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Abstract. The class A of countable groups that admit a faithful, transitive, amenable – in
the sense that there is an invariant mean – action on a set has been widely investigated in
the past. In this paper, we no longer require the action to be transitive, but we ask for it to
preserve a locally finite metric (and still to be faithful and amenable). The groups having
such actions are those that embed into a totally disconnected amenable locally compact
group. Then we focus on the subclass A1 of groups for which the actions are moreover
transitive. This class is strictly contained into A and includes non-amenable groups. An
important particular case of actions preserving a locally finite metric is given by actions by
automorphisms of locally finite connected graphs. We take this opportunity, in our partly
expository paper, to review some nice results about amenable actions in this setting.

1. Introduction

Let G be a group acting (to the left) on a set X.1 It is an old and important problem
to understand how some properties of G are reflected into properties of the action and to
investigate the converse, namely the influence on G of some properties of the action.

The origin of the problem that interests us here goes back to the very beginning of the
previous century, in the desire to assimilate the notions of measure and integral. Since it
had been shown by Vitali, as early as 1905, that the Lebesgue measure on Rn could not
be extended as a countably additive measure on all the subsets of Rn, still invariant under
the action by isometries of Rn, a natural question was to see whether such an extension
exists when only requiring its finite additivity. This question was answered negatively by
Hausdorff (1914) when n ≥ 3 and positively by Banach (1923) for n = 1, 2. The crucial
contribution of Hausdorff, improved later by Banach-Tarski (1924) is that, due to the fact
that the group of rotations SO(3,R) contains the free group F2 of rank 2 as subgroup, there
does not exist a finitely additive measure on the unit sphere S2 of R3, invariant under the
SO(3,R)-action.

In order to avoid the confusion between countably and finitely additive measures, a
finitely additive measure will rather be called a mean in this article (see Section 2).

In its influential paper [49], von Neumann discovered that the actual reason for the
existence of a mean on X = R and on X = R2, invariant under the action of their isometry
groups, was what is now called the amenability of these groups. He also showed that every
group containing F2 as a subgroup is non-amenable.
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1In this paper, G and X will always be endowed with the discrete topology.
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In this text, an action Gy X is said to be amenable if there exists a G-invariant mean on X
(see Section 2.1). Since there is sometimes a confusion between several notions of amenable
action, we give a short account on the subject in Section 2 for the reader’s convenience.

It is easily seen that any action of an amenable group is amenable and that, conversely,
if a free action of G is amenable then G has to be amenable. In [18, Problem, page 18]
Greenleaf asked whether this converse holds for any “reasonable” action of G. Of course
this action should be faithful, otherwise one would be investigating the action of a quotient
of G. Secondly, the action should be transitive, since it is easy to construct faithful amenable
actions of any group G, for instance the action on X = Gt {x0}where x0 is a fixed point, the
action on G being by left translations. Therefore the natural question is the following one:

Let A be the class of all countable2 groups which admit a faithful, transitive, amenable
action. IsA reduced to the class of amenable groups?

This question was answered negatively by van Douwen in a posthumous paper [51]
published in 1990, which shows that the free group F2 with two generators is inA. Even
more, the action of F2 can be constructed to be almost free in the sense that every element
of F2 \ {e} has at most a finite number of fixed points.

A detailed study of the class A was carried out by Glasner and Monod in [16]. An
obvious obstruction for a countable group to be inA is the Kazhdan property (T). Among
the results contained in [16], one finds a complete characterization of the free products
that are in A. In particular, the class A is stable under free products. Other methods of
constructing groups in the classA have been presented by Grigorchuk and Nekrashevych
[19]. Later on, much more examples of groups in the classAwere given [15, 31, 32, 33].

We observe that non-necessarily transitive actions, but with finite stabilizers and more
generally with amenable stabilizers, are amenable if and only if the acting group is amenable
(Lemma 2.3). There is a class of group actions Gy X, more general than actions with finite
stabilizers, which shows certain rigidity features and seems of interest, namely the actions
such that the stabilizers of every point have finite orbits. We call them f.s.o. (finite stabilizers
orbits) actions. Whenever an action is f.s.o., the closure G′ of the range of G in the space
Map(X) of maps from X to X, equipped with the topology of pointwise convergence, is a
locally compact group (of course Hausdorff and totally disconnected), acting properly on
X (Theorem 3.6). We call G′ the Schlichting group associated with the action. F.s.o. actions
on a countable set are exactly the same as the actions preserving a locally finite metric [6,
Proposition 3.3].

The stabilizers of a f.s.o. action Gy X form a family of almost normal subgroups of G,
which are mutually commensurate (Definition 3.5). For such an action we show that the
following conditions are equivalent (Proposition 4.1):

(i) the global action Gy X is amenable;
(ii) there exists a G-orbit Y such that the action Gy Y is amenable;

(iii) the action of G on each of its orbits is amenable;
(iv) the Schlichting group G′ is amenable.

2Throughout this paper, countable means infinite countable.
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This is a rigidity property of f.s.o. actions. Indeed, there exist amenable (not f.s.o.)
actions without any orbit on which the group acts amenably.

For a transitive f.s.o. action, that is, an action of the form Gy G/H where H is an almost
normal subgroup of G, the group G′ was considered by Schlichting in [40, 41]. In this case,
the equivalence between the amenability of the action and the amenability of G′ had been
established in [48, Proposition 5.1].

When the stabilizers of a faithful action Gy X are finite we have G = G′ and, as already
said, the action is amenable if and only if G is amenable. When the stabilizers have a
finite index in G, the action is of course f.s.o. and amenable, and the group G′ is compact.
Thus the amenability of G′ does not imply the amenability of G. It suffices to consider
any residually finite group G and any family (Hi)i∈I of finite index subgroups Hi such that⋂

g∈G,i∈I gHig−1 = {e}. The obvious G-action on X = ti∈IG/Hi is faithful, amenable, f.s.o.,
and G′ is compact, whereas G can be a non-abelian free group, or a Kazhdan group for
instance.

As a consequence of Proposition 4.1 we see that if G y X is an amenable f.s.o. action,
then every subgroup H of G acts amenably on all its H-orbits. This was already observed
in [6] for transitive G-actions. This fact is false without the f.s.o. assumption. Indeed, in
[30, 39] one finds examples of amenable transitive actions G y G/K for which there exist
intermediate subgroups H (i.e., K < H < G) such that the action Hy H/K is not amenable.

Therefore, amenable f.s.o. actions seem to behave more nicely and it is tempting to ask
whether this property of the action implies the amenability of the group when moreover the
action is faithful and transitive. So it appears to be interesting to consider the classA1 ⊂ A

of countable groups that admit faithful, transitive, amenable f.s.o. actions (equivalently,
actions preserving a locally finite metric) and to compare it to the class of amenable groups
and toA. This is the main purpose of this paper.

The reminders of Section 2 on amenable actions are followed in Section 3 by some
preliminaries on f.s.o. actions. They are related to the different ways to embed densely
a (discrete) group in a totally disconnected locally compact (t.d.l.c. in short) group, about
which we go into some details. An important particular case of f.s.o. actions are those by
automorphisms of locally finite connected graphs, viewed as actions on their set of vertices.
In fact, they are the most general examples of f.s.o. actions of finitely generated groups on
countable sets (Proposition 3.19).

