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ABSTRACT. We study bifurcation phenomena in natural families of rational, (transcendental)
entire or meromorphic functions of finite type {fy := px o fr, © ¥} }rem, where M is a
complex connected manifold, Ag € M, fy, is a meromorphic map and ¢, and v are families
of quasiconformal homeomorphisms depending holomorphically on A and with 5 (c0) = oo.
There are fundamental differences compared to the rational or entire setting due to the
presence of poles and therefore of parameters for which singular values are eventually mapped
to infinity (singular parameters). Under mild geometric conditions we show that singular
(asymptotic) parameters are the endpoint of a curve of parameters for which an attracting
cycle progressively exits de domain, while its multiplier tends to zero. This proves the main
conjecture in [FK21| (asymptotic parameters are virtual centers) in a very general setting.
Other results in the paper show the connections between cycles exiting the domain, singular
parameters, activity of singular orbits and J-unstability, converging to a theorem in the
spirit of Mané-Sad-Sullivan’s celebrated result in [MSS83| [Lyu84].

1. INTRODUCTION

We consider dynamical systems given by the iterates of meromorphic functions (rational or
transcendental) in the complex plane, with a finite number of singularities of the inverse map
(finite type). Given a holomorphic family {f\}xcas of such systems, being M a connected
complex manifold, we aim at understanding the nature of the subset of M for which some
sort of structural stability holds; or equivalently, the bifurcations which may occur and how
they can be characterized in terms of different dynamical aspects as, for example, possible
bifurcations of singular or periodic orbits. Our results show that there are fundamental differ-
ences compared to the same problem for holomorphic families of rational or entire functions,
successfully addressed by the seminal papers [MSS83, [Lyu84] and [EL92| respectively.

Given a rational or entire function f, the Fatou set F(f) or stable set of f is defined as
the largest open set where the family of iterates {f"},>0 is normal in the sense of Montel.
However, if f: C — C=CU {oo} is a meromorphic (transcendental) map with at least one
non-omitted pole, we need to require additionally that the family of iterates { f"},>0 is first
well defined and then normal.

In both cases, the Julia set is the complement of the Fatou set and it is the closure of
the repelling periodic points. If f € M, the Julia set also coincides with the closure of the
backwards orbit of the essential singularity, J(f) = O~ oo, or equivalently the closure of the
set of prepoles of all orders.
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For a holomorphic family { fy} xeas of meromorphic maps, structural stability at a parameter
Ao € M is commonly understood as J—stability or, more precisely, as the Julia set J(f»)
moving holomorphically with respect to A in a neighborhood U of Ag. This means that there
exists a holomorphic motion H : U x J(f\,) = J(fx) respecting the dynamics, which in
particular it implies that fA0|j(fA0) is topologically conjugate to fi|7(s,) for all A € U. (See
Section [2.1] for details.)

The dynamics of f are determined to a large extent by the dynamics of its singular values or
points v € C for which not all univalent branches of f~1 arelocally well defined. If f is rational,
singular values are always critical values v = f(c) with f'(¢) = 0. If f is transcendental we
must also take asymptotic values into account, that is values v = limy_oo f(7(t)) where v
is a curve tending to infinity when ¢ — co. An example is v = 0 for the exponential map.
Accumulations of critical or asymptotic values are also singular, hence we define the set of
singular values or singular set as

S(f) ={v € C | v is a critical or an asymptotic value}.

Different classes are distinguished depending on the cardinality and location of S(f). In this
paper we restrict to maps in the Speiser class S, or maps of finite type, consisting on those for
which #S5(f) < oo, although occasionally we may also refer to the Eremenko-Lyubich class B,
of functions with a bounded set S(f).

Maps of finite type hold specific dynamical properties which are not satisfied in the general
cases. For omne, their Fatou set is made exclusively of preperiodic or periodic components,
being the latter basins of attraction of attracting or parabolic orbits, or rotation domains
(Siegel disks or Herman rings); at the same time, all asymptotic values v of a map of finite
type are logarithmic and hence they have logarithmic tracts lying over them (see Section .
Examples of finite type families include all rational maps of a given degree, the exponential
family Ae?, the tangent family \tan(z), maps of the form R(z)ef’®) with R rational and P
polynomial or the Weierstrass g function, among many others. All results in this paper hold
for families of finite type maps but in some cases, which will be specified, they do for class B
or even in more generality.

The celebrated results of Mané, Sad, and Sulivan, and Lyubich, all in the 80’s, relate J-
stability for families of rational maps to sudden changes in the asymptotic dynamics of critical
points. To formalize this concept, if { fy}acas is a family of rational maps whose critical values
are holomorphic functions of A, we will say that a critical value vy € C is passive at Ag if the
sequence of holomorphic maps {A — f{(vs)}nen is normal in some neighborhood of Ao.
Otherwise vy is active. A version of the bifurcation theorem for rational maps then reads as
follows.

Theorem 1.1 ([MSS83| Lyu84], c.f[McM94]). Let {fi}xem be a holomorphic family of ra-
tional maps of degree d > 2, and let \g € M. Suppose that the critical points of f\ are
holomorphic functions of A. Then, the following are equivalent.

(a) The Julia set J(fx) moves holomorphically over a neighborhoodd of Ao.
(b) All critical values are passive in a neighborhood of \o.
(¢) The mazximal period of attracting cycles is bounded in a neighborhood of \g.

Due to the A—Lemma ([MSS83] or Theorem [2.3)), J-stability in an open set of parameters is
equivalent to being able to follow and distinguish periodic orbits across U. A key point in the
proof of Theorem is that the only obstruction for the existence of a holomorphic motion of
the periodic points is the collision of several different periodic orbits, merging in a parabolic
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cycle. However, in the presence of an essential singularity at infinity (i.e. for transcendental
maps) there is another possible obstruction, namely that a periodic cycle exits the domain of
definiton of f).

Definition 1.2 (Periodic cycle exits the domain). Let {fx}xear be a family of meromorphic
maps. We say that a cycle exits the domain at Ao € M if there exists a curve A(t) — Ao as
t — oo such that a point z(A(t)) in the periodic cycle satisfies that lim;_,o 2(A(2)) = 0.

Observe as an example that if f\(z) = Az + €?, all fixed points exit the domain when A\ — 0.

Eremenko and Lyubich proved that this never occurs in families of entire functions of finite
type [EL92, Theorem 2| (although their proof applies also to entire maps in class B).

A fundamental difference in the transcendental meromorphic setting is that, due to the
presence of poles, periodic cycles may exit the domain at finite values of the parameter,
independently on the number of singular values. Instances of this phenomenon were described
in [KK97] for the tangent family T)(z) = Atan z or in [FK21] for more general one-dimensional
families, at parameters called virtual centers, lying in the boundary of hyperbolic components,
and defined as accumulation of parameter values for which a cycle progressively exits the
domain while its multiplier tends to zero, thus playing the role of true centers in rational
dynamics (see also [DK89, [CK19, [CTK19]). We will prove that, even in a much more general
setting, cycles can only exit the domain at virtual centers which are moreover always accessible
by curves of parameters with these properties (see Theorem A and Corollary A’ below).

We claim that all obstructions for J-stability are precisely collision of periodic orbits, cy-
cles exiting the domain, or accumulation thereof (see Proposition . And, as usual, these
phenomena occur only with the complicity of the singular values, which returns us to the con-
cept of an active singular value, now generalized to include the transcendental meromorphic
setting.

Definition 1.3 (Active/passive singular value and exceptional family.). Let {f\}xear be a
family of rational, entire or meromorphic maps. We say that a singular value vy is passive at
a parameter \g if

(i) there exists a parameter neighborhood U C M of g such that the family {f{(vx)}nen
is well defined and normal in U, or
(ii) there exists N € N such that fi'(v)) = oo in U.

A singular value vy is active at a parameter A if it is not passive.

A family is called exceptional if there exists a singular value vy and some N > 1, such that
for all A € M, f¥(vy) = oc.

We remark from this definition that a singular value that is persistently mapped to infinity for
all values of the parameter is always passive. This includes infinity being itself an asymptotic
value, as it is the case for every entire (transcendental) map. Examples of active singular
values would be those (non-persistently) escaping to infinity for a parameter \g, or converging
to a (non-persistent) parabolic cycle, or being preperiodic to a repelling periodic cycle also in
a non-persistent fashion.

Thus, the phenomenon that makes the difference in the transcendental meromorphic setting
is that of singular values being eventually mapped to infinity, out of the domain of definition
of fy, or in other words, truncated singular orbits. The special parameters for which this takes
place are defined as follows.

Definition 1.4 (Singular parameter). A parameter \ is singular if there is a singular value
vy of fy such that f{(vy) = oo for some n > 0 and this property does not persist on all of
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M, that is, f{'(vx) # oo on M . The integer n is called the order of the singular parameter.
The singular parameter A is critical if vy is a critical value and it is asymptotic if vy is an
asymptotic value

FIGURE 1. Parameter plane of the natural family f,(z) = a (1 - m) which
has an attracting fixed point at z = 0 with multiplier 0.5, a persistent asymptotic value
at infinity, an asymptotic value at v, = a and a critical point at ¢, = 175- +2 - [FK21].
Left: In the large green central region v, is attracted to the origin while ¢, is free,
while outside it is the other way around. Aymptotic parameters are dense in the
outer boundary of this region. Right: Zoom of part of the central bouquet. In black,
parameters for which ¢, escapes to infinity and in color, ¢, is attracted to attracting
periodic orbits. The small bouquets are attached at critical parameters, which are
accumulated by centers.

At a singular parameter, some singular value is active. Conversely, we will see that if a
singular value is active at a parameter \g, then we can find singular parameters arbitrarily
close to A\ (see Proposition [5.1)).

Asymptotic parameters of order n have what is known as a wvirtual cycle of period n + 1:
a finite, cyclically ordered set aq,...,a, € C such that for all 1 < i < n, either a; € C and
a;+1 = f(a;) or a; = oo and a;4+1 is an asymptotic value (c.f. [FK21]).

