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Abstract. We study parabolic implosion in a general non-autonomous setting. Let
f(w) = w + w2 + O(w3) be a holomorphic germ tangent to the identity. We consider
the iteration of non-autonomous perturbations of the form

wj+1 = f(wj) + ε2j,n.

We show that, when the ε2j,n’s satisfy a Lavaurs-type condition, the element wn can
be described by means of a suitable Lavaurs map Lun , whose phase un is an explicit
function of the perturbation parameters. In particular, whenever un → u ∈ C, the non-
autonomous dynamics converges locally uniformly on compact subsets of the parabolic
basin to the corresponding Lavaurs map Lu.

Our study provides a general description of additive non-autonomous parabolic im-
plosion and yields several deterministic and random convergence results as corollaries,
as well as a unified proof of several previous results. As an application, we also obtain
strong discontinuity results for the Julia sets of fibered holomorphic endomorphisms
of P2(C).

1. Introduction

1.1. Parabolic points and implosion. Parabolic fixed points are among the main
sources of bifurcations in one–dimensional holomorphic dynamics; we refer to [Mil11;
CG13] for background. Let

f(w) = w + w2 +O(w3)

be a holomorphic germ tangent to the identity at the origin. The local dynamics of f is
described by attracting and repelling Fatou coordinates and the associated horn maps,
which also encode the analytic classification of simple parabolic germs (Écalle–Voronin
theory [Éca85; Vor81]), see e.g. [DS14; DS15].

In the classical autonomous setting, parabolic implosion concerns the limiting dy-
namics of suitably rescaled perturbations of f . Following the seminal work of Douady–
Hubbard and Lavaurs [DH85; DH84; Lav89], one considers additive perturbations

fε(w) = f(w) + ε2,

with ε→ 0 along sequences of the form

εn =
π

n
+
πσ

n2
+O

( 1

n2+α

)
, α > 0.

Then the renormalized dynamics after n iterates converges (locally uniformly on com-
pact subsets of the parabolic basin Bf ) to a Lavaurs map Lσ associated with f . Par-
abolic implosion has deep consequences in complex dynamics; for instance it explains
the discontinuity of Julia sets at parabolic parameters [Dou94] and it plays a key role
in Shishikura’s proof that the boundary of the Mandelbrot set has Hausdorff dimension
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two [Shi98]. We refer to [PV20] for an overview of the theory and to [BC12; CS15; IS06]
for further consequences and applications.

Parabolic implosion techniques have also been developed in higher dimension, where
these phenomena appear naturally in the study of semi-parabolic or tangent-to-the-
identity dynamics. In particular, they have been used to construct genuinely higher–
dimensional phenomena such as wandering Fatou components for polynomial skew prod-
ucts [Ast+16; ABP23; AT26], and to obtain discontinuity statements for two–dimensional
families [BSU17; DL15; Bia19; ALR26] and structural properties for the chaotic sets
[AB25].

The purpose of this paper is to study an analogue of parabolic implosion in a general
non-autonomous setting, where the perturbation is allowed to vary at each iterate. This
type of problem is motivated both by higher–dimensional skew-product dynamics and
by random models. In one complex dimension, a first result in this direction is due to
Vivas [Viv20], see also the recent work [HSV26]. Here we develop a general additive
non-autonomous theory for arbitrary parabolic germs and obtain an explicit description
of the limiting Lavaurs phase.

1.2. Non-autonomous perturbations and main result. Let

(1) f(w) = w + w2 +O(w3)

be a holomorphic germ at the origin. For each integer n, we consider sequences of
perturbations εk,n and define the non-autonomous iteration

(2) w
(n)
k+1 = f(w

(n)
k ) + ε2k,n, k = 0, . . . , n− 1.

We are interested in the asymptotic behavior of w(n)
n as n → ∞, under perturbations

of Lavaurs type

(3) εk,n =
π

n
+

π

n2
σk,n +O

( 1

n2+α

)
,

where α > 0 can be taken arbitrarily small (in particular, for simplicity, we will always
assume that α < 1). In contrast with the autonomous case, now the perturbation not
only depends on n but is also allowed to vary with the time index k. Our main result
shows that the non-autonomous system still converges to a Lavaurs map, whose phase is
obtained as an explicit weighted average of the perturbation parameters.

Let Lu denote the classical Lavaurs map associated with f and phase u ∈ C. This
map depends only on f and u and has an explicit expression, see Section 2.2.

Theorem 1.1. Let f , {w(n)
k }, and εk,n be as in (1), (2), and (3). Assume that the (σk,n)

as in (3) are uniformly bounded. Then

w(n)
n = Lun(w0) + o(1), n→ ∞,

locally uniformly on the parabolic basin Bf , where the phase un is given by

un =
1

n

n−1∑
k=0

σk,nG

(
k + 1

n

)
, G(x) = 2 sin2(πx).
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In particular, whenever un → u, the iterates converge to the Lavaurs map Lu. We
observe here that the function G is universal: it does not depend on the higher-order
terms of f .

1.3. Consequences. We list here a few consequences of Theorem 1.1. As a first appli-
cation we recover the following result, which is the core technical part of [Ast+16].

Corollary 1.2 (Proposition A, [Ast+16]). Take F (z, w) = (p(z), q(w) + π2

4 z), where
p(z) = z − z2 +O(z3) and q(w) = w + w2 +O(w3). Then

F 2n+1(pn
2
(z), w) = (0, L0(w) + o(1))

with local uniform convergence on Bp × Bq.

We also recover a more general version of the main result of [Viv20], which was proved
in the particular case where f(w) = w

1−w , see also [HSV26]. Observe that, for this choice
of f , the maps ϕι and ϕo as in Section 2.1 are equal to −1/w (see (6) for the general
expression), hence the map L0 is equal to the identity.

Corollary 1.3. Let f , {w(n)
k }, and εk,n be as in (1), (2), and (3), and assume that

(4) σk,n + σn−2−k,n = O

(
1

n

)
for every n ∈ N and 0 ≤ k ≤ n− 2.

Then
w(n)
n = L0(w0) + o(1).

We can also see the σk,n’s as random variables. For instance, we have the following
probabilistic version of Theorem 1.1.

Corollary 1.4. Let f , (w(n)
k ), and εk,n be as in (1), (2), and (3), where (σk,n) = (σk)

is a sequence of uniformly bounded random variables such that

1

n

n−1∑
k=0

σk → u ∈ C almost surely.

Then, for every w0 ∈ Bf , the sequence of random variables (w
(n)
n ) converges to Lu(w0)

almost surely.

Finally, one can also consider the case where the σk’s arise (deterministically) from
the action of a second dynamical system.

Corollary 1.5. Let (Ω, T , µ) be a probability space, T : Ω → Ω be an ergodic transfor-
mation, and take σ ∈ L∞(Ω, T , µ). Consider a sequence of measurable skew-products of
the form

fn(z, w) = (T (z), q(w) + εn(z)
2), where εn(z) :=

π

n
+

π

n2
σ(z) +O

( 1

n2+α

)
.

Then for µ-almost every z,

lim
n→∞

π2 ◦ fnn (z, w) = Lu(w), where u :=

∫
σ(z)dµ(z)

and π2 : Ω× C denotes the projection on the second coordinate.
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Finally, in the spirit of the discontinuity of the Julia sets in one-dimensional dynamics,
we have the following result about the limits of Julia sets (i.e., the supports of the unique
measure of maximal entropy) for endomorphisms of P2 = P2(C).

Corollary 1.6. Let F : P2 → P2 be a holomorphic endomorphism which, in some affine
chart, can be written in the form F (z, w) = (p(z), q(w)), where p is a rational map and
q is a polynomial map of the form q(w) = w + w2 + O(w3). Let Fn be a sequence of
holomorphic endomorphisms of P2 which, in the same affine chart, have the form

Fn(z, w) = F (z, w) +

(
0,

(
π

n
+
a(z)

n2

)2
)
.

