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Abstract. In this paper, we extend the theory of parabolic implosion in complex
dimension 2 to the case of holomorphic maps tangent to the identity at order 2. We
investigate the bifurcation phenomena that occur when a fully parabolic fixed point is
perturbed. Under the assumption of a non-degenerate characteristic direction with a
formal invariant curve and director α satisfying Reα > 2, we establish the existence
of Lavaurs maps as limits of iterates fnεn for specific sequences of the perturbation
parameter εn. Finally, we apply these results to prove the discontinuity of the Julia sets
J1 and J2 for holomorphic endomorphisms of P2, generalizing classical one-dimensional
results to this higher-dimensional setting.

1. Introduction

Parabolic implosion is the study of the bifurcation phenomena which occur when a
multiple (i.e., parabolic) fixed point is perturbed and splits into several fixed points or
periodic cycles. It was first developed by Lavaurs in his PhD thesis ([Lav89]). A first
consequence of this theory is a precise description of the discontinuity (enrichment) of
Julia sets with respect to the parameter, in the presence of a non-persistent parabolic
cycle. This was used by Shishikura ([Shi98]) to prove that the boundary of the Mandel-
brot set has Hausdorff dimension 2. A refinement of parabolic implosion (near-parabolic
renormalization), developed by Inou and Shishikura ([IS06]), has led to remarkable re-
sults, such as the construction of quadratic Julia sets with positive area by Buff and
Chéritat ([BC12]) or progress towards the hyperbolicity conjecture ([CS15]).

More recently, the theory of parabolic implosion has started to develop and to find
successful applications in higher dimension. In [BSU17], Bedford, Smillie and Ueda
develop a parabolic implosion theory in the setting of semi-parabolic diffeomorphisms
in dimension 2, i.e., in the case of a fixed point with one attracting direction and the
other one with multiplier equal to 1. In particular, in the important case of a dissipative
Hénon map, they were able to deduce the discontinuity of several dynamically defined sets
(including the forward Julia set J+ and the closure J∗ of the saddle periodic points) with
respect to the parameter. Building on their result, Bianchi and the first named author
proved in [AB25] the existence of perturbations of such Hénon maps whose forward Julia
set J+ has large Hausdorff dimension.

In [DL15], Dujardin and Lyubich adapted the results of [BSU17] to construct ho-
moclinic tangencies for perturbations of dissipative Hénon maps with a semi-parabolic
periodic cycle, with applications to bifurcation theory. In [ABD+16], the authors used
parabolic implosion techniques to construct the first examples of polynomial maps (in
dimension 2) with a wandering Fatou component (see also [ABTP23], [ABT26]). The
dynamical systems under consideration are polynomial skew-products, hence the tech-
niques employed can be seen as a non-autonomous version of one-dimensional parabolic
implosion. Finally, in [Bia19b], Bianchi obtained results analogous to those of [BSU17]
but for the more difficult case of maps with a fully parabolic fixed point, i.e., in the case
where the differential at the fixed point is the identity. The purpose of this article is to
extend the results from [Bia19b].
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Let us now provide a quick overview of classical parabolic implosion in dimension one,
in the simplest case of a parabolic fixed point with just one attracting and one repelling
petal. Let f : C→ C be a holomorphic map of the form f(z) = z + z2 +O(z3). By the
classical Leau-Fatou theorem, there exists r > 0 and univalent maps φι : D(−r, r) → C
and φo : D(r, r)→ C such that

(1) P ι := D(−r, r) is forward invariant under f , and P o := D(r, r) is invariant under
the branch of f−1 fixing the origin;

(2) φι ◦ f = φι + 1, and φo ◦ f = φo + 1.
The domains P ι and P o are respectively called incoming and outgoing petals and the
maps φι and φo are called incoming and outgoing Fatou coordinates. Let

B := {z ∈ C : fn(z)→ 0 and fn(z) 6= 0 ∀n ≥ 0}

be the parabolic basin. Then P ι ⊂ B, and moreover B =
⋃
n≥0 f

−n(P ι). The incoming
Fatou coordinate extends to a holomorphic map φι : B → C and the inverse (φo)−1 of
the outgoing Fatou coordinate extends to a holomorphic map ψo : C → C, called the
outgoing Fatou parametrization. We refer the reader to [Mil11] for details. In particular,
for any σ ∈ C, the change of coordinate Lσ := ψo ◦ Tσ ◦ φι is well-defined on B, where
Tσ(z) := z + σ is the translation of vector σ. It is called the Lavaurs map of phase σ.1

Consider now the family of perturbations fε(z) = f(z) + ε2, ε ∈ C. For ε small but
non-zero, the double fixed point at the origin for f splits into 2 simple fixed points for fε,
of the form z±(ε) = ±iε+O(ε2). If we take say ε > 0, then Lavaurs proved that orbits
under fε starting from a point in P ι will approach the origin, then cross the "gate" given
by the vertical segment [z−(ε), z+(ε)] between z−(ε) and z+(ε) and then move away
from the origin inside P o. Since fε is close to the identity near 0, as ε→ 0 it takes more
and more iterations to do this. At the limit, we obtain in this way a "transit map" from
P ι to P o, which is useful for studying the dynamics of fε. It turns out that this transit
map is exactly the Lavaurs map defined above. More precisely:

Theorem (Lavaurs, [Lav89]). Let (εn)n∈N be a sequence of complex numbers, and σ ∈ C.
Assume that limn→∞ (n− π/εn) = σ. Then fnεn → Lσ locally uniformly on B.

We now move on to the setting of complex dimension 2. Let f : U⊂ C2 → C2 be a
holomorphic map on a neighborhood U of the origin, with a power series expansion of
the form

f = Id + P2 + P3 + . . .

where the Pj are homogeneous degree j polynomial maps from C2 to C2, and P2 6≡ 0.
Such a map is called tangent to the identity at order 2. Following Hakim [Hak98] and
Écalle [É85], we say that v ∈ C2 \ {(0, 0)} is a characteristic direction for f if there
exists λ ∈ C so that Pk(v) = λv. If λ 6= 0 then v is said to be non-degenerate. We shall
denote by v 7→ [v] the canonical projection of C2\{(0, 0)} onto P1. The director of a
non-degenerate characteristic direction v is the eigenvalue of the linear operator

d(P2)[v] − Id : T[v]P1 → T[v]P1.

If the real part of the director of a non-degenerate characteristic direction v is strictly
positive, Hakim proved in [Hak97] that for any C > 0 there exist incoming and out-
going petals P ιC and P oC and incoming/outgoing Fatou coordinates Φι/o : P

ι/o
C → C2

1Fatou coordinates are in fact only unique up to addition by a constant; thus Lσ may be thought of
as (φo)−1 ◦ φι, for a different choice of φι. In practice, we will work with some unique normalizations of
Fatou coordinates based on their formal expansion at 0.
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conjugating f to a translation of vector (1, 0) (see Propositions 3.2 and 3.3 for details).
Let

BU,v := {(x, y) ∈ U : fn(x, y)→ (0, 0) tangentially to v}
denote the parabolic basin associated to v. Similarly to the one-dimensional case, we
have that BU,v =

⋃
C>0

⋃
n≥0 f

−n(P ιC) (see [LHR25]).
We say that a formal non-singular curve C is invariant for f if given a parametrization

γ(t) of C (i.e., γ(t) ∈ C[[t]]2 with γ(0) = (0, 0) and γ′(0) 6= (0, 0)) there exists h ∈ tC[[t]]
with h′(0) 6= 0 such that

f ◦ γ = γ ◦ h.
The tangent of C is, by definition, C · γ′(0).

From now on, we will assume that f : U⊂ C2 → C2 is a holomorphic map defined on
a neighborhood U of the origin and which satisfies the following assumption:

(H1) The map f is tangent to the identity at order 2 and has a non-degenerate char-
acteristic direction v, with a formal non-singular invariant curve C tangent to v,
and a director α such that Reα > 2.

It is worth mentioning that the existence of a non-singular formal invariant curve
tangent to a non-degenerate characteristic direction v is a generic hypothesis. It is
equivalent to the existence of an analytic curve C tangent to v which is preserved up to
order k = bReαc+ 2 in the following sense: if γ(t) is a parametrization of C then there
exists h ∈ tC{t} such that

f ◦ γ − γ ◦ h ∈ 〈tk+1〉
and this condition is always satisfied when α 6∈ N (see [[Hak98], Section 3]).

We now state a first, non-technical version of our main result:

Theorem 1 (Non-technical version). Let f : U ⊂ C2 → C2 be a holomorphic map
satisfying (H1). Then for any q ∈ C there exists a holomorphic family of holomorphic
maps (fε : U → C2)ε∈D with f0 = f such that for any σ ∈ C and for any compact set
K ⊂ BU,v there exist N ∈ N and a sequence εn → 0 such that fn−Nεn → (Φo)−1◦Aσ−N,q◦Φι

uniformly on K, where Aσ−N,q(X,Y ) := (X + σ −N, eπqY ).

Since the maps f and fε are only defined on U , in general the iterates fnεn may not
be well-defined; however Theorem 1 implies that there is a constant integer N such that
fn−Nεn is well-defined on K for all n large enough. Moreover, since the map

Lσ−N,q = (Φo)−1 ◦Aσ−N,q ◦ Φι

satisfies
f ◦ Lσ−N,q = Lσ−N,q ◦ f = Lσ−N+1,q,

it is not difficult to see that we also have fn−N ′εn → Lσ−N ′,q for any N ′ ∈ Z such that
Lσ−N ′,q(K) ⊂ U . In particular, in the case where the maps fε are global endomorphisms
of a complex manifold we may simply take N = 0.

We can be more precise on the requirements for the family of perturbations (fε)ε∈D,
and interpret the constants σ and q in terms of fε. We will make the following assump-
tions:

(H2) The family (fε)ε∈D preserves the formal curve C to order m + 1, where m :=
bReαc+ 1, in the following sense: if γ(t) is a parametrization of C, there exists
hε ∈ O(D)[[t]] such that

fε ◦ γ − γ ◦ hε ∈ 〈tm+2, εtm+1, . . . , εm+2〉.
(H3) For all ε in a neighborhood of 0, fε has exactly 4 fixed points zi(ε) near the origin

(1 ≤ i ≤ 4) and counted with multiplicity, which depend holomorphically on ε
and such that z′i(0) := d

dε |ε=0
zi(ε) are non-zero and pairwise distinct.
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Note that the existence of 4 fixed points depending holomorphically on ε is always
satisfied up to passing to a branched cover in parameter space (although doing so affects
the derivatives z′i(0)).

With a slight abuse of notation we will say that (fε)ε∈D satisfies (H1)− (H3) when f0
satisfies (H1) and (fε)ε∈D∗ satisfies (H2) and (H3).

We can interpret the constants σ and q in terms of the multipliers of the fixed points of
fε. To make this precise, we first need the following Proposition, whose proof is deferred
until the next section:

Proposition 1. Assume that (fε : U → C2)ε∈D satisfies (H1) − (H3). Then there are
exactly two fixed points of fε, say z1(ε), z2(ε), which are asymptotically tangent to v for
ε small, i.e.,

z′i(0) ∈ C∗v, 1 ≤ i ≤ 2.

Moreover, if the eigenvalues λi(ε), µi(ε) of zi(ε) satisfy that λ′i(0) 6= µ′i(0) then one of
the eigenspaces of zi(ε) tends to Cv as ε→ 0, and the condition λ′i(0) 6= µ′i(0) holds for
at least one of the fixed points.

Remark 1. If (H1) and (H2) are satisfied, then the proof of Proposition 1 will show that
(H3) can be replaced by the following slightly weaker condition:

(H ′3) The jet of order m+ 1 of hε has two fixed points w±(ε), and w′+(0) 6= w′−(0).
Note that even though the fixed points w±(ε) depend on the higher order terms of hε,
their derivatives at 0 do not.

We can now state a second version of our results, which is more explicit on the re-
quirements on the family of perturbations (fε)ε∈D. To do so, we will use the following
convention: let z1(ε) and z2(ε) be the fixed points from Proposition 1 and let λ1(ε), µ1(ε)
and λ2(ε), µ2(ε) be their eigenvalues. If λ′i(0) 6= µ′i(0), we denote by ρiT (ε) the eigenvalue
whose eigenspace tends to Cv as ε→ 0 and by ρiN (ε) the other one; if λ′i(0) = µ′i(0), we
assign the names ρiT (ε) and ρiN (ε) indifferently to the two eigenvalues λi(ε) and µi(ε).

Theorem 2 (Coordinate-free version). Let (fε : U → C2)ε∈D be a family of holomorphic
maps satisfying (H1)− (H3). Let z1(ε), z2(ε) be the fixed points from Proposition 1 and
denote by ρiT (ε) and ρiN (ε) (1 ≤ i ≤ 2) their eigenvalues, using the convention above.
Let

q := lim
ε→0

1

ε

ρ1N (ε) + ρ2N (ε)− 2

ρ1T (ε) + ρ2T (ε)
.

There exists a constant σ0 ∈ C such that for any 1 ≤ i ≤ 2, for any σ ∈ C, for any
sequence (εn)n∈N such that

2iπ

ρiT (εn)− 1
= n− σ + o(1),

and for any compact set K ⊂ BU,v, there exists N ∈ N such that

fn−Nεn → (Φo)−1 ◦Aσ+σ0−N,q ◦ Φι

uniformly on K, where Aσ+σ0−N,q(X,Y ) := (X + σ + σ0 −N, eπqY ).

We finally state a third version of our main result, explicitly expressed in coordinates:

Theorem 3 (Coordinate version). Let

gε(x, y) = (x+ (x2 + ε2)aε(x) + ybε(x, y), y + ycε(x, y) + dε(x))

be a family of holomorphic maps defined on a neighborhood U of (0, 0), where aε, bε, cε
and dε depend holomorphically on ε, and assume that

(1) a0(0) = 1, b0(0, 0) = 0
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(2) cε(x, y) = ηx + qε + cy + O2(x, y, ε), with Re η > 3, q, c ∈ C and dε(x) =
O(xm+3) + εOm+1(x, ε) where m = bRe ηc.

Let (εn) be a sequence such that n − π/εn = σ + o(1). Then for any compact set K ⊂
BU,(1,0) there exists N ∈ N such that

gn−Nεn → (Φo)−1 ◦Aσ−N,q ◦ Φι

uniformly on K, where Aσ−N,q(X,Y ) := (X + σ −N, eπqY ).

Theorem 3 can be interpreted as a generalization of Bianchi’s main result in [Bia19b],
Theorem 1.4. Let us comment here on the differences between Theorem 3 and [Bia19b,
Theorem 1.4]. First, [Bia19b, Theorem 1.4] applies only to maps satisfying a strong
assumption, namely that they leave invariant the 3 complex lines x = ±iε and y = 0
(which amounts to taking bε(x, y) = dε(x) = 0 with our notations). If that is the case,
then the formal curve corresponding to our assumptions (H1) and (H2) is the curve y = 0,
and it is invariant for the whole family of perturbations. Secondly, [Bia19b, Theorem
1.4] only proves convergence near the line y = 0 (instead of the whole parabolic basin
associated to v = (1, 0)), and only up to extraction. In particular, it does not rule out
the possibility of the sequence (gnεn)n∈N having more than one limit value. Finally, in
[Bia19b, Theorem 1.4] the possible limits of (gnεn)n∈N are not described explicitly as maps
of the form (Φo)−1◦Aσ,q ◦Φι, and only depend on the parameter σ since in his case q = 0.
On the other hand, we must note that [Bia19b, Theorem 1.4] only assumes Re η > 1,
compared to our assumption that Re η > 3, so our results do not strictly imply his.

Let us now give an application case of our main results. A holomorphic endomorphism
of P2 is a map which may be written in homogeneous coordinates as

f([z0 : z1 : z2]) = [P0(z) : P1(z) : P2(z)],

where P0, P1, P2 : C3 → C are homogeneous polynomials of degree d with no common
factors. The integer d is called the algebraic degree of f . Given such an endomorphism
f , one can define two distinct notions of Julia sets: the set J1(f), which may be defined
as the non-normality locus; and the set J2(f), also sometimes called the small Julia
set, which may be defined as the support of the unique measure of maximal entropy.
Alternatively, Jm(f) (1 ≤ m ≤ 2) may be defined as the support of T∧mf , where Tf is the
so-called Green current of f (this construction is not specific to the case of dimension
2). In general, J2(f) ( J1(f), and even for very simple maps (such as product maps)
there is no equality. We refer the reader to the survey [DS10] for more details.