In Section 4 we give equivalent characterizations of amenable f.s.o. actions. In particular
we show that the class Ã1 of countable groups having faithful, amenable f.s.o. actions is
the same as the class of countable groups that are subgroups of amenable t.d.l.c. groups.
Thus, there are some obstructions for a group to be in Ã1. For instance, every Property
(T) subgroup of G ∈ Ã1 must be residually finite. We also review several nice facts about
amenable actions on locally finite connected graphs, a subject widely studied in the ’90s
(Theorem 4.8) and related to results in [2].
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In section 5 we establish some features and properties of the class A1 (contained both
in A and in Ã1) with a focus on faithful, transitive, amenable actions on locally finite
connected graphs.

We observe in particular that the class A1 is strictly smaller than A. The reason is that
every countable group can be embedded as a subgroup of a group that belongs to A, as
shown in [16], while some groups cannot be embedded in a group belonging to A1 (e.g
non-residually finite groups with Kazhdan Property (T)).

We also show that A1 is strictly bigger than the class of amenable groups since there
are groups in A1 having non-abelian free groups or Property (T) groups as subgroups.
These examples are obtained as groups acting faithfully, transitively and amenably by
automorphisms on the set of vertices of locally finite trees. This latter class of groups
consists in ascending HNN-extensions (Propositions 5.9 and 5.10).

In this text all topological spaces are Hausdorff. Graphs are undirected, connected, locally finite,
infinite and are without multiple edges and loops. The notation G will be reserved for locally
compact groups non-necessarily discrete.

2. A short overview on different notions of amenable actions

A mean (or state) on the algebras of functions considered below is a unital positive linear
functional. In the particular case of a mean m on `∞(X), we may identify m with the map
µ from the collection of subsets of X to [0, 1], defined by µ(E) = m(χE), where χE is the
characteristic function of E. Such a map µ satisfies the following properties:

(i) (finite additivity) µ(E ∪ F) = µ(E) + µ(F) when E ∩ F = ∅;
(ii) µ(X) = 1.

We say that µ is a mean on X.

2.1. Amenability in Greenleaf’s sense. Let G be a locally compact group with a (jointly)
continuous actionG×Z→ Z on a locally compact space. We denote by Cb(Z) the C∗-algebra
of complex-valued bounded continuous functions on Z and by Cb(Z)c its subalgebra of
functions f such that g 7→g f is norm-continuous on G, where g f (z) = f (g−1z). A mean m
on A = Cb(Z), or on A = Cb(Z)c, is said to be invariant if m(g f ) = m( f ) for every g ∈ G and
every f ∈ A.

Definition 2.1. Following Greenleaf [17], we say that the action G y Z is topologically
amenable if there exists an invariant mean m on Cb(Z). This is equivalent to the existence of
an invariant mean on Cb(Z)c (see [17, Theorem 3.1]).

If ν is a measure on Z that is quasi-invariant under the action of G, then we say that
the action on (Z, ν) is amenable (in Greenleaf’s sense) if there exists an invariant mean on
L∞(Z, ν). This is equivalent to the existence of an invariant mean on L∞(Z, ν)c (the algebra of
functions f ∈ L∞(Z, ν) such that g 7→g f is norm-continuous). In [5, page 344] an amenable
action in this sense is called a co-amenable action.

Note that an amenable action on (Z, ν) is topologically amenable, but the converse does
not hold in general (see [17, Example 1]).
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Of course, when Z is a discrete set and ν is the counting measure, the two notions of
amenable action are the same since Cb(Z) = `∞(Z) = `∞(Z, ν), and are equivalent to the
existence of an invariant mean on Z, i.e. a mean µ such that µ(gE) = µ(E) for all g ∈ G and
E ⊂ X.

Another important particular case concerns the action of G on Z = G/H, where H is a
closed subgroup of G. Let ν be the (essentially unique) quasi-invariant measure on G/H.
Then here, the topological action Gy Z is amenable3 if and only if the action Gy (Z, ν)
is amenable [17, Theorem 3.3]. When H is a normal subgroup this is equivalent to the
amenability of the quotient group. If this holds with H = {e}we say that G is amenable.

Every action of an amenable group is amenable (in the topological sense and on (Z, ν)).
Let us also mention that there are other equivalent definitions of the above notions of
amenability (for details we refer to [17] and [14]). We will only need the following one, that
we describe under the assumption that Z is discrete.

Proposition 2.2. Let Gy Z be a continuous action of a locally compact group on a discrete set
Z and let π be the unitary (Koopman) representation of G into `2(Z) defined by π(g)(ξ) = gξ.
Then G y Z is amenable if and only if there exists a net (ξi) of unit vectors in `2(Z) such that
limi

∥∥∥π(g)ξi − ξi
∥∥∥

2 = 0 uniformly on compact subsets ofG (in other terms, if and only if the trivial
representation of G is weakly contained into π).

Let us also recall for the reader’s convenience a well-known result.

Lemma 2.3. Let Gy Z be a continuous action of a locally compact group on a discrete set Z. We
assume that the action is amenable and that its stabilizers are amenable groups. ThenG is amenable.

Proof. The trivial representation ιG of G is weakly contained into the Koopman represen-
tation π. We write (π, `2(Z)) as a Hilbert direct sum of quasi-regular representations
(λG/Hi , `

2(G/Hi)) where the Hi’s are stabilizers of the action. Since these groups are
amenable, the quasi-regular representations λG/Hi are weakly contained into the regu-
lar representation λG. Therefore ιG is weakly contained into a multiple of λG, hence into
λG, and so, G is amenable. �

2.2. Amenability in Zimmer’s sense. The original definition of Zimmer was given by a
suitable fixed point property (see [54, Chapter 4] for details). We give below a definition
analogous to the existence of an invariant mean. The equivalence with Zimmer’s original
definition was proved in [53] when G is discrete and in [4] for a general second countable
locally compact group.

Let ν be a measure on Z, quasi-invariant under the action of G, as in Definition 2.1. We
denote by λ the left Haar measure onG. We identify canonically L∞(Z, ν) with a subalgebra
of L∞(Z ×G, ν ⊗ λ).

Definition 2.4. We say that the actionGy (Z, ν) is amenable in Zimmer’s sense if there exists
a norm-one projection m : L∞(Z ×G, ν ⊗ λ)→ L∞(Z, ν) that is G-equivariant.

3In this case one also says that H is co-amenable in G, or that the coset space G/H is amenable.
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Such a norm-one projection is a positive linear map. The G-equivariance means that
m(gF) = gm(F) for g ∈ G and F ∈ L∞(Z ×G, ν ⊗ λ), where G acts diagonally on Z ×G.

The groupG is amenable if and only if there exists an actionGy (Z, ν) that is amenable
both in the sense of Greenleaf and in the sense of Zimmer, and then any action of the form
Gy (Z, ν) is amenable in both senses.

When Z = G/H as in Section 2.1, then G y (G/H, ν) is amenable in Zimmer’s sense if
and only if H is an amenable group.

Amenability has been studied in [7] in various more general other settings. In the rest of
the text we will only consider, without further mention, amenable actions in Greenleaf’s sense on
discrete sets.