Assume that there exist three periodic points z(1), z(2), z(3) ∈ J(p) with periods m1,m2,m3

such that the three numbers

Aj :=
1

mj

mj−1∑
ℓ=0

a
(
pℓ(z(j))

)
, j = 1, 2, 3,

are not collinear in C. Then there exists a nonempty open subset U ⊂ C such that

J(p)× U ⊂ lim inf
n→∞

J(Fn),

where J(Fn) denotes the Julia set of Fn.

Corollary 1.6 will follow from a more general result about the limit Julia-Lavaurs
sets of perturbations as in the statement, see Proposition 6.1, as well as from some
thermodynamics formalism arguments, see Lemma 6.2. Observe that no hyperbolicity
assumption is made on the rational map p. As a special case of Corollary 1.6, we can
consider a rational map p whose Julia set is equal to the Riemann sphere (e.g., a Lattés
map). In this case, when deg p ≥ 4, we can always choose the function a(·) so that the
non-collinearity condition is satisfied, and we obtain that lim infn→∞ J(Fn) contains a
nonempty open subset of P2.

1.4. Structure of the paper. In Section 2 we recall the necessary background on Fatou
coordinates and classical parabolic implosion, as well as set some notation for the rest
of the paper. In Section 3 we construct approximate Fatou coordinates adapted to the
non-autonomous perturbations and give the main error terms with respect to actual
(non-autonomous) Fatou coordinates. In Section 4 we prove Theorem 1.1. Sections 5
and 6 are devoted to the proofs of the corollaries of the main theorem.
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2. Preliminaries and notations

In this section we recall the necessary background on parabolic germs, Fatou coordi-
nates, and classical (autonomous) parabolic implosion. We also fix notation that will be
used throughout the paper.

2.1. Parabolic germs and Fatou coordinates. Let

f(w) = w + w2 + aw3 +O(w4)

be a holomorphic germ at the origin. The fixed point at w = 0 is parabolic with multiplier
1 and one attracting and one repelling direction. For a sufficiently small r > 0, define
the attracting and repelling petals as

P ι = {|w + r| < r} and P o = {|w − r| < r}

The attracting petal P ι is forward invariant and we have fn(w) → 0 for every w ∈ P ι.
The parabolic basin Bf consists of all points w with fn(w) → 0 and is equal to ∪nf

−n(P ι).
It is classical that there exist attracting and repelling Fatou coordinates on the petals,

that is, holomorphic maps ϕι : Pι → C and ϕo : P o → C such that

(5) ϕι(f(w)) = ϕι(w) + 1, ϕo(f(w)) = ϕo(w) + 1.

The image of P ι by ϕι (resp. the image of P o by ϕo) contains a right (resp. left) half
plane. Moreover, ϕι and ϕo can be chosen1 to satisfy

(6)

{
ϕι(w) = − 1

w + (1− a) log(−w) + o(1)

ϕo(w) = − 1
w + (1− a) logw + o(1),

w → 0.

Thanks to (5), ϕι can also be extended to Bf . Similarly, the inverse (ϕo)−1 can be
extended to the complex plane.

2.2. Lavaurs maps. The now classical Douady–Lavaurs construction [Lav89; Dou94]
associates to f a one-parameter family of holomorphic maps (Lu)u∈C on Bf defined by

Lu = (ϕo)−1 ◦ Tu ◦ ϕι,

where Tu(ζ) = ζ + u denotes translation by u. These maps arise as limits of suitable
perturbations of f . More precisely, if one considers autonomous perturbations

fε(w) = f(w) + ε2

and a sequence {εn} with εn = π/n+ πu/n2 + o(1/n2), then

f◦nεn −→ Lu

locally uniformly on Bf .

1The maps ϕι and ϕo are unique up to an additive constant, which we fix by requiring the asymptotics
(6), where log(·) denotes the principal branch of the logarithm.
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3. Approximate Fatou coordinates for non-autonomous perturbations

In this section we construct approximate Fatou coordinates adapted to the non-
autonomous iteration (2), where the εk,n are as in (3). The goal is to conjugate the
dynamics of fk,n := f + ε2k,n to an approximate translation, with an error that can be
explicitly controlled with respect to k and n. In order to simplify some notations, we will
drop the index n whenever possible and denote fk = fk,n and wk = w

(n)
k . Throughout

this section, we fix a sequence of integers (kn)n≥1 such that 1 ≤ kn ≤ n/2, kn → ∞, and
kn = o(n). The precise choice of kn needed in the proof of Theorem 1.1 will be made in
Section 4.

3.1. The coordinate ψ. We begin with the following lemma, which gives an approxi-
mation of the fixed points of the maps fk. Recall that we assume 0 < α < 1 in (3).

Lemma 3.1. Set ζ± := ± iπ
n + aπ2

2n2 . Then

fk(ζ
±) = ζ± +

δk
n3

+O
( 1

n3+α

)
, where δk := 2π2σk.

Proof. Let us set ζ±k := ± iπ
n +

α±
2 (k)

n2 . A direct computation gives

fk(ζ
±
k )− ζ±k+1 =ζ

±
k + (ζ±k )2 + a(ζ±k )3 +O((ζ±k )4) + ε2k,n − ζ±k+1

=± iπ

n
+
α±
2 (k)

n2
− π2

n2
± 2iπα±

2 (k)

n3
∓ a

iπ3

n3

+
π2

n2
+

2π2σk
n3

∓ iπ

n
− α±

2 (k + 1)

n2
+O

( 1

n3+α

)
=
α±
2 (k)− α±

2 (k + 1)

n2
+

2π2σk ± 2iπα±
2 (k)∓ aiπ3

n3
+O

( 1

n3+α

)
.

Choosing α±
2 (k) =

aπ2

2 for all k ≥ 0, we obtain ζ±k = ζ± and

fk(ζ
±
k )− ζ±k+1 =

2π2σk
n3

+O
( 1

n3+α

)
,

which is the desired expression. □

Observe that, in particular, ζ± as above do not depend on k (we allowed for a de-
pendence α2(k) in the proof to show that adding such a dependence would not have
improved the estimates).

Definition 3.2. We denote

ψ(w) :=
1

2iπ
log
(w − ζ+

w − ζ−

)
and Ak := Ak(w) := ψ(wk+1)− ψ(wk).

Here and in the rest of the paper, we denote by log(·) the principal branch of the
logarithm. Note that the map ψ sends the real axis to the segment (0, 1). Circles
through ζ+ and ζ− are mapped to vertical lines in the strip above.

The map ψ is a first approximation of the non-autonomous Fatou coordinates that we
will use. We will now give an estimate for the error term Ak, for w in a suitable domain.
We begin by giving the following expression for the inverse of ψ.
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Lemma 3.3. We have

ψ−1(W ) = −π
n
cot(πW ) +O

( 1

n2

)
.

Proof. Recall that cot z = i e
iz+e−iz

eiz−e−iz . Moreover, by the expression of ψ we see that

ψ−1(W ) =
eiπW ζ− − e−iπW ζ+

eiπW − e−iπW
.

It follows from the definition of ζ± that

ψ−1(W ) = −π
n
cot(πW ) +

aπ2

2n2
,

which gives the desired estimate. □

Definition 3.4. We define the rectangle

Rn := {W ∈ C : Re(W ) ∈
( kn
10n

, 1− kn
10n

)
, Im(W ) ∈ (−1, 1)}.

Observe that Rn is contained in the image of ψ for every n. For a fixed n we will
mainly consider orbits (w

(n)
k ) such that ψ(w(n)

k ) ∈ Rn for the relevant times k. The
following lemma gives a simple estimate that will be able to apply to such orbits.

Lemma 3.5. There exists a constant c > 0 such that |ψ−1(W ) − ζ±| ≥ c
n for every n

and W ∈ Rn.

Proof. By Lemma 3.1, it is enough to prove that

|ψ−1(W )± iπ

n
| ≥ c

n
for all W with |Im(W )| ≤ 1,

for some suitable constant c as in the statement. By Lemma 3.3, this reduces to

| cot(πW )± i| ≥ c for some positive c.

