactly equal to P,. Furthermore

the sequence ¢ € Im (L,,) C ]R?:_1 provides implicitly two unique ordered sequences
A(l) = (Ay, k € {1,2" — 1}) (of all elements of P,}) and B({) = (B, k € {0,2" — 2}) (of
elements of P* = P,;- U {{0}}), and an “increasing” way to built L, (¢) recursively by
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adding at step k € {0,2" — 2} a branch of length {4, ., (and graft it on vp, chosen among
vi). It is obvious from the construction that if ¢ and ¢’ are two sequences in Im (L,,) with
the same zeros (that is, {4 = 0 if and only if ¢/, = 0), then we have A({) = A(¢') and
B(¢) = B(¢'). Thus, the sets A(¢) and B(¢) are implicitly coded by the zeros of {.

In a second step, given .A(¢) and B(¢) from Remark 6.28 and a sequence T* = (T, A €

P7) in T2, we build by a forward induction an “increasing” sequence of marked

complete locally compact trees ((Tk;7 vi), k€ {0,...,2" — 1}) such that (7, vi) belongs

to ’]Tl(fg_K, has root g, and the components of the vector v;, can be ranked as the root
0 = v{oy and (va,;,1 < i < k). Recall also the truncation function F?H given in (6.25).

We set (To, vo) = ({0}, 0) and for k € {0,2" — 2}:

(Ths1, Virs) = (T, Vi) ®p, 70T (T3 ), (6.34)

TZA;CH Akt

(2], +

where the distinguished vertex of 7,,"" (T}, , ) is identified with v4, ,, (and its root with
1

Apy
vp,). Then, we set:

Graft, (6, T%) = (Ten_1,v) with v = (vyy,0 <k < n). (6.35)

Figure 6: Example of a replacement of the branch Jw; . ny,v¢1,.. 0} ]
Upper left: The tree S with the branch Jwyy, .}, v, 3] in bold.

Upper right: The branch }]w{17_,,7n}, v{l,“.,n}]] replaced by the first component
of the marked tree rf{]f n}( 31,...,71})'
Lower: The tree T{*1 n} with its marked infinite branch.

.....

It is easy to check that the equivalence class of (T5»_1,V) in 11‘1(: LK does not depend
on the choice of T* = (T, A € P;}) in their own equivalence class. Thus, the map Graft,,
defined by:

(6, T*) — Graft, (¢,T")

. P,
is well defined from Im (L,,) x (Tffc”ief(o) to 'II‘I(;’CLK. The main result of this section is
the measurability of the map Graft,,.
Lemma 6.29 (Measurability of the grafting map). Let n € IN*. The map Graft,, from
. P n
Im (L,,) x (’JPTE;TQ) to ']FI(OCLK is measurable.
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Proof. For J C P}, we write I; = {E €Im(L,): ¢4 =0ifand only if A € J}. Thus, the

closed set Im (L,,) of ]Rzji can be written as the union of I; over all the subsets J of
P}. Furthermore, the sets (/;,.J C P}) are Borel sets (as Im (L,,) is a Borel set), and
they are pairwise disjoint. Thanks to Remark 6.28, the maps ¢ — A(¢) and ¢ — B(¢) are
constant over /;. We deduce from Equation (6.35) and recursion (6.34), Lemma 6.14
on the continuity of the grafting procedure and Lemma 6.25 on the measurability of

. P
(t,T) — #2"(T) that the function Graft,, from I x (nggﬁf) to T

loe_K 1S measurable

(as long as I; is not empty). Since there is a finite number of such sets I;, we deduce
+

) P
that the function Graft,, from Im (L,,) x (']I‘?fcuicl’(o) to T™)

loe_K 1S measurable. O

Remark 6.30. Since the map L, is continuous one-to-one from ’Jl“gfs) to Im (L,,), we
deduce that the map:
(T, T*) — Graft, (L,(T),T*)
. P
from T x (TiE"50) " to ()

is loc—

write Graft, (T, T*) for Graft,, (L, (T),T*).

k is measurable. Without ambiguity, we shall simply

Remark 6.31. Intuitively, the maps Graft,, and Split,, should be the inverse one of the

other. More precisely, we have the following result. For every (T, (p,v)) € 'Jl“l(;g_K, we

define the tree Sp(T) = (1", ') € T;*"% by T' = II$ (T ® [0, o0)) with the marked spine
S =113 ([o,v] ®1 [0,00)). Then then we have, for every (T,v) € ']FI(ZC)_OK (that is, the root
of(]; is not a branching vertex, see Definition (6.10)), that the following equality hold in
Toe_k:

Graft, (Spann(T, v), Sp(Split,, (T, v))) =(T,v), (6.36)
where Sp(Ta, A € P,) = (Sp(Ta), A € P;).

. . . mspi 1
6.9 A measure associated with trees in T:"™% or T{!)

Recall Ty = ({0}, 0) € Tioc—k is the tree reduced to its root. We define
Tioc—k = Tioc—k \ {To} (6.37)
endowed with the distance:
diau(T,T") = dueu(T,T") + |H(T)™' = H(T")™'|.

Clearly (T}, ._x, di o) is Polish with the topology induced by the topology on Tio.—x (as H
is continuous on Tec-x), and forall e > 0, the sets Bry () ={T € T}, : H(T) > ¢}
are closed and bounded. Furthermore, every bounded set is a subset of Br: _(¢) for
e > 0 small enough. Set E = Ry x T} ._ endowed with the distance dg((u,T), (v',T")) =
lu — | + df qu(T,T"), so that (E,dg) is a Polish space. Every bounded set of E is a
subset of Bg(e) = [0,e '] x By __ () for e > 0 small enough. We define M(E), the set
of point measures on E which are bounded on bounded sets, that is finite on Bg(¢) for
all e > 0. We say that a sequence (M,,,n € IN) of elements of M(E) converges to a limit
M, if lim,, oo M, (f) = M(f) for all continuous functions on F with bounded support.
According to [14, Proposition 9.1.IV] the space M(FE) is Polish and the Borel o-field is
the smallest o-field such that the application M — M|(A) is measurable for every Borel
set A of E.

