
ON SPECTRAL CHARACTERIZATIONS OF AMENABILITY

CLAIRE ANANTHARAMAN-DELAROCHE

Abstract. We show that a measured G-space (X, µ), where G is a locally com-
pact group, is amenable in the sense of Zimmer if and only if the following
two conditions are satisfied: the associated unitary representation πX of G into
L2(X, µ) is weakly contained into the regular representation λG and there exists
a G-equivariant norm one projection from L∞(X × X) onto L∞(X). We give
examples of ergodic discrete group actions which are not amenable, although πX

is weakly contained into λG.

1. Introduction

To every measured G-space (X, µ), where µ is a quasi-invariant probability mea-
sure, is associated a unitary representation πX of G into the Hilbert space L2(X).
Going back to the works of von Neumann and Halmos [17], it is well known that
the analysis of the spectral structure of πX gives important informations about the
dynamics of (X, G, µ).

A particularly fruitful study in the case of transitive actions is due to Kesten [21].
When X = G/H, the representation πX is the quasi-regular representation λG/H .
Given a probability measure m on G, we have ‖λG(m)‖ ≤ ‖λG/H(m)‖, where λG

is the regular representation of G, and where, for every unitary representation π of
G, we set π(m) =

∫
G π(s)dm(s). Kesten proved that for any discrete group G, any

normal subgroup H, and any adapted symmetric probability measure m on G (i.e.
the support of m generates G), one has ‖λG(m)‖ = ‖λG/H(m)‖ if and only if H is
amenable.

Zimmer introduced in [32] the notion of amenable G-space (see 3.1.7, 3.1.8). It
includes a wide range of interesting examples, and for a transitive G-space G/H,
it is equivalent to the amenability of H. An amenable ergodic G-space can be
viewed as an amenable “virtual” subgroup of G. Therefore a natural question
arises: is the amenability of an ergodic G-space X equivalent to the existence of
an adapted probability measure m on G such that ‖λG(m)‖ = ‖πX(m)‖ ? or such
that r(λG(m)) = r(πX(m))? (where r(T ) denotes the spectral radius of any operator
T acting on a Hilbert space).

G. Kuhn proved [23] that for an ergodic amenable G-space X with G discrete,
the representation πX is weakly contained into λG (πX ≺ λG), so that for every
probability measure m on G we have ‖λG(m)‖ = ‖πX(m)‖. Using Kuhn’s result, A.
Nevo showed recently [24] that πX ≺ λG for every amenable ergodic G-space when G
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is a locally compact group containing a lattice. One of the motivations of the present
paper is to give a direct proof of this fact for any amenable action of any locally
compact group. Let us mention that Nevo has found nice applications of this result,
obtaining for instance lower bounds for geometric or dynamical invariants, such as
the exponent of convergence associated with a discrete subgroup of a connected
non compact semi-simple Lie group with finite centre [24]. Conversely, the weak
containment of πX into λG is not enough to insure the amenability of the G-space
X, even in the transitive case (see Section 4.2). However, A. Nevo has provided
geometric examples where the converse holds ([24, Theorem 4.5]). Another of our
motivations is the general study of the converse problem.

We work in the following more general context. Let q : (Y, ν) → (X, µ) be a G-
equivariant Borel map between measured G-spaces, with q∗ν = µ. We say that the
pair (Y, X) of measured G-spaces is amenable if there exists a G-invariant mean M :
L∞(Y ) → L∞(X) (see Definitions 3.1.1 and 3.1.3). If (Y, X) is amenable, we show
(Theorem 3.2.1) that πX is weakly contained into πY , that is ‖πX(m)‖ ≤ ‖πY (m)‖
for every bounded measure m on G. By definition, the amenability of the G-space X
is the amenability of the pair (X×G, X); then the weak equivalence between πX×G

and λG yields πX ≺ λG. We are now interested in the following reverse problems:

(A) Does πX ≺ πY implies that (Y, X) is amenable?
(A1) Does πX ≺ λG implies that X is an amenable G-space?
(B) Let H be a closed subgroup of a locally compact group G. Does the exis-

tence of an adapted probability measure m on G such that r(λG/H(m)) =
r(λG(m)) imply the amenability of H?

Note that (A1) is the particular case of (A) where Y = X×G and that the assump-
tion made in (B) is much weaker than the weak containment λG/H ≺ λG.

We give a complete answer to problem (A1), and examples or counterexamples to
illustrate problems (A) and (B). More precisely, our paper is organized as follows.

Section 2 contains basic definitions and results related to cocycle representations.
One of the main results is Corollary 2.3.4 which says that for every probability
measure m on G and every pair (Y, X) of measured G-spaces we have ‖πY (m)‖ ≤
‖πX(m)‖.

In Section 3, we recall several useful facts concerning amenable pairs. They
are mostly taken from the Monograph [4], but written here in the group action
framework, instead of the general groupoid context. As already mentioned, when
the pair is amenable we show πX is weakly contained into πY .

Section 4 is devoted to the study of the converse. We begin by recalling the result
due independently to Berg-Christensen [5] and Derriennic-Guivarc’h [8] when Y is
an homogeneous G-space, and extended by Guivarc’h [16] to the case of any G-
space, which solves completely the case where X is reduced to a point (Proposition
4.1.1). As for the pair (X × G, X) we show (Theorem 4.3.1) that it is amenable
(i. e. X is an amenable G-space) if and only if πX is weakly contained in λG and
in addition there exists an invariant mean M : L∞(X × X) → L∞(X). Although
one would be tempted to take for M the restriction to the diagonal, it does not
have any meaning in general. Of course, for an homogeneous G-space X = G/H,
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such a mean exists when H is an open or a normal subgroup, but the example,
given in Section 4.2, of H = SL(2, R) ⊂ G = SL(3, R) shows that there does not
always exist an invariant mean from L∞(G/H × G/H) onto L∞(G/H). We show
in Section 4.4 that the existence of such an invariant mean is equivalent to the
weak containment of the trivial representation of H into the restriction to H of the
quasi-regular representation λG/H . In Section 4.5 we remark that any lattice Γ of
SL(3, R) has an ergodic non amenable action on a measured space with πX ≺ λG.
In fact this remark can be extended to any lattice of a semi-simple Lie group of real
rank ≥ 2.

Finally, in Section 5 we end our paper with a few comments on problem (B).We
give a positive answer, essentially due to Kesten, when H is an open normal subgroup
of G and m is symmetric and adapted to the pair (G, H) (Theorem 5.1.3). Using
a deep result of Grigorchuk [15], we observe that the normality assumption cannot
be removed. We also point out that the symmetry of the measure m is essential.
Acknowledgements : It is a pleasure to thank B. Bekka who pointed out to me
the counterexample of Section 4.2, and A. Żuk who introduced me to the work of
Grigorchuk. I have also enjoyed several useful conversations with A. Nevo.

2. Cocycle representations

Let us first recall a few basic definitions, and fix some notations. Let G denote a
locally compact second countable group. A Borel G-space is a standard Borel space
X with a Borel left G-action (s, x) ∈ G×X 7→ sx ∈ X. If X is equipped with a G-
quasi-invariant measure µ, then (X, G, µ) (or X for short) is called a (non-singular)
measured G-space. We denote by r (or rX in case of ambiguity) the Radon-Nikodym
derivative defined by

∀s ∈ G,∀f ∈ L1(X, µ),
∫

X
f(s−1x)r(x, s)dµ(x) =

∫
X

f(x)dµ(x).

Recall that r can be chosen to be a strict Borel cocycle from X ×G into R+, that is

∀(x, s, t) ∈ X ×G×G, r(x, st) = r(x, s)r(s−1x, t).

Observe that every left G-space X can be viewed as a right G-space by setting
x.s = s−1x. Conversely every right G-space can be viewed as a left G-space. With-
out further mention, our G-spaces will be left G-spaces.

2.1. Cocycle representations. Let H = {H(x) : x ∈ X} be a µ-measurable field
of Hilbert spaces on X (see [10, Chap. II]). We denote by L2(H) =

∫ ⊕
X H(x)dµ(x)

the direct integral. For x, y ∈ X, the set of bounded linear maps from H(x) to H(y)
will be denoted by B(H(x),H(y)) and its subset of Hilbert space isomorphisms will
be denoted by Iso(H(x),H(y)).

Definition 2.1.1. A (unitary) cocycle representation of (X, G, µ), acting on H, is
a map α : (x, s) ∈ X ×G 7→ α(x, s) ∈ B(H(s−1x),H(x)) such that

(a) for each s ∈ G, α(x, s) ∈ Iso(H(s−1x),H(x)) for µ-almost every x;
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(b) for each (s, t) ∈ G × G, α(x, st) = α(x, s)α(s−1x, t) for µ-almost every
x ∈ X;

(c) for every pair of measurable sections ξ, η of H, and every s ∈ G the map
x 7→ 〈η(x), α(x, s)ξ(s−1x)〉 is measurable.

The cocycle is called strict if the properties in (a) and (b) hold everywhere.

Observe that α is, equivalently, a unitary representation of the measured semi-
direct product groupoid X×G (see [28, p. 52]).