The above holds since ±i are not in the image of the map W 7→ cot(πW ), hence nζ± are
uniformly far from the image of Rn under nψ−1. □

Proposition 3.6. For every n ∈ N, 0 ≤ k < n, and w ∈ Bf with ψ(wk), ψ(wk+1) ∈ Rn

we have

Ak(w) =
1

n
− (1− a)

wk

n
+Hk,n(wk+1) +O

(w2
k

n
,

1

n2+α

)
where

(7) Hk,n(w) :=
δk

2iπn3

(
1

w − ζ+
− 1

w − ζ−

)
and the estimate is locally uniform in w ∈ Bf .

Proof. By definition, we have

Ak =
1

2iπ
log

wk+1 − ζ+

wk+1 − ζ−
− 1

2iπ
log

wk − ζ+

wk − ζ−
.

Define
A′

k :=
1

2iπ
log

wk+1 − fk(ζ
+)

wk+1 − fk(ζ−)
− 1

2iπ
log

wk − ζ+

wk − ζ−
.
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We split the proof into two main steps, where we estimate A′
k (the main term) and

Ak −A′
k (the correction term), respectively.

Step 1. Estimate of the main term A′
k. We claim that we have

(8) A′
k =

1

n
− (1− a)

wk

n
+O

(w2
k

n
,
1

n3

)
.

for every n sufficiently large and every 0 ≤ k < n.

Proof of Step 1. Since wk+1 = fk(wk), we can rewrite A′
k as

A′
k =

1

2iπ
log

fk(wk)− fk(ζ
+)

fk(wk)− fk(ζ−)
− 1

2iπ
log

wk − ζ+

wk − ζ−
.

As fk differs from f by an additive constant, we deduce

A′
k =

1

2iπ
log

f(wk)− f(ζ+)

f(wk)− f(ζ−)
− 1

2iπ
log

wk − ζ+

wk − ζ−
.

Equivalently, we have

A′
k =

1

2iπ
log

f(wk)− f(ζ+)

wk − ζ+
− 1

2iπ
log

f(wk)− f(ζ−)

wk − ζ−
.

Set

ξ±(t) := ±iπt+ aπ2

2
t2, t :=

1

n
,

so that ζ± = ξ±(1/n). Consider the function

Q(x, ξ) :=
f(x)− f(ξ)

x− ξ
.

Since f is holomorphic, Q extends holomorphically across the diagonal x = ξ, and

Q(0, 0) = f ′(0) = 1.

Therefore, on a sufficiently small neighborhood of (0, 0), we may choose a holomorphic
branch of logQ(x, ξ). We then define

A′(x, t) :=
1

2iπ

(
logQ(x, ξ+(t))− logQ(x, ξ−(t))

)
.

This is a holomorphic function of (x, t) in a neighborhood of (0, 0), independent of k and
n, and by construction we have

A′
k = A′(wk, 1/n).

We now expand A′(x, t) at t = 0. First observe that ξ±(−t) = ξ∓(t), hence A′(x,−t) =
−A′(x, t). So A′(x, t) is odd in t, and in particular all even Taylor coefficients in t vanish.
Next, differentiating with respect to t, we get

∂t logQ(x, ξ±(t)) = −(ξ±)′(t)

(
f ′(ξ±(t))

f(x)− f(ξ±(t))
− 1

x− ξ±(t)

)
.

Since ξ±(0) = 0, (ξ±)′(0) = ±iπ, and f ′(0) = 1, we obtain

∂t logQ(x, ξ±(t))
∣∣∣
t=0

= ±iπ
(
1

x
− 1

f(x)

)
.
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Therefore, we obtain

∂tA′(x, 0) =
1

x
− 1

f(x)
.

We conclude that the Taylor expansion of A′ at t = 0 has the form

(9) A′(x, t) =

(
1

x
− 1

f(x)

)
t+O(t3),

where in particular the error is uniform for x in a sufficiently small fixed neighbourhood
of 0.

We now verify that x = wk belongs to such a neighbourhood, for every n sufficiently
large. Indeed, by the assumption ψ(wk) ∈ Rn and the formula for ψ−1, we have

wk = ψ−1(ψ(wk)) = −π
n
cot(πψ(wk)) +O

( 1

n2

)
.

Since ψ(wk) ∈ Rn, the distance of ψ(wk) to Z is bounded below by kn/(10n), hence

|cot(πψ(wk))| ≤ C
n

kn

for some constant C > 0 independent of k and n. Thus

wk = O
( 1

kn

)
+O

( 1

n2

)
.

Since kn → ∞, it follows that for n large enough all such wk belong to a fixed small
neighbourhood of 0.

Thanks to the above, we can evaluate (9) at (x, t) = (wk, 1/n) and obtain

(10) A′
k =

(
1

wk
− 1

f(wk)

)
1

n
+O

( 1

n3

)
.

Using the expansion f(w) = w + w2 + aw3 +O(w4), we get
1

f(w)
=

1

w

1

1 + w + aw2 +O(w3)
=

1

w

(
1− w + (1− a)w2 +O(w3)

)
,

hence
1

w
− 1

f(w)
= 1− (1− a)w +O(w2).

Applying this at w = wk and inserting it into (10), we obtain (8). □

Step 2. Estimate of the correction term Ak −A′
k. We claim that we have

(11) Ak −A′
k = Hk,n(wk+1) +O

( 1

n2+α

)
for every n sufficiently large and every 0 ≤ k < n.

Proof of Step 2. By definition, we have

Ak −A′
k =

1

2iπ
log

wk+1 − ζ+

wk+1 − ζ−
− 1

2iπ
log

wk+1 − fk(ζ
+)

wk+1 − fk(ζ−)
,
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which we can rewrite as

(12) Ak −A′
k =

1

2iπ

(
log

wk+1 − ζ+

wk+1 − fk(ζ+)
− log

wk+1 − ζ−

wk+1 − fk(ζ−)

)
.

Set
η±k,n := fk(ζ

±)− ζ±.

By Lemma 3.1, we have

η±k,n =
δk
n3

+O
( 1

n3+α

)
,

where the error term is uniform in k. Since the sequence (δk) is uniformly bounded, this
implies

(13) η±k,n = O
( 1

n3

)
,

where again the error term is uniform in k. On the other hand, since ψ(wk+1) ∈ Rn,
Lemma 3.5 gives

(14) |wk+1 − ζ±| ≥ c

n

for some c > 0 independent of k and n. Hence∣∣∣∣∣ η±k,n
wk+1 − ζ±

∣∣∣∣∣ ≤ C
1/n3

1/n
= O

( 1

n2

)
uniformly in k and n. In particular, for n large enough we obtain

log
wk+1 − ζ±

wk+1 − fk(ζ±)
= − log

(
1−

η±k,n
wk+1 − ζ±

)
=

η±k,n
wk+1 − ζ±

+O

(
|η±k,n|

2

|wk+1 − ζ±|2

)
.

Using again (13) and (14), the error term above satisfies

O

(
|η±k,n|

2

|wk+1 − ζ±|2

)
= O

(1/n6
1/n2

)
= O

( 1

n4

)
.

Moreover, we also have

η±k,n
wk+1 − ζ±

=
δk
n3

1

wk+1 − ζ±
+O

(
1

n3+α
· 1

|wk+1 − ζ±|

)
=
δk
n3

1

wk+1 − ζ±
+O

(
1

n2+α

)
.

Since O(n−4) = O(n−2−α) (recall that we always assume 0 < α < 1), we conclude that

(15) log
wk+1 − ζ±

wk+1 − fk(ζ±)
=
δk
n3

1

wk+1 − ζ±
+O

(
1

n2+α

)
,

uniformly in k and n.

Combining (12) and (15), we obtain

Ak −A′
k =

δk
2iπn3

(
1

wk+1 − ζ+
− 1

wk+1 − ζ−

)
+O

( 1

n2+α

)
.

By the definition of Hk,n, this gives (11) and concludes the proof. □
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Combining the estimates in Steps 1 and 2, we obtain

Ak =
1

n
− (1− a)

wk

n
+Hk,n(wk+1) +O

(
w2
k

n
,
1

n3
,

1

n2+α

)
.

