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ABSTRACT. The first example of polynomial maps with wandering domains were con-
structed in 2016 by the first and last authors, together with Buff, Dujardin and Raissy.
In this paper, we construct a second example with different dynamics, using a Lavaurs
map with a Siegel disk instead of an attracting fixed point. We prove a general neces-
sary and sufficient condition for the existence of a trapping domain for non-autonomous
compositions of maps converging parabolically towards a Siegel type limit map. Con-
structing a skew-product satisfying this condition requires precise estimates on the
convergence to the Lavaurs map, which we obtain by a new approach. We also give a
self-contained construction of parabolic curves, which are integral to this new method.

1. INTRODUCTION

Rational functions do not have wandering domains, a classical result due to Sullivan
[18]. Recently in [I] it was shown that there do exist polynomial maps in two complex
variables with wandering Fatou components. The maps constructed in [I] are polynomial
skew products of the form

(z,w) = (fu(2), g(w)),

where g(w) and f,(z) = f(z,w) are polynomials in respectively one and two variables.
While the construction holds for families of maps with arbitrarily many parameters, the
constructed examples are essentially unique: they all arise from similar behavior and
cannot easily be distinguished in terms of the geometry of the components or qualitative
behavior of the orbits in the components. The goal in this paper is to modify the
construction in [I] to obtain quite different examples of wandering Fatou components.
Our construction requires much more precise convergence estimates, forcing us to revisit
and clarify the original proof, obtaining a better understanding of the methodology.

The maps considered in [I] are of the specific form

2

M P (zw) = (1(2) + S w,g(w)),

where f(z) = 2z + 22 + O(2?) and g(w) = w — w? + O(w?). Recall that the constant %4
is essential to guarantee the following key result in [1]:

Proposition A. Asn — +oo, the sequence of maps

(z,w) s P21 (z,g°"2 (w))
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converges locally uniformly in By x By to the map

(2,w) = (L4(2),0).

Here and later By and By refer to the parabolic basins of respectively f and g, and
Ly refers to the Lavaurs map of f with phase 0, see for example [10} 16]. By carefully
choosing the higher order terms of f, one can select Lavaurs maps with desired dynamical
behavior.

In Proposition B of [1] it was shown that £ can have an attracting fixed point. The
fact that P has a wandering Fatou component is then a quick corollary of Proposition
A. Tt seems very likely that one can similarly construct wandering domains when L has
a parabolic fixed point, using the refinement of Proposition A presented here.

In this paper we will construct wandering domains arising when £y has a Siegel fixed
point: an irrationally indifferent fixed point with Diophantine rotation number. Compo-
sitions of small perturbations of £; behave so subtly that it is far from clear that Lavaurs
maps with Siegel disks can produce wandering domains.

In order to control the behavior of successive perturbations, we prove a refinement of
Proposition A with precise convergence estimates, showing that the convergence towards
the Lavaurs map is “parabolic”. Moreover, we study the behavior of non-autonomous sys-
tems given by maps converging parabolically to a limit map with a Siegel fixed point. We
introduce an easily computable index characterizing the behavior of the non-autonomous
systems.

In the next section we give more precise statements of our results, and prove how the
combination of these results provides a new construction of wandering domains.

2. BACKGROUND AND OVERVIEW OF RESULTS

2.1. Polynomial skew products and Fatou components. There is more than one
possible interpretation of Fatou and Julia sets for polynomial skew products, see for
example the paper [9] for a thorough discussion. When we discuss Fatou components of
skew products here, we consider open connected sets in C? whose orbits are uniformly
bounded, which of course implies equicontinuity. Since the degrees of f and g in are
at least 2, the complement of a sufficiently large bidisk is contained in the escape locus,
which is connected, all other Fatou components are therefore bounded and have bounded
orbits.

Given a Fatou component U of P, normality implies that its projection onto the
second coordinate 7, (U) is contained in a Fatou component of g, which must therefore
be periodic or preperiodic. Without loss of generality we may assume that this component
of g is invariant, and thus either an attracting basin, a parabolic basin or a Siegel disk.

The behavior of P inside a Siegel disk of g may be very complicated and has received
little attention in the literature, but see [13] for the treatment of a special case.

There have been a number of results proving the non-existence of wandering domains
inside attracting basins of g. The non-existence of wandering domains in the super-
attracting case was proved by Lilov in [I1]], but it was shown in [I5] that the arguments
from Lilov cannot hold in the geometrically attracting case. The non-existence of wan-
dering domains under progressively weaker conditions were proved in [14] §].



WANDERING DOMAINS ARISING FROM LAVAURS MAPS WITH SIEGEL DISKS 3

Here, as in [I], we will consider components U for which 7, (U) is contained in a
parabolic basin of g. We assume that the fixed point of ¢ lies at the origin, and that g
is of the form g(w) = w — w? + h.o.t., so that orbits approach 0 tangent to the positive
real axis. We will in fact make the stronger assumption g(w) = w — w? + w? + h.o.t..

2.2. Fatou coordinates and Lavaurs Theorem. Consider a polynomial f(z) = z —
22 + az® + h.o.t.. For r > 0 small enough we define incoming and outgoing petals

Pi={lz+r|<r} and P} ={|z—r|<r}.