Our theorems will show that, with great generality, cycles can exit the domain only at
asymptotic parameters and moreover, every asymptotic parameter must be a virtual center,
thus proving a conjecture in [FK21, Remark 6.11 and Conjecture 6.17]. To do so, we shall
need to relate the different concepts introduced so far: cycles existing the domain, active
singular values, virtual cycles, singular parameters and J-stability, to finally converge into a
bifurcation theorem for meromorphic families in the spirit of Theorem [I.1]

Statement of results. We work in the setting of natural families of meromorphic maps,
which consist of compositions of the form

{fr:=0r0 fro 0%y Trenm,
where \g € M, f := f), is a meromorphic map and ¢, and v, are families of quasiconformal

homeomorphisms depending holomorphically on A and with 1y (c0) = oo (see Section. Most
well known one dimensional families of entire or meromorphic maps of finite type are natural,

iy [FR21 , asymptotic parameters were called virtual cycle parameters.
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like for example E)(z) = exp(z) + A = (2 — z 4+ A) oexp(z) o Id, or T)\(z) = Atan(z) =
(z = Az) otanz o Id. In a natural family, singular values are always holomorphic functions
of the parameter since they are of the form vy = @) (v) where v is a singular value of f. The
cardinality (and the nature) of S(fy) is independent of A, as singular values cannot collide and
the type of singularity is preserved because of its topological nature. The concept of a natural
family is quite general and convenient to study parameter spaces in holomorphic dynamics. It
was used, for example, to prove the absence of wandering domains for families of entire maps
of finite type, since for every f finite type map, there exists a natural family of finite type maps
Def(f) containing f, which is a complex analytic of dimension #S(f) [EL92, Eps93, [GKS86].

Our first main result shows that cycles cannot exit the domain at a certain parameter value
Ao € M unless there is at least one active singular value at Ag (see Lemma and Theorem

53).

Theorem A (A cycle exiting the domain implies activity). Let (fx)aenr be a natural family
of finite type meromorphic maps, and let \g € M be such that a cycle of period n exits the
domain at N\g. Then Ay is a singular parameter. More precisely, this cycle converges to a
virtual cycle for fy,, which contains (at least) either an active asymptotic value, or an active
critical point.

Some important remarks are in order.
Remarks 1.5.

(1) By definition, virtual cycles always contain at least one asymptotic value, which may
be either active or passive. The theorem asserts that if it does not contain any active
critical point, then at least one of those asymptotic values must be active.

(2) Tt is possible a priori that the limit virtual cycle contains a critical value but not a
critical point. In that case, the theorem still asserts that regardless of whether this
critical value is active or not, there must be an additional active asymptotic value in
the virtual cycle.

(3) If every point in the cycle goes to oo, then the limit virtual cycle is oo, ..., 00 and
therefore cannot contain any critical point; then the theorem asserts that oo is an
active singular value for fy,. In particular, Theorem B generalizes [EL92, Theorem 2],
since oo is always a passive asymptotic value for families of finite type entire maps.

In Theorem A, the possibility of the cycle exiting the domain because a critical value is
active is left open if the family is exceptional (i.e. in the presence of an asymptotical value
being persistently mapped to infinity). We believe it is plausible that this possibility could be
discarded. In any event, when the family is non-exceptional we have the following corollary.

Corollary A’. Let (fx)xem be a non-exceptional natural family of finite type meromorphic
maps, and let \g € M be such that a cycle of period n ezits the domain at A\g. Then the limit
virtual cycle contains an active asymptotic value, and Ay is an asymptotic parameter.

The question of whether a partial converse to Theorem A holds is most natural. Are as-
ymptotic parameters always the result of a cycle that just exited the domain? We prove that
the answer is affirmative under a certain mild technical condition (T) which requires the as-
ymptotic tracts above the active singular value to have good geometry (see Definition .
In particular if tracts contain a sector, condition (T)is always satisfied. Under this technical
hypothesis we can prove the following (see Theorem [4.4)).

Theorem B (Accessibility Theorem). Let (f))xeanr be a natural family of finite type mero-
morphic maps, and \g € M be an asymptotic parameter of order n. Assume that at least one
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tract above the associated asymptotic value satisfies (T). Then there is a cycle of period n+ 1
exiting the domain at \g, and moreover its multiplier goes to zero as it exits the domain.

In [FK21, Remark 6.11 and Conjecture 6.17] it was conjectured that every asymptotic pa-
rameter is a virtual center and hence lies in the boundary of some hyperbolic component
(whenever this makes sense). Theorem B proves this conjecture in much greater generality
than it was originally stated.

Using an auxilliary shooting result interesting on its own (see Proposition we are able
to prove that any parameter for which some singular value is active, can be approximated by
singular parameters. (see Proposition for a stronger statement). With similar techniques,
we show additionally that critical parameters of order n can be approximated by sequences
of true centers of period n + 2 or n + 3 (see Proposition . With these tools at hand and
putting together Theorems A and B we obtain the following equivalences.

Theorem C. Let (fa)aem be a non-exceptional natural family of finite type meromorphic
maps whose tracts satisfy (T). Let U C M a simply connected domain. The following are
equivalent:

(1) there are no asymptotic parameters in U
(2) there are no cycles exiting the domain in U

If moreover the maps f\ have at least one non-omitted pole, then this is also equivalent to

(3) all asymptotic values are passive on U.

We are now ready to discuss the bifurcation locus of a natural family. The set of parameters
A(vy) :={ )Xo € M : v, is active at Ao}

is called the activity locus of vy. On the other hand, the activity locus A(M) for the natural
family (fx)aens is defined as

A(M) :={ o € M : there exists a singular value which is active at Ao }.
We can finally conclude with the theorem about J-stability that generalizes Theorem

Theorem D (7-stability). Let (fx)xem be a natural family of finite type meromorphic maps.
Let U C M be a simply connected domain in parameter space. The following are equivalent:

(1) The Julia set moves holomorphically over U
(2) Every singular value is passive on U

If moreover the tracts of fy satisfy (T), then the statements above are also equivalent to

(3) The mazimal period of attracting cycles is bounded on U.

In view of Theorem D it makes sense to define the bifurcation locus of the natural family as
Bif (M) = {\ € M | fy is not J-stable},

or equivalently as the set of parameters for which some of the conditions in Theorem D is not
satisfied. Since J — stable parameters form an open set by definition, following the arguments
in [MSS83| we obtain the well known statement for rational maps.

Corollary D’ (7- stable parameters form an open and dense set in M). If {fa}xenr is a
natural family of finite type meromorphic maps, then Bif (M) has no interior or, equivalently,
J —stable parameters are open and dense in M.
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We would like to finish by pointing out that the proofs of these theorems are fundamentally
different from those in the Mané, Sad and Sullivan theory for rational maps and also different
from the ones for entire functions. For example the proof of (3) = (1) which works for
rational or entire maps does not work in the meromorphic setting. Indeed, the fact that
the period of attracting orbits is bounded by N for A € U, does not imply that periodic
orbits of period higher than N remain repelling throughout U (and can therefore be followed
holomorphically), since they could be exiting the domain. In the same direction, there does not
seem to be any obvious reason for which the absence of non-persistent parabolic cycles should
imply that the number of attracting cycles remains constant since, again, attracting cycles
might be exiting the domain. Exploring these possible extensions is still work in progress.

The structure of the paper is as follows. In section [2| we state tools and prove preliminary
results that will be useful throughout the paper, including the Shooting Lemma. Section
deals with the consequences of a cycle exiting the domain and contains the proofs of Theorem
A and Corollary A’. The accessibility result, Theorem B, is proven in Section 4 while Section
contains the density results and the proofs of Theorems C and D.

Acknowledgements. This paper was created entirely during the COVID-19 period so we
thank the video-conferencing tools that made it possible. Despite this, one meeting took place
and we thank University of Parma for providing the necessary funds and to Universitat de
Barcelona to allow it to happen in safe conditions. We are also grateful to Linda Keen for
motivating this beautiful subject and to Lasse Rempe for helpful discussions.

2. PRELIMINARIES

In this section we state some known results and prove several new tools that will be useful
in the proofs of the main theorems.

2.1. Holomorphic families, holomorphic motions and J-stability.

Definition 2.1 (Holomorphic family). A holomorphic family {fx}xenm of meromorphic maps
over a complex connected manifold M is a holomorphic map F : M x C — C such that
F(\,-) =: f\ is a non-constant meromorphic map for every A € M.

Definition 2.2 (Holomorphic motion). A holomorphic motion of a set X < C over a set
U C M with basepoint \g € U is amap H : U x X — C given by (A, z) — H)(z) such that
(1) for each z € X , Hy(x) is holomorphic in A,

(2) for each XA € U, Hy(z) is an injective function of z € X, and,
(3) at Ao, Hy, = 1d.
A holomorphic motion of a set X respects the dynamics of the holomorphic family F if
Hy(fr,(x)) = fr(Hx(z)) whenever both x and fy,(z) belong to X.

Note, that continuity of H is not required in the definition. However this property follows
as a consequence, as shown in the A—Lemma proved in [MSS83].

Theorem 2.3 (The A—Lemma [MSS83|). A holomorphic motion H of X as above has a
unique extension to a holomorphic motion of X. The extended map H : U x X — C is
continuous, and for each A\ € U, Hy : X — C is quasiconformal. Moreover, if H respects the
dynamics, so does its extension to X.

For further results about holomorphic motion and the A—Lemma, see for instance [AMOI].
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Definition 2.4 (7-stability). Consider as above a holomorphic family F : M x C — C of
meromorphic maps. Glven \g € M, the map f), is J-stable if there exists a neighbourhood
U C M of A\g over which the Julia sets move holomorphically, i.e. there exits a holomorphic
motion H : U x Jy, — C such that Hx(J»,) = Ja and furthermore Hy o fy, = fr o Hy.

In virtue of the A-Lemma and the density of periodic points in the Julia set, it is enough
to construct a holomorphic motion of the set of periodic points of every period, to obtain one
for the entire Julia set .

2.2. Natural families. We will recall here some basic facts about natural families of finite
type maps.

Definition 2.5 (Natural family). A natural family of meromorphic maps is a holomorphic
family (fx)xenr, such that each fy is of the form fy = @y o fy, © w;l, for some A\g € M and
quasiconformal homeomorphisms @y, ¥y : C=c¢C depending holomorphically on A, and with
Px(00) = oc.

A simple observation is that i, maps the critical points of fy, to those of f\, and that
) maps the critical values and asymptotic values of fy, to those of fy. In particular, in a
natural family, the critical points and singular values always move holomorphically and can
never collide, while the multiplicity of each singular value remains constant throughout the
family. The normalization choice 1)(c0) = oo guarantees that the only essential singularity
of f\ remains at co; but it is possible to choose other normalizations by composing both ¢y
and 1) by the same affine map (possibly depending on \).

Another useful observation is that if \y € M is given, then we may assume that ¢, =
¥y, = Id up to changing the base point. More explicitly, noting that

Ix=pxo @Xf o fa, 0 x, 0y,

we may replace @y by @) 1= @) o0 go/(ll and 1) by @ZA =)0 w;ll without changing f\, and we
have @y, = 1y, = Id.

