HARMONIC ANALYSIS APPLIED TO PDE:
DISPERSIVE INEQUALITIES AND STRICHARTZ ESTIMATES

JEAN-PHILIPPE ANKER
(UNIVERSITY OF ORLEANS, FRANCE)

1. RESTRICTION THEOREMS

The Fourier transform
fle) = [ dnflaye o

of feL'(R") is a continuous function, which may be restricted to submanifolds S such
as spheres. On the other hand, the Fourier transform of f € L?*(R") is a genuine L?
function and it makes no sense to restrict it to a sphere or any other subset of measure
zero. Stein’s restriction problem is concerned with a priori inequalities

H f }SHLQ(S) S N llrny -
Such results hold for ¢ = 2 and p’ close to 1 under curvature conditions on S. More
information can be found for instance in Stein’s book [13].

Theorem 1.1 (Stein-Tomas [16]). Assume that 1<p’'< QZ—E i.e. QZ—JI} <p<oo. Then

17 sns lpanry S W llpw@ny ¥ fE€SRY).

We give three successive proofs (actually four with Remark 1.2), each one improving
upon the previous one.

The first proof relies on the T*T method. Consider the operator
Tf = f ‘Sn—l?

Tya) = [ do(6)g(©) e,

where o denotes the surface measure on S”~! induced by the Lebesgue measure on R”,
and their composition

its formal adjoint

Tf(x)=T"Tf(x) = fx0.
Then the following a priori estimates are equivalent :

ITHlz S Wl = Tl S gl = TS e S Nl

In order to prove the third one, we use the estimate
_n-1

[G(2)| < 1+ l=ll)
Such decay at infinity can be obtained by general oscillatory integral methods. In our
particular case, it can be also obtained by expressing the Fourier transform

o(z) = (2m)2 [|zl|7= 1 T2 (l|2]))

in terms of Bessel functions and by using their behavior at infinity. Hence & belongs
to LY(R") if ¢ > 2% and to the Lorentz space L#*°(R") in the limit case ¢ = 2%. By

n—1 n—1
4n

using Young’s inequality, we deduce the L?’— L? boundedness of 7 when p > 2¢ = —,
which is larger than QZ—E. O
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The second proof relies on a dyadic decomposition. Let x: R — [0,1] be a smooth
cut—off function such that
{ 1 on (—o0,1]
X —=

0 on [2,4+00)
and set, for every j€N and z€R",
x (ll]]) if j=0,
x;(@) = —j 1—j S iEN
X Jzl]) = x (2 [«f]) if jeN~.
Then y; is supported in
the ball B(0,2) if j=0
the dyadic annulus Q; = B(0,2971)\ B(0,2/7!) if jeN*
and

~ -
Let us split up 0 = E o X0 and T = E ' 7; accordingly. On the one hand,
j

(1) I Tillr s = | &j HL°° <27
On the other hand, R
1Tl L2 z2 = [1Kjll 2o -
We claim that
IRl S 27,

This estimate is obvious for k/;\o = Yo * 0. Let us prove it for l%; =x;*0o with jeN*. As
X; is a rescaled Schwartz function, we have

GO S 2M (14+27€l)™  VjEN', VEER™
Hence,

515 [ dot) 2 (142 €=l

< n) 2" 4 / do(n) 27"
/3(52 =) Z’” 7 JB(e,2k+1) < B(£,2%)

< 2o +D . 2 e(BE2Y)

< 97 k< 97

<9274 Zkz_jg < 97,

Here we have used the uniform estimate
o(B(&r)) Srnt VEER™ Vr>0,

which matters actually for r small and for ||£|| close to 1. Thus

) 1Tl 2 VjeN.
By standard interpolation between (1) and (2), we obtain
(3) 1 Tillrosn S 2707577 W jeN.