We build a tree from a point measure M = ), ; 6, 1) € M(E) by grafting T; at
height h; on an infinite spine. Recall the infinite spine T; = (R4,0) endowed with the
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Euclidean distance is an element of T}" Ciricko C Tipe—k. For T € Tyoe_x, let (T, d, o) denote

a rooted complete locally compact tree in the equivalent class T'. With obvious notation,
we define the tree T as follow:

T' =Ti Uier (T \ {0:})

and Vz,z' € TV,

di(z,z") if z,2' € Tyiel,
d(z, 2') | — /| if 2,2’ € Ty,
z,a') = - -
di(z, 0;) + |h; — x| ifreT;, 2 eTy,iel,

di(l’, Q7) +dj(1‘/,gj) =+ |h7 — hJ| if x S T’Z‘, 93/ c Tj Wlthl7é]7 Z,j S I,

where U denotes the disjoint union. By construction 7" is a tree rooted at o = o1,
the root of Tl. Because M is finite on bounded sets of F, it is not difficult to check
that 7" is complete and locally compact. It is easy to see that the equivalence class
of Tree(M) = (1", T;) in rJI‘E)]C_K does not depend of the choice of the representatives
in the equivalence classes of T; and 7T; for i € I. Hence, identifying Tree(M) with its

equivalence class, we get that the map Tree is well defined from M(E) into ’]I‘l[i]C_K.

Lemma 6.32 (Regularity of the map Tree). The map Tree from M(E) to TE]C_K (or

TP ) is continuous.

Proof. We only give the principal arguments of the proof. Let (M,,n € IN) a sequence of
point measures, elements of IM(E), which converges to M. Let ¢ > 0 be fixed such that
M(0Bg(e)) = 0. For n large enough, we have M,,(Bg(¢)) = M(Bg(e)) and the atoms of
M,, in Bg(e) converge to the atoms of M in Bg(¢). Using correspondence between the
representations of the atoms, and similar arguments as in the proof of Lemma 6.14, we
deduce that the distance between Tree(M,,) and Tree(M) (in TEL_K) is small if e > 0 is
small (to prove this statement in detail, one can use the distance on M(F) given in [13,
Equation (A2.6.1)]). This means that lim,, dEéH(Tree(Mn), Tree(M)) = 0, and thus

the map Tree is continuous on rJl“l[i]c_K. O

We shall now prove that the restriction of the map Tree to a subset of M(E) is injective
and bi-measurable. For this reason, we consider the subset of T),._k of (equivalence
classes of) trees not reduced to their root and such that the root is not a branching
vertex (recall Definitions (6.37) and (6.10) with n = 0):

Ty i = The x NThe . (6.38)

As a direct consequence of Lemma 6.10, ’JT?(;:_K is a Borel subset of T},._k and thus of
T} ._k- In particular, the following subset of M(F) is a Borel set (recall £ = R x T}, __):

M(E) = {M e M(E) : M(Ry x (T%_,)°) = o}. (6.39)

We now introduce a map M from T;"™ to M(E) as follow. Let T* = (T, T;) be
a rooted complete locally compact tree with an infinite marked spine. In particular,
we have Ty C T and T is equivalent to (R4,d,0). Let (7,7 € I) be the family of the
connected components of 7'\ T;. For every i € I, let us denote by x; the MRCA of T7,
that is, the unique point of T; such that for every x € T7, [0, 2] N T1 = [o, x;]. We then
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set T, = TP U {x;} viewed as a complete locally compact tree rooted at z;. Then, we
define the point measure M(7T™*) on Ry x T} . C R4 X Tioc—k by:

M(T*) =S 1) (6.40)

icl

As M(T™) does not depends on the representatives chosen in the equivalence class of
T* in T}""%, we deduce that M : T* — M(T™) is a map from T}> "% to M(E). We now
give the main result of this section.

Proposition 6.33 (Regularity of the maps Tree and M). The map M is bi-measurable
from TP to M(E) with M(E) = Im(M). The map Tree is bi-measurable from M(E)

loc—
spine

to T;P™, . Furthermore, the map Tree o M is the identity map on T\5™y and M o Tree
is the identity map on M(FE).

Proof. By construction, the roots of all the trees 7; in the point measure M(T*) are not
branching vertices, so that M (T*) belongs to M(E) C M(E). We also get by construction
that Tree(M(T™*)) = T*. This implies that M is injective and thus bi-measurable thanks
to Lusin’s theorem.