3. F.s.o. actions and t.d.l.c. completions

3.1. Isometry groups of locally finite metric spaces. Let us begin by some notation and
reminders. Let X be a set. We denote by Map(X) the space of maps from X to X and
by Sym(X) its subset of bijections. We endow Map(X) with the topology of pointwise
convergence. Equipped with the induced topology, Sym(X) is a topological group which
acts continuously on X. When X is countable, Sym(X) is a Polish group. However Sym(X) is
not closed into Map(X) when X is infinite and it is not locally compact. Given a metric d on
X we denote by Iso(X, d) the subgroup of isometries of (X, d). Whereas Iso(X, d) = Sym(X, d)
when d is such that d(x, y) = 1 if x , y, the group Iso(X, d) has nice properties when d is a
locally finite metric, meaning that its balls are finite. In fact there is a more general result (see
[13, Proposition 5.B.5]) on a metric space (Z, d) where the closed balls are only assumed to
be compact (i.e. the metric is proper).

Theorem 3.1. Let (Z, d) be proper metric space. Then the group Iso(Z, d) is a second countable
locally compact group that acts properly on Z.

When a metric d on X is locally finite, the group Iso(X, d) is, in addition, totally discon-
nected, as a consequence of the following easy lemma.

Lemma 3.2. LetG be a locally compact group acting4 properly and faithfully on a discrete topological
space X. The stabilizersGx =

{
g ∈ G : gx = x

}
are open and compact. The set of finite intersections

of these stabilizers form a basis of neighborhoods of the unit e. The topology of G is the topology
of pointwise convergence. In particular, G is totally disconnected. If X is countable, then G is
metrizable.

Proof. Since the action is proper on a discrete set X, the first part of the assertion is immedi-
ate. The topology of pointwise convergence is obviously weaker than the initial topology.
It remains to prove that if (gi) is a net in G which converges pointwise to e, then the con-
vergence also holds for the initial topology. Let V = ∩1≤k≤nGxk be a neighborhood of e for
this topology. Since limi gixk = xk for 1 ≤ k ≤ n, there exists i0 such that for i ≥ i0 we have
gixk = xk for 1 ≤ k ≤ n, that is gi ∈ V.

When X is countable the group G is first countable, hence metrisable (see [9, 24]). �

4For us, group actions will implicitly be continuous.
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Example 3.3. Let Γ = (X,E) be a locally finite connected graph. Here X denotes the set of
vertices and E is the set of unoriented edges. Locally finite means that each vertex has only
a finite number of neighbors. The geodesic distance d on X is locally finite and Iso(X, d)
is the group Aut (Γ) of automorphisms of Γ, that is the subgroup of elements f ∈ Sym(X)
such that (x, y) is an edge if and only if ( f (x), f (y)) is an edge.

An action of a group on Γ is a homomorphism from this group into Aut (Γ). By definition
it is transitive, or amenable, or faithful, if the corresponding action on X has this property.

3.2. The Schlichting completion associated with a f.s.o. action. As said in the introduc-
tion, an action G y X is said to be f.s.o. if the orbits of every stabilizer of the action are
finite. For x ∈ X, we denote by Gx its stabilizer.

Remark 3.4. For x, y ∈ X, the map g ∈ Gx 7→ gy induces a bijection from Gx/(Gx ∩ Gy) onto
the orbit Gxy. It follows that the action Gy X is f.s.o. if and only if its stabilizers Gx form a
family of mutually commensurate (and thus almost normal) subgroups of G, two notions
whose definition is recalled below.

Definition 3.5. Let G be a group.

(i) Let H,K be two subgroups of G. We say that H and K are commensurate if H ∩ K is a
subgroup of finite index in H and K.

(ii) We say that a subgroup H of G is almost normal, or that (G,H) is a Hecke pair, or
that H is commensurated in G, if for every g ∈ G the subgroups H and gHg−1 are
commensurate.

Obvious examples of almost normal subgroups are those which are normal, or finite, or
have a finite index. A sample of non-trivial Hecke pairs will be given in Examples 3.13.

Let us recall that to be commensurate is an equivalence relation on the set of subgroups
of G. Moreover, if H and K (resp. H1 and K1) are commensurate, then H∩H1 and K∩K1 are
commensurate. It follows that almost normality is stable by finite intersection and under
the above equivalence relation. Moreover, the properties of being finite or of finite index
are preserved under this equivalence relation.

F.s.o. G-actions are closely related to homomorphisms from G into totally disconnected
locally compact (t.d.l.c.) groups, with dense image. Let us recall the following result.

Theorem 3.6. ([6, Theorem 1.3]) Let G be a group acting on a set X. Let ρ be the corresponding
homomorphism from G into Sym(X) and denote by G′ the closure of ρ(G) in Map(X). Then G′ is
a subgroup of Sym(X) acting properly on the discrete space X if and only if the G-action is f.s.o.
Moreover, in this case the group G′ is locally compact and totally disconnected.

We will say that G′ is the Schlichting group (or the Schlichting completion) associated with the
action, since this completion of ρ(G) was first studied by Schlichting [40, 41] for left actions
Gy G/H where H is an almost normal subgroup of G.

3.3. Embeddings into t.d.l.c. groups. We first gather in the next lemma, for further use,
the following facts, whose straightforward proof is omitted.
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Lemma 3.7. Let G be a locally compact group acting properly and faithfully on a set X and let G
be a dense subgroup of G.

(1) For x ∈ X, the stabilizer Gx = Gx ∩ G relative to the G-action is dense in Gx.
(2) We have Gx = Gx for every x ∈ X, and therefore for every g′ ∈ G there is a unique gGx in

G/Gx such that g′ = gh′ with h′ ∈ Gx. In particular g′Gxg′−1 = gGxg−1.
(3) The canonical map gGx 7→ gGx from G/Gx into G/Gx is a G-equivariant bijection.

Let ρ : G → Sym(X) be the homomorphism associated to an action Gy X. This action
is faithful (i.e., ρ is injective) if and only if ∩x∈XGx = {e}. If moreover it is f.s.o., the stabilizers
Gx are residually finite groups since (Gx ∩ Gy)y∈X is a family of finite index subgroups of
Gx with trivial intersection.

It follows from the theorem 3.6 that every faithful and f.s.o. action Gy X gives rise to
an embedding of G into the t.d.l.c. group G′. The cases where G′ is compact and where
G′ = G are described below.

Examples 3.8. Let ρ : G→ Sym(X) be a faithful f.s.o. action. We identify G with its image.
(1) G′ is compact if and only if one of the orbits (and then every orbit) of Gy X is finite.

Indeed, assume that the orbit of some x0 is finite. By Lemma 3.7 (3) the set G′/G′x0
is finite

and therefore G′ is compact. The converse is obvious since G′ has finite orbits when it is
compact.

(2) G′ = G if and only if one stabilizer of the action is finite. Indeed assume that Gx0 is
finite. This implies that Gx0 = G′x0

is a finite open neighborhood of {e} in G′. Therefore G′ is
discrete and so G = G′. The converse is obvious since G′ acts properly.

We describe now all the ways to embed G into a t.d.l.c. group. We will use the following
definition.

Definition 3.9. Let H,K be two subgroups of G. The K-core of H is its subgroup ∩k∈KkHk−1.
The G-core of H is usually called the core of H.