2.3. A shooting Lemma. In the following sections we will need the fact that, if A\g is a
singular parameter, then we can find nearby parameters for which the singular value which
is active at Ag has some prescribed behaviour. Similar results can be proven in the rational
setting using Montel’s Theorem together with the non-normality of the family of iterates of
the active singular value. In our setting in which f: C — C is a transcendental meromorphic
map, and U C C is a domain, the singular value vy could be active because its family of
iterates {f\(va)}nen is not defined in a parameter neighborhood of Ay rather than not being
normal. As a consequence, one cannot always apply Montel’s Theorem as for entire maps or
rational maps. Its role will be played by the following statement, which holds for any natural
family of maps as long as they have at least one non-omitted pole. Notice that here we do
not have assumptions on the set of singular values so that a priori functions could be in class
B or in the general class of meromorphic transcendental functions.

Proposition 2.6 (Shooting Lemma). Let (f\)aenr be a natural family of meromorphic maps
m M, with ot least one pole which is non-omitted. Let \g € M be a singular parameter of
order n>0, so that a singular value vy satisfies [}, (v)) = 00.

(a) Let X — v(X) be a holomorphic map such that y(No) ¢ S(fx,). Then we can find N
arbitrarily close to \g such that f (vy) =y (N).
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(b) Fori = 1,...,5, let X — ~(\) be five holomorphic maps such that {~;(X\o)}2_, are
distinct. Then there exists at least one i,1 <1 <5 and X arbitrarily close to \g such
that f3 (vx) = %(N).

Observe that the maps + and ~;, which are holomorphic maps from a neighborhood of g
in M to C, are allowed to be constant. In particular, if oo is not a singular value of fy,, by
taking v(A) = oo we obtain that the singular parameter \g is a limit of singular parameters
of order n + 1.

The proof of Proposition uses the following lemmas. The first one can be found in
[BEJKI8, Lemma 13] (see also [BF15, Lemma 4.6] for a more general statement). In the
following, let us denote by wind(o(t), P) the winding number of a curve o(t) with respect to
a point P.

Lemma 2.7 (Computing winding numbers). Let v, 0 : [0,1] — C be two disjoint closed curves
and let Py € v and P, € o be arbitrary points. Then

(2.1) wind(o(t) —~(t),0) = wind(y(t), Py) + wind (o (t), Py).
As a consequence, we obtain the following.

Lemma 2.8 (Fixed point theoiem). Let V' be a Jordan domain, and let f,g be holomorphic
Junctions in a neighborhood of V.. Suppose that g(V) C f(V) and g(0V) N f(OV) = 0. Then
there exists X\ € V' such that f(\) = g(\).

Proof. Consider the map F(A) = f(\) — g(\). Let A(¢),t € [0, 1] be a parametrization of 9V,
and notice that f(A(¢)) and g(A(t)) are two disjoint curves and hence F(A(¢)) # 0 for every
t € [0,1]. By the Argument Principle, if the winding mumber of F(A(t)) with respect to 0 is
positive, then F' has at least one zero in V.

Let Py = f(A(0)) and P, = g(\(0)). Applying Lemma [2.7| we get
wind(F(A(t)),0) = wind(f(A(t)) — g(A(?)),0) = wind(g(A(t)), Py) + wind(f(A(?)), Fy)-

The hypothesis g(V') C f(V) implies that the curve g(A(¢)) lies inside a bounded connected
component of the complement of f(A(t)) from which we deduce that wind(g(A(t)), Py) = 0.
The same hypothesis also implies that P, € f(V) which means, again by the Argument
Principle, that wind(f(A(¢)) — Py),0) = wind(f(A(t)), Py) > 1. Hence wind(F'(A(¢)),0) > 0
and the conclusion follows. O

In the proof of part (a) of the Shooting Lemma we will also need the following well known
fact.

Lemma 2.9 (Shrinking of holomorphic images). Let U C C be an open set and a,b € C.
Suppose {¢n, : U — C\ {a,b}}nen is a sequence of holomorphic maps such that ¢, (ug) — oo
for a certain ug € U. Then for every compact set K C U, the spherical diameter of p,(K)
tends to 0.

Proof. We claim that (¢, )nen converges locally uniformly to co. By Montel’s Theorem, the
sequence (pn)neny admits converging subsequences. Let (¢n, )ken be any such subsequence,
and let ¢ : U — C be the limit function. Since by assumption for all k € N, oo ¢ on, (U)
and p(up) = oo, it follows from Hurwitz’s Theorem that ¢ = co. Since this holds for any
converging subsequence, we have lim,_, @, = 00, and the lemma follows. O
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While regular points as in part (a) always have neighborhoods with infinitely many univalent
preimages, singular values may not, so to prove part (b) of Proposition we make use of
the following Theorem (for a proof see for example [Ber00, Proposition A.1]).

Theorem 2.10 (Ahlfors Five Islands Theorem). Let f be a transcendental meromorphic func-
tion in C and FEn, ..., B five simply-connected domains of C bounded by analytic Jordan curves
and such that the closures of the E;, are mutually disjoint. Then for at least one i,1 < i <5,
there are infinitely many bounded simply-connected domains (islands) Dy, in C such that f
maps D,, univalently to E;.

Notice that the statement of [Ber(0, Proposition A.1] is slightly different; here we have im-
plicitly applied it to infinitely many domains at once to get infinitely many univalent preimages
of at least one of the domains F;.

Observe that if A\g is a singular parameter of order n for the singular value vy, then the map
A = f{(vy) is a well defined meromorphic map in a sufficiently small neighborhood of X,
with an isolated pole at Ag. Indeed, if a sequence of singular parameters of order equal to n
were to accumulate at Ay, by the discreteness of zeros of holomorphic functions we would have
that A — f/’\“(v,\) is identically equal to co for some k < n, which contradicts the assumption
that this is not a persistent condition. Also impossible would be an approximating sequence
of singular parameters of order strictly less than n since, by continuity, the order of A\g would
also need to be strictly less than n, also a contradiction. As a consequence of this fact,
A f;f“(m) has an essential singularity at \g.

We are now ready to prove Proposition

Proof of Proposition[2.6, We start first with (a). By assumption fy = @y o fo w;l and we
may assume without loss of generality that ¢, = ¥, = Id and hence f = f),. Let D
be a disk centered at v(\o) such that D is disjoint from S(fy,) and let § > 0 be such that
v(D(Ao,d)) C D (see Figure .

Decreasing ¢ if necessary, the function G(\) := ;' (f2(vy)) is a quasiregular map defined
in D(Ag,d) and such that G(A\g) = co. The map G is therefore either open or constant, and
it cannot be constant for otherwise we would have f{'(v(\) = oo for all A € M. We now
pick an arbitrary one-dimensional slice containing Ag in the parameter space M in which G
is not constant, and we identify M with D(Ag, 1) C C in the rest of the proof. It follows that
G(D(Xo,d)) contains a disk of spherical radius say € > 0 centered at co.

Since there are no singular values in D and f,, has infinite degree, there are infinitely many
univalent preimages of D under f), which must accumulate at infinity. Observe that these
preimages must miss, for example, a given periodic orbit of period 3 which does not intersect
D. Hence, selecting a subset of those preimages if necessary, we may assume (see Lemma
that they are all bounded and that in fact their spherical diameter tends to 0. Let U be one
such preimage contained in Dg(oco, €). Thus fy,(U) = D.

Since U belongs to the image of G, we let V denote a connected component of G~1(U)
inside D(Ag,0). If D (and therefore U) is small enough, then V is a Jordan domain as well.
Let us now define F(\) := f\LH(v)\). Our goal is to show that v(V) C F(V) so that Lemma
applied to v and F' gives the result.

In order to see this we write

T y) = a0 fag 0yt 0 F(vA) = a0 fiy 0 G(N),

and therefore
E(V) = oa(fr(G(V))) = oa(f2,(U)) = pa(D).
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Now since § can be taken arbitrarily small, the values of A\ can be arbitrarily close to Ag and
therefore ¢y is arbitrarily close to the identity. It follows that F(V) = ¢i\(D) ~ D, while

F(V) C v(D(Ng,0)) € D. Moreover, 9y(ID(\g,d)) separates the boundaries of these two sets,
so the hypotheses of Lemma [2.8] can be applied and we are done.

FIGURE 2. An illustration of the proof of Proposition The final claim follows
by Lemma 2.8 using the fact that y(V) C F(V) and ~(0V) N F(OV) = 0.

We now deal with case (b). We assume here that for i = 1,...,5, 7;(\g) is a singular value
because otherwise we may reduce to case (a).

Choose five disks {D;}?_; with disjoint closures centered at the points ;(\g). We use
Ahlfor’s Five Island Theorem (see Lemma [2.10)) to obtain one value of j between 1 and 5 such
that D; has infinitely many univalent preimages converging to infinity. Renaming v = v; and
D = Dj, we may now proceed in the same way as in (a), obtaining the result. (Il

2.4. Quasiconformal distortion. We state here a well-known distortion estimate for qua-
siconformal homeomorphisms that we will need later.

Lemma 2.11 (Distortion of small disks). Let (ox)xep be a holomorphic motion of the Rie-
mann sphere P with ¢o = Id. Let t — \(t) be a continuous path in D with lim o A(t) = 0,
and t — ry a continuous function with ry > 0 and limy_, o7 = 0. Let t — z; be a path in P!
and Dy :=D(z, 7). Let € > 0; then for all t large enough:

D(paey(2e), 11 7) C @ay(D(ze,m4)) C D(@aery (21), 7 7°)
Proof. By Theorem 12.6.3 p. 313 in [AIMOS], for all ¢ > 0, § € R and and r < 1, we have :

loae (2 + 1e?) — oaay (2] < ROV oy 4 (20) — pag (2 + )] - 11/ Fo0,

where K\ > 1 is the dilatation of py. Since ¢y — Id uniformly on P! as t — 400, we have
that as ¢ — +o0:

sup |oa (2) — oay(ze + €)= 1.
0€[0,27]

Since (¢») is a holomorphic motion, K\ — 1 as A — 0 and so Ky — 1 as t — +oo. The
inclusion @y ) (D(z,7¢)) C ID)(go)\(t)(zt),rtl*) then follows.
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The other inclusion is equivalent to go;\(lt) (D(ys, 77)) € D(gp;(lt) (ye),7t), With yg := @x)(2¢)-
Its proof is essentially the same and is left to the reader. (|

We also record here the following well-known property of quasiconformal mappings:

Lemma 2.12 (See [EL92|, Lemma 4). Let v : C — C be a K -quasiconformal homeomorphism
firing 0,00. Let arg(z) — arg z be a uniform branch of the difference of arguments in C*.
Suppose

B7' < |i(20)] < B,  |argy(z0) —arg 2| < B,
Jor some zo € C and B > 0. Then for |z| > |zo| the following estimates hold:
(2.2) Ol < i(z)] < Ol
(2.3) |arg ¥(z) —argz| < Kiln|z| + C.

Here K1,C depend on K, zg, B but not on z,1.