We also have by construction that MoTree(M) = M for M € M(E). This implies that

Im(M) = M(FE) and also that Tree restricted to IM(F) is injective and thus bi-measurable
thanks to Lusin’s theorem. O

We extend the map 7™ — M(T*) to ’11‘1(0127K in the following way. For (T, v = (p, vl)) €
']I‘l(iz_K, we graft the infinite spine Ty on v; and consider the rooted complete locally
compact tree with an infinite marked spine Sp(T) € T;*", defined in Remark 6.31.
Then, we define M(T,v) as M(Sp(T')). From the continuity of the grafting procedure,
see Lemma 6.14 and the continuity of II{, see Lemma 6.6, and the measurability of
the map M, we deduce that the map (7,v) — M(T,v), which we still denote by M
is measurable. In fact, we have the stronger following result. Consider the set of
(equivalent classes of) n-pointed rooted complete locally compact tree such that the root
is not a branching vertex and the distinguished vertices are not equal to the root:

T 0 = (T, v) € TS+ d(o,v;) > 0 foralli € {1,...,n}}, (6.41)
where v = (p,v1,...,v,). According to Lemma 6.10 and Remark 6.12, the set ”JI‘I(:C)PI;‘

is a Borel subset of ’lFl(fg_K. Recall from (6.38) that the Borel set T?(;*_K is the set of

C
(equivalence class of) 1-pointed rooted complete locally compact trees such that the root
is not a branching vertex and the distinguished vertex is not equal to the root.
(1)

loc—

Corollary 6.34 (Recovering (7,v) from M(T,v)). The following map from T
R+ x M(FE) defined by:

« to

(T,v) —~ (d(g,v),M(T,v))

is measurable and its restriction to Tf;zfg is injective and bi-measurable.
Proof. Set M*(E) = {M € M(E): M({0} x T} ._x) = 0}. For M € M*(E), we get
that Tree(M) belongs to TP, Write [0,a] € T!")_ for the tree [0,a] with root 0
and distinguished vertex a > 0. We define a map ¢g on R x M*(F) by g(a, M) =
Grafty ([0, a], Tree(M)). Thanks to the continuity of the grafting procedure, see Lem-
ma 6.29 and of the function Tree, see Lemma 6.32, we deduce that g is continuous.

Let (T,v) € Tl(;():fg . As the root of T is not a branching vertex, we get that M(7,v)
belongs to M*(E), and thus g(d(o,v), M(T,v)), where v = (o,v), is well defined and
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in fact equal to (7, v) thanks to (6.36) with n = 1. This implies that the map (7,v) —
(d(o,v), M(T,v)) defined on ']l“l(;g_olz is injective, and thus bi-measurable by Lusin’s
theorem. 0

n)

We extend this result to n-pointed trees. Recall from (6.31) that, for (7, v) € TI(OC,K,
we have Split,, (T, v) = (TA(T, v),A¢€ 7?"> and set M 4[T,v] = M(Ta(T,v)) for A € P;F.

Corollary 6.35 (Recovering (7, v) from the M4[T, v]). The following map from Tl(:’c)_K
to T x M(E)P" defined by:

(T,v) — (Spann(T, v), (Ma[T,v],A € 77;))

. . i O o .. . .
is measurable and its restriction to Tl(: C)_K* is injective and bi-measurable.

Proof. Using the measurability of the functions Span from (") K to (")

loc— loc—K (see Lem-

(n) P : (n) o\
ma 6.7), L, from T}/, to R, " (see Lemma 6.26), Split,, from T L (see

loc—

Lemma 6.27) and the map (7,v) — M(T,v) from ’]I‘I(SLK to M(E) (see Corollary 6.34),

.
we deduce that the following map, say ¢;, from Tl(:C)_K to Tl(:C)_K x (Ry x ]M(E))P" is
measurable:

g1: (T7 V) — (Span(T, V)? ((KA(Tv V)’MA[T7 VD7A € ,PTT))

Notice that (T,v) € Tf:c)_og implies that T{o} is reduced to its root. Using the measurable

functions Graft,, and the map defined in Corollary 6.34, we easily deduce that g; re-

stricted to Tf:c)f); is injective and thus bi-measurable by Lusin’s theorem. Since L, (7, v)
is also equal to L, (Span(T,v)), we deduce that the following map g», from Tl(:C)_K to

T . x M(E)P+ is measurable:

g2 : (T, v) — (Span(T,v), (MA[T,V],A € PI))

Furthermore, its restriction to ’]I‘l(gc)_og is also injective and thus bi-measurable. O

7 Formal definitions of the objects informally introduced in Sec-
tion 5

In this section we check that the topological and measurability results obtained in the
previous section allows to precisely define the objects which are introduced in Section 5.

7.1 The elementary grafting operation

In Section 5.1.3, we considered the map:

(T, (0,2)), (T",0")) = (T @, T', p). (7.1)

Lemma 7.1. The map (7.1) from ’JPI(;LK X Toe—k to Tioe—k is continuous.

Proof. The map (7.1) is the composition of the continuous grafting the map from Lem-
ma 6.14 (withn =i =1, k = 0 and v; = x) with the map II{ defined in (6.9) which
removes x from the distinguished vertices, as this latter map is also continuous by
Lemma 6.6. O
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7.2 The grafting operation (5.5)

In this section we give a precise definition of the grafting procedure given in (5.5).
Recall Ty is the tree reduced to its root and the infinite spine tree T; € Ti,c_k is
identified as the set R} with the usual Euclidean distance and root ¢ = 0. We also recall
that T} .k = Tioc—k \ {To}, see (6.37).

Unfortunately, it is not possible to prove in general the regularity property of the
grafting procedure Graft, defined informally by (5.5). To stay close to this informal
presentation, we consider the case where n = 0 and (7, v) = Ty is just the infinite spine

and the case where (7', v) is a discrete tree, element of ’]I‘gi’s) .

7.2.1 The spine case: (T,v) =T,

This case appears in the definition of the Kesten tree in (5.7). Let M be a point measure
on E =Ry x T} ._x (or equivalently on Ty x T _ ) with the restriction that M belongs
to M(E), the set of point measures on E which are bounded on bounded sets introduced
in Section 6.9. Then the grafting procedure Grafto(T;, M) is precisely defined by:

Graftg(Ty, M) = P o Tree(M),

where the reconstruction map Tree is continuous, see Lemma 6.32 and the projection
map P is also continuous, see Lemma 6.16. More precisely, seeing T; as a distinguished
spine of Grafty(T;, M), we also have:

(Grafto(Ty, M), T1) = Tree(M) in T2 .
It is then elementary to check that the Kesten tree is well defined.