Since 1/n3 = O(1/n2+α), this simplifies to

Ak =
1

n
− (1− a)

wk

n
+Hk,n(wk+1) +O

(
w2
k

n
,

1

n2+α

)
,

which is the desired estimate. Observe that all the implicit constants above are indepen-
dent of k and n, and are uniform for w in a compact subset of Bf . This proves the local
uniformity in w. □

3.2. The coordinate ϕ. We will now post-compose ψ with a further suitable change
of coordinate to get rid of the error term in (1 − a)wk/n appearing in Proposition 3.6.
Observe that this step is not necessary when a = 1, as ϕ = ψ in this case.

Definition 3.7. We set

χ(W ) :=W − 1

n
(1− a) log sin(πW ), ϕ := χ ◦ ψ, and Ãk := ϕ(wk+1)− ϕ(wk).

For convenience, we will denote Uk := ψ(wk) and Wk := ϕ(wk).

Lemma 3.8. The following properties hold.
(1) For every n and every W ∈ Rn, the inverse branch of ϕ defined by ϕ−1(W ) :=

ψ−1(χ−1(W )) satisfies

ϕ−1(W ) = −π
n
cot(πW ) +O

(
1

n2

)
+O

(
log(n/kn)

k2n

)
.

(2) There exists a constant c > 0 such that

|ϕ−1(W )− ζ±| ≥
c

n
for every n and every W ∈ Rn.

Proof. (1) Fix W ∈ Rn and set U := χ−1(W ), so that ϕ−1(W ) = ψ−1(U). Since
Re(W ) ∈

(
kn
10n , 1−

kn
10n

)
and |Im(W )| < 1, we have | sin(πW )| ≍ dist(W,Z) ≳ kn

n , hence

| log sin(πW )| ≲ 1 + log(n/kn),

where the implicit constants are independent of n and W . Therefore, from W = U −
1−a
n log sin(πU) we obtain

U =W +O

(
1 + log(n/kn)

n

)
.

By Lemma 3.3, we have

ϕ−1(W ) = ψ−1(U) = −π
n
cot(πW ) +O

(
1

n2

)
+O

(
1 + log(n/kn)

k2n

)
,

where we used that | cot′(πZ)| = O
(
(n/kn)

2
)

on Rn and the previous bound on |U −W |.

(2) The bound follows using the development ζ± = ±iπ/n+O(1/n2) (see Lemma 3.1)
and the lower bound for | cot(πW )± i| given by Lemma 3.5. □
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Proposition 3.9. For every n ∈ N, 0 ≤ k < n, and w ∈ Bf with Wk,Wk+1 ∈ Rn we
have

Ãk =
1

n
+Hk,n(−

π

n
cot(πWk+1)) +O

(w2
k

n
,

1

n2+α
,
log(n/kn)

nk2n

)
.

Proof. By the definitions of ϕ, Ãk, and Ak, we see that

(16)
Ãk =Wk+1 −Wk = Ak −

1

n
(1− a)

(
log sin(πUk+1)− log sin(πUk)

)
=

1

n
− (1− a)

wk

n
+Hk,n(wk+1)−

1

n
(1− a) log

sin(πUk+1)

sin(πUk)
+O

(w2
k

n
,

1

n2+α

)
.

Hence, we need to compare Hk,n(wk+1) with Hk,n(−π
n cot(πWk+1)) and estimate the

term log
sin(πUk+1)
sin(πUk)

. For convenience, we will set ŵk := −π
n cot(πWk).

Claim 1. We have

Hk,n(wk+1) = Hk,n(ŵk+1) +O

(
1

n3
,
log(n/kn)

nk2n

)
.

Proof. By the definition (7) of Hk,n(w), we have

H ′
k,n(w) =

δk
2iπn3

(
− 1

(w − ζ+)2
+

1

(w − ζ−)2

)
.

Since Wk+1 ∈ Rn, by Lemma 3.8(2) we have |wk+1 − ζ±| ≥ c/n. Moreover, ŵk+1 =

ϕ−1(Wk+1) +O( 1
n2 ,

log(n/kn)
k2n

) by Lemma
3.8(1), hence also |ŵk+1 − ζ±| ≥ c′/n for some c′ > 0 (using Lemmas 3.5 and 3.8(2)).

Therefore, for all w on the segment joining wk+1 to ŵk+1 we have |w − ζ±| ≥ c′′/n for
some c′′ > 0, and thus

|H ′
k,n(w)| ≤

C

n3

(
n2

(c′′)2
+

n2

(c′′)2

)
≤ C1

n
,

for some positive constants C,C1, where we used the fact that the sequence (δk) is
uniformly bounded. By the mean value theorem, we have

|Hk,n(wk+1)−Hk,n(ŵk+1)| ≤ sup
[wk+1,ŵk+1]

|H ′
k,n| · |wk+1− ŵk+1| ≤

C1

n
·O
(

1

n2
,
log(n/kn)

k2n

)
,

which gives the assertion. □

Claim 2. We have log sin(πUk+1)− log sin(πUk) = −wk +O(w2
k,

1
n2 ).

Proof. We have

(17)

log sin(πUk+1)− log sin(πUk) = log
sin(π(Uk +Ak))

sin(πUk)

= log
cos(πAk) sin(πUk) + sin(πAk) cos(πUk)

sin(πUk)

= log(cos(πAk) + sin(πAk) cot(πUk)).
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Since Ak = O(1/n) (see Proposition 3.6), we can expand

cos(πAk) = 1 +O(A2
k) and sin(πAk) = πAk +O(A3

k),

which give

(18) cos(πAk) + sin(πAk) cot(πUk) = 1 + πAk cot(πUk) +O
(
A2

k(1 + cot2(πUk))
)
.

Recalling that Uk = ψ(wk), we deduce from Lemma 3.3 that

wk = ψ−1(Uk) = −π
n
cot(πUk) +O

(
1

n2

)
, hence cot(πUk) = −n

π
wk +O

(
1

n

)
.

Combining this with expansion of Ak given in Proposition 3.6 gives

(19)
πAk cot(πUk) = π

( 1
n
− (1− a)wk

n
+O

(w2
k

n

1

n3

))(
−n
π
wk +O

( 1
n

))
= −wk + (1− a)w2

k +O(w2
k) +O

(
1

n2

)
.

Moreover, we also have

(20) A2
k(1 + cot2(πUk)) = O

(
1

n2

)
+O

(
cot2(πUk)

n2

)
= O

(
1

n2

)
+O(w2

k),

using again the expression cot(πUk) = −(n/π)wk +O(1/n). Therefore, we deduce from
(18), (19), and (20) that

cos(πAk) + sin(πAk) cot(πUk) = 1− wk + (1− a)w2
k +O(w2

k) +O

(
1

n2

)
.

We conclude from (17) and the above expression that

log sin(πUk+1)− log sin(πUk) = −wk +O(w2
k) +O

(
1

n2

)
,

as claimed □

The assertion follows from (16) and the above claims. □

4. Proof of Theorem 1.1

In this section we prove our main Theorem 1.1. The proof follows the orbits and is
divided into three main steps. In Section 4.1 we consider the first ∼ kn points of the
orbits, which still look close to the autonomous system f . In Section 4.2 we study the
central part of the orbit, from k ∼ kn to k ∼ n − kn, where the perturbations εk,n
dominate. This is where the estimates of the previous sections will be mainly used and
the accumulated errors leading to the formula for the phase in the statement will appear.
Finally, in Section 4.3 we consider the last ∼ kn points of the orbit, for which again
the main contribution is given by the dynamics of f . In Section 4.4 we will put all the
estimates together, completing the proof of Theorem 1.1.
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We fix below a point w0 ∈ Bf . All the estimates will be uniform for w in a given
compact neighbourhood of w0 in Bf . From now on, we will assume that the sequence kn
satisfies n = o(k2n/log(n/kn)) and kn = o(n2/3), i.e., that

(21)
k3n
n2
,
nlog(n/kn)

k2n
→ 0, n→ ∞.

For instance, we can fix 1/2 < β < 2/3 and take kn := ⌊nβ⌋. Observe that, with these
assumptions, the error term in Proposition 3.9 becomes o(1/n2).