3. CYCLES EXITING THE DOMAIN. PROOF OF THEOREM A AND COROLLARY A’.

In this section, we let (f))xeas be a natural family of meromorphic maps of finite type. We
study what happens in the parameter space when there is a cycle {z;(\)}i=o..., one of whose
points x;(A) tends to the essential singularity as A tends to some parameter A\g € M (see
Definition . This is a new phenomena that cannot happen in either the rational setting,
or families of entire functions with bounded set of singular values (for the latter, see [EL92l
Theorem 2|). We saw in the introduction (with the map z +— Az + €*) that periodic points
may exit the domain in some families of entire maps, in the absence of further restrictions. We
will see in the next sections that in general, many cycles exit the domain in natural families
of bounded type meromorphic maps, being the key point that this can occur at parameters
Ao € M, while for rational or entire functions, the parameter must be in M.

An example is given by the tangent family T(z) = Atan z, where if A — % there is both
a cycle of period two and another cycle of period 4 which have a point tending to infinity
and hence they exit the domain (see [DK89, [CJK18| for a detailed study of this and similar
parameters with this property.)

A more intricate example is given by the natural family of finite type maps fi(z) := ﬁv
A € C, with p(2) = 1753, f(2) = e” and ) =1d. It can be checked that for small ¢ > 0, the
map f; has a unique real fixed point x; ~ %, which exits the domain at A = 0, at the same
time that its multiplier is tending to zero. Note that oo is a singular value for fo (which is

entire) but not for fy if A # 0 (compare Theorem |4.4)).

3.1. Generalities. It is a crucial point to interpret the concept that z;(\) — oo for A — A\g €

M in the following more abstract way (c.f.[MSS83| [EL92|, and see Figure [3).

Definition 3.1 (The projection map and cycles exiting the domain). For n € N*| let
P,:={(\z) e M xC: fi(z) =z},

and
7T1:Pn—>M

be the projection onto the first coordinate. We say that a cycle of period n exits the domain
at Ao if Ao is an asymptotic value of w1 : P, — M.
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In other words, a cycle of period n exits the domain at Ay if and only if there exists a
continuous curve t — (A(t), z(t)) in P, such that lim;_, - A(t) = Ao and limy_, 4 2(t) = 0.

The set P, is an analytic hypersurface of M x C, and by the Implicit Function Theorem it
is smooth except possibly at points (), z) where z is a periodic point of period dividing n with
(f)(2) = 1. Moreover, if A € M is a critical value of m; : P, — M, then fy has a parabolic
cycle of period dividing n and multiplier 1.

i C

M 5y

FIGURE 3. An illustration of the set P,, the map m, and its asymptotic and
critical values. Here A, is a critical value for 7, corresponding to the map f, having
a parabolic cycle, and A, is an asymptotic value for 7, corresponding to f, having
a cycle exiting the domain. Note that for n > 2 the function f has infinitely many
periodic points of exact period n [Ros48|, hence P, is locally the union of infinitely
many connected components, but only one is shown for simplicity.

Definition 3.2. We let X, denote the singular value set of 71 : P, — M, which is the closure
of the set of critical and asymptotic values of m;. Let X :=J77 ;| X,,.

The next proposition shows that a holomorphic motion of Fix(fY), the fixed points of f{,
can only exist in open sets in absence of singular values of m : P, — M, which confirms that
X is the apropriate set to study.

Proposition 3.3 (J moves holomorphically outside X). Let {f)\}xen be a natural family of
meromorphic maps and U C M be a simply connected domain. Let X, X,, be as above. Then

(1) UNX, =0 <= the set Fix(f), move holomorphically over U for every n > 0.
(2) UNX =0 = the Julia set of f\ moves holomorphically over U.

Proof. To see (1) suppose U N X,, = 0. Let A\g € U, and let (Ao, 2;)icn denote the preimages
71 ({\o}). Then for all i € N, there exists a holomorphic branch g; : U — P, of 7' with
9i(Mo) = (Mo, 2i)- In this setting A\ — g 0 g;(\) gives the desired holomorphic motion where
mo is the projection onto the second coordinate.

For the reverse implication, suppose Ag € U is a singular value. If A\g is an asymptotic
value, there is a fixed point of f} which escapes to infinity when A approaches Ag. Hence
any holomorphic motion of the set Fix,(fy,) over U could not be surjective. Otherwise, if
Ao is the image of a critical point (Ao, 2;), every A in a neighborhood of Ay will have k£ > 1
distinct preimages in P, splitting off from z;, hence these periodic points cannot be followed
holomorphically either.

Statement (2) follows from (1), the A\-lemma and the fact that (repelling) periodic points
are dense in the Julia set. O
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In fact, it will follow from our results in Section| that the converse to item (2) also holds.

Our goal in the remaining of this section is to show that cycles exiting the domain require
active singular values, thus proving Theorem A. We start by showing (Lemma that any
such cycle, in the limit, must contain an asymptotic value which eventually maps to infinity.
Later on (Theorem we show that the asymptotic value involved, or another critical value
in the cycle, must be active (i.e. non-persistently mapped to infinity).

Lemma 3.4. Let {fy\}xer be a natura family of meromorphic maps. Let t — (A(t), z(t))
be a curve in P, with imy_, 1o AM(t) = Ao € M and limy_, o 2(t) = co. Then there exists a
cyclically ordered set co = ag,...,an—1 € C such that:
(1) for al0<m <n—1, ap = limy_ 4 f/(’zt)(z(t));
(2) if am € C, then ams1 = fr,(am);
(3) if am = 00, then am+1 is an asymptotic value of fy, (possibly equal to co) and am—1
is either oo or a pole of f,.

In other words, the set aq,...,a,_1 is a virtual cycle. Notice that the lemma implies that,
as t — oo (and hence A — \g), either the whole cycle corresponding to z(t) tends to infinity
(in which case co must be an asymptotic value for f),), or there exists at least one finite
asymptotic value and one pole in the virtual cycle (possibly more, if there is more than one
a; which equals infinity).

Proof. To simplify notation, let us denote z,,(t) := f/’\’(‘t) (z(t)). By assumption
limg 400 ff(;)m(:rm(t)) = limy_, 1o 2(t) = o0, so any finite accumulation point of the curve
t — Zp,(t) must be a pre-pole of fy, of order at most n —m. In particular, the set of finite

accumulation points of this curve is discrete, and so limy_, oo 2, (t) exists (and is possibly
00). Denote by ay, 1= limy_00 2, (t) € C. Ttem (2) follows easily.

Next, assume that a,, = oo for some 0 < m < n — 1. Since (f))ren is a natural family, we
have

Tm+1(t) = ey (@m(t)) = @rpyo fo 1/);(10 (zm (1)),

where f = fy,, ©x, Ux: C — C are quasiconformal homeomorphisms depending holomorphi-
cally on A, and ¢y, = 9, = Id. Therefore, we have

f(ym@®)) = 2m11(2),

where ym(t) = w;(}g) (xm(t)) and 241 (t) = 90)_\(1,5)(xm+1 (t)); and limy, 4 ym(t) = ITm = OO,
whereas limy_; 1 o 241 (t) = a1 since @X(It) tends to the identity. Therefore a,,+1 is indeed
an asymptotic value of f.

Finally, if a,, = oo, it follows from item (2) that if x,,—1 is finite then it is a pole. O

Observe that if \g € M and v), is a singular value such that f;\‘o (vx,) = 00 for some n > 0,
then vy is passive at Ag if and only if f{(vy) = oo on M.

We now state the main result of this section, which corresponds to Theorem A in the
introduction.

Theorem 3.5. Let (fy)xem be a natural family of finite type meromorphic maps. Assume
that a cycle of period n exits the domain at \g € M. Then either there is an active critical
point in the associated virtual cycle, or there is an active asymptotic value.

Before we proceed with the proof we deduce Corollary A’.
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Corollary 3.6. In the hypothesis of Theorem if moreover (fx)xem 1s not exceptional,
then Ag is actually an asymptotic parameter, and the virtual cycle contains at least one active
asymptotic value.

Proof. Observe that either all the points in the cycle go to oo, in which case the virtual cycle
is 0o,..., 00, or there is at least one finite asymptotic value in the virtual cycle.

In the first case, there cannot be any critical point in the virtual cycle and therefore there
is an active asymptotic value in the virtual cycle. In the second case, the finite asymptotic
value must be active by the assumption that the family is not exceptional. ([l

The rest of this section is devoted to the proof of Theorem

3.2. Preliminary results. We first record here several lemmas essentially due to Eremenko
and Lyubich, some of them modified for our purposes.

Lemma 3.7 ([EL92|, Lemma 3). Let R > 0, and let T C C be a simply connected domain
whose boundary s a real-analytic simple curve with both endpoints converging to co. Let
f:T — C\D(0, R) be a holomorphic universal cover, let arg denote a branch of the argument
on T, Let t — (t) be a continuous curve such that lim~y(t) = oo and vy(t) € T'. Then there
exists tr, — +00 and a constant C independent of k, such that

arg? y(ty)
In [y(t)|

The statement is ptroven in [EL92] Lemma 3] in the case where f is a finite type entire map,
but the same proof applies in the greater generality of Lemma

(3.1) In® [ f(y(t))| + arg® f(v(tx)) = C|y(tx)| exp

It will be convenient to introduce the following notation.

Definition 3.8. Let v1,v2 : Ry — C* be two continuous curves, converging either both to 0
or both to co. We will write 1 < =9 if there exists a constant C' > 0 such that

(32) In |y ()] — In |y ()] = O(1)
and
(3.3) |arg 1 (t) — argv2(t)] < C'[In |1 (2)]]

Note that this definition makes sense because the arguments arg-y; are well-defined up to a
multiple of 2iw. Also note that < is an equivalence relation.

Remark 3.9. If v, v are two curves as above and d € Z*, then it is easy to see that v; < ¥
if and only if v{ < 44, simply because in log coordinates the map z + 2¢ becomes w > dw.

The following lemma can be extracted from arguments present in [EL92]; we include details
for the convenience of the reader.

Lemma 3.10 (f~! preserves x). Let y1,% : Ry — C* be two curves, and f be a bounded
type meromorphic map. Assume that ;(t) — oo and f o~;(t) — oo, and that f oy, < foy,.
Then Y1 = Y2

Proof. Let A be a punctured disk around oo, and let G denote the union of the tracts T; such
that f:T; — A is a universal cover. The set G is non-empty because under the assumptions
of the lemma, oo is an asymptotic value, and because f has a bounded set of singular values.
Let U := exp ' (G) and

Hp :=exp '(A) = {z € C: Re(z) > R}
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for some R > 0 depending on the radius of A. Then there is a holomorphic map F : U — Hpg
making the following diagram commute:

F
HHR

U
exp l l exp
A

G—

!

Let 41, 02 be two respective lifts of 1, 72 by exp, chosen to be in the same connected component
Up of U: then 6; = In |y;| +iarg~y;, and F(6;) =In|f ov;| +iarg f oy, for j =1,2.