Definition 2.1.2. Two cocycle representations α and β, acting on H and K re-
spectively are said to be equivalent (') if there exists a map ϕ : x 7→ ϕ(x) ∈
B(H(x),K(x)) such that

(a) ϕ(x) ∈ Iso(H(x),K(x)) for µ-almost all x ∈ X;
(b) for each s ∈ G, ϕ(x)α(x, s) = β(x, s)ϕ(s−1x) for µ-almost all x ∈ X;
(c) for every pair of measurable sections ξ of H and η of K the map x 7→

〈η(x), ϕ(x)ξ(x)〉 is measurable.
There is also an obvious notion of strict equivalence.

We denote by Rep(X×G, µ) the set of (equivalence classes of) cocycle represen-
tations on (X, G, µ). When X is reduced to a point, Rep(X×G, µ) is the space
Rep(G) of (equivalence classes of) unitary representations of G.

There is a well known map from Rep(X×G, µ) into Rep(G), called the induc-
tion map. According to Mackey’s point of view, considering measured G-spaces as
“virtual subgroups” of G, this map corresponds to the usual induction map in rep-
resentation group theory. Let us recall its definition. Let α ∈ Rep(X×G, µ) be a
cocycle representation acting on H. The induced representation Indα (or IndXα in
case of ambiguity) is the representation into L2(H) defined by

(Indα(t)ξ)(x) =
√

r(x, t)α(x, t)ξ(t−1x)

for ξ ∈ L2(H) and (x, t) ∈ X ×G.
We shall also consider the restriction map Res (or ResX in case of ambiguity)

from Rep(G) into Rep(X×G, µ), which sends π ∈ Rep(G) acting on Hπ to Res π :
(x, t) 7→ π(t) acting on the constant field with fiber Hπ.

The restriction of the trivial representation ιG of G will be denoted by ιX×G

and called the trivial cocycle. It is the constant function (x, t) 7→ 1. Similarly, the
restriction λX×G of the (left) regular representation λG of G will be called the (left)
regular cocycle.

The representation Ind ιX×G induced by ιX×G plays an important role in the
study of the measured G-space (X, G, µ). We call it the canonical representation of
G associated with (X, G, µ) and denote it by πX . It acts into L2(X, µ) by

πX(t)ξ(x) =
√

r(x, t)ξ(t−1x)

for ξ ∈ L2(X, µ) and (x, t) ∈ X×G. Note that given two measured G-spaces X and
X ′, we have

πX×X′ = πX ⊗ πX′ .
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Let us observe for further use that

Ind ◦ Res λG = IndλX×G = πX ⊗ λG ' ∞.λG. (2.1)

Here ∞.λG denotes the direct sum of countably many copies of λG and we use the
well known observation that π ⊗ λG is equivalent to (dim π).λG for every unitary
representation π of G (see [12]). More generally, for every representation U of G we
have

Ind ◦ Res U = πX ⊗ U. (2.2)
As a consequence of (2.1), note that Res ◦ IndλX×G ' ∞.λX×G.

The analysis of Res ◦ Ind ιX×G is more subtle. Following Zimmer [31], we say
that the measured G-space (X, G, µ) is normal if Res ◦ Ind ιX×G ' ∞.ιX×G.

We shall sometimes view G as a left G-space. Then we have Ind ιG×G = λG. On
the other hand, when X = {pt} is reduced to a point, we have Ind ι{pt}×G = ιG.

For transitive G-spaces, the well known correspondence between cocycles and
homomorphisms of the stability subgroups, due to Mackey, motivates the above
definitions. More precisely, let H be a closed subgroup of G and let µ be a quasi-
invariant measure on X = G/H. Given a strict cocycle α : G/H×G → Iso(H), then
πα : h 7→ α([e], h) is a representation of H in the Hilbert space H (where [e] is the
equivalence class of the unit of G). On the other hand, let γ : G/H → G be a Borel
section of the natural projection, with γ([e]) = e. Then β(x, s) := γ(x)−1sγ(s−1x) is
a Borel cocycle from X ×G into H. To every π ∈ Rep(H) is associated the cocycle
απ : (x, s) 7→ π(β(x, s)). In this way we define a bijection between Rep(H) and
Rep(X×G, µ) whose converse is α 7→ πα. The notions of induction and restriction
defined above correspond to the usual ones in group representation theory, when
Rep(H) and Rep((G/H)×G, µ) are identified. One can also check that (G/H, G, µ)
is a normal measured G-space if and only if H is a normal subgroup of G (see [31,
Prop. 5.3]). For more details we refer to [31] or [36].

2.2. Pairs of measured G-spaces. An interesting family of cocycle representa-
tions of (X, G, µ) comes from extensions of measured G-spaces. Let Y be another
Borel G-space and let q : Y → X be a Borel G-equivariant map. A G-quasi-invariant
Borel q-system of measures is a family ρ = {ρx : x ∈ X} of measures ρx on q−1(x)
such that

(i) for every nonnegative Borel function f on Y , the function ρ(f) : x 7→ ρx(f)
is Borel;

(ii) there exists a Borel cocycle c : Y ×G → [0,+∞] satisfying∫
f(s−1y)c(y, s)dρx(y) =

∫
f(y)dρs−1x(y), (2.3)

for every Borel nonnegative function f and every (x, s) ∈ X ×G.
We say that ρ is proper if there exists a positive Borel function f on Y such that

ρx(f) = 1 for every x ∈ X. We shall always assume that ρ is proper.
Let ρ be a quasi-invariant Borel q-system of measures. We set ν = µ ◦ ρ, that is∫

fdν =
∫

f(y)dρx(y)dµ(x)
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for every Borel nonnegative function on Y . Obviously, ν is a quasi-invariant measure
on Y and

rY (y, s) = c(y, s)rX(q(y), s), ∀(y, s) ∈ Y ×G.

Note that q∗ν = µ, so that the measured G-space (Y, ν) is an extension of the
measured G-space (X, µ). Conversely, using the disintegration theorem of measures,
we see that every extension (Y, ν) of (X, µ) can be expressed as above. The datum of
(Y, q, ρ, X, µ) will be called a pair of measured G-spaces, and denoted by (Y, X) for
simplicity. In particular, the measures µ and ν will always be implicitely included
in the structures of X and Y respectively.

Given such a pair, we set H(x) = L2(q−1(x), ρx). Then H = {H(x) : x ∈ X} has
a natural structure of measurable field of Hilbert spaces and L2(H) = L2(Y, ν). For
(y, s) ∈ Y ×G and ξ ∈ L2(q−1(s−1x), ρs−1x) let us set

(α(x, s)ξ)(y) =
√

c(y, s)ξ(s−1y), (2.4)

where x = q(y). Then α is a cocycle representation of (X, G, µ), which will be called
the canonical cocycle representation of the pair (Y, X) and denoted by α(Y,X). The
analogue of the classical theorem of Induction in Stages states here that

IndX α(Y,X) = IndY ιY×G = πY , (2.5)

where for ξ ∈ L2(Y, ν),

πY (s)ξ(y) =
√

rY (y, s)ξ(s−1y).

We shall have to consider the case q : (Y = X × X ′, µ ⊗ µ′) → (X, µ) where
(X ′, µ′) is another measured G-space, G acts diagonally on Y , and q is the first
projection. Then, α(X×X′,X) acts on the constant field of Hilbert spaces with fiber
L2(X ′) over X, and for ξ ∈ L2(X ′) we have

(α(X×X′,X)(x, s)ξ)(x′) =
√

rX′(x′, s)ξ(s−1x′).

Therefore
α(X×X′,X) = ResX ◦ Ind ιX′×G = ResX(πX′). (2.6)

In particular, we have

α(X×G,X) = ResX(λG) = λX×G,

α(X′,{pt}) = Ind ιX′×G = πX′ .

2.3. Herz majoration principle. Given a unitary representation π of G in a
Hilbert space H, and a bounded measure m on G we define the operator π(m) ∈
B(H) by

π(m)(ξ) =
∫

G
π(s) ξdm(s), for ξ ∈ H.

In his study of the Kunze-Stein phenomenon [18], Herz observed that for every
homogeneous space G/H and every bounded positive measure m on G we have
‖λG(m)‖ ≤ ‖λG/H(m)‖, where λG/H is the quasi-regular representation of G into
L2(G/H). In this section, we study some generalizations of this inequality.
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Proposition 2.3.1. Let (X, G, µ) be a measured G-space, and let α be a cocycle
representation acting on a measurable field H of Hilbert spaces. Then, for every
bounded positive measure m on G we have ‖Indα(m)‖ ≤ ‖πX(m)‖.

Proof. Given ξ, η ∈ H, we have

|〈Indα(s)ξ, η〉| = |
∫ √

rX(x, s)〈α(x, s)ξ(s−1x), η(x)〉dµ(x)|

≤
∫ √

rX(x, s)‖ξ(s−1x)‖‖η(x)‖dµ(x).

It follows that

|
∫
〈Indα(s)ξ, η〉dm(s)| ≤

∫
|〈Indα(s)ξ, η〉|dm(s)

≤
∫ √

rX(x, s)‖ξ(s−1x)‖‖η(x)‖dµ(x)dm(s).