The incoming petal Py is forward invariant, and all orbits in Py converge to 0. Moreover,
any orbit which converges to 0 but never lands at 0 must eventually be contained in P]i.
Therefore we can define the parabolic basin as

Br=Jf Py

The outgoing petal P]‘Z is backwards invariant, with backwards orbits converging to 0.
On P} and PJ? one can define incoming and outgoing Fatou coordinates ¢} : PJ% —C
and ¢% : P{ — C, solving the functional equations

¢y o f(z) = ¢(2) +1 and ¢ o f(z) = ¢}(2) + 1,

where gZ)Lf(P]%) contains a right half plane and (;S‘J’C(P]?) contains a left half plane. By the
first functional equation the incoming Fatou coordinates can be uniquely extended to
the attracting basin By. On the other hand, the inverse of (;5‘]1, denoted by 1/1?, can be
extended to the entire complex plane, still satisfying the functional equation

fovi(Z) =5z +1).

The fact that the exceptional set of f is empty implies that w‘; : C — C is surjective.
We note that both incoming and outgoing Fatou coordinates are (on the corresponding
petals) of the form Z = —1 +blog(z) +o(1), where the coefficient b vanishes when a = 1.
This is one reason for working with maps f of the form f(z) = z + 22 4+ 22 + h.o.t..

Let us now consider small perturbations of the map f. For e € C we write f(z) =
f(2) + €2, and consider the behavior as ¢ — 0. The most interesting behavior occurs
when e approaches 0 tangent to the positive real axis.

Lavaurs Theorem [I0]. Let ¢; = 0, nj € N and o € C satisfy
™ .
nj———aas j— oo
€
Then
fe = Ly(a) =9} oo 0 Y,
where To(Z) = Z + «.

The map Lf(«) is called the Lavaurs map, and « is called the phase. In this paper we
will only consider phase o = 0, and write L instead of Lf(0).
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2.3. Propositions A and B. The construction of wandering domains in [I] follows
quickly from two key propositions, the aforementioned Propositions A and B. In this
paper we will prove a variation to Proposition B, and a refinement to Proposition A,
which we will both state here.

Our main technical result is the following refinement of Proposition A. As before
we write P(z,w) = (f(z) + %Qw,g(w)), with f(2) = z + 2% + 23 + bz* + h.o.t., and
g(w) =w —w? + w3 + h.o.t.

Proposition A’ There exists a holomorphic function h : By x By — C such that

h 1
P ) = (22000 + (ME0) 0 (F57).
uniformly on compact subsets of By x By. The function h(z,w) is given by

L(2)
__=f ) LU gt
where the constant C' € C depends on b.

Proposition A’ will be proved in section [5] see Theorem

Proposition B in [I] states that the Lavaurs map L of a polynomial f(z) = z + 22 +
az® + O(z*) has an attracting fixed point for suitable choices of the constant a € C.
We recall very briefly the main idea in the proof of Proposition B: For a = 1 the “horn
map” has a parabolic fixed point at infinity. By perturbing @ ~ 1, the parabolic fixed
point bifurcates, and for appropriate perturbations this guarantees the existence of an
attracting fixed point for the horn map, and thus also for the Lavaurs map.

In this paper we will consider a more restrictive family of polynomials of the form
f(z) = 2+ 22 + 23 + O(2%), which means that we cannot use the above bifurcation
argument. Using a different line of reasoning, using small perturbations of a suitably
chosen degree 7 real polynomial, we will prove a variation to Proposition B, namely
Proposition B’ below. The proof of Proposition B’ will be given in section [6]

Before stating the proposition we recall that a fixed point 29 = L¢(20) is said to be
of Siegel type if A = E’f(zo) = €2™C where ¢ € R\Q is Diophantine, i.e. if there exist
¢, > 0 such that [\ — 1] > en™" for all integers n > 0. Recall that neutral fixed points
with Diophantine rotation numbers are always locally linearizable:

Theorem 2.1 (Siegel, [17]). Let p(z) = >z + O(22) be a holomorphic germ. If C is
Diophantine then there exist a neighborhood of the origin Q, and a biholomorphic map
¢ : Qp — D,(0) of the form p(2) = 2 + agz? + O(23) satisfying

o(p(2)) = €7 p(z).

Proposition B’ There exist polynomials of the form f(z) = z + 22 + 23 + O(2*) for
which the Lavaurs map Ly has a Siegel fixed point zg, with A = ,C’f(zo), Moreover we
can guarantee that

@) L (20) (%) (20)

M1 -\

— (67)"(20) # 0.
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Condition is necessary to guarantee the existence of wandering domains, see the
discussion of the index & later in this section, and the discussion in subsection

A more precise description of the derivatives A for which p is locally linearizable was
given by Brjuno [6] and Yoccoz [19]. As we are only concerned with constructing examples
of maps with wandering Fatou components, we find it convenient to work with the
stronger Diophantine condition. Proposition B’ will be proved in section [6]

2.4. Perturbations of Siegel disks. A key element in our study is the following ques-
tion:

Let fi1, fo,... be a sequence of holomorphic germs, converging locally uniformly to a
holomorphic function f having a Siegel fived point at 0. Under which conditions does
there exist a trapping region?

By a trapping region we mean the existence of arbitrarily small neighborhoods U, V'

of 0 and ng € N such that
fo--ofulz) €V

for all z € U and m > n > ng. In other words, any orbit (2,),>0 that intersects U for
sufficiently large n will afterwards be contained in a small neighborhood of the origin.
Note that this in particular guarantees normality of the sequence of compositions f, o
... o fogin a neighborhood of zg, which is the reason for our interest in trapping regions.

We are particularly interested in the case where the differences f,, — f are not absolutely

summable, i.e. when
S o= Fllo = o0

n>ng
for any ng and U. In this situation one generally does not expect a trapping regiomn.
However, motivated by Proposition A’, we will assume that f, — f is roughly of size %,
and converges to zero along some real direction. More precisely, we assume that

) ful)— 1) =" Lo

( Sl+e )7
where h is a holomorphic germ, defined in a neighborhood of the origin.