4.1. Entering the eggbeater. In this section we compare the readings of the first
approximately kn points of an orbit in the approximate Fatou coordinate ϕ introduced
above and the actual Fatou coordinate ϕι (see Section 2). We start with the following
lemma about ϕι.

Lemma 4.1. We have wkn = −1+o(1)
kn

and ϕι(wkn) = ϕι(w0) + kn + o(1).

Proof. Recall that wk+1 = f(wk) + ε2k,n, and that |ε2k,n| = O( 1
n2 ). Moreover, we have

ϕι(f(w)) = ϕι(w) + 1 and (ϕι)′(wk) = O( 1
w2

k
). These identities and estimates give

ϕι(wk+1) = ϕι(fk(wk)) = ϕι(f(wk) + ε2k,n)

= ϕι(f(wk)) +O(|ε2k,n||(ϕι)′(f(wk))|)

= ϕι(wk) + 1 +O
( 1

|wk+1|2 · n2
)
.

By induction and the asymptotic (6) of ϕι, the above shows that wk = −1+o(1)
k for every

0 ≤ k ≤ kn. In particular, this holds for k = kn and we have

ϕι(wkn) = ϕι(w0) + kn +O
(k3n
n2

)
.

The assertion follows from the assumption (21) on kn. □

Proposition 4.2. We have

(22) nϕ(wkn) = ϕι(wkn)− (1− a) log(π/n) + o(1).

Moreover, we have Wkn ,Wkn+1 ∈ Rn for every n sufficiently large.

Proof. Let us start proving that

(23) nψ(wkn) = − 1

wkn

+ o(1), n→ ∞.

Indeed, for all k we have

nψ(wk) = n
1

2iπ
log

wk − ζ+

wk − ζ−
= n

1

2iπ
log

1− ζ+

wk

1− ζ−

wk

= n
1

2iπ

(
log(1− ζ+

wk
)− log(1− ζ−

wk
)
)
.

By Lemma 3.1, we have ζ+− ζ− = 2iπ
n . Moreover, by Lemma 4.1 we also have |1/wkn | ∼

kn = o(n). Hence, ζ±

wkn
= o(1) and

nψ(wkn) = n
1

2iπ

ζ+ − ζ−

wkn

+ nO(
1

n3 · |wkn |2
) = − 1

wkn

+O
(k2n
n2

)
= − 1

wkn

+ o(1).
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Recall that ϕ = χ ◦ ψ and that ϕι satisfies (6). In order to establish (22), we need to
prove that

log sin(πψ(wkn)) = − log(−wkn) + log(π/n) + o(1)

(observe that we do not need to do this estimate if a = 1, as ϕ = ψ in that case). By the
estimate (23) for ψ(wkn) and the facts that wkn ∼ 1/kn and k3n

n3 = o( 1n) by the assumption
(21), we have

log sin(πψ(wkn)) = log sin(π(− 1

nwkn

+ o(
1

n
))) = log(− π

nwkn

+ o(
1

n
) +O(

k3n
n3

))

= log(− π

nwkn

+ o(
1

n
)) = log(− π

nwkn

) + log(1− wkno(1)).

= log(− π

nwkn

) + o(1) = − log(−wkn) + log(π/n) + o(1).

This concludes the proof of (22).

Let us now show that Wkn ∈ Rn for every n sufficiently large. By Lemma 4.1 we have
wkn = −(1 + o(1))/kn, hence |ζ±|/|wkn | = O(kn/n) = o(1). Using the definition of ψ we
get

ψ(wkn) =
1

2iπ
log

wkn − ζ+
wkn − ζ−

=
kn
n

+ o

(
kn
n

)
.

Since χ(W ) = W − 1−a
n log sin(πW ) satisfies χ(W ) = W + O(log(n/kn)/n) on Rn, it

follows that Wkn := ϕ(wkn) = χ(ψ(wkn)) ∈ Rn for n large.

Finally, from wkn+1 = f(wkn) + ε2kn,n and f(w) = w + w2 + O(w3) we have 1
wkn+1

=
1

wkn
− 1 +O(wkn), hence

ψ(wkn+1)− ψ(wkn) =
1

n
+O

(
1

nkn

)
=

1

n
+ o

(
1

n

)
.

Therefore Wkn+1 −Wkn = χ(ψ(wkn+1)) − χ(ψ(wkn)) =
1
n + o(1/n). Since Wkn ∼ kn/n

lies at distance at least kn/2n from the boundary of Rn, we also get Wkn+1 ∈ Rn. This
concludes the proof. □

4.2. Passing through the eggbeater. As a result of the estimates of the previous
section and the definitions of ϕ and Rn, the element wkn satisfies ϕ(wkn) ∈ Rn as soon
as n is sufficiently large. The goal of this section is to show that ϕ(wk) stays in Rn for
every kn ≤ k ≤ n− kn, and to estimate the error made at every step with respect to the
autonomous system. This is the point where we use the control on the error terms in
Section 3. We start with the following preliminary estimate.

Lemma 4.3. For every kn ≤ j ≤ n− kn, we have Wj ∈ Rn and

Wj =Wkn +
j − kn
n

+O
( j
n2

)
.

Observe that, by the assumptions (21) on kn, we have log(n/kn)
k2n

= o(1/n), hence errors
of this magnitude can be considered negligible in the proof below.
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Proof. We argue by induction on j in the range kn ≤ j ≤ n− kn.
Base step. By Proposition 4.2 we have Wkn ,Wkn+1 ∈ Rn. The estimate is trivial for
j = kn, and the proof of Proposition 4.2 yields

Wkn+1 =Wkn +
1

n
+O

(
1

n2

)
,

so it holds for j = kn + 1 as well.
Induction step. Fix J with kn ≤ J ≤ n− kn − 2 and assume that

• Wj ∈ Rn for all kn ≤ j ≤ J + 1, and
• for all kn ≤ j ≤ J + 1,

Wj =Wkn +
j − kn
n

+O

(
j

n2

)
.

We prove that (for every n sufficiently large) we have WJ+2 ∈ Rn and the estimate holds
for j = J + 2. Observe that we first need to prove WJ+2 ∈ Rn by a rough one-step
estimate, since Proposition 3.9 is stated under the a priori assumption WJ+2 ∈ Rn.
Step 1 (one–step invariance): WJ+2 ∈ Rn. From the induction hypothesis we have

Re(WJ+1) = Re(Wkn) +
J + 1− kn

n
+O

(
J + 1

n2

)
,

hence for n large we have

dist(WJ+1, ∂Rn) ≥
kn
20n

.

Write wJ+2 = f(wJ+1) + ε2J+1,n. Then

wJ+2 − wJ+1 = w2
J+1 +O(w3

J+1) +O(1/n2).

Since WJ+1 ∈ Rn, Lemma 3.8(2) gives |wJ+1 − ζ±| ≥ c/n and Lemma 3.8(1) gives
|wJ+1| ≲ 1/kn on Rn (we use here that | cot(πWJ+1)| = O(n/kn)). Therefore

|wJ+2 − wJ+1| ≲
1

k2n
+

1

n2
.

Denote as above UJ+1 := ψ(wJ+1). Differentiating the definition of ψ yields

ψ′(w) =
1

n(w − ζ+)(w − ζ−)
.

Using |wJ+1 − ζ±| ≥ c/n, we get |ψ′(wJ+1)| ≲ 1
nmax(|wJ+1|,1/n)2 , hence

|ψ′(wJ+1)| · |wJ+2 − wJ+1| ≲
1

n
.

A Taylor expansion gives AJ+1 = ψ(wJ+2)− ψ(wJ+1) = O(1/n).
Recall that we denote W = χ(U). On Rn we have | cot(πU)| ≲ n/kn, hence

χ′(U) = 1− 1− a

n
π cot(πU) = 1 +O(1/kn),

so χ is 1 + o(1)–Lipschitz on Rn. Therefore

|WJ+2 −WJ+1| = |χ(UJ+2)− χ(UJ+1)| ≤ (1 + o(1))|AJ+1| = O(1/n).
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Since dist(WJ+1, ∂Rn) ≥ kn/(20n), we conclude that WJ+2 ∈ Rn for every n sufficiently
large, as desired.

