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ABSTRACT. In this paper, we extend the theory of parabolic implosion in complex
dimension 2 to the case of holomorphic maps tangent to the identity at order 2. We
investigate the bifurcation phenomena that occur when a fully parabolic fixed point is
perturbed. Under the assumption of a non-degenerate characteristic direction with a
formal invariant curve and director « satisfying Rea > 2, we establish the existence
of Lavaurs maps as limits of iterates f. for specific sequences of the perturbation
parameter €,,. Finally, we apply these results to prove the discontinuity of the Julia sets
Ji and Jz for holomorphic endomorphisms of P?, generalizing classical one-dimensional
results to this higher-dimensional setting.

1. INTRODUCTION

Parabolic implosion is the study of the bifurcation phenomena which occur when a
multiple (i.e., parabolic) fixed point is perturbed and splits into several fixed points or
periodic cycles. It was first developed by Lavaurs in his PhD thesis (|[Lav89]). A first
consequence of this theory is a precise description of the discontinuity (enrichment) of
Julia sets with respect to the parameter, in the presence of a non-persistent parabolic
cycle. This was used by Shishikura ([Shi98]) to prove that the boundary of the Mandel-
brot set has Hausdorff dimension 2. A refinement of parabolic implosion (near-parabolic
renormalization), developed by Inou and Shishikura ([IS06]), has led to remarkable re-
sults, such as the construction of quadratic Julia sets with positive area by Buff and
Cheéritat ([BC12]) or progress towards the hyperbolicity conjecture (JCS15]).

More recently, the theory of parabolic implosion has started to develop and to find
successful applications in higher dimension. In [BSUIT|, Bedford, Smillie and Ueda
develop a parabolic implosion theory in the setting of semi-parabolic diffeomorphisms
in dimension 2, i.e., in the case of a fixed point with one attracting direction and the
other one with multiplier equal to 1. In particular, in the important case of a dissipative
Hénon map, they were able to deduce the discontinuity of several dynamically defined sets
(including the forward Julia set J* and the closure J* of the saddle periodic points) with
respect to the parameter. Building on their result, Bianchi and the first named author
proved in [AB25] the existence of perturbations of such Hénon maps whose forward Julia
set J* has large Hausdorff dimension.

In |[DL15|], Dujardin and Lyubich adapted the results of [BSULT| to construct ho-
moclinic tangencies for perturbations of dissipative Hénon maps with a semi-parabolic
periodic cycle, with applications to bifurcation theory. In [ABDT16|, the authors used
parabolic implosion techniques to construct the first examples of polynomial maps (in
dimension 2) with a wandering Fatou component (see also [ABTP23|, [ABT26|). The
dynamical systems under consideration are polynomial skew-products, hence the tech-
niques employed can be seen as a non-autonomous version of one-dimensional parabolic
implosion. Finally, in [Bial9b], Bianchi obtained results analogous to those of [BSU17|
but for the more difficult case of maps with a fully parabolic fixed point, i.e., in the case
where the differential at the fixed point is the identity. The purpose of this article is to
extend the results from [Bial9b].



2 MATTHIEU ASTORG, LORENA LOPEZ-HERNANZ, AND JASMIN RAISSY

Let us now provide a quick overview of classical parabolic implosion in dimension one,
in the simplest case of a parabolic fixed point with just one attracting and one repelling
petal. Let f : C — C be a holomorphic map of the form f(z) = z + 22 + O(z3). By the
classical Leau-Fatou theorem, there exists r > 0 and univalent maps ¢* : D(—r,r) — C
and ¢° : D(r,r) — C such that

(1) P*:=D(—r,r) is forward invariant under f, and P° := D(r,r) is invariant under
the branch of f~! fixing the origin;
(2) ¢'of=¢"+1 and ¢°0 f =¢? + 1.
The domains P* and P° are respectively called incoming and outgoing petals and the
maps ¢* and ¢° are called incoming and outgoing Fatou coordinates. Let

B:={z€C: f"2) —0and f"(2) #0 Vn >0}

be the parabolic basin. Then P* C B, and moreover B = (J,,~, f~"(P*). The incoming
Fatou coordinate extends to a holomorphic map ¢* : B — C and the inverse (¢°)~! of
the outgoing Fatou coordinate extends to a holomorphic map ¥° : C — C, called the
outgoing Fatou parametrization. We refer the reader to [Milll] for details. In particular,
for any o € C, the change of coordinate L, := ¢° o T, o ¢* is well-defined on B, where
T,5(z) := z + o is the translation of vector o. It is called the Lavaurs map of phase 0E|

Consider now the family of perturbations f.(z) = f(z) +¢2, € € C. For ¢ small but
non-zero, the double fixed point at the origin for f splits into 2 simple fixed points for f.,
of the form z*(g) = 4ie + O(£?). If we take say € > 0, then Lavaurs proved that orbits
under f. starting from a point in P* will approach the origin, then cross the "gate" given
by the vertical segment [27(g),27(¢)] between 27 (g) and 2z (¢) and then move away
from the origin inside P°. Since f. is close to the identity near 0, as € — 0 it takes more
and more iterations to do this. At the limit, we obtain in this way a "transit map" from
P* to P°, which is useful for studying the dynamics of f.. It turns out that this transit
map is exactly the Lavaurs map defined above. More precisely:

Theorem (Lavaurs, [Lav89]). Let (en)nen be a sequence of complex numbers, and o € C.
Assume that limy, oo (n — m/e,) = 0. Then fI' — Ly locally uniformly on B.

We now move on to the setting of complex dimension 2. Let f : UC C?> — C2 be a
holomorphic map on a neighborhood U of the origin, with a power series expansion of
the form

where the P; are homogeneous degree j polynomial maps from C? to C?, and P, # 0.
Such a map is called tangent to the identity at order 2. Following Hakim [Hak98| and
Ecalle |E85], we say that v € C2\ {(0,0)} is a characteristic direction for f if there
exists A\ € C so that Py(v) = Av. If A # 0 then v is said to be non-degenerate. We shall
denote by v — [v] the canonical projection of C2\{(0,0)} onto P*. The director of a
non-degenerate characteristic direction v is the eigenvalue of the linear operator

d(PQ)[U] —1d: TM]P)l — TMPl.
If the real part of the director of a non-degenerate characteristic direction v is strictly

positive, Hakim proved in [Hak97| that for any C' > 0 there exist incoming and out-
going petals P} and P2 and incoming/outgoing Fatou coordinates Ptlo P(LJ/ ° = C?

IFatou coordinates are in fact only unique up to addition by a constant; thus £, may be thought of
as (¢°) " o ¢*, for a different choice of ¢*. In practice, we will work with some unique normalizations of
Fatou coordinates based on their formal expansion at 0.
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conjugating f to a translation of vector (1,0) (see Propositions and for details).
Let

Buw = {(z,y) € U: f"(x,y) = (0,0) tangentially to v}
denote the parabolic basin associated to v. Similarly to the one-dimensional case, we
have that By, = UcsoUpso f " (PE) (see [LHR23)).

We say that a formal non-singular curve C is invariant for f if given a parametrization
v(t) of C (i.e., y(t) € C[[t]]? with v(0) = (0,0) and 7/(0) # (0,0)) there exists h € tC[[t]]
with A/(0) # 0 such that

foy=noh.
The tangent of C is, by definition, C - ~/(0).

From now on, we will assume that f: UC C? — C? is a holomorphic map defined on

a neighborhood U of the origin and which satisfies the following assumption:

(H1) The map f is tangent to the identity at order 2 and has a non-degenerate char-
acteristic direction v, with a formal non-singular invariant curve C tangent to v,
and a director « such that Rea > 2.

It is worth mentioning that the existence of a non-singular formal invariant curve
tangent to a non-degenerate characteristic direction v is a generic hypothesis. It is
equivalent to the existence of an analytic curve C' tangent to v which is preserved up to
order k = |[Re ] + 2 in the following sense: if y(t) is a parametrization of C' then there
exists h € tC{t} such that

foy—yohe (")
and this condition is always satisfied when a ¢ N (see [[Hak98], Section 3|).
We now state a first, non-technical version of our main result:

Theorem 1 (Non-technical version). Let f : U C C2 — C? be a holomorphic map
satisfying (H1). Then for any q € C there exists a holomorphic family of holomorphic
maps (f- : U — C?).cp with fo = f such that for any o € C and for any compact set
K C By, there exist N € N and a sequence €, — 0 such that fgn_N — (@O)_lvo_N,qOCI)L
uniformly on K, where Ay_n4(X,Y) = (X +0 — N,e™Y).

Since the maps f and f. are only defined on U, in general the iterates fI! may not

be well-defined; however Theorem [l implies that there is a constant integer N such that

S"TL*N is well-defined on K for all n large enough. Moreover, since the map
Lo Ng= (D) oA, 400
satisfies
fo EU—N,q = EU—N,q of = ﬁa—N—i—l,qa

it is not difficult to see that we also have fgL_N " L, N q for any N’ € Z such that
Ly_n'q(K) C U. In particular, in the case where the maps f. are global endomorphisms
of a complex manifold we may simply take N = 0.

We can be more precise on the requirements for the family of perturbations (f:):ep,
and interpret the constants ¢ and ¢ in terms of f.. We will make the following assump-
tions:

(H2) The family (f:)cep preserves the formal curve C to order m + 1, where m :=

|Rea| + 1, in the following sense: if v(t) is a parametrization of C, there exists
he € O(D)][t]] such that

feoy—yohe € (tMT2 g™t gm T2y,

(H3) For all € in a neighborhood of 0, f; has exactly 4 fixed points z;(¢) near the origin
(1 <4 < 4) and counted with multiplicity, which depend holomorphically on &
and such that z.(0) := d%‘azozi(a) are non-zero and pairwise distinct.
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Note that the existence of 4 fixed points depending holomorphically on ¢ is always
satisfied up to passing to a branched cover in parameter space (although doing so affects
the derivatives z/(0)).

With a slight abuse of notation we will say that (f)-ep satisfies (H1) — (Hs) when fy
satisfies (H1) and (f:)eep~ satisfies (Hz) and (Hs).

We can interpret the constants ¢ and ¢ in terms of the multipliers of the fixed points of
fe. To make this precise, we first need the following Proposition, whose proof is deferred
until the next section:

Proposition 1. Assume that (f- : U — C?).cp satisfies (Hy) — (H3). Then there are
exactly two fized points of f., say z1(¢), z2(€), which are asymptotically tangent to v for
€ small, i.e.,

2i(0) e Crv, 1<i<2.
Moreover, if the eigenvalues \;(€), pi(e) of zi(e) satisfy that N;(0) # p’(0) then one of
the eigenspaces of z;(€) tends to Cv as € — 0, and the condition X, 1(0) # pi(0) holds for
at least one of the fixed points.

Remark 1. If (Hy) and (H2) are satisfied, then the proof of Pmpositz’on will show that
(H3) can be replaced by the following slightly weaker condition:

(H3) The jet of order m + 1 of he has two fized points w4 (e), and w! (0) # w’ (0).
Note that even though the fixed points w4 (g) depend on the higher order terms of he,
their derivatives at 0 do not.

We can now state a second version of our results, which is more explicit on the re-
quirements on the family of perturbations (f:)-cp. To do so, we will use the following
convention: let z1(g) and 22(e) be the fixed points from Proposition[I]and let Ay (¢), 111 ()
and Az (e), p2(¢) be their eigenvalues. If X;(0) # u}(0), we denote by p¥(¢) the eigenvalue
whose eigenspace tends to Cv as € — 0 and by p’;(g) the other one; if \;(0) = 1£(0), we
assign the names pl () and piy(g) indifferently to the two eigenvalues \;(¢) and p;(e).

Theorem 2 (Coordinate-free version). Let (f- : U — C?).ep be a family of holomorphic
maps satisfying (H1) — (Hs). Let 21(¢€), z2(¢) be the fixed points from Proposition 1] and
denote by pip(e) and piy(e) (1 < i < 2) their eigenvalues, using the convention above.
Let
1pi(e) + pRi(e) — 2
= lim i 5 .
T O + A

There exists a constant og € C such that for any 1 < i < 2, for any o € C, for any
sequence (€n)neN such that

2im
P%r(gn) -1
and for any compact set K C By, there exists N € N such that

-N —1
e (P97 0 Agigg-Ng 0 P

uniformly on K, where Agi5y—nNg(X,Y) = (X + 0+ 09— N,e™Y).

=n—o+o(l),

We finally state a third version of our main result, explicitly expressed in coordinates:
Theorem 3 (Coordinate version). Let

96(x7y) = (‘T + (172 + 62)(18(33) + ybg(l‘, y)a Y + yCE(.f,y) + di(x))

be a family of holomorphic maps defined on a neighborhood U of (0,0), where ac,be, ce
and d. depend holomorphically on €, and assume that

(1) ap(0) =1, by(0,0) =0
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(2) ce(z,y) = nx + qe + cy + Oz(z,y,¢), with Ren > 3, ¢,¢c € C and d.(z) =
O(x™+3) + eOpp1(x, €) where m = |Ren].
Let (gy,) be a sequence such that n — /e, = o + o(1). Then for any compact set K C
By 1,0y there exists N € N such that

gng — (<I>O)_1 0A;_Ngo®
uniformly on K, where Ao_nqo(X,Y) := (X +0— N,e™Y).

Theorem [3| can be interpreted as a generalization of Bianchi’s main result in [Bial9b],
Theorem 1.4. Let us comment here on the differences between Theorem (3| and [Bial9bl,
Theorem 1.4|. First, [Bial9b, Theorem 1.4| applies only to maps satisfying a strong
assumption, namely that they leave invariant the 3 complex lines © = +ic and y = 0
(which amounts to taking b.(x,y) = d-(x) = 0 with our notations). If that is the case,
then the formal curve corresponding to our assumptions (H;) and (Hs) is the curve y = 0,
and it is invariant for the whole family of perturbations. Secondly, [Bial9bl Theorem
1.4] only proves convergence near the line y = 0 (instead of the whole parabolic basin
associated to v = (1,0)), and only up to extraction. In particular, it does not rule out
the possibility of the sequence (g7 )nen having more than one limit value. Finally, in
[Bial9bl Theorem 1.4] the possible limits of (g7 )nen are not described explicitly as maps
of the form (®°) 1o A, ,0®*, and only depend on the parameter o since in his case ¢ = 0.
On the other hand, we must note that [Bial9b, Theorem 1.4| only assumes Ren > 1,
compared to our assumption that Ren > 3, so our results do not strictly imply his.