Note that the core of H is trivial if and only if H does not contain any normal subgroup
of G except the trivial one, or equivalently if and only if the action Gy G/H is faithful.

Remark 3.10. The above definition, as well as Definition 3.5, makes sense for any pair
of closed subgroups of a locally compact group. In particular, any two open compact
subgroups are commensurate.

Let ρ : G → Sym(X) be a f.s.o. action. If I is a subset of X which meets each orbit in
one and only one point we may write X as ti∈IG/Hi where Hi is the stabilizer of i. Then
H = (Hi)i∈I is a family of mutually commensurate almost normal subgroups of G. The
action is faithful if and only if

⋂
g∈G,i∈I gHig−1 = {e}, or equivalently if and only if the group

∩i∈IHi has a trivial core. In this case, we will also say that the family (Hi)i∈I has a trivial core.
Conversely, given a family H = (Hi)i∈I of mutually commensurate almost normal sub-

groups of G with trivial core, the G-action on X = ti∈IG/Hi is faithful and f.s.o. The
corresponding Schlichting group is denoted by G(H) and the embedding of G into G(H)
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is denoted by ρH .5 Using Theorem 3.6, Lemmas 3.2 and 3.7, we observe that if H′i is the
closure of Hi in G(H), then (H′i )i∈I is a family of compact open subgroups of G(H) such that⋂

g∈G,i∈I gH′i g−1 =
⋂

g′∈G′,i∈I g′H′i g′−1 = {e}. In other words, the family (H′i )i∈I has a trivial
core. We also observe that the family of finite intersections of open compact sets of the
form gH′i g−1 is a basis of neighborhoods of e in G(H). Finally, we observe that G(H) is
second countable whenever I and G are countable. Indeed, in this case, G(H) is metrizable
and separable.

Proposition 3.11. Let ρ be an injective homomorphism from a group G into a t.d.l.c. groupG, with
dense range6. There exist a family H = (Hi)i∈I of mutually commensurate almost normal subgroups
of G with trivial core and an isomorphism θ : G→ G(H) such that θ ◦ ρ = ρH . Moreover, when
G is first countable, we may choose I to be countable.

Proof. By the van Dantzig’s theorem (see e.g. [21, Theorem II.7.7]) we know that the set of
all compact open subgroups of G is a basis of neighborhoods of the identity. We choose
a family (H′i ) of compact open subgroups (with I countable when G is first countable)
such that

⋂
g′∈G g′(∩i∈IH′i )g′−1 = {e} and we set X = ti∈IG/H′i . Then G acts properly and

faithfully on X. In particular, the topology on G is the topology of pointwise convergence.
Observe that the groups g′H′i g′−1 are mutually commensurate. The G-action on X is f.s.o.
and therefore the G-action is also f.s.o. Then the closure G′ of G in Map(X) is a t.d.l.c.
group which contains G, where G is identified with its range in Sym(X). But G is a locally
compact subgroup of G′, hence closed and so G = G′. The groups G and G′ = G have the
same orbits. Therefore X = ti∈IG/Hi where Hi = H′i ∩ G and

⋂
g∈G g(∩i∈IHi)g−1 = {e}. �

Example 3.12. Let H be a family of finite index subgroups of G with trivial core. Then
(ρH ,G(H)) is a compact, totally disconnected completion of G, as already said in Example
3.8 (1). Moreover, every such completion of G is obtained in this way.

If G is residually finite and if H = (Hi)i∈I is a directed family of finite index normal
subgroups such that ∩i∈IHi = {e} then G′ = G(H) is isomorphic to the profinite completion
of G with respect to (Hi)i∈I.

For instance for G = Z, if we take the family of all proper subgroups of Z then G′ is the
group Ẑ of Z of profinite integers. If we take the family (pkZ)k≥1 for p prime, we get the
group Zp of p-adic integers, which is a quotient of Ẑ '

∏
pZp.

Examples 3.13. Many interesting Hecke pairs (G,H) and their completions are found in the
literature. Let us give a few examples. Below, p is a prime number and H′ is the closure of
H in G′.
• H = SLn(Z), G = SLn(Z[1/p]). Then G′ = SLn(Qp) and H′ = SLn(Zp) (see [42]);

• H = SLn(Z), G = SLn(Q). Then G′ = SLn(A f ) and H′ = SLn(Ẑ), whereA f is the ring of
finite adèles (see [8]);

• H = Z o 1, G = Q oQ∗+. Then G′ = A f o Q
∗
+ and H′ = Ẑ o 1 (see [10]);

5If the family is reduced to one subgroup H, we will use the notation G(H) and ρH.
6G is called a t.d.l.c. completion of G.
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• H = 〈a〉, G = BS(m,n) =
〈
a, t|t−1amt = an

〉
the Baumslag-Solitar group with parameters

m,n. This group G acts faithfully and transitively on its Bass-Serre tree T. Its Schlichting
completion is the closure G′ of G into the group Aut (T) of automorphisms of T equipped
with the topology of pointwise convergence.

We observe in passing that there exist groups having only finite proper subgroups, called
quasi-finite groups (see [37]). Such groups cannot be densely embedded into t.d.l.c. groups,
except themselves.

For some other groups, all almost normal subgroups are either finite of have a finite
index. This is for instance the case of SLn(Z) with n ≥ 3 (see [42]). For such groups , the
only possible faithful t.d.l.c. completions, except themselves, are compact.

3.4. Transitive t.d.l.c. completions. A t.d.l.c. completion (ρ,G) of G will be called transitive
if it is of the form (ρH,G(H)) with respect to an almost normal subgroup H of G with trivial
core.

Proposition 3.14. Let ρ be an injective homomorphism from G into a locally compact group G,
with dense image. The following conditions are equivalent:

(i) (ρ,G) is a transitive t.d.l.c. completion of G;
(ii) there exists an open compact subgroup H′ of G with trivial G-core.

Proof. Let H be an almost normal subgroup of G with trivial G-core such that G = G(H) is
the Schlichting group corresponding to the action G y G/H. Then the closure H′ of H in
G satisfies the property stated in (ii). Conversely, starting from a subgroup H′ as in (ii), the
actionGy G/H′ is faithful and proper. Setting H = H′ ∩G we get (ρ,G) = (ρH,G(H)). �

Corollary 3.15. Let G be a locally compact group acting properly and faithfully on a set X with a
finite number of orbits7. Let G be a dense subgroup of G and denote by ρ : G → G the inclusion.
Then (ρ,G) is a transitive t.d.l.c. completion of G.

Proof. We assume that X = t1≤i≤nGxi. We set H′ = ∩1≤i≤nGxi . Then, H′ is a compact open
subgroup of G. Moreover, since the action is faithful, we have ∩g′∈G,i=1,...,ng′Gxi g

′−1 = {e}.
But each g′Gxi g

′−1 is of the form gGxi g
−1 by Lemma 3.7. Therefore H′ has a trivial G-core

and we apply the previous proposition in order to conclude. �

3.5. F.s.o. actions under separability assumptions. Let Gy X be an action of a group G
on a set X. We say that a metric d on X is G-invariant, or that the action preserves the metric,
if d(gx, gy) = d(x, y) for every g ∈ G and x, y ∈ X. One also says that G acts by isometries on
(X, d).