Theorem 2.2. There exists an index k, a rational expression in the coefficients of f
and h, such that the following holds:

(1) If Re(k) = 0, then there is a trapping region, and all limit maps have rank 1.

(2) If Re(k) < 0, then there is a trapping region, and all orbits converge uniformly
to the origin.

(3) If Re(k) > 0, then there is no trapping region. In fact, there can be at most one
orbit that remains in o sufficiently small neighborhood of the origin.

Theorem 2.2 holds under more general assumptions regarding the convergence towards
the limit map, but the above statement is sufficient for our purposes. An example of a
more general statement is given in Remark [3.15] An explicit formula for the index & is
given in section [3] which contains the proof of Theorem

Remark 2.3. The non-autonomous dynamics of the functions f, satisfying 1s closely
related to the autonomous dynamics of the quasi-parabolic map

F(z,w) = (f(2) + wh(z) + O(w?),w — w* + O(w?)).
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The case Re(k) < 0 in Theorem corresponds to F' being dynamically separating and
parabolically attracting, using the terminology of [4], hence by [4, Corollary 6.3] the map
F' has a connected basin of attraction at the origin. In particular this implies the existence
of a trapping region for the sequence (fy).

2.5. Parabolic Curves. An important idea in the proof of Lavaurs Theorem is that in
a sufficiently small neighborhood of the origin, the function f. = f+e€? can be interpreted
as a near-translation in the “almost Fatou coordinates” functions that converge to the
ingoing and outgoing Fatou coordinates as € — oo. This idea is especially apparent in
the treatment given in [3]. The almost Fatou coordinates are defined using the pair of
fixed points (4 (€) “splitting” from the parabolic fixed point.

When iterating two-dimensional skew products P(z,w) = (fy(z),g(w)) it does not
make sense to base the almost Fatou coordinates on the pair of fixed points of the maps
fw(z) = f(z)+ %Zw, as the parameter w changes after every iteration of P. Instead, the
natural idea would be to base these coordinates on a pair of invariant curves {z = (4 (w)},
so-called parabolic curves, defined over a forward invariant parabolic petal in the w-plane.
The invariance of these parabolic curves is equivalent to the functional equations

Cx(9(w)) = fu(Ce(w)).

In [I], it is asked whether such parabolic curves exists. Instead, in [I] it was shown
that there exist almost parabolic curves, approximate solutions to the above functional
equation with explicit error estimates. The proof of Proposition A relies to a great extent
on these almost parabolic curves, and the fact that these are not exact solutions causes
significant extra work.

In the recent paper [12] by Lopez-Hernanz and Rosas it is shown that the parabolic
curves indeed exist, in fact, the authors prove the existence of parabolic curves for any
characteristic direction for diffeomorphisms in two complex dimensions. However, to be
used in the proof of Proposition A, it is necessary to also obtain control over the domain
of definition of the two parabolic curves. The result from [I2] does not give the needed
control.

In section ] Proposition [d.I] we give an alternative proof of the existence of parabolic
curves, with control over the domains of definition. The availability of these parabolic
curves forms an important ingredient in the proof of Proposition A’. The method of proof
is a variation to the well known graph transform method, and can likely be used to prove
the existence of parabolic curves in greater generality.

2.6. Wandering domains. Let us conclude this section by proving how Propositions
A’ and B’ together imply the existence of wandering Fatou components. As before we
let

2

™

Zw,g(w)%

where g(w) = w — w? + w® + h.o.t. and the function f(2) = z + 2% + 2® + h.o.t. is
chosen such that £; has a neutral fixed point zg with Diophantine rotation number. The
existence of such f is given by Proposition B’.

P(z,w) = (f(2) +
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Proposition A’ states that

P g ) = (25,0 + (HE0) 0 (252 )

uniformly on compact subsets of By x By.
Recall from Proposition A’ that the function h(z,w) is given by
Ly'(2)
Mz, w) = —<75 - (C+ ¢5(2) — dg(w)),
(¢f),( z) ( f g )
from which it follows directly that the index x depends affinely on ¢y (w), although it is
conceivable that the multiplicative constant in this dependence vanishes.
As will be explained in detail in subsection the index & is independent from w if
and only if, denoting the fixed point of £ again by 2o, writing

El/ 2 L ,Z
(4) f&i)l(ff;)( )0 =0,

in which case k is constantly equal to 4+1. The second statement in Proposition B’
therefore implies that f can be chosen in order to obtain an inequality in (4), which
implies that the affine dependence of x on qbg(w) is non-constant.

It follows that there exists an open subset of B, where the w-values are such that
Re(k) is strictly negative. Let Dy C By be a small disk centered contained in this open
subset, so that Re(k) is negative for all w € Ds.

Let D; be a small disk centered at 2o, the Siegel type fixed point of £;. We claim that

for n € N large enough, the open set Dy X g”2(D2) is contained in a wandering Fatou
component.

Indeed, it follows from Proposition A’ that the non-autonomous one-dimensional sys-
tem given by compositions of the maps z — m, o P2 L(z ¢"*(w)) satisfy case (2) of
Theorem where 7, is the projection onto the z-coordinate. Thus Theorem im-
plies that

Pm27”2(z,w) — (20,0),

uniformly for all (z,w) € Dy x g (Ds). The remainder of the proof follows the argument
from [I]. Since the complement of the escape locus of P is bounded, it follows that the
entire orbits P™(z,w) must remain uniformly bounded, which implies normality of (P™)
on Dj x g"2 (D2), which is therefore contained in a Fatou component, say U. The fact that
on an open subset of U the subsequence pm*-n? converges to the constant (zp,0) implies
convergence of this subsequence to (zp,0) on all of U, since limit maps of convergent
subsequences are holomorphic. But if U was periodic or preperiodic, the limit set would
have been periodic. The point (zp,0) is however not periodic: its orbit converges to
(0,0). Thus U is wandering, which completes the proof.