By adding up (3) over j €N, we get the L’ — L? boundedness of 7 when p > 22 [

The third proof relies on Stein’s interpolation for an analytic family of operators. Let
us embed ¢ into the holomorphic family of tempered distributions

21 z
0. = 22 (1— [lg) s
Specifically, o, is well-defined in the half-space Rez > 0, it extends analytically to C
by means of the functional relation
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0, = Aaz+2 + (22+n> 0241,
and oy = 0. Moreover,
G(w) = (2m)% [|of| >3 Tz (lf]]).-
Consider the analytic family of operators X.f = f x 7, in the strip —”T’l <Rez <1.
On the one hand, if Rez = —25!, then X, is bounded from L'(R") to L**(R") and

Xzl poe = (|02 L
grows at most exponentially in Im z. On the other hand, if Rez =1, then X, is bounded
from L?(R") to L*(R") and
132 [|zosr2 = (271)" [0z || o
grows at most exponentially in Im 2. In conclusion, Stein’s interpolation theorem yields
the LP'— L? boundedness of g =T for the endpoint p = QZ—E. O

Remark 1.2. As was recently observed in [3], the endpoint result can be also obtained by
resuming the second proof above and by using real interpolation. The argument is based
on Bourgain’s trick (see Lemma 1.3 below) which is closely connected with the method of
Keel and Tao (see Step 4 in the proof of Theorem 2.3 below). Let us reprove the endpoint
result along these lines. By standard interpolation between (2) and

n_nyly,
(4) 1Tl s = I Tillosroe = [l e S 2575727,
we get
(5) [Tl o S 2P V2<pqg<oo,
where k(p,q) = ”T“(% + é) — "T’l(l— }% — %}) This result can be improved by real

interpolation. Specifically, by moving (p,q) and by applying Lemma 1.3 below, we deduce

that the operator Z .GNQ’“(p’q” T, maps LP" into L, for every 2 < p,q < oo and
j

1 <r <oo. In particular, T = Z N7} maps LP" C LP*? into L%? C L9 whenever
je

n+1
n—1"

k(p,q) =0, which is the case if p=q=2

Lemma 1.3 (variant of Bourgain’s trick). Let 1< po# p1 <00, 1<qg # q¢1 < o0 and
—00< ko # k1 <+00. Assume that a sequence {T;};en of linear operator satisfies

[ Tillzrosra S 2709 and || Tjllem—spa S 277 (FEN).

Then, for every 0 <6 <1, Z o 2RI T; maps LP" into LT", where k= (1—0)ko+0k1,
j

L_ 120,60 1_1-0, 0
P Do +p1’ 4 @ +q1 and 1 <1 <00.
Remark 1.4 (Knapp). Theorem 1.1 doesn’t hold for p’> 22—:[;’ i.e. p< ZZ—E. For small
>0, consider indeed the function

fola) = (Am)n s sinyeran) SRa0n gio

Tn—1 Tn ’

whose Fourier transform is the characteristic function of the set
n—1
. [—Ve, +/e "I [1-5,1+5].
nrl . n—1 . .
Then || f-|l;» < €2 while || Tf€HL2 =< ¢e"1 . By letting e—0, we see that p > 2% is
a necessary condition for Theorem 1.1 to hold.

Theorem 1.5 (Strichartz [14]). Consider the paraboloid
S={(r,§) eRxR"[ =[]}

; n _ont2 __ont2
m RxR"™ and assume that p'—2n—+4 i.e. p=2==. Then

Ha‘SHLQ(S) S lullpr@srny  Vue SRXRY).

Proof. Let us prove Theorem 1.5 by adapting the third proof above. We have now
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Tu=1|,, Ttz :/ dé v(=€])%, €) et HIEI+ @)
R

and
Tu=TTu=ux0,
where
| doreune) = [ deo-leo
RxR" Rn
and

G(t,:p) :/ dé’ei(t||f||2_(x7§>) — (Z%)% e—i‘z_t
RxR"” N ,

7_(% eisign(t)n% It‘_%
Consider the analytic family of tempered distributions
0.(r,€) = £ (r+lEl?)

and the associated operators ¥,u=wux*a,. The (n—l—l)—dimensional Fourier transform

- FaE

@(t’:w — ﬂ_g e—zizeisign(t)n% (t ) ‘t| 5 et 1 ’
in the sense of distributions, is computed by combinmg the 1-dimensional Fourier trans-
form