Let us now give an application case of our main results. A holomorphic endomorphism
of P? is a map which may be written in homogeneous coordinates as

f([z0:21: 22]) = [Po(z) : Pi(2) : Pa(2)],

where Py, P, P, : C> — C are homogeneous polynomials of degree d with no common
factors. The integer d is called the algebraic degree of f. Given such an endomorphism
f, one can define two distinct notions of Julia sets: the set Ji(f), which may be defined
as the non-normality locus; and the set Jy(f), also sometimes called the small Julia
set, which may be defined as the support of the unique measure of maximal entropy.
Alternatively, J,,(f) (1 < m < 2) may be defined as the support of T fAm, where T is the
so-called Green current of f (this construction is not specific to the case of dimension
2). In general, Jo(f) € Ji(f), and even for very simple maps (such as product maps)
there is no equality. We refer the reader to the survey [DS10] for more details.

In the following, for any (o, q) € C? we will let L, 4 := ¥°0 A, , 0 ®*, where U° is the
extension of (®°)~! to C2. For any endomorphism f of P? satisfying (H1), we will set

JNf, Log) ={z€P?: Ipe Ji(f) IneN L2 (p) =z}

Corollary 1 (Compare to [Bial9b, Theorem 1.6]). Let f : P2 — P2 be an endomorphism
satisfying (Hy) and of algebraic degree d > Rea+ 1. Then for any q € C there exists a
family (f-)eep of endomorphisms of P? of algebraic degree d satisfying (Hy) — (H3), with
q as Theorem[4 Moreover, for any o € C,

lﬁg_‘l_gf Jl(fEn) D) Jl(fa Ea,q)
where (n)nen is as in Theorem[d

Corollary 2. Let f : P2 — P? be an endomorphism satisfying (Hy) and of algebraic
degree d > Rea + 1. Assume moreover that W°(C?) N Jo(f) # 0. Then the map
Ha(P2) > g — Jo(g) is discontinuous at f, where Hq(P?) denotes the space of degree
d endomorphisms of P2.
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Even if we drop the assumption that W°(C2)NJy(f) # 0, our arguments still prove the
discontinuity of the closure of the set of repelling periodic points; however, as mentioned
above, the Julia set J> may be smaller than this closure. This hypothesis is not easy to
check in practice; let us however give a concrete example. Let n € C with Ren > 3, and
let d > Ren. Let

flz,y) = (z+ 22 + axy + by? + 2%,y + nry + cy? —i—yd).

The polynomial map f : C?2 — C? extends to an endomorphism of P2. If (a,b) = (0,0),
then the map f is a polynomial skew-product. In that case, W is of the form V°(x,y) =
(Uo(z), ¥5(z,y)), where U7 is an outgoing Fatou parametrization of the base polynomial
map p(z) =z + 22 + 2% By [Jon99], Jo(f) := U.es(p) Jz» where J(p) denotes the Julia
set of p and J, is the non-normality locus of {f™ : n € N} restricted to the vertical line
x = z. Since ¥} is non-constant and entire, it omits at most one value, so there exists
ro € J(p) and Xg € C such that V5(Xo) = xo. Similarly, the map ¥ — W5(Xy,Y)
is entire and non-constant and J,, is uncountable; so W°(C?) N (Jo(f)) # 0. Now, the
set Jo(f) varies lower semi-continuously with respect to the parameters (a,b,c); and
the map W° depends holomorphically (hence continuously) on (a,b,c). (For a proof of
this fact in dimension one, see the Appendix in [ABD™16]; the argument remains valid

in higher dimension). Therefore, there exists some open set W C C? such that for all
(a,b,c) € C3, the map f satisfies \I/?(Cz) N Jo(f) # 0.
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Outline of the paper. In Section [2, we give a proof of Theorem [I] and Theorem
assuming Theorem[3] Sections 3 to 5 are devoted to the proof of Theorem[3] In Section
we introduce the incoming and outgoing petals for gg and recall the construction of Fatou
coordinates and compute their asymptotics. Section [f] is devoted to the construction of
so-called approrimate Fatou coordinates for g., which are in a sense close to the actual
Fatou coordinates of gyp and which nearly conjugate the dynamics of ge,, to a translation.
In Section [5] we provide precise estimates of the orbit under g.,, in the parabolic basin and
complete the proof of Theorem [3] Finally, Corollaries [I] and [2] are proved in Section [6]

2. PROOF OF THEOREMS [I] AND [2] FROM THEOREM [3]

Let us first show how Theorem [3| implies Theorem [1} Let f : U € C? — C? be a
holomorphic map satisfying (H;). If we choose coordinates (z,y) such that v = (1,0)
we have that

f(@,y) = (z+A2% + O, 2y, y%), y + ney + O(2?y,y?, 2*))

with A # 0 and n/\ = a+1, where « is the director of v. Up to conjugating by the linear
map (z,y) — (Az,y), we can assume that A =1, so n = a+ 1. In those coordinates, the
formal invariant curve C has a parametrization () = (t,((t)), with ¢(¢) € t2C[[t]. If
we take m := |Ren| and ¥(z,y) := (x,y — Jmy2((x)), where Jp42( is the jet of order
m + 2 of ¢, we have that go(z,y) = ¥ o f o U1 has the form

go(z,y) = (z +2%ao(x) + ybo(x,y),y + yeo(z,y) + O(z™+?))
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with ag(z) = 1+ O(z), by(0,0) = 0 and co(z,y) = nz + O(2%,y). Then Theorem
follows immediately considering a family (g.) and a sequence (g,,) as in Theorem |3| and
taking f. ;=¥ log, oW,

Let us now obtain Theorem [2| from Theorem Consider a family (f. : U ¢ C% —
C?)cep of holomorphic maps satisfying (H;) — (Hs). We will start making several suc-
cessive changes of coordinates until we obtain the form of Theorem [3]

As above, we first choose coordinates in which v = (1,0) and the curve C has a
parametrization y(t) := (¢,((t)), with ((¢) € t*C[[t]]. Let m := |Rea|+1 and ¥(z,y) :=
(2,9 — Jmr1(x)), where Jy,11C is the jet of order m +1 of ¢, and set g. := Wo foo U1,
Since the family (f.) preserves C up to order m + 1 by hypothesis (Hs), we have

§€(x7 O) = (pE(x)a Om+2(x7 6))7
where p. depends holomorphically on ¢, and po(z) = = + Az? + O(23) for some constant
A # 0 (as above, the fact that A\ # 0 follows from the assumptions of fj having order 2
and v being non-degenerate). Up to conjugating by the linear map (z,y) — (Az,y), we
may assume without loss of generality that A =1.
In particular, there exist holomorphic functions b. and ¢, such that

(1) G (2,y) = (p=(x) + ybe (@, y), y(1 + &(@,y)) + Oma(x,¢)).

Since gg is tangent to the identity, we also have EO(O,O) = ¢0(0,0) = 0. Moreover, by
hypotheses (Hz), g- has 4 fixed points z;(¢) = ¥(z;(e)) (1 <14 < 4) near the origin, which
depend holomorphically on € and satisfy that z(0) are non-zero and pairwise different.

Lemma 2.1. There are exactly two fized points z1(€), z2(€) of ge (counting multiplicity)
which are asymptotically tangent to v for € small, i.e.,

Zi(0) e C*v, 1<i<2.
Moreover, if wy(g) denote the two fized points of pe, then wy (g) depend holomorphically
on € and zi(g) = (wx(),0) + O(e?). In particular, w', (0) # w'(0).

Proof. Let us write g.(z,y) = 3,0 Pu(,y,€), where P, : C* — C? is homogeneous
polynomial map of degree n. Since gy is tangent to the identity, we have Py = 0 and
Pi(z,y,e) = (z,y) + (e, de) for some 7,5 € C. We claim that under our assumptions,
we must have v = § = 0. Indeed, since g:(Zi(e)) = >_,>¢ Pn(Zi(€),€) and %(0) = 0, by
differentiating g-(z;(¢), we obtain
(7,0) = 0:ge(zi(€)].—o = (0,0).
In particular, this means that
pe(z) = 2+ 2° + ay162 + ag pe” + O3(, €).

By Weierstrass’ Preparation Theorem applied to p. — Id, there exists holomorphic maps
e ale),e— B(e) and (g,x) — u(e, z) with a(0) = 4(0) = 0 and u(0,0) = 1 such that
pe(z) =z + (2* + a(e)x + Ble))ule, x).

Moreover, a(e) = a1 + O(e2) and B(g) = ag 262 + O(e3). The fixed points w4 (g) of p.
are the zeros of x — 22 + a(e)z + B(e). It follows that w(e) = —oE)Ey 05(6)2_4’8(6). In

particular,
/2
—ai + (11’1 — 4&072 3/2
e+ O(e?),
2
—a1,114 /a%,1—4a072

and wy are complex differentiable at ¢ = 0, with w/,(0) = 5

wi(e) =
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It is not yet clear that w4 and w_ are holomorphic near 0; note however that if
w! (0) —w’_(0) = ail —4ag2 #0

then e — a(g)? — 4/3(¢) vanishes exactly at order 2 and in this case the two fixed points
w4 (¢) depend holomorphically on e.

Next, we write pe(z) = 2+ (z —w_(e))(x — wo (€))(1 + O(x,¢)), be(a,y) = bie +baz +
bsy + Oz(x,y,e) and ¢.(x,y) = c16 + cax + c3y + Oz (x, y, €). Note that co = a+ 1, where
« is the director of v, so co # 0 by our assumptions. Let
9=(eX,eY) — (eX,€Y)

H.(X,Y) = -

£
so that H.(X,Y) = (0,0) if and only if (¢X,eY) is a fixed point of g.. Then

HA(X,Y) = ((X —w"(0)(X — w/ (0)) + Y (by + b2 X +b3Y), Y (c1 + c2X + c3Y))+0(e),
so as € — 0, the map H. converges locally uniformly to
H(X,Y) = ((X —w_(0))(X — w (0)) + Y (b1 + ba X + b3Y),Y (c1 + c2X + ¢c3Y)) .

Since ¢z # 0, it is then straightforward to check that the set H~!(0,0) is finite and
contains 4 elements counted with multiplicity. Moreover, H(X,0) = (0,0) if and only if
X =/ (0).

Since proper intersections of analytic sets persist under perturbations, for all € small
enough the set H1(0,0) is has the same cardinality as H~1(0,0) and its elements are
close to those of H~1(0,0). Therefore, for small ¢ the fixed points of the map g. are of
the form ev; + O(g?), where H(v;) = (0,0).

In particular, g. has exactly two fixed points z;(e) (with 1 <14 < 2) which are asymp-
totically tangent to v = (1 0) and moreover, z;(¢) = (wx(e ) ) O(g?). Finally, the
assertion that w/, (0) # w’ (0) follows from the fact that z](0) # 25(0). In particular,
€ — wx(e) are indeed holomorphic. O

Remark 2.2. As we mentioned in Remark |1, in our results hypothesis (Hg) can be
replaced by the weaker assumption (Hg). To show this, it suffices to note that if we
impose hypothesis (HY) then the jet or order m + 1 of p.(x) has two fized points w4 (€)
with @', (0) # w’_(0), so p-(x) has two fized points w4 (e) with w!, (0) # w’ (0) and then
Lemma[2-]] also holds with the same proof.

Lemma 2.3. Up to replacing € by € := pe for some p # 0, there is a family of polynomial
automorphisms ©, : C> — C?, depending holomorphically on € near 0 and such that
O = Id, such that the maps g- := ©. 0 . 0 O have the form

ge(x,y) = (x + (2% + e))ac(x) + ybe(2,y), y + yee (2, y) + de(2))
with ag, be, c. and d. depending holomorphically on € and
(1) ap(0) =1, by(0,0) =0
(2) ce(x,y) = nx + qc + cy + Oz(z,y,¢€), with Ren > 3, ¢,¢c € C and d.(z) =
O(x™F3) + £Opr1(x, €) where m = |Ren].

Proof. By Lemma the fixed points w4 (g) of p. depend holomorphically on £ and
satisfy w’ (0) # w’ (0). Therefore, there exists p € C* such that if we replace € by
€ 1= pe then d%\g:o(w-F (€) — w—_(£)) = 2i. By an abuse of notation, we will still denote
€ by e: in other words, we assume from now on that v/, (¢) — w’ (¢)) = 2i.

For € # 0, let N. be the unique affine automorphism of C mapping w (¢) to +ie (note
that N; is well-defined for € small since w4 (g) # w—(¢)). More explicitly,

2ie ;
Ne(z) = m(ﬂf —wy(e)) +ie
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and € — V. extends holomorphically to a neighborhood of 0 with

Let Mc(x,y) = (Ne(x),y) and g := M. o g. o M-'. A direct computation using
expression (1) shows that g. is of the form

e(a,y) = (Neope o N2 (@) + ybe(a, ). y(1 + & (@,9)) + de(x)

with /b\a,’c},c}; depending holomorphically on & and Je(x) = O(2™*2). Moreover, by
construction, N o p. o N-! has fixed points at +ie so we can write N o p. o N7} (z) =
x + (22 + e2)d.(x), with @. depending holomorphically on e. Therefore

Gelw,y) = (2 + (0% + 2 (@) + ybel@, ).y + v (@,y) + d(a))

Since Ny = Id and po(z) = = + 22 + O(23), we have dp(0) = 1. And since My = Id, we
also have by(0,0) = ¢y(0,0) = 1. Write

Ce(z,y) =z + g2 + O(a%, y,2e,€?);  de(z) = dz™? + O(2™?) + €Opny1 (2, €)

for some ¢,d € C, where n = a + 1, so Ren > 3 and m = |Ren|. Now, we consider the
polynomial change of coordinates W, given by

d

Q/E(ZII,y) = (xay - m

™ (2?4 52)> :
Let g. := V. 0g. o 1. If we denote (x1,v1) := g-(x,v), we have that

z1 =z + (22 + e?)ac(z) + vb(z,v)

for some a. and b. depending holomorphically on € and such that ao(O) =ap(0) =1
and by(0,0) = by(0,0) = 0. Now, denote l.(z,y) = (22 + £2)a.(x) + ybe(z,y), so that
x1 =+ l:(x,y). Given k € N, we have that

:U'f =7k + kxk_lﬁs(x, y) + Ek: (?) xk_jﬁs(x, y).
j=2
Since £ (z,y) = 2% + &2 + O3(x,¢) + yO(z,y, ), we have
e* U (z,y) = 2T 4 2R 4 Opyo(w, €) + yOr(z, y, €)
and since {.(x,y) = Oa(z,y, ) we have
2"l (2,y) = Oppa(a,y, €)
for all 2 < j < k. Therefore
ot = 2k 4 kbt 4 kabe? 4 Oppa(, ) + YO (2, y, ) + Opaa(z, y, €),
S0

m+1+xrln 1 2 m+1+(m+1)xm+2+xm 1 2+O( m+3)+€0m+1($ 5)+yOm+1($ Yy, € )
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Then we have,

v =y (L+nz+qe + O (2%, y,2e,6?)) + da™*? + O(2™?) + eOps1 (7, €) + YOmy1(z, Y, €)

d
- (xm-i-l + (m + 1)xm+2 + xm—lé_?)
m+1—n
d
= <v + M l—n (mm+1 + xm_152)> (1 +nr+q+0O (1‘2, v, TE, 52)) + dz™ 2
d
e (2™ + (m+ 1)2™ 2 + 2™ ) + O(2™ ) + eOma (2, €)
d
= (1 +nx+qe+ O (562, v, TE, 52)) + I (a:m+1 + ™2 4 a:m_leQ) + dz™T?

o4
m+1—n
=v(l+nz+qe+ 0 (2%, v,2e,6%)) + O@@™?) + eOpy1 (z,€)

($m+1 + (m + 1)xm+2 + :Em_1€2) + O(:Em+3) + 5Om+1 (l’,&)

and the Lemma is proved taking ©. := V. o M.. O
We will also need the following result.