In the following, for any (σ, q) ∈ C2 we will let Lσ,q := Ψo ◦Aσ,q ◦Φι, where Ψo is the
extension of (Φo)−1 to C2. For any endomorphism f of P2 satisfying (H1), we will set

J1(f,Lσ,q) := {z ∈ P2 : ∃p ∈ J1(f) ∃n ∈ N Lnσ,q(p) = z}

Corollary 1 (Compare to [Bia19b, Theorem 1.6]). Let f : P2 → P2 be an endomorphism
satisfying (H1) and of algebraic degree d > Reα + 1. Then for any q ∈ C there exists a
family (fε)ε∈D of endomorphisms of P2 of algebraic degree d satisfying (H1)− (H3), with
q as Theorem 2. Moreover, for any σ ∈ C,

lim inf
n→+∞

J1(fεn) ⊃ J1(f,Lσ,q)

where (εn)n∈N is as in Theorem 2.

Corollary 2. Let f : P2 → P2 be an endomorphism satisfying (H1) and of algebraic
degree d > Reα + 1. Assume moreover that Ψo(C2) ∩ J2(f) 6= ∅. Then the map
Hd(P2) 3 g 7→ J2(g) is discontinuous at f , where Hd(P2) denotes the space of degree
d endomorphisms of P2.
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Even if we drop the assumption that Ψo(C2)∩J2(f) 6= ∅, our arguments still prove the
discontinuity of the closure of the set of repelling periodic points; however, as mentioned
above, the Julia set J2 may be smaller than this closure. This hypothesis is not easy to
check in practice; let us however give a concrete example. Let η ∈ C with Re η > 3, and
let d > Re η. Let

f(x, y) = (x+ x2 + axy + by2 + xd, y + ηxy + cy2 + yd).

The polynomial map f : C2 → C2 extends to an endomorphism of P2. If (a, b) = (0, 0),
then the map f is a polynomial skew-product. In that case, Ψo is of the form Ψo(x, y) =
(Ψo

p(x),Ψo
2(x, y)), where Ψo

p is an outgoing Fatou parametrization of the base polynomial
map p(z) := z + z2 + zd. By [Jon99], J2(f) :=

⋃
z∈J(p) Jz, where J(p) denotes the Julia

set of p and Jz is the non-normality locus of {fn : n ∈ N} restricted to the vertical line
x = z. Since Ψo

p is non-constant and entire, it omits at most one value, so there exists
x0 ∈ J(p) and X0 ∈ C such that Ψo

p(X0) = x0. Similarly, the map Y 7→ Ψo
2(X0, Y )

is entire and non-constant and Jx0 is uncountable; so Ψo(C2) ∩ (J2(f)) 6= ∅. Now, the
set J2(f) varies lower semi-continuously with respect to the parameters (a, b, c); and
the map Ψo depends holomorphically (hence continuously) on (a, b, c). (For a proof of
this fact in dimension one, see the Appendix in [ABD+16]; the argument remains valid
in higher dimension). Therefore, there exists some open set W ⊂ C3 such that for all
(a, b, c) ∈ C3, the map f satisfies Ψo

f (C2) ∩ J2(f) 6= ∅.
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Outline of the paper. In Section 2, we give a proof of Theorem 1 and Theorem 2
assuming Theorem 3. Sections 3 to 5 are devoted to the proof of Theorem 3. In Section 3,
we introduce the incoming and outgoing petals for g0 and recall the construction of Fatou
coordinates and compute their asymptotics. Section 4 is devoted to the construction of
so-called approximate Fatou coordinates for gε, which are in a sense close to the actual
Fatou coordinates of g0 and which nearly conjugate the dynamics of gεn to a translation.
In Section 5 we provide precise estimates of the orbit under gεn in the parabolic basin and
complete the proof of Theorem 3. Finally, Corollaries 1 and 2 are proved in Section 6.

2. Proof of Theorems 1 and 2 from Theorem 3

Let us first show how Theorem 3 implies Theorem 1. Let f : U ⊂ C2 → C2 be a
holomorphic map satisfying (H1). If we choose coordinates (x, y) such that v = (1, 0)
we have that

f(x, y) =
(
x+ λx2 +O(x3, xy, y2), y + ηxy +O(x2y, y2, x3)

)
with λ 6= 0 and η/λ = α+1, where α is the director of v. Up to conjugating by the linear
map (x, y) 7→ (λx, y), we can assume that λ = 1, so η = α+ 1. In those coordinates, the
formal invariant curve C has a parametrization γ(t) = (t, ζ(t)), with ζ(t) ∈ t2C[[t]]. If
we take m := bRe ηc and Ψ(x, y) := (x, y − Jm+2ζ(x)), where Jm+2ζ is the jet of order
m+ 2 of ζ, we have that g0(x, y) = Ψ ◦ f ◦Ψ−1 has the form

g0(x, y) =
(
x+ x2a0(x) + yb0(x, y), y + yc0(x, y) +O(xm+3)

)
,
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with a0(x) = 1 + O(x), b0(0, 0) = 0 and c0(x, y) = ηx + O(x2, y). Then Theorem 1
follows immediately considering a family (gε) and a sequence (εn) as in Theorem 3 and
taking fε := Ψ−1 ◦ gε ◦Ψ.

Let us now obtain Theorem 2 from Theorem 3. Consider a family (fε : U ⊂ C2 →
C2)ε∈D of holomorphic maps satisfying (H1) − (H3). We will start making several suc-
cessive changes of coordinates until we obtain the form of Theorem 3.

As above, we first choose coordinates in which v = (1, 0) and the curve C has a
parametrization γ(t) := (t, ζ(t)), with ζ(t) ∈ t2C[[t]]. Letm := bReαc+1 and Ψ(x, y) :=
(x, y−Jm+1ζ(x)), where Jm+1ζ is the jet of order m+ 1 of ζ, and set g̃ε := Ψ ◦ fε ◦Ψ−1.
Since the family (fε) preserves C up to order m+ 1 by hypothesis (H2), we have

g̃ε(x, 0) = (pε(x),Om+2(x, ε)),

where pε depends holomorphically on ε, and p0(x) = x+ λx2 +O(x3) for some constant
λ 6= 0 (as above, the fact that λ 6= 0 follows from the assumptions of f0 having order 2
and v being non-degenerate). Up to conjugating by the linear map (x, y) 7→ (λx, y), we
may assume without loss of generality that λ = 1.

In particular, there exist holomorphic functions b̃ε and c̃ε such that

(1) g̃ε(x, y) = (pε(x) + yb̃ε(x, y), y(1 + c̃ε(x, y)) +Om+2(x, ε)).

Since g̃0 is tangent to the identity, we also have b̃0(0, 0) = c̃0(0, 0) = 0. Moreover, by
hypotheses (H3), g̃ε has 4 fixed points z̃i(ε) = Ψ(zi(ε)) (1 ≤ i ≤ 4) near the origin, which
depend holomorphically on ε and satisfy that z̃′i(0) are non-zero and pairwise different.

Lemma 2.1. There are exactly two fixed points z̃1(ε), z̃2(ε) of g̃ε (counting multiplicity)
which are asymptotically tangent to v for ε small, i.e.,

z̃′i(0) ∈ C∗v, 1 ≤ i ≤ 2.

Moreover, if w±(ε) denote the two fixed points of pε, then w±(ε) depend holomorphically
on ε and z̃i(ε) = (w±(ε), 0) +O(ε2). In particular, w′+(0) 6= w′−(0).

Proof. Let us write g̃ε(x, y) =
∑

n≥0 Pn(x, y, ε), where Pn : C3 → C2 is homogeneous
polynomial map of degree n. Since g̃0 is tangent to the identity, we have P0 = 0 and
P1(x, y, ε) = (x, y) + (γε, δε) for some γ, δ ∈ C. We claim that under our assumptions,
we must have γ = δ = 0. Indeed, since g̃ε(z̃i(ε)) =

∑
n≥0 Pn(z̃i(ε), ε) and z̃i(0) = 0, by

differentiating g̃ε(z̃i(ε), we obtain

(γ, δ) = ∂εg̃ε(z̃i(ε)|ε=0 = (0, 0).

In particular, this means that

pε(x) = x+ x2 + a1,1εx+ a0,2ε
2 +O3(x, ε).

By Weierstrass’ Preparation Theorem applied to pε− Id, there exists holomorphic maps
ε 7→ α(ε), ε 7→ β(ε) and (ε, x) 7→ u(ε, x) with α(0) = β(0) = 0 and u(0, 0) = 1 such that

pε(x) = x+ (x2 + α(ε)x+ β(ε))u(ε, x).

Moreover, α(ε) = a1,1ε+O(ε2) and β(ε) = a0,2ε
2 +O(ε3). The fixed points w±(ε) of pε

are the zeros of x 7→ x2 + α(ε)x + β(ε). It follows that w±(ε) =
−α(ε)±

√
α(ε)2−4β(ε)
2 . In

particular,

w±(ε) =
−a1,1 ±

√
a21,1 − 4a0,2

2
ε+O(ε3/2),

and w± are complex differentiable at ε = 0, with w′±(0) =
−a1,1±

√
a21,1−4a0,2
2 .
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It is not yet clear that w+ and w− are holomorphic near 0; note however that if

w′+(0)− w′−(0) =
√
a21,1 − 4a0,2 6= 0

then ε 7→ α(ε)2 − 4β(ε) vanishes exactly at order 2 and in this case the two fixed points
w±(ε) depend holomorphically on ε.

Next, we write pε(x) = x+(x−w−(ε))(x−w+(ε))(1+O(x, ε)), b̃ε(x, y) = b1ε+ b2x+
b3y+O2(x, y, ε) and c̃ε(x, y) = c1ε+ c2x+ c3y+O2(x, y, ε). Note that c2 = α+ 1, where
α is the director of v, so c2 6= 0 by our assumptions. Let

Hε(X,Y ) :=
g̃ε(εX, εY )− (εX, εY )

ε2

so that Hε(X,Y ) = (0, 0) if and only if (εX, εY ) is a fixed point of g̃ε. Then

Hε(X,Y ) =
(
(X − w′−(0))(X − w′+(0)) + Y (b1 + b2X + b3Y ), Y (c1 + c2X + c3Y )

)
+O(ε),

so as ε→ 0, the map Hε converges locally uniformly to

H(X,Y ) =
(
(X − w′−(0))(X − w′+(0)) + Y (b1 + b2X + b3Y ), Y (c1 + c2X + c3Y )

)
.

Since c2 6= 0, it is then straightforward to check that the set H−1(0, 0) is finite and
contains 4 elements counted with multiplicity. Moreover, H(X, 0) = (0, 0) if and only if
X = w′±(0).

Since proper intersections of analytic sets persist under perturbations, for all ε small
enough the set H−1ε (0, 0) is has the same cardinality as H−1(0, 0) and its elements are
close to those of H−1(0, 0). Therefore, for small ε the fixed points of the map g̃ε are of
the form εvi +O(ε2), where H(vi) = (0, 0).

In particular, g̃ε has exactly two fixed points z̃i(ε) (with 1 ≤ i ≤ 2) which are asymp-
totically tangent to v = (1, 0) and moreover, z̃i(ε) = (w±(ε), 0) + O(ε2). Finally, the
assertion that w′+(0) 6= w′−(0) follows from the fact that z̃′1(0) 6= z̃′2(0). In particular,
ε 7→ w±(ε) are indeed holomorphic. �

Remark 2.2. As we mentioned in Remark 1, in our results hypothesis (H3) can be
replaced by the weaker assumption (H ′3). To show this, it suffices to note that if we
impose hypothesis (H ′3) then the jet or order m + 1 of pε(x) has two fixed points ŵ±(ε)
with ŵ′+(0) 6= ŵ′−(0), so pε(x) has two fixed points w±(ε) with w′+(0) 6= w′−(0) and then
Lemma 2.1 also holds with the same proof.

Lemma 2.3. Up to replacing ε by ε̃ := µε for some µ 6= 0, there is a family of polynomial
automorphisms Θε : C2 → C2, depending holomorphically on ε near 0 and such that
Θ0 = Id, such that the maps gε := Θε ◦ g̃ε ◦Θ−1ε have the form

gε(x, y) = (x+ (x2 + ε2)aε(x) + ybε(x, y), y + ycε(x, y) + dε(x))

with aε, bε, cε and dε depending holomorphically on ε and
(1) a0(0) = 1, b0(0, 0) = 0
(2) cε(x, y) = ηx + qε + cy + O2(x, y, ε), with Re η > 3, q, c ∈ C and dε(x) =
O(xm+3) + εOm+1(x, ε) where m = bRe ηc.

Proof. By Lemma 2.1, the fixed points w±(ε) of pε depend holomorphically on ε and
satisfy w′+(0) 6= w′−(0). Therefore, there exists µ ∈ C∗ such that if we replace ε by
ε̃ := µε then d

dε̃ |ε̃=0
(w+(ε̃) − w−(ε̃)) = 2i. By an abuse of notation, we will still denote

ε̃ by ε: in other words, we assume from now on that w′+(ε)− w′−(ε)) = 2i.
For ε 6= 0, let Nε be the unique affine automorphism of C mapping w±(ε) to ±iε (note

that Nε is well-defined for ε small since w+(ε) 6= w−(ε)). More explicitly,

Nε(x) =
2iε

w+(ε)− w−(ε)
(x− w+(ε)) + iε
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and ε 7→ Nε extends holomorphically to a neighborhood of 0 with

N0(x) :=
2i

w′+(0)− w′−(0)
x = x.

Let Mε(x, y) := (Nε(x), y) and ĝε := Mε ◦ g̃ε ◦ M−1ε . A direct computation using
expression (1) shows that ĝε is of the form

ĝε(x, y) =
(
Nε ◦ pε ◦N−1ε (x) + yb̂ε(x, y), y(1 + ĉε(x, y)) + d̂ε(x)

)
with b̂ε, ĉε, d̂ε depending holomorphically on ε and d̂ε(x) = O(xm+2). Moreover, by
construction, Nε ◦ pε ◦N−1ε has fixed points at ±iε so we can write Nε ◦ pε ◦N−1ε (x) =
x+ (x2 + ε2)âε(x), with âε depending holomorphically on ε. Therefore

ĝε(x, y) =
(
x+ (x2 + ε2)âε(x) + yb̂ε(x, y), y + yĉε(x, y) + d̂ε(x)

)
.

Since N0 = Id and p0(x) = x+ x2 +O(x3), we have â0(0) = 1. And since M0 = Id, we
also have b̂0(0, 0) = ĉ0(0, 0) = 1. Write

ĉε(x, y) = ηx+ qε+O(x2, y, xε, ε2); d̂ε(x) = dxm+2 +O(xm+3) + εOm+1(x, ε)

for some q, d ∈ C, where η = α+ 1, so Re η > 3 and m = bRe ηc. Now, we consider the
polynomial change of coordinates Ψε given by

Ψε(x, y) =

(
x, y − d

m+ 1− η
xm−1(x2 + ε2)

)
.

Let gε := Ψε ◦ ĝε ◦Ψ−1ε . If we denote (x1, v1) := gε(x, v), we have that

x1 = x+ (x2 + ε2)aε(x) + vbε(x, v)

for some aε and bε depending holomorphically on ε and such that a0(0) = â0(0) = 1

and b0(0, 0) = b̂0(0, 0) = 0. Now, denote `ε(x, y) = (x2 + ε2)âε(x) + yb̂ε(x, y), so that
x1 = x+ `ε(x, y). Given k ∈ N, we have that

xk1 = xk + kxk−1`ε(x, y) +
k∑
j=2

(
k

j

)
xk−j`ε(x, y)j .

Since `ε(x, y) = x2 + ε2 +O3(x, ε) + yO(x, y, ε), we have

xk−1`ε(x, y) = xk+1 + xk−1ε2 +Ok+2(x, ε) + yOk(x, y, ε)

and since `ε(x, y) = O2(x, y, ε) we have

xk−j`ε(x, y)j = Ok+2(x, y, ε)

for all 2 ≤ j ≤ k. Therefore

xk1 = xk + kxk+1 + kxk−1ε2 +Ok+2(x, ε) + yOk(x, y, ε) +Ok+2(x, y, ε),

so

xm+1
1 +xm−11 ε2 = xm+1+(m+1)xm+2+xm−1ε2+O(xm+3)+εOm+1(x, ε)+yOm+1(x, y, ε).
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Then we have,

v1 = y
(
1 + ηx+ qε+O

(
x2, y, xε, ε2

))
+ dxm+2 +O(xm+3) + εOm+1(x, ε) + yOm+1(x, y, ε)

− d

m+ 1− η
(
xm+1 + (m+ 1)xm+2 + xm−1ε2

)
=

(
v +

d

m+ 1− η
(
xm+1 + xm−1ε2

)) (
1 + ηx+ qε+O

(
x2, v, xε, ε2

))
+ dxm+2

− d

m+ 1− η
(
xm+1 + (m+ 1)xm+2 + xm−1ε2

)
+O(xm+3) + εOm+1 (x, ε)

= v
(
1 + ηx+ qε+O

(
x2, v, xε, ε2

))
+

d

m+ 1− η
(
xm+1 + ηxm+2 + xm−1ε2

)
+ dxm+2

− d

m+ 1− η
(
xm+1 + (m+ 1)xm+2 + xm−1ε2

)
+O(xm+3) + εOm+1 (x, ε)

= v
(
1 + ηx+ qε+O

(
x2, v, xε, ε2

))
+O(xm+3) + εOm+1 (x, ε)

and the Lemma is proved taking Θε := Ψε ◦Mε. �

We will also need the following result.