Observe that a locally finite metric space is countable. The following converse of the
theorem 3.1 is a particular case of [3, Theorem 4.2].

Theorem 3.16. LetG be a locally compact group acting properly on a countable set X. Then, there
is a G-invariant locally finite metric on X.

7then we say that the action is almost transitive.
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Any action G y X which preserves a locally finite metric is f.s.o. The converse holds
when X is countable, as an immediate consequence of the previous theorem and of Theorem
3.6.

Proposition 3.17. Let G be a group acting on a countable set X. The following conditions are
equivalent:

(i) there exists a G-invariant locally finite metric d on X;
(ii) the action is f.s.o.

Remark 3.18. Let H be a subgroup of G such that G/H is countable. Observe that there exists
a locally finite G-invariant metric on G/H if and only if H is an almost normal subgroup.
For a locally compact group G, the existence of G-invariant (for the left G-action), proper
(i.e., with compact balls), compatible (i.e., defining the topology of G) metrics on G has
been studied in the seventies. Struble [46] proved that a locally compact group G has a
proper G-invariant compatible metric if and only if it is second countable. This result was
rediscovered in [20]. Of course, when a group G is finitely generated, one may take the
geodesic distance on the Cayley graph associated with any finite system of generators.

Let G y X be an action that preserves a locally finite metric. In general, there does
not exist a structure of locally finite connected graph having X as set of vertices and such
that the G-action is given by automorphisms of the graph. For instance let us consider
a countable, non-finitely generated group G, acting on itself by translations. There exists
on G a G-invariant locally finite metric (for a concrete construction see [47, §2]), but this
G-action does not preserve a locally finite connected graph structure. On the other hand,
when G is finitely generated we have the following result.

Proposition 3.19. Let G be a finitely generated group and let G y X be a f.s.o. action on a
countable set X. Then there exists a structure of locally finite connected graph having X as set of
vertices and such that the G-action is given by automorphisms of the graph.

Proof. We first assume that the action is transitive: there exists an almost normal subgroup
H of G such that G acts by left translations on X = G/H. Let S = S−1 be a finite symmetric
set of generators of G not containing the unit e of G. Since H is almost normal, there is a
finite subset

{
g1, . . . , gl

}
of G such that⋃

s∈S

HsH =
⊔

1≤i≤l

giH.

Let Γ = (G/H,E) be the graph such that a pair
{
f H, gH

}
, with f H , gH, is an edge if and

only if g−1 f ∈
⋃

s∈S HsH. This graph is connected, locally finite (each vertex having the
same valency ≤ l) and G acts by automorphisms on it.

Let us consider now the general case. We have X = tn≥1G/Hn, where the Hn are mutually
commensurable almost normal subgroups of G. We equip each G-invariant subset G/Hn
with a structure of locally finite connected graph as in the first part of the proof. For every
g ∈ G, we put an edge between gH1 ∈ G/H1 and gH2 ∈ G/H2. The number of edges
connecting gH1 to some element of G/H2 is finite. Indeed, the action of H1 on G/H2 has
finite orbits, so H1H2 = t1≤i≤lgiH2. Now we observe that there is an edge connecting
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H1 and gH2 if and only if there is some h ∈ H1 such that hH2 = gH2. It follows that
gH2 = giH2 ∈ G/H2 for some i ∈ {1, . . . , l}. Similarly, one sees that the number of edges
connecting any gH2 ∈ G/H2 to some element of G/H1 is finite. Finally, for every n, we put
in the same way edges connecting the elements of G/Hn to suitable elements of G/Hn+1.
This defines a structure of locally finite connected graph having X as set of vertices and
such that the G-action is given by automorphisms of the graph. �

Remark 3.20. We have seen in Proposition 3.11 that all the embeddings of a group G as
dense subgroup of a t.d.l.c. group are provided by families of mutually commensurate
almost normal subgroups of G with trivial core. It may be useful to understand when two
such families define the same embedding (up to isomorphism in the obvious sense). When
G is countable, two countable such families H = (Hi)i∈I and K = (K j) j∈J give the same
embedding if and only if

• the Hi and K j are commensurate for every i ∈ I and j ∈ J;
• every Hi contains a finite intersection of conjugates of the K j and every K j contains

a finite intersection of conjugates of the Hi.

This result will not be needed in our paper and we omit the proof.

4. Amenable f.s.o. actions

4.1. Some characterizations and consequences. F.s.o. amenable actions are characterized
by the following properties.

Proposition 4.1. Let G y X be a f.s.o. action of a group G on X. Let G′ be the corresponding
Schlichting group. The following conditions are equivalent:

(i) the global action Gy X is amenable;
(ii) there exists a G-orbit Y such that the action Gy Y is amenable;

(iii) the action of G on each of its orbits is amenable;
(iv) G′ is amenable.

Proof. (iv)⇒ (iii)⇒ (ii)⇒ (i) is obvious. Let us show that (i)⇒ (iv). Let m be a G-invariant
mean on `∞(X). We denote here by `∞(X)c the subalgebra of `∞(X) formed by the functions
f such that g 7→g f is continuous from G′ into `∞(X). Since G is dense in G′, we see that m
is a G′-invariant mean on `∞(X)c. It follows that the action of G′ on X is amenable. Since
the stabilizers of this action are compact, hence amenable, it follows from Lemma 2.3 that
G′ is amenable. �

Remark 4.2. Let G y X be an amenable f.s.o. action of a non-amenable group. Then the
stabilizers Gx are very large in the sense that for every g ∈ G the group gGxg−1

∩ Gx is
not amenable. Indeed otherwise Gx would be amenable since Gx is almost normal, and G
would be amenable since the action Gy Gx is amenable.

Corollary 4.3. Let G y X be an amenable f.s.o. action and let H be a subgroup of G. Then the
action of H on its H-orbits is amenable.
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Corollary 4.4. Let K be a co-amenable almost normal subgroup of G and let H be a subgroup of G.
Then H ∩ K is a co-amenable almost normal subgroup of H.

Proof. We apply the previous corollary to the action of G on G/K and x0 = K ∈ G/K. So the
action of H on the orbit Hx0 is amenable. The stabilizer of x0 in H is H ∩ K and we see that
H ∩ K is a co-amenable almost normal subgroup of H. �

Corollary 4.5. Let Ã1 be the family of countable groups that admit a faithful amenable f.s.o. action.
A group G belongs to Ã1 if and only if it is a subgroup of a t.d.l.c. amenable group.

Proof. Use Propositions 3.11 and 4.1. �

Remark 4.6. Let G ∈ Ã1. Since G is countable, it acts faithfully and amenably on a locally
finite metric space. Indeed, let Gy X be a faithful, amenable f.s.o. action. Then there is a
G-invariant countable subset Y on which the restricted action still has the same properties.
It follows that G embeds in a second countable t.d.l.c. amenable group.

Remark 4.7. The class Ã1 includes the amenable countable groups and the residually finite
groups. However there are also countable groups that do not belong to Ã1. It is the case
for exotic groups like non-amenable quasi-finite groups.