Lemma 2.4. Let ¢ — A(e) be a holomorphic map from D to Ma(C). Assume that

A(0) = 1d, and A'(0) = (g v

values A\1(g) = 14 ue + O(e%), Xa(e) = 1 + ve + O(e?). Moreover, if u # v then the
eigenspace associated to A\i(g) tends to C(1,0) as e — 0.

. Then, for e # 0 small enough, A(g) has two eigen-

2
Observe that the condition u # v is necessary: the matrices A(e) = (l —Ekzue 1 j ue)

have eigenvectors (1,1) and (1,—1) for all € # 0.
Proof. Write A(E) = (aij(&‘))lgl‘,jgg, and let

e Lm@-1-p  ane | xal+se)
= a1 (€) agz(e) —1—pe| &2 '
Then p(e,p) = 6’” v 15#’ + O(e); this proves that for ¢ # 0 small enough the

eigenvalues of A(e) satisfy \i(g) = 14+ue+ O(e?), Xa(e) = 1 +ve +O(e?). In particular,
if u # v then for € # 0 small enough they are simple.

Assume now that v # v and let us prove the assertion about the eigenspace associated
to A1(¢). Let X(¢) be a family of eigenvectors associated to Aj(g) = 1 + ue + O(g?)
for ¢ # 0, and let £, — 0 be any sequence. Assume without loss of generality that
| X (en)|| = 1 for all n € N. For every n, we have

Aen) X (en) = M(en) X (en)

and then

Alen) —1Id

(es)X(sn) = uX (en) + Olen);
therefore any adherence value X € C? of the sequence (X (,,))n>0 satisfies A’'(0) X = uX.
In particular, X is in C(1,0). Therefore, lim,,_[X(¢,)] = [1 : 0]. O

We can now conclude the proof of Proposition [If and Theorem [2| The first statement
of Proposition (1] follows from Lemma Let us compute the differential of g. at the
fixed points 23 (¢) = O.(%1(g)) = (ig,0)+O(e?) and z3(g) = O.(Z2(¢)) = (—ie, 0)+0O(c?).
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We have
o (142ie+0(2)  ba(ie, 0) + O(e2)
Jacg:(Z1(e)) = < O(e2) 14 ge + ine + O(2) )

and
~ 1 —2ie + O(?)  bo(—ieg,0) + O(e?)
Jac ge(22(e)) = ( (5(62) ) 1+ qss— ine + (98(52)> '

Then, by Lemma Jac g:(Z1(¢)) has eigenvalues
ph(e) =14 2ie + O(?), ph(e) =1+ (¢ +1in)e + O(?)
and Jac g-(22(¢)) has eigenvalues

pa(e) =1 —2ie + O(?), pi(e) =1+ (¢ —in)e + O(?).

If (p%)'(0) # (p'y)'(0) then again by Lemma the eigenspace associated to pi(g) tends
0 C(1,0) as € — 0. Moreover, this condition happens for at least one of the fixed points,
since either g+in # 2i or ¢g—in # —2i (or both). This finishes the proof of Proposition
Let us now prove Theorem [2| Observe first that
Lph(e) +p%(e) =2 . 12¢e+ O(?)

lim — = lim =222 - T\
e0z  ph(e) + p2(e) 55%5 2+0(2) 1!

Now, consider a sequence €, — 0 be such that =n—o+o(l) for some 1 <i <2

Iz ( ) 1
and for some constant o € C. Up to replacing e by —e in the family (f.), we can assume
without loss of generality that pf. = pk. Then, writing ph(¢) = 1 + 2ie, + B2 + O(e3)
(where 8 depends only on the family (f.,,)) we have
29 _
2ie, + B2 + O(e3)
and therefore n — 7 /e, = 0 + 09 + o(1), with o9 = iw/3/2. By Theorem [3| we have that
for any compact set K contained in the parabolic basin of gy associated to (1,0) there
exists N € N such that

n—o+o(1),

gEn ﬁggil'o Nq
uniformly on K, where E((HLO Ng = (<I>‘(’go))_ 0 Astoo—N,g © (I)Ego) and (I)Ego) (I)E)go)

denote respectively the incoming and outgoing Fatou coordinates for gg. Since f. =
U100 1og.00.0W and O = Id, we deduce that

(g0)
nh_)rgof oﬁa_ﬁUO Nqo\If.
It is straightforward to see that CI’E’J%) = @2;}2) o U are respectively the incoming and

outgoing Fatou coordinates for fy. It follows that for any compact K contained in
the parabolic basin of fy associated to v there exists N such that lim,_,. fg;_N =
((I)E)fo)) © Agtoo—N,g © <I>( fo) and Theorem I is proved.

3. ASYMPTOTICS OF FATOU COORDINATES
Consider a family (g.) as in Theorem [3| so g := go has the form

g(!E, y) = (‘T + ;L‘an(m) + ybo(m,y),y + yCO(.’ﬁ,y) + do(l‘))

with ag(0) = 1, b(0,0) = 0, co(z,y) = nz + cy + O2(z,y,¢) and do(x) = O(a™3) with
= Ren > 3 and m = [p]. Then, we can write

g(@,y) = (z+2° + a2’ + O (2, 2y,y%) ,y +nay + O (¢%y, 5%, 2™7))
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In this section we recall the construction and asymptotics of Fatou coordinates for g.
Although these results are essentially contained in [Hak97]| (see also [LHR25]) we provide
all the proofs for the sake of completeness.
In the following, log refers to the principal branch of the complex logarithm, defined
on C\ (—o0,0]. The expression (—1)" (defined in particular when Rex < 0) means by
Yy

definition exp (77 log (—%))
il <}

Denote, for any C > 0 and any r > 0
Although we will not mention it explicitly, in the following computations we always
assume that r is small enough such that P*(r,C) C U, where U is the domain of definition
of (ge)'

Lemma 3.1. For any C > 0 there exists ro(C) > 0 such that if 0 < r < ro(C) and
(x,y) € P'(r,C) then

P (r,C) = {(:E,y) eC?: lx 4+ 7| <,

9" (z,y) € P(r,C +1)
for every n > 0. Moreover, if (x,y) € P'(r,C) and we denote (zy,yn) := g"(x,y) we
have that

1 1 Y1 Y 2
2 ——=—=+1 — Dz + 0O (2? = o
@) P R S i s Tl e G
as (xz,y) = 0 (the constants in O being allowed to depend on C),
.1 1\  n\"
lim — =1 and |z, <(Re|——)+ = for any n > 1.
n—00 NTy, x 2

Proof. Fix C > 0 and set (z1,y1) = g(z,y). Let 0 < ro < r; < 1 and consider
(x,y) € P'(r,C). By the expression of g, if [y(—x) 7| < C+1 (so in particular y = O(z?)
since p > 3) we have that 1 = x+2%+az3+0(2*) and y1 = y(1+nz+0(2?))+O(2™+3)
(where the constants in O(z*) and O(z?) depend on C), so

1 1 1
- _ 1y . ,
T x(1+x+ax?+ O (23)) $+ + (a )$+(9(:c)

and, as long as Rex < 0 and |z| is small enough so that (—x;)" is defined,

1 y (1+nz+ O0(2?)) + O(z™*3)

(—z)" (o)1 (142 + O(a?))

= ﬁ (1 + O(x2)) + (’)(me*p) = (_i)n + 0 (x2) ,

(using in the last equality that m+3—p > 2 by definition of m) so there exists a constant

C > 0, depending on C, such that

Y1 Y 2
‘(—xm <—x>n‘ +Clal”

By the expression of —1/z1, we can choose 19 = 79(C') > 0 small enough such that if
0<r<rpand |z +7r| <7 (soRe(=1/z) > (2r)~!) then

)
w()m( )

so in particular |z1 + 7| < r and moreover

1| < (Re (—i) + ;>_1.
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Up to decreasing rq if necessary, we can also assume that
~ 1 n\ 2
C — 4+ = <1
> (5 3)
n>0
Take (x,y) € P*(r,C) with 0 < r < rg. Since P*(r,C) C P*(r,C + 1), we have by the
previous computation that |x; + 7| < r (so in particular (—z;)" is defined) and
ly1(—21) ™" < C+ Claf> < C+ C(2r)? < C +1,
so (z1,y1) € P*(r,C + 1). Arguing recursively, we obtain that |z, +r| <7,

s (e (4) 1)

and

n—1 N =2
. 1
§C+CZ<+‘7) <C+1,

for every n > 1, where (zn,yn) = ¢"(x,y), s0 (Tn,yn) € P (r,C + 1) for every n > 1.

Moreover, since

1 1
—— =——+1+h(z,y)
T x

where h(z,y) = O(x), we have that

1 1 n—1
——=—=+n+> h(z;y)
Tn T -
7=0
and therefore % — 1 as n — oo. O

Our next goal is to prove the following Propositions:

Proposition 3.2. For any C > 0 there exists 0 < r*(C) < ro(C) such that for any
0 <7 < 7(C) there exists a holomorphic univalent map ®* : P*(r,C) — C% which is an
incoming Fatou coordinate for g (i.e., ®* o g = ®* + (1,0)) and satisfies

O (z,y) = (—i + (1 —a)log(—z) +o(1), ﬁ +o (1)) )
as Re (—=1/z) — +o0 inside P*(r,C). Moreover,

{X e H,-1 : [ImX| < 2[Re X|} x D(0,C — 1) C ®*(P*(r,C)),
where Hy :={X € C: Re X > t}.

Proposition 3.3. For any C > 0 there exists r°(C) > 0 such that for any 0 < r < r°(C)
there exists a holomorphic univalent map ®° : P°(r,C) — C2, where

P°(r,C) = {(m,y) eC?:|lz—r|<m, %‘ < 0}7
x
which is an outgoing Fatou coordinate for g (i.e., ®° o g = ®° + (1,0)) and satisfies
1 Yy
(o} P o — —_—
¥ (o) = (~5 + (- ogz+o(1), 4 +o(1))

as Re (—=1/z) — —oo inside P°(r,C). Moreover,
{X €H, 1 : [ImX| < 2[Re X[} x D(0,C — 1) € ®°(P°(r,C)).
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Set

Ly
d¢ = —— .
It is straightforward to check that ®} is well-defined and univalent on {(z,y) € C? :
Rez < 0} and that

@) (V) = (<53 )

By Lemma for any C' > 0 there exists r9(C) > 0 such that for any 0 < r < ro(C)
the map

G = Do go (ah)!
is well-defined on
@6 (PL(Ta C)) = ]H[(Q'I‘)f1 X ]D(07 C)a

where H,)-1 = {X € C: ReX > (2r)7'}, and G"(X,Y) € ®f (P(r,C + 1)) for any
n > 1 and for any (X,Y) € Hy,y-1 x D(0,C). Moreover, using (2) we have that

(3) G(X,Y):<X+1+1)_(a+(9<;2),Y+(’)(;2>>

in Hg,)-1 x D(0,C) as Re X — 400 (the constants in O being allowed to depend on C).

Lemma 3.4. For any C > 0 and any 0 < r < ro(C), where ro(C) is given by Lemmal[3.1]
the map

$(X,Y) = lim Y,
n—oo
where (Xn,Yn) = G"(X,Y), is well-defined in Hyy)-1 x D(0,C), satisfies 1 o G = 3
and has the form Y(X,Y) = Y 4+ o(1) as ReX — +4o0o. Moreover, the map ®f :
Hg,y-1 x (0, C) — C* defined by
(X, Y) == (X, ¢(X,Y))
18 1njective.

Proof. By (3)), we have that Y1 =Y + k(X,Y) for some holomorphic map k(X,Y) =
O(X~2) and for every (X,Y) € H(g;)-1 x D(0, C). Therefore, for every n we have that

Using the bound | X;|™! < (Re X + 7/2)7' < 2/j from Lemmawe have that the series
Z?io k(Xj,Y;) is uniformly convergent in Hy,)-1 x D(0,C), so Y, converges uniformly
to a holomorphic function

P(X,Y)=Y +v(X,Y)
where v(X,Y) = 3272, k(X},Y;). The invariance of ¢ is immediate, by construction.
Moreover, since

i1<1+/°° 1 gL L2
j:0|Xj]2_(ReX)2 o (ReX+1/2)2  (ReX)? ReX

we have that v(X,Y) = o(1) as Re X — 4o00. Finally, since Y, is injective when X is
fixed and 7 is not constant, we obtain that ®{ is injective. O
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By Lemma for any C' > 0 and any 0 < r < ro(C) the map
G =0 0Go (0!

is well-defined on ®{ (H(y,)-1 x D(0,C)) and G™(X,Y) € @ (Hgy-1 x D(0,C + 1))
for any » > 1 and for any (X,Y) € (H(QT)_l x D(0,C)). Moreover, using and
Lemma [3.4] we have that

~ 1—a 1
(4) G(X,Y)—<X+1+ X —i—O(X2>,Y>

in ® (Hz,-1 x D(0,C)) as Re X — +00. Observe also that since ¢(X,Y) =Y 4 o(1)
as Re X — +o0, there exists 0 < 71(C) < r9(C) such that for every 0 < r < r;(C)

(le (H(Qr)*l X ]D)(O, C)) - @6 (H(Qr)—l X ]D)(O, C+ 1)) .