Let us define ξ̃ by ξ̃(x) = ‖ξ(x)‖. Then we have ξ̃ ∈ L2(X, µ), with ‖ξ̃‖2 = ‖ξ‖.
Similarly, we define η̃. Then we get

|〈Indα(m)ξ, η〉| ≤ 〈πX(m)ξ̃, η̃〉
≤ ‖πX(m)‖‖ξ‖‖η‖.

�

Corollary 2.3.2. Let (X, G, µ) be a measured G-space and let U be a unitary
representation of G. Then, for every bounded positive measure m on G we have
‖(πX ⊗ U)(m)‖ ≤ ‖πX(m)‖.

Proof. We apply the previous proposition to the cocycle Res U : (x, t) 7→ U(t). �

Corollary 2.3.3. Let (X, G, µ) be a measured G-space. Then, for every bounded
positive measure m on G we have ‖λG(m)‖ ≤ ‖πX(m)‖.

Proof. This is the particular case of Corollary 2.3.2 where U = λG. �

Corollary 2.3.4. Let (Y, X) be a pair of measured G-spaces. Let πX and πY be
the unitary representations of G associated with the measured G-spaces X and Y
respectively. Then, for every bounded positive measure m on G we have ‖πY (m)‖ ≤
‖πX(m)‖.

Proof. We apply Proposition 2.3.1 to the cocycle representation α(Y,X). �

Remarks 2.3.5. (a) The classical Herz majoration principle is the particular case of
Corollary 2.3.3 where X is the transitive G-space G/H.

(b) By applying the above inequalities to the convolution powers m∗k instead of
m, we get at once the corresponding inequalities for the spectral radii.

Remark 2.3.6. Note that Corollary 2.3.2 is obviously not true when πX is replaced
by any representation of G. Consider for instance the group G of complex numbers
of module 1, the representation π : z 7→ zn where n is a given nonzero integer, and
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U : z 7→ z−n. Let m be the Lebesgue measure on G. Then we have ‖π(m)‖ = 0 and
‖π ⊗ U(m)‖ = 1.

On the other hand, Shalom has proved ([29, Lemma 2.3]) that Corollary 2.3.3 is
true when πX is replaced by any representation π having a nonzero vector ξ, positive
in the sense that 〈π(s)ξ, ξ〉 ≥ 0 for every s ∈ G. Of course, the representation πX has
this property. Is Corollary 2.3.2 still true when πX is replaced by any representation
having a nonzero positive vector?

3. Amenable pairs of measured spaces

3.1. Basic facts. Let (X, G, µ) be a measured G-space. The algebra L1(G) acts on
L∞(X) according to the formula

(f ∗ ϕ)(x) =
∫

f(s)ϕ(s−1x)ds, ∀f ∈ L1(G),∀ϕ ∈ L∞(X).

As usually, we let G act on L∞(X) by s.ϕ(x) = ϕ(s−1x).
Let us consider a pair (Y, X) of measured G-spaces. Observe that L∞(X) is

canonically embedded into L∞(Y ). A mean will be a positive unital L∞(X)-linear
map M : L∞(Y ) → L∞(X). It can be defined equivalently as a norm one projection
from L∞(Y ) onto L∞(X). Let us recall two notions of invariance for such a mean.

Definition 3.1.1. We say that a mean M is invariant (or G-equivariant) if m(s.ϕ) =
s.m(ϕ) for every s ∈ G and every ϕ ∈ L∞(Y ). A topologically invariant mean is a
mean M such that M(f ∗ϕ) = f ∗M(ϕ) for every f ∈ L1(G) and every ϕ ∈ L∞(Y ).

Let us denote by L∞(X)c the subspace of all functions ϕ ∈ L∞(X) such that
s 7→ s.ϕ is norm continuous. We recall first the following classical result (see [3],
[16], or [26] for instance):

Proposition 3.1.2. The following conditions are equivalent:
(i) there exists an invariant mean M : L∞(Y ) → L∞(X);
(ii) there exists an invariant mean M : L∞(Y )c → L∞(X)c;
(iii) there exists a topologically invariant mean M : L∞(Y ) → L∞(X).

Definition 3.1.3. When these equivalent definitions are fulfilled, we say that the
pair (Y, X) of measured G-spaces is amenable.

We recall, for further use the following result.

Proposition 3.1.4. (see [2, Lemme 2.1] or [4, Prop. 5.3.3]) Let (Y1, X1), (Y2, X2)
be two amenable pairs of measured G-spaces. Then (Y1 × Y2, X1 × X2), with the
diagonal actions, is also an amenable pair.

It is useful to have characterizations of amenability in terms of L1 or L2 ap-
proximation properties. We need first to introduce some notations. For 1 ≤ p <
+∞, we define L∞(X, Lp(Y, ρ)) as the Banach space of µ ◦ ρ-measurable func-
tions g : Y → C such that x 7→

∫
|g|pdρx is µ-essentially bounded, normed by

‖g‖∞,p = (‖ρ(|g|p)‖∞)1/p. We denote by BL∞(X)(L∞(Y ), L∞(X)) the Banach space
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of all bounded L∞(X)-linear maps from L∞(Y ) into L∞(X). There is an isomet-
ric embedding of L∞(X, L1(Y, ρ)) into BL∞(X)(L∞(Y ), L∞(X)) by g 7→ mg where
mg(ϕ) = ρ(gϕ) for ϕ ∈ L∞(Y ). Recall ([4, Lemma 1.2.6]) that the convex set formed
by the mg, with g nonnegative in L∞(X, L1(Y, ρ)) and such that ρ(g) ≤ 1, is dense
in the unit ball of BL∞(X)(L∞(Y ), L∞(X)) equipped with the weak*-topology.

We define an isometric left action L of G on L∞(X, L1(Y, ρ)) by

Lsg(y) = c(y, s)g(s−1y), ∀(y, s) ∈ Y ×G,∀g ∈ L∞(X, L1(Y, ρ)).

Its integrated form defines the following action of L1(G):

(f ∗ g)(y) =
∫

Y
f(s)c(y, s)g(s−1y)ds.

Note that Ls(f ∗ g) = (s.f) ∗ g for every s ∈ G.
Finally, we shall denote by L∞1 (X, Lp(Y, ρ)) the set of all elements

g ∈ L∞(X, Lp(Y, ρ)) with ρ(|g|p) = 1, and by L∞1 (X, Lp(Y, ρ))+ the subset of its
positive elements.

Theorem 3.1.5. Let (Y, X) be a pair of measured G-spaces. The following condi-
tions are equivalent:

(i) The pair (Y, X) is amenable.
(ii) There exists a net (gi) in L∞1 (X, L1(Y, ρ))+ such that for every f ∈ L1(G)

satisfying
∫

f(t)dt = 1, we have lim
i

ρ(|f ∗gi−gi|) = 0 in the weak*-topology

of L∞(X).
(iii) For every compact subset C of G, every finite subset F of L1(X)+ and every

ε > 0, there exists g ∈ L∞1 (X, L1(Y, ρ))+ such that

sup
(s,h)∈C×F

∫
h(x)

( ∫
|(Lsg)(y)− g(y)|dρx(y)

)
dµ(x) ≤ ε.

Proof. (i) ⇒ (ii). Let M ∈ BL∞(X)(L∞(Y ), L∞(X)) be a topological invariant
mean, and let (gi) be a net in L∞1 (X, L1(Y, ρ))+ such that limi mgi = M in the
weak*-topology. It follows from the invariance of M that

lim
i
〈mgi(f ∗ ϕ)− f ∗mgi(ϕ), h〉 = 0

for every ϕ ∈ L∞(Y ), f ∈ L1(G), h ∈ L1(X), that is

lim
i

∫
f(t)h(x)ϕ(t−1y)[c(y, t)gi(t−1y)− gi(y)]dρx(y)dtdµ(x) = 0.

We have ∫
ϕ(t−1y)[c(y, t)gi(t−1y)− gi(y)]dρx(y)

=
∫

ϕ(y)[c(ty, t)gi(y)− gi(ty)]c(y, t−1)dρt−1x(y)
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by (2.3), and therefore∫
f(t)h(x)ϕ(t−1y)[c(y, t)gi(t−1y)− gi(y)]dρx(y)dtdµ(x)

=
∫

f(t)h(x)ϕ(y)[gi(y)− c(y, t−1)gi(ty)]dρt−1x(y)dµ(x)dt

=
∫

f(t)h(tx)ϕ(y)[gi(y)− c(y, t−1)gi(ty)]rX(x, t−1)dρx(y)dµ(x)dt

=
∫

f(t−1)
∆(t)

h(t−1x)rX(x, t)
( ∫

ϕ(y)[gi(y)− c(y, t)gi(t−1y)]dρx(y)
)
dµ(x)dt,

where ∆ is the modular function of G.