Lemma 7.2 (The Kesten tree is well defined). Let M(dh,dT) be a Poisson point
measure on R, x T, g with intensity 261{h>0}dth(’[dT]. Then the Kesten tree
T* = Graftg(T1, M) is a Tj._k-valued random variable.

Proof. Since P o Tree is continuous, it is enough to check that a.s. the random variable
M belongs to M(FE). Keeping the notations from Section 6.9, we get:

E[M(Bg(e))] = 28e "N [H(T) > €] = 28 eq(e) < +c.
Thus the point measure M is a.s. bounded on bounded sets of F. O

Let us notice that (7*,T;) = Tree(M) is a Tl[i]C_K-Valued random variable, which we
call the Kesten tree with its distinguished spine; by definition (6.23) and (6.24), it is also
a Tffci‘ieK-valued and a Tffcirﬁf -valued random variable. Let us stress that the Kesten tree
has a unique spine (which is then distinguished) if # > 0 and a countable number of
spines if § < 0 with only one of them being distinguished.

7.2.2 The discrete case: (T,v) € T "

For n > 1, the construction is much more technical (even though the case n = 1 could
be still handled by hand), and we shall only consider grafting on a discrete tree, using
the theoretical background of Section 6.8. First recall the measurable map M defined
in (6.40) which intuitively from a complete locally compact rooted tree with a marked
infinite spine (T,Tl) (in the sense of Section 6.4, with T equivalent to T and seen
as a subset of T) gives a point measure recording the heights h; and the complete
locally compact trees T; # T such that (7, Tl) is in the same equivalence class as the
infinite spine tree T; on which the T; are grafted at h;. See Proposition 6.33 for the
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measurable property of the application M. From the proof of Lemma 7.2, we deduce
from Proposition 6.33 that, if M(dh,dT) is a Poisson point measure on R X Tj,._x with
intensity 231 ,~0,dh N?[dT], then:

M(Tree(M)) = M.

For this reason, it is natural to identify M with the Tffcirieko-valued random variable

(T*,T1) = Tree(M).
From Lemma 6.29 and Remark 6.30, we get that the map:

(T, T*) — Graft, (T, T*) with Graft,, (T, T*) = Graft, (Ln(T), T*)

"
from T{" x (’]Pfgg’l}o)m to T\")_,, which consists in replacing the branches of the
discrete tree T' with the truncated part of the complete locally compact tree with a
distinguished spine, is measurable. Now for A € P;/, identifying the complete locally
compact tree with a distinguished spine 7'} with the point measure M4 = M(T}) allow
the following identification:

Graft, (T, (Ma) sep; ) = Graft, (T,77).

We shall consider the case where the random variables (M 4) aep; are independent
Poisson point measure on E with the same intensity 251 ,-ydh IN?[dT). In this case, the

complete locally compact n-pointed random tree Graft,, (T, (Ma) is informally

AePI)
obtained by grafting, for all i € I, on x; € T the tree T; € To._k, where M’(dz,dT) =
> ic1 9z, 1) (dx,dT) is, conditionally on 7', a Poisson point measure on 7' x Ty with
intensity 23 d.#7 (dz)IN?[dT]; and we shall write:

Graft, (T, M') for Graft, (T, (MA)AGP,T) . (7.2)

We shall stress here that the definition of Graft, (7, M’) is abusive because the measure
M’ is not clearly defined as T is an equivalence class of trees and that furthermore there
is no clear measurability property in 7', which is mandatory as we want to consider 7" a
random variable in the n-leaves generalized decomposition from Theorem 5.10. So in
conclusion, the notation:

Graft,, (T, M') (7.3)

where, conditionally on 7', the random measure M’ a Poisson point measure on 7'x Ty._k
with intensity 23 d.¢7 (dz)IN’[dT] is an abusive shortcut for:

Graft,, (T, T*) (7.4)

with 7* = (T3) APt independent Kesten trees with their distinguished spines.

Thanks to the measurability property of Graft,, in its two arguments given in Lem-
ma 6.29, the discrete tree 1" in (7.4) can be a Té?s) -valued random variable. In the setting
of the present paper the random variables 1" and 7* will be independent.

7.3 Planar trees (Section 5.3)

Recall Tfl?s) C Tl(:c)—K is the closed subset of (equivalence classes of) discrete trees,
that is, compact trees with all the leaves being distinguished, see (6.11). Let (t,v) €
Té?s) with v = (vg = 0,...,v,). (Notice that the tree t has at most n leaves.) For
ke {1,...,n — 1}, let px+1 denote the projection of vxy; on Span(t, (vo,...,vx)), that

is the only point on [o, vx+1] such that [o, pr+1] = [, vk+1] N Span(t, (vo, . ..,vk)). The
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discrete tree (t,v) is planar if py11 € [o,vx] forall k € {1,...,n — 1}. It is easy to check
this condition is equivalent to the condition used in Section 5.3: for all z € t, there exists
0 <ig <iq < nsuchthatv; € t; if and only if iy < i < q.