Let us denote by I, the Euclidean segment connecting F o d1(t) to F oda(t), by ¢guc the Eu-
clidean length, by m = min(Re(F0d1(t)), Re(Foda(t))) and by M = max(Re(Fod(t)), Re(Fo
d2(t))).

By [[EL92], Lemma 1], we have |F'(z)| > .= (Re F(z) — R) and F : Uy — Hp is a conformal
isomorphism, hence it has a well defined inverse branch Fy; 1. Hgr — U. Therefore

161(t) = 62(t)| < Lpua(F (1)) < sup [(F ) (w)[lgua (It) <

wel
47

< ————|Fod1(t) — Fodat
< i glF o m) — Fodut)

8w M (t)

——==0(1
~m(t) - R (1),

which implies the desired result. O

Note that the proof of Lemma [3.10]in fact gives the stronger estimate

(3.4) arg 11(t) — arg12(t) = O(1),
which we will not require.

Lemma 3.11. Let f be a meromorphic function of bounded type. Consider a curve v : Ry —
C* with v(t) — oo as t — 400 and assume that fo~y(t) — oo ast — +oo. Let {hy: t > 0} be
a continuous family of K-gc homeomorphisms satisfying the hypothesis of Lemma[2.13. Then
hi o~y =<7.

Proof. The proof follows directly from Lemma [2.12 O

We observe here a technical point which plays an important role in the proof of Theorem
In Lemma it is crucial that hy(co) = oo for all ¢ > 0, instead of merely having
limy 4 o0 It (00) = 00.

The lemma below is a slightly weaker version of Lemma 5 from [EL92|, that will be sufficient
for our purposes. We include the proof for the convenience of the reader, since it is very short

using Lemmas and [3.11]

Lemma 3.12 (Compare [EL92|, Lemma 5). Let f be a meromorphic function with bounded set
of singular values. Consider a curve vy : Ry — C* with y(t) — oo as t — 00 and assume that
for(t) = oo ast — +o0o. Let {hy :t > 0} be a continuous family of K-qc¢ homeomorphisms
satisfying the hypothesis of Lemma[2.19. Then there exists a curve 5 < =y, such that

(3.5) foA(t) =heo for(h).
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Proof. The existence of a curve ¥ satisfying f o5 = hy o f oy follows from the observation
that hy o f oy(t) — oo, and that f is a covering over a punctured neighborhood of co.

Then, by Lemma [3.11] we have hio f oy =< f o, so by definition of 4, we have fo4 =< fon.
Finally, by Lemma we have § =< . O

3.3. Proof of Theorem Let us introduce some further notations. By assumption, there
is a curve ¢t — A(t) in parameter space with A(t) — Ap, and a cycle of period n exiting
the domain along this curve. For the sake of simplicity, we will write f, ¢, 1 instead of
@) P, Ya) and [ instead of fy,.

We denote by z1(t),...,z,(t) the points of the cycle of period n for f; which exits the
domain, and assume without loss of generality that x,(t) — oo as t — oo (i.e. A(t) — Ao).
Recall that by Lemma the points a; = limy_, 4o ;(t) form a virtual cycle, hence at least
one of them is an asymptotic value.

Therefore, in order to prove Theorem we must prove that if the virtual cycle does not
contain any active critical point, then at least one singular value in that virtual cycle is active.
We assume for a contradiction that all asymptotic relations associated to the limit virtual cycle
are preserved (that is, every singular value obtained as a limit of one of the z;(¢) remains in
the backward orbit of oo for A in a neighborhood of Ao, and therefore throughout M), and
the same for critical points belonging to the virtual cycle.

More precisely, following the notations of Lemma for i = 1...n we define a; =
limy 400 @i(t) (with indices are taken modulo n). To simplify the notation we set f := f),,
fo = Faw)s ot = Pa@), Yt = Yo (hence fy = o fo Y1), We assume for a contradiction
that for all 1 < i < n such that a; € S(f), we have f/' *(¢s(a;)) = oo for all t > 0. (Recall
that if a; is a singular value of f, then ¢;(a;) is a singular value of same nature for f).

We define a new family of curves yi(t),...,yn(t), which record the orbit of all asymptotic
values involved in the limit cycle (see Figure . More precisely, define

o if ;(t) — oo, then y;(t) := o0

o if x;_1(t) — oo, then z;(t) — v;, where v; is some asymptotic value of f; then we set
yi(t) := ¢¢(v;), which is an asymptotic value for f;.

o if y;_1(t) € C, then y;(t) == fi(yi-1(t))-

The assumption that all singular relations associated to the limit virtual cycle are preserved
implies that this definition is coherent, and that y (¢), ..., y,(t) also forms a virtual cycle under
fi for every t. In particular, if x;_1(t) — oo and z;(t) — a; = oo, this means that oo is an
asymptotic value of f , and the assumption forces it to be persistent, i.e. ¢;(00) = 0o = y;(t).
Note that we also have lim;—, y;(t) = a;.

The idea of the proof is to consider a third set of curves v;(t) := f~"* (2, (t)), fori =n...0,
and to prove that their distance to the virtual cycle ay,...,a, will be close to the distance
between the actual cycle z1(¢),. .., z,(t) and the virtual cycle y1(¢), ..., yn(t). This will ensure
that o =< v, while f"(79) = ¥ = zn, and will give a contradiction through Lemma [3.7]

Lemma 3.13 (Key lemma). There exist two curves o, Yn with f™(70(t)) = (1), imy— 1 o0 Y0(t) =
limy— 400 Yn(t) = 00, and vo < Y.

Proof of Theorem assuming Lemma[3.13. By Lemmal[3.7 applied to f™ and with (), we
have for all £ > 0 large enough:

arg? yo(tx)

3.6 In? [y (ti)] + arg? vn(tr) > Clyo(ts)| ex
(3.6) [Vn (tr)| g% Tn(tr) [70(tx)| exp I [0 (tr)
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y1(t) = pe(v1)

71

:cl(t

Tn—1

FICURE 4. An illustration of the proof of Theorem in a simple case in which
there is only one pole P and one asymptotic value v; involved. Here a,, = oo, a1 =

v1, and a,—1 = P. Under the contradiction assumption that the singular relation
involving v, is persistent we have that f;(y,_1(t)) = fi *(¢¢(v1)) = co. This allows
to construct the curves ~; as pullbacks of the curve ~,,, obtaining 7o such that f™(yo) =

Yn Yt Y0 X Yn.

for some sequence t; — oo.
On the other hand, by the assumption that ~, =< 79, we have:

(3.7) In [y, (t)] = In |yo(t)] + O(1)
arg o (t) = argyo(t) + O(In |yo(t)|)

which leads to a contradiction. OJ

The proof of Lemma is done by induction. We start with the curve v, := =, = a, = 0.
Then, given a curve 7;(t) — a; with ¢ = n...1 we will find a curve ~;_1(¢t) — a;—1 which is
an appropriate pullback of ; under f. This step is divided into two main cases: the case in

which a;—1 € C (Lemma [3.14) and the case in which a;_; = co (Lemma [3.16]).

Lemma 3.14. Let v; be a curve such that v;(t) — a; with v;(t) # a; for allt > 0, and assume
that a;—1 € C and that either v;(t) — a; < z;(t) —yi(t) (if a; € C) or v;(t) < x;(t) (if a; = ).
Then there exists a curve v;—1 such that

(1) fori—1(t) =7(t) and vi—1(t) # ai—1 for all t >0
(2) vi-1(t) = ai
(3) 7i-1(t) — a1 < 2i-1(t) — yi-1(t).

Proof. First, we choose v;—1 to be a lift of 4; by f, such that ~;—1(¢) — a;—1. Note that
if d; := deg(f,ai—1) > 1, then there are exactly d; possible choices (since ~;(t) # a; by
assumption). This gives (1) and (2).
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Next, we claim that (v;_1(t) —a;_1)% =< 7i(t) — a; if a;_1 € C, and that (y;_1(t) —a;_1)% <
~i(t) if a; = oo. This can be seen easily from the series expansions

f(z)—ai=c-(z—ai-1)% 4 o((z — a;i_1)%), if a; € C, or
f(z)=c-(z— ai_l)*di +o((z — ai_l)*di), if a; = oo,

with ¢ # 0 (compare Remark [3.9)).

Since critical relations are assumed to be persistent along the virtual cycle ay, ..., ay,, we
have deg(ft,yi—1(t)) = d; = deg(f,a;—1). Therefore we also have series expansions of the form

fi(2) = yi(t) = c(t) - (z — yima ()% + o((z — yie1 (t))%), if a; € C, or
fi(z) =c(t) - (z —yi—1(t))” di 4 o((z — yi_l(t))*di), if a; = oo,

where c(t) — ¢ # 0. Since z;1(t) = fi(xi(t)), it follows that (x;_1(t) —yi_1(£))% =< x;(t) —yi(t)
if a; € C, and (x;_1(t) — yi_1(t))% < z4(t) if a; = oo.
Therefore:

(1) If a; = oo, then by assumption we have 7; < x;, and we have proved that (y,—1 —
a;—1)% < v; and (z;_1 —a;_1)% < x;; therefore (y;_1 —a;_1)% =< (z;_1 —a;_1)%, which
in turn implies v;—1 — a;—1 < 2;—1 — aj—1 (see again Remark [3.9).

(2) If a; € C, then similarly: by assumption, we have v; —a; < x; —y;, and we have proved
that (yi_1 —ai—1)% < v —a; and (x;_1 — y;_1)% < x; — y;. Therefore we again have
(’yi_l — ai_l)di = (a:i_l — ai_l)di and finally v;_1 —a;—1 <X x;-1 — a;_1.

0

We now turn to the other case, a;—; = co. Before proving the analogue of Lemma
namely Lemma[3.16] we will require the following modification of Lemma [3.12] adapted to the
case of a finite asymptotic value:

Lemma 3.15. Let y(t) — oo be a curve such that fi(y(t)) — v € C. Then, there ezists a
curve v'(t) — oo such that v'<v and f(7/(t)) —v = fi(y(t)) — v(t), where v(t) = @¢(v).

Proof. Let g(z) := m, and g(z) = ﬁ Let My(z) = Z_i(t). Then observe that
g = My o f7 and
(3.9) gt =Moo fy=(Myop,oMy')ogoy;*

This shows that g; is a natural family of bounded type meromorphic maps of the form g, =
progoty 1 with @ := M; 0@, 0 My 1. Moreover, @; is a quasiconformal homeomorphism of
C, and ;(c0) = oo (since My '(00) = v and M; o ¢4 (v) = 00).