Let us remark that (x, t) 7→ f̃(x, t) =
f(t−1)
∆(t)

h(t−1x)rX(x, t) belongs to

L1(X ×G). Hence, we see that

lim
i

∫
k(x, t)

( ∫
ϕ(y)[gi(y)− c(y, t)gi(t−1y)]dρx(y)

)
dµ(x)dt = 0

for every k ∈ L1(X ×G) and every ϕ ∈ L∞(Y ).
Now, we use the classical Day-Namioka argument. Let f1, . . . , fk be fixed elements

in L1(X ×G). For 1 ≤ i ≤ k and g ∈ L∞1 (X, L1(Y, ρ))+ we set

bi(g)(y) =
∫

fi(q(y), t)[c(y, t)g(t−1y)− g(y)]dt.

Let us denote by C the range of L∞1 (X, L1(Y, ρ))+ in L1(Y, µ ◦ ρ)k by the map g 7→
(b1(g), . . . , bk(g)). We know that (0, . . . , 0) belongs to the closure of C in L1(Y, µ ◦
ρ)k equipped with the product topology, where we consider the weak topology on
L1(Y, µ ◦ ρ). Since C is convex, we may replace this latter topology by the norm
topology, using the Hahn-Banach separation theorem.

Therefore, there exists a net (gi) in L∞1 (X, L1(Y, ρ))+ such that for every f ∈
L1(G) with

∫
f(t)dt = 1 and every h ∈ L1(X)+,

lim
i

∫
h(x)[

∫
|f ∗ gi − gi|dρx]dµ(x)

= lim
i

∫
|h ◦ q(y)f(t)[c(y, t)gi(t−1y)− gi(y)]dt|dµ ◦ ρ(y) = 0.

(ii) ⇒ (i) is obvious since every limit point of (mgi) is an invariant mean.
(ii) ⇒ (iii). Let us consider C and F as in (iii), and η > 0. Let f ∈ L1(G)+ such

that
∫

f(t)dt = 1, and let V be a neighbourhood of e such that ‖s.f − f‖1 ≤ η for
every s ∈ V . Then we can find a finite number of elements s1, . . . , sn in G such that
C ⊂ ∪n

i=1siV . We set s0 = e and we choose g ∈ L∞1 (X, L1(Y, ρ))+ such that∫
h(x)|(si.f) ∗ g(y)− g(y)|dρx(y)dµ(x) ≤ η

for h ∈ F and 0 ≤ i ≤ n.
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Let s ∈ C and choose si such that s ∈ siV . We have∫
h(x)|Ls(f ∗ g)(y)− f ∗ g(y)|dρx(y)dµ(x)

≤
∫

h(x)|(s.f) ∗ g(y)− g(y)|dρx(y)dµ(x) +
∫

h(x)|f ∗ g(y)− g(y)|dρx(y)dµ(x)

≤
∫

h(x)|(s.f − si.f) ∗ g|dρx(y)dµ(x) +
∫

h(x)|si.f ∗ g(y)− g(y)|dρx(y)dµ(x) + η

≤ ‖s−1
i s.f − f‖1‖h‖1 + 2η

≤ η‖h‖1 + 2η.

To conclude, it suffices to choose η small enough.
(iii) ⇒ (ii) is straightforward. �

Theorem 3.1.6. Let (Y, X) be a pair of measured G-spaces. The following condi-
tions are equivalent:

(i) The pair (Y, X) is amenable.
(ii) There exists a net (ξi) in L∞1 (X, L2(Y, ρ)) such that for every f ∈ L1(X ×

G), we have

lim
i

∫
f(x, s)|

√
c(y, s)ξi(s−1y)− ξi(y)|2dρx(y)dµ(x)ds = 0.

(iii) For every compact subset C of G, every finite subset F of L1(X)+ and every
ε > 0, there exists ξ ∈ L∞1 (X, L2(Y, ρ)) such that

sup
(s,h)∈C×F

∫
h(x)

( ∫
|(

√
c(y, s)ξ(s−1y − ξ(y)|2dρx(y)

)
dµ(x) ≤ ε.

Proof. This change from L1-conditions to L2-conditions is standard. Given (gi) as
in Theorem 3.1.5 (ii), we set ξi =

√
gi and we check that (ξi) satisfies condition (ii)

of Theorem 3.1.6. Conversely, given (ξi) we set gi = |ξi|2. �

Definition 3.1.7. Let (X, G, µ) be a measured G-space. We equip X ×G with the
diagonal action and the measure µ⊗ λ where λ is the left Haar measure. Note that
X ×G is an extension of X with invariant q-system of measures {δx ⊗ λ : x ∈ X},
q being here the first projection. We say that (X, G, µ) is amenable (in Zimmer’s
sense) (or that X is an amenable measured G-space) if the pair (X × G, X) is
amenable.

Remark 3.1.8. Amenable measured G-spaces were first introduced by Zimmer in [34],
in terms of a conditional fixed point condition. The equivalence of his definition with
the existence of an invariant mean M : L∞(X ×G) → L∞(X) is established in [32],
[33] for G discrete, and later on for any separable locally compact group in [1].

By Theorem 3.1.6, the amenability of the measured G-space X is equivalent to
the existence of a net (ξi) of Borel fonctions on X ×G such that

(a)
∫
|ξi(x, t)|2dt = 1 for µ-almost every x;
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(b) limi

∫
f(x, s)|ξi(s−1x, s−1t)− ξi(x, t)|2dtdµ(x)ds = 0 for every f ∈ L1(X ×

G).

Definition 3.1.9. We say that a measured G-space (X, G, µ) is amenable in the
sense of Greenleaf if the pair (X, {pt}) of G-spaces is amenable.

This notion was introduced and studied by Greenleaf in [14]. The particular case
where X is a homogeneous space G/H was studied in details by Eymard in [11].
Amenable G-spaces, unless otherwise specified, will always be amenable in Zimmer’s
sense.

3.2. Norm estimates for amenable pairs. Given two unitary representations
π1, π2 of G we say that π1 is weakly contained into π2, and we write π1 ≺ π2, if for
every finite subset F of L1(G), every ξ ∈ Hπ1 (Hilbert space of the representation
π1) and every ε > 0, there exist a finite number of vectors η1, . . . , ηp in Hπ2 such
that

sup
f∈F

|〈ξ, π1(f)ξ〉 −
p∑

i=1

〈ηi, π2(f)ηi〉| ≤ ε.

A fundamental observation is the equivalence of this definition with the fact that
‖π1(f)‖ ≤ ‖π2(f)‖ for every f ∈ L1(G) (see [9, Theorem 3.4.4]). By a standard
regularisation argument (see the proof of the following theorem) it is also equivalent
to ‖π1(m)‖ ≤ ‖π2(m)‖ for every bounded measure m on G. For further details
about this important notion in group representation theory, we refer to [9] and [12].

Given an operator T acting on a Hilbert space H, we shall denote by r(T ) its
spectral radius.

Theorem 3.2.1. Let (Y, X) be an amenable pair of measured G-spaces. Then the
representation πX is weakly contained into the representation πY . In other words,
for every f ∈ L1(G) we have

‖πX(f)‖ ≤ ‖πY (f)‖.

Moreover, for every bounded positive measure m on G, we have ‖πX(m)‖ = ‖πY (m)‖
and r(πX(m)) = r(πY (m)).

Proof. Let v ∈ L2(X) and let us consider a net (ξi) as in Theorem 3.1.6 (ii). Let us
introduce vi = ξi(v ◦ q). Then vi belongs to L2(Y ) and ‖vi‖2 = ‖v‖2. For t ∈ G, we
have

〈vi, πY (t)vi〉 =
∫

vi(y)
√

c(y, t)
√

rX(q(y), t)vi(t−1y)dρx(y)dµ(x)

=
∫

v(x)v(t−1x)
√

rX(x, t)[
∫

ξi(y)
√

c(y, t)ξi(t−1y)dρx(y)]dµ(x)

and, for f ∈ L1(G),

〈vi, πY (f)vi〉 =
∫

f(t)v(x)v(t−1x)
√

rX(x, t)[
∫

ξi(y)
√

c(y, t)ξi(t−1y)dρx(y)]dµ(x)dt.
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Observe that (x, t) 7→ h(x, t) := f(t)v(x)v(t−1x)
√

rX(x, t) belongs to L1(X ×G) so
that, using condition (ii) of Theorem 3.1.6, we get

lim
i

∫
h(x, t)[

∫
ξi(y)

√
c(y, t)ξi(t−1y)dρx(y)]dµ(x)dt =

∫
h(x, t)dµ(x)dt,

that is
lim

i
〈vi, πY (f)vi〉 = 〈v, πX(f)v〉.

This implies the weak containment of πX into πY , that is ‖πX(f)‖ ≤ ‖πY (f)‖ for
every f ∈ L1(G).

Remark that the weak containment of πX into πY also implies that ‖πX(m)‖ ≤
‖πY (m)‖ for every bounded measure m on G. Indeed, given ε > 0 we may choose
ξ ∈ L2(X) and f ∈ L1(G) with ‖ξ‖2 = 1 and ‖f‖1 = 1 such that

‖πX(m)πX(f)ξ‖ ≥ ‖πX(m)‖ − ε.

It follows that

‖πY (m)‖ ≥ ‖πY (m ∗ f)‖ ≥ ‖πX(m ∗ f)‖ ≥ ‖πX(m)πX(f)ξ‖ ≥ ‖πX(m)‖ − ε.