Let ’Jl“gfgn C Tfﬂ?s) be the set of (equivalence classes of) n-pointed planar trees. It is
(n)

elementary to check that for a discrete tree (t,v) € T, there exists a permutation
(which is not unique) 7 such that the discrete tree (t,v”) is planar. Arguing as in the
proof of Lemma 6.2, on get that the map (t,v) — (t,vy) with v = (vo,...,Vn,pr) is
5/2-Lipschitz from ”Jl“fj’;s) to Té’fs). Then, since the application (t, vy) — d(o, px) +d(pk, vi) —
d(p,vy) is clearly continuous and the latter quantity is zero if and only if p;, € [o, v], we
deduce that T is a closed subset of T and thus a closed subset of ’]I‘%”).

plan dis

7.4 Oriented grafting on discrete trees (Section 5.3)

When considering planar trees in Section 7.3, we shall also be interested in a grafting
on the left or on the right of i € {1,...,n}, which is the same as the grafting (6.14), but
for the order of the coordinates of the vector v#v’. Recall that for h > 0 and (7, v) € ’]I‘é?s) ,
the vertex z; j, the unique vertex of T that satisfies x; ;, € [0, v;] and H(z; ) = H(v;) A h,
see Section 6.3. For € € {g,d}, we define the grafting map ®j; by (5.8) with z = =z, ,
and (5.9), (5.10) and (5.11), using the convention stated thereafter when i; = 0 (that
is, 2;, = o) and iq = n. Let us recall that iy = min{j € {0,...,n}: v; € T, , } (resp.
iq = max{j € {0,...,n}: v; € T,,,}) is the leftmost (resp. rightmost) distinguished
vertex being a descendant of x; j,.

i,h

Lemma 7.3 (Measurability of the left/right grafting maps). Letn,k € IN, i € {0,...,n}
and e € {g,d}. The map (h, (T, v),(T",v')) = T ®; , T’ is measurable from R x T x
T® o TR

loc—K loc—K-

Proof. We recall that the map (h, (T, v)) — (T, (v, z;)) is continuous from R x Tl(:c)—K
to Tl(:(f}){, see Section 6.3, and that the grafting map ®; , is continuous, see Lemma 6.15
therein. Thanks to the continuity of the permutation of the distinguished vertices (so
that i, and iq play a similar role by considering the permutation 7 on {0,,...,n} such
that 7(0) = 0 and 7(j) = n + 1 — j otherwise) and of the removing of distinguished
vertices (so that x; ;, can be removed from the distinguished vertices of (T, (v, z;, h)) ), see
Lemmas 6.9 and 6.6, we only need to prove that the map (T, v) +— 5, withi =nand h =0
or equivalently z;; = v,, is a measurable function from Té?s) to {0,...,n} for n € IN*.
This latter result is obvious as {i; > k} = ﬂfzo{vj ¢ T,,} and as v; belongs to T,, if
and only if d(p, v;) = d(0,vs) + d(vn,v;) and the map (T, v) — (d(v;,v;),0 <i < j<n)is
trivially continuous. O

7.5 The Growth,, function from (5.22)

Let n € IN*. We consider the function Growth,, defined in (5.22), which formally is
written as first attaching successively a branch ([0, &], (0,h)) € Télig simply denoted [0, h)
to each distinguished vertex v* of (T, v), but the root, (notice that there are then 2n + 1
distinguished vertices) and then forgetting all the n distinguished vertices v* so that
there are only n + 1 distinguished vertices:

Growth,, (T, v),h) = 54 o Growthy, ,, ((T,v), h),
where H;;lA" is defined in (6.9) with A, = (0,n+1,...,2n) and fori=1,...,n:

Growth!, ;((T,v),h) = Growth], ; | ((T,v),h) ®; [0, h],

n,i—1
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with the convention Growth;, ;((T,v),h) = (T,v). Using the continuity of the grafting

procedure (see Lemma 6.15) and the continuity of H;;LA" (see Lemma 6.6), we get the
following result.

Lemma 7.4 (Continuity of the map Growth,). Letn € IN*. The map Growth,, is continu-
ous from T\"”)_ x Ry to T\")_..

loc—

7.6 A detail of the proof of Corollary 5.9
Recall T(lzfi; defined in (6.41) is the Borel subset of TSLK of the trees such that

lo

the root is not a branching vertex and the distinguished vertex is distinct from the root.
The map g: (T,v) — (d(o,v), M(T,v)), with v = (g, v), defined on Tl(jz_og is injective
and bi-measurable, see Corollary 6.34. We deduce that (T, v) is a measurable function of
(d(o,v), M(T,v)) on the image of Tl(;gfg by g.

Furthermore the set ’IPI(;():_OI; is of full measure with respect to the distribution of (7, v)
under IN?[d7] A;(dv), with v = (p,v), as IN’-a.e. the root of 7 is not a branching vertex
and d(p,v) =t > 0. Thus, as t > 0 is fixed, we get that (7, v) is a measurable function of

M(T,v).

7.7 Construction of the continuum random tree 7

Let 8> 0, 6, € R, and let S be a Poisson point measure on [0, c0) with intensity
measure fi(t) dt and fi,e given by (5.32). We first consider the case o > 0. Denote
by (&;,7 € IN*) the increasing sequence of jumping times of the inhomogeneous Poisson
process (N? = §:9([0,1]),¢ > 0). We consider the Tfﬂ?s)-valued random variable T, of
Section 5.4.3 for n > 1 associated to fi,;. In particular, recall that, for every n > 1, T, is
a discrete tree with n distinguished leaves, where all of them are at height &,,.

For every n > 1, let T"* = (T4, A € P,}) be a family of independent Kesten trees with
parameter (5, «), independent of the tree T . We define the random marked tree:

T<">:(Hg(f<”>),span°(ﬁ">)) with 7 = Graft, (T¢,, 7).