Lemma 3.5. For any C' > 0 there exists ro(C) > 0 such that for any 0 < r < r9(C),
the map
o(X,Y):= lim [X, —n— (1 —a)logn],
n—r00
where (Xy,Y) = G"(X,Y), is well-defined in ® (H(Qr)fl x D(0,C)), satisfies po G =
¢+ 1 and has the form o(X,Y) =X — (1 —a)log X +o(1) as Re X — 4o00. Moreover,
the map ®Y : ® (Hz,)-1 x D(0,C)) — C? defined by
P5(X,Y) = (p(X,Y),Y)
18 1njective.
Proof. Fix C' > 0, set r2(C) = min{ro(C + 1),71(C)} and take 0 < r < ro(C). Thanks
to (), for any (X,Y) € ® (Ha,)-1 x D(0,C)) we have that
Xi—(1—-a)logXi=X+1-(1—-a)logX +h(X,Y)

with 2(X,Y) = O (1/X?), so

n—1

Xy —(1—a)log X, =X+n—(1-a)logX + Y h(X;,Y).

5=0
Since @} (Hig,y-1 x D(0,C)) C @ (Hgm—1 x D(0,C + 1)) and 0 < r < ro(C + 1), by
Lemma we have that |X;|~! < (ReX + j/2)~! < 2/j for every j, so the series
> j2o M(X;,Y) is normally convergent and hence X, — (1 — a)log X;, — n converges
uniformly to a holomorphic map of the form

X—-—(1-a)logX +H(X,)Y).

Moreover, arguing as in the proof of Lemma H(X,Y)=o0(1) as Re X — +00. Now
define

on(X,Y):= X, —n—(1—a)logn.
Then, rewriting

X
on(X,)Y)=X,—(1—a)logX,, —n+ (1 — a)log (n>
n
and using the fact that X,,/n — 1 as n — oo by Lemma we have that the sequence
¢p, converges uniformly in &4 (H(2T)71 x D(0, C)) to a map ¢ of the form
(X, Y)=X—-(1—-a)log X + o(1)

as ReX — 4o0. Since ¢, 0 G = @ni1 + 1+ (1 — a)log(l + 1/n), we obtain that
p oG = ¢+ 1. Injectivity of ®4 follows from the injectivity of ¢,, when Y is fixed and
the fact that ¢ is not constant. O
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We are now ready to prove Proposition [3.2]

Proof of Proposition[3.9 By Lemmas and [3.5] for any C' > 0 and any 0 < r < ry(C)
the map ¢ := @ o @ is well-defined on Hy,y-1 x D(0,C) and
(X, Y)=(X—-(1—-a)logX,Y) +o(1),
where the convergence in the o(1) term is uniform as Re X — +oo in H,(cy)-1 X
D(0,C). Moreover, &5 o G = @5 + (1,0).
We will prove that there exists 0 < r*(C') < ro(C) such that for all 0 < r < r*(C)

(5) {X € H,-1 : ImX]| < 2Re X} x D(0,C — 1) C &g (H(a,)-1 x D(0,0))

Let us set u := &g — Id and write u = (uy,u2). There exists 0 < r*(C) < r3(C) such
that for all (X,Y) € {X € Hgp(cy)-1 : [ImX| < 5Re X} x D(0, C)

1
lu1(X,Y)| = [(1 —a)log X +o(1)| < gReX and |uo(X,Y)| < 1.

Now, consider (Xo,Yp) € {X € H,-1 : ImX| < 2Re X} xD(0,C —1) with 0 < r < r*(C)
and let us show that there exists (X,Y) € {X € Hy,)-1 : [ImX| < 5Re X'} x D(0,C)
with ®c(X,Y) = (Xo, Yo). Let ho(X,Y) := (Xo, Yo) — u(X,Y), s0 ®a(X,Y) = (Xo, Yo)
if and only if (X,Y) is a fixed point of hg, and let K := D(Xp, Re Xo/2) x D(Yp, 1).
Observe that if (X,Y) € K we have that |Y| < C, Re X > Re X(/2 > (2r)~! and

RGXO

2

so K C {X € Hg-1 : [ImX| < 5Re X} x D(0,C). Then if (X1,Y1) = ho(X,Y) we have

ImX| < [ImXg| +

5
< §ReX0 < 5ReX

1 1
| X1 — Xo| = |mi(X,Y)]| < gReX < §R6XO and |Y] — Y| = |ua(X,Y)| <1

so (X1,Y1) € K. Moreover, since u(X,Y) = ((a—1)log X,0)+o(1) as ReX — +oo
in H(g,,(cy)-1 x D(0,C), using Cauchy’s estimate and the fact that log'(X) = 1/X and
reducing r*(C) if necessary we have that for all (X,Y) € Ha,(cy)-1 x D(0, C),

1 1
Joxu(X, V)| <5 and [Oyu(X,Y)] < .
Then, the map hg : K — K is contracting on K, so by Banach fixed point theorem hg
has a fixed point in K and is proved.

Finally, Proposition [3.2 follows by defining ®* := ®¢ o . O

Proof of Proposition[3.3 This follows immediately from Proposition Since g~ is of
the form

g (@,y) = (z —2® + (2= a)2® + O(a*, 2y, %),y — nwy + Oy, v, ™)) |
if we take ¥(x,y) := (1/z, —y/z") we have that

1—a 1 1
Pog lol (X, V)= (X +1- O|l=).Y+0|—
og o (X,Y) < + e + X2 )" + X2
so repeating the construction above we find an incoming Fatou coordinate for ¢~! in

P°(r,C) of the form

1 (2,y) = <1 — (1 —a)log(xz) +o(1), —% + 0(1)) ,

X

as (z,y) — (0,0) inside P°(r,C). Then, to obtain Proposition it suffices to define
PO = -t . U
g

Finally, we will also need the following asymptotic expansion for (@‘)71:
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Lemma 3.6. Let C >0, 0 <r <7r*(C). If (X,Y) € " (P"(r,C)), then

_ 1 log X Y 1
y—1 [
(@") (X,Y)_< X+O(X2>’X"+O<Xﬁ>>’
as Re X — 400 inside ®* (P*(r,C)), where the convergence in the term o(X~") and the

implicit constant in the term O(X ~2log X) are uniform on ®* (P(r,C)).

Proof. Take (z,y) € P*(r,C) and set (X,Y) := ®'(z,y). By Proposition [3.2] we have
1 1 1
X =—=4(1—a)log(— )= —- -
:v+( a)log(—z) + o(1) :U+O<x>
as Re X — 400, s0z=—-1/X 4+ 0(1/X). Hence

X = —% +(1- a)log C( i @)) +o(l) = —% + O(log X),

and so

-1 1 log X
= =——+0 .
T X1 0(gX) X ( X2 )
Similarly:
Yy
Y = 1
SO

Similarly, we can compute the asymptotics of (Cbo)_lz

Lemma 3.7. Let C > 0,0 <r <7%(C). If (X,Y) € ®° (P°(r,C)), then
on—1 B _l log X Y i
(CI) ) (X7Y)_ < X+O X2 7(_X)n+0 X7 ’

as Re X — —oo inside ®° (P°(r,C)), where the convergence in the term o(X ") and the
implicit constant in the term O(X~2log X) are uniform on ®° (P°(r,C)).

4. APPROXIMATE FATOU COORDINATES AND ESTIMATION OF THE ERROR TERMS
Consider a family (g.) as in Theorem |3}, so
(6) 9e(2,y) = (2 + (2% + €%)ac(x) + ybe(,y), y + yee(2,y) + de (),
where a, be, c. and d. depend holomorphically on e, ag(0) = 1, by(0,0) = 0,
ce(x,y) =nz 4+ qe + cy + Oz, y,e) and  d.(z) = O@™3) + eOpyi(z, €),

with Ren > 3 and m = |Ren|. We consider a sequence (&,,) such that n—m /e, = o+o(1)
(so ep, ~ m/n) and write

as, () =1+ ax + pe + O(:c2,a;5n,si); be, (x,y) = bx + (’)(azz,y,sn);
e, (x,y) =nx + qen + (’)(x2, Y, TEp, ai); d., (x) = O(xm+3) + enOmy1(x,ep)

for some a,b,p € C. As in [BSULT|, up to considering the change of variables (z,y,¢) —
(Z,y,€) with

r=1(1-pe); e=¢(1-pe),
we can assume that p = 0.
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Define
T
We (x):= —arctan | — | + — + log(z? + &2
(o) = aretan (£ + 57 (e +<2)
1 1€n — T T — 9 9
=—log | - + —+ log(z” + ¢
2iey, & (zsn + x) 2, 2 & n)
and
Y
¢ =7
En ($7y) (LL‘Q + 5%)77/2
We set

L (z,9)

constant v € (1/2,2/3) chosen so that

yp > 2.

Definition 4.1. Set k,, := |n"|. We define, for any C >

as

Ra(C) i= {(5.0): Re (e, (o)) € |

mhkn _ mhn
100" 10n

Remark 4.2. Although we will not explicitly mention it,
in the results in this Section are uniform on Ry (C).

Proposition 4.3. For all C > 0 and for all n large enough, (®L )

d (Rn(C)) and
(L) HX,Y) = <—sn cot (e, X + O (n"'logn)),Y

(5 ()

— arctan | —
n En

Proof. Let

s
(bEn ('1:7 y) =

= (e, (2). o, (2,9)), @;CmykzdﬁAww)—(

defined on (C\ L, ) x C, where L., := {ite,,t € (—o0

Tr,o)
En

,—1] U [1,400)}, and we fix a

1, the set R, (C) C (C\Lg, )xC

1
[ (e, (@) £ €T and 3 < e (o] < €.

all the terms o and O appearing

—1 s well-defined on

en

2e,” (22 + €2)1/2

)

sin” (¢, X + O (n~'logn))

).

Y

We claim that the map @, : (C\ L.,) x C — {(X,Y) € C2 : Re(¢,X) € (0,m)} is

well-defined and bijective, and its inverse is given by

(@) H(X,Y) = <—5n cot(enX),Y

sin” (e, X)

En

)

Indeed, set (X,Y) := ., (x,y). We have £, X = arctan (z/e,) + 7/2 and therefore

xr = e, tan <€nX — g

)

On the other hand, since Y =y (:U2 + 5%) 12 e get

y=Y(@®+3)? =Yl (1 + cot? (e, X))2 =Y

This proves the claim.

—ep cot(e, X).

en

sin(e, X))

Now denote G., := ®. o (®.,)"", defined in {(X,Y) € C2: Re (¢,X) € (0,7)}. Since

~ —a
(I)fsn(x?y) = (DEn (1‘, y) +

<1

log(av2 + €i), O>
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we have by the claim above that

l1—a

gan(Xay) = (X7Y) + <

—(X,Y)+ <1 5 “log (Sin2inx)> ’0> '

Let us prove that G, is invertible in

log(e2 4 €2 cot?(e, X)), 0)

7k, 7k,
Ohn T
10n’ 10n

B (Rn(C)) = {(X, Y) € C?: Re (e,X) € [ }  [Im(e,X)| < c% and é <lY|< c}

for n big enough. Choose (Xo,Yp) € ®. (R,(C)) and let us show that there is a unique
(X,Y) with Re(e,X) € (0,7m) such that G, (X,Y) = (Xo,Yp). Since G.,(X,Y) =
: a 2
(X + un(X), V), with un(X) = 152 log (5 ),
large enough, there is a unique X with Re (¢,X) € (0, 7) such that
X + up(X) = Xo.

we just need to show that, for n

By Rouché’s theorem, it is enough to prove that |u,(X)| < |X — Xo| for every X € 0Q,
and for n big enough, where

Ty Thn
20n’ " 20n

Observe that @, C {X : Re(e,X) € (0,7)} and if Re (¢,X) € (0,7) then X € @, for n
big enough. Clearly | X — Xo| > % for every X € 0Q),. Moreover, since |sin(e,X)| >
|sin(Re (£,X))| we have that = O(ﬁ) for every X € 0Q, so

52
1 —2— || = O(logk,).
©8 (sinQ(enX)> ’ (log kn)

Hence if n is big enough then |u,, (X)| < | X — X¢| for every X € 0Q,,, so G, is invertible
on @' (R, (C)), which in turn implies that (®: )~ = (®.,)"' o G=! is well-defined on
oL, (Rn(C)).

Let us now prove the desired estimate. Since G. (X,Y) = (X + un(X),Y), we know
that

Qn = {X € C: Re (e, X) € ( ) [Im (e, X)| < C% + n}

En
sin(en X)
1~

2

|un (X)| =

G HXY) = (X +O(Junl), Y) -
Since k, = |n”], by the computations above and the maximum principle we have that
|un(X)| = O(logn) for every (X,Y) € . (R,(C)), so
G, (X,Y) = (X + O(logn),Y)
and therefore

(@) 71X, Y) = () 0 G H(XY) = (@2,)7H(X + O(logn), Y)

En

so the Proposition follows. O

4.1. Estimation of the error terms. In this subsection we will give estimates for

te, (T1,91)

Ae, (z,y) = we, (x1) —w.,(x) —1 and B, (x,y):=1lo
(z,9) (1) () (2,9) = log 2= 3

Y

where (z1,y1) = ¢e,(z,y). Recall that n — 7/e, — o, so €, ~ 7/n, p = Ren > 3,
m = |p| and v € (1/2,2/3) satisfies yp > 2.
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Lemma 4.4. Take (z,y) € Ry(C) and denote (X,Y) := ®L (x,y). If n is big enough,
we have the following estimates:

logn _
(7) :U:—gncot(snX)—i—O( 3y ) =0 (X 1)
1 sin?(g,X) 9
) z? + €2 - g2 =0(x%)

eh

(9) XWZO(X_I))‘

Proof. Thanks to Proposition [£:3] we have that if n is big enough then

1
T = —&, cot <enX+O ( Oi”)) )

Since (x,y) € R,(C), we have that Re (e, X) € [%,ﬂ - 7{0%] and [Im(e,X)| < CZ.