Therefore, we have ‖πY (m)‖ ≥ ‖πX(m)‖.
When m is positive the equality ‖πX(m)‖ = ‖πY (m)‖ is then a consequence of

Corollary 2.3.4.
Finally, recall that r(πX(m)) = limk ‖πX(m)k‖1/k = limk ‖πX(m∗k)‖1/k, Then

the equality of the spectral radii follows from the previous paragraph applied to the
bounded positive measure m∗k. �

Corollary 3.2.2. Let X be an amenable measured G-space. Then for every f ∈
L1(G) we have ‖πX(f)‖ ≤ ‖λG(f)‖. Moreover, for every bounded positive measure
m on G, we have ‖πX(m)‖ = ‖λG(m)‖ and r(πX(m)) = r(λG(m)).

Proof. We apply Theorem 3.2.1 to the pair (Y = X ×G, X). Then

πY = πX ⊗ λG ' ∞.λG

and therefore for every f ∈ L1(G) we have ‖πX(f)‖ ≤ ‖πY (f)‖ = ‖λG(f)‖. �

This result extends to every cocycle representation of (X, G, µ).

Theorem 3.2.3. Let X be an amenable measured G-space. Then for every α ∈
Rep(X×G, µ) and every f ∈ L1(G) we have ‖Indα(f)‖ ≤ ‖λG(f)‖, with equality if
f ≥ 0. In particular, for every representation U of G and every f ∈ L1(G) we have
‖(πX ⊗ U)(f)‖ ≤ ‖λG(f)‖.

Proof. We follow the same pattern as in the proof of theorem 3.2.1. Let us choose
a net (ξi) as in Remark 3.1.8. We shall write ξi(x)(t) = ξi(x, t). Note that ξi(x) ∈
L2(G) and ‖ξi(x)‖2 = 1 almost everywhere. Assume that α acts on H = {H(x) :

x ∈ X}. We consider a norm one vector v ∈ L2(H) =
∫ ⊕

X
H(x)dµ(x) and define

vi : x 7→ vi(x) = ξi(x)⊗ v(x) ∈ L2(G)⊗H(x).
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Then vi ∈ L2(G)⊗ L2(H) =
∫ ⊕

X
L2(G)⊗H(x)dµ(x) and

‖vi‖2 =
∫
‖ξi(x)‖2

2‖v(x)‖2dµ(x) = 1.

Exactly as in the proof of Theorem 3.2.1 we show that for every f ∈ L2(G) ,

lim
i
〈vi, (λG ⊗ Indα)(f)vi〉 = 〈v, Indα(f)v〉.

Therefore Indα is weakly contained into λG ⊗ Indα, which is weakly equivalent to
λG.

Finally, if we apply this result to the cocycle representation Res U , we get that
πX ⊗ U is weakly contained into λG. �

Remark 3.2.4. The previous result was first proved by G. Kuhn, for discrete group
actions, in [23].

4. Characterization of amenabiliy by norm estimates

In this section, we study the converse of Theorem 3.2.1.

4.1. Characterization of amenability in Greenleaf’s sense. Let us recall be-
low that the converse of theorem 3.2.1 is true when X is reduced to a point. We
shall say that a measure m on G is adapted if the closed subgroup of G generated
by the support of m is G itself.

Proposition 4.1.1. ([5], [8], [16]) Let (Y, ν) be a measured G-space. Then the
following conditions are equivalent:

(i) There exists a G-invariant mean on L∞(Y ).
(ii) The trivial representation of G is weakly contained in πY .
(iii) There exists an adapted probability measure m on G such that the spectral

radius r(πY (m)) is equal to 1.

Observe that the equivalence between (i) and (ii) is the particular case of Theorem
3.1.6 where X is reduced to a point. When m is a symmetric adapted probability
measure on a countable discrete group G and (Y, ν) = (G, λ), condition (iii) is
Kesten’s characterisation of amenability for G (see [22] and also [7]).

In view of the observation following Theorem 5.3 below, it is remarkable that
in Proposition 4.1.1 the implication (iii) ⇒ (i) is true without assuming m to be
symmetric. For the reader’s convenience, we recall briefly its proof given in [16].

Proof of (iii) ⇒ (i). Let α be an element of the spectrum of πY (m) such that |α| =
1. There exists a sequence (ξn) in L2(Y ) of norm one elements with

lim
n
‖πY (m)ξn − αξn‖2 = 0;

therefore we have limn〈πY (m)ξn, ξn〉 = α. Since

|〈πY (m)ξn, ξn〉| ≤
∫
〈πY (t)|ξn|, |ξn|〉dm(t) ≤ 1,
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we see that lim
n

∫
〈πY (t)|ξn|, |ξn|〉dm(t) = 1. It follows that

lim
n

∫
‖(πY (t)|ξn|)2 − |ξn|2‖1dm(t) = 0.

By taking a subsequence of (|ξn|), we find a sequence (hn) of norm one non-negative
elements in L1(Y ) such that limn ‖πY (t)hn − hn‖1 = 0 for every t in a subset E of
G whose complement has m-measure zero.

Let us denote by Mn the state defined on L∞(Y )c by Mn(f) =
∫

f(y)hn(y)dν(y),
and let M be an accumulation point of the sequence (Mn) in (L∞(Y )c)∗ endowed
with the weak*-topology. We have M(πY (t)f) = M(f) for every f ∈ L∞(Y )c

and t ∈ E−1. The set F of elements t ∈ G such that M(πY (t)f) = M(f) for
every f ∈ L∞(Y )c is a closed subgroup of G, with m(G \ F ) = 0. It follows that
F = G since m is an adapted probability measure. To conclude we use Proposition
3.1.2. �

We shall see now that even the equivalence between (i) and (ii) in Proposition
4.1.1 does not extend to any pair (Y, X) of measured G-spaces.

4.2. A negative answer to problem (A1) for a transitive action. Let H be a
closed subgroup of a locally compact group G. The homogeneous space G/H carries
only one class of quasi-invariant measures. Zimmer proved in [34] that the measured
G-space G/H is amenable if and only if H is an amenable group. Corollary 3.2.2
implies that when H is amenable the quasi-regular representation λG/H is weakly
contained into the regular representation λG. This fact follows also immediately
from the continuity of the induction map.

However the converse is not true, as it is shown by the following example that B.
Bekka told me. Let us consider the groups

H = SL(2, R) ⊂ H ′ = SL(2, R)×R2 ⊂ G = SL(3, R).

The action of SL(2, R) on (the dual of) R2 has two orbits: {0} and R2 \ {0}.
The stabilizer of 0 is SL(2, R) and the stabilizer of (0, 1) is the group of upper
triangular matrices with diagonal entries equal to 1. It follows from Mackey analysis
of representations of such semi-direct products that the unitary dual Ĥ ′ of H ′ is a
disjoint union

Ĥ ′ = ̂SL(2, R) ∪ E

where the elements of E are weakly contained into λH′ .
Let π be a representation of H into Hπ. Its induced representation IndH′

H (π) to H ′

is the direct sum of a representation π1 which is trivial on R2 and a representation
π2 which is weakly contained into λH′ . Assume that π1 6= 0. Let f be a non-zero
vector in the Hilbert space of the subrepresentation π1 of IndH′

H (π). Recall that f
is a function from H ′ to Hπ such that f(xh) = π(h−1)f(x) for every h ∈ H and∫

H′/H
‖f(ẋ)‖2dẋ < +∞, where dẋ is the Lebesgue measure on on H ′/H = R2. Since

π1 is trivial on R2 we see that f(tx) = f(x) almost everywhere for every t ∈ R2, but
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this is impossible because ẋ 7→ ‖f(ẋ)‖ is non-zero and belongs to L2(R2). Therefore
we have π1 = 0. It follows that IndH′

H (π) is weakly contained into λH′ . Now, using
the theorem of induction in stages and the continuity of the induction map, we
see that IndG

H(π) is weakly contained into λG. This gives an example where every
induced representation from H to G is weakly contained into λG although H is not
amenable.

What is missing here is that the trivial representation of H is not weakly contained
into the restriction of the quasi-regular representation λG/H of G to H.

Proposition 4.2.1. Let H be a closed subgroup of a locally compact group G. The
following conditions are equivalent:

(i) H is an amenable group;
(ii) the trivial representation ιH of H is weakly contained into the restriction to

H of the quasi-regular representation λG/H , and λG/H is weakly contained
into λG.

Proof. Assume first that H is amenable. Then the trivial representation ιH of H is
weakly contained into its regular representation λH . Inducing these representations
to G we see that λG/H is weakly contained into λG (see [12]). Moreover, since H is
amenable, there exists an H-invariant state on L∞(G/H). Then we use Proposition
4.1.1 to conclude that ιH of H is weakly contained into the restriction to H of the
quasi-regular representation λG/H .

Conversely, assume that assertion (ii) is true. In particular, the restriction to H
of the quasi-regular representation λG/H is weakly contained into the restriction of
λG to H. Since the latter is weakly equivalent to λH , we get immediately that ιH
is weakly contained into λH . �

This characterization of the amenability of the homogeneous G-space G/H will
be extended in the next two subsections to any measured G-space.