Lemma 2.4. Let ε 7→ A(ε) be a holomorphic map from D to M2(C). Assume that

A(0) = Id, and A′(0) =

(
u w
0 v

)
. Then, for ε 6= 0 small enough, A(ε) has two eigen-

values λ1(ε) = 1 + uε + O(ε2), λ2(ε) = 1 + vε + O(ε2). Moreover, if u 6= v then the
eigenspace associated to λ1(ε) tends to C(1, 0) as ε→ 0.

Observe that the condition u 6= v is necessary: the matrices A(ε) =

(
1 + uε ε2

ε2 1 + uε

)
have eigenvectors (1, 1) and (1,−1) for all ε 6= 0.

Proof. Write A(ε) = (aij(ε))1≤i,j≤2, and let

p(ε, µ) :=
1

ε2

∣∣∣∣a11(ε)− 1− µε a12(ε)
a21(ε) a22(ε)− 1− µε

∣∣∣∣ =
χA(ε)(1 + µε)

ε2
.

Then p(ε, µ) =

∣∣∣∣u− µ w
0 v − µ

∣∣∣∣ + O(ε); this proves that for ε 6= 0 small enough the

eigenvalues of A(ε) satisfy λ1(ε) = 1 +uε+O(ε2), λ2(ε) = 1 + vε+O(ε2). In particular,
if u 6= v then for ε 6= 0 small enough they are simple.

Assume now that u 6= v and let us prove the assertion about the eigenspace associated
to λ1(ε). Let X(ε) be a family of eigenvectors associated to λ1(ε) = 1 + uε + O(ε2)
for ε 6= 0, and let εn → 0 be any sequence. Assume without loss of generality that
‖X(εn)‖ = 1 for all n ∈ N. For every n, we have

A(εn)X(εn) = λ1(εn)X(εn)

and then
A(εn)− Id

εn
X(εn) = uX(εn) +O(εn);

therefore any adherence valueX ∈ C2 of the sequence (X(εn))n≥0 satisfies A′(0)X = uX.
In particular, X is in C(1, 0). Therefore, limn→∞[X(εn)] = [1 : 0]. �

We can now conclude the proof of Proposition 1 and Theorem 2. The first statement
of Proposition 1 follows from Lemma 2.1. Let us compute the differential of gε at the
fixed points ẑ1(ε) = Θε(z̃1(ε)) = (iε, 0)+O(ε2) and ẑ2(ε) = Θε(z̃2(ε)) = (−iε, 0)+O(ε2).
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We have

Jac gε(ẑ1(ε)) =

(
1 + 2iε+O(ε2) bε(iε, 0) +O(ε2)

O(ε2) 1 + qε+ iηε+O(ε2)

)
.

and

Jac gε(ẑ2(ε)) =

(
1− 2iε+O(ε2) bε(−iε, 0) +O(ε2)

O(ε2) 1 + qε− iηε+O(ε2)

)
.

Then, by Lemma 2.4, Jac gε(ẑ1(ε)) has eigenvalues

ρ1T (ε) = 1 + 2iε+O(ε2), ρ1N (ε) = 1 + (q + iη)ε+O(ε2)

and Jac gε(ẑ2(ε)) has eigenvalues

ρ2T (ε) = 1− 2iε+O(ε2), ρ2N (ε) = 1 + (q − iη)ε+O(ε2).

If (ρiT )′(0) 6= (ρiN )′(0) then again by Lemma 2.4 the eigenspace associated to ρiT (ε) tends
to C(1, 0) as ε→ 0. Moreover, this condition happens for at least one of the fixed points,
since either q+iη 6= 2i or q−iη 6= −2i (or both). This finishes the proof of Proposition 1.

Let us now prove Theorem 2. Observe first that

lim
ε→0

1

ε

ρ1N (ε) + ρ2N (ε)− 2

ρ1T (ε) + ρ2T (ε)
= lim

ε→0

1

ε

2qε+O(ε2)

2 +O(ε2)
= q.

Now, consider a sequence εn → 0 be such that 2iπ
ρiT (εn)−1

= n−σ+o(1) for some 1 ≤ i ≤ 2

and for some constant σ ∈ C. Up to replacing ε by −ε in the family (fε), we can assume
without loss of generality that ρiT = ρ1T . Then, writing ρ

1
T (ε) = 1 + 2iεn + βε2n +O(ε3n)

(where β depends only on the family (fεn)) we have

2iπ

2iεn + βε2n +O(ε3n)
= n− σ + o(1),

and therefore n− π/εn = σ + σ0 + o(1), with σ0 = iπβ/2. By Theorem 3 we have that
for any compact set K contained in the parabolic basin of g0 associated to (1, 0) there
exists N ∈ N such that

gn−Nεn → L(g0)σ+σ0−N,q

uniformly on K, where L(g0)σ+σ0−N,q := (Φo
(g0)

)−1 ◦ Aσ+σ0−N,q ◦ Φι
(g0)

and Φι
(g0)

, Φo
(g0)

denote respectively the incoming and outgoing Fatou coordinates for g0. Since fε =
Ψ−1 ◦Θ−1ε ◦ gε ◦Θε ◦Ψ and Θ0 = Id, we deduce that

lim
n→∞

fn−Nεn = Ψ−1 ◦ L(g0)σ+σ0−N,q ◦Ψ.

It is straightforward to see that Φι,o
(f0)

:= Φι,o
(g0)
◦ Ψ are respectively the incoming and

outgoing Fatou coordinates for f0. It follows that for any compact K contained in
the parabolic basin of f0 associated to v there exists N such that limn→∞ f

n−N
εn =

(Φo
(f0)

)−1 ◦Aσ+σ0−N,q ◦ Φι
(f0)

and Theorem 2 is proved.

3. Asymptotics of Fatou coordinates

Consider a family (gε) as in Theorem 3, so g := g0 has the form

g(x, y) = (x+ x2a0(x) + yb0(x, y), y + yc0(x, y) + d0(x))

with a0(0) = 1, b0(0, 0) = 0, c0(x, y) = ηx+ cy +O2(x, y, ε) and d0(x) = O(xm+3) with
ρ = Re η > 3 and m = bρc. Then, we can write

g(x, y) =
(
x+ x2 + ax3 +O

(
x4, xy, y2

)
, y + ηxy +O

(
x2y, y2, xm+3

))
.
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In this section we recall the construction and asymptotics of Fatou coordinates for g.
Although these results are essentially contained in [Hak97] (see also [LHR25]) we provide
all the proofs for the sake of completeness.

In the following, log refers to the principal branch of the complex logarithm, defined
on C \ (−∞, 0]. The expression

(
− 1
x

)η (defined in particular when Rex < 0) means by
definition exp

(
η log

(
− 1
x

))
.

Denote, for any C > 0 and any r > 0

P ι(r, C) =

{
(x, y) ∈ C2 : |x+ r| < r,

∣∣∣∣ y

(−x)η

∣∣∣∣ < C

}
.

Although we will not mention it explicitly, in the following computations we always
assume that r is small enough such that P ι(r, C) ⊂ U , where U is the domain of definition
of (gε).

Lemma 3.1. For any C > 0 there exists r0(C) > 0 such that if 0 < r ≤ r0(C) and
(x, y) ∈ P ι(r, C) then

gn(x, y) ∈ P ι(r, C + 1)

for every n ≥ 0. Moreover, if (x, y) ∈ P ι(r, C) and we denote (xn, yn) := gn(x, y) we
have that

(2) − 1

x1
= −1

x
+ 1 + (a− 1)x+O

(
x2
)
,

y1
(−x1)η

=
y

(−x)η
+O

(
x2
)

as (x, y)→ 0 (the constants in O being allowed to depend on C),

lim
n→∞

−1

nxn
= 1 and |xn| ≤

(
Re

(
−1

x

)
+
n

2

)−1
for any n ≥ 1.

Proof. Fix C > 0 and set (x1, y1) = g(x, y). Let 0 < r0 < r1 ≤ 1 and consider
(x, y) ∈ P ι(r, C). By the expression of g, if |y(−x)−η| < C+1 (so in particular y = O(x3)
since ρ > 3) we have that x1 = x+x2+ax3+O(x4) and y1 = y(1+ηx+O(x2))+O(xm+3)
(where the constants in O(x4) and O(x2) depend on C), so

− 1

x1
= − 1

x (1 + x+ ax2 +O (x3))
= −1

x
+ 1 + (a− 1)x+O

(
x2
)

and, as long as Rex < 0 and |x| is small enough so that (−x1)η is defined,

y1
(−x1)η

=
y
(
1 + ηx+O(x2)

)
+O(xm+3)

(−x)η (1 + x+O(x2))η

=
y

(−x)η
(
1 +O(x2)

)
+O(xm+3−ρ) =

y

(−x)η
+O

(
x2
)
,

(using in the last equality thatm+3−ρ > 2 by definition ofm) so there exists a constant
C̃ > 0, depending on C, such that∣∣∣∣ y1

(−x1)η

∣∣∣∣ ≤ ∣∣∣∣ y

(−x)η

∣∣∣∣+ C̃|x|2.

By the expression of −1/x1, we can choose r0 = r0(C) > 0 small enough such that if
0 < r ≤ r0 and |x+ r| < r (so Re (−1/x) > (2r)−1) then

Re

(
− 1

x1

)
≥ Re

(
−1

x

)
+

1

2
,

so in particular |x1 + r| < r and moreover

|x1| ≤
(

Re

(
−1

x

)
+

1

2

)−1
.
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Up to decreasing r0 if necessary, we can also assume that

C̃
∑
n≥0

(
1

2r0
+
n

2

)−2
< 1.

Take (x, y) ∈ P ι(r, C) with 0 < r ≤ r0. Since P ι(r, C) ⊂ P ι(r, C + 1), we have by the
previous computation that |x1 + r| < r (so in particular (−x1)η is defined) and∣∣y1(−x1)−η∣∣ < C + C̃|x|2 < C + C̃(2r)2 < C + 1,

so (x1, y1) ∈ P ι(r, C + 1). Arguing recursively, we obtain that |xn + r| < r,

|xn| ≤
(

Re

(
−1

x

)
+
n

2

)−1
and ∣∣∣∣ yn

(−xn)η

∣∣∣∣ ≤ ∣∣∣∣ y

(−x)η

∣∣∣∣+ C̃

n−1∑
j=0

|xj |2 < C + C̃

n−1∑
j=0

(
Re

(
−1

x

)
+
j

2

)−2

≤ C + C̃
n−1∑
j=0

(
1

2r
+
j

2

)−2
< C + 1,

for every n ≥ 1, where (xn, yn) = gn(x, y), so (xn, yn) ∈ P ι(r, C + 1) for every n ≥ 1.
Moreover, since

− 1

x1
= −1

x
+ 1 + h(x, y)

where h(x, y) = O(x), we have that

− 1

xn
= −1

x
+ n+

n−1∑
j=0

h(xj , yj)

and therefore −1nxn
→ 1 as n→∞. �

Our next goal is to prove the following Propositions:

Proposition 3.2. For any C > 0 there exists 0 < rι(C) ≤ r0(C) such that for any
0 < r ≤ rι(C) there exists a holomorphic univalent map Φι : P ι(r, C)→ C2 which is an
incoming Fatou coordinate for g (i.e., Φι ◦ g = Φι + (1, 0)) and satisfies

Φι(x, y) =

(
−1

x
+ (1− a) log(−x) + o (1) ,

y

(−x)η
+ o (1)

)
,

as Re (−1/x)→ +∞ inside P ι(r, C). Moreover,

{X ∈ Hr−1 : |ImX| < 2|ReX|} × D(0, C − 1) ⊂ Φι(P ι(r, C)),

where Ht := {X ∈ C : ReX > t}.

Proposition 3.3. For any C > 0 there exists ro(C) > 0 such that for any 0 < r ≤ ro(C)
there exists a holomorphic univalent map Φo : P o(r, C)→ C2, where

P o(r, C) =
{

(x, y) ∈ C2 : |x− r| < r,
∣∣∣ y
xη

∣∣∣ < C
}
,

which is an outgoing Fatou coordinate for g (i.e., Φo ◦ g = Φo + (1, 0)) and satisfies

Φo(x, y) =

(
−1

x
+ (1− a) log x+ o (1) ,

y

xη
+ o (1)

)
,

as Re (−1/x)→ −∞ inside P o(r, C). Moreover,

−{X ∈ Hr−1 : |ImX| < 2|ReX|} × D(0, C − 1) ⊂ Φo(P o(r, C)).
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Set

Φι
0(x, y) :=

(
−1

x
,

y

(−x)η

)
.

It is straightforward to check that Φι
0 is well-defined and univalent on {(x, y) ∈ C2 :

Rex < 0} and that

(Φι
0)
−1 (X,Y ) =

(
− 1

X
,
Y

Xη

)
.

By Lemma 3.1, for any C > 0 there exists r0(C) > 0 such that for any 0 < r ≤ r0(C)
the map

G := Φι
0 ◦ g ◦ (Φι

0)
−1

is well-defined on
Φι
0 (P ι(r, C)) = H(2r)−1 × D(0, C),

where H(2r)−1 =
{
X ∈ C : ReX > (2r)−1

}
, and Gn(X,Y ) ∈ Φι

0 (P ι(r, C + 1)) for any
n ≥ 1 and for any (X,Y ) ∈ H(2r)−1 × D(0, C). Moreover, using (2) we have that

(3) G(X,Y ) =

(
X + 1 +

1− a
X

+O
(

1

X2

)
, Y +O

(
1

X2

))
in H(2r)−1 ×D(0, C) as ReX → +∞ (the constants in O being allowed to depend on C).

Lemma 3.4. For any C > 0 and any 0 < r ≤ r0(C), where r0(C) is given by Lemma 3.1,
the map

ψ(X,Y ) := lim
n→∞

Yn,

where (Xn, Yn) = Gn(X,Y ), is well-defined in H(2r)−1 × D(0, C), satisfies ψ ◦ G = ψ
and has the form ψ(X,Y ) = Y + o(1) as ReX → +∞. Moreover, the map Φι

1 :
H(2r)−1 × D(0, C)→ C2 defined by

Φι
1(X,Y ) := (X,ψ(X,Y ))

is injective.

Proof. By (3), we have that Y1 = Y + k(X,Y ) for some holomorphic map k(X,Y ) =
O(X−2) and for every (X,Y ) ∈ H(2r)−1 × D(0, C). Therefore, for every n we have that

Yn = Y +
n−1∑
j=0

k(Xj , Yj).

Using the bound |Xj |−1 ≤ (ReX + j/2)−1 ≤ 2/j from Lemma 3.1 we have that the series∑∞
j=0 k(Xj , Yj) is uniformly convergent in H(2r)−1 × D(0, C), so Yn converges uniformly

to a holomorphic function
ψ(X,Y ) = Y + v(X,Y )

where v(X,Y ) =
∑∞

j=0 k(Xj , Yj). The invariance of ψ is immediate, by construction.
Moreover, since

∞∑
j=0

1

|Xj |2
≤ 1

(ReX)2
+

∫ ∞
0

1

(ReX + t/2)2
dt =

1

(ReX)2
+

2

ReX

we have that v(X,Y ) = o(1) as ReX → +∞. Finally, since Yn is injective when X is
fixed and ψ is not constant, we obtain that Φι

1 is injective. �
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By Lemma 3.4, for any C > 0 and any 0 < r ≤ r0(C) the map

G̃ := Φι
1 ◦G ◦ (Φι

1)
−1

is well-defined on Φι
1

(
H(2r)−1 × D(0, C)

)
and G̃n(X,Y ) ∈ Φι

1

(
H(2r)−1 × D(0, C + 1)

)
for any n ≥ 1 and for any (X,Y ) ∈ Φι

1

(
H(2r)−1 × D(0, C)

)
. Moreover, using (3) and

Lemma 3.4 we have that

(4) G̃(X,Y ) =

(
X + 1 +

1− a
X

+O
(

1

X2

)
, Y

)
in Φι

1

(
H(2r)−1 × D(0, C)

)
as ReX → +∞. Observe also that since ψ(X,Y ) = Y + o(1)

as ReX → +∞, there exists 0 < r1(C) ≤ r0(C) such that for every 0 < r ≤ r1(C)

Φι
1

(
H(2r)−1 × D(0, C)

)
⊂ Φι

0

(
H(2r)−1 × D(0, C + 1)

)
.