ﬁ/dTTZ Le ™ = 7127 (+—40)7*,
which yields *

iT

iy [Lar eI e = 5 oy

with the n—dimenswnal Fourier transform
/ de ctIEIP =ile€) _ 1 pisinn] |y~

On the one hand, if Rez = —%, then X, is bounded from L'(RxR") to L>°(RxR") and
Xzl poe = (|02 Lo
grows at most exponentially in Im z. On the other hand, if Rez =1, then ¥, is bounded
from L?(RxR") to L?*(RxR") and
122 g2 e = 2m)"* [lo: ||

grows at most exponentially in Im 2. In conclusion, Stein’s interpolation theorem yields
the LP'— L? boundedness of ¥q=T for p'= 223 ie. p= 2”T+2. O
Remark 1.6. Theorem 1.5 doesn’t hold for p’ # 22—:3 i.e. pF# 2"T+2. This is easily
proved by rescaling. Specifically, let

(0su)(t,z) =u(s’t,sx), Vs>0,V(t,r)e RxR™

n+2 n
Then ||0su| = s |l while | T(6su)||ze =522 Tulr2, as
Sou(r, &) = s 24 (s72r, s71E) .

By letting s—0 or s— 400, we see that p= 2"*2 s a necessary condition for Theorem
1.5 to hold.

. |z)|?
ilzl®

e 4t

w3

Let us next apply Theorem 1.5 to the Schrodinger equation
(6) { i0wu(t,z) = — Ayu(t, z),
u(t, ) = f(x),
Via the Fourier transform, (6) becomes
{mta@,g)f Il ),
u(t, &) = f(§),

whose solution is given by
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a(t,§) = eI (g,
By applying the inverse Fourier transform, we get

-~

u(t, z) = (%)n/ de F(E) e -+ w6
Rn
which boils down to the expression of the operator T*.

Corollary 1.7. Let p= 22—1421. Then the following a priori inequality holds for solutions
to (6):
Jullr@xrey S N f |2 -

Proof. This result is a restatement of the L? — LP boundedness of the operator T*.
Specifically, R .

lullr@xrey S 1 [2@ny = (2m)2 || f [l L2ge) - O
Remark 1.8. In his seminal work [14], Strichartz studies restriction theorems for gen-

eral quadratic hypersurfaces and applies some of them to related PDE. Another important
example is the cone

S={(r,§) e RxR"| 72 =£|]*}

and the wave equation

O2u(t,z) = Ayu(t, ),
g { ult,7) = £(2), Bilimoult, ) = g(a)

ntl oy e p= ZZ—E, the restriction theorem reads

n+3
Ha‘sHm(s) S ||u||LP’(R><]Rn) Vue S(RxR™),
and the following a priori inequality holds for solutions to (7):

In this case, p'=2

lello@xrey S I lima@ny + I9ll-12@n -
where the initial data belong to homogeneous Sobolev spaces HE2(R") = (—A)Fz L2(R").

2. SCHRODINGER EQUATION ON R"™ (LINEAR CASE)
In this section we consider the linear Schrodinger equation
» { i 9yult, x) + Ayu(t,x) = F(t, )
u(t,z) = f(x)

on RxR™ and we prove two fundamental inequalities in Theorem 2.1 and Theorem 2.3,
the latter improving upon Corollary 1.7. Our main references are [8] and [10].

Consider first the homogeneous Schrodinger equation

(6) {ié’tuu,az) AL ult,x) = 0,

u(t,x) = f(:L‘),
whose solution is given by

(9) ut,z) = e f(z) = frsi(),
Where e—i sign(t)n% (47T|t‘)_%

. 2 . /_/An ‘1‘2
(10) si(x) = (27r)"/ de e MHIEI o 1@ 8) — (47it) 2 etlar

is the heat kernel with imaginary time.