Then using the mean value inequality we have that for n big enough

1 1
T = —&, cot <z—:nX + O < 0gn>) = —epcot(e, X)+ O (5nn2—270gn>
n

n
logn
= —gpcot(e, X)+ O < s ) :

We have that &, cot(e,X) = O(X~!) and moreover, since v > 1/2, n=?7logn =
0(1/n) = o(en) so we get n=*7logn = o(X ') for n big enough, which proves (7). For
(8), using again that &, cot(e,X) = O(X 1) and n=?7logn = o(X ') we have

2

S
2? +e2 =2 +e2cot’(e,X) + o (X7?) = m +o(X7?)
n
hence
o sin?(g, X) _0(x?).
x? + €2 €2

Finally, using (8) and the fact that 1/C < |Y| < C by definition of R, (C) we get

p
y (JJ + En) sinp(anX) O ( ) )

proving @D O
Remark 4.5. Observe that R, (C) C U for n large enough, where U is the domain of
definition of the family (ge). If we take (x,y) € R,(C) and denote (X,Y) := ®L (x,y),
then e, X| > Re (¢, X) > % by definition of R,,(C), so using (7)), () and the fact that
en ~ 7/n we have that (x,y) € U for n large enough (depending only on R, (C) and not
on (z,y).)

Lemma 4.6. Consider (z,y) € R,(C) and denote (x1,y1) = g, (x,y). Then if n is big
enough

2, .2
x7+e&, 1
IOg:c2+5% =2x+o0 <n>

Proof. Since z1 =z + (22 + €2) (1 + O(z,&,)) + yO(z,y, €,) we have

ot =24 22 (:U2 + 631) + (562 + 831) Oz(z,en) + yO2(z, Y, €n)
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hence

2, 2
ry+¢€ Y
o 5% =142z 4 Oz(z,e,) + m(’)g(ﬂ:,y,en).

If (X,Y) := ®. (z,y), we have by definition of R, (C) that X = O(n) and X~
O (n~7). Then using and the fact that e, ~ 7/n we get Oz(x,e,) = O
1

0 (nil) since 2y > 1. Moreover thanks to (8)) and @ we have that (a:2 + 5%)
and y = O (n™7°), so

Y _ 1 _ 1
m(%(%yﬁn) =0 <mp+2’v2> =0 <n>

since yp > 2. Hence

2 2 1
m;—l—eg :1—1—2x+0<>
T +eq n

2, .2
1 1
log$1+5”:log 1+2zx+o0|— =2zx+4+o0|— ).
z? + €2 n n
n

Lemma 4.7. If (z,y) € R,(C) then for n big enough

and therefore

1
10 =0
(10) P (n)
and
Yybe, (z,9) bzy 1
11 n — =
(11) x +ie, xiisn+0 n2

Proof. If (X,Y) := ®. (x,y), using and the fact that n=?7logn = o (n™!) = o(e,)
we have

1 1

r+ic, —epcot(e,X)+ o(en) £icn

Since é = O(n) and m = O(1), because Re (¢,X) € (0,7) and Im(e,X) = O(1)

by definition of R, (C), we get
1 1 1 B
T+ g, en cot(e,X)+i

proving . Then, to get we just need to prove that yb., (z,y) = bxy + o (n_3).
Since b, (z,y) = bx + O (xQ,y,en) we have, using , @ and the fact that X! =
O(n™7),

O(n),

1
ybe, (2,y) = bay + O (2%y,y% epy) = bay + O (Tﬂpﬂ) ,

so ybe, (z,y) = bry + o (n_g) because vyp > 2. O
Lemma 4.8. Consider (z,y) € R,(C) and denote (x1,y1) = g, (x,y). Then for n big
enough

1
yl—l—l—n:):—i—qan—i—o().
Y n
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Proof. If (X,Y) := ®. (z,y), we have by definition of R,(C) that X~' = O (n™7).
Then using and @ we have

y1 =y +y nz+qge,+ 0@ y,zen,22)) + O (2"?) + 2,041 (2, 25)
1 1 1
=y [1 +nx+qe, +o <n> + ;(9 (zmF3) + §5n0m+1 (x,sn)] )

Moreover, using @D

1 sin?(e,X)

Then, since p — 1 < m < p we obtain from @ that

1 masy 1 B 1 B 1
o0 52) - (5r) o2
and similarly

1 1 1 1
F1_y _ _
50 (z"Hen) =0 ( Xm+1—p 5"> =0 (n(m+1p)’y+l> =0 (n) .

Finally, using the fact that X = O(n) by definition of R, (C),
Lo (@mie2tiy — o (xemrizy —o (L) 2oL
Y n n n2+mfp n

for every j with 0 < j < m. Therefore we have

1
ylzy[1+nx+q€n+0<n>],

concluding the proof. O

Proposition 4.9. We have, for (z,y) € R,(C) and n big enough:

1 1
A, (z,y) =0 <n> i Be,(z,y) =qen to <n> :
Proof. Denoting (z1,y1) = g, (z,y), we have:

AEn (':U7y) = wEn (x17y1) - wEn (x7 y) - 1
1 o (a:l—isn‘ x+i6n>_1+1;alo z? + &2

- 2ien T —1ie, x1+ie, 2?2 +e2
By Lemma [£.6] we have
1-a z? + &2 1
log 1T (g (7)
5 ngQ—i—a% (I1—a)z+o "

On the other hand, we compute:

s s 2 2 b b
log 1’1 an — log X lgn —'I— (:L' +'5n)asn + y En — log <1 + (SU + ign)(lan + y E.n )
T — 1€, T — 1€En T —1&n
) bxy 1 . 1 1
= (x +iey)ae, + 7 e, 5(37 +ien)’al + §x3 +o (nz)

using Lemmas and in the last line (and, as in the previous lemmas, the fact that
X1 =0 (n™7) by definition of R,,(C), where (X,Y) := ®. (z,y)). Similarly, we also
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have:

| I T+ iey + (362 + 8%)%” + ybe,,
og = log

be
= log <1 + (z —ien)ae, + y")

T +1ep T+ 1 T + e
: bz 1 , 1 1
= (x —iey)ae, + oy 'Zgn — 5($ —ien)?al + §$3 +o (n2>

so that

1 Tr1 —1En T +iEp 1 ) ‘ by . ) 1
1 . = 2 2ig,———s — 2 =
dien ( T —ie, x1+icy %, | A 5 e T e, T O 1y

n

bry 9 1

= Qep + 2 2 _xCLEn tol~—
T4+ ey n
1
:1+(a—1)az+o(>

n

using again Lemma [£.4) in the last line.
Finally, note that we have

te, (z1,91) N V] z3 + €2
2

B. (z,y) =lo
8n( y) g ten(xay) $2+E%

Using Lemma [£.8) we have

(1 1 1
log=— =log | 1+nxr+qge,+o0|— ) ) =nxr+qen+o0|—
Yy n n

and using Lemma we conclude that B. (x,y) = qep + 0 (n_l). O

5. CONTROLLING THE ORBIT

The goal of this section is to provide accurate estimates for the position of the orbit
{gfn (z,y) : 0 <k <n— N} of a point (z,y) in the parabolic basin of g := go.
The strategy, similar to that of JABD™16], is to split this orbit in three regions:

(1) A first one where gfn (x,7) approaches (0,0) shadowing closely the orbit ¢*(z,y),
which we call "approaching the eggbeater"; this will occur for 0 < k < k,,, where
kn = |n”] as in Section

(2) A second one which we call "in the eggbeater", in which g¥ (z,y) is close to (0,0)
and where the effect of the perturbation is relevant. This will be the case for
kn <k <n-—ky,.

(3) A third one where g¥ (z,y) gets away from (0, 0) again shadowing the dynamics
of g, which we call "leaving the eggbeater". This will happen for the last k, — IV
iterates.

Let us fix some constant C' > 0. Recall that by Lemma [3.1] and Proposition there
exists 7*(C') > 0 such that for all 0 < r < r*(C) small enough the incoming petal
Y

oy < C}

has the property that if (x,y) € P'(r,C), then ¢*(z,y) € P*(r,C +1) for all k € N and
moreover the incoming Fatou coordinate ®* is well-defined on P*(r,C). Recall that we
have the following asymptotic expansion for ®* as Re (—1/x) — +oo in P*(r,C):

P (r,C) = {(x,y) eC?: |z +r| <,

¥ (0,) = (w8 0). ) = (=1 + (1= ) log(—a) + (1) 2 +olD)).
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The map

Ly
d¢ = ——
maps P*(r,C) biholomorphically to Hg x D(0,C), where Hg := {X € C: Re X > R}
and R := (2r)"L.
In a similar way, by Proposition there exists 7°(C') > 0 such that for all 0 < r <
r°(C) the outgoing Fatou coordinate ®° is well-defined on

Pe(r,C) := {(:U,y) eC?: lx —r| <,

Yy
ol <o}
and satisfies
o (1 Yy
¥ (o) = (-5 + (- ogz+o(1), 4 o))

as Re (—1/z) — —oo inside P°(r,C). We set

Ly
#(o0) = (3.4 ).

which maps P°(r,C) biholomorphically to —Hpg x D(0,C), where —Hpg := {X € C :
Re X < —R}.
Throughout this section, we will use the following notations: given (zg,yp), we will

denote (when defined)
(xjvy]) = gj(anyO)v (vayvj) = q)6(mjayj)7 (X]QaY'jo) = ¢8($]7yj)

(@5 y5") = 92 (0, 90), (X5, Y;m) o= @ (a5, y5™), (X;"’O,Yja"’o) = g5, Y.

We will also denote, for any ¢,s € C,
A o(X)Y) = (X +¢,e™Y).

Given C' > 0, we choose 0 < r < 2/5 small enough (or equivalently R = (2r)~! > 5/4
large enough) such that

(R1) P'(r,C), P°(r,CeMt7IRedly « 7 where U is the domain of definition of (g.), and
there exists a constant K7 > 0 such that

1
Xi—X-1l<1/4 Y1 -Y| < Ki—
X1 | <1/4, M -Y[< e
for all (X,Y) € ®4(P*(r,C)), where (X1,Y7) := ®0go (®4) " (X,Y), and
o o 1
X=X —1l<1a Y=Y < Kigs

for all (X,Y) € ®3(P°(r, Cel*7Redl)) wwhere (X?,YP) := ®ogo (®3) " (X,Y).

The existence of such R is guaranteed by the expression for & ogo (<I>6)_1 and the
fact that ®§ogo (@8)71 has the same expansion.

We will also later in this section need to possibly increase R further to meet some

extra conditions (see Definition . To ensure the lack of circular definitions, we will

explicitly mention that several constants appearing in the following computations do not
depend on R (but are allowed to depend on C).

Definition 5.1. We let
Upn(R,C) == {(X,Y) € Hg x D(0,C) : |X| < 10k,,} € @} (P ((2R)™',C)) .
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Lemma 5.2. For any C > 0 and any R satisfying hypothesis (R1), the map Ge, =
By 0 ge, o (D) is well-defined on U,(R,C) for all n large enough. Moreover, there
exists a constant C* > 0 depending on C' but not on R (in the sense that it does not
increase when we increase R) such that if (X,Y) € U,(R,C) and n is large enough then

1 |X]? 1
’Xf"—Xﬂ <C* (+‘2‘> and |Y16"—Yﬂ <C'—
n n n

where (X", Y) := G, (X,Y) and (X1,Y1) := @4 0go (B4) 1 (X,Y).

Proof. Let us first prove that G, is well-defined on U, (R,C) for n large enough. It
suffices to show that if (X,Y) € U, (R, C) and n is large enough then Re (z{") < 0, where

(@57, 47 = ge, 0 (26) 7 (X, Y). Set (z,y) := (®) ™" (X,Y) and (z1,91) := g(z,y). By
the expression @ of g., , we have

(12) =21+ 0 (ngn, YEn, E,QL) : yi" = y1 + O(yen) + €nOmy1(z, €)

so using the fact that y = O(2?) because (z,y) € P ((2R)™*,C) we get

1 1 1 !
Qj‘in N T+ O($25n>y5na€%) a 1+ 0O (#, %2) - _Xil +0 (#’ #)
X Xt X%)
] qro(X )
1—(’)(%,75)((12) n®’ nX?

Since | X7 — X — 1] < 1/4 by our choice of R, we have that X; = O(X) so we get

Note that in all the previous computations, the implicit constants in O depend only on
C, not on R, in the sense that the do not increase if we increase R. By definition of

Un(R,C), we have

| X2 _ 100k7

n2 — np2
Moreover, since Re X1 > Re X + 3/4, there exists a constant C; > 0 independent from
R such that

1 3 1 100
so Re (27") < 0 for n large enough, as desired. This computation also gives the first

estimate.
Let us prove the second estimate. By the mean value inequality,

En
Y Y1
Yer — Y| = ’ —
N ey T Cay
< sup WLH "33‘?"—901\‘*“5” |y —
z€lwy,2]"] (_‘T)n <_$1 )77
|y1| En 1 En
< G o |z — 21| + O ’m*|p!y1 = |
for some Cy > 0, where |z,| := min{|z|, z € [z1,2]"]}. By the expression of g,

z1 =z (1+0(z,y) + O(y*) =z (1+ O(x)),
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using again the fact that y = O(x) because (z,y) € P ((2R)~*,C). Since R was taken
large enough so that | X1| < |X|+ 2, we have that we have that
ol 1
lz| = 1+44r’
where r = (2R)~!. Moreover, using we have that z{" = 21 + O ($2€n, 5%), SO
Te $1+O(l’2€n,€%) 1 —1-0(1 X)

x x n’ n?