A less exotic obstruction is provided by the property (T). Indeed, assume that G has
Property (T) and let G y X be a faithful, amenable, f.s.o. action. Since the G-action on
every orbit Gx is amenable, the trivial representation of G is weakly contained into the
representation of G in `2(Gx) by left translations. If follows that there is a non-zero G-
invariant vector in `2(Gx) since G has Property (T). Therefore Gx is finite for every x ∈ X
and, as a result, G is residually finite. Similarly, if G ∈ Ã1, every Property (T) subgroup
must be residually finite.

4.2. Amenable actions on locally finite graphs. The proposition 4.1 applies in particular
to group actions by automorphisms of a locally finite connected graph Γ = (X,E). A
subgroup G of Aut (Γ) acts amenably on the set X of vertices of Γ if and only if the closure
G′ of G in Aut (Γ) is an amenable locally compact group. Necessary or sufficient conditions
for G y X to be amenable have been studied by several authors. In order to state their
results, we need to introduce the notion of end of a graph Γ. A ray (or half-line) is a sequence
(x0, x1, . . . ) of successively adjacent vertices without repetitions. Two rays R1 and R2 are
said to be in the same end if there is a ray R3 that contains infinitely many vertices in R1 and
in R2. We denote by [x0, x1, . . . ] the end corresponding to (x0, x1, . . . ). If an end contains
infinitely many disjoint rays, it is called thick. Otherwise, one says that the end is thin. In
particular, when Γ is a tree, two rays are in the same end if and only if their intersection is
a ray. In this case every end is thin.

Theorem 4.8. Let Γ = (X,E) be a locally finite connected graph, and let G be any subgroup of
Aut (Γ).

(i) If the action of G on X is amenable then one of the following three statements holds:
(a) G fixes a finite subset of X;
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(b) G fixes an end of X;
(c) G fixes a set of two ends which are the directions of a hyperbolic automorphism and its

inverse.
(ii) Moreover if Gy X is amenable, then

(d) G does not contain any (non-abelian) free group, discrete in Aut (Γ);
(e) G does not contain any (non-abelian) free group acting freely on X.

(iii) Conversely, if (a) or (c) holds or if G fixes a thin end, then the action of G is amenable.
(iv) When Γ is a tree, then each of the conditions (d) and (e) is equivalent to the amenability of

the action.

Recall that an automorphism γ is hyperbolic if it leaves no finite subset of vertices in
X invariant and fixes a unique pair of ends ω0, ω1. These ends are the directions of γ
and of γ−1: one has limn γnx = ω0 and limn γ−nx = ω1 for x ∈ X, in the topology of the
compactification of X by the ends of Γ.

The items (i) and (iii) are due to Woess [52, Theorems 1 and 2]. Observe that G′ is a
closed amenable subgroup of Aut (Γ) when G y X is amenable, and therefore G cannot
contain a discrete free subgroup of Aut (Γ). Moreover (d) implies (e) since any subgroup
acting freely on X is discrete. The assertion (iv) is due to Nebbia [35] and Pays-Valette [38].
It may happen that G fixes a thick end whereas G does not act amenably, as shown by an
example in [52].

Remark 4.9. It is interesting to note that if a closed group G of automorphisms of a locally
finite connected graph Γ = (X,E) satisfies none of (a), (b), (c), then it contains the free
group F2 on two generators as a discrete subgroup (see [35], [27, Theorem 8], [23]). It is in
particular the case if Γ only has thin ends (for instance is a tree) and G is not amenable, by
(iii) in the previous theorem and Proposition 4.1.

5. Faithful, transitive, amenable f.s.o. actions

We denote byA1 the class of countable groups that admit a faithful, transitive, amenable f.s.o.
action, or equivalently that admit a co-amenable almost normal subgroup with trivial core.

5.1. Some properties of the classA1. We first give a characterization of this class.

Proposition 5.1. Let G be a countable group. The following conditions are equivalent:

(i) G ∈ A1;
(ii) G embeds densely in a locally compact amenable group G that contains an open compact

subgroup with trivial G-core;
(iii) G embeds densely in a locally compact amenable group G that has a proper, faithful and

almost transitive action on a set X.

Proof. (i) ⇒ (iii) by Theorem 3.6 and Proposition 4.1; (iii) ⇒ (ii) by Corollary 3.15 and
Proposition 3.14 and (ii)⇒ (i) by Propositions 3.14 and 4.1. �



AMENABLE ACTIONS PRESERVING A LOCALLY FINITE METRIC 15

Obviously, this class A1 contains the class of countable amenable groups. We will see
later that it also contains non-amenable groups. Before, we study some properties of this
class of groups.

It is easily checked that a product G ×H is inA1 if and only if G and H are inA1 (same
proof as in [16, Section 4.A]). As we will see in Section 5.4, a group in the class A1 may
contain infinite groups with the Kazhdan property (T). So to be in A1 is not hereditary.
However, we have the following fact.

Proposition 5.2. Let G ∈ A1. Then every subgroup K of finite index in G is still inA1.

Proof. Let G y X be a faithful, transitive, amenable f.s.o. action. The action of K on X
has finitely many orbits. The closure K ′ of K in Map(X) is a subgroup of the closure G′
of G. Since G′ is amenable and acts properly on X, its closed subgroup K ′ has the same
properties. Then we apply Proposition 5.1. �

Note that to the author’s knowledge, it is still unknown whether the class A is closed
under passing to finite index subgroups.

We now study some other properties of subgroups of groups in the classA1. Let C be a
class of groups. We say that a group G is residually C if for every g , e in G, there exists a
normal subgroup N of G such that g < N and G/N belongs to the class C. When C is the
class of finite groups, we say that G is residually finite. When C is the class of finite p-groups,
we say that G is residually a finite p-group.

We denote byA f in the class of finite groups.

Proposition 5.3. Let G be a group in the class A1 and let G1 be a subgroup of G. Then G1 is
residuallyA1 ∪A f in.

Proof. Let Gy X be a faithful, transitive, amenable f.s.o. action. We write X as a union of
G1-orbits: X = tiYi. Denote by ρi the canonical surjective homomorphism from G1 onto
(G1)|Yi and by Ni the kernel of ρi. Since the action of G1 on Yi is amenable, each group G1/Ni
is inA1 ∪A f in. Moreover, if g ∈ G1 is a non-trivial element, there exists some index i such
that g < Ni. �

The class A is strictly larger than the class A1. For instance, Glasner and Monod [16]
have shown that for any countable group G, the free product G ∗H is inA as soon as H is
countable and residually finite (e.g. F2). But for instance, if G is non-residually finite with
the Kazhdan property, then G ∗H is not inA1.

5.2. Groups acting faithfully, transitively and amenably on graphs. Recall that this fami-
ly of groups includes all finitely generated groups that belong toA1.

Let Γ be a locally finite connected graph. We say that Γ is transitive (resp. almost transitive)
if Aut (Γ) acts transitively (resp. with a finite number of orbits) on its set of vertices. Such
graphs have either one, two or infinitely many ends ([1], [29, Corollary 1], [25, Theorem 6]).