4.3. Characterization of amenability in Zimmer’s sense. Let (X, G, µ) be a
measured G-space. Then X × X is equipped with the diagonal G-action and the
measure µ ⊗ µ. The first projection turns (X × X, X) into a pair of measured
G-spaces.

Theorem 4.3.1. Let (X, G, µ) be a measured G-space. The following conditions
are equivalent:

(i) (X, G, µ) is amenable in Zimmer’s sense.
(ii) The representation πX is weakly contained into the regular representation of

G and moreover there exists an invariant mean M : L∞(X×X) → L∞(X).

Before giving the proof, let us recall first the following result.

Proposition 4.3.2. ([2], [35]). Let (Y, X) be a pair of measured G-spaces. If X is
an amenable G-space in Zimmer’s sense, then the pair (Y, X) is amenable.

Proof. Let us recall briefly the proof for the reader’s convenience. Let E : L∞(Y ) →
L∞(X) be a norm one projection. Consider ϕ ∈ L∞(Y )c. For f ∈ L1(X), the
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map s 7→ 〈s.(E(s−1.ϕ)), f〉 is continuous and bounded on G and therefore s 7→
s.(E(s−1.ϕ)) belongs to L∞(X × G) = L∞(G, L∞(X)). Let us denote by Φ the
map from L∞(Y )c to L∞(X × G) so defined. Observe that Φ(ϕ) = ϕ for every
ϕ ∈ L∞(X)c and that Φ is G-equivariant, X ×G being endowed with the diagonal
left G-action.

Let M be an invariant norm one projection from L∞(X ×G) onto L∞(X). Then
P = M ◦Φ is a G-equivariant norm one linear map from L∞(Y )c to L∞(X) such that
P (ϕ) = ϕ for every ϕ ∈ L∞(X)c. Obviously P (L∞(Y )c) = L∞(X)c and therefore
condition (ii) of Proposition 3.1.2 is fulfilled. �

Proof of (i) ⇒ (ii) in Theorem 4.3.1. It follows immediately from Corollary 3.2.2
and the previous Proposition. �

Now to prove (ii) ⇒ (i) in Theorem 4.3.1, we need some tedious preliminaries.
First, we shall define a topology on Rep (X×G, µ). Consider a cocycle representation
α acting on the fieldH = {H(x) : x ∈ X} of Hilbert spaces. We denote by L∞(X,H)
the Banach space of essentially bounded measurable sections ofH, and by L∞1 (X,H)
the subset of sections ξ such that ‖ξ(x)‖ = 1 for µ-almost every x.

Let ε > 0, Ξ = {ξ1, . . . , ξn} a finite subset of L∞1 (X,H) and F a finite subset of
L1(X × G) be given. We denote by Vε,Ξ,F the set of α′ ∈ Rep (X×G, µ) such that
there exist ξ′i ∈ L∞1 (X,H′), 1 ≤ i ≤ n with

|
∫

f(x, t)
(
〈ξj(x), α(x, t)ξi(t−1x)〉 − 〈ξ′j(x), α′(x, t)ξ′i(t

−1x)〉
)
dµ(x)dt| ≤ ε

for f ∈ F and 1 ≤ i, j ≤ n.
We equip Rep (X×G, µ) with the topology for which every α admits these Vε,Ξ,F ’s

as a basis of neighbourhoods. When X is reduced to a point, this gives th Fell
topology on Rep(G) ([12]).

The trivial cocycle ιX×G has a nicer basis of neighbourhoods that we describe
now. Given ε > 0, and a finite subset F of L1(X × G), let us denote by Wε,F the
set of α′ ∈ Rep (X×G, µ) such that there exists ξ′ ∈ L∞1 (X,H′) with

|
∫

f(x, t)‖α′(x, t)ξ′(t−1x)− ξ′(x)‖2dµ(x)dt| ≤ ε

for all f ∈ F .

Lemma 4.3.3. The family of sets Wε,F is a basis of neighbourhoods of the trivial
cocycle ιX×G.

Proof. Given ε > 0, and a finite subset F of L1(X × G), let us denote by Vε,F the
set of α′ ∈ Rep(X×G, µ) such that there exists ξ′ ∈ L∞1 (X,H′) with

|
∫

f(x, t)
(
1− 〈ξ′(x), α′(x, t)ξ′(t−1x)〉

)
dµ(x)dt| ≤ ε

for every f ∈ F . These sets Vε,F form obviously a basis of neighbourhoods of ιX×G.
The lemma is then an easy consequence of the equality

‖α′(x, t)ξ′(t−1x)− ξ′(x)‖2 = 2Re
(
1− 〈ξ′(x), α′(x, t)ξ′(t−1x)〉

)
,
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and of the inequality

|1− 〈ξ′(x), α′(x, t)ξ′(t−1x〉| ≤ ‖α′(x, t)ξ′(t−1x)− ξ′(x)‖.
�

Remark 4.3.4. Thus Theorem 3.1.6 says that a pair (Y, X) of measured G-spaces
is amenable if and only if the trivial cocycle ιX×G belongs to the closure of the
canonical cocycle representation α(Y,X) associated with the pair.

In particular, X is an amenable measured G space if and only if ιX×G belongs
to the closure of Res λG, and the pair (X ×X, X) is amenable if and only if ιX×G

belongs to the closure of α(X×X,X) = Res πX .

Obviously every cocycle representation belongs to the closure of any of its multi-
ple. The converse is not true but the following result will be useful.

Lemma 4.3.5. Let (Y, X) be a pair of measured G-spaces. Then the trivial cocycle
ιX×G belongs to the closure of ∞.α(Y,X) if and only if it belongs the closure of α(Y,X).

Proof. Let K be a Hilbert space and assume that ιX×G belongs to the closure of
α(Y,X) ⊗ IdK . There exist a net (ξi), where ξi ∈ L2(Y )⊗K satisfies∫

‖ξi(y)‖2
Kdρx(y) = 1

almost everywhere, such that

lim
i

∫
‖
√

c(y, t)ξi(t−1y)− ξ(y)‖2
Kdρx(y) = 0

in the weak*-topology of L∞(X ×G).
Let us set ξ̃i(y) = ‖ξi(y)‖K . We have∫

|
√

(c(y, t)ξ̃i(t−1y)− ξ̃i(y)|2dρx(y)

≤
∫
|c(y, t)ξ̃i(t−1y)2 − ξ̃i(y)2|dρx(y)

≤
∫
|
√

(c(y, t)ξ̃i(t−1y) + ξ̃i(y)||
√

(c(y, t)ξ̃i(t−1y)− ξ̃i(y)|dρx(y)

≤ 2
( ∫

|
√

(c(y, t)ξ̃i(t−1y)− ξ̃i(y)|2dρx(y)
)1/2

≤ 2
( ∫

‖
√

(c(y, t)ξi(t−1y)− ξi(y)‖2
Kdρx(y)

)1/2
.

It follows that
lim

i

∫
|
√

(c(y, t)ξ̃i(t−1y)− ξ̃i(y)|2dρx(y) = 0

in the weak*-topology of L∞(X × G), and that ιX×G belongs the the closure of
α(Y,X). �

Lemma 4.3.6. The restriction map Rep(G) → Rep(X×G, µ) is continuous.
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Proof. Let π0 be a representation of G in a Hilbert space H0 and set α0 = Resπ0.
We consider a neighbourhood Vε,Ξ,,F of α0 where Ξ = {ξ1, . . . , ξn}. Let (εn)n≥1 be
an orthonormal basis of H0. Without loss of generality we may assume the existence
of an integer N such that for 1 ≤ i ≤ n, and µ-almost every x ∈ X,

ξi(x) =
N∑

k=1

ck,i(x)εk.

We may also assume that F = {g1, . . . , gm} where every gk is of the form gk(x, t) =
fk(x)hk(t) with fk ∈ L1(X) and hk continuous and compactly supported. Define
K = ∪n

k=1Supphk ∪ {e}.
Given η > 0, we consider then the neighbourhood Vη of π0 in Rep(G) consisting

of all π′ ∈ Rep(G) such that there exist ε′1, . . . , ε
′
N in Hπ with

sup
t∈K

|〈π0(t)εr, εs〉 − 〈π′(t)ε′r, ε′s〉| < η

for 1 ≤ r, s ≤ N . Observe that we can modify (ε′i)1≤i≤N so that it becomes or-
thonormal. Define

ξ′i(x) =
N∑

k=1

ck,i(x)ε′k.

Then, with α′ := Resπ′ we get

|
∫

fk(x)hk(t)
(
〈ξj(x), α0(x, t)ξi(t−1x)〉 − 〈ξ′j(x), α′(x, t)ξ′i(t

−1x)〉
)
dµ(x)dt|

= |
∫

fk(x)hk(t)
( N∑

r,s=1

cr,j(x)cs,i(t−1x)(〈εr, π0(t)εs〉 − 〈ε′r, π′(t)ε′s〉)
)
dµ(x)dt|

≤
∫
|fk(x)hk(t)|

( N∑
r,s=1

|cr,j(x)||cs,i(t−1x)||(〈εr, π0(t)εs〉 − 〈ε′r, π′(t)ε′s〉)|
)
dµ(x)dt

≤ η

∫
|fk(x)hk(t)|(

N∑
r,s=1

|cr,j(x)||cs,i(t−1x)|)dµ(x)dt

≤ N2η

∫
|fk(x)hk(t)|dµ(x)dt.