Remark 2.4. From the above discussion we can conclude that all possible limit maps
of convergent subsequence P"i|y are points. In fact these points form (the closure of) a
bi-infinite orbit of (z0,0), converging to (0,0) in both backward in forward time.

We note however that there are fibers {w = wo}, with wy € By for which Re(k) = 0.
Let Dy again be a sufficiently small disk centered at zy, the Siegel type fized point of Ly.
Theorem A’ together with case (1) of Theorem [2.9 implies that for sufficiently large n the
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disk Dy X {9”2 (wo)} is a Fatou disk for P, i.e. the restriction of the ilerates P™ to the
disk form a normal family. For this Fatou disk the sequence of iterates pm?—n? converges
to a rank 1 limit map, whose image is a holomorphic disk containing (zo,0). All the limit

sets together form (the closure of) a bi-infinite sequence of disks, converging in backward
and forward time to the point (0,0).

3. PERTURBATIONS OF SIEGEL DISKS

3.1. Notation. The following conventions will be used throughout this section:

(i) Given a holomorphic function f, we will write f for the non-linear part of f.
(ii) For a sequence of constants \,, € C we will write

A= [ X and An)=Xo=]]N:
j=m+1 j=1

and similarly for a sequence of functions (fy,)

fn,m = f'rL 6:-+0 fm—l—l-

(iii) Given two sequences of holomorphic functions (f,) and (g,) defined on some
uniform neighborhood of the origin, we will write f, =< g, if the norms of the
sequence of differences (f, — gn) is summable on some uniform neighborhood of
the origin.

3.2. Preparation. In this section we introduce non-autonomous analogies of attracting,
repelling, and locally linearizable indifferent fixed points, and make a few initial observa-
tions. In the next subsection we introduce the index k, and show that the local behavior
of the non-autonomous systems we consider can be deduced from the real part of the
index.

Definition 3.1. Two sequences of functions (f,,) and (g,,) are said to be non-autonomously
congjugate if there exist a uniformly bounded sequence of local coordinate changes (¥ )n>ng»
all defined in a uniform neighborhood of the origin, satisfying

fno¥n =vYni100n
for all n > ng.
Definition 3.2. A sequence of functions (f,,) is said to be non-autonomously linearizable
if there exists a sequence (Ap)p>n, in C\ {0} and a sequence of coordinate changes

(¥n)n>ng, defined and uniformly bounded in a uniform neighborhood of the origin, and
with derivative v/,(0) uniformly bounded away from zero, so that

fno 1/1n(2) = wn-‘rl(/\n : Z)

for all n > ng. If the sequence |A(n)| is bounded, both from above and away from 0, then
we say that (f,) is rotationally linearizable.

Definition 3.3. A sequence of functions (f,) is said to be collapsing if there is a neigh-
borhood of the origin U and an ng € N such that f,,, — 0 on U as n — oo for any
m > ng.
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An example of a collapsing sequence is given by a sequence of functions f, converging
to a function f with an attracting fixed point at the origin.

Definition 3.4. We say that sequence (f,) is ezpulsive if there exists r > 0 such that
for every m > 0 there exists at most one exceptional point Z such that for every z €
D, (0) \ {2} there exist n > m for which f,,(2) ¢ D,(0). Here D,(0) denotes the disk
of radius r centered at the origin

An example of an expulsive sequence can be obtained by considering a sequence of
maps (f,) converging locally uniformly to a map with a repelling fixed point. Since f
maps a small disk around the origin to a strictly larger holomorphic disk, the same holds
for sufficiently small perturbations. A nested sequence argument shows that, starting at
a sufficiently large time ng, there is a unique orbit which remains in the small disk.

Lemma 3.5. Consider a sequence (fy) of univalent holomorphic functions, defined in a
uniform neighborhood of the origin. Suppose the compositions f, o are all defined in a
possibly smaller neighborhood of the origin, and form a normal family. Then the sequence
(fn) is either rotationally linearizable, or there evist subsequences (nj) for which fn; o
converges to a constant.

Proof. By normality the orbit f, ¢(0) stays bounded. By non-autonomously conjugating
with a sequence of translations we may therefore assume that f,,(0) = 0 for all n. Note
that normality is preserved under non-autonomous conjugation by bounded translations.

Write A, = f/,(0). Normality implies that |A(n)| is bounded from above. The functions

Uni1(2) = fap(A(n) 7 - 2)

are tangent to the identity, and they satisfy the functional equation

fotn(z) = tnpa(X- 2).
If the sequence |A(n)| is bounded away from the origin then the maps 1, are uniformly
bounded, and the sequence (f(n)) is rotationally linearizable. Suppose that the sequence
A(n) is not bounded from below, in which case there is a subsequence A(n;) converging
to 0. By Hurwitz Theorem the sequence of maps fn; o converges to a constant. O

Lemma 3.6. If the sequence (f,) is rotationally linearizable, and () s a sequence of
absolutely summable holomorphic functions, i.e.

Z HCHHDT(O) < o0

Jor some r > 0, then the sequence (fy, + () is also rotationally linearizable.