Step 2: estimate for WJ+2. Since WJ+1,WJ+2 ∈ Rn, we may apply Proposition 3.9 at
time J +1 to get (as observed above, the term log(n/kn)

k2n
is negligible with respect to 1/n)

WJ+2 −WJ+1 =
1

n
+O

(
1

n2

)
,

since HJ+1,n(·) = O(1/n2) on Rn (by Lemma 3.8(2). Combining this with the induction
hypothesis for WJ+1 yields

WJ+2 =Wkn +
J + 2− kn

n
+O

(
J + 2

n2

)
.

This concludes the induction step and the proof. □

Proposition 4.4. For every kn ≤ j ≤ n− kn we have Wj ∈ Rn and

Wj =

Wkn +
j − kn
n

+

j−1∑
k=kn

Hk,n

(
− π

n
cot
((k + 1)π

n

))+ o
( 1
n

)
.

A more precise error term in the expression above would be O
(

1
n1+α ,

log(n/kn)
k2n

)
. This

is indeed o(1/n) because of the assumptions (21) on kn. An error o(1/n) will be enough
for our final estimate in Section 4.4.

Proof. We refine the estimate of Lemma 4.3. We only need to prove the formula. We
again work by induction and prove that

Wj =

Wkn +
j − kn
n

+

j−1∑
k=kn

Hk,n(−
π

n
cot(

(k + 1)π

n
))

+ o(
j

n2
)

for every j as in the statement. For j = kn the estimate is trivial (the sum is empty in
this case). For kn < J < n − kn, by Lemma 4.3 we can apply Proposition 3.9, which
gives

WJ+1 =WJ + ÃJ =

Wkn +
J − kn
n

+
J−1∑
k=kn

Hk,n(−
π

n
cot(

(k + 1)π

n
))

+o(
J

n2
)

+

(
1

n
+HJ,n(−

π

n
cot(πWJ+1))+o(

1

n2
)

)
,

where we used the assumption (21) on kn to bound with o(1/n2) the error term in
Proposition 3.9 (here, we may get a more precise error term O

(
1

n2+α ,
log(n/kn)

nk2n

)
leading
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to the more precise error term mentioned above). It follows that

WJ+1 =Wkn +
J + 1− kn

n

+

 J−1∑
k=kn

Hk,n(−
π

n
cot(

(k + 1)π

n
)) +HJ,n(−

π

n
cot(πWJ+1))

+ o
( J
n2

)
.

To conclude, we need to prove that

HJ,n(−
π

n
cot(πWJ+1))−HJ,n(−

π

n
cot(

(J + 1)π

n
)) = o(

1

n2
)

(observe that each term Hk,n is O(1/n2)). By the definition of Hk,n, it is enough to prove
that

(24) cot(πWJ+1)− cot(
(J + 1)π

n
) = o(1)

By Lemma 4.3, we have WJ+1 =
J+1
n +O( 1n). Hence, we have

| cot(πWJ+1)− cot(
(J + 1)π

n
)| ≲ cot′(

(J + 1)π

n
) ·O(

1

n
)

Since cot(·) has a simple pole at 0, its derivative has a double pole at the same point.
Since J ≥ kn, we deduce that | cot′( (J+1)π

n )| = O(n
2

k2n
). Hence,

| cot(πWJ+1)− cot(
(J + 1)π

n
)| = O(

n

k2n
) = o(1),

where in the last step we used the assumption (21) on kn. □

We conclude this part with the following estimate for the point wn−kn , which we will
need to initialize the next part (we will actually need only the bound wn−kn = O(1/kn),
but the proof for the precise expression is essentially the same).

Lemma 4.5. We have
wn−kn =

1

kn
+O

(
1

n

)
.

In particular, wn−kn = O(1/kn).

Proof. By Lemma 4.3 we have

Wn−kn =
n− kn
n

+O

(
1

n

)
= 1− kn

n
+O

(
1

n

)
.

Set ηn := 1−Wn−kn , so that ηn = kn
n +O(1/n) and nηn = kn+O(1). By Lemma 3.8(1),

we have
wn−kn = −π

n
cot(πWn−kn) +O

(
1

n2

)
+O

(
log(n/kn)

k2n

)
.

Since cot(π(1− η)) = − cot(πη) = −(πη)−1 +O(η) as η → 0, we obtain

−π
n
cot(πWn−kn) =

1

nηn
+O

(ηn
n

)
=

1

kn
+O

(
1

n

)
.

This gives the assertion (recall that, by (21), log(n/kn)
k2n

is negligible with respect to 1
n). □
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4.3. Exiting the eggbeater. The next two estimates mirror those of Proposition 4.2
and Lemma 4.1.

Proposition 4.6. We have

n
(
ϕ(wn−kn)− 1

)
= ϕo(wn−kn)− (1− a) log(π/n) + o(1).

Proof. Set ηn := ψ(wn−kn)−1. Since ψ(wn−kn) ∈ (0, 1)+ i(−1, 1) and wn−kn = O(1/kn)
(by Lemma 4.5) a Taylor expansion of the logarithm in the definition of ψ shows that

nηn = − 1

wn−kn

+ o(1).

Moreover, we have

sin(πψ(wn−kn)) = sin(π(1 + ηn)) = − sin(πηn) = −πηn + o(1/n),

hence

log sin(πψ(wn−kn)) = log
( π

nwn−kn

)
+ o(1) = − logwn−kn + log(π/n) + o(1).

Recalling that ϕ = χ ◦ ψ, we get
n(ϕ(wn−kn)− 1) = n(ψ(wn−kn)− 1)− (1− a) log sin(πψ(wn−kn))

= − 1

wn−kn

+ (1− a) logwn−kn − (1− a) log(π/n) + o(1).

Using the asymptotic (6) for ϕo gives the assertion. □

Lemma 4.7. We have

ϕo(wn) = ϕo(wn−kn) + kn + o(1).

Proof. Arguing exactly as in Lemma 4.1, but starting at time n − kn, and using the
estimate for wn−kn given by Lemma 4.5, we obtain

(25) wn−kn+ℓ =
1 + o(1)

kn − ℓ
for 0 ≤ ℓ ≤ kn − 1.

Since ϕo ◦ f = ϕo + 1, (ϕo)′(w) = O(1/w2) near 0, and |εj,n|2 = O(1/n2), for every
n− kn ≤ j ≤ n− 1 we get

ϕo(wj+1) = ϕo(f(wj) + ε2j,n) = ϕo(f(wj)) +O

(
1

n2
∣∣(ϕo)′(f(wj))

∣∣)
= ϕo(wj) + 1 +O

(
1

n2|wj+1|2

)
.

Therefore,

ϕo(wn)− ϕo(wn−kn) = kn +O

(
1

n2

kn−1∑
ℓ=0

1

|wn−kn+ℓ+1|2

)
.

Using (25), we obtain

ϕo(wn)− ϕo(wn−kn) = kn +O

(
1

n2

kn∑
m=1

m2

)
= kn +O

(
k3n
n2

)
= kn + o(1),

where in the last step we use the assumption (21) on kn. □
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4.4. End of the proof of Theorem 1.1. We can now conclude the proof of Theorem
1.1. Applying Proposition 4.4 with j = n− kn and multiplying by n, we obtain

nWn−kn = nWkn + n− 2kn + n

n−kn−1∑
m=kn

Hm,n

(
−π
n
cot

(
(m+ 1)π

n

))
+ o(1).

By Proposition 4.2 and Lemma 4.1, we have

nWkn = ϕι(wkn)− (1− a) log(π/n) + o(1) = ϕι(w0) + kn − (1− a) log(π/n) + o(1).

On the outgoing side, Proposition 4.6 gives

ϕo(wn−kn) = nWn−kn − n+ (1− a) log(π/n) + o(1).