Since (X,Y) € Up(R,C), we have that | X| < 10k,, so we can take n big enough so that

|z 1 1
13 > — .
(13) || 21+ 4r
Hence using the expression of g we have that for n large enough
) 1l o |
|2, =G [Pt <G [z]p [y(1+O(2,y)) + O™ )] < C4m
for some constants C3,Cy > 0, so
’yl‘ €n 1 €n 1 ’X‘ 1
|z, [P TL 27" — 1] SC‘*m’xl —z1[ < Cs ’$|ﬁ+ﬁ Scﬁﬁ

for some constants C5,Cs > 0, where we used in the last inequality the fact that | X| <
10k,,. Finally, using and we have

[y — 1l _ O(yen) +€nOm+1(7,€n) -0 <1>

N [P n

using again in the last identity the fact that |X| < 10k,. Putting everything together,

we obtain )
Yf‘n_Y’l:O<>7
n

and the Lemma is proved. O
For the outgoing petal, we have the following analogous Lemma:
Definition 5.3. We let
US(R,Ce'tmIRealy .— {(X|Y) € —Hpg x D(0, Ce!T™Redly . | X| < 10k, }.
Note that US(R, Cel*mRedly C @2 (P2 ((2R)71, CeltmiRedl))

Lemma 5.4. For any C' > 0 and any R satisfying hypothesis (R1), the map G2 =
g o g, © (<I>8)_1 is well-defined on US(R, C’eH”'Req‘) for all n large enough. Moreover,
there exists a constant C° > 0 depending on C but not on R (in the sense that it does
not increase when we increase R) such that if (X,Y) € U2(R, Ce't7IRedl) and n is large
enough then

1 X 2 1
| Xm0 — X9 < C° ( + |2|> and |Y7"° =Y < CO=
n n n

where (X7™°,Y7™°) := G2 (X,Y) and (X{,Y?) := ®ogo ()" (X,Y).

Proof. The proof follows essentially the same steps as the previous one. The only modi-
fication concerns the argument showing that Re (z{") > 0. In this case, we have

1 9 1 100
Re <_inn> < R6X+ Z +Cl (n + n2_2’Y>

for some constant C; > 0. Hence, for n sufficiently large, we have Re (—1/z7") < 0,
since by assumption R > 5/4. O
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We will now state explicitly in which sense R must be taken large enough, or equiv-
alently 7 = (2R)~! small enough. By Lemma there exists C* > 0, depending on C
but not on R, such that for all (X,Y) € U,(R,C) and for n large enough

I 1
|Xf" — X1| < C* < + ’2‘> and |Y18" — Yl‘ < C'—
n n n

where (X5, Y7") := ®4og., o(®4) " (X,Y) and (X1,V1) := Bhogo(®y) " (X,Y). Since
|X| < 10k, we have that for n large enough | X" — X;| < 1/4. Then by our standing
assumption (R;) there exists M* > 0 (depending on C' but not on R) such that for all
(X,Y) € U,(R,C) and for n large enough we have

1

(14) X5 - X —1] < 5

(I
Y- Y| <M (=4 — ).
Y | (”+|X!2>

Moreover, by Lemma [5.4] similar estimates also hold on the outgoing petal; more

precisely, there exists a constant M° > 0 (also depending on C' but not on R) such that
for all (X,Y) € US(R, CeltmReal) and for n large enough we have

1 1 1
15 X=X —1] < =; Vil =Y < M =+ —
( ) ‘ 1 ’ 27 | 1 | n + |X|2
where (X0, Vi™°) := ®8 o g., o (®F) " (X,Y). We let M := max(M*, M°).

From now on, we fix a compact K C By, where By, is the parabolic basin associated
to v = (1,0). Recall that By := UgsgUpse /7 (P(r, €)) for any r > 0. Then there
exists a constant C' > 2 (depending only on K) such that for any r» > 0 small enough
there exists ng = no(r) € N such that L := ¢"(K) € P*(r,C —1).

Definition 5.5 (Choice of R). From now on, we fixt R > 5/2 (equivalently, 0 < r =
(2R)~! < 1/5 small enough) satisfying hypothesis (Ry) and large enough such that

(Ra) < r4(C) and r < ro(CeltmIRedl),
(Rs) M 3720(R+j/2)7% < 1/10.
(R4) Forall (X,Y) € Hr_1 xD(0,C +1)

L L\ — 1
|9 0 (®5) ' (X,Y) — (X — (1 —a)log X,Y)|| < o2
and for all (X,Y) € —Hpg_5/2 x D(0, CeltmReq| 2)

1

12 0 (25)7H(X,Y) = (X — (1 - a)log(~X),Y)|| < ok

Observe that conditions (R2) and (R4) are satisfied for R large enough by Proposi-
tions 3.2 and 3.3

Definition 5.6. Let m; : C> — C denote the projection on the first coordinate. We
define

M = {(x,y)eCQ:xem(L) and — <‘( y)n‘<o_1}

<C-1;.
| <01
Observe that, by definition, M- C Ng and L C No C P*(r,C —1).

and

N¢ = {(:c,y) €C?:zem(L) and ‘
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5.1. Approaching the eggbeater.
Lemma 5.7. For all n large enough and for all 0 < j < k,, we have that
60 9L, (Mc) C Un(R,C).
In particular, gl (M¢) C P (r,C) for all n large enough and all 0 < j < ky,.

Proof. Since Mo C P*(r,C' — 1) is compact, we can assume that n is large enough such
that ®4(Mc) C U,(R,C). Take (x0,y0) € Mc, set (Xo,Yp) := ®f(z0,y0) and denote,
for all j € N such that it is well-defined, (X", Y7™) := ®4 0 ge,, o (®4) " (X0, Y). Set

K, :=min{j € N: (X;",Y;") ¢ Un(R,C)} > 0

and let us prove that K, > k,.
First, recall that by there exists a constant M > 0 such that for all j < K, and

for n large enough we have

1
X5 — X5y — 1 < B

1 1
Yo v <M=+ —— .
| J ]—1| < <n+ |X;ﬁl‘2>

From those inequalities, we get:

€n g J
(16) | X —XO—J|§§
and
Mj =1
17 Yo Yol < Lo ST —
(17) ¥l s SR MY e

for all 0 < j < K,,. Using in we get, for all 0 < j < K,

. —1 . 7j—1

Mj e 1 Mj 1

Yor Y| < ——=+M <=Ly —
Yj" = Yol = ==+ kZ::O(ReX0+k/2)2_ n kZ:()(R+k/2)2

Recall that by condition (Rs) we have that M > 22 (R + k/2)72 < 1/10: from now on,
we also assume that n is large enough so that % < 1/10. Suppose by contradiction
that K, < k. By definition (X ,Yz") & Uy (R, C); but on the other hand, we have

K, 2
X7 — Xo— Kn| < 7” and  |Yg" — Y| < o

Therefore: [Yg"| < C —1+2/10 <C, R+ K,/2 <Re (X3 ), and

3 1

3
(z,y) € MC} + 5]{:“ < 10k,

(again, up to taking n large enough such that max{|—1/z|: (z,y) € Mc} + 3kn/2 <
10ky,). Therefore (X7 ,Yz") € Un(R,C), a contradiction. This proves that K > ky,
hence that (X", V") € U,(R,C) for all 0 < k < k. O
Lemma 5.8. For n large enough

P*o gf:‘Mc = A, 00 (I)L‘Mc +o(1),

where the convergence of the term o(1) is uniform on Mc (recall that A;s(X,Y) =
(X +t,e™Y) for any t,s € C).
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Proof. First note that, by Lemma , we have ®f o ggn (M¢) C Up(R,C) for n large
enough and for all 0 < j < k,,. In particular, for n large enough and for all 0 < j < k,
we have that g2, (M¢) C P'((2R)™,C), so ® o g (zo,y0) is well-defined for any

(70, 90) € Mc.

Take ('anyO) € Mc and denote (X07}/E]) = q)6(x07y0)7 (le}/i) = (I)(L) Og(.’l?,y) S
Hg x D(0,C) and (X", Y ™) := ®f 0 ge, (z0,y0) € Hg xD(0, C). Set ¢ := ®Lo(Pf)~!:
Hp_1 % D(O, C+ 1) — (C2, SO

Pe(X1, Y1) = P (Xo, Yo) + (1,0)
and hence
' 0 g., (z0,y0) — D*(z0,y0) — (1,0) = (X7, Y1) — P (X1, Y1),

By Proposition and condition (Ry4), there exists a holomorphic map w : Hp_; X
D(0,C + 1) — C* such that

P6(X,)Y)=(X—(1-a)logX,Y) +u(X,Y)
with |Ju(X,Y)| <1 for all (X,Y) € Hgr_1 xD(0,C + 1). By Cauchy estimates, we have
[oxu(X,Y)| <1 and [dyu(X,Y)] <1

for all (X,Y) € Hg x D(0,C) and hence, by the mean value inequality,

Ju(X37, o) — (X0, Vi) < XG50 — X + [V — Vi),
On the other hand, also by the mean value inequality, we have

|log X7 —log Xi| < | X7 — X4
Therefore
[Ba(X5", YEr) — Ba(X1, Yi)| < X5 — Xa| + |1 — alllog X2 — log X| + [V — V3|
+ [Ju(XT" Y7) — u(Xy, V)|
< (241 —al) (X7 = X + Y7 = 11).

Then using Lemma [5.2] we obtain that for n large enough

1 1
|9 © g, (20, y0) — P* (w0, y0) — (1,0)[| < K < + > 7

n o |xol?n?

where Ky = 2(2+ |1 — a|)C*. By an immediate induction, we have

kn—1
Kok Ky & 1

H(I)L Og?: ($07y0) - @L(:Co,yo) - (kmO)H < =+ 2 § €n|2’

n n? = |25 |

where (25", y;") = gL (20, 90). By definition of U, (R, C) we have |3:§“]_1 < 10k, for all
0 < j < ky; therefore

19 © & (0, y0) — ®*(20,90) — (kn, 0)|| <

and using the fact that k,,/n = o(1) and k2 /n? = o(1) the Lemma follows. O

Kok, 100K3k3
—+

n2

Recall from Section [ that
q)én (SU, y) = (wen (',L.)7 t5n (x7 y))

where

1 x T 1-a 2, 2y, - Yy
wen(:p) = aarctan <€n> + E + 9 log(:n + €n), tEn(x)y) - W
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Lemma 5.9. For n large enough we have
kn
M = @L Og&‘n ‘MC + 0(1),

where the convergence of the term o(1) is uniform on Mc.

Proof. Take (z0,y0) € Mc and let (x7",y;") = gfg (z0,y0). By Lemmas and
B.6,

L k
o, 09

1 logn 1 1
xE":——i—O( > and  y;" = t*(xo, —{—0(),
kn K k2 Yk, (z0,%0) ] kP
where the terms O(k,,?logn) and o(kf;) are uniform on Mc. In particular 27" ~ —1/k,

uniformly on M¢ and

o _ cn = —enkn +n0 (logn) = o(1).

CCT" 1 log
kn e + O < c;c%n)
Since xi’; ~ —1/ky, uniformly on Mg, for n large enough depending only on M¢c we have

that Re (3" /e5,) < 0. Then, using the relation arctan z +arctan (1/2) = —7/2 whenever
Re z < 0 we have that

1 " T l—ua
En — t n 1 En\2 2
en (wk") En areran ( En > - 2eq, * 2 Og((xk”) +en)
en 1—a

= ——arctan —— +

log ((xiz)z + 5721)

En x," 2
and therefore
1 1-—
we, (27") = —— arctan % + a log ((z37)? +€2)
n €n xkn n
1 [ e, 3,3 e l1-a g2
= | = +O0(ek) | + (1 —a)log (—xkn) + —5 log [ 1+ 2 +o(1)
n kn n
1
=t (1 —a)log (—z3") + o(1) = w'(z", y;") + o(1).
kn
Similarly:
En En 2 _77/2
Ys. Y 15
tn(xgnaygn): n — n 1+ n
TR (a2 g e2)"? ()Y (z52)?
= (232, vi) +o(1)) (1 +0(1)) = t'(z37, yi7) + o(1)
(in the last line, we used the fact that t* (27", y;") = O(1) by Lemma . O

5.2. In the eggbeater.

Definition 5.10. Let C := Cel/2tmRedl 5 ¢ gnd C := Ce'tIRed > C (recall that C
was fived when we fived the compact K C By, ).

Lemma 5.11. For all n large enough, we have g=n(Mc) C Rn(C) (recall that R, (C)
is the set from Definition and that for n large enough R,(C) C U, where U is the
domain of definition of (ge,)).

Proof. Let (x0,y0) € Mc and (27, y;") = g8 (20, v0). By Lemmasand we have
®L, © g&7 (0, y0) = (20, 0) + (kn, 0) + 0(1),

where the convergence of the term o(1) is uniform on M. Therefore

te, (237 yp) = (20, y0) + o(1).
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Since (C—1)71 < |yo(—z0)~"| < C—1 by definition of M¢ and |t*(zq,y0) — yo(—x0) "] <
1/C? < 1/4 by condition (Ry4), we have that (C —1)™! — C=2 < |t‘(xg,v0)| < C — 1/4
and then C~! < |t., (23, yxr)| < C for all n large enough (depending only on M¢ and
not on the choice of (zg,yp)). Similarly

we,, (23 ) = w' (w0, Yo) + kn + o(1)

and therefore, since &, = 7/n + o(1/n),

k
et (257) = Enkn + Oen) = T2+ O e).

where the implicit constants in the O terms only depend on My and not on the choice
of (zg,y0). In particular, for all n large enough (depending only on M¢)

7k, 7k,

Re (5nw5n (.’Eiﬁ)) € |:1On, ™ — m

] and ]Im(enwsn(xi’;)ﬂﬁcg,

hence (z3",;") € Rn(C) for n large enough. O
Recall that ®2 := &L — (7/e,,0).

Proposition 5.12. For n large enough we have that g% (M¢) C R (C) and

P2 o gg[kn ’Mc = Ag—2k,,q° Pz, © 9§:|Mc +o(1),

where the convergence of the term o(1) is uniform on Mc.