Proof. Write g, = fn+(,. We consider the errors due to the perturbations in linearization
coordinates, i.e.

Uikt 0 9n 0 ¥n(2) — Uty 0 fa 0 Un(2) = ¥t © g 0 Yn(2) — An - .
By definition of the non-autonomous linearization, it follows that after restricting to a
smaller neighborhood of the origin the derivatives of the maps 1, and their inverses are
uniformly bounded. It follows that the above errors are also absolutely summable, which
guarantees normality of the sequence 1/15# 0 gn,o in a small neighborhood of the origin,
and hence normality of the sequence g, . It follows from Lemma that (f, + () is
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either rotationally linearizable, or has subsequences converging to the origin. It follows
from the summability of the errors that the latter is impossible. O

3.3. Introduction of the index. Let f(z) = Az + b22%2 + O(23) be a holomorphic
function with A = €2™¢ and ¢ € R\Q Diophantine. Let h(z) = cy + c1z + O(2?)
be a holomorphic function defined in a neighborhood of the origin. Let ((,(z)) be a
sequence of holomorphic functions that is defined and absolutely summable on some
uniform neighborhood of the origin. We consider the non-autonomous dynamical system
given by compositions of the maps

Fal2) = F(2) + - h() + Gal2).

We introduce the index k, depending rationally on the two-jet of f at the origin, and
the one-jet of h at the origin, by

2byco a

(5) /ﬁ?::m T

We claim that the index « is invariant under local autonomous changes of coordinates,
i.e. when all the maps f, are conjugated by a single analytic transformation. One easily
observes that the index is invariant under affine changes of coordinates, and is unaffected
by terms of order 3 and higher. It is therefore sufficient to only consider local changes
of the form z +— z + az?. It is clear that A and cg are unaffected by such a coordinate
change, while computation shows that by is replaced by by + aX — aA? and ¢, is replaced
by ¢1 — aAcy. Indeed, « is invariant under these changes.

Since ( is Diophantine the function f is linearizable. Let us write ¢(z) = z + h.o.t. for
the linearization map of f, i.e. fo¢(z) = ¢(A\2).

We define
1 Co

0, (2) ::Z—i_ﬁl—/\'

Lemma 3.7. With the above definitions we can write

£ :—¢71 © 97:41-1 ofpobpog

(6) I3 1 k
=\-en-z+ — d + &n(2),
en -z néﬁkz &n(2)

where (&,) is a sequence of holomorphic functions that are defined and whose norms are
summable on a uniform neighborhood of the origin.

Proof. First observe that

_ 1 Co 1 1 Co 1 Co
61 ofuo06,= - —h(z+ = —
n1 © 0O = 2+ D9 R) + DG+ D) — T

= )+ fE) s h(e)
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Using the power series expansions of f’ and h we can therefore write

1 Xc 1 1 C 1 2boc
-1 - = 0 L 0 2 0

1

co 1
n n+1

= f2) + T (- -

) + >\/<c2+ Zﬁkzk

1 k
= f(z) + n)\/iz+nkzz25kz .

It follows that

£ = 07 (f(8(2) + (671 (F(8(2))) ( Ak (2 Zﬂm )
<AL+ D)z + % idkzk
-

100
= denz+ — dp2”.

For the last equality we used that 14 % = en + O(). O
Corollary 3.8. If Re(k) < 0 the sequence f, is collapsing.

Proof. Observe that f/(z) < \en + O(Z%) and note that there is a small disk D;.(0) such

that for n sufficiently large
, Re(k)
1l D, 0) < e 2,

and thus
(7) £(2) — fa(w)] < e 50|z — ).

Re(r)

Since Re(r) < 0 it follows that [[,», e 2n =0.
Let us write

on(z) =A- en -2+ fn(z),

i.e. dropping the term &, from f,,. By decreasing the radius r if necessary we can choose

mg such that
,
> 1l < 7
Jj=mo

By increasing my if necessary we can also guarantee that ¢, m(2) € D, /2(0) for all z €
D, /4(0) and m > myg. Using it follows by induction on n that whenever z € D, /4(0)
and m > myg then

n n Re(k)
1, (=) = enan() < D CTT e =) b,

j=m k=j+1
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Indeed, the inequality is trivially satisfied for n = m, and assuming the inequality holds
for some n > m implies

an+1,m(z) - Spn—&-l,m(Z)H =|/fny10 fn,m(z) —Iny10 (Pn,m(z> + §n+1(90n,m(z))H
n+1l n+l

Re(k)
<> (II e )lglpo

j=m k=j+1

Note that > " ([1y—;11 e 5 MEillp,0) — 0 as n — oo, hence the fact that the se-
quence (pp) collapses implies that the sequence (f,,) collapses as well. O

Since the sequence (f,) collapses, it follows immediately that the sequence (f,) col-
lapses as well, concluding the case Re(k) < 0.

Corollary 3.9. If Re(k) > 0 the sequence £, is expulsive.

Proof. Note that there are r,ng > 0, such that for every z,w € D,(0) and every n > ng

we have .
Re(k)
£ (2) — fn(w)| = |2 — w| - |en + ~O0(z,w)| > ez |z —w.