Lemma 3.5. For any C > 0 there exists r2(C) > 0 such that for any 0 < r ≤ r2(C),
the map

ϕ(X,Y ) := lim
n→∞

[Xn − n− (1− a) log n] ,

where (Xn, Y ) := G̃n(X,Y ), is well-defined in Φι
1

(
H(2r)−1 × D(0, C)

)
, satisfies ϕ ◦ G̃ =

ϕ+ 1 and has the form ϕ(X,Y ) = X − (1− a) logX + o(1) as ReX → +∞. Moreover,
the map Φι

2 : Φι
1

(
H(2r)−1 × D(0, C)

)
→ C2 defined by

Φι
2(X,Y ) := (ϕ(X,Y ), Y )

is injective.

Proof. Fix C > 0, set r2(C) = min{r0(C + 1), r1(C)} and take 0 < r ≤ r2(C). Thanks
to (4), for any (X,Y ) ∈ Φι

1

(
H(2r)−1 × D(0, C)

)
we have that

X1 − (1− a) logX1 = X + 1− (1− a) logX + h(X,Y )

with h(X,Y ) = O
(
1/X2

)
, so

Xn − (1− a) logXn = X + n− (1− a) logX +

n−1∑
j=0

h(Xj , Y ).

Since Φι
1

(
H(2r)−1 × D(0, C)

)
⊂ Φι

0

(
H(2r)−1 × D(0, C + 1)

)
and 0 < r ≤ r0(C + 1), by

Lemma 3.1 we have that |Xj |−1 ≤ (ReX + j/2)−1 ≤ 2/j for every j, so the series∑∞
j=0 h(Xj , Y ) is normally convergent and hence Xn − (1 − a) logXn − n converges

uniformly to a holomorphic map of the form

X − (1− a) logX +H(X,Y ).

Moreover, arguing as in the proof of Lemma 3.4, H(X,Y ) = o(1) as ReX → +∞. Now
define

ϕn(X,Y ) := Xn − n− (1− a) log n.

Then, rewriting

ϕn(X,Y ) = Xn − (1− a) logXn − n+ (1− a) log

(
Xn

n

)
and using the fact that Xn/n→ 1 as n→∞ by Lemma 3.1, we have that the sequence
ϕn converges uniformly in Φι

1

(
H(2r)−1 × D(0, C)

)
to a map ϕ of the form

ϕ(X,Y ) = X − (1− a) logX + o(1)

as ReX → +∞. Since ϕn ◦ G̃ = ϕn+1 + 1 + (1 − a) log(1 + 1/n), we obtain that
ϕ ◦ G̃ = ϕ + 1. Injectivity of Φι

2 follows from the injectivity of ϕn when Y is fixed and
the fact that ϕ is not constant. �
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We are now ready to prove Proposition 3.2.

Proof of Proposition 3.2. By Lemmas 3.4 and 3.5, for any C > 0 and any 0 < r ≤ r2(C)
the map ΦG := Φι

2 ◦ Φι
1 is well-defined on H(2r)−1 × D(0, C) and

ΦG(X,Y ) = (X − (1− a) logX,Y ) + o(1),

where the convergence in the o(1) term is uniform as ReX → +∞ in H(2r2(C))−1 ×
D(0, C). Moreover, ΦG ◦G = ΦG + (1, 0).

We will prove that there exists 0 < rι(C) ≤ r2(C) such that for all 0 < r ≤ rι(C)

(5) {X ∈ Hr−1 : |ImX| < 2ReX} × D(0, C − 1) ⊂ ΦG

(
H(2r)−1 × D(0, C)

)
Let us set u := ΦG − Id and write u = (u1, u2). There exists 0 < rι(C) ≤ r2(C) such
that for all (X,Y ) ∈ {X ∈ H(2rι(C))−1 : |ImX| < 5ReX} × D(0, C)

|u1(X,Y )| = |(1− a) logX + o(1)| ≤ 1

3
ReX and |u2(X,Y )| ≤ 1.

Now, consider (X0, Y0) ∈ {X ∈ Hr−1 : |ImX| < 2ReX}×D(0, C−1) with 0 < r ≤ rι(C)
and let us show that there exists (X,Y ) ∈ {X ∈ H(2r)−1 : |ImX| < 5ReX} × D(0, C)
with ΦG(X,Y ) = (X0, Y0). Let h0(X,Y ) := (X0, Y0)−u(X,Y ), so ΦG(X,Y ) = (X0, Y0)
if and only if (X,Y ) is a fixed point of h0, and let K := D(X0,ReX0/2) × D(Y0, 1).
Observe that if (X,Y ) ∈ K we have that |Y | ≤ C, ReX ≥ ReX0/2 > (2r)−1 and

|ImX| ≤ |ImX0|+
ReX0

2
<

5

2
ReX0 ≤ 5ReX

so K ⊂ {X ∈ H(2r)−1 : |ImX| < 5ReX}×D(0, C). Then if (X1, Y1) = h0(X,Y ) we have

|X1 −X0| = |u1(X,Y )| ≤ 1

3
ReX ≤ 1

2
ReX0 and |Y1 − Y0| = |u2(X,Y )| ≤ 1

so (X1, Y1) ∈ K. Moreover, since u(X,Y ) = ((a− 1) logX, 0)+o(1) as ReX → +∞
in H(2r2(C))−1 × D(0, C), using Cauchy’s estimate and the fact that log′(X) = 1/X and
reducing rι(C) if necessary we have that for all (X,Y ) ∈ H(2rι(C))−1 × D(0, C),

‖∂Xu(X,Y )‖ ≤ 1

2
and ‖∂Y u(X,Y )‖ ≤ 1

2
.

Then, the map h0 : K → K is contracting on K, so by Banach fixed point theorem h0
has a fixed point in K and (5) is proved.

Finally, Proposition 3.2 follows by defining Φι := ΦG ◦ Φι
0. �

Proof of Proposition 3.3. This follows immediately from Proposition 3.2. Since g−1 is of
the form

g−1(x, y) =
(
x− x2 + (2− a)x3 +O(x4, xy, y2), y − ηxy +O(x2y, y2, xm+3)

)
,

if we take Ψ(x, y) := (1/x,−y/xη) we have that

Ψ ◦ g−1 ◦Ψ−1(X,Y ) =

(
X + 1− 1− a

X
+O

(
1

X2

)
, Y +O

(
1

X2

))
so repeating the construction above we find an incoming Fatou coordinate for g−1 in
P o(r, C) of the form

Φι
g−1(x, y) =

(
1

x
− (1− a) log(x) + o (1) ,− y

xη
+ o (1)

)
,

as (x, y) → (0, 0) inside P o(r, C). Then, to obtain Proposition 3.3 it suffices to define
Φo := −Φι

g−1 . �

Finally, we will also need the following asymptotic expansion for (Φι)−1:
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Lemma 3.6. Let C > 0, 0 < r ≤ rι(C). If (X,Y ) ∈ Φι (P ι(r, C)), then

(Φι)−1(X,Y ) =

(
− 1

X
+O

(
logX

X2

)
,
Y

Xη
+ o

(
1

Xη

))
,

as ReX → +∞ inside Φι (P ι(r, C)), where the convergence in the term o(X−η) and the
implicit constant in the term O(X−2 logX) are uniform on Φι (P ι(r, C)).

Proof. Take (x, y) ∈ P ι(r, C) and set (X,Y ) := Φι(x, y). By Proposition 3.2 we have

X = −1

x
+ (1− a) log(−x) + o(1) = −1

x
+ o

(
1

x

)
as ReX → +∞, so x = −1/X + o (1/X). Hence

X = −1

x
+ (1− a) log

(
1

X
+ o

(
1

X

))
+ o(1) = −1

x
+O(logX),

and so

x =
−1

X +O (logX)
= − 1

X
+O

(
logX

X2

)
.

Similarly:
Y =

y

(−x)η
+ o(1),

so

y = Y (−x)η + o((−x)η) =
Y

Xη

(
1 +O

(
logX

X

))η
+ o

(
1

Xη

)
=

Y

Xη
+ o

(
1

Xη

)
.

�

Similarly, we can compute the asymptotics of (Φo)−1:

Lemma 3.7. Let C > 0, 0 < r ≤ r0(C). If (X,Y ) ∈ Φo (P o(r, C)), then

(Φo)−1(X,Y ) =

(
− 1

X
+O

(
logX

X2

)
,

Y

(−X)η
+ o

(
1

Xη

))
,

as ReX → −∞ inside Φo (P o(r, C)), where the convergence in the term o(X−η) and the
implicit constant in the term O(X−2 logX) are uniform on Φo (P o(r, C)).

4. Approximate Fatou coordinates and estimation of the error terms

Consider a family (gε) as in Theorem 3, so

(6) gε(x, y) = (x+ (x2 + ε2)aε(x) + ybε(x, y), y + ycε(x, y) + dε(x)),

where aε, bε, cε and dε depend holomorphically on ε, a0(0) = 1, b0(0, 0) = 0,

cε(x, y) = ηx+ qε+ cy +O2(x, y, ε) and dε(x) = O(xm+3) + εOm+1(x, ε),

with Re η > 3 andm = bRe ηc. We consider a sequence (εn) such that n−π/εn = σ+o(1)
(so εn ∼ π/n) and write

aεn(x) = 1 + ax+ pε+O(x2, xεn, ε
2
n); bεn(x, y) = bx+O(x2, y, εn);

cεn(x, y) = ηx+ qεn +O(x2, y, xεn, ε
2
n); dεn(x) = O(xm+3) + εnOm+1(x, εn)

for some a, b, p ∈ C. As in [BSU17], up to considering the change of variables (x, y, ε) 7→
(x̃, y, ε̃) with

x = x̃(1− pε̃); ε = ε̃(1− pε̃),
we can assume that p = 0.
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Define

wεn(x) : =
1

εn
arctan

(
x

εn

)
+

π

2εn
+

1− a
2

log(x2 + ε2n)

=
1

2iεn
log

(
iεn − x
iεn + x

)
+

π

2εn
+

1− a
2

log(x2 + ε2n)

and
tεn(x, y) =

y

(x2 + ε2n)η/2
.

We set

Φι
εn(x, y) := (wεn(x), tεn(x, y)), Φo

εn(x, y) := Φι
εn(x, y)−

(
π

εn
, 0

)
defined on (C \ Lεn) × C, where Lεn := {itεn, t ∈ (−∞,−1] ∪ [1,+∞)}, and we fix a
constant γ ∈ (1/2, 2/3) chosen so that

γρ > 2.

Definition 4.1. Set kn := bnγc. We define, for any C > 1, the set Rn(C) ⊂ (C\Lεn)×C
as

Rn(C) :=

{
(x, y) : Re (εnwεn(x)) ∈

[
πkn
10n

, π − πkn
10n

]
, |Im(εnwεn(x))| ≤ Cπ

n
and

1

C
< |tεn(x, y)| < C

}
.

Remark 4.2. Although we will not explicitly mention it, all the terms o and O appearing
in the results in this Section are uniform on Rn(C).

Proposition 4.3. For all C > 0 and for all n large enough, (Φι
εn)−1 is well-defined on

Φι
εn (Rn(C)) and

(Φι
εn)−1(X,Y ) =

(
−εn cot

(
εnX +O

(
n−1 log n

))
, Y

εηn
sinη (εnX +O (n−1 log n))

)
Proof. Let

Φ̃εn(x, y) :=

(
1

εn
arctan

(
x

εn

)
+

π

2εn
,

y

(x2 + ε2n)η/2

)
.

We claim that the map Φ̃εn : (C \ Lεn) × C → {(X,Y ) ∈ C2 : Re (εnX) ∈ (0, π)} is
well-defined and bijective, and its inverse is given by

(Φ̃εn)−1(X,Y ) =

(
−εn cot(εnX), Y

εηn
sinη(εnX)

)
.

Indeed, set (X,Y ) := Φ̃εn(x, y). We have εnX = arctan (x/εn) + π/2 and therefore

x = εn tan
(
εnX −

π

2

)
= −εn cot(εnX).

On the other hand, since Y = y
(
x2 + ε2n

)−η/2 we get

y = Y (x2 + ε2n)η/2 = Y εηn(1 + cot2(εnX))η/2 = Y
εηn

sinη(εnX)
.

This proves the claim.
Now denote Gεn := Φι

εn ◦ (Φ̃εn)−1, defined in {(X,Y ) ∈ C2 : Re (εnX) ∈ (0, π)}. Since

Φι
εn(x, y) = Φ̃εn(x, y) +

(
1− a

2
log(x2 + ε2n), 0

)
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we have by the claim above that

Gεn(X,Y ) = (X,Y ) +

(
1− a

2
log(ε2n + ε2n cot2(εnX)), 0

)
= (X,Y ) +

(
1− a

2
log

(
ε2n

sin2(εnX)

)
, 0

)
.

Let us prove that Gεn is invertible in

Φι
εn(Rn(C)) =

{
(X,Y ) ∈ C2 : Re (εnX) ∈

[
πkn
10n

, π − πkn
10n

]
, |Im(εnX)| ≤ Cπ

n
and

1

C
< |Y | < C

}
for n big enough. Choose (X0, Y0) ∈ Φι

εn(Rn(C)) and let us show that there is a unique
(X,Y ) with Re (εnX) ∈ (0, π) such that Gεn(X,Y ) = (X0, Y0). Since Gεn(X,Y ) =

(X + un(X), Y ), with un(X) = 1−a
2 log

(
ε2n

sin2(εnX)

)
, we just need to show that, for n

large enough, there is a unique X with Re (εnX) ∈ (0, π) such that

X + un(X) = X0.

By Rouché’s theorem, it is enough to prove that |un(X)| < |X −X0| for every X ∈ ∂Qn
and for n big enough, where

Qn =

{
X ∈ C : Re (εnX) ∈

(
πkn
20n

, π − πkn
20n

)
, |Im(εnX)| < C

π

n
+ n

}
Observe that Qn ⊂ {X : Re (εnX) ∈ (0, π)} and if Re (εnX) ∈ (0, π) then X ∈ Qn for n
big enough. Clearly |X −X0| ≥ πkn

20n for every X ∈ ∂Qn. Moreover, since | sin(εnX)| ≥
| sin(Re (εnX))| we have that εn

sin(εnX) = O( 1
kn

) for every X ∈ ∂Qn so

|un(X)| = |1− a|
2

∣∣∣∣log

(
ε2n

sin2(εnX)

)∣∣∣∣ = O(log kn).

Hence if n is big enough then |un(X)| < |X−X0| for every X ∈ ∂Qn, so Gεn is invertible
on Φι

εn (Rn(C)), which in turn implies that (Φι
εn)−1 = (Φ̃εn)−1 ◦ G−1εn is well-defined on

Φι
εn (Rn(C)).
Let us now prove the desired estimate. Since Gεn(X,Y ) = (X + un(X), Y ), we know

that
G−1εn (X,Y ) = (X +O(‖un‖∞), Y ) .

Since kn = bnγc, by the computations above and the maximum principle we have that
|un(X)| = O(log n) for every (X,Y ) ∈ Φι

εn(Rn(C)), so

G−1εn (X,Y ) = (X +O(log n), Y )

and therefore

(Φι
εn)−1(X,Y ) = (Φ̃εn)−1 ◦ G−1εn (X,Y ) = (Φ̃εn)−1(X +O(log n), Y )

so the Proposition follows. �

4.1. Estimation of the error terms. In this subsection we will give estimates for

Aεn(x, y) := wεn(x1)− wεn(x)− 1 and Bεn(x, y) := log
tεn(x1, y1)

tεn(x, y)
,

where (x1, y1) := gεn(x, y). Recall that n − π/εn → σ, so εn ∼ π/n, ρ = Re η > 3,
m = bρc and γ ∈ (1/2, 2/3) satisfies γρ > 2.
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Lemma 4.4. Take (x, y) ∈ Rn(C) and denote (X,Y ) := Φι
εn(x, y). If n is big enough,

we have the following estimates:

(7) x = −εn cot(εnX) +O
(

log n

n2γ

)
= O

(
X−1

)
(8)

1

x2 + ε2n
∼ sin2(εnX)

ε2n
= O

(
X2
)

(9) y � ερn
sinρ(εnX)

= O
(
X−ρ

)
.