Theorem 2.1. Let 1<¢' <2 i.e. 2<q<oo. Then the following dispersive estimate
holds, for every teR*: ‘ -
e parpa S I
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Proof. This result is obtained by standard interpolation between the elementary esti-
mate

le S lzrspe = llsellz~ < J67%

~Y

lef S flre = 11£llz: - B

and the L? conservation

Let us turn to the inhomogeneous equation (8), whose solution is given by Duhamel’s
formula:

homogeneous inhomogeneous

A A\
~ Y

(11) u(t,z) = "2 f(z) — i/tds e'=9Ra P (s 1) .
0

Definition 2.2. A couple (p,q) of indices is called admissible if

2<p<o00,2<qg<oo and %:%(%—é).

Q=

conservation

of energy \ J
/

1
3 q

I
Il
I3
—
D=
|
Q=
N

—

11
27 p
\\ Keel-Tao
endpoint
1 1
0 2 v

Strichartz point

FIGURE 1. Admissibility for R"™

Theorem 2.3. Let (p,q) and (p,q) be two admissible couples of indices. Then the
following Strichartz estimate holds for solutions (11) to (8):

lull g, parwey S N1 2@ey + 1F || 2o, Lageny)
We shall prove Theorem 2.3 in several steps.

Step 1: TT* method revisited.
Consider the operator

Tf(t,l‘) = eitAzf(x) )
its formal adjoint

+o0
T*F(z) = / ds e "2 F(s, 1),

their composition
“+o0o

TFE(t,x) =TT*F(t,x) = / ds e't=98 P (s 1),
and its truncated version -
¢
(12) TF(t,x) :/ ds e!t=)2= P (s ).

—00
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Then the following a priori estimates are equivalent :

(13) ITf e, Loy S 11Nl 2g@ny
(14) HT*F”LQ(R") S HFHLP'(]R,LQ'(]Rn))v
(15) ”TF”LP(R,LQ(R”)) S HFHLP/(R,L‘I'(R”))'

Step 2: Proof of (13), (14), (15) when (p,q) is admissible and p > 2.
On the one hand, according to Theorem 2.1,

+00
TRt )iy 5 [ dsli=s] ™ [ Flsa)l

where a = n(% — —) On the other hand, according to the Hardy Littlewood—Sobolev

inequality, the convolution kernel |t—s|~® defines a bounded operator from L* (R) to
LP(R), provided that 0 < a <1 and % = 5. These two results yield (15), hence (13) and

(14), under the assumptions above.

Step 3: Decoupling indices.

Let (p,q) and (p,q) be admissible couples with p > 2 and p > 2. By combining the
LP(R, L9 (R")) = L*(R") boundedness of T* with the L?(R")— LP(R, L¢(R")) bounded-
ness of T, we obtain the LP(R, L7 (R"))— LP(R, L¢(R")) boundedness of 7. Moreover,
as p’ < p, the same result holds true for the truncated operator %, according to the

Christ—Kiselev lemma [6].
Step 4: Endpoint estimates when n >3 and (p,q) = (p,¢) = (2,2-"5)-

The following arguments are due to Keel and Tao [10]. Instead of 7 and 7T, consider
the bilinear (actually Hermitian) form

B(F,G) // dsdt/ dr e" 8 F(s, x) e~ 1A= G(t, x)
R2 n

and its truncated version

(16) B(F.G) = // dsdt/ dx e B F(s,x) e 1A= G(t, ).
s<t n

In order to estimate (16), let us split up dyadically B= > gj, where

JEZ

gj(F,G) :// dsdt/ dr e B F(s, 1) e 1A= G(t, 1),
27<t—s<25t1 n

and let us further split up

Z I[[kQ] (k+1 2] )F( 7.T) and G t SL’ Z I[[ggj (g_’_l 2]) )G(t,l’)l

k=—00 d {=—00
F(y) (5.2) G(J) (t.x)

Notice the orthogonality

+00 1/p’ +00
A7) WF = {307 IFOI70 ) ,HGHLQM,:{ZZZ,

and the almost orthogonahty

(18) =" ez BiFED.GY).