Since we have g;(7(t)) — oo, we may apply Lemmal[3.12]to g, which gives a curve 7/(t) — oo
such that 7' ~ v, and g¢(7(t)) = g(7/'(2))-

It remains to check that f(7/(t)) — v = fe(y(t)) — v(t). But

and the lemma is proved. O
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Lemma 3.16. Let v; — a; be a curve such that either a; € C and ~;(t) — a; < x;(t) — yi(t),
or a; = oo and v;(t) < z;(t). Assume further that a;—; = oco. Then there exists a curve v;—1
such that

(1) fori-1(t) =7(t) and vi—1(t) # oo for all t >0

(2) vi-1(t) = o0
(3) vi-1(t) < @1 ()

Proof. We will distinguish two cases: a; = oo or a; € C.

First, assume that a; = co. In that case, oo is an asymptotic value for f and by assumption
it remains an asymptotic value for f;, so that pi(c0) = oo. Moreover, note that z;(t) =

fe(zi_1(t)) = @roforp; tox; 1 (t), and that ¥, ' (z;_1(t)) is a curve that tends to co. Therefore
we can apply Lemma with hy 1= @ (since, again, @(00) = oo) and (t) := 7 (zi_1(t)).
We obtain in this way a curve 4 such that 5(t) — 00, piofoh; *(zi_1(t)) = x;(t) = f(F(t)), and

A(t) < 1/);1 oz;—1(t). By Lemma we have x;_1(t) < w;l(zvi,l(t)) (since w;l(oo) = 00).
So A(t) < x—1(t).

Moreover, we have f(5) = x; < ; by assumption. Let 7,_1 be a lift of 4; by f: then
fovici =7y =<z = foA,
so that by Lemma we have 4 < ;1. Finally, we have:
Vi-1 XY X Ti-1,

and we are done in this case.

We now treat the case when a; € C. In that case, we apply Lemma [3.15| with v := 2, and
get a curve 4 such that ¥ < x;_1 and fody —a; = frow;_1 — y; = x; — y;.

Let ~;—1 be a lift by f of 7;, such that v;,_1(¢) — oo. It remains to argue as above that
7 < v;—1. But this follows precisely from the same Lemma applied to g := ﬁ instead
of f, since by assumption v; — a; < x; — y; and therefore

foy—ai=xi—yi < foyi-1—a
Then finally we also have
(3.10) Tio1 XA X Yie1,
and the lemma is proved. O

We are now finally ready to prove the key Lemma [3.13] which will conclude the proof of
Theorem 3.5

Proof of Lemma([3.13 We define v, (t) := 2, (t), and then proceed by induction to construct
curves 7y; such that v;(t) — a;, f"7"(7i(t)) = yn(t), and:

o if a; # oo, then v, —a; < x; —y;
e if a; = 0o, then v; < x;.

Assume +; is constructed. We then have two cases: either a;_1 = oo or not. If a;_1 # oo,
then we apply Lemma [3.14] Otherwise, we apply Lemma In either case, the induction
is proved. ]
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4. EXISTENCE OF ATTRACTING CYCLE EXITING THE DOMAIN AT ASYMPTOTIC
PARAMETERS. PROOF OF THEOREM B.

The goal in this section is to prove Theorem B, the accessibility theorem. We start by
describing a necessary technical condition.

Definition 4.1 (Technical condition (T)). Let f be a finite type meromorphic map, and let
v € C be an asymptotic value of f. Let T be a tract of f above v. Let g : H — T be a Riemann
uniformization, where H := {z € C: Re(z) < 0}. We say that T satisfies the condition (T)if
there exists a € (0,1) such that
: e ot _
i () =20

By Koebe’s distortion Theorem, if we fix a constant R > 0, then g(D(—¢, R)) contains a disk
of (spherical) radius comparable to |¢'(—t)|. Therefore, an equivalent formulation of condition
(T)is

. . _ at _
(4.1) tlggloo inrad g(D(—t, R))e +00.
Remark 4.2. Observe that if V is a punctured topological disk around v, and T is a connected

component of f~1(V), then the property of satsfying (T) or not does not depend on the choice
of V.

Let us remark at this point that if tracts have nice geometry, for example if they contain
sectors, then condition (T)is satisfied. In section we discuss the different situations in
which one can ensure that asymptotic tracts contain sectors (see for example Propositions
and . One possible conclusion is as follows.

Lemma 4.3. Let f be a finite type meromorphic map, with finitely many critical points and
finitely many tracts. Then, condition (T)is satisfied.

Proof. By Proposition [6.3] the boundary of T is asymptotically close to the boundary of a
sector S at infinity. Without loss of generality we can assume the sectors to be centered at the
positive real axis. For such a sector S one can write explicitly the conformal map gg: H — S
to deduce that the hyperbolic density satisfies

ps(gs(—t)) < C1t2

(the constants C1,Co depends on the angular width and on whether the negative real axis
is mapped to the central ray in the sector or not; in fact equality holds if the negative real
axis is mapped to the central ray). Now consider the tract T and recall that the definition of
hyperbolic density gives
1 1
pr(9(—t)) = H—pu(—t) = 7
/(1) lg' (=)t
Since the boundary of T' converges to the boundary of S, g(—t) — gs(—t) at t — oo, hence

for some € > 0 we have
1

lg'(=t)[t
and the claim follows. O

= pr(g(—t)) < C1te>*e

We now recall the statement of Thereom B.
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Theorem 4.4 (Accessibility Theorem). Let (fy)xenm be a natural family of finite type mero-
morphic maps, and Ay € M be an asymptotic parameter of order n. Assume that at least one
tract above the associated asymptotic value satisfies (T). Then there is a cycle of period n+ 1
exiting the domain at \g, and moreover its multiplier goes to zero as it exits the domain.

Proof. Let vy, be the associated asymptotic value so that f} (va,) = 00. Recall that f) =
©r 0 fro 0y, Let Vi, := D*(vy,,7) be a punctured disk centered at v()\g) disjoint from
S(fr,), and T), a tract, so that fy, : Th, — V), is a universal cover. Let ®), : T\, — H be a
conformal isomorphism, where H is the left half plane. In particular, f,(2) = vy, + re®r0(?)
for all z € T),.

Let V) := @a(Vy,) and Ty = ¥r(T),), so that T is a tract above V), and let &) :=
®y, 0 w;l : T\ — H. Then go/(l o fa: T\ — V), is a universal cover, and so for all z € T},

(4.2) () = ox (03, + re™ )
Now, we wish to find a curve t — A(t) in parameter space such that
(4.3) Py © f:\L(t) (va@) = —t

We use the same notations as in the proof of Proposition [2.6; we let G(\) := ;' o f7(vy).
Given the definition of ®), Equation (4.3)) is equivalent to

Dy, 0y o fi(vy) = —t,
(4.4) G(A(t) = @3 ) (1),

Recall that G is quasiregular with G(\g) = oo, and note that ¢ — <I>;;(—t) is a curve such
that limy 4o Py, (—t) = o0.

The map G is locally a branched cover over a neighborhood of oo, and so we can find the
desired curve t — A(t) (defined for ¢ large enough, and possibly not unique).

Now let D; = @;\é(D(—t,ﬂ)) and let U; denote the connected component of f)\_(?)(Dt)
containing vy ). We will prove that for all ¢ large enough, ff\L(Jg)l(Ut) € U;.

First, let us estimate the diameter of fj\l(j)l(Ut) = fa@)(Dy). Let € > 0. From the definition
of ®,, we have for all z € H:

fro @;1(2) = pa(vy, +1€°%)
so that

Hwy(Dr) = ©x) C eayD(vag, re™FT))
and by Lemma [2.11] we have for all ¢ large enough:

(4.5) frw(Dy) CD (UA(t)> €_t(1_6))> :

Now we estimate the inner radius of Uy, or more precisely, the distance d(v)\(t), 0U;) between
vx(r) and the boundary of Us.

Let us first estimate d(f)’f(t)(v,\(t),@Dt). To lighten the notations, let g := <I>;01; then g is
univalent on H and D; = 1)) o g(D(—t,27)). By Koebe’s theorem, g(D(—t,7)) contains a
disk

D(g(~t), Clgi(~1)])
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for some constant C' > 0 independent from ¢. Then, by Lemma Dy = 1) (9(D(—t, 27)))
contains a disk D(Yy 4 0 g(—t), C1¢|g'(=t)['€), in other words D; contains a disk of the form

D(f3s (aee)), CT g (=8)[1).
Now note that as t — +o00, Dy is arbitrarily close to co. In particular, we may assume that

for all ¢ large enough D, N S( f/’\‘(t)) = (), and we can define an inverse branch h; : D; — U; of
f/\*(?) (since Dy is simply connected). In fact, h; can be extended to some simply connected
neighborhood of oo independent from ¢, and as t — 400 it converges on that domain to
an inverse branch of f, "~1. in particular, its spherical derivative hf (fX, (vr))) is bounded
independently from t.

Again, Koebe’s theorem applied to h : D (ff(t) (v,\(t),01+5\g’(—t)|1+6) — Uy implies that
there exists a constant C’ > 0 such that
(4.6) D(vr), C'lg' (=1)]'F€) C Ur.

Finally, from equations (4.5)) and (4.6)), it is enough to prove that as t — +oo:
Cl+e eft(lfe)
" g (=)t
For an appropriate choice of € > 0, this follows from Definition . This proves that ff( " (Uy) €

U;, and the theorem then follows from Schwartz’s lemma. Note that the multiplier does go to

diam 7, (Ut)
(t)
inrad U; — 0. O]

— 0.

zero as t — 400, since

5. BIFURCATION LOCUS. PROOF OF THEOREMS C AND D, AND COROLLARY D’

Before proceeding to the proof of Theorems C and D we prove some approximation results
that will be useful, and are interesting on their own.

Proposition 5.1 (Singular parameters are dense in the activity locus). Let (fy)xem be a
natural family of meromorphic maps with at least one pole which is not omitted. If \g € A(v))
for some singular value vy, then Ao 4s the limit point of a sequence of singular parameters for
vy of order tending to infinity. Additionally, singular parameters belong to A and hence they
are dense in A.

Proof. Let Ao € A(v)y) for some vy. Then either there is no neighborhood U of Ay for which
{f¥(vr)}n is defined for all n and all A € U; or for every neighborhood U of Ay where the
family {f}(va)}n is well defined, it is not normal.

In the first case, A\¢p can be approximated by singular parameters by definition of those.
Moreover these singular parameters must have unbounded orders or otherwise, there exists
N > 0 and a sequence of A\ — X\g such that f)]\\li (vy,) = 00. By continuity, f)]\\g (vy,) = 00 and
by the identity theorem f{'(vy) = oo for all A € U (and in fact for all A € M), which means
that vy is passive at \g, a contradiction.