Expulsion of all but one orbit follows 1mmed1ate1y. O
Again it follows that (f,,) is expulsive, completing the case Re(k) > 0.
3.4. Rotationally linearizable case (Re(x) = 0). Let us define

L(z) = eFlogn . 5,
We obtain
gn :L;Hl_lofnoL

— Az 4e klog(n+1) Zd e/{élogn @ 1;41-1 oénoLn

= Az + 1 Z dget =1 logn L
n
(=2
Since Re(k) = 0, the maps L,, are rotations, hence it is sufficient to prove that the
sequence (g,,) is rotationally linearizable.
By Lemma we may ignore the absolutely summable part of g,, hence with slight
abuse of notation we may assume that

00
gn = Mz + 1 Zdeen(éfl)lognzf.
n
(=2

Recall that A = €2™¢_ where ( is Diophantine.
Lemma 3.10. There exist constants C,r > 0 such that for every integer £ > 1 and for

every 0 <m < N we have
N

Z Nl <o,

j=m
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Proof. Since ( is assumed to be Diophantine, there exist ¢, > 0 such that |A\"—1| > en™"

for all n. This gives the bound

N N ; ; N
_ NG+ yG A 2

Z G| _ Z _ Z £(j+1) ‘ r

j:m)\] _j:m A -1 - ljzm)\] )\]) - AZ_1’<C€.

Lemma 3.11. There exist C,r > 0 such that for all integers n, 0 > 0 we have

erillogk y CN%T+1
<
k n
k=n
Proof. Summation by parts gives
N ke logk’ fdl og N N-1 Kkllog(k+1) nf log k
€ k¢ € gl
— Z =D Z A
k=n k=n +

efllog N N 1+nl+0(i) 1 k '
_ k¢ rllogk 2 Y4
e W (kk >

k=n j=n

L5 40GE) 1y ;
Observe that —*—5+= — 7 = O(4z) is absolutely summable, hence using Lemma
we obtain
N kllogk 14+ Kl +O(L) 1 k
e > .
Ak )\k( _ = /\]6
= k * Z k +1 k JZ:;L
N-1
C’é’" lk—1 1
4 —_ —
~ ¢ ;L TSR EL
Crt+l
<
n

Let us introduce one more change of coordinates
0 eﬁ(f—l) log k
Sir(z) = 2 — A7) Z/\ (n+1)(1-0) 4 Z . AR(e=1)

k=n+1

Lemma 3.12. Writing Sy,(2) = z + Sp(2) we obtain

S'n—&-l()‘z) = )\S'n(z) + gn(2).

3.10
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Proof. Computing Sp41(Az) — gn(2) gives

N ()10 g et = DR L (D) logn g i
AT A A2t Y P > e doz
=2 [— "=
o0 0 k(£—1)logk X _k(f—1)logn
_ —ZA"(I‘Z)@% Z el k) 5T kD) Ze & A=D1 \n(1-0) g,
= k=n+1 (=2
n(@ 1)10gk

:_Z,\nl edzez D 226 (s).

O
Lemma 3.13. The maps Sy satisfy Sp = z + O(%), with uniform bounds.
Proof.
Kk(¢—1)log k
)_ 1Z>\n1 Zdzfz e T k(e
C — ¢ r+1
< EZW (¢ — 1)+
=2
O
Let us define
hy = S;_il_l 0 gn © Sp.
Lemma 3.14. The maps hy, are of the form
hn = Az + O(n™?).
Proof. The definition of h,, immediately gives that h,(z) = Az + O(2).
9n©Sp = Spy10hy,
and thus R R R R R
A2+ ASH(2) + Ggn(z+ Sn) = Az + hp(2) + Snr1( Az + hy),
which gives
NS (2) + Gn(2) + §a(2)Sn(2) + O(S2) = hn(2) + Sns1(A2) + Sy (A2) i + O(h2).
Hence by Lemma [3.12| we obtain
Gn(2)5n(2) + O(83) = hn(2) (1 + 5,11 (A2)) + O(hy).
Since g, = O(%) and S, = O() we get
N N A 1
ha(2)(1+ 5,11 (A2)) + O(h}) = O(-3)-
Since hp(2) = Az + O() it follows that h,(z) = O(-%).
O

Lemma implies that the sequence (hy,) is rotationally linearizable, hence the same
holds for (gy,), (f,) and finally (f,), which completes the proof of Theorem



WANDERING DOMAINS ARISING FROM LAVAURS MAPS WITH SIEGEL DISKS 15

Remark 3.15. The proof of Theorem also works for more general perturbations, for
example
logn

fal) = £(2) + ha(2) + E ha(2),

where hy and hy are holomorphic around the origin. In this case we have two indezes K,
j € {1,2}, that can be computed using the equation (b)), where constants ¢y and c; are
the coefficients of the linear part of the Taylor series of h; at the origin. The following
is a general version of Theorem [2.2

(1) If Re(ka) > 0 then the sequence (fy,) is expulsive.
(2) If Re(ka) < O then the sequence (fy) is collapsing.
(3) If Re(k2) =0 and
(a) Re(k1) > 0, then the sequence (fy) is expulsive.
(b) Re(k1) <0, then the sequence (fy) is collapsing.
(c) Re(k1) = 0, then the sequence (fy) is rotationally linearizable, hence all limit
maps have rank 1.

4. EXISTENCE OF PARABOLIC CURVES

The purpose of this section is to prove the following proposition.

Proposition 4.1. Let P(z,w) := (f(z) + 7r7210,9(10)), with f(z) = z + 2% + b2% + O(2*)
and g(w) = w—w?+O(w?®). Then P has at least 3 parabolic curves: one is contained in
the invariant fiber w = 0 and is an attracting petal for f; the other two are graphs over
the same petal P in the parabolic basin By. Moreover they are of the form

¢H(w) = £erv/w + cow + cgw®? + O(w?),
where ¢1 = % and cg = % - %.