Proof. Thanks to Proposition 4.3, we have that if n is big enough then

x = −εn cot

(
εnX +O

(
log n

n

))
.

Since (x, y) ∈ Rn(C), we have that Re (εnX) ∈
[
πkn
10n , π −

πkn
10n

]
and |Im(εnX)| ≤ C π

n .
Then using the mean value inequality we have that for n big enough

x = −εn cot

(
εnX +O

(
log n

n

))
= −εn cot(εnX) +O

(
εnn

2−2γ log n

n

)
= −εn cot(εnX) +O

(
log n

n2γ

)
.

We have that εn cot(εnX) = O(X−1) and moreover, since γ > 1/2, n−2γ log n =
o (1/n) = o(εn) so we get n−2γ log n = o(X−1) for n big enough, which proves (7). For
(8), using again that εn cot(εnX) = O(X−1) and n−2γ log n = o(X−1) we have

x2 + ε2n = ε2n + ε2n cot2(εnX) + o
(
X−2

)
=

ε2n
sin2(εnX)

+ o
(
X−2

)
hence

1

x2 + ε2n
∼ sin2(εnX)

ε2n
= O

(
X2
)
.

Finally, using (8) and the fact that 1/C < |Y | < C by definition of Rn(C) we get

y = Y (x2 + ε2n)η/2 � ερn
sinρ(εnX)

= O
(
X−ρ

)
,

proving (9). �

Remark 4.5. Observe that Rn(C) ⊂ U for n large enough, where U is the domain of
definition of the family (gε). If we take (x, y) ∈ Rn(C) and denote (X,Y ) := Φι

εn(x, y),
then |εnX| ≥ Re (εnX) ≥ πkn

10n by definition of Rn(C), so using (7), (9) and the fact that
εn ∼ π/n we have that (x, y) ∈ U for n large enough (depending only on Rn(C) and not
on (x, y).)

Lemma 4.6. Consider (x, y) ∈ Rn(C) and denote (x1, y1) = gεn(x, y). Then if n is big
enough

log
x21 + ε2n
x2 + ε2n

= 2x+ o

(
1

n

)
Proof. Since x1 = x+

(
x2 + ε2n

)
(1 +O(x, εn)) + yO(x, y, εn) we have

x21 = x2 + 2x
(
x2 + ε2n

)
+
(
x2 + ε2n

)
O2(x, εn) + yO2(x, y, εn)
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hence
x21 + ε2n
x2 + ε2n

= 1 + 2x+O2(x, εn) +
y

x2 + ε2n
O2(x, y, εn).

If (X,Y ) := Φι
εn(x, y), we have by definition of Rn(C) that X = O(n) and X−1 =

O (n−γ). Then using (7) and the fact that εn ∼ π/n we get O2(x, εn) = O
(
n−2γ

)
=

o
(
n−1

)
since 2γ > 1. Moreover thanks to (8) and (9) we have that

(
x2 + ε2n

)−1
= O

(
n2
)

and y = O (n−γρ), so

y

x2 + ε2n
O2(x, y, εn) = O

(
1

nγρ+2γ−2

)
= o

(
1

n

)
since γρ > 2. Hence

x21 + ε2n
x2 + ε2n

= 1 + 2x+ o

(
1

n

)
and therefore

log
x21 + ε2n
x2 + ε2n

= log

(
1 + 2x+ o

(
1

n

))
= 2x+ o

(
1

n

)
.

�

Lemma 4.7. If (x, y) ∈ Rn(C) then for n big enough

(10)
1

x± iεn
= O(n)

and

(11)
ybεn(x, y)

x± iεn
=

bxy

x± iεn
+ o

(
1

n2

)
Proof. If (X,Y ) := Φι

εn(x, y), using (7) and the fact that n−2γ log n = o
(
n−1

)
= o(εn)

we have
1

x± iεn
=

1

−εn cot(εnX) + o(εn)± iεn

Since 1
εn

= O(n) and 1
cot(εnX)±i = O(1), because Re (εnX) ∈ (0, π) and Im(εnX) = O(1)

by definition of Rn(C), we get

1

x± iεn
∼ − 1

εn
· 1

cot(εnX)± i
= O(n),

proving (10). Then, to get (11) we just need to prove that ybεn(x, y) = bxy + o
(
n−3

)
.

Since bεn(x, y) = bx + O
(
x2, y, εn

)
we have, using (7), (9) and the fact that X−1 =

O(n−γ),

ybεn(x, y) = bxy +O
(
x2y, y2, εny

)
= bxy +O

(
1

nγρ+1

)
,

so ybεn(x, y) = bxy + o
(
n−3

)
because γρ > 2. �

Lemma 4.8. Consider (x, y) ∈ Rn(C) and denote (x1, y1) = gεn(x, y). Then for n big
enough

y1
y

= 1 + ηx+ qεn + o

(
1

n

)
.
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Proof. If (X,Y ) := Φι
εn(x, y), we have by definition of Rn(C) that X−1 = O (n−γ).

Then using (7) and (9) we have

y1 = y + y
(
ηx+ qεn +O(x2, y, xεn, ε

2
n)
)

+O
(
xm+3

)
+ εnOm+1 (x, εn)

= y

[
1 + ηx+ qεn + o

(
1

n

)
+

1

y
O
(
xm+3

)
+

1

y
εnOm+1 (x, εn)

]
.

Moreover, using (9)
1

y
� sinρ(εnX)

ερn
= O (Xρ) .

Then, since ρ− 1 < m ≤ ρ we obtain from (7) that

1

y
O
(
xm+3

)
= O

(
1

Xm+3−ρ

)
= O

(
1

n(m+3−ρ)γ

)
= o

(
1

n

)
and similarly

1

y
O
(
xm+1εn

)
= O

(
1

Xm+1−ρ εn

)
= O

(
1

n(m+1−ρ)γ+1

)
= o

(
1

n

)
.

Finally, using the fact that X = O(n) by definition of Rn(C),

1

y
O
(
xm−jε2+jn

)
= O

(
Xρ−m+jε2+jn

)
= O

(
1

n2+m−ρ

)
= o

(
1

n

)
for every j with 0 ≤ j ≤ m. Therefore we have

y1 = y

[
1 + ηx+ qεn + o

(
1

n

)]
,

concluding the proof. �

Proposition 4.9. We have, for (x, y) ∈ Rn(C) and n big enough:

Aεn(x, y) = o

(
1

n

)
; Bεn(x, y) = qεn + o

(
1

n

)
.

Proof. Denoting (x1, y1) = gεn(x, y), we have:

Aεn(x, y) = wεn(x1, y1)− wεn(x, y)− 1

=
1

2iεn
log

(
x1 − iεn
x− iεn

· x+ iεn
x1 + iεn

)
− 1 +

1− a
2

log
x21 + ε2n
x2 + ε2n

By Lemma 4.6, we have

1− a
2

log
x21 + ε2n
x2 + ε2n

= (1− a)x+ o
( 1

n

)
.

On the other hand, we compute:

log
x1 − iεn
x− iεn

= log
x− iεn + (x2 + ε2n)aεn + ybεn

x− iεn
= log

(
1 + (x+ iεn)aεn +

ybεn
x− iεn

)
= (x+ iεn)aεn +

bxy

x− iεn
− 1

2
(x+ iεn)2a2εn +

1

3
x3 + o

(
1

n2

)
using Lemmas 4.4 and 4.7 in the last line (and, as in the previous lemmas, the fact that
X−1 = O (n−γ) by definition of Rn(C), where (X,Y ) := Φι

εn(x, y)). Similarly, we also
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have:

log
x1 + iεn
x+ iεn

= log
x+ iεn + (x2 + ε2n)aεn + ybεn

x+ iεn
= log

(
1 + (x− iεn)aεn +

ybεn
x+ iεn

)
= (x− iεn)aεn +

bxy

x+ iεn
− 1

2
(x− iεn)2a2εn +

1

3
x3 + o

(
1

n2

)
so that

1

2iεn
log

(
x1 − iεn
x− iεn

· x+ iεn
x1 + iεn

)
=

1

2iεn

[
2iεnaεn + 2iεn

bxy

x2 + ε2n
− 2iεnxa

2
εn + o

(
1

n2

)]
= aεn +

bxy

x2 + ε2n
− xa2εn + o

(
1

n

)
= 1 + (a− 1)x+ o

(
1

n

)
using again Lemma 4.4 in the last line.

Finally, note that we have

Bεn(x, y) = log
tεn(x1, y1)

tεn(x, y)
= log

y1
y
− η

2
log

x21 + ε2n
x2 + ε2n

Using Lemma 4.8 we have

log
y1
y

= log

(
1 + ηx+ qεn + o

(
1

n

))
= ηx+ qεn + o

(
1

n

)
and using Lemma 4.6 we conclude that Bεn(x, y) = qεn + o

(
n−1

)
. �

5. Controlling the orbit

The goal of this section is to provide accurate estimates for the position of the orbit
{gkεn(x, y) : 0 ≤ k ≤ n−N} of a point (x, y) in the parabolic basin of g := g0.

The strategy, similar to that of [ABD+16], is to split this orbit in three regions:
(1) A first one where gkεn(x, y) approaches (0, 0) shadowing closely the orbit gk(x, y),

which we call "approaching the eggbeater"; this will occur for 0 ≤ k ≤ kn, where
kn = bnγc as in Section 4.

(2) A second one which we call "in the eggbeater", in which gkεn(x, y) is close to (0, 0)
and where the effect of the perturbation is relevant. This will be the case for
kn ≤ k ≤ n− kn.

(3) A third one where gkεn(x, y) gets away from (0, 0) again shadowing the dynamics
of g, which we call "leaving the eggbeater". This will happen for the last kn−N
iterates.

Let us fix some constant C > 0. Recall that by Lemma 3.1 and Proposition 3.2, there
exists rι(C) > 0 such that for all 0 < r ≤ rι(C) small enough the incoming petal

P ι(r, C) :=

{
(x, y) ∈ C2 : |x+ r| < r,

∣∣∣∣ y

(−x)η

∣∣∣∣ < C

}
has the property that if (x, y) ∈ P ι(r, C), then gk(x, y) ∈ P ι(r, C + 1) for all k ∈ N and
moreover the incoming Fatou coordinate Φι is well-defined on P ι(r, C). Recall that we
have the following asymptotic expansion for Φι as Re (−1/x)→ +∞ in P ι(r, C):

Φι(x, y) =: (wι(x, y), tι(x, y)) =

(
−1

x
+ (1− a) log(−x) + o(1),

y

(−x)η
+ o(1)

)
.
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The map

Φι
0(x, y) :=

(
−1

x
,

y

(−x)η

)
maps P ι(r, C) biholomorphically to HR × D(0, C), where HR := {X ∈ C : ReX > R}
and R := (2r)−1.

In a similar way, by Proposition 3.3 there exists ro(C) > 0 such that for all 0 < r ≤
ro(C) the outgoing Fatou coordinate Φo is well-defined on

P o(r, C) :=
{

(x, y) ∈ C2 : |x− r| < r,
∣∣∣ y
xη

∣∣∣ < C
}

and satisfies

Φo(x, y) =

(
−1

x
+ (1− a) log x+ o (1) ,

y

xη
+ o (1)

)
,

as Re (−1/x)→ −∞ inside P o(r, C). We set

Φo
0(x, y) :=

(
−1

x
,
y

xη

)
,

which maps P o(r, C) biholomorphically to −HR × D(0, C), where −HR := {X ∈ C :
ReX < −R}.

Throughout this section, we will use the following notations: given (x0, y0), we will
denote (when defined)

(xj , yj) := gj(x0, y0), (Xj , Yj) := Φι
0(xj , yj), (Xo

j , Y
o
j ) := Φo

0(xj , yj)

(xεnj , y
εn
j ) := gjεn(x0, y0), (Xεn

j , Y εn
j ) := Φι

0(x
εn
j , y

εn
j ), (Xεn,o

j , Y εn,o
j ) := Φo

0(x
εn
j , y

εn
j ).

We will also denote, for any t, s ∈ C,

At,s(X,Y ) := (X + t, eπsY ) .

Given C > 0, we choose 0 < r < 2/5 small enough (or equivalently R = (2r)−1 > 5/4
large enough) such that

(R1) P
ι(r, C), P o(r, Ce1+π|Re q|) ⊂ U , where U is the domain of definition of (gε), and

there exists a constant K1 > 0 such that

|X1 −X − 1| < 1/4, |Y1 − Y | < K1
1

|X|2

for all (X,Y ) ∈ Φι
0(P

ι(r, C)), where (X1, Y1) := Φι
0 ◦ g ◦ (Φι

0)
−1 (X,Y ), and

|Xo
1 −X − 1| < 1/4, |Y o

1 − Y | < K1
1

|X|2

for all (X,Y ) ∈ Φo
0(P

o(r, Ce1+π|Re q|)), where (Xo
1 , Y

o
1 ) := Φo

0 ◦ g ◦ (Φo
0)
−1 (X,Y ).

The existence of such R is guaranteed by the expression (3) for Φι
0 ◦ g ◦ (Φι

0)
−1 and the

fact that Φo
0 ◦ g ◦ (Φo

0)
−1 has the same expansion.

We will also later in this section need to possibly increase R further to meet some
extra conditions (see Definition 5.5). To ensure the lack of circular definitions, we will
explicitly mention that several constants appearing in the following computations do not
depend on R (but are allowed to depend on C).

Definition 5.1. We let

Un(R,C) := {(X,Y ) ∈ HR × D(0, C) : |X| < 10kn} ( Φι
0

(
P ι
(
(2R)−1, C

))
.
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Lemma 5.2. For any C > 0 and any R satisfying hypothesis (R1), the map Gεn :=

Φι
0 ◦ gεn ◦ (Φι

0)
−1 is well-defined on Un(R,C) for all n large enough. Moreover, there

exists a constant Cι > 0 depending on C but not on R (in the sense that it does not
increase when we increase R) such that if (X,Y ) ∈ Un(R,C) and n is large enough then

|Xεn
1 −X1| ≤ Cι

(
1

n
+
|X|2

n2

)
and |Y εn

1 − Y1| ≤ C
ι 1

n

where (Xεn
1 , Y εn

1 ) := Gεn(X,Y ) and (X1, Y1) := Φι
0 ◦ g ◦ (Φι

0)
−1 (X,Y ).

Proof. Let us first prove that Gεn is well-defined on Un(R,C) for n large enough. It
suffices to show that if (X,Y ) ∈ Un(R,C) and n is large enough then Re (xεn1 ) < 0, where
(xεn1 , y

εn
1 ) := gεn ◦ (Φι

0)
−1 (X,Y ). Set (x, y) := (Φι

0)
−1 (X,Y ) and (x1, y1) := g(x, y). By

the expression (6) of gεn , we have

(12) xεn1 = x1 +O
(
x2εn, yεn, ε

2
n

)
; yεn1 = y1 +O(yεn) + εnOm+1(x, εn)

so using the fact that y = O(x2) because (x, y) ∈ P ι
(
(2R)−1, C

)
we get

− 1

xεn1
= − 1

x1 +O (x2εn, yεn, ε2n)
= − 1

x1 +O
(

1
n2 ,

x2

n

) = − 1

− 1
X1

+O
(

1
n2 ,

1
nX2

)
=

X1

1−O
(
X1
n2 ,

X1
nX2

) = X1 +O
(
X2

1

n2
,
X2

1

nX2

)
.

Since |X1 −X − 1| < 1/4 by our choice of R, we have that X1 = O(X) so we get

− 1

xεn1
= X1 +O

(
1

n
,
X2

n2

)
.

Note that in all the previous computations, the implicit constants in O depend only on
C, not on R, in the sense that the do not increase if we increase R. By definition of
Un(R,C), we have

|X|2

n2
≤ 100k2n

n2
.

Moreover, since ReX1 > ReX + 3/4, there exists a constant C1 > 0 independent from
R such that

Re

(
− 1

xεn1

)
> ReX +

3

4
− C1

(
1

n
+

100

n2−2γ

)
so Re (xεn1 ) < 0 for n large enough, as desired. This computation also gives the first
estimate.