1<€ k<2

/

2"

We claim that, for all indices corresponding to the region depicted in Figure 2, we have
(19) |B(F, G S 2500 | F ) oy |G o ViR AE,

where k(q,q) = %(%+%) _ nT—Q
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This estimate is obtained by standard interpolation between the following three cases:
(a) 2<g¢<2-"5 and ¢ =2,
(b) =2 and 2<¢g<2-"5,
(c) 2<(=¢q< 0.
o Case (a): Let us estimate
~ , . t—=2 A , +oo , ,
B 6D s | [ ase s [ dre 6P,
tER t_9j+1 L2 J_o T
On the one hand, as T* is bounded from L?(R,L7(R")) into L*(R"), with 1 =2(1-1),
p q
H / ds Lip_9i14—24)(8) e_iSA”‘F,gj)(s,x) HL2 < H]I(t,gjﬂ,t,gj}(s) F,gj)(s :E)}
R E
On the other hand,

!

2%

—itAg (] ©))
eGP 2|y S 1GF 2] 5
By combining these estimates and by using Holder’s inequality in time, we conclude that

1B;(FD, D)) < 2777 || FY||

L2Ld 14 HL2L2

with 5 =r(q,2).
o Case (b) is handled similarly.

o Case (c): Let us estimate this time

1B,(F,. G| < // dsdt || it F9 (s 2)
20 <t—s<2dt1

According to the dispersive estimate in Theorem 2.1,

|eie=98e FD (s 2)|| Ly S [t—s"CD || FD(5,2)]

By using again Hoélder’s inequality in time, we Conclude that
|Bj(F )| <2 HF ng)HLlL‘!'
< 9 r(a:a) i HF

()
i (t

x HL;{'

Mere |

ZJ) HL2Lq’ )
By adding up (19) over k, ¢ €Z and by using the orthogonality properties (17) and (18),
we deduce that

) HL2Lq

wd,q(j)
SUPj ez 2 Meed |B]~(F,G)| 5 ||F||L2Lri’ ||G||L2Lq/ .

NI= Q=

N[
3=

ESH L

FIGURE 2. Interpolation region
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In other words, the sequence {EJ }jeZ defines a bounded bilinear (actually Hermitian)

operator from the product space L?(R, LI (R"))x L?(R, L?(R")) into the weighted space
(*(Z,ws,). This result can be improved by real interpolation. Specifically, by moving
(¢,q) and varying w;,, one gets a bounded map into ¢!(Z,w;,) instead of (>(Z,w;,),
according to Lemma 2.4 below. When ¢ = ¢ = 2-"5, we have in particular x(q,q)=0
ie. wg,=1. Hence

|B(F,G)| < Zjezlgj(RG)\ S IFNpepa G p2par -

We conclude with two elementary observations. On the one hand, the truncated form

B(F,G) - B(F,G) = // ds dt/ dr e B F(s, 1) e~ tA=G(t, 1).
s>t n
and hence B(F,G) are estimated in the same way. On the other hand, the truncated

operator defined by '
/ ds e't=92 (s, x)

0
is deduced from (12) by multiplying F(s,z) by Lg,(s).

Step 5: Endpoint estimates when n >3 and

either (p,q) = (p,q) = (2,2:%5) or (p,q) =(2,2:%).
This case is simpler and relies on the same arguments. 0

Lemma 2.4 (O’Neil, see [2, § 3.13, Exercise 5.(b)]). Within the standard real interpola-
tion setting, assume that a bilinear operator B maps
Eox Eg — Fy, EoxFE,—F, and E,xEy— F,.
Then B maps o
(Eo, El)gﬁ, X (EO,El)M — (F0>F1)n,sv

where 0<0,0,n<1 and 1 <7,r,s< oo satisfy 0+60=n and z+1>1

T — 8
3. SCHRODINGER EQUATION ON R™ (NONLINEAR CASE)

In this section, we consider the semilinear Schrodinger equation
(20) i0u(t, ) + Agu(t,z) = F(u(t,z)),
u(t> l‘) = f(l‘),
with power-like nonlinearities F'. By this we mean that there exist constants C'>0 and
~v>1 such that

|F(u)=F(a)| < C{lul™"+ @™} lu—al.
Typical examples are
Jul”,

F(u) = const. x {

Following the strategy developed by Kato, Ginibre—Velo [8] and Keel-Tao [10], we apply
the Strichartz estimates in Theorem 2.3 to the well-posedness of (20), which means
roughly existence and uniqueness of solutions in some suitable function space.