Proof. Take (xo,y0) € Mc and let (23", y;") = ggn(xg,yo). Let us start by proving
that for n large enough (depending only on M¢) and for 0 < j < n — 2k, we have

~

(@ 452 Yhr 1) € Ru(C) and

j—1
We, (57 5) = we, (T70) + 5+ Y Acy (257 410 Vi 40)
k=0
and

7j—1
ten (X5 U ) = e (250 UR") exp (Z Be,(z5" 4, y,iz+k)>
k=0

where, as in subsection

te, (21,
A, (2,y) == we, (21) —we, (x) =1 and B, (z,y) = log feu (21,81

te, (I7 y)

)

with (z1,y1) := ge, (2, ).
We argue by induction on j. Indeed, the assertions hold for j = 0 by Lemma/[5.11|and

~

the fact that R, (C) C R,(C). Moreover, if they hold for some 0 < j < n — 2k, — 1,

A~

then thanks to Proposition |4.9| (applied on R, (C')), we have

Wey, (x22+j+1) = Wey (Jﬁﬂ‘) +1+4., (wi’;ﬂ’ yZZH)
j

=we, () + 5+ 1+ > A (T 0 Ui 1)
k=0

= we, (v3") +j+ 1+ 0(1)
:kn+j+1+0(1),
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where the terms o(1) and O(1) are uniform, and using in the last line that we, (z}") =
w*(x0, o) + kn + 0(1) by Lemmas and Moreover,

en n _ En n Bep (25™ .y, )
tSn($kn+j+17ykzn+]’+1) = tgn(azkn+j,ykn+j)e n+iYkn+i

J
- tsn (',I}ZZ ) yz:i) exXp (Z Ban ($22+k7 yiz+k)>

k=0
= te, (27", yin)eqjanrO(l)’
where the term o(1) is uniform on M¢. Therefore, using the fact that n (e, — 7/n) =
O(en) we have, for n big enough depending only on Mc, epwe, (23 ;1) = 7(kn +Jj +
1+ O(1)), hence
k
ﬁ < Re(enwe, (2374 j41) ST — ——.

And since epwe,, (23", ;1) = €n [we, (23") +j + 14 0(1)] and [Im(epwe, (7)) < Cm/n
by Lemma for n large enough depending only on Mgy we get, using the fact that
en =m/n+o0(1),

AT
Im(e,we,, (x?;—s—jﬂ))‘ < Cﬁ'
Moreover, since

lten (T3 4 i1 Y 1) | = lten (@57, yg)eentolb)]

9

and

1
& <t @il <

for n large enough, by Lemma [5.11], we get that

A~

1
Ve < e (@32 11 Y )| < C

for n large enough depending only on M¢, and the statement is proved.

~

Taking j = n — 2k, we obtain that (z", ,y;", ) € Rn(C) for n large enough and
n—2kn—1
We, (T3 ) = We,, (27") + 1 — 2kp, + Z A, (T Lo Ynl )
k=0

and

n—2kn,—1
te,, (:Efl"_kn, yf;ikn) = te, («TZZ:?JZ:) exp < Z B, (IZZ.ng y;iZ+k)>
k=0

so using again Proposition and the fact that e, = 7/n + o(1/n) we get

(e, (257 s ten (@5 i, ) = (w00 (57) 41 = 2+ 0(1), ™2t (e i) )

where the terms o(1) are uniform on M¢. Finally, since ®2 (z,y) = @ (z,y) — (7 /ey, 0)
we obtain, using the fact that n — 7/, = 0 + o(1),

B2 0 gl (20, y0) = (we, (@57) + 0 — 2k, €™, (257, y5")) + o(1),

where the term o(1) is uniform on Mc. O
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5.3. After the eggbeater. We will now estimate the orbit of g., as it gets away from
the origin in the outgoing petal. Recall that C := CeltmRedl and

U°(R,C) = {(X, Y) e —Hg x D(0,C) : |X]| < 10k:n}.

Lemma 5.13 (Compare to Lemma. Forn large enough (I>8og?n_k"(MC) c U%(R,C)
(so in particular g»~* (M) C P°(r,C)) and

n—=kn n—kn

@2 o gl My, =00 gl ], +o(1),
where the convergence of the term o(1) is uniform on Mc.

Proof. Take (z0,y0) € Mc and let (z)" . ,y;", )= g%~ (29, 0). By Proposition

we have that ()", 4", )€ R (C) and
s
we, (", ) — — = wsn(:ci’:l) + 0 — 2k, +0(1)

n—=kn En

so using Lemmas [5.8 and [5.9 we get
m
We, (257, ) — — = w"(zo,y0) + 0 — kn + 0(1) = —kn + O(1)

n—kn En

for n large enough, where the term O(1) is uniform on M¢. By Lemma [4.4] (applied on
Rn(C)) we have

logn
inn_kn = —ep cot(epwg,, (min—kn)) +0 ( n2y ) '

Therefore for n large enough

logn 1
En — — ~
T = —€p cot (1 — enkn + O(en)) + O < n2Y ) k,,

uniformly on M. Therefore, for n large enough depending only on Mg we have that

-1
Re < = ) < —R, and
xn—kn

_n
En En 2 2
tsn(l‘azk 7y€7ik ): € yn—kn = yan_kn 1+ agn
N A TP [ S T

n— n—knp n—=kn

< 10ky,.

En
n—kn

Moreover, since

we obtain, using the fact that ;" , ~ 1/k;, and the definition of R, (C), that

En
yn—kn

(23, )"

<Ce?=C

for n large enough depending only on Mc, so ®§(z;" . vy, ) € UR(R, C) and in

e
particular (z7 , ", ) € P°(r,C) for n large enough.
Now, if we denote (w°(z,y),t°(x,y)) := ®°(z,y), we want to prove that
7T

We,, (1‘2"_}%) — E— = u)o(xfln_kn, y,i"_kn) + 0(1)
n

and
le, (xin_kwyin_kn) = to(xin_kn) yin_kn) +o(1).
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Since a:i"_kn ~ 1/ky, uniformly on M¢, for n large enough depending only on Mg we
have that Re (2" /en) > 0. Then, using the relation arctan z + arctan (1/z) = /2
whenever Re z > 0 and the definition of w,, we have that for n large enough

s

1 o a
e (o,) = = anctan (ke ) T L (0t )P 4 62)
n n n

1 1-—

= —— arctan Ein + a log((z5", )* +€2).
En xn—kn "

Since _=»— = o(1) because ;" ~ 1/ky, we get

n—kn

. T 1 € 1—a W N2 9
We,, (:):iikn) - = . arctan <x5"n n) 4 5 1083((9524%) +e7)

1
= ——— T (1—a)log(a};, ) +o(1)

n—=kn

n—kyp?

using in the second line that k2 /n? = o(1) and in the last line the asymptotic expansion
of w®. Similarly, by the computation above,

_n
¢ ( En En )_ y?in—kn 1+ 5121 ’ _to( En En )+ (1)
En xn—kn7 yn—kn - (x;n_k )77 (‘szn—k )2 - xn—kn’ yn—kn 0

using in the last line the asymptotic Aexpansion of t° and the fact that t°(25" - Yo" kn) =

O(1) because (z}" ;. ,y;" ;. ) € Rn(C). O

Lemma 5.14 (Compare to Lemma |5.8). There exists Ny > 0 such that for n large
enough ®§ o g2~N(M¢) C US(r,C) (so in particular g»~ ™ (M) C P°(r,C)) and

&

o gl M= ANy 0 @0 gl | 4 o),
where the convergence of the term o(1) is uniform on Mc.
Proof. From the asymptotic expansion of (®°)~! (see Lemma , Proposition and
the definitions of ®§ and US(R, C), there exists a constant Ry > 0 such that
(18) (2%) " H(X,Y) € =Hpy2 x D(0,Ce!/>HmRedl) | X| < 5k, } C (2§) N (UR(R, C)),
where Hp, 2 = {X € Hp, : [ImX| < 2Re X}. Up to increasing Ry if necessary, we as-
sume that 2Ry > K + 1, where K := max{|w'(z,y)| : (z,y) € Mc}. We fix some integer
N1 > K+ Reo+2+ Ry.

Let us first prove that there exists a constant K3 > 0 such that for n large enough
and for all (z0, o) € (®9)~ (US(R, C)) such that (25", y5") = g., (z0,50) € P°((2(R
3/2))71,C + 1) we have

1 1
(19) 9005 )~ @°(an. ) ~ (1O < Ko (3 + (s )
The computation is analogous to the one in the proof of Lemma . Fix (g, y0) such
that (Xo, Yo) := ®§(wo,y0) € US(r,C) and (z7",45") € P°((2(R —3/2))"1,C +1). Set
P, := ®° o0 (B§) 1 : —Hp_5/2 x D(0,C +2) = C?, s0
(XY, V7) = B (X0, Y0) + (1,0),
where (X9,Y?) := ® o0 go (®)~1(Xo,Ys). Then

(27", yi") — (2, y) — (1,0) = G, Y7™7) — BG(XT, YY)
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where (X{"%, Y7™°) := ®%(25",yi"). By Proposition[3.3|and condition (Ry), there exists
a holomorphic map v : —Hp_5/5 x D(0,C +2) — C? such that

(I)OG(X’Y) = (X - (1 - a’) log(_X)a Y) + U(Xv Y)a
with [[o(X,Y)|| <1 for all (X,Y) € ~Hp_5/5 x D(0,C + 2). By Cauchy estimates, we

have
loxv(X,Y)|| <1 and |oyv(X,Y)|| <1

for all (X,Y) € —Hpg_3/2 x D(0, C+ 1) and hence, by the mean value inequality,
[o(X7™%, Y1) —o(XT, YOI < [X77 = XT| + Y77 = Y7
On the other hand, also by the mean value inequality, we have
|log(—X1™?) — log(—X7)| < [ X" — X7|.
Therefore
[9E (X", Y7™%) — QG(XT, YY) < [X7™° — XT| + |1 — al| log(—X7"7) — log(—X7)|

Y7 = YP |+ [Jo(X7%, Y7°) — o(XT, YY)
< (241 —al) (IX7™7 = XP| 4+ Y77 = YY)

Then using Lemma [5.4] we obtain for n large enough, with K3 = 2(2+ |1 — a|)C°.
Now take (zg,y0) € Mc. We will prove by induction on j that for all n large enough
and for all n — k, < j <n — N; we have

(1) @§(a5",y5") € UR(R.C)

j—1
. 1 1
@) 195 157 =805y, i)~k O € K Y (3 s )
k=n—ky
For j = n — ky, the first statement follows from Lemma [5.13] and there is nothing to
prove for the second one. Let n — k, < j < n — Nj such that (1) and (2) hold for all
n —ky, < k < j and denote (X;"’O, Yf”’o) 1= ®f (25", y;"). By equation we have

1 1 1
X - X5~ <= and Y-V < M| - 4 e | -
X5 j | 5 an Y5 i 71"F|)(;nﬂ‘2

Therefore, by definition of U2(R, C~'), we have for n large enough

<C+1.

3
Re (X17) < =R+ 2 Y

It follows that (257,,y;%) € PO((2(R — 3/2))71,C +1) so using and the induction
hypothesis we get

J
. 1 1
10905109520~ 0 1) - G4 L= (- O S Ko 3 (2 s )
k=n—kp k

and condition (2) is proved.
By definition of U2(R, C), we have |z7"|~! < 10k, for all n — k,, < k < j, therefore

J 3
1 1 k., 100k
<= L =o0(1).
Z <n+ xZ”PnQ) ST o(1)
k=n—Fkny

Therefore, by Lemma and Proposition [5.12] we have for n large enough

(251, y50) = CL, (@ yt) (0 + 7 +1—n—ky, 0) +0(1)
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so by Lemmas [5.9 and [5-§]
(251, y51) = (W' (2o, y0) + 0+ + 1 —n, €™ (20, y0)) + o(1).
Let (w°(z,y),t°(x,y)) := ®°(z,y). We then have, for n large enough,
Re (w®(2571,9;11)) < Re (w'(2o,90)) + Reo+j+2—n < K+Reo+j+2-n
§I~(+Rea+2—N1 < —Ry

and

I (w (2574, 45%,))| < [Tm(w* (0, 50))] +1 < K 41 < 2Ry < 2Re (—w(a57%4,4574))
o) @O(xj’jrl,yj-il) € —Hp, 2. Similarly, for n large enough,
£
J
Finally, using the fact that |yo(—z¢)™"| < C' — 1 by definition of M¢c and [t*(xo,y0) —

yo(—x0)~"| < 1 by condition (R4), we have that |t*(x0,y0)| < C and then for n large
enough

[w (@5, y5)| < [w' (o, yo)| + |of +n—j < K +|o|4+n—j < 5kn.

’to(xjipyjh)‘ < Cel/2HmiRed]
Therefore, by (L8], (x5 1.9511) € Up(R, C) and (1) is proved. Taking j = n — Ny, the
Lemma is proved. O

5.4. Conclusion.
Proof of Theorem[3 We have
o gl M= A, ni00 @70 gl ™|, 4 o(1) by Lemma[5.1q

= Aj, Ny 00 B2 o glhn ‘Mc +o0(1) by Lemma [5.13]
= Ajy—N1,00 Ag_2k, 40 BL 0 gt ‘Mc +o0(1) by Proposition [5.12]
= Apy—N1,00 Ag_2k, g0 B 0 gkn ‘Mc +0(1) by Lemma[5.9]
= ANy .0° Ag—2k,.q © Ak, 0 0 @L\MC +0(1) by Lemma|5.§
=A;_Ng© CI)L‘MC +o0(1)

where the convergence of the terms o(1) is uniform in M¢. Therefore

g2y, = (@) o Ap_ny g 0 @'y, Ho(1)

where the convergence of the term o(1) is uniform on M¢. This proves that ggn_Nl —
Ly— N, ¢ uniformly on M¢, where Lo_n, 4 1= (9°) 71 0 Ay_n, 4 0 P

Let us now explain how we can deduce the same convergence statement first for all
(z,y) € L, then for all (z,y) € K. First, assume without loss of generality that the
domain U on which the maps g, are defined is a bi-disk D(0, §)2.

Let m; : C2 — C (1 <4 < 2) denote the projections on each coordinate of C2. Let
x € m1(L). Recall that r and C are the constants introduced in Definition . Let

M,(C) :={y € C: (z,y) € Mg} =D (0, (C = 1)[(=2)")) \ D(0, (C = 1)~ |(—2)"))
and
N.(C):={yeC: (x,y) € No} =D(0,(C - 1)|(—2)"]).