Let us prove the second estimate. By the mean value inequality,

|Y εn
1 − Y1| =

∣∣∣∣ yεn1
(−xεn1 )η

− y1
(−x1)η

∣∣∣∣
≤ sup

x∈[x1,xεn1 ]

∣∣∣∣η y1
(−x)η+1

∣∣∣∣ · |xεn1 − x1|+ ∣∣∣∣ 1

(−xεn1 )η

∣∣∣∣ · |yεn1 − y1|
≤ C2

|y1|
|x∗|ρ+1

|xεn1 − x1|+ C2
1

|x∗|ρ
|yεn1 − y1|

for some C2 > 0, where |x∗| := min{|z|, z ∈ [x1, x
εn
1 ]}. By the expression of g,

x1 = x (1 +O(x, y)) +O(y2) = x (1 +O(x)) ,
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using again the fact that y = O(x) because (x, y) ∈ P ι
(
(2R)−1, C

)
. Since R was taken

large enough so that |X1| < |X|+ 2, we have that we have that
|x1|
|x|

>
1

1 + 4r
,

where r = (2R)−1. Moreover, using (12) we have that xεn1 = x1 +O
(
x2εn, ε

2
n

)
, so

x∗
x

=
x1 +O

(
x2εn, ε

2
n

)
x

=
x1
x

+O
(

1

n
,
X

n2

)
.

Since (X,Y ) ∈ Un(R,C), we have that |X| < 10kn, so we can take n big enough so that

(13)
|x∗|
|x|

>
1

2

1

1 + 4r
.

Hence using the expression of g we have that for n large enough
|y1|
|x∗|ρ+1

≤ C3
|y1|
|x|ρ+1

≤ C3
1

|x|ρ+1

∣∣y(1 +O(x, y)) +O(xm+3)
∣∣ ≤ C4

1

|x|
for some constants C3, C4 > 0, so

|y1|
|x∗|ρ+1

|xεn1 − x1| ≤ C4
1

|x|
|xεn1 − x1| ≤ C5

(
|x| 1
n

+
|X|
n2

)
≤ C6

1

n

for some constants C5, C6 > 0, where we used in the last inequality the fact that |X| <
10kn. Finally, using (12) and (13) we have

|yεn1 − y1|
|x∗|ρ

=
O(yεn) + εnOm+1(x, εn)

|x|ρ
= O

(
1

n

)
using again in the last identity the fact that |X| ≤ 10kn. Putting everything together,
we obtain

Y εn
1 − Y1 = O

(
1

n

)
,

and the Lemma is proved. �

For the outgoing petal, we have the following analogous Lemma:

Definition 5.3. We let

Uon(R,Ce1+π|Re q|) := {(X,Y ) ∈ −HR × D(0, Ce1+π|Re q|) : |X| < 10kn}.
Note that Uon(R,Ce1+π|Re q|) ( Φo

0

(
P o
(
(2R)−1, Ce1+π|Re q|)) .

Lemma 5.4. For any C > 0 and any R satisfying hypothesis (R1), the map Goεn :=

Φo
0 ◦ gεn ◦ (Φo

0)
−1 is well-defined on Uon(R,Ce1+π|Re q|) for all n large enough. Moreover,

there exists a constant Co > 0 depending on C but not on R (in the sense that it does
not increase when we increase R) such that if (X,Y ) ∈ Uon(R,Ce1+π|Re q|) and n is large
enough then

|Xεn,o
1 −Xo

1 | ≤ Co
(

1

n
+
|X|2

n2

)
and |Y εn,o

1 − Y o
1 | ≤ Co

1

n

where (Xεn,o
1 , Y εn,o

1 ) := Goεn(X,Y ) and (Xo
1 , Y

o
1 ) := Φo

0 ◦ g ◦ (Φo
0)
−1 (X,Y ).

Proof. The proof follows essentially the same steps as the previous one. The only modi-
fication concerns the argument showing that Re (xεn1 ) > 0. In this case, we have

Re

(
− 1

xεn1

)
< ReX +

5

4
+ C1

(
1

n
+

100

n2−2γ

)
for some constant C1 > 0. Hence, for n sufficiently large, we have Re (−1/xεn1 ) < 0,
since by assumption R > 5/4. �
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We will now state explicitly in which sense R must be taken large enough, or equiv-
alently r = (2R)−1 small enough. By Lemma 5.2, there exists Cι > 0, depending on C
but not on R, such that for all (X,Y ) ∈ Un(R,C) and for n large enough

|Xεn
1 −X1| ≤ Cι

(
1

n
+
|X|2

n2

)
and |Y εn

1 − Y1| ≤ C
ι 1

n

where (Xεn
1 , Y εn

1 ) := Φι
0◦gεn ◦(Φι

0)
−1 (X,Y ) and (X1, Y1) := Φι

0◦g◦(Φι
0)
−1 (X,Y ). Since

|X| < 10kn, we have that for n large enough |Xεn
1 −X1| < 1/4. Then by our standing

assumption (R1) there exists M ι > 0 (depending on C but not on R) such that for all
(X,Y ) ∈ Un(R,C) and for n large enough we have

(14) |Xεn
1 −X − 1| < 1

2
; |Y εn

1 − Y | < M ι

(
1

n
+

1

|X|2

)
.

Moreover, by Lemma 5.4, similar estimates also hold on the outgoing petal; more
precisely, there exists a constant Mo > 0 (also depending on C but not on R) such that
for all (X,Y ) ∈ Uon(R,Ce1+π|Re q|) and for n large enough we have

(15) |Xεn,o
1 −X − 1| < 1

2
; |Y εn,o

1 − Y | < Mo

(
1

n
+

1

|X|2

)
where (Xεn,o

1 , Y εn,o
1 ) := Φo

0 ◦ gεn ◦ (Φo
0)
−1 (X,Y ). We let M := max(M ι,Mo).

From now on, we fix a compact K ⊂ BU,v, where BU,v is the parabolic basin associated
to v = (1, 0). Recall that BU,v :=

⋃
C>0

⋃
n≥0 f

−n(P ι(r, C)) for any r > 0. Then there
exists a constant C > 2 (depending only on K) such that for any r > 0 small enough
there exists n0 = n0(r) ∈ N such that L := gn0(K) b P ι(r, C − 1).

Definition 5.5 (Choice of R). From now on, we fix R > 5/2 (equivalently, 0 < r =
(2R)−1 < 1/5 small enough) satisfying hypothesis (R1) and large enough such that

(R2) r ≤ rι(C) and r ≤ ro(Ce1+π|Re q|).

(R3) M
∑∞

j=0(R+ j/2)−2 ≤ 1/10.

(R4) For all (X,Y ) ∈ HR−1 × D(0, C + 1)

‖Φι ◦ (Φι
0)
−1(X,Y )− (X − (1− a) logX,Y )‖ ≤ 1

C2

and for all (X,Y ) ∈ −HR−5/2 × D(0, Ce1+π|Re q| + 2)

‖Φo ◦ (Φo
0)
−1(X,Y )− (X − (1− a) log(−X), Y )‖ ≤ 1

C2
.

Observe that conditions (R2) and (R4) are satisfied for R large enough by Proposi-
tions 3.2 and 3.3.

Definition 5.6. Let π1 : C2 → C denote the projection on the first coordinate. We
define

MC :=

{
(x, y) ∈ C2 : x ∈ π1(L) and

1

C − 1
≤
∣∣∣∣ y

(−x)η

∣∣∣∣ ≤ C − 1

}
and

NC :=

{
(x, y) ∈ C2 : x ∈ π1(L) and

∣∣∣∣ y

(−x)η

∣∣∣∣ ≤ C − 1

}
.

Observe that, by definition, MC ⊂ NC and L ⊂ NC ⊂ P ι(r, C − 1).
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5.1. Approaching the eggbeater.

Lemma 5.7. For all n large enough and for all 0 ≤ j ≤ kn we have that

Φι
0 ◦ gjεn (MC) ⊂ Un(R,C).

In particular, gjεn (MC) ⊂ P ι (r, C) for all n large enough and all 0 ≤ j ≤ kn.

Proof. Since MC ⊂ P ι(r, C − 1) is compact, we can assume that n is large enough such
that Φι

0(MC) ⊂ Un(R,C). Take (x0, y0) ∈ MC , set (X0, Y0) := Φι
0(x0, y0) and denote,

for all j ∈ N such that it is well-defined, (Xεn
j , Y εn

j ) := Φι
0 ◦ gεn ◦ (Φι

0)
−1 (X0, Y0). Set

Kn := min{j ∈ N : (Xεn
j , Y εn

j ) /∈ Un(R,C)} > 0

and let us prove that Kn > kn.
First, recall that by (14) there exists a constant M > 0 such that for all j ≤ Kn and

for n large enough we have

|Xεn
j −X

εn
j−1 − 1| < 1

2

|Y εn
j − Y

εn
j−1| < M

(
1

n
+

1

|Xεn
j−1|2

)
.

From those inequalities, we get:

(16) |Xεn
j −X0 − j| ≤

j

2

and

(17) |Y εn
j − Y0| ≤

Mj

n
+M

j−1∑
k=0

1

|Xεn
k |2

for all 0 ≤ j ≤ Kn. Using (16) in (17) we get, for all 0 ≤ j ≤ Kn,

|Y εn
j − Y0| ≤

Mj

n
+M

j−1∑
k=0

1

(ReX0 + k/2)2
≤ Mj

n
+M

j−1∑
k=0

1

(R+ k/2)2
.

Recall that by condition (R3) we have that M
∑∞

k=0(R+ k/2)−2 ≤ 1/10: from now on,
we also assume that n is large enough so that Mkn

n ≤ 1/10. Suppose by contradiction
that Kn ≤ kn. By definition (Xεn

Kn
, Y εn

Kn
) /∈ Un(R,C); but on the other hand, we have

|Xεn
Kn
−X0 −Kn| ≤

Kn

2
and |Y εn

Kn
− Y0| ≤

2

10
.

Therefore: |Y εn
Kn
| < C − 1 + 2/10 < C, R+Kn/2 ≤ Re

(
Xεn
Kn

)
, and

|Xεn
Kn
| ≤ |X0|+

3

2
Kn ≤ max

{∣∣∣∣−1

x

∣∣∣∣ : (x, y) ∈MC

}
+

3

2
kn < 10kn

(again, up to taking n large enough such that max {|−1/x| : (x, y) ∈MC} + 3kn/2 <
10kn). Therefore (Xεn

Kn
, Y εn

Kn
) ∈ Un(R,C), a contradiction. This proves that Kn > kn,

hence that (Xεn
k , Y εn

k ) ∈ Un(R,C) for all 0 ≤ k ≤ kn. �

Lemma 5.8. For n large enough

Φι ◦ gknεn
∣∣
MC

= Akn,0 ◦ Φι
∣∣
MC

+ o(1),

where the convergence of the term o(1) is uniform on MC (recall that At,s(X,Y ) =
(X + t, eπsY ) for any t, s ∈ C).
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Proof. First note that, by Lemma 5.7, we have Φι
0 ◦ g

j
εn (MC) ⊂ Un(R,C) for n large

enough and for all 0 ≤ j ≤ kn. In particular, for n large enough and for all 0 ≤ j ≤ kn
we have that gjεn (MC) ⊂ P ι

(
(2R)−1, C

)
, so Φι ◦ gjεn(x0, y0) is well-defined for any

(x0, y0) ∈MC .
Take (x0, y0) ∈ MC and denote (X0, Y0) := Φι

0(x0, y0), (X1, Y1) := Φι
0 ◦ g(x, y) ∈

HR×D(0, C) and (Xεn
1 , Y εn

1 ) := Φι
0 ◦gεn(x0, y0) ∈ HR×D(0, C). Set ΦG := Φι ◦ (Φι

0)
−1 :

HR−1 × D(0, C + 1)→ C2, so

ΦG(X1, Y1) = ΦG(X0, Y0) + (1, 0)

and hence

Φι ◦ gεn(x0, y0)− Φι(x0, y0)− (1, 0) = ΦG(Xεn
1 , Y εn

1 )− ΦG(X1, Y1).

By Proposition 3.2 and condition (R4), there exists a holomorphic map u : HR−1 ×
D(0, C + 1)→ C2 such that

ΦG(X,Y ) = (X − (1− a) logX,Y ) + u(X,Y )

with ‖u(X,Y )‖ ≤ 1 for all (X,Y ) ∈ HR−1×D(0, C + 1). By Cauchy estimates, we have

‖∂Xu(X,Y )‖ ≤ 1 and ‖∂Y u(X,Y )‖ ≤ 1

for all (X,Y ) ∈ HR × D(0, C) and hence, by the mean value inequality,

‖u(Xεn
1 , Y εn

1 )− u(X1, Y1)‖ ≤ |Xεn
1 −X1|+ |Y εn

1 − Y1|.

On the other hand, also by the mean value inequality, we have

| logXεn
1 − logX1| < |Xεn

1 −X1|.

Therefore

‖ΦG(Xεn
1 , Y εn

1 )− ΦG(X1, Y1)‖ ≤ |Xεn
1 −X1|+ |1− a|| logXεn

1 − logX1|+ |Y εn
1 − Y1|

+ ‖u(Xεn
1 , Y εn

1 )− u(X1, Y1)‖
≤ (2 + |1− a|) (|Xεn

1 −X1|+ |Y εn
1 − Y1|) .

Then using Lemma 5.2 we obtain that for n large enough

‖Φι ◦ gεn(x0, y0)− Φι(x0, y0)− (1, 0)‖ ≤ K2

(
1

n
+

1

|x0|2n2

)
,

where K2 = 2(2 + |1− a|)Cι. By an immediate induction, we have

‖Φι ◦ gknεn (x0, y0)− Φι(x0, y0)− (kn, 0)‖ ≤ K2kn
n

+
K2

n2

kn−1∑
j=0

1

|xεnj |2
,

where (xεnj , y
εn
j ) := gjεn(x0, y0). By definition of Un(R,C) we have |xεnj |−1 < 10kn for all

0 ≤ j ≤ kn; therefore

‖Φι ◦ gknεn (x0, y0)− Φι(x0, y0)− (kn, 0)‖ ≤ K2kn
n

+
100K2k

3
n

n2

and using the fact that kn/n = o(1) and k3n/n2 = o(1) the Lemma follows. �

Recall from Section 4 that

Φι
εn(x, y) = (wεn(x), tεn(x, y))

where

wεn(x) =
1

εn
arctan

(
x

εn

)
+

π

2εn
+

1− a
2

log(x2 + ε2n); tεn(x, y) =
y

(x2 + ε2n)η/2
.
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Lemma 5.9. For n large enough we have

Φι
εn ◦ g

kn
εn

∣∣
MC

= Φι ◦ gknεn
∣∣
MC

+ o(1),

where the convergence of the term o(1) is uniform on MC .

Proof. Take (x0, y0) ∈ MC and let (xεnkn , y
εn
kn

) := gknεn (x0, y0). By Lemmas 5.8, 5.7 and
3.6,

xεnkn = − 1

kn
+O

(
log n

k2n

)
and yεnkn = tι(x0, y0)

1

kηn
+ o

(
1

kρn

)
,

where the terms O(k−2n log n) and o(kρn) are uniform on MC . In particular xεnkn ∼ −1/kn
uniformly on MC and

εn
xεnkn

=
εn

− 1
kn

+O
(
logn
k2n

) = −εnkn + εnO (log n) = o(1).

Since xεnkn ∼ −1/kn uniformly onMC , for n large enough depending only onMC we have
that Re (xεnkn/εn) < 0. Then, using the relation arctan z+arctan (1/z) = −π/2 whenever
Re z < 0 we have that

wεn(xεnkn) =
1

εn
arctan

(
xεnkn
εn

)
+

π

2εn
+

1− a
2

log((xεnkn)2 + ε2n)

= − 1

εn
arctan

εn
xεnkn

+
1− a

2
log
(
(xεnkn)2 + ε2n

)
and therefore

wεn(xεnkn) = − 1

εn
arctan

εn
xεnkn

+
1− a

2
log
(
(xεnkn)2 + ε2n

)
= − 1

εn

(
εn
xεnkn

+O(ε3nk
3
n)

)
+ (1− a) log

(
−xεnkn

)
+

1− a
2

log

(
1 +

ε2n
k2n

)
+ o(1)

= − 1

xεnkn
+ (1− a) log

(
−xεnkn

)
+ o(1) = wι(xεnkn , y

εn
kn

) + o(1).