In the second case, let p1(\) and p2(\) be two distinct prepoles varying analytically with A

in U. Tt follows that the family of maps g,(\) = % is not normal as well, hence it

must hit 0,1 or oo for infinitely many different n’s. Since it cannot hit infinity because the
poles are distinct, it follows that it attains 0 or 1 infinitely many times, which correspond to
singular parameters A € U of order n + 1 tending to infinity.

To prove the density of singular parameters in A it only remains to see that they themselves
belong to the activity locus. But this is straightforward from the definition because if Ag is
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a singular parameter for vy, it means that f)]\\g (vy,) = oo for some N > 0, and the relation is

non-persistenct. Therefore the family {f}(vx)}n cannot be well defined in any neighborhood
of Ap. O

Remark 5.2. It follows from the proof that asymptotic (resp. critical) parameters are accu-
mulated by other asymptotic (resp. critical) parameters of orders tending to infinity.

Proposition 5.3 (Critical parameters are accumulated by centers). Let (fx)xenm be a natural
family of meromorphic maps of finite type. Let \g be a critical parameter of order n > 0 for
the critical value vy,. Assume further that vy, has a critical preimage cy, which is not an
exceptional value for fx,. Then there exisls a sequence of parameters A\, — Ao as k — oo,
such that for each fy,, va, is a superattracting periodic point of period n + 2 (if ¢y, is not a
critical value) or n + 3 (otherwise).

Proof. Since cy, is not exceptional, it is not an asymptotic value.

If ¢y, is not itself a critical value, then it is not a singular value. In this case, let y(\) := ¢
be the analytic continuation of the critical point cy,. By Lemma [2.6] given a neighborhood U
of Ao we can find \; € U such that ff\frl(vh) = (A1) = ¢y,. Hence vy, is periodic of period
n + 2 and cy, belongs to the periodic orbit, thus A; is a center of period n + 2. By taking
successively smaller neighborhoods around Ay we obtain a sequence of parameters A — Ao
with the same property.

If otherwise c), is a critical value, let a1, ..., a5 be five distinct preimages of cy,, which exist
because c), is not exceptional. For i =1,...,5, define v;(\) as the analytic continuation of a;,
with v;(Ao) = a;. Again by Lemma [2.6[ part (b), there exists ¢ € {1,...,5} and A\ arbitrarily
close to Ag such that ff\’jl (vx,) = ai(A1). This means that ff\‘;rg(v,\l) and its orbit contains
a critical point. Therefore \; is a center of period n + 3. Again, by obtaining parameters Ay
successively closer to Ag we obtain a sequence of centers of order n + 3 approximating Ag. U

We are now ready to prove the main results in this section.

Theorem 5.4. Let (f))renm be a non-exceptional natural family of finite type meromorphic
maps whose tracts satisfy (T). Let U C M a simply connected domain. The following are
equivalent:

1) there are no asymptotic parameters in U
2) there are no cycles exiting the domain in U
) g

If moreover the maps f have at least one pole that is not omitted, then this is also equivalent
to

(3) all asymptotic values are passive on U.

Proof. The equivalence between (1) and (2) follows directly Theorems|3.5{and 4.4| respectively.
The equivalence between (1) and (3) is given by Proposition O

Theorem 5.5. Let (f))xen be a natural family of finite type meromorphic maps. Let U C M
be a simply connected domain in parameter space. The following are equivalent:

(1) The Julia set moves holomorphically over U
(2) Every singular value is passive on U

If moreover the tracts of fy satisfy (T), then the statements above are also equivalent to

(3) The mazimal period of attracting cycles is bounded on U.
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Proof. We will prove that (1) < (2), (1) = (3) and, if moreover the tracts satisfy (T), then
3) = (1).

e (1) = (2): This implication mostly follows the arguments in [MSS83|.If the Julia
set moves holomorphically over U, there is A\g € U and a holomorphic motion H :
U x Jy, = C preserving the dynamics. Hence Hy(Jy,) = J for all A € U and

H(fx0(2)) = fA(Hx(2))

for all z € Jy,. This means that Hy maps critical points (resp. values) of fy, in Jy,
to critical points (resp. values) of fy in Jy (see e.g. [McMS88| for details). Likewise H)
maps asymptotic values of fy, in Jy, to asymptotic values of fy in J), since the latter
are locally omitted values.

Hence singular values and their full orbits in the Julia set can be followed by the
conjugacy H)y. Since f), has finitely many singular values, the union of their (forward)
orbits is a countable set; but the Julia set is perfect and uncountable, hence we can
consider three points 21, 22 and 23 in J), which are disjoint from the forward orbits of
the singular values of f),. Consequently, by the injectivity of the holomorphic motion,
for all A € U, Hx(z;), i = 1,2,3, is disjoint from the forward orbits of the singular
values of of fy. By Montel’s Theorem it follows that the forward orbits of the singular
values form normal families, and hence every singular value is passive in U. On the
other hand, if a singular orbit lies in the Fatou set of f), then it must remain in the
Fatou set of f) for every A € U. The orbit then misses all points in the Julia set and
the same argument applies.

e (2) = (1): Assume that the Julia set does not move holomorphically over U. Then
by Lemma [3.3] either two periodic points in the Julia set collide, or one periodic
cycle in the Julia set exits the domain. In the first case, this means that there exists
Ao € U with a non-persistent parabolic periodic point: there exists z), € C such that
IR (2a0) = 2305 (f3) (220) = 1, and A = (f}))/(2x,) is non-constant on U. Then its
parabolic basin must contain at least one singular value v),, and therefore be active.
In the second case, a cycle exits the domain at A\g € U, and by Theorem o has
either an active critical point or an active asymptotic value.

e (1) = (3): Assume that the Julia set moves holomorphically over U, and let H) be the
conjugating holomorphic motion as above. Then Hj, maps repelling periodic points
of fy, to repelling periodic points of fy in J(fy) of the same period. Let N be the
maximal period of non-repelling cycles for fy, (which is finite by Fatou-Shishikura’s
inequality); then for all A € U, cycles of period more than N must be repelling, which
implies that attracting cycles have period at most V.

e (3) = (1): Assume now that tracts of fy satisfy (T). Suppose by contraposition
that there is a singular value vy active at Ag. Then by Proposition [5.1], there exists
a sequence of singular parameters Ay — Ag of order ny — oco. Moreover, if vy is an
asymptotic (resp. critical) value the parameters )\, are asymptotic (resp. critical)
parameters. In the case where \; are asymptotic parameters, they are limits of curves
consisting of parameters which have an attracting cycle of period ny + 1 — oo, by
Theorem [.4] In the case where Ay are critical parameters, each of them is accumu-
lated by centers whose superattracting cycles have period at least ny + 2 — oo, by
Proposition [5.3] In both cases, there are parameters with attracting cycles of period
tending to infinity in U, a contradiction.

0
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We can therefore define Bif (M) as the set of A € M for which the above conditions are not
satisfied in any neighborhood of A. In this notation, we have

o

Corollary 5.6. Bif(M) = 0.

Proof. The proof follows the same argument as in [MSS83|: whenever a singular value is
active, one may perturb the parameter to make it captured by an attracting cycle (either by
Proposition for the case of critical values, or by Theorem for the case of a singular
value). Since there are only finitely many singular values, this proves that arbitrarily close to
any Ao € Bif(M) we may find A; such that all singular values of f), are passive, and therefore
A1 ¢ Bif(M). O

6. APPENDIX: GEOMETRY OF TRACTS FOR MEROMORPHIC FUNCTIONS WITH FINITELY
MANY SINGULARITIES OF f_l

6.1. Singularities and logarithmic tracts. In thissection we recollect results from [Nev32],
[Hil76], [EIf34] in order to deduce that the tracts for meromorphic functions with finitely
many singularities are asymptotically close to sectors at infinity. See Section [6.2] for a precise
statement.

We start with precise definitions of singular values and singularities.

A value v is called a regular value for f if there exists a neighborhood U of v such that for
every connected component V of f~'(U) we have that f : V — U is univalent; it is called a

singular value otherwise. Every function ¢ : U — V satisfying f o ¢ = Id is called a regular
branch of f~1.

The precise behaviour of the branches of f~! which are not regular gives the following clas-
sification of singularities, which then implies a classification for the singular values themselves
(IBE95]; compare with [HY98|, p.66).

Definition 6.1 (Singularities of f~!). Let v € C and denote by D(r, v) the disk of radius r (in
the spherical metric) centered at v. For every r > 0 choose a component U, of the preimage
f~Y(D(r,v)) in such a way that r; < ro implies U,, C U,,. Note that the function U : r — U,
is completely determined by its germ at 0. Two possibilities can occur:

(1) NysoUr ={2}, 2€ C. Then v = f(2). f v € Cand f'(2) # 0 or if v =00 and z is a
simple pole then z is called an regular point. If v € C and f'(z) =0 or if v = 00 and 2
is a multiple pole of f then z is called a critical point and v is called a critical value.
We say that the choice r — U, defines an algebraic singularity of f~'. We also say
that the critical point z lies over v.

(2) Ny Ur = 0. Then we say that our choice U : r +— U, defines a transcendental
singularity of f~!, which lies over v. If f : U, — D(r,v) is an (infinite degree)
unbranched covering, U is called a logarithmic singularity, and the sets U, are called
logarithmic tracts.

A transcendental singularity U over v is called direct if v ¢ f(U,) for r small, and indirect
otherwise.

The value v is called an asymptotic value if there exists a curve v : Rt — C such that
~v(t) = oo and f(y(t)) — v.

If U is a transcendental singularity, then v is an asymptotic value (see [BE93]|, right after
the definition of singularity), and to every asymptotic value corresponds at least one transcen-
dental singularity.
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With this definition, co is an asymptotic value for e?, with an asymptotic tract laying over
it; instead, for zsin(z), there is a transcendental singularity lying over oo but no logarithmic
tract. An example of indirect singularities is the singularity defined for the value 0 for the map
%. For more on the relation between critical points and indirect singularities see [BE95],
p.357. Additional explicit examples can be found in [Nev70], Chapter XI. Singular values can
be both critical and asymptotic, depending on the branch of the inverse under consideration.

One can see that singular values are the closure of the set of critical and asymptotic values.

Note that, while logarithmic singularities are always direct (because of the covering prop-
erty), the reverse is not true: In [BEO§| one can find an example of a function whose set
of direct singularities over 0 has the power of continuum, but none of these singularities is
logarithmic.

If v € C be an asymptotic value, V' a punctured disk centered at v. If V' does not contain
singular values other than v, any unbounded connected component T of f~1(V) is a logarith-
mic tract; let 7' be such a tract. Since f : T — V is a universal cover, by the basic theory of

(holomorphic) coverings there exists a biholomorphism ¢ : H — T such that f = expop™!.