wlult

Theorem 3.1. (a) Critical case: Assume that v=1+2.
Then (20) is globally well-posed in L*(R™) for small initial data f.
(b) Subcritical case: Assume that 1<y <1++.
Then (20) is locally well-posed in L*(R™) for arbitrary initial data f.
(c) Subcritical case: Assume again that 1<y <142
and assume that F(u) is a real multiple of wu |u|"~".
Then (20) is globally well-posed in L*(R") for arbitrary initial data f.
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Proof of (a). Define u = ®(v) as the solution to the Cauchy problem
i0u(t, ) + Agu(t,x) = F(u(t, z)),

u(t,z) = f(x),

which is given by Duhamel’s formula (11):

t
u(t,z) = e B f(x) — z/ ds =902 P (s ).
0
According to Theorem 2.3, the following Strichartz estimate holds
(23) [ull oo, L2rny + ||l Lo, Lo@n) < C || fllL2@n) + C 1 F )| Low, @y
for all couples (p, ¢) and (p, §) satisfying the admissibility conditions

(22)

1 _ngl_ 1
2<p<o0,2<G<00, 3=3(3—7)
Moreover
||F(U)||Lﬁ’(R,Lé’(Rn)) < |U|y||Lﬁ’(R,Lé’(Rn <C ||U||Lwﬁ’(R,mcz'(Rn)) :
by our nonlinear assumption (21). Thus
(25) [l @, 22y + 1l o o@my < C I f 2@+ ClOI L5 gy -

In order to remain within the same function space, we require that
p=7p <= S+;=1
=77 <= L+;=1
All conditions (24) and (26) can be fulfilled provided that v=1+%. In this case, one
may consider for instance the Strichartz point, which is given by
p=q=p=4=y+1=2+7
For such a choice, ® maps L>(R, L*(R™)) N L?(R, L4(R™)) into itself, and actually X =
C(R,L*(R™) N LP(R, LY(R™)) into itself. As X is a Banach space for the norm
lullx = [l @, 2@m) + l[ull o, o)
it remains for us to show that ® is a contraction in the ball
Xe={ueX|[llulx<e},
provided that € >0 and || f||z2 are sufficiently small. Let v,2€ X and u=®(v), u=P(0).
Arguying as above and using in addition Holder’s inequality, we estimate

|u—1i|x < ClF)—FO)og 1a®n)
< O+ 180 o = 0|l e, Le@n)

==

(26)

< C NN sy + 151252 oy } 10— oo, ey
hence
(27) lu—allx < C{lloli "+ 1815} v =2
If we assume ||v||x<e, ||0||x <e and || f||z2< ¢, then (25) and (27) yield
lullx <Co+Ce", |ul|lx<C6+Ce”" and |Ju—1i|x<2Ce" " ||v—7|x.
Thus
v—"7]x,

lullx <e, falx<e and [u—ilx <3|

if Cer 1< i and C' < % e. We conclude by applying the fixed point theorem in the
complete metric space X.. 0

Proof of (b). In the subcritical case v < 1+%, the same arguments yield the local
well-posedness of (20) in L*(R") for arbitrary initial data f. Specifically, we restrict to
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a small time interval [ =[—T,+T] and we proceed as above, except that we apply in
addition Holder’s inequality in time. This way, we get the Strichartz estimate
(28) lullx < Cllfllz2+CT* |Joll%

where X = C(I,L*(R™) N LP(I,L9(R")) and \ = 1—%—% > 0, and the related estimate
(29) lu—illx <CT*{ ol X"+ llollx '} lv—o]x.
As a consequence, we deduce that ® is a contraction in the ball

Xyr = {ueX |[ulx <M},

provided M >0 is large enough and 7' >0 small enough, more precisely % M>C|fllzz
and CT M 1< i. We conclude as before. Notice that the size of T" depends only on
the L? norm of the initial data f.