Another important feature of an almost transitive graph Γ is its growth, which is related
to its number of ends. Let x0 ∈ X and, for every integer n ≥ 1, denote by an the number
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of vertices of Γ at distance at most n from x0. The growth of Γ is the rate of growth (which
does not depend on the choice of x0) of the sequence (an). Then (see [12, Theorem 9.3] for
references, and [22]):

• if Γ has infinitely many ends its has exponential growth (i.e. limn a1/n
n > 1);

• Γ has linear growth if and only if it has two ends (and these ends are thin);
• a graph with one end displays all possible rates of growth (polynomial, exponential, in-

termediate), except linear growth (intermediate meaning that (an) grows faster than any
polynomial but slower than any sequence (λn) with λ > 1).

Let us also mention the following result contained in [44]. If F is a finite subset of X,
we define its boundary ∂F to be the set of all vertices in X \ F that have a neighbor in F.
The isoperimetric number i(Γ) of Γ is the infimum of |∂F|/|F|, where F runs over the set of
non-empty finite subsets of X. Assume that Γ is transitive. Then the following properties
are equivalent:

• i(Γ) = 0;
• some (equivalently every) closed transitive subgroup of Aut (Γ) is amenable and

unimodular.

This applies in particular if Γ has subexponential growth (i.e. limn a1/n
n = 1) since we have

i(Γ) = 0 in this case. Observe that one may have i(Γ) = 0 whereas Γ has exponential
growth (consider for instance the Cayley graph of a solvable finitely generated group with
exponential growth).

Every countable group acting faithfully and transitively on a graph having subexponen-
tial growth (in particular a graph with two ends) is in A1. One-ended transitive graphs
are the most difficult to handle. Let us now focus on transitive graphs with infinitely
many ends. In this case, subgroups of Aut (Γ) acting transitively and amenably have a nice
characterization.

Theorem 5.4. Let Γ = (X,E) be a locally finite connected graph and let G be a subgroup of Aut (Γ)
which acts transitively on X. We assume that Γ has infinitely many ends. Let G′ be the closure of
G in Aut (Γ). The following conditions are equivalent:

(i) G′ is amenable;
(ii) G′ (or equivalently G) fixes an end (and this fixed end is unique and thin);

(iii) the action Gy X is amenable.

Proof. The equivalence between (i) and (ii) is [44, Proposition 2]. The equivalence between
(i) and (iii) was proved in Proposition 4.1. �

Let us observe that when the conditions of this theorem are satisfied, the graph is not
very different from a tree.

Theorem 5.5. ([28, Theorem 1]) Let Γ = (X,E) be a locally finite connected graph with infinitely
many ends. Assume that there is an end ω such that the stabilizer Aut (Γ)ω of this end acts
transitively on X. Then Γ is quasi-isometric to a tree.
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Remark 5.6. Let G be an infinite and finitely generated group. The number of ends of G is
defined as the number of ends of its Cayley graph with respect to some finite generating
set of G, and therefore G has either one, two or infinitely many ends. It has two ends if
and only if it has an infinite cyclic group of finite index. The case of infinitely many ends
is described by the theorem of Stallings (see [45]). From this theorem one deduces that a
group G with infinitely many ends contains a non-abelian free subgroup and therefore is
not amenable.

Faithful, transitive, amenable actions of a group G by automorphisms of a locally finite
connected graph with infinitely many ends were considered in [34]. It is proved in this
paper that such actions of G (as a discrete group) are not proper. This gives a direct proof
of the non-amenability of a group having infinitely many ends. Another proof of this latter
fact is also given in [44].

The notion of Cayley graph can be generalized to compactly generated locally compact
groups.

Definition 5.7. Let G be a locally compact group. A locally finite connected graph Γ is
called a Cayley-Abels (or rough Cayley) graph for G if G acts transitively on Γ and if the
stabilizers of vertices are compact open subgroups of G (see [13, Definition 2.E.10], [26,
Definition 2.1]).

A t.d.l.c. group has a Cayley-Abels graph if and only if it is compactly generated
[26, Theorem 2.2]. Moreover, in this case any two Cayley-graphs are quasi-isometric [26,
Theorem 2.7]. Then the ends of G are well defined as the ends of any of its Cayley-Abels
graphs.

Theorem 5.4 can also be proved by using Abels’ analysis of the structure of compactly
generated locally compact groups having infinitely many ends. Indeed, with the notation
of this theorem, Γ is a Cayley-Abels graph of G′. Then, by [2, Theorem 4], the group G′
is amenable if and only if it fixes one end of Γ, and in this case G′ is a HNN-extension
HNNα(H) (see the definition in Section 5.3), where H is a compact group and α : H→ H is
an injective, non-surjective, open continuous homomorphism. Moreover, this case occurs.
A simple example is given by H = Zp, p prime, α being the multiplication by p (see also [2,
Section 3.9]). Compare with the situation in Remark 5.6.

Note that the case of a t.d.l.c. compactly generated group G with two ends is also well
understood [2, Theorem 4]: it has a compact open normal subgroup N such that G/N is
either isomorphic to Z or to the infinite dihedral group Z2 ∗ Z2. It is therefore amenable
and unimodular, as seen before in this text.

As already said, we are mainly interested in the existence of non-amenable groups G in
this classA1. We concentrate on the case of group actions on trees, which is the easiest to
consider.

5.3. Characterization of the elements ofATq . For every integer q ≥ 2, we denote by Tq the
regular tree where each vertex has degree q + 1, and byATq the class of countable groups
having a faithful, transitive and amenable action on the tree Tq. In what follows, we could
use Abels’ results from [2], but we prefer to give direct elementary proofs.
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Definition 5.8. Let H be a group and α an injective endomorphism. Then the HNN-
extension

G = HNNα(H) =
〈
H, t|t−1ht = α(h), h ∈ H

〉
is called an ascending HNN-extension (or the mapping torus of α).

Proposition 5.9. Let G = HNNα(H) be an ascending HNN-extension as above, such that [H :
α(H)] = q with q ∈ N, q ≥ 2. Then G acts transitively and amenably on its Bass-Serre tree Tq.
This action is faithful if and only if the subgroup ∩n≥1αn(H) has a trivial H-core.

Proof. The Bass-Serre tree of this HNN-extension is the regular tree Tq. Its set of vertices is
X = G/H and its set of edges is G/HtG/K where K = α(H). For g ∈ G, the directed edge gK
has gH as origin and gt−1H as extremity. The directed edge gH has gH as origin and gtH
as extremity. The edge opposite to gK is gt−1H. For n ∈ Z, let us denote by xn the vertex
tnH. Then {xn}n∈Z is a line in Tq. We have txn = xn+1 for n ∈ Z and hxn = xn for n ≥ 0 and
h ∈ H. It follows that G fixes the end [x0, x1, . . . , xn, . . . ]. Therefore, G acts amenably on Tq,
by Theorem 5.4.

The last assertion follows from the fact that the intersection of the vertex stabilizers is
the H-core of ∩n≥1αn(H). �

Proposition 5.10. Every group G in ATq , q ≥ 2, is an ascending HNN-extension of the form
described in the previous proposition, where the subgroup ∩n≥1αn(H) has a trivial H-core.