Thanks to Lemma 6.18 and Lemma 6.29 on the measurability of the grafting function,
we deduce that 7(™ is a 'IPE]C_K-Valued random variable. The family of the distributions

of the Tl[i]ch-valued random trees (7™ n > 1) is consistent in the sense that, for every

n > 1and every t < &,, r2(T(™) @ P (7(+1). It is in particular a Cauchy sequence
in T ., and we denote by (7, %) its limit which is thus a T, -valued random
variable. By construction, ¢ and T°*° have the same distribution. This construction
is a formal way to define the tree obtained by grafting on the infinite discrete tree k¢
(which serves as a backbone) at z; a tree 7; where ((x;,7;),i € I) are the atoms of a
Poisson point measure of intensity 23.%(dz)IN?(d7T), where . is the length measure on
xzske'
For a = 0, we simply define (7%¢,3%%) as the Kesten tree with parameter (3, a).

We then define the ’]I‘E]C_K-Valued random process <(7;a"9, Tt > 0) by setting:

70 =1 (T*%) and T =1 (T7).

In particular, thanks to Lemma 6.13, the random variable (7;“’97 Nt(fi‘”ve)) is well defined.

8 Proof of Theorem 5.10

We prove Formula (5.31) by induction. For n = 1, as Ty = [0, ¢] (with root ¢ = 0 and
distinguished vertex v; = t), this is Corollary 5.9.
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Let k£ € IN*. Recall the maps Ly, from (6.28) in Section 6.6, and Split;,, from (6.31)
in Section 6.7. For (T.,v) € ’]FI(OC) « and A € P, we write M4[T,v](dh,dt) for the
measure M(T4(T,v)) on E = Ry x T g, where (T4(T,v), A € P) = Split, (T, v) and
the measure M (T, v) is defined at the end of Section 6.9. We also recall the notation
(ba(T,v),A € P) = Li(T,v), and notice that £4(7,v) = 0 implies that M [T, v] = 0.
Let n € N* and (P4, A € P,l') be a family of non-negative measurable functions defined
on E. Let f be a bounded non-negative measurable function defined on ’Jl“l(:C) k (or more
simply on "JT(" ). We shall first prove (5.31) for a non-negative function F' defined on

T(" . of the form:

loc
F(T,v) = f(Span(T, v)) exp{— 3 <<I>A,MA[T,V]>}.
APt

Let n > 2 and suppose that (5.31) holds for n — 1. For k € {1,...,n}, we denote by
T1*] the tree Span (T, vy) € ’Jl“l(fg_K, where v, = (vo = 0,v}) and vi = (v1,...,v;); and we
simply write Mgf] for M [T, v] and Zf] for £4(T,v}), so that under IN[d7] £2™ (dv*):

F(T,va) = () exp{= 3 (@4, M)}

AeP;h
We also write vf] and w[f} for v4 and wy from (6.26) and (6.27) with (T, v) replaced by
(7™ v;,); and thus we have ¥ = d(w!¥!, o)),

Similarly, under E%*, for k > 2, we write also M[L’f] for the measure M (T'}) restricted
to [0,04(Tx)] x Tr, i, 84 and & for v, and wu from (6.26) and (6.27) with (T, v)
replaced by (Tg, vy), and €E§] = (wg’],@[j]) = {4(Ty). For n > 2, simply writing T,, for
(T, vy), we have:

F(Graft,(T,,T")) = f(T exp{ Z <<I>A,M[n] }

AeP;t

Using the definition of the Kesten tree via Poisson point measures and the definition of
the function Graft,,, we obtain in particular that:

E™ [ (Graft,(Ty, 7)) | = B” [F'(T,,)], (8.1)

where

F(T,) = f(T, exp{?ﬁ 3 / da]Ne[ e*‘“(a’ﬂ] } (8.2)

0
AeP;t

Recall (6.2). Set p,, = py,,_, (v,) for the projection of v,, on 7= Since N?-a.e. p, #

o0, we deduce that there exists IN’-a.e. a unique B € P, , such that p,, €]w J[; 1 1[;1_1]]] C

T"=1, and write h, = d(p,,w " 1]) Recall the function Tree, defined in Section 6.9 just

before Lemma 6.32, from M(FE ) into Tl[o]c k and the projection II from T{O]C k t0 Tioc—x,
defined just before Lemma 6.24, which forgets about the marked subtree defined in

Section 6.5. We simply write Tree’ = II o Tree. On the one hand, we have:

T[n] = T[n_l] ®min B,H (py) I:O’t - H(pn):la

U = A A8 (8.3)
[n—1] [n] [n] .
Mp " = My ¥ M C R ) £, gyeer () )
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and, to fix notation, we shall write:

Mn U_ MBTan Zdh[nlBT[nlB

ze[f 1

On the other hand, for A € P;_, and A # B, we have:

BcA=— MU=l M =0, T =B and A =0,

(8.4)
ANBe {0, A} = ME T =pmbl pmll =0, = ana =0
) A Au{n} — A A Au{n} —
(8.5)
ANB¢{0,B,A METT = )~ and d T =l =) o,
Z{0,B, A} = M, AU{n} an A AU{n}
(8.6)

It is also easy to rebuild (M), 4 € P;}) from (M~ A € PF ) and v,.