Proof of (c). Assume moreover that F'(u) = cu|u|’~! with ¢ € R. Then the expression

z/ dz dyu(t, z) u(t,xz) = —/ dr Agu(t, r)u(t, z) + c/ dz |u(t, z)["
R" n R

n

is real, hence
Ot/ dz |u(t, z)|* = 2 Re/ dx Oyu(t, x)u(t, x)
vanishes and we have L? conservation :

(30) /nde‘|u(t,fL‘)|2 = /ndx|f(:p)|2.

As the time interval in part (b) depends only on (30), we may iterate and deduce global
existence from local existence, for arbitrary initial data f € L?. We refer to [5] for more
information about conservation properties of the Schodinger equation. U

Remark 3.2. Similar results hold if 142 is replaced by 1+—%5= and L*(R™) by H°(R™),
with 0<o<3.

Remark 3.3. The semilinear wave equation
Ou(t,z) — Ayu(t, ) = F(u(t,x)),
u(t,z) = f(x), O¢le—ou(t,z) = g(x),

with power—like nonlinearities F', can be studied in a similar way but its analysis is more
involved. We refer to [7,8,10,11,15] for more information.

(31)

4. SCHRODINGER EQUATION ON HYPERBOLIC SPACES H"

This section consists in an introduction to my joint work [1] with Vittoria Pierfelice,
where we have investigated the semilinear Schrédinger equation (20) on real hyperbolic
spaces H". Among other references, let us mention on the one hand the earlier works [4,
12] and on the other hand [9], which is mainly devoted to scattering theory in H'(H"). As
might be expected, dispersion properties are better in negative curvature. Consequently,
Strichartz estimates hold for a wider range and one obtains stronger well-posedness
results.

Fourier analysis on H" yields the following explicit expression for the Schrodinger kernel
(i.e. the heat kernel with imaginary time).
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Lemma 4.1. For every teR* and r > 0, we have
2

. — n_l ;.
8t<T) = const. (Ilt>_% e (nTl)Qt (_sinlhr %) E err .

L\ —1 —isi T, —4 . . . . . .
Here (it)™2 = e~ *58"D7% |t|~2 and, in the even dimensional case, the fractional derivative

reads L +o00 )

(_.1 Q)n%ei%:L sinh sds (_.1 Q)%ei%
sinh 7 dr VT i v/cosh s—cosh r sinh s Os
r

We deduce first the following sharp kernel estimates.

Corollary 4.2. For every teR* and r >0, we have

n—1 n

ls2(r)] < {|t|—% (L47)F 2 if [ <14,

n

t|72 (14r) e "2 " if [t >1+7.
Remark 4.3. Notice that

n—1

(14r)T e T < j(r) 77,
where j is the jacobian of the exponential map, and
n—1
(I+r)e 2 "< po(r)
where @q is the radial ground state.

We deduce next the following dispersive estimates.

Theorem 4.4. For every 2 < q<oo and teR*, we have
"G i o<t <1,

et - <
e e oy S {mi if 1> 1.

Hint of proof. The first estimate is obtained by standard interpolation. The second
one is obtained by applying the following version of the Kunze-Stein phenomenon :

LY(H™) + L2 (H") C LI(H")
if 2<q,q<oo satisfy £ <g<gq. O
Consider the linear Schrodinger equation
. { i Byult, x) + Agu(t,z) = F(t, )
u(t, ) = f(x)
on RxH".

=

wl=
|
3=

FIGURE 3. Admissibility for H"
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Theorem 4.5. The Strichartz estimate
lull g, parwey S 11 2@ey + 1F Nl 2o @, Lageny)
holds for (8) and for all admissible couples (p,q), (p,q) corresponding to the triangle
depicted in Figure 3.
Consider eventually the semilinear Schrodinger equation
i0wu(t, ) + Agu(t,z) = F(u(t, z)),
u(t, x) = f(z),

on RxH", with power—like nonlinearities F' as in (21).

(20)

Theorem 4.6. Assume that 1<~ < 1+%.
Then (20) is globally well-posed in L*(R™) for small initial data f.

Remark 4.7. Parts (b) and (c) in Theorem 3.1 hold also on H".

Remark 4.8. All these results extend straightforwardly to the so—called rank one case,
which include all hyperbolic spaces, as well as Damek-Ricci spaces.
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