Proposition gives a positive answer to a question posed in [I]. We note that the
result does not follow from the results of Hakim [7], as the 2 characteristic directions we
consider are degenerate, in the language used by Hakim. The existence of 3 parabolic
curves can be derived from the recent paper [12] by Lopez-Hernanz and Rosas. However,
their proof gives no guarantee that the parabolic curves ¢(* are graphs over the same
petal in B, which is crucial for our purpose.

Let us start by observing that P is semi-conjugate to a map (), holomorphic near the
origin, given by

Qe = (1) + et = G +0()

(with €2 = w). The map @ has 3 characteristic directions: € = 0, z = %ie and z = —56.
It is clear that there is a parabolic curve tangent to the characteristic direction ¢ = 0,
namely the attracting petal for f in the invariant fiber {e = 0}. We call this parabolic
curve the trivial curve. For the existence of the two other parabolic curves we will use a
graph transform argument.
Let us write Q(z,¢) = (fe(2),g(€)), so that f.(z) = f(z) + %262 and € := g(e) =
g(e?) = e— § + O(€%). We are looking for parabolic curves of the form e — (((e€), ),
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hence satisfying the equation

(8) Q(¢(e),e) = (¢(€), ).
Equivalently we are looking for a function (, defined for € in a parabolic petal of g,
satisfying the functional equation

¢(g(e)) = fe(C(e))-

We will prove that @ has two parabolic curves ¢*, corresponding to the characteristic
directions z = :l:%ie, which are graphs over the same attracting petal of g in the right
half-plane. This will complete the proof of Proposition since these two parabolic
curves can be lifted to parabolic curves of P satisfying the desired properties.

The key idea in proving the existence of ((€) is to start with sufficiently high order
jets C1(€) of the formal solution to the equation (), and then apply a graph transform
argument, starting with ¢;. By starting with higher order jets, we obtain higher order
error estimates, but the constants in those estimates are likely to deteriorate. However,
these estimates can be controlled by dropping the order of the error estimates by 1, and
working with |e| < d, with ¢ depending on the order of the jets. It turns out that starting
with jets of order 20 is sufficient to obtain convergence of the graph transforms. We do
not claim that 20 is the minimal order for which convergence can be obtained, only that
the order suffices for our purposes.

Lemma 4.2. For every integer n > 0 there exists (1(€) = c1e + co€® + 32 + -+ cneﬁ
and 6 > 0 such that |(1(€) — fe(Ci1(€))| < |e|™ for all || < 6. Moreover we have ¢y = £7%

and co = % — %,
Proof. Recall from [I] that by choosing (1 (€) = cre+ca€?, with ¢; = :l:%i and co = %—%,

we obtain
1G1(&) = fe(Gule))] < O(lel ")
Now suppose that ¢y, ..., ¢, are found such that for {(€) = c1e + -+ + ¢ " we have
1G1(8) = fe(Ca(e))] < O(le["*?).
Let En(e) := fe(Ci(€)) — C1(€). For cpy1 € C, let
Epi1(€) = fe(Gi(e) + cns1™™) = G1(E) = e @
we shall prove that there exists some ¢, 11 such that E, 1 = O(e""3). Indeed,
Fe(Ci(e) + enr1€"™h) = fe(Gi(€) + f/(Gal€))ene™™ + O(F2)
= f(C(e) + (1 + 2c1€)cni1 €™+ O(eMF3).
On the other hand, we have ¢, 116" = ¢, 1" + O(€"3); s0
Eni1(e) = Eyle) + 2c1cnp1€™™2 4+ O(€73).

Since E,(€) = O(¢"?) (and c; # 0), we may therefore find some value of ¢, 1 for which
Eni1(e) = O(e"*3).
We conclude that if § is small enough then |(1(€) — fc(C1(€))| < |e]™ for all |e] < 6. O

Remark 4.3. The choice of parabolic curve is determined by the choice of ¢1. From now
on we will assume that c1 = 75 ; for the case c; = —% the proofs are essentially the same.
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For R € C we write Hg = {Z € C | arg(Z — R) € (=5 — €0, 5 + €0)} for some ¢y > 0,
and
={e€C|e? € Hs 2 and Re(e) > 0}.
For ¢ > 0 sufficiently small the petal Ps is forward invariant under g, i.e. §(Ps) C Ps.
Recall the existence of Fatou coordinates on Ps: the function ¢ is conjugate to the
translation 11 : Z — Z 4+ 1 via a conjugation of the form

1
Z = = + alog(e) + o(1),

where the constant a depends on g. All forward orbits in Ps converge to 0 tangent to
the positive real axis, and the conjugation gives the estimates

) Re((€)] < <= and [im(@*(e)] <

for a uniform C' > 0 depending on §. We note that by choosing § sufficiently small, the
constant C can be chosen arbitrarily small as well.

Lemma 4.4. Let n > 0 and ¢i(€) be as in Lemma 4.2 There exist 6, A > 0 such that
Jor every |e| < 0 we have

FH(f(Cle) +3eh) — Cule)] < Alel*.

Proof. The Taylor series expansion of f gives

G ) +3¢h D) gy

and the desired estimate follows 1mmed1ately. O

Lemma 4.5. Let n > 0 and (1(€) be as in Lemma A > 0 and § > 0 sufficiently
small. Let ((i(€)) be any sequence of holomorphic functions defined on Ps and satisfying

[Ck(e) = Cule)] < Alel™.
Then there exists C1 > 0, depending on (1, such that

& -1
[T 7@ 2e)))
s=/{

<Cl'(k¢+1—f),
for all e € Ps and every 0 < ¢ < k.
Proof. Let us write 3 = Re(§*(€)) > 0 and yj, = Im(g*(¢)). Estimates (9) imply

(10) Z 17%(e)? < K < o0 for all €€ Ps.