Set
F, =N’ U AP (dv?) F(T7 vn)] :

is a subset of 7, we have:

Fn:]N(’l/TnlA@)("ldvn1 Z Z/nus (dvy,) (TVn)]

Bep | iell |
:]N@l/T APV (vy )

> Te (T @) MET Hwl ) 4P gl

BePp | ielB_

n—1

Considering that 7"~

xexp{_ > <1{BcA}‘I’Au{n}+1{AﬂB—“’°r“‘}®A’ME‘7‘I1]>H’
AePr \{B}

where the measure MB P !is the measure M ! without its atom at (h[" U5 7;[”71]’3):
Mg = MET =80 s
and, for (T,w) € T\ (17, ¢') € Tioe_x, v € M(E) and b/ > h > 0:
I'p ((T7 w), h,v, 1, T’) = f(T ®min B, [0, — h’D exp{—(Ppn—n,v)}

Ay (dv) exp{—<<I>{n}, M(T, (d,v)) >},

T/
with:
(DB,h” (S,t) = 1{s§h“}(bBU{n}(57t) —+ 1{s>h//}®3(5 — h”,t). (87)
For B € P, ,, using the notation M = Diein. S8 in-1).5), We set for i €
L7y
~[n—1 ~[n—1
M[g,i ] = M[g ] - (S(EEn—l],Bj_i[n—l],B)~
EJP 0 (2023), paper O. https://www.imstat.org/ejp

Page 64/71


https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Brownian CRTs

We deduce from the induction hypothesis (i.e. Equation (5.31) with n — 1 instead of n)
and the definition of Kesten tree, with F,, = (n — 1)!(&?)2 " e=25% (G, that: G,, is equal to

Z Z FB( n—1, (w[n 1, )M[ —1 (w[n 1.5 5)+ h[n 1], T[n 1], )

BeP | iciB.

n—1

xexp{_ > <1{BcA}‘1’Au{n}+1{Aﬂ3—”°rA}(I)A’M[:H>}]'
AeP;_\{B}

Since for A € P;"_|, the random measure M (T}, ("} i 1])(dh’ d7’) is conditionally given
@Z’_” a Poisson point measure on [O,EZ‘I 1]] x Tioc_k with intensity 24dh’' N?[dT"], we
deduce from Palm formula that: G,, is equal to

Z[n 1]
3 zg/ dr/lN“) ﬂrB< e, H@ D), e m @y 4o T)

BePT_

n—1

IEO

X eXP{— Z <1{B cAy Paviny + 1{anB, =0 or 4} (I)A»M[n 1 >}1
AePr_ \{B.}

_ R {2/3 / (da) / N[ATITp, (Toos, Hly ), M, H(2), T)
Thn_1,t

X exp{ Z <1{BmCA} P aufn} + 1{anB, =0 or a} Pa, MEZ‘L_H>}1 ,
AePI_ \{Ba}

where B, is the only element B of P | such that x belongs to the branch B of
T,_1: = €]l 871, where, as T,_; is discrete, we recall that Split,, ,(T,_;) =
([[u?[ff U A[: 1 ]],A € Pn_1) with P,_1 = P/, U {{0}}. Using (5.31) again for n = 1 (or
Corollary 5.9) gives:

/ N[AT] T (Tor.0s b v, W, T) = F(Toot ®aain g [0, — 1]) @ (@)

t—h’
X exp{259(t —h') - 2/3/ da IN? [1 - e’é{"}(a’ﬂ} }
0

With z chosen according to the length measure £ (dz) on T,,_1, the tree T,,_1 ® i, Ba,H(x)
[0,t — H(z)] is obtained by grafting a branch of length ¢ — H(z) at = on T,_; and thus
will simply be denoted as T,,_1 ®,, [0, t— H(m)] (see also Remark 5.2 for similar notation).
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Therefore, we obtain:

G, =E’

26/T ;f(dx)f(TnA @, [0, — H(:c)]) exp{_gﬂ@ _H(x))}

jln—1]

A
-2 ) l{B’CA}/o

AePr \{B.}

ZE:,—l]
X exp{—?ﬁ Z l{AﬁBT:V) or A} / da ]Ne []. — efq)A(a’T)} }
0

da N [1 - e*%u{nﬂ”)} }

AeP_\{B:}

[n—1]

H(z)—H(wg
X exp —26/ ( ) da IN? [1 _ e*<I>Bmu{n}(a,T)} }
0

H(vlm—Y —H(x)
—-28 Ca) da N’ [1 — e_éBw(a’T)}}

t—H(x)
X eXp{—?,B/ da N’ [1 - e—%}(aﬂ} }] .
0

We deduce from Lemma 5.1 with the density:

250 62595 ~ B s
faens(s) = o280t _1 1[0,t](3) = Cf Be 2P6(i=s) 1[0,t](3)

(n))

that for a non-negative measurable function F”’ defined on T g (or Ty,

loc—
2 [

Using similar equations as (8.3), (8.4), (8.5) and (8.6) stated with T, instead of (7, v,,)
as well as an obvious choice of F, we obtain that:

]Ee,t

2(da) P (T @, (0,1~ H())) eW“HW] — (@) nEM [F'(T,)].

n—1

Gn = (&) nE [F'(Ty)],
where F'(T,,) is given by (8.2). Then, we deduce from (8.1) that:
Gn = (&) 1 nES [F(Graftn(Tn,T*))]
This gives:

N’ { AP™(dvy) F(T, v)} =F,=(n—-1D(&)* e 2,
Tn

— ) (5?)1_" e 2P0t 0.t [F(Graftn(Tn, T*))} .

Thus, Equation (5.31) holds for the functionals F' we considered.

Recall that ’Jl“l(gg_og is the Borel subset of ’JFI(:C)_K of the trees such that the root is not
a branching vertex and the distinguished vertices (but the root) are distinct from the
root. The map:

(T,v) — (Span(T, v), (Ma[T,v],A € ?:))

defined on ’JPI(:C)_OI; is one-to-one onto its image and bi-measurable, see Corollary 6.35.

Furthermore the set ’]I‘I(ZC)_O; is of full measure with respect to the distribution of (7, v)
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under IN?[dT] AP"(dv*), with v = (p,v*), as IN’-a.e. the root of 7 is not a branching
vertex. Thus, (7,v) is a measurable function of (T["], (/\}IZL], AePr )) We then con-

clude by the monotone class theorem that Equation (5.31) holds for any non-negative
measurable function I defined on Tl(:c)—K-
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Index of notation

Trees and pointed trees

- T,t, T, T: generic notations for trees (or
class of equiv. trees).