Combining the previous identities, we get

ϕo(wn−kn) = ϕι(w0)− kn + n

n−kn−1∑
m=kn

Hm,n

(
−π
n
cot

(
(m+ 1)π

n

))
+ o(1).

Finally, applying Lemma 4.7 we obtain

ϕo(wn) = ϕι(w0) + n

n−kn−1∑
m=kn

Hm,n

(
−π
n
cot

(
(m+ 1)π

n

))
+ o(1).

We can also extend the sum above to all indices 0 ≤ m ≤ n − 1, since the omitted
boundary terms contribute o(1) after multiplication by n. Indeed, for the boundary
indices one has G

(
m+1
n

)
= O

(
(m+1)2

n2

)
for m < kn,

G
(
m+1
n

)
= O

(
(n−m)2

n2

)
for n− kn ≤ m ≤ n− 1.

Hence the omitted contribution is

O

 1

n

∑
m<kn

(m+ 1)2

n2

+O

 1

n

∑
n−kn≤m≤n−1

(n−m)2

n2

 = O

(
k3n
n3

)
= o(1),

where in the last step we used the assumption (21) on kn. As a result, we obtain

ϕo(wn) = ϕι(w0) + n
n−1∑
m=0

Hm,n

(
−π
n
cot

(
(m+ 1)π

n

))
+ o(1).

To conclude, we need to compute the sum on the right hand side. It follows from the
definition (7) of Hk,n (see Lemma 3.1 for the definition of δk) that

Hk,n(w) =
2π2σk
2iπn3

ζ+ − ζ−

w2 − (ζ+ + ζ−)w + ζ+ζ−
=

2π2σk
2iπn3

2iπ
n

w2 − aπ2

n2 w + π2

n2 +O( 1
n3 )

=
2π2σk
n4

1

w2 − aπ2

n2 w + π2

n2 +O( 1
n3 )

.
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Therefore, we have

Hk,n

(
− π

n
cot
((k + 1)π

n

))
=

2π2σk
n4

(
π2

n2
cot2

((k + 1)π

n

)
+
aπ3

n3
cot
((k + 1)π

n

)
+
π2

n2
+O(

1

n3
)

)−1

=
2σk
n2

(
cot2

((k + 1)π

n

)
+
aπ

n
cot
((k + 1)π

n

)
+ 1 +O(

1

n
)

)−1

.

It follows that

n

n−1∑
k=0

Hk,n

(
− π

n
cot
((k + 1)π

n

))
=

2

n

n−1∑
k=0

σk

(
cot2

((k + 1)π

n

)
+
aπ

n
cot
((k + 1)π

n

)
+ 1 +O(

1

n
)

)−1

=

(
1

n

n−1∑
k=0

G(
(k + 1)

n
)σk

)
+ o(1).

The proof is complete.

Remark 4.8. We observe that
∫ 1
0 G(x)dx = 1, so that if σk ≡ σ independently of k, we

do find again σ
n

∑n−1
k=0 G(

k+1
n ) = σ + o(1) (as a Riemann sum), from which we recover

the usual statement of the autonomous parabolic implosion.

5. Proof of Corollaries 1.2–1.5

Proof of Corollary 1.2. Fix n ∈ N. For j ≥ 0, it will be convenient to set εj := εj,n =
π
2

√
pn2+j(z), where

√
· denotes the square root with positive real part. For z ∈ Bp, we

have pk(z) = 1
k+O(ln k) as k → ∞, so that

εj =
π

2n
− π

2n

j

2n2
+O

(
lnn

n3

)
.

Denote N := 2n and σj := − j
n = −2j

N , so that

εj =
π

N
+

π

N2
σj +O

(
lnN

N3

)
.

Let (zj , wj) = F j(pn
2
(z), w). Then, by Theorem 1.1 we have wN = Lu(w) + o(1), where

u := 1
N

∑N−1
j=0 σjG(

j+1
N ). Hence,

u = − 1

N

N−1∑
j=0

2j

N
G(
j + 1

N
) = −

∫ 1

0
4x sin2(πx)dx+ o(1) = −1 + o(1).

Therefore wN = L−1(w) + o(1), and so w2n+1 = L0(w) + o(1), as required. □
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Proof of Corollary 1.3. By Theorem 1.1, it suffices to prove that

un :=
1

n

n−1∑
k=0

σk,nG

(
k + 1

n

)
−→ 0, n→ ∞.

Observe that, since G(1) = 2 sin2(π) = 0, the term corresponding to k = n − 1 in the
sum above vanishes. Moreover, since G(x) = G(1 − x) for every x ∈ [0, 1], for every
0 ≤ k ≤ n− 2 we have

G

(
k + 1

n

)
= G

(
1− k + 1

n

)
= G

(
n− 1− k

n

)
= G

(
(n− 2− k) + 1

n

)
.

Therefore, we obtain

un =
1

2n

n−2∑
k=0

(
σk,n + σn−2−k,n

)
G

(
k + 1

n

)
.

Since G is bounded on [0, 1], using (4) we obtain

|un| ≤
∥G∥∞
2n

n−2∑
k=0

|σk,n + σn−2−k,n| = O

(
1

n

)
.

Hence un → 0, and the conclusion follows from Theorem 1.1. □

Proof of Corollary 1.4. By Theorem 1.1, it suffices to prove that the phases

un :=
1

n

n−1∑
k=0

σk,nG
(k + 1

n

)
converge almost surely to u, where G(x) = 2 sin2(πx) is as in Theorem 1.1.

Set bj := σj−1 for j ≥ 1. Then we have

un =
1

n

n∑
j=1

bj G

(
j

n

)
and

1

n

n∑
j=1

bj =
1

n

n−1∑
j=0

σj −→ u almost surely.

Therefore, Lemma 5.1 applied to the sequence (bj) and the function g = G gives

un −→ u

∫ 1

0
G(x) dx almost surely.

Since
∫ 1
0 2 sin2(πx) dx = 1, we obtain un → u almost surely. Hence we have w(n)

n →
Lu(w0) almost surely, for every w0 ∈ Bf . This concludes the proof. □

The following lemma is an elementary consequence of the discrete integration by parts.
We give a proof for the reader’s convenience. It will also be used in the proof of Corollary
1.6, see Proposition 6.1. The assumption on the derivative of g is not essential, but the
proof is easier assuming it.

Lemma 5.1. Let (bk)k≥1 be a bounded sequence such that

1

n

n∑
k=1

bk −→ L ∈ C (n→ ∞).
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Then for every g ∈ C1([0, 1]) one has

1

n

n∑
k=1

bk g
(k
n

)
−→ L

∫ 1

0
g(x) dx (n→ ∞).

Proof. Set S0 := 0 and Sj :=
∑j

k=1 bk for j ≥ 1. The assumption implies Sj/j → L,
hence Sj = Lj + o(j). As bk = Sk − Sk−1, a summation by parts gives

n∑
k=1

bk g
(k
n

)
= Sn g(1)−

n−1∑
k=1

Sk ·
(
g
(k + 1

n

)
− g
(k
n

))
,

which gives

1

n

n∑
k=1

bk g
(k
n

)
= Lg(1) + o(1)− 1

n

n−1∑
k=1

Sk

(
g
(k + 1

n

)
− g
(k
n

))
,

using that Sn/n→ L. By the mean value theorem, we have

g
(k + 1

n

)
− g
(k
n

)
=

1

n
g′(ξk,n) for some ξk,n ∈ (k/n, (k + 1)/n),

hence
1

n

n−1∑
k=1

Sk

(
g
(k + 1

n

)
− g
(k
n

))
=

1

n2

n−1∑
k=1

Sk g
′(ξk,n).

Using that Sk = Lk + o(k) and the boundedness of g′, we get

1

n2

n−1∑
k=1

Sk g
′(ξk,n) =

L

n2

n−1∑
k=1

k g′(ξk,n) + o(1).

Moreover,
1

n2

n−1∑
k=1

k g′(ξk,n) =
1

n

n−1∑
k=1

k

n
g′(ξk,n) −→

∫ 1

0
x g′(x) dx,

since ξk,n → k/n uniformly in k. Therefore

(26)
1

n

n∑
k=1

bk g
(k
n

)
−→ Lg(1)− L

∫ 1

0
x g′(x) dx.