If we choose η small enough such that N2η
∫
|fk(x)hk(t)|dµ(x)dt ≤ ε for k =

1, . . . ,m we see that Res(Vη) ⊂ Vε,Ξ,F . �

Remark 4.3.7. One can also show that the induction map is continuous, so that The-
orem 3.2.1 is then an immediate consequence of Remark 4.3.4 and of the equalities
Ind ιX×G = πX , Indα(Y,X) = πY .

Proof of (ii) ⇒ (i) in Theorem 4.3.1. Assume that (ii) is fulfilled. Since the repre-
sentation πX is weakly contained into λG, it belongs to the closure of ∞.λG. It fol-
lows from Lemma 4.3.6 that Res πX belongs to the closure of Res∞.λG = ∞.Res λG.
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Moreover, using Remark 4.3.4, we see that ιX×G belongs to the closure of the co-
cycle representation associated with the pair (X×X, X), that is Res πX (see (2.6)).
Finally, by Lemma 4.3.5, we get that ιX×G is in the closure of Res λG. To conclude,
we observe that Res λG = λX×G = α(X×G,X) and we use again Remark 4.3.4. �

4.4. Existence of invariant means from L∞(X ×X) onto L∞(X). Let (X, µ)
be a measured G-space. The existence of an invariant mean from L∞(X × X)
onto L∞(X) is fulfilled when the G-space X is amenable in the sense of Zimmer
(see Proposition 4.3.2) or in the sense of Greenleaf (see Proposition 3.1.4). It is
also satisfied when (X, µ) is a discrete space endowed with the counting measure,
or when (X, G, µ) is a normal measured space. Indeed, in this last case, we have
Res πX ' ∞.ιX×G, and therefore ιX×G is a cocycle subrepresentation of ResπX .

In particular, for a transitive G-space G/H, there exists a G-invariant norm one
projection from L∞(G/H ×G/H) onto L∞(G/H) when H is amenable or when H
is an open or a normal subgroup of G. Theorem 4.3.1 and Section 4.2 show that
there does not exist a G-invariant norm one projection from L∞(G/H ×G/H) onto
L∞(G/H) when G = SL(3, R) and H = SL(2, R).

Let us show now that the existence of a G-invariant mean M : L∞(G/H×G/H) →
L∞(G/H) is equivalent to the weak containment of the trivial representation of H
into the restriction of λG/H to H. Before, we need to recall useful facts concerning
Morita equivalence of group actions. For further explainations, we refer to Section
3.2 and Appendix A.1 of [4].

Definition 4.4.1. (see [4, Def. A.1.11]) Let K, H be two locally compact groups,
X a left Borel K-space and Y a right Borel H-space. A Borel equivalence (or Borel
Morita equivalence) between X and Y is a triple (Z, pX , pY ) made of a Borel space
Z and Borel surjections pX : Z → X, pY : Z → Y , such that:

(i) Z is a free and proper left K-space and pX is K-equivariant;
(ii) Z is a free and proper right H-space and pY is H-equivariant;
(iii) the left K-action and the right H-action on Z commute;
(iv) pX : Z → X induces a Borel isomorphism between Z/H and X;
(v) pY : Z → Y induces a Borel isomorphism between K \ Z and Y .

We then say that the K-space X and the H-space Y are Borel equivalent.

Example 4.4.2. Let G be a locally compact group and let H,K be two closed
subgroups of G. Then the left K-space G/H and the right H-space K \G are Borel
equivalent. Indeed, we take Z = G and pH : G → G/H, pK : G → K \ G are the
quotient maps.

In the rest of this section, we shall only consider this example of Borel equivalence
of group actions. Let X be a right Borel H-space and let p : X → K \G be a Borel
H-equivariant surjection. Let

G ∗X = {(s, x) ∈ G×X : pK(s) = p(x)},

on which H acts diagonally to the right. We set X = (G ∗X)/H, and for (s, x) ∈
G ∗X, we denote by [s, x] its equivalence class. Finally, we introduce p : X → G/H
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by p([s, x]) = pH(s). We observe that X has the following natural structure of left
K-space which makes p equivariant with respect to K:

k.[s, x] = [ks, x], for k ∈ K, [s, x] ∈ X.

In this way we get a functorial equivalence between pairs (X, p) of right H-spaces X
and H-equivariant Borel surjections p : X → K \G and pairs (X, p) of left K-spaces
X and K-equivariant Borel surjections p : X → G/H.

Assume moreover that a quasi-invariant probability measure µ is given on X and
denote by µ a pseudo-image of the restriction of λ⊗µ to G∗X by the quotient map
G ∗X :→ X. Then (X,µ) is a measured K-space.

Finally, let (Y, ν) be another measured right H-space and let q : Y → X be
a Borel H-equivariant surjective map with q∗ν = µ. Defining q : Y → X by
q([s, y]) = [s, q(y)] we easily get a pair (Y ,X) of measured left K-spaces.

The invariance of amenability by Morita equivalence is a basic and very useful
result. We shall need the following particular case of [4, Theorem 3.2.2].

Theorem 4.4.3. Let K, H be two closed subgroups of a locally compact group G.
Let (Y, X) be a measured pair of right H-spaces. We assume that X is equipped with
a Borel H-equivariant surjective map p : X → K \ G as above. Let (Y ,X) be the
associated measured pair of left K-spaces. Then the pair (Y, X) is amenable if and
only if the pair (Y ,X) is amenable.

Corollary 4.4.4. Let H be a closed subgroup of a locally compact group G and
let (Y, X) be a pair of measured right H-spaces. The quotient spaces (G × Y )/H
and (G × X)/H for the right diagonal H-actions are obviously left measured G-
spaces. Then the pair (Y, X) of measured H-spaces is amenable if and only if the
pair ((G× Y )/H, (G×X)/H) of left measured G-spaces is amenable.

Proof. We apply Theorem 4.4.3 with K = G. �

Corollary 4.4.5. Let H be a closed subgroup of a locally compact group G. Then
H is an amenable group if and only if there exists a G-invariant mean from L∞(G)
onto L∞(G/H).

Proof. We apply the previous corollary with Y = H and X = {pt}. We just have to
remark that [g, h] 7→ gh induces a Borel G-equivariant isomorphism from (G×H)/H
onto G. �

Corollary 4.4.6. Let H be a closed subgroup of a locally compact group G and let
(Y, X) be a pair of measured left G-spaces. Then (Y, X) is amenable as a pair of
measured left H-spaces for the restricted action, if and only if the pair ((G/H) ×
Y, (G/H)×X) of G-spaces for the diagonal G-actions is amenable.

Proof. We may view X and Y as right H-spaces as explained at the beginning of
Section 2. We observe that the map [g, x] 7→ (gH, gx) is a Borel isomorphism from
(G×X)/H onto (G/H)×X which transforms the left G-action on (G×X)/H into
the diagonal action. The same remark applies to (G/H)× Y . The conclusion then
follows from Corollary 4.4.4. �
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Proposition 4.4.7. Let H be a closed subgroup of a locally compact group G. The
following conditions are equivalent:

(i) There exists a G-invariant mean M : L∞(G/H ×G/H) → L∞(G/H);
(ii) the trivial representation ιH of H is weakly contained into the restriction to

H of the quasi-regular representation λG/H .

Proof. By Proposition 4.1.1, the trivial representation ιH of H is weakly contained
into the restriction to H of the quasi-regular representation λG/H if and only if
there exists an H-invariant state on L∞(G/H). Hence, Proposition 4.4.7 follows
from Corollary 4.4.6 applied with Y = G/H and X = {pt}. �

4.5. A negative answer to problem (A1) for an ergodic discrete group ac-
tion. As a Corollary to Proposition 4.2.1, we get the following result, which can
easily been checked directly: for G discrete, the measured G-space X = G/H is
amenable (i.e. H is an amenable subgroup) if and only if the quasi-regular repre-
sentation is weakly contained into the regular representation of G. We have already
observed that the result is not always true in the non discrete case. We shall now
see that problem (A1) may also have a negative answer when we replace transitivity
by ergodicity, even if the group is discrete.

Let Γ be a lattice of SL(3, R), acting on X = SL(3, R)/SL(2, R) in the obvious
way. We denote by πΓ

X the corresponding representation of Γ in L2(X). Observe
that πΓ

X is the restriction to Γ of the quasi-regular representation λSL(3,R)/SL(2,R)

and that the restriction of λSL(3,R) to Γ is a multiple of λΓ. Since λSL(3,R)/SL(2,R) is
weakly contained into λSL(3,R), we have πΓ

X ≺ λΓ.
By C. Moore’s ergodicity theorem ([36, Section 2.2]), we see that X is an ergodic

Γ-space. However it is not amenable. Otherwise, as a consequence of the following
lemma, X would also be an amenable SL(3, R)-space, in contradiction with Section
4.2.