- d: generic distance on a tree.

- 0: generic notation for the root of trees.
- H(z) = d(p, z): height of the vertex z.

- H(T): height of the tree T

- T,: subtree of T above the vertex x € T'.

- [=,y]: the branch joining the vertices x
to y.

- Ty: the rooted tree reduced to its root.
- T: the rooted infinite branch.
- % or 7 length measure on the tree 7.

-v=(v = gv1,...,0,): generic notation
for distinguished vertices of a tree.

- (T,v) a (or a class of equiv. of) rooted
n-pointed tree.

- (T,8) = (T,5,d, 0) a (or a class of equiv.
of) marked tree with p € S C T.

Grafting a tree on a tree

- (T®;, T',v®v’), also denoted by T' ®; T”,
is the tree obtained by grafting 77 on T
at the distinguished vertex v; € T and i-
dentifying the root ¢’ of T’ with v;. The
distinguished vertices v ® v’ are the con-
catenation of the distinguished vertices
v of T and the distinguished vertices v’
(but for the root) of 7".

- T ®; 5 T’, is the tree obtained by grafting
T" on T at level h on the branch [p, v;].

EJP 0 (2023), paper O.

- T'®§,, 1", with € € {g,d}, same as above
but for the distinguished vertices of T’
which are inserted on the left (if e = g) or

on the right of v; (if e = d).

Spanning and truncation

Span®(T,v): the discrete rooted subtree
of T' spanned by the distinguished ver-
tices v.

Span(T, v): the  rooted  tree
(Span®(7,v),v) with the distinguished
vertices v.

The map II; removes the distinguished
vertices (but the root) from an n-pointed
tree: IS (T, v) = (T, o). Thus:

IT; (Span(T, v)) = Span® (T, v).

r¢(T,v): the tree T truncated at level ¢
with the spanned tree Span®(T,v), and
the distinguished vertices v.

(2], +

rt[z], 7"2[52]’+, TE]’* ’I“E], 74 ' : various trun-
cation on marked trees (see Sect. 6.4 and
6.5).

’

Splitting and grafting

- L,(T,v) record the lengths of all the
branches of the subtree Span(T,v) s-
panned by the n distinguished vertices:

Ln(Ta V) = (KA(Ta V),A € 7),2_),

with P;" the set of all subsets A C
{1,...,n} such that A # (.

- Split,, (T, v) record the subtrees of T' asso-
ciated to all the branches of Span(7T', bv):

Split,, (T, v) = <TA(T, v), A€ Pn> (8.8)

with P, = P;f U {{0}}.
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Graft, (T, (T4, A € P;)): replace the
branches labeled by A, of the discrete
n-pointed tree T by the trees T with a
marked infinite branch cut at the length
L4(T,v). (The discrete tree (T’,v’) can
be coded/replaced by L, (7",v').)

Intuitively, we have for (T, v) a n-pointed
tree whose root is not a branching vertex
(see (6.36)):

(T,v) = Graft, (Spann(T, v), Split,, (T, v))

Set of (equiv. classes of) trees

Tk set of (equiv. classes of) rooted com-
pact trees.

T&") set of (equiv. classes of) rooted n-
pointed compact trees; T — Tk.

dgb})l the distance on T%); dg)l){ = dan.

Toc_x set of (equiv. classes of) rooted
complete locally compact trees.

The—x = Tioc—x \{To}-

T9 . i subset of Tj,._x of trees whose
root is not a branching vertex.

0,% G 0] *
TIOC—K - rEloch n Tloch‘

’]1“1(:2_K set of (equiv. classes of) rooted
n-pointed complete locally compact trees;

Tiod = Tiocx.

d\™),, the distance on T\ . ; d\%, =

drch.

Tff.j_oK subset of Tl(:C)_K of trees whose

root is not a branching vertex.

T{"* subset of "), of trees whose all
distinguished vertices (but the root) are
distinct from the root.

n),0,% n),0 n),*
TI(OC)—K = Tl(oc)—K n Tl(oc)—K'

’JTfﬁ) subset of ']I‘%) C T(”)fK of discrete

s loc
trees.

EJP 0 (2023), paper O.

- TE]C_K set of (equiv. classes of) rooted

complete locally compact marked trees.

- ngcirieK subset of ']I‘E]C_K of marked trees
(T, S) such that S = Ty, with T, the infi-

nite branch.

Trees with a marked branch and point
measures

- FEF= R+ X TTOC*K'

- M(E) set of point measures on E which
are bounded on bounded sets of E.

- Tree : M(E) — T®™ maps the mea-
sure M = ). _; 6, 1, to the marked tree
(T, Ty), with the rooted tree T obtained
by grafting the trees T; on the rooted infi-
nite branch T, at level h;.

- M : TP — M(E) maps the marked
tree (7,T;) to the measure ), ; o, 1
where T;\{o;} are the connected com-
ponent of T\T; with root o; € T; and
h; = d(e, 0;), where ¢ is the common root
of T"and T,.

- M is also defined on TSLK.

Reconstruction results
- With Id the identity map:

Treeo M =1d on ']I‘lsgci’ieK,
Mo Tree =1d on M(E) = Im(M).

- (T,v) € Tl(;g_og can be recovered in a
measurable way from (d(o,v), M(T,Vv)).

- (T,v) € T™M% can be recov-
ered in a measurable way from
(Span,,(T,v), (M4[T,v], A € P;})), where
MalT,v] = M(Ta(T,v)), with
Ta(T,v) € T\ . defined by the split-
ting operation in (8.8).
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