Proof. The group G acts faithfully and transitively on Tq and fixes an end that we denote
by ω = [y0, y1, . . . , yn, . . . ]. For every g ∈ G there exists an element θ(g) ∈ Z and an n0 ∈ N
such that gyn = yn+θ(g) for n ≥ n0. Moreover, θ is a homomorphism from G into Z. Since
the action is transitive, there is an element t ∈ G such that θ(t) = 1. Thus t is a translation
of step 1 along a double infinite path (xn)n∈Z with ω = [x0, x1, . . . , xn, . . . ]. For n ∈ Z we
denote by Gn the stabilizer of xn and we set H = G0. Since G fixes ω, the sequence (Gn)n∈Z
of subgroups is increasing. We have of course Gn+1 = tGnt−1. Let α be the isomorphism
h 7→ t−1ht from H onto its subgroup G−1 that we denote by K.

We claim that [H : K] = q. Denote by V the set of vertices of Tq at distance 1 from x0.
We have Hx−1 ⊂ V and [H : K] is the number of elements of Hx−1. We first observe that
x1 < Hx−1. Otherwise we would have hx−1 = x1 = hx1 for some h ∈ H ⊂ G1. Next, we
show that for every v ∈ V, v , x1, there exists h ∈ H such that hx−1 = v. Since the G-action
on Tq is transitive there exists g ∈ G such that gx−1 = v. Let us observe that θ(g) = 0.
Indeed, let n0 be such that gxn = xn+θ(g) for n ≥ n0. We choose n large enough so that xn
and xn+θ(g) are both on the half-line (x0, x1, . . . , xn, . . . ). We have d(x−1, xn) = 1 + d(x0, xn)
and d(gx−1, gxn) = 1 + d(x0, xn+θ(g)) and therefore θ(g) = 0. Now we show that gx0 = x0.
If not, (gx0, gx−1, x0, x1, . . . , ) would be a half-line and with n as above we would have
d(x0, xn) = d(gx0, xn) = 2 + d(x0, xn).

It follows that G = HNNα(H) where α is the endomorphism h 7→ t−1ht, its Bass-Serre tree
being Tq. Note that ∩n≥1αn(H) has a trivial H-core since G acts faithfully on Tq. �



AMENABLE ACTIONS PRESERVING A LOCALLY FINITE METRIC 19

Remark 5.11. We keep the notation of the previous proof. It is easily checked that ∪n∈ZGn
is the kernel of θ and so G is the semi-direct product (∪n∈ZGn) o Z where 1 ∈ Z acts on
∪n∈ZGn as g 7→ tgt−1.

Note that if H is finitely generated, then G has exponential growth [11]. More precisely,
with respect to any finite generating set, we have limn a1/n

n ≥ 21/4.

5.4. Construction of elements in ATq , q ≥ 2. Let Tq = (V,E) be the q-regular rooted tree:
each vertex of level n has q vertices at level n + 1 to which it is connected by an edge. We
denote by x0 the root of Tq. Let Λ be a subgroup of the group Aut (Tq) of automorphisms
of Tq (thus fixing x0) that acts spherically transitively on Tq, meaning that the action is
transitive on each level. We consider another copy T ′q = (V′,E′) of Tq. We denote by x1
its root. We embed both rooted trees in the regular tree Tq in the following way: the set
of vertices of Tq is X = V t V′, we keep the edges of each rooted tree and we add an edge
between x0 and x1. We extend the action of Λ to an action on Tq, so that its restriction to T ′q
is trivial. We choose half-lines (. . . x−n, x−n+1, . . . x−1, x0) and (x1, x2, . . . , xn, . . . ) of Tq and T ′q
respectively and we consider the double infinite path of Tq,

` = (. . . , x−n, . . . , x−1, x0, x1, x2, . . . , xn, . . . ).

Now, let t ∈ Aut (Tq) be the translation (represented by the arrows in the figure 1 below,
in case q = 2) of step 1 along the axis ` that translates the rooted subtree with root xn
(obtained after deleting the edges (xn, xn+1) and (xn, xn−1)) to the corresponding subtree
with root xn+1.

Let G be the subgroup of Aut (Tq) generated by {t}∪Λ. Then G acts amenably on Tq since
it fixes the end ω = [x0, x1, . . . , xn, . . . ]. Moreover the action is transitive and faithful. If H
(⊃ Λ) denotes the stabilizer of x0 then G = HNNα(H) where α : h 7→ t−1ht.

For instance letΛ be a group given with a decreasing sequenceΛ = Λ0 ⊃ Λ1 ⊃ · · · ⊃ Λn ⊃

· · · of subgroups such that [Λn : Λn+1] = q for every n and ∩nΛn = {e}. The corresponding
coset rooted tree is constructed as follows. Its root is x0 = Λ, and for n ≥ 1, its vertices at
the n-th level are the cosets Λ/Λn. A vertex gΛn is connected with a vertex g′Λn+1 if and
only if g′Λn+1 ⊂ gΛn. This rooted tree is the q-regular rooted tree Tq. The action of Λ on Tq
is faithful, and spherically transitive.

5.5. Examples of non-amenable groups in ATp . Let p be a prime number and Λ be resi-
dually a finite p-group. Then there is a sequence Λ ⊃ Λ1 ⊃ · · · ⊃ Λn ⊃ . . . of subgroups
such that [Λn : Λn+1] = p for every n and ∩nΛn = {e} (see for instance [43]). It follows from
the above construction that Λ is contained in a group belonging toATp .

Non-amenable residually finite p-groups are plentiful. First, it is well-known that for
every prime number p and every integer k ≥ 2, the free groupFk is residually a finite p-group
(see [50] for an elementary proof). Other examples are given by congruence subgroups.
Denote by Γn(k) the congruence subgroup of SLn(Z) defined as the kernel of the congruence
homomorphism from SLn(Z) onto SLn(Z/kZ). When n ≥ 3, the group Γn(k) is residually
p-finite if and only if the prime number p divides k. For n = 2, and k ≥ 3, the group Γ2(k) is
free and therefore residually a finite p-group for every p, and for k = 2, the group Γ2(2) is
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residually p-finite only for p = 2 (see [36]). In particular, the groups Γn(p) for p prime and
n ≥ 3 are residually finite p-groups and have Property (T).

ω

x−4

x−3

x−2

x−1
x0

x1
x2

x3

x5

T2

T
′

2

x4

Figure 1

5.6. Examples of amenable groups inATq . They are the groups of the form G = HNNα(H),
where H is an amenable group with [H : α(H)] = q and such that ∩n≥1αn(H) has a trivial
H-core.

For instance, take α : x 7→ qx from H = Z onto K = qZ. Then G = HNNα(H) is the
Baumslag-Solitar group G = BS(1, q) =

〈
a, t|t−1at = aq

〉
, q ≥ 2, which acts transitively on

its Bass-Serre tree Tq = (X,E). The end [x0 = H, x1 = tH, . . . , xk = tkH, . . . ] is G-invariant.
This group is isomorphic to the solvable group of affine transformations of R generated
by a : x 7→ x + 1 and t : x 7→ q−1x, that is the group of affine transformations of the form
x 7→ λx + µ with λ ∈ qZ and µ ∈ Z[1/q] =

{
mqk : m, k ∈ Z

}
. The stabilizer Gk of xk is the

group of translations by elements of Z/qk. Therefore ∪k>0Gk = Z[1/q].
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For another example of amenable group, start with the integer Heisenberg group H = Z3

with the product (x, z, y)(x′, z′, y′) = (x + x′, z + z′ + xy′, y + y′) and take α : (x, z, y) 7→
(2x, 4z, 2y).
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