Since by assumption \Cs(e) — C1(e)] < Ale)* for every s > 1, it follows that (s(e) =
c1e + cae? + O(€®) and

|'(¢s(€)) = f'(¢a(e))] < Ble',
where B > 0 depends only on {; and A.
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Observe that f/(z) = 1 4 2z + 3b2% + O(23) = €22+30-2)z"+0(") fence we obtain

(1 b) l>€2+0(53)

7rze+<

f'Gle) =e )

where the bound O(¢€?) is uniform with respect to s.
Therefore we can find Cy > 0 such that

ﬁf/(< (§k+1—5(€))) > eZI;#Re(mngfs(E)_,_(M )(gk+1 5(e)) )+O(( K15 (6))3)
s={
> i Zﬁ:é*wyk“*ﬁ(wfé)miﬂﬂ
G
1 k 1
_— Zs:l k+r1—s
> Cl‘ k+1
S
Ci(k+1-10)

In the first inequality we used the fact that |e*| = e*(*). The second inequality follows
from estimates @ and . The third inequality depends on the constant C' from @
being sufficiently small, which can be guaranteed by taking sufficiently small J. U

Remark 4.6. Note that the estimates in Lemmas[{.3, [4.4] and[{.5 hold regardless of the
choice of n in the definition of 1. If n is increased, then all estimates hold, with the
same constants, for § sufficiently small. It turns out that it will be sufficient for us to
work with n = 20, and we will work with this choice from now on.

Lemma 4.7. There ezxists sufficiently small 6 > 0 such that for every k > 2 and every
€ € Ps we have

k— |GF 14 ()23 =0 2(23 12
~k(.\119 7 (e 39 9 ()= (k- 0) |9(e)| Al
Proof We will prove that each of the four terms in the left hand summation is bounded
by |]l It follows from (@) that for every 0 < ¢ < 19 we have
Clgk 019 Zk
155 ()| Pk < < Q .

k+ 5% ke

If we choose ¢ = 13 and assume that § is small enough, then we get
12

lel*

k2

for € € Ps. The desired bound for a second term follows immediately from the inequality
15" ()1*(k = 1) < |5"(e)|"k.
Next observe that for every k > 2 we have
9(e)* 22]¢|* e[
(k=1D* " (2(k—1)?)> = kK’

75"k <
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where the last inequality holds for sufficiently small §. Finally, for the third term in the
summation we use @ to obtain

. k—1 . k—1
< [§HH ()P (k — 0) ClOIEI“(k—ﬁ) | |12
Z o < Gy <O G
(L—1) 5 (k+1—20)°(¢
In order to obtain the desired bound it suffices to prove that

k—1 44

1
2 E—0i(l—1f 12

(=2

First observe that
1 4

(L —1)(k— f) k
for every £k > 3 and 2 < ¢ < k — 1. To see this let us denote s =¢—1and t =k — 1.
The above inequality now translates to

1 4
<
s(t—s) —t+1
fort >2and 1 < s <t—1, and hence to
pi(s) =45 —4ts+t+1<0.

Observe that py(1) < 0 and that roots of p;(s) lie outside the closed interval [1,¢ — 1].
Therefore we obtain

k—1 k—1

1 4 4t
2 k=i =) <D E<E
=2 =2

and hence for § sufﬁciently small

— g Pk =0 e
(¢ — 1)1 K2

(=2
This completes the proof of Lemma [4.7]
O

Proof of Proposition[{.1: As we have remarked at the beginning of this section, it is
enough to prove that Q has two parabolic curves ¢* corresponding to the characteristic
directions z = j:%ie, both curves graphs over the same attracting petal of ¢ in the right
half-plane. By Lemma, there exist § > 0 and (1(€) = c1€ + c2€? + ... + coe?’ such
that |¢1(€) — fe(¢i(€))| < [e]? for |e| < 6. Let A > 0 be as in Lemma[4.4] and let C7 >0
be the constant defined in Lemma

We will show that the sequence of functions defined inductively by

Cet1(€) == 1 (Ck(E))

is convergent, and that the limit satisfies the functional equation (). Let us define

Er(€) = C(€) = fe(Cr(€))

and observe that

Ce1(€) = fH(Gr(E) = fT 1 (fe(Cr(€) + En(e))
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and hence

Fe(Cer1(€)) = felCa(e +ZE4

Note that we can replace f. by f on both sides, giving

k
Corr(e) = f7 (f(@(e)) - ZME)) :
/=1

and hence

) i
Crt1(€ +Z f(G(e) (ZEZ(E)) )

We will prove that |Eg(e)| < I ‘1‘2 for every k > 2 on some small petal Ps. This will

imply that the sequence (1 converges to a parabolic curve ¢ on Ps for sufficiently small
d.

We claim that there exists § > 0 such that for every ¢ € Ps and every k& > 1 the
following two statements hold:

Ik(1): |Ck(€) — C1(6)|12< A\6\4,4 and
L(2): B < 1y < i

We will prove these two statements simultaneously by induction on k.

Step 1: First we prove I5(1). By definition

. Z UG (g, g,

hence by Lemma we obtain the des1red inequality.
Next we prove that I2(2). Observe that for sufficiently small 6 we get

_Ei(e)
F'(¢i(#)
< C11G(&)2° + Colel|g(e)|*°

< Cilel|g(e)]" + Calellg(e)[*
|12.

[E2(e)| <

+ Col By (8)

< dle
Here C is the constant introduced in Lemma [4.5