Similarly:

tεn(xεnkn , y
εn
kn

) =
yεnkn(

(xεnkn)2 + ε2n
)η/2 =

yεnkn
(−xεnkn)η

(
1 +

ε2n
(xεnkn)2

)−η/2
=
(
tι(xεnkn , y

εn
kn

) + o(1)
)

(1 + o(1)) = tι(xεnkn , y
εn
kn

) + o(1)

(in the last line, we used the fact that tι(xεnkn , y
εn
kn

) = O(1) by Lemma 5.8). �

5.2. In the eggbeater.

Definition 5.10. Let Ĉ := Ce1/2+π|Re q| > C and C̃ := Ce1+π|Re q| > C (recall that C
was fixed when we fixed the compact K ⊂ BU,v).

Lemma 5.11. For all n large enough, we have gknεn (MC) ⊂ Rn(C) (recall that Rn(C)
is the set from Definition 4.1 and that for n large enough Rn(C) ⊂ U , where U is the
domain of definition of (gεn)).

Proof. Let (x0, y0) ∈MC and (xεnkn , y
εn
kn

) := gknεn (x0, y0). By Lemmas 5.8 and 5.9, we have

Φι
εn ◦ g

kn
εn (x0, y0) = Φι(x0, y0) + (kn, 0) + o(1),

where the convergence of the term o(1) is uniform on MC . Therefore

tεn(xεnkn , y
εn
kn

) = tι(x0, y0) + o(1).
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Since (C−1)−1 ≤ |y0(−x0)−η| ≤ C−1 by definition ofMC and |tι(x0, y0)−y0(−x0)−η| <
1/C2 < 1/4 by condition (R4), we have that (C − 1)−1 − C−2 ≤ |tι(x0, y0)| ≤ C − 1/4
and then C−1 < |tεn(xεnkn , y

εn
kn

)| < C for all n large enough (depending only on MC and
not on the choice of (x0, y0)). Similarly

wεn(xεnkn) = wι(x0, y0) + kn + o(1)

and therefore, since εn = π/n+ o(1/n),

εnwεn(xεnkn) = εnkn +O(εn) =
πkn
n

+O (εn) .

where the implicit constants in the O terms only depend on MC and not on the choice
of (x0, y0). In particular, for all n large enough (depending only on MC)

Re (εnwεn(xεnkn)) ∈
[
πkn
10n

, π − πkn
10n

]
and |Im(εnwεn(xεnkn))| ≤ Cπ

n
,

hence (xεnkn , y
εn
kn

) ∈ Rn(C) for n large enough. �

Recall that Φo
εn := Φι

εn − (π/εn, 0).

Proposition 5.12. For n large enough we have that gn−knεn (MC) ⊂ Rn(Ĉ) and

Φo
εn ◦ g

n−kn
εn

∣∣
MC

= Aσ−2kn,q ◦ Φι
εn ◦ g

kn
εn

∣∣
MC

+ o(1),

where the convergence of the term o(1) is uniform on MC .

Proof. Take (x0, y0) ∈ MC and let (xεnj , y
εn
j ) := gjεn(x0, y0). Let us start by proving

that for n large enough (depending only on MC) and for 0 ≤ j ≤ n − 2kn we have
(xεnkn+j , y

εn
kn+j

) ∈ Rn(Ĉ) and

wεn(xεnkn+j) = wεn(xεnkn) + j +

j−1∑
k=0

Aεn(xεnkn+k, y
εn
kn+k

)

and

tεn(xεnkn+j , y
εn
kn+j

) = tεn(xεnkn , y
εn
kn

) exp

(
j−1∑
k=0

Bεn(xεnkn+k, y
εn
kn+k

)

)
where, as in subsection 4.1,

Aεn(x, y) := wεn(x1)− wεn(x)− 1 and Bεn(x, y) := log
tεn(x1, y1)

tεn(x, y)
,

with (x1, y1) := gεn(x, y).
We argue by induction on j. Indeed, the assertions hold for j = 0 by Lemma 5.11 and

the fact that Rn(C) ⊂ Rn(Ĉ). Moreover, if they hold for some 0 ≤ j ≤ n − 2kn − 1,
then thanks to Proposition 4.9 (applied on Rn(Ĉ)), we have

wεn(xεnkn+j+1) = wεn(xεnkn+j) + 1 +Aεn(xεnkn+j , y
εn
kn+j

)

= wεn(xεnkn) + j + 1 +

j∑
k=0

Aεn(xεnkn+k, y
εn
kn+k

)

= wεn(xεnkn) + j + 1 + o(1)

= kn + j + 1 +O(1),
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where the terms o(1) and O(1) are uniform, and using in the last line that wεn(xεnkn) =

wι(x0, y0) + kn + o(1) by Lemmas 5.8 and 5.9. Moreover,

tεn(xεnkn+j+1, y
εn
kn+j+1) = tεn(xεnkn+j , y

εn
kn+j

)eBεn (x
εn
kn+j ,y

εn
kn+j)

= tεn(xεnkn , y
εn
kn

) exp

(
j∑

k=0

Bεn(xεnkn+k, y
εn
kn+k

)

)
= tεn(xεnkn , y

εn
kn

)eqjεn+o(1),

where the term o(1) is uniform on MC . Therefore, using the fact that n (εn − π/n) =
O(εn) we have, for n big enough depending only on MC , εnwεn(xεnkn+j+1) = π

n(kn + j +

1 +O(1)), hence
πkn
10n

≤ Re (εnwεn(xεnkn+j+1)) ≤ π −
πkn
10n

.

And since εnwεn(xεnkn+j+1) = εn
[
wεn(xεnkn) + j + 1 + o(1)

]
and |Im(εnwεn(xεnkn))| ≤ Cπ/n

by Lemma 5.11, for n large enough depending only on MC we get, using the fact that
εn = π/n+ o(1),

|Im(εnwεn(xεnkn+j+1))| < Ĉ
π

n
.

Moreover, since

|tεn(xεnkn+j+1, y
εn
kn+j+1)| = |tεn(xεnkn , y

εn
kn

)eqjεn+o(1)|,

and
1

C
< |tεn(xεnkn , y

εn
kn

)| < C

for n large enough, by Lemma 5.11, we get that

1

Ĉ
< |tεn(xεnkn+j+1, y

εn
kn+j+1)| < Ĉ

for n large enough depending only on MC , and the statement is proved.
Taking j = n− 2kn we obtain that (xεnn−kn , y

εn
n−kn) ∈ Rn(Ĉ) for n large enough and

wεn(xεnn−kn) = wεn(xεnkn) + n− 2kn +

n−2kn−1∑
k=0

Aεn(xεnkn+k, y
εn
kn+k

)

and

tεn(xεnn−kn , y
εn
n−kn) = tεn(xεnkn , y

εn
kn

) exp

(
n−2kn−1∑
k=0

Bεn(xεnkn+k, y
εn
kn+k

)

)
so using again Proposition 4.9 and the fact that εn = π/n+ o(1/n) we get(
wεn(xεnn−kn), tεn(xεnn−kn , y

εn
n−kn)

)
=
(
wεn(xεnkn) + n− 2kn + o(1), eπq+o(1)tεn(xεnkn , y

εn
kn

)
)
,

where the terms o(1) are uniform onMC . Finally, since Φo
εn(x, y) = Φι

εn(x, y)−(π/εn, 0)
we obtain, using the fact that n− π/εn = σ + o(1),

Φo
εn ◦ g

n−kn
εn (x0, y0) =

(
wεn(xεnkn) + σ − 2kn, e

πqtεn(xεnkn , y
εn
kn

)
)

+ o(1),

where the term o(1) is uniform on MC . �
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5.3. After the eggbeater. We will now estimate the orbit of gεn as it gets away from
the origin in the outgoing petal. Recall that C̃ := Ce1+π|Re q| and

Uon(R, C̃) :=
{

(X,Y ) ∈ −HR × D(0, C̃) : |X| < 10kn

}
.

Lemma 5.13 (Compare to Lemma 5.9). For n large enough Φo
0◦gn−knεn (MC) ⊂ Uon(R, C̃)

(so in particular gn−knεn (MC) ⊂ P o(r, C̃)) and

Φo
εn ◦ g

n−kn
εn

∣∣
MC

= Φo ◦ gn−knεn

∣∣
MC

+ o(1),

where the convergence of the term o(1) is uniform on MC .

Proof. Take (x0, y0) ∈MC and let (xεnn−kn , y
εn
n−kn) := gn−knεn (x0, y0). By Proposition 5.12,

we have that (xεnn−kn , y
εn
n−kn) ∈ Rn(Ĉ) and

wεn(xεnn−kn)− π

εn
= wεn(xεnkn) + σ − 2kn + o(1)

so using Lemmas 5.8 and 5.9 we get

wεn(xεnn−kn)− π

εn
= wι(x0, y0) + σ − kn + o(1) = −kn +O(1)

for n large enough, where the term O(1) is uniform on MC . By Lemma 4.4 (applied on
Rn(Ĉ)) we have

xεnn−kn = −εn cot(εnwεn(xεnn−kn)) +O
(

log n

n2γ

)
.

Therefore for n large enough

xεnn−kn = −εn cot (π − εnkn +O(εn)) +O
(

log n

n2γ

)
∼ 1

kn

uniformly on MC . Therefore, for n large enough depending only on MC we have that

Re

(
−1

xεnn−kn

)
< −R, and

∣∣∣∣∣ 1

xεnn−kn

∣∣∣∣∣ < 10kn.

Moreover, since

tεn(xεnn−kn , y
εn
n−kn) =

yεnn−kn
((xεnn−kn)2 + ε2n)η/2

=
yεnn−kn

(xεnn−kn)η

(
1 +

ε2n
(xεnn−kn)2

)− η
2

we obtain, using the fact that xεnn−kn ∼ 1/kn and the definition of Rn(Ĉ), that∣∣∣∣∣ yεnn−kn
(xεnn−kn)η

∣∣∣∣∣ < Ĉe1/2 = C̃

for n large enough depending only on MC , so Φo
0(x

εn
n−kn , y

εn
n−kn) ∈ Uon(R, C̃) and in

particular (xεnn−kn , y
εn
n−kn) ∈ P o(r, C̃) for n large enough.

Now, if we denote (wo(x, y), to(x, y)) := Φo(x, y), we want to prove that

wεn(xεnn−kn)− π

εn
= wo(xεnn−kn , y

εn
n−kn) + o(1)

and
tεn(xεnn−kn , y

εn
n−kn) = to(xεnn−kn , y

εn
n−kn) + o(1).
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Since xεnn−kn ∼ 1/kn uniformly on MC , for n large enough depending only on MC we
have that Re (xεnn−kn/εn) > 0. Then, using the relation arctan z + arctan (1/z) = π/2
whenever Re z > 0 and the definition of wεn we have that for n large enough

wεn(xεnn−kn)− π

εn
=

1

εn
arctan

(
xεnn−kn
εn

)
− π

2εn
+

1− a
2

log((xεnn−kn)2 + ε2n)

= − 1

εn
arctan

(
εn

xεnn−kn

)
+

1− a
2

log((xεnn−kn)2 + ε2n).

Since εn
xεnn−kn

= o(1) because xεnn−kn ∼ 1/kn, we get

wεn(xεnn−kn)− π

εn
= − 1

εn
arctan

(
εn

xεnn−kn

)
+

1− a
2

log((xεnn−kn)2 + ε2n)

= − 1

xεnn−kn
+ (1− a) log(xεnn−kn) + o(1)

= wo(xεnn−kn , y
εn
n−kn) + o(1).

using in the second line that k3n/n2 = o(1) and in the last line the asymptotic expansion
of wo. Similarly, by the computation above,

tεn(xεnn−kn , y
εn
n−kn) =

yεnn−kn
(xεnn−kn)η

(
1 +

ε2n
(xεnn−kn)2

)− η
2

= to(xεnn−kn , y
εn
n−kn) + o(1)

using in the last line the asymptotic expansion of to and the fact that to(xεnn−kn , y
εn
n−kn) =

O(1) because (xεnn−kn , y
εn
n−kn) ∈ Rn(Ĉ). �

Lemma 5.14 (Compare to Lemma 5.8). There exists N1 > 0 such that for n large
enough Φo

0 ◦ gn−N1
εn (MC) ⊂ Uon(r, C) (so in particular gn−N1

εn (MC) ⊂ P o(r, C̃)) and

Φo ◦ gn−N1
εn

∣∣
MC

= Akn−N1,0 ◦ Φo ◦ gn−knεn

∣∣
MC

+ o(1),

where the convergence of the term o(1) is uniform on MC .

Proof. From the asymptotic expansion of (Φo)−1 (see Lemma 3.7), Proposition 3.3 and
the definitions of Φo

0 and Uon(R, C̃), there exists a constant R0 > 0 such that

(18) (Φo)−1{(X,Y ) ∈ −HR0,2 × D(0, Ce1/2+π|Re q|) : |X| < 5kn} ⊂ (Φo
0)
−1(Uon(R, C̃)),

where HR0,2 := {X ∈ HR0 : |ImX| < 2ReX} . Up to increasing R0 if necessary, we as-
sume that 2R0 ≥ K̃+ 1, where K̃ := max{|wι(x, y)| : (x, y) ∈MC}. We fix some integer
N1 > K̃ + Reσ + 2 +R0.

Let us first prove that there exists a constant K3 > 0 such that for n large enough
and for all (x0, y0) ∈ (Φo

0)
−1(Uon(R, C̃)) such that (xεn1 , y

εn
1 ) := gεn(x0, y0) ∈ P o((2(R −

3/2))−1, C̃ + 1) we have

(19) ‖Φo(xεn1 , y
εn
1 )− Φo(x0, y0)− (1, 0)‖ ≤ K3

(
1

n
+

1

|x0|2n2

)
.

The computation is analogous to the one in the proof of Lemma 5.8. Fix (x0, y0) such
that (X0, Y0) := Φo

0(x0, y0) ∈ Uon(r, C̃) and (xεn1 , y
εn
1 ) ∈ P o((2(R − 3/2))−1, C̃ + 1). Set

Φo
G := Φo ◦ (Φo

0)
−1 : −HR−5/2 × D(0, C̃ + 2)→ C2, so

Φo
G(Xo

1 , Y
o
1 ) = Φo

G(X0, Y0) + (1, 0),

where (Xo
1 , Y

o
1 ) := Φo

0 ◦ g ◦ (Φo
0)
−1(X0, Y0). Then

Φo(xεn1 , y
εn
1 )− Φo(x, y)− (1, 0) = Φo

G(Xεn,o
1 , Y εn,o

1 )− Φo
G(Xo

1 , Y
o
1 )
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where (Xεn,o
1 , Y εn,o

1 ) := Φo
0(x

εn
1 , y

εn
1 ). By Proposition 3.3 and condition (R4), there exists

a holomorphic map v : −HR−5/2 × D(0, C̃ + 2)→ C2 such that

Φo
G(X,Y ) = (X − (1− a) log(−X), Y ) + v(X,Y ),

with ‖v(X,Y )‖ ≤ 1 for all (X,Y ) ∈ −HR−5/2 × D(0, C̃ + 2). By Cauchy estimates, we
have

‖∂Xv(X,Y )‖ ≤ 1 and ‖∂Y v(X,Y )‖ ≤ 1

for all (X,Y ) ∈ −HR−3/2 × D(0, C̃ + 1) and hence, by the mean value inequality,

‖v(Xεn,o
1 , Y εn,o

1 )− v(Xo
1 , Y

o
1 )‖ ≤ |Xεn,o

1 −Xo
1 |+ |Y

εn,o
1 − Y o

1 |.

On the other hand, also by the mean value inequality, we have

| log(−Xεn,o
1 )− log(−Xo

1)| < |Xεn,o
1 −Xo

1 |.

Therefore

‖Φo
G(Xεn,o

1 , Y εn,o
1 )− Φo

G(Xo
1 , Y

o
1 )‖ ≤ |Xεn,o

1 −Xo
1 |+ |1− a|| log(−Xεn,o

1 )− log(−Xo
1)|

+ |Y εn,o
1 − Y o

1 |+ ‖v(Xεn,o
1 , Y εn,o

1 )− v(Xo
1 , Y

o
1 )‖

≤ (2 + |1− a|) (|Xεn,o
1 −Xo

1 |+ |Y
εn,o
1 − Y o

1 |) .

Then using Lemma 5.4 we obtain (19) for n large enough, with K3 = 2(2 + |1− a|)Co.
Now take (x0, y0) ∈MC . We will prove by induction on j that for all n large enough

and for all n− kn ≤ j ≤ n−N1 we have

(1) Φo
0(x

εn
j , y

εn
j ) ∈ Uon(R, C̃)

(2) ‖Φo(xεnj , y
εn
j )−Φo(xεnn−kn , y

εn
n−kn)−(j−(n−kn), 0)‖ ≤ K3

j−1∑
k=n−kn

(
1

n
+

1

|xεnk |2n2

)
.

For j = n − kn, the first statement follows from Lemma 5.13, and there is nothing to
prove for the second one. Let n − kn ≤ j < n − N1 such that (1) and (2) hold for all
n− kn ≤ k ≤ j and denote (Xεn,o

j , Y εn,o
j ) := Φo

0(x
εn
j , y

εn
j ). By equation (15) we have

|Xεn,o
j+1 −X

εn,o
j − 1| < 1

2
and |Y εn,o

j+1 − Y
εn,o
j | < M

(
1

n
+

1

|Xεn,o
j |2

)
.

Therefore, by definition of Uon(R, C̃), we have for n large enough

Re (Xεn,o
j+1 ) < −R+

3

2
, |Y εn,o

j+1 | < C̃ + 1.

It follows that (xεnj+1, y
εn
j+1) ∈ P o((2(R− 3/2))−1, C̃ + 1) so using (19) and the induction

hypothesis we get

‖Φo(xεnj+1, y
εn
j+1)−Φo(xεnn−kn , y

εn
n−kn)− (j+1− (n−kn), 0)‖ ≤ K3

j∑
k=n−kn

(
1

n
+

1

|xεnk |2n2

)
and condition (2) is proved.

By definition of Uon(R, C̃), we have |xεnk |
−1 < 10kn for all n− kn ≤ k ≤ j, therefore

j∑
k=n−kn

(
1

n
+

1

|xεnk |2n2

)
≤ kn

n
+

100k3n
n2

= o(1).

Therefore, by Lemma 5.13 and Proposition 5.12 we have for n large enough

Φo(xεnj+1, y
εn
j+1) = Φι

εn(xεnkn , y
εn
kn

) + (σ + j + 1− n− kn, 0) + o(1)
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so by Lemmas 5.9 and 5.8

Φo(xεnj+1, y
εn
j+1) = (wι(x0, y0) + σ + j + 1− n, eπqtι(x0, y0)) + o(1).

Let (wo(x, y), to(x, y)) := Φo(x, y). We then have, for n large enough,

Re (wo(xεnj+1, y
εn
j+1)) ≤ Re (wι(x0, y0)) + Reσ + j + 2− n ≤ K̃ + Reσ + j + 2− n

≤ K̃ + Reσ + 2−N1 < −R0

and

|Im(wo(xεnj+1, y
εn
j+1))| ≤ |Im(wι(x0, y0))|+ 1 ≤ K̃ + 1 ≤ 2R0 ≤ 2Re (−wo(xεnj+1, y

εn
j+1))

so Φo(xεnj+1, y
εn
j+1) ∈ −HR0,2. Similarly, for n large enough,

|wo(xεnj+1, y
εn
j+1)| ≤ |w

ι(x0, y0)|+ |σ|+ n− j ≤ K̃ + |σ|+ n− j < 5kn.

Finally, using the fact that |y0(−x0)−η| ≤ C − 1 by definition of MC and |tι(x0, y0) −
y0(−x0)−η| < 1 by condition (R4), we have that |tι(x0, y0)| ≤ C and then for n large
enough

|to(xεnj+1, y
εn
j+1)| ≤ Ce

1/2+π|Re q|.

Therefore, by (18), (xεnj+1, y
εn
j+1) ∈ Uon(R, C̃) and (1) is proved. Taking j = n − N1, the

Lemma 5.14 is proved. �

5.4. Conclusion.

Proof of Theorem 3. We have

Φo ◦ gn−N1
εn

∣∣
MC

= Akn−N1,0 ◦ Φo ◦ gn−nkεn

∣∣
MC

+ o(1) by Lemma 5.14

= Akn−N1,0 ◦ Φo
εn ◦ g

n−kn
εn

∣∣
MC

+ o(1) by Lemma 5.13

= Akn−N1,0 ◦Aσ−2kn,q ◦ Φι
εn ◦ g

kn
εn

∣∣
MC

+ o(1) by Proposition 5.12

= Akn−N1,0 ◦Aσ−2kn,q ◦ Φι ◦ gknεn
∣∣
MC

+ o(1) by Lemma 5.9

= Akn−N1,0 ◦Aσ−2kn,q ◦Akn,0 ◦ Φι
∣∣
MC

+ o(1) by Lemma 5.8

= Aσ−N1,q ◦ Φι
∣∣
MC

+ o(1)

where the convergence of the terms o(1) is uniform in MC . Therefore

gn−N1
εn

∣∣
MC

= (Φo)−1 ◦Aσ−N1,q ◦ Φι
∣∣
MC

+ o(1)

where the convergence of the term o(1) is uniform on MC . This proves that gn−N1
εn →

Lσ−N1,q uniformly on MC , where Lσ−N1,q := (Φo)−1 ◦Aσ−N1,q ◦ Φι.
Let us now explain how we can deduce the same convergence statement first for all

(x, y) ∈ L, then for all (x, y) ∈ K. First, assume without loss of generality that the
domain U on which the maps gεn are defined is a bi-disk D(0, δ)2.

Let πi : C2 → C (1 ≤ i ≤ 2) denote the projections on each coordinate of C2. Let
x ∈ π1(L). Recall that r and C are the constants introduced in Definition 5.5. Let

Mx(C) := {y ∈ C : (x, y) ∈MC} = D (0, (C − 1)|(−x)η|) \ D(0, (C − 1)−1|(−x)η|)

and
Nx(C) := {y ∈ C : (x, y) ∈ NC} = D (0, (C − 1)|(−x)η|) .

Let us prove inductively on 0 ≤ j ≤ n − N1 that gjεn(NC) ⊂ U . For j = 0, there
is nothing to prove, since NC ⊂ P ι(r, C) ⊂ U . Let 0 ≤ j ≤ n − N1 − 1 be such that
gjεn(NC) ⊂ U , so that gj+1

εn is well-defined on NC .
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By the maximum principle, for all x ∈ π1(L) = π1(NC), we have

sup
y∈Nx(C)

|π1 ◦ gj+1
εn (x, y)| ≤ max

y∈∂Nx(C)
|π1 ◦ gj+1

εn (x, y)| ≤ max
y∈Mx(C)

|π1 ◦ gj+1
εn (x, y)| ≤ δ.

Similarly, we also have

sup
y∈Nx(C)

|π2 ◦ gj+1
εn (x, y)| ≤ max

y∈∂Nx(C)
|π2 ◦ gj+1

εn (x, y)| ≤ max
y∈Mx(C)

|π2 ◦ gj+1
εn (x, y)| ≤ δ.

Therefore, gjεn is well-defined on NC for every 0 ≤ j ≤ n − N1. Moreover, (gn−N1
εn :

NC → C2)n≥0 is a normal family in the sense of Montel. Let (nk)k≥0 be any extracted
sequence such that gnk−N1

εnk
converges on NC to some holomorphic function G. We have

proved that G = Lσ−N1,q on MC , therefore, by the identity principle, G = Lσ−N1,q on
all of NC . Since this is true for any converging subsequence, we conclude that gn−N1

εn →
Lσ−N1,q on all of NC , hence on L (since L ⊂ NC).

Let us now prove that gn−Nεn → Lσ−N,q on K, where N := N1 − n0. Indeed, by the
definition of L, we have that for all n large enough gn0

εn (K) ⊂ L; therefore, if (x, y) ∈ K
then

lim
n→∞

gn−N1+n0
εn (x, y) = lim

n→∞
gn−N1
εn ◦ gn0

εn (x, y) = Lσ−N1,q ◦ gn0(x, y) = Lσ−N1+n0,q(x, y),

using in the last two equalities the fact that gn0
εn converges uniformly to gn0 on K and

that Lσ+1,q = g ◦ Lσ,q = Lσ,q ◦ g. �

6. Proof of Corollaries 1 and 2

The goal of this section is to prove Corollaries 1 and 2. We start with a general
observation about Fatou coordinates for globally defined maps.

Proposition 6.1. Assume that the germ g := g0 from Theorem 3 extends to a holomor-
phic self-map of a complex manifold. Then the incoming Fatou coordinate Φι extends
to a holomorphic map on the parabolic basin Bv associated to v = (1, 0), and the map
(Φo)−1 extends to a holomorphic map Ψo on C2. Moreover, if f has discrete fibers, then
so do Φι and Ψo.

Proof. Recall that Bv =
⋃
C>0

⋃
n≥0 g

−n(P ι(r, C)) for any 0 < r ≤ rι(C). Then, using
the functional equation Φι ◦ g = Φι + (1, 0) we can extend Φι to B by

Φι(z) := Φι ◦ gn(z)− (n, 0)

for any n such that gn(z) ∈ P ι(r, C). Moreover, by Proposition 3.3 we have that for any
C > 0 there exists r = ro(C) > 0 such that

{X ∈ −Hr−1 : |Im(X)| < 2|Re (X)|} × D(0, C − 1) ⊂ Φo(P o(r, C))

so we can extend (Φo)−1 to a map Ψo : C× D(0, C − 1)→ C by

Ψo(X,Y ) := gn ◦ (Φo)−1(X − n, Y )

for any n ∈ N such that (X −n, Y ) ∈ −Hr−1 ×D(0, C − 1). Since we can do this for any
C > 0, the map Ψo extends to a holomorphic map on C2.

Let us now prove the claim about the discreteness of fibers. Take p ∈ B and let
Fp := (Φι)−1({Φι(p)}) be the corresponding fiber. Let n be large enough such that
gn(p) ∈ P ι(r, C) for some C > 0 and r ≤ rι(C). Then

Φι ◦ gn(Fp) = Φι(Fp) + (n, 0) = {Φι(p)}+ (n, 0).

Since Φι is injective on P ι(r, C), the point fn(p) is isolated in fn(Fp). Since g (hence
gn) has discrete fibers, p must also be isolated in Fp.

Similarly, if (X0, Y0) ∈ C2 then there exists n ∈ N such that (X0−n, Y0) ∈ Φo(P o(r, C))
for some C > 0 and r ≤ ro(C). In order to prove that (X0, Y0) is isolated in its
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fiber F(X0,Y0) := (Ψo)−1({Ψo(X0, Y0)}), it suffices to prove that (X0 − n, Y0) is iso-
lated in F(X0,Y0) − (n, 0). By the relation gn ◦ Ψo(X − n, Y ) = Ψo(X,Y ), we have that
F(X0,Y0) − (n, 0) = (Ψo)−1(En), where En := g−n({Ψo(X0, Y0)}). Since g (hence gn) has
discrete fibers, En is discrete. Since (X0 − n, Y0) ∈ Φo(P o(r, C)) and Φo is injective,
(X0 − n, Y ) is therefore isolated in (Ψo)−1(En) = F(X0,Y0) − (n, 0). Thus F(X0,Y0) is
indeed discrete. �

Next, we prove the following Lemma:

Lemma 6.2. Let f be an endomorphism of P2 of algebraic degree d, satisfying (H1)
and such that d > Reα + 1. Then for any q ∈ C there exists a family (fε)ε∈D of
endomorphisms of degree d satisfying (H1)− (H3), with f0 = f and q as in Theorem 2.

Proof. We work in some affine coordinates in which the fixed point of f is the origin and
in which the non-degenerate characteristic direction is [1 : 0] so the non-singular formal
invariant curve C admits a parametrization of the form γ(t) = (t, ζ(t)). As in Section 2,
we let Ψ(x, y) := (x, y − Jm+1ζ(x)), where Jm+1ζ is the jet of order m + 1 of ζ, where
m := bReαc+ 1 of ζ, and we let g := Ψ ◦ f ◦Ψ−1. Then g is of the form

g(x, y) = (x+ x2a(x) + yb(x, y), y(1 + c(x, y)) +O(xm+2)),

where a(0) = 1 and b(0, 0) = c(0, 0) = 0. We now let

gε(x, y) := (x+ (x2 + ε2)a(x) + yb(x, y), y(1 + c(x, y) + qε) +O(xm+2)),

and f̃ε := Φ−1 ◦ gε ◦ Φ. By construction, (f̃ε)ε∈D satisfies (H1) − (H3) and f0 = f .
However, the maps f̃ε need not be endomorphisms of P2, since Ψ is not an automorphism
of P2; we will therefore need to make one last modification. Let us write f̃ε(x, y) =
f(x, y)+εh(ε, x, y), where h(ε, x, y) =

∑
i,j,k∈N ai,j,kε

ixjyk is a holomorphic map defined
on some neighborhood of 0 in C3. Let hm+1(ε, x, y) :=

∑
i,j,k≤m+1 ai,j,kε

ixjyk be the jet
of order m+ 1 of h and fε(x, y) := f(x, y) + εhm+1(ε, x, y). It is not difficult to see that
conditions (H1)− (H3) only depend on the jet of order m+ 1 of fε at (0, 0, 0); therefore,
the family of maps (fε)ε∈D still satisfies (H1) − (H3), and since m < d by assumption,
the maps fε are endomorphisms of P2 for all ε in a neighborhood of 0.

Finally, for the fixed points z1(ε) = 1 + 2iε + O(ε2) and z2(ε) = 1 − 2iε + O(ε2) we
have that

Jac fε(z1(ε)) =

(
1 + 2iε+O(ε2) O(ε)

O(ε2) 1 + qε+ iηε+O(ε2)

)
and

Jac fε(z2(ε)) =

(
1− 2iε+O(ε2) O(ε)

O(ε2) 1 + qε− iηε+O(ε2)

)
.

so clearly q is as in Theorem 2 by Lemma 2.4. �

We now complete the proof of Corollary 1, which is essentially the same done by
Bianchi in [Bia19b] or the one due to Lavaurs ([Lav89]) in dimension 1:

Proof of Corollary 1. If we take q ∈ C, the existence of a family (fε)ε∈D of endomor-
phisms of degree d satisfying (H1) − (H3) and such that q := limε→0

1
ε
ρ1N (ε)+ρ2N (ε)−2
ρ1T (ε)+ρ

2
T (ε)

is guaranteed by Lemma 6.2. Now, take σ ∈ C and z0 ∈ J1(f,Lσ,q). Without loss of
generality, assume that z0 = LNσ,q(p0), for some N ∈ N and some p0 ∈ J1(f). Con-
sider a sequence (εn) as in Theorem 2. We will find a sequence zn ∈ J1(fεn) such that
limn→∞ zn = z0.

By lower semicontinuity of ε 7→ J1(fε), there exists a sequence pn ∈ J1(fεn) such that
limn→∞ pn = p0. Let zn := fnNεn (pn) ∈ J1(fεn): by Theorem 2, we have limn→∞ zn =

LNσ,q(p0) = z0, and we are done. �
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We can now prove Corollary 2. The idea is that thanks to the Main Theorem, we
can find a suitable sequence of perturbations fεn such that fnεn maps a point in B to a
repelling periodic point in J2(fεn). Since J2(fεn) is completely invariant, this will mean
that B contains some points in J2(fεn) for all n large enough, thus proving the lack of
upper semicontinuity of ε 7→ J2(fε). There is however a technical issue: contrary to the
case of rational maps on P1, not all repelling periodic points belong to J2(fε).

Proof of Corollary 2. Let r(0) denote a repelling periodic point for f contained in Ψo(C2).
Let (X1, Y1) ∈ C2 be such that Ψo(X1, Y1) = r(0). Let z0 ∈ B be such that Φι(z0) ∈
C×{0} if Y1 = 0, and Φι(z0) ∈ C×C∗ if Y1 6= 0. Then there exists a unique (σ, q) ∈ C2

such that Aσ,q ◦ Φι(z0) = (X1, Y1), or in other words, Lσ,q(z0) = r(0). Let (fε)ε∈D be
the corresponding family of perturbations of f constructed in Lemma 6.2 for that value
of q. Let r(ε) be the repelling periodic point of fε, which moves holomorphically with ε
for |ε| small. For |ε| small, we have r(ε) ∈ J2(fε) by [Bia19a, Lemma 4.9].

Let σ0 ∈ C be given by Theorem 2, and let εn → 0 be such that
2iπ

ρ1T (εn)− 1
= n− (σ − σ0) + o(1).

Let U be a neighborhood of z0 in B, small enough such that Lσ,q(z) = r(0) and z ∈ U
implies that z = z0. Then the maps Gn(z) = fnεn(z) − r(εn) converge locally uniformly
to G(z) = Lσ,q(z)− r(0) by Theorem 2. Since (0, 0) is an isolated point in G−1({(0, 0)})
by Proposition 6.1, there is a sequence zn → (0, 0) such that Gn(zn) = (0, 0). By
the backward invariance of the small Julia set, zn ∈ J2(fεn), but U ∩ J2(f) = ∅ since
U ⊂ B. �
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