Finally, an integration by parts gives

g(1)−
∫ 1

0
x g′(x) dx =

∫ 1

0
g(x) dx.

Hence, the limit in (26) is equal to L
∫ 1
0 g(x) dx. The assertion follows. □

Proof of Corollary 1.5. For a µ-generic z, we apply Corollary 1.4 to the bounded sequence
σk := σ(T kz). Then, by Birkhoff’s ergodic theorem, we have

1

n

n−1∑
k=0

σ(T kz) −→
∫
Ω
σ dµ.
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Hence, the corresponding fiber dynamics converges to Lu, with u =
∫
Ω σ dµ as desired.

□

6. Proof of Corollary 1.6

Let F be an endomorphism of P2 = P2(C) of algebraic degree d ≥ 2 which is fibered
over a rational map p of degree d on P1 = P1(C), i.e., such that there exists a dominant
rational map π : P2 99K P1 such that

π ◦ F = p ◦ π.

More explicitly, after choosing homogeneous coordinates such that π([z1, z2, w]) = [z1, z2],
any such endomorphism can be written in the form

F ([z1, z2, w]) = [p1(z1, z2), p2(z1, z2), Q(z1, z2, w)]

where p = [p1, p2] is the expression of the rational map p in homogeneous coordinates.
Geometrically, the map F sends each fiber of π to another fiber, and the induced dynamics
on the base P1, which parametrizes the fibers, is given by p. Recall from [Jon99; DT21]
that the Julia set J(F ) and the equilibrium measure µF of F admit a decomposition and
a disintegration of the form

J(F ) =
⋃

z∈J(p)

Jz and µF =

∫
µzdµp(z)

where Jz ⊂ π−1(z) and µz is a probability measure on π−1(z).

Proposition 6.1. Let F : P2 → P2 be a holomorphic endomorphism which, in some
affine chart, can be written in the form F (z, w) = (p(z), q(w)), where p is a rational map
and q is a polynomial map of the form q(w) = w+w2 +O(w3). Let Fn be a sequence of
holomorphic endomorphisms of P2 which, in the same affine chart, have the form

Fn(z, w) = F (z, w) +

(
0,

(
π

n
+
a(z)

n2

)2
)
.

Then, for every ergodic p-invariant probability measure ν and for ν-a.e. z ∈ J(p) we
have

lim inf
n→∞

Jz(Fn) ⊃ JLav

(
q,

1

π

∫
a dν

)
,

As in [Lav89], given u ∈ C, the Julia-Lavaurs set JLav(q, u) is defined as

JLav(q, u) :=
{
w : ∃m ≥ 0 such that L◦m

u (w) is defined and L◦m
u (w) ∈ J(q)

}
.

Observe that we have J(q) ⊂ JLav(q, u) for every u ∈ C and ∪u∈CJLav(q, u) = J ∪ Bq,
see for instance [Lav89; Dou94].

Proof of Proposition 6.1. For z ∈ Jp and n ≥ 1, the fiber dynamics of Fn over z is
described by the non-autonomous iteration

wk+1 = q(wk) + εk,n(z)
2, εk,n(z) :=

π

n
+
a(pk(z))

n2
0 ≤ k ≤ n− 1.
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Thus, it fits the framework of Theorem 1.1 with

σk,n(z) =
1

π
a(pk(z)).

Fix an ergodic p-invariant measure ν on Jp and let z be ν-generic. Then, by Birkhoff’s
ergodic theorem, we have

1

n

n−1∑
k=0

a(pk(z)) −→
∫
a dν.

Since
∫ 1
0 G(t) dt = 1, Lemma 5.1 gives

1

n

n−1∑
k=0

σk,n(z)G
(k + 1

n

)
=

1

πn

n−1∑
k=0

a(pk(z))G
(k + 1

n

)
−→ 1

π

∫
a dν.

Hence, by Theorem 1.1, the (non-autonomous) fiber dynamics of Fn over such z converges
to the Lavaurs map of phase u = 1

π

∫
a dν. In particular, we have

lim inf
n→∞

Jz(Fn) ⊃ JLav(q, u).

This inclusion is proved as in the one-dimensional case [Lav89] and is a consequence
of the lower semi continuity of the fibered Julia sets, which in turn is a consequence
of the continuity (with respect to the map) of the corresponding measures µz [Jon99;
DT21]. □

Corollary 1.6 will follow combining the above proposition and the following lemma.

Lemma 6.2. Let p : P1 → P1 be a rational map of degree d ≥ 2 and let a : J(p) → C
be Hölder continuous. Assume that, for every v ∈ C \ {0}, the function z 7→ v · a(z)
is not cohomologous to a constant on Jp, where · denotes the standard inner product on
R2 ≃ C. Then the set

W :=

{∫
Jp

a dν : ν ergodic p-invariant and supp(ν) = Jp

}
has nonempty interior in C.

Proof. For τ = (τ1, τ2) ∈ R2 consider the real Hölder continuous potential

φτ := τ1Re(a) + τ2 Im(a).

For every τ sufficiently small, the potential φτ admits a unique equilibrium state ντ for
φτ , see for instance [BD23; DPU96]. Moreover, ντ is ergodic and has full support. Let
P (τ) := P (φτ ) be the topological pressure. Again for τ sufficiently small, by [BD24] the
function τ 7→ P (τ) is real-analytic and satisfies

∇P (τ) =
(∫

Re(a) dντ ,

∫
Im(a) dντ

)
.

We observe here that the assumption (A) in [BD23; BD24] is not needed in our case, since
in dimension 1 all periodic critical points are outside of the Julia set. The assumption
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on a implies that detHessP (0) ̸= 0. To see this, for v ∈ C ∼ R2, define the function
gv(z) := v · a(z). Then gv is Hölder-continuous and we have

v⊤HessP (0) v = σ2(gv) ≥ 0, where σ2(gv) :=

∫
g2v dν0 + 2

∞∑
j=1

∫
gν(gv ◦ pj) dν0

denotes the asymptotic variance of gv with respect to ν0, see for instance [PP90, Section
4] and [BD24, Lemma 5.7]. If HessP (0) were not positive definite, there would exist
v ̸= 0 with v⊤HessP (0)v = 0, hence σ2(gv) = 0. But, again by [PP90; BD24], this
implies that gv is cohomologous to a constant. Therefore HessP (0) is positive definite,
hence invertible.

In particular, by the inverse function theorem, ∇P is a local diffeomorphism near
0 ∈ R2. Therefore, its image contains an open subset, as desired. □

We can now prove Corollary 1.6.

Proof of Corollary 1.6. We first observe that the assumption on a in Corollary 1.6 implies
that of Lemma 6.2.

Indeed, fix v ̸= 0 and suppose by contradiction that v ·a is cohomologous to a constant,
i.e., that the function z 7→ v ·a(z) = c+h−h◦p for some continuous function h : Jp → C.
This implies that, for i = 1, 2, 3 we have

v ·Ai =
1

mi

mi−1∑
j=0

v · a(pj(z(i))) = c.

Thus the three points A1, A2, A3 lie on the affine real line

{z ∈ C : v · z = c},
contradicting the assumption that they are not collinear.

By the above, we can apply Lemma 6.2. Hence, the set of phases

W =

{
1

π

∫
a dν : ν ergodic, supp(ν) = Jp

}
contains a nonempty open set Ω ⊂ C. The Julia–Lavaurs set JLav(q, u) depends non-
trivially on u as the dependence is a translation in Fatou coordinates. Hence,

⋃
u∈Ω JLav(q, u)

contains a nonempty open subset U ⊂ C.
The above, Proposition 6.1, and the fact that the measures in the definition ofW above

have full support in J(p) imply that every z ∈ Jp can be approximated by a sequence
zm ∈ Jp with the property that, for every m, we have

U ⊂ lim inf
n→∞

Jzm(F
n).

As Jzm(Fn) ⊂ J(Fn) for every n and m, the assertion follows from a diagonal argument.
□
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