In the paper, we refer to logarithmic tracts simply as tracts. Technically, to each tran-
scendental singularity correspond infinitely many nested tracts, depending on r. However we
implicitly consider them all equivalent if they correspond to the same transcendental singu-
larity. So in fact, when we say that f has finitely many tracts, we really mean finitely many
equivalent classes of tracts, that is finitely many logarithmic singularities.

6.2. Geometry of tracts.

Definition 6.2. We say that a set U contains a sector at infinity if there exists 0y € [0, 27],
R > 0, and « € [0, 7] such that U contains the set

{z=12e"% : 2| > R, |0 — 60| < o}

The goal for this appendix is to use results by Nevanlinna and Elfving ([Nev32| and [EIf34])
to deduce the following result. Previous successful applications of this approach in complex
dynamics include the results in [BT98]|, [Ere04], [DI8&9].

Proposition 6.3. Let f be a meromorphic functions with finitely many transcendental singu-
larities and finitely many critical points. Let a € C be an asymptotic value for f, T be a tract
over a. Then T contains a sector at infinity.

One can replace the condition that f has finitely many transcendental singularities with
the condition that it has finitely many (logarithmic) tracts. Indeed, finitely many critical
points imply that any transcendental singularity is in fact logarithmic, hence corresponds to
a logarithmic tract.

On the other hand, the hypothesis that f finitely many tracts (or in alternative finite order,
see Proposition cannot be replaced by the hypothesis that f has finitely many singular
values. For example the function e®” has only two singular values but its infinitely many tracts
over 0 asymptotically contain strips, not sectors.

The hypothesis that f has finitely many transcendental singularities can be replaced by the
hypothesis that f has finite order. The fact that entire functions of finite order have finitely
many asymptotic values is a consequence of the classical Denjoy-Carleman-Ahlfors Theorem,
but the proof thereof in fact shows the following more precise result ([HY98], p.67; for the
second part under the assumption that f has finitely many critical values see [BE95]).
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Theorem 6.4 (Denjoy-Carleman-Ahlfors Theorem tract version). Let f be a meromorphic
function of order p < oo, and set p := max(2p,1). Then f has at most p direct singularities.
If in addition f has only finitely many critical values, then f has at most p transcendental
singularities.

Since all logarithmic singularities are also direct, under the hypothesis of the theorem there
are only finitely many logarithmic singularities, or equivalently finitely many (logarithmic)
tracts; since every transcendental singularity lies over an asymptotic value, if f has finite
order and finitely many critical values, then f has at most p asymptotic values.

Observe that there exist meromorphic functions of finite order with infinitely many asymp-
totic values [Val25], and even for which each point in the Riemann sphere is an asymptotic
value [Eré78]. According to Theorem [6.4] all but finitely many of them are indirect.

So in view of the Denjoy-Carleman-Ahlfors Theorem we have that Proposition implies
the following alternative version.

Proposition 6.5. Let f be a meromorphic function of finite order p < p/2 with p € N and
assume that f has finitely many critical points. Let a be an asymptotic value for f, T be a
tract over a. Then T contains a sector at infinity.

We will need to relate the singularities of the function f~! to the theory of Riemann sur-
faces elaborated by Nevanlinna in [Nev32|, in order to deduce results about the asymptotic
properties of f applying results from [Nev32|, [EIf34]. The following correspondence is well
known (see for example [Nev70|, Chapter XI and [Zhel0], Chapter 6).

Theorem 6.6 (Riemann surfaces and singularities). Let f : C — C be a meromorphic function
with finitely many critical points and finitely many transcendental singularities (all of which
must hence be logarithmic). Then there exists a Riemann surface S such that f : C — S is
conformal. This is the Riemann surface associated to f~'; it has as many branching points
of finite order as the critical points for f (i. e. the algebraic singularities of f), and as
many branching points of infinite order as the (logarithmic) tracts for f (i.e. the logarithmic
singularities for f).

6.3. Deducing Proposition from results by Nevanlinna and Elfving. Let f be a
meromorphic function and consider its Schwarzian derivative, defined as

f/// 3 f// 2
6.1 S,p=2__Z (L) .
(6.1) 1= 3\
A direct computation ([EIf34], p. 36) shows that Sy (which is a meromorphic function) only
has poles at critical points for f (recall that multiple poles for f do count as critical points), so
if f has no critical points, Sy is entire. See [Elf34], p. 36, for more general relations between
the local /asymptotic expansion of f and the local/asymptotic expansion of Sy.

The following proposition and its proof can be found in [Nev32|, page 341-343 if f has no
critical points, and can be modified to work also in the case that f has finitely many critical
points (|EIf34], p.39).

Proposition 6.7 (Rational Schwarzian). Let f be a meromorphic function. If the Riemann
surface associated to f has p < oo branching points of infinite order and no branching points
of finite order then S¢(z) is a polynomial function of degree p —2 > 0. If in addition f also
has g < oo branching points of finite order, S¢(z) is a rational function Ry(z) which only has
poles of order exactly 2, and has degree at most 2q+p — 2. If f is transcendental the function
S¢(z) has the asymptotic expansion S¢(z) ~ 2™ for z — oo, with m > 0.
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Notice that the inital bound on the degree in [Nev32| is 2p, and the better bound of p — 2
is proven only later on.There are no transcendental functions with only one asymptotic value
and no critical points. Indeed, the schwarzian of such a function would be a poly of degree at
least 0, hence has p=degree+2 =2 asymptotic values. here we are using also the sltns of the
differential eqtn

For the fact that R¢(z) ~ az™ with m > —1 integer if f is meromorphic see [BT98], Chapter
2, and the references therein [Lai93|, paragraph 5. In fact, as it will be shown by Theorem
the case in which p is not even cannot occur if f is meromorphic, but only if f is a multivalued
function (for example, functions of the form ezp/Q, with p odd). See for example the remark
in [EIf34], p.532, paragraph 40, for p = 1. The same discussion shows that functions with
noninteger orders cannot have both finitely many logarithmic singularities and finitely many
critical points. Notice however that Nevanlinna’s methods work for m > —1, not just m > 0,
which is the reason why sometimes in Proposition the bound m > —1 appears.

At this point we are not able yet to deduce a relationship between m (the asymptotics of
the rational function Sy as z — oo) and p (the number of tracts), but it will turn out from
the sequel that in fact, m = p — 2.

In view of the relation between singularities and Riemann surfaces given by Theorem
Proposition [6.7]can be rewritten as follows. Compare with Theorem 8.1 in [?], keeping in mind
that in their statement, asymptotic values are counted 'with multiplicity’, so what they call
number of asymptotic values is, with our notation, the number of non-equivalent asymptotic
tracts.

Proposition 6.8. If f has p < oo tracts and no critical points its Schwarzian Sy(z) is a
polynomial function of degree p — 2. If in addition f also has ¢ < oo critical points, Sy(z)
is a rational function Ry(z) which only has poles of order exactly 2, and has degree at most
2q+p—2. If f is transcendental the function S¢(z) has the asymptotic expansion S¢(z) ~ 2™
for z = oo, with m > 0.

As in the previous section, using Denjoy-Carleman-Ahlfors Theorem the assumption that
f has p tracts can be replaced by the assumption that f has finite order. Notice that if the
order is zero, f may have one tract.

Nevanlinna has proven the following result for solutions of (6.1)) under the assumption that
S¢(z) polynomial (see pages 352-353 of [Nev32|, referring to sectors defined in p. 351). See
also Theorem 5.1 in [HY9S].

Theorem 6.9 (Asymptotic distribution of tracts for Polynomial Schwarzian). Every solution
f of with S(f) polynomial of degree p — 2, p > 2 is a meromorphic function of order
exactly p/2. Moreover, there are p disjoint sectors {W;}i<i<p of angular width 2?” and p (non

necessarily distinct) values {a; }1<i<p C C such that f — a; uniformly on any proper subsector
of Wi as z — oo. In particular, poles and zeroes of f are concentrated in the neighborhoods of
the boundaries of the sectors W;.

In other words, if f is a meromorphic function whose Schwarzian is a polynomial, it can be
seen as a solution of the differential equation and hence satisfies Theorem

If the Schwarzian is a rational functions rather than a polynomial one,

the methods by Hille that were used by Nevanlinna ([Hil76], Chapter 5 and Chapter 10) only
give local meromorphic solutions defined on simply connected domains where Ry(z) has no

poles (for example, a slit neighborhood of infinity, since rational functions have finitely many
poles). In other words, while (6.1]) always has globally defined meromorphic solutions if S is
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a polynomial, this is no longer true if Sy is rational; this problem is investigated in [EIf34].
For the local solutions, analogous properties as the ones in Theorem can be deduced on
the aforementioned simply connected sets. However, if you start with a global meromorphic
solution, then it is possible to obtain information on the asymptotic behaviour on the entire
neighborhood of infinity.

Indeed, the following Theorem can be deduced (|[Elf34], Theorem on p.54). Another version
of this theorem appeared in [Eré93|. Eremenko’s statement covers also cases with infinitely
many critical points, under the assumption that the number of critical points which are con-
tained in the disk of radius r grows slowly with respect to the order of the function. This is
expressed precisely in terms of quantities from Nevanlinna theory: Ny (r) = o(T'(r, f)).

Theorem 6.10 (Asymptotic distribution of tracts for rational Schwarzian). Let f be a global
(meromorphic) solution of with S¢(2) rational, S¢(z) ~ az™ as z — oo. Then f has

order exactly mT’LQ.Then m > —1, and there are m + 2 sectors {W;}1<i<m+2 of angular width

mQ—jb and m—+2 (non necessarily distinct) values {a; }1<i<m+2 C C such that f — a; uniformly
on any proper subsector of W; as z — co. Moreover, there are no asymptotic paths except for

the ones contained in the sectors W;.

Let d; denote the straight rays which form the boundaries of the W;. Then poles and zeroes
of f are concentrated in sector neighborhoods of the directions d;, and f takes every value
except possibly 0,00 infinitely many times in any sector neighborhood of the directions d;.

If f is as in Theorem or Proposition f had exactly p tracts to start with, hence we
deduce that in fact m 4+ 2 = p. While Elfving states explicitly that there cannot be other
asymptotic paths except for the ones in the sectors W;, this is already implicit in Nevanlinna’s
results.

As corollary of Theorems [6.9] and we obtain Proposition

Proof of Proposition[6.5 Since f has finitely many transcendental singularities and finitely
many critical points, the asymptotic values for f are isolated singular values, hence they are
logarithmic singularities. By Theorem [6.6| and Theorem Sy is rational and Sy ~ 2™, with
m > 0. Since f is a global transcendental meromorphic solution of the Schwarzian equation
it satisfies the hypothesis of Theorem or Hence on each sector which is compactly
contained in Wj;, f converges to the asymptotic value a; as z — oo, hence, any such sector is
contained in a logarithmic tract over a;, and moreover f has no other tracts. O
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