Lemma 4.5.1. Let (X, µ) be a G-space and let H be a closed subgroup of G. Assume
that (X, µ) is an amenable H-space for the restricted action, and that there exists a
G-invariant state on L∞(G/H). Then (X, µ) is an amenable G-space.

Proof. We endow the measured spaces (G/H) × X and (G/H) × X × G with the
diagonal G-actions. Note that the existence of a G-invariant state on L∞(G/H)
implies the existence of a G-equivariant norm one projection from L∞((G/H)×X)
onto L∞(X) (see Proposition 3.1.4). On the other hand, Proposition 4.3.2 shows
that the pair (X × G, X) of left H-spaces, where H acts diagonally on X × G, is
amenable. The amenability of the pair ((G/H)×X×G, (G/H)×X) of G-spaces is
then a consequence of Corollary 4.4.6. By composition we construct a G-equivariant
mean M from L∞((G/H) ×X × G) onto L∞(X). Finally the restriction of M to
L∞(X ×G) gives a G-equivariant mean from L∞(X ×G) onto L∞(X). �

5. Study of transitive actions

5.1. In this section, we consider a closed subgroup H of a locally compact group G.
As we saw in 4.2, it is not true in general that H is amenable whenever ‖λG(m)‖ =
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‖λG/H(m)‖ holds for every bounded measure m on G. We shall now analyse in
some details the result of Kesten mentioned in the introduction, dealing with open
normal subgroups.

The following two lemmas are taken from the seminal paper [21], although ex-
pressed in a different language. We denote by Sp(T ) the spectrum of any operator
T and by Supp(m) the support of any Radon measure m.

Lemma 5.1.1. Let (X, µ) be a measured G-space and let m be a symmetric proba-
bility measure on G. Then

|MinSp(πX(m))| ≤ MaxSp(πX(m)).

Proof. Let f be a nonnegative function in L2(X) and let us denote by σf the
spectral measure associated with πX(m) and f . Define αf = MinSupp(σf ) and
βf = Max Supp(σf ). Since 〈πX(m)kf, f〉 ≥ 0 for every k, every moment of σf is non-
negative. It follows that |αf | ≤ βf (see for instance [19, Lemma 9]). Then we con-
clude by observing that Min Sp(πX(m)) = Minαf and MaxSp(πX(m)) = Max αf ,
where f ranges over all nonnegative non-zero functions in L2(X). �

Lemma 5.1.2. Let G be a locally compact group and H a normal closed subgroup
of G. Let ν and m be symmetric probability measures on H and G respectively.
Assume that there exists an integer l ≥ 1 such that ν is absolutely continuous with

respect to
l∑

k=0

m∗k. If r(λH(ν)) < 1 then we have r(λG(m)) < r(λG/H(m)).

Proof. Let us set m1 = (1/2)δe +(1/2)m, where δe is the Dirac measure at the orig-
ine. It follows immediately from Lemma 5.1.1 that r(λG(m1)) = 1/2+1/2r(λG(m)),
and the same observation applies when replacing λG by λG/H . Therefore it suf-
fices to show that r(λG(m1)) < r(λG/H(m1)), or equivalently that r(λG(m∗l

1 )) <

r(λG/H(m∗l
1 )). Since the measures m∗l

1 and
∑l

k=0 m∗k are equivalent, ν is also ab-
solutely continuous with respect to m∗l

1 .
Thus we are reduced to prove the following fact: if ν is absolutely continuous

with respect to a probability measure m, and if r(λH(ν)) < 1, then r(λG(m)) <
r(λG/H(m)). Under these assumptions, denote by f the density of ν with respect

to m, and for n ≥ 1 define fn = Min(f, n), νn =
fn.m

‖fn.m‖1
. Observe that ‖λH(ν)‖ =

limn→+∞ ‖λH(νn‖, so that for n large enough we have ‖λH(νn‖ < 1. Hence, we
may assume that f is bounded. Choosing a > 0 such that 1 + a − af ≥ 0, we see
that (1 + a)m − aν is a probability measure on G. Now, for c ∈ [0, 1] we define
µc = (1− c)[(1 + a)m− aν] + cν.

Since that ν is a probability measure supported on the normal subgroup H, we
have λG/H(ν) = IdL2(G/H). Moreover, using the weak equivalence of λH with the
restriction of λG to H, we get ‖λG(ν)‖ = ‖λH(ν)‖. It follows immediately that

‖λG(µc)‖ ≤ (1− c)‖λG(µ0)‖+ c‖λG(ν)‖
< (1− c)‖λG(µ0)‖+ c,
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and
λG/H(µc) = (1− c)λG/H(µ0) + cIdL2(G/H),

so that
‖λG/H(µc)‖ = (1− c)‖λG/H(µ0)‖+ c

> ‖λG(µc)‖.
To conclude, we observe that µc = m for c = a/(1 + a). �

Let us state now two immediate consequences of this lemma.

Theorem 5.1.3. Let G be a locally compact group, and H an open normal subgroup.
Then H is amenable if and only if there exists a symmetric probability measure m
on G such that r(λG/H(m)) = r(λG(m)), which is adapted to (G, H) in the following
sense: there is an integer l ≥ 1 such that H ∩ ∪l

k=0(Supp(m))k generates H as a
closed subgroup.

Proof. Let m be as above and denote by ν the restriction of
∑l

k=0 m∗k to H. It
follows from Lemma 5.1.2 that r(λH(ν)) = ν(H). The support of ν generates H
since it contains H∩∪l

k=0(Supp(m))k, and therefore H is amenable (see Proposition
4.1.1). The converse is a consequence of Proposition 4.2.1. �

Theorem 5.1.4. [21, Theorem 2] Let G be a countable discrete group and H a
normal subgroup of G. Then H is amenable if and only if there exists an adapted
symmetric probability measure m on G such that r(λG/H(m)) = r(λG(m)).

Proof. Let m be an adapted probability measure on G, and assume that H is not
amenable. There exists a symmetric probability measure ν on H with r(λH(ν)) <
1. Moreover, approximating ν by finitely supported probability measures, we may
suppose that the support of ν is finite. Let A = {e} ∪ Supp(m). There exists l ≥ 1
such that Supp(ν) ⊂ Al = Supp(

∑l
k=0 m∗k) since G is generated by Supp(m) and

Supp(ν) is finite. Then it follows from Lemma 5.1.2 that r(λG/H(m)) > r(λG(m)).
The converse is a consequence of Proposition 4.2.1. �

We shall now end this section with several comments on the previous theorem.
First, in contrast with Proposition 4.1.1, the existence of an adapted probability
measure m such that r(λG/H(m)) = r(λG(m)) is not enough to get the conclusion
of Theorem 5.1.4. Indeed let Γ be either the free group F2k generated by S =
{a1, . . . , a2k} or the surface group

Γk = 〈a1, b1, . . . , ak, bk|
k∏

i=1

aibia
−1
i b−1

i = 1〉

with S = {a1, b1, . . . , ak, bk}. Set m ==
1
2k

∑
s∈S

δs. Then de la Harpe, Robertson

and Valette proved in [20, Prop. 9] that

Sp(λΓ(m)) = {z ∈ C : |z| ≤ 1√
2k
}.
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We can write Γk = F2k/H in an obvious way. So we have

Sp(λF2k
(m)) = Sp(λF2k/H(m)),

although H is not amenable.
Second, Theorem 5.1.4 is not true for non normal subgroups. In order to produce

a counterexample, we need to recall some results of Grigorchuk (see [15]). Let H
be a subgroup of the free group Fk. We denote by Hn the set of elements in H
of length n, and by |Hn| its cardinal. Grigorchuk defined the relative growth (or
growth exponent) αH of H to be

αH = lim sup
n→+∞

|Hn|1/n.

Let

m =
1
2k

k∑
i=1

(δai + δa−1
i

)

where a1, . . . , ak are free generators of Fk. Then Grigorchuk proved the following
relations between ‖λFk/H(m)‖ and αH :

‖λFk/H(m)‖ =
√

2k − 1
k

if1 ≤ αH ≤
√

2k − 1,

‖λFk/H(m)‖ =
√

2k − 1
2k

(
√

2k − 1
αH

+
αH√
2k − 1

) if
√

2k − 1 < αH ≤ 2k − 1.

Moreover, we have
√

2k − 1 < αH ≤ 2k − 1 when H 6= {e} is a normal subgroup of
Fk.

Let H be a subgroup of Fk with relative growth in ]1,
√

2k − 1]. We see that

‖λFk
(m)‖ =

√
2k − 1

k
= ‖λFk/H(m)‖

even if H is not amenable.

References

[1] S. Adams, G. Elliot, T. Giordano: Amenable actions of groups, Trans. Amer. Math. Soc., 344
(1994), 803-822.

[2] C. Anantharaman-Delaroche: Action moyennable d’un groupe localement compact sur une
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algèbre de von Neumann II, Math. Scand., 50 (1982), 251-268.

[4] C. Anantharaman-Delaroche, J. Renault: Amenable groupoids, Monographie de
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