Let us prove inductively on 0 < j < n — N; that ¢Z, (N¢) C U. For j = 0, there
is nothing to prove, since No C P*(r,C) C U. Let 0 < j < n — N; — 1 be such that
g2, (N¢) C U, so that ggnH is well-defined on Ng¢.
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By the maximum principle, for all x € w1 (L) = m(N¢), we have
sup |mogl™(z,y)) < max |moglf(z,y)| < max |mioglM(z,y)| <6
YEN:(C) : yEON.(C) ) yeM; (C) )
Similarly, we also have
sup 209l (z,y)] < max |mog
YN (C) c ’ yEON,(C)

J+1
En

z, < max |mog¢g/ T (x <.
( y)l_yeMz(C)l 209l (z,y)] <

Therefore, ggn is well-defined on N¢ for every 0 < 7 < n — Nj. Moreover, (gZ}H’N 1

N¢ — C%),,>0 is a normal family in the sense of Montel. Let (ng)k>0 be any extracted
sequence such that gg’jk_N 1 converges on N¢ to some holomorphic function G. We have
proved that G = L,_n, 4 on Mc, therefore, by the identity principle, G = L,_n, 4 on
all of No. Since this is true for any converging subsequence, we conclude that g?;N 1
Ly n,,q on all of N¢, hence on L (since L C N¢).

Let us now prove that gg;N — Lo_N,g on K, where N := N1 — ng. Indeed, by the
definition of L, we have that for all n large enough gZ'°(K) C L; therefore, if (z,y) € K
then
Jim g7y y) = lim g7 0 620 (@) = Lohig © 9" (5:9) = Lo-Nytnoa(: 1),
using in the last two equalities the fact that g'® converges uniformly to g"° on K and
that Lo110=90Lsqg=Lsg0g. O

6. PROOF OF COROLLARIES [1] AND [2]

The goal of this section is to prove Corollaries [I| and We start with a general
observation about Fatou coordinates for globally defined maps.

Proposition 6.1. Assume that the germ g := go from Theorem[3 extends to a holomor-
phic self-map of a complex manifold. Then the incoming Fatou coordinate ®* extends
to a holomorphic map on the parabolic basin B, associated to v = (1,0), and the map
(<I>°)_1 extends to a holomorphic map W° on C?. Moreover, if f has discrete fibers, then

s0 do ®* and W°.
Proof. Recall that B, = UgsgU,>e9 " (P(r,C)) for any 0 < r < r*(C). Then, using
the functional equation ®* o g = ®* + (1,0) we can extend ®* to B by

#(2) = @ 0 g"(2) — (n,0)
for any n such that ¢"(z) € P*(r,C). Moreover, by Proposition we have that for any
C > 0 there exists r = r°(C) > 0 such that

{X € —H,-1 : [Im(X)| < 2|Re (X)|} x D(0,C — 1) C ®°(P°(r,C))
so we can extend (®°)~! to a map ¥°:C x D(0,C — 1) — C by
VO(X,Y) :=g" o (®°) " HX —n,Y)

for any n € N such that (X —n,Y) € —H,-1 xID(0,C —1). Since we can do this for any
C > 0, the map ¥° extends to a holomorphic map on C2.

Let us now prove the claim about the discreteness of fibers. Take p € B and let
F, = (®)7}({®*(p)}) be the corresponding fiber. Let n be large enough such that
g"(p) € P*(r,C) for some C > 0 and r < r*(C). Then

P 0 g"(Fp) = ©*(Fp) + (n,0) = {®(p)} + (n, 0).
Since ®* is injective on P*(r,C), the point f"(p) is isolated in f™(F},). Since g (hence
g") has discrete fibers, p must also be isolated in F},.

Similarly, if (X0, Yo) € C? then there exists n € N such that (Xo—n, Yy) € ®°(P°(r,C))

for some C' > 0 and r < r°(C). In order to prove that (Xp,Yp) is isolated in its
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fiber Fix, vy = ()1 ({¥°(Xo,Yp)}), it suffices to prove that (Xo — n,Yp) is iso-
lated in F{x, yy) — (n,0). By the relation g" o (X —n,Y) = ¥°(X,Y), we have that
Fixovy) — (n,0) = (¥°)"1(E,), where E, := g~ "({¥°(X0,Y))}). Since g (hence g") has
discrete fibers, E, is discrete. Since (Xo — n,Yy) € ®°(P°(r,C)) and ®° is injective,
(Xo — n,Y) is therefore isolated in (U°)"1(E,) = Fix,y,) — (n,0). Thus F(x, y;) is
indeed discrete. g

Next, we prove the following Lemma:

Lemma 6.2. Let f be an endomorphism of P? of algebraic degree d, satisfying (Hi)
and such that d > Rea + 1. Then for any q € C there exists a family (fe)eep of
endomorphisms of degree d satisfying (Hy) — (Hs), with fo = f and q as in Theorem[4

Proof. We work in some affine coordinates in which the fixed point of f is the origin and
in which the non-degenerate characteristic direction is [1 : 0] so the non-singular formal
invariant curve C admits a parametrization of the form ~(¢) = (¢,{(t)). As in Section
we let ¥(z,y) := (z,y — Jm+1((z)), where Jy,+1( is the jet of order m + 1 of {, where
m = |Rea] + 1 of ¢, and we let g :== W o f oW~ Then g is of the form

9(z,y) = (z + 2*a(x) + yb(x,y),y(1 + c(z,y)) + O@2™?)),
where a(0) = 1 and b(0,0) = ¢(0,0) = 0. We now let
9e(z,y) = (x4 (2° + £%)a(z) + yb(z, y), y(1 + c(z,y) + g¢) + O(=™?)),

and f; = ® 1 og. o®. By construction, (fg)EGD satisfies (Hy) — (H3) and fy = f.
However, the maps ]‘A’; need not be endomorphisms of P2, since ¥ is not an automorphism
of P2; we will therefore need to make one last modification. Let us write f-(z,y) =
f(x,y)+eh(e,x,y), where h(e, x,y) = Zi,j,kEN az-?j,ksi:cjyk is a holomorphic map defined
on some neighborhood of 0 in C3. Let hy,11(¢,7,y) == D i jk<mt ai jxe' 2y be the jet
of order m +1 of h and f-(z,y) := f(x,y) +ehmr1(e, ,y). It is not difficult to see that
conditions (H;) — (Hs) only depend on the jet of order m + 1 of f. at (0,0,0); therefore,
the family of maps (f:)cep still satisfies (H1) — (Hs), and since m < d by assumption,
the maps f. are endomorphisms of P? for all € in a neighborhood of 0.

Finally, for the fixed points 21(g) = 1 + 2ie + O(e?) and 22(c) = 1 — 2ie + O(g?) we
have that

1+ 2ie+ O(e?) O(e)
Jac fe(z1(e)) = < O(e%) 1+ ge + ine + O(g?)
and
Jac f-(za(2)) = 1 — 2ie + O(£?) O(e)
acjelzle)) = 0O(£?) 1+qge—ine+0(?) )
so clearly ¢ is as in Theorem [2] by Lemma [2:4] O

We now complete the proof of Corollary |1, which is essentially the same done by
Bianchi in [Bial9b] or the one due to Lavaurs ([Lav89]) in dimension 1:

Proof of Corollary[1. If we take ¢ € C, the existence of a family (f:)eep of endomor-

phisms of degree d satisfying (H;) — (H3) and such that ¢ := lim._,q % %
T T

is guaranteed by Lemma Now, take o € C and 29 € Ji(f, Lsq). Without loss of
generality, assume that zp = Eé\f ¢(Po), for some N € N and some pg € Ji(f). Con-
sider a sequence (g,,) as in Theorem [2| We will find a sequence z, € Ji(f.,) such that
limy, oo 2n = 20.

By lower semicontinuity of € — Ji(f:), there exists a sequence p,, € J1(f, ) such that
limy, oo Pn = po. Let z, := fgnN(pn) € Ji(f:,): by Theorem 2, we have lim, o0 2, =
[,é\{q(pg) = 2p, and we are done. O
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We can now prove Corollary 2] The idea is that thanks to the Main Theorem, we
can find a suitable sequence of perturbations f., such that f' maps a point in B to a
repelling periodic point in Ja(f, ). Since Ja(fs,) is completely invariant, this will mean
that B contains some points in Ja(f;, ) for all n large enough, thus proving the lack of
upper semicontinuity of € — Jo(fz). There is however a technical issue: contrary to the
case of rational maps on P!, not all repelling periodic points belong to Jo(f-).

Proof of Corollary[3. Let r(0) denote a repelling periodic point for f contained in W°(C?).
Let (X1,Y7) € C? be such that ¥°(X1,Y7) = 7(0). Let zy € B be such that ®*(z) €
C x {0} if Y1 = 0, and ®*(z) € C x C* if Y7 # 0. Then there exists a unique (o, q) € C2
such that A, , 0 ®'(29) = (X1,Y1), or in other words, L, 4(20) = r(0). Let (f:):ep be
the corresponding family of perturbations of f constructed in Lemma for that value
of q. Let r(¢) be the repelling periodic point of f., which moves holomorphically with e
for |¢| small. For || small, we have r(¢) € Ja(fz) by |Bial9al Lemma 4.9].
Let o € C be given by Theorem [2| and let £, — 0 be such that
297
pr(en) —1

Let U be a neighborhood of zg in B, small enough such that L, 4(2) = r(0) and z € U
implies that z = z9. Then the maps G,(z) = fI' (2) — r(en) converge locally uniformly
to G(z) = L,4(2) —7(0) by Theorem . Since (0, 0) is an isolated point in G=({(0,0)})
by Proposition there is a sequence z, — (0,0) such that G,(z,) = (0,0). By
the backward invariance of the small Julia set, z, € Ja(fs,), but U N Jo(f) = 0 since
U CB. O

n— (o —op) +o(1).

REFERENCES

[AB25] Matthieu Astorg and Fabrizio Bianchi. Horn maps of semi-parabolic Hénon maps. Math.
Ann., 392(1):837-860, 2025.

[ABD'16] Matthieu Astorg, Xavier Buff, Romain Dujardin, Han Peters, and Jasmin Raissy. A two-
dimensional polynomial mapping with a wandering Fatou component. Ann. of Math. (2),
184(1):263-313, 2016.

[ABT26] Matthieu Astorg and Luka Boc Thaler. Dynamics of skew-products tangent to the identity.
J. Eur. Math. Soc. (JEMS), 28(2):559-618, 2026.

[ABTP23] Matthieu Astorg, Luka Boc Thaler, and Han Peters. Wandering domains arising from Lavaurs
maps with Siegel disks. Anal. PDE, 16(1):35-88, 2023.

[BC12] Xavier Buff and Arnaud Chéritat. Quadratic julia sets with positive area. Annals of Mathe-
matics, pages 673-746, 2012.

[Bial9a]  Fabrizio Bianchi. Misiurewicz parameters and dynamical stability of polynomial-like maps of
large topological degree. Mathematische Annalen, 373(3):901-928, 2019.

[Bial9b]  Fabrizio Bianchi. Parabolic implosion for endomorphisms of C2. J. Bur. Math. Soc. (JEMS),
21(12):3709-3737, 2019.

[BSU17]  Eric Bedford, John Smillie, and Tetsuo Ueda. Semi-parabolic bifurcations in complex dimen-
sion two. Comm. Math. Phys., 350(1):1-29, 2017.

[CS15] Davoud Cheraghi and Mitsuhiro Shishikura. Satellite renormalization of quadratic polyno-
mials. arXiw preprint arXiv:1509.07843, 2015.

[DL15] Romain Dujardin and Mikhail Lyubich. Stability and bifurcations for dissipative polynomial
automorphisms of C?. Invent. Math., 200(2):439-511, 2015.

[DS10] Tien-Cuong Dinh and Nessim Sibony. Dynamics in several complex variables: endomorphisms
of projective spaces and polynomial-like mappings. In Holomorphic Dynamical Systems: Ce-
traro, Italy, July 7-12, 2008, pages 165-294. Springer, 2010.

[E85] Jean Ecalle. Les fonctions résurgentes. Tome III, volume 85 of Publications Mathématiques
d’Orsay [Mathematical Publications of Orsay/. Université de Paris-Sud, Département de
Mathématiques, Orsay, 1985. L’équation du pont et la classification analytique des objects
locaux. [The bridge equation and analytic classification of local objects].

[Hak97]  Monique Hakim. Transformations tangent to the identity. stable pieces of manifolds. Prépub-
lication d’Orsay, (30), 1997.



40

[Hak9g]
[1506]
[Jon99)]
[Lav89]
[LHR25]
[Mil11]

[Shiog]

MATTHIEU ASTORG, LORENA LOPEZ-HERNANZ, AND JASMIN RAISSY

Monique Hakim. Analytic transformations of (C?,0) tangent to the identity. Duke Math. J.,
92(2):403-428, 1998.

Hiroyuki Inou and Mitsuhiro Shishikura. The renormalization for parabolic fixed points and
their perturbation. preprint, 2006.

Mattias Jonsson. Dynamics of polynomial skew products on. Mathematische Annalen,
314(3):403-447, 1999.

Pierre Lavaurs. Systemes dynamiques holomorphes: explosion de points périodiques
paraboliques. PhD thesis, Paris 11, 1989.

Lorena Lopez-Hernanz and Rudy Rosas. A flower theorem in dimension two. Ergodic Theory
Dyn. Syst., 45(10):3223-3254, 2025.

John Milnor. Dynamics in one complex variable, volume 160. Princeton University Press,
2011.

Mitsuhiro Shishikura. The hausdorff dimension of the boundary of the mandelbrot set and
julia sets. Annals of Mathematics, pages 225-267, 1998.

MATTHIEU ASTORG, INSTITUT DENIS PoissoN, UNIVERSITE D’ORLEANS
E-mail address: matthieu.astorg@univ-orleans.fr

LorENA LO6PEZ-HERNANZ, DEPARTAMENTO DE FiSICA Y MATEMATICAS, UNIVERSIDAD DE ALCALA
E-mail address: lorena.lopezh@uah.es

JAasMIN Raissy, Univ. Borbpeaux, CNRS, BorpEaux INP, IMB, UMR 5251, F-33400 TaL-
ENCE, FRANCE & INSTITUT UNIVERSITAIRE DE FRANCE (IUF)
E-mail address: jasmin.raissy@math.u-bordeaux.fr



	1. Introduction
	Acknowledgements
	Outline of the paper

	2. Proof of Theorems 1 and 2 from Theorem 3
	3. Asymptotics of Fatou coordinates
	4. Approximate Fatou coordinates and estimation of the error terms
	4.1. Estimation of the error terms

	5. Controlling the orbit
	5.1. Approaching the eggbeater
	5.2. In the eggbeater
	5.3. After the eggbeater
	5.4. Conclusion

	6. Proof of Corollaries 1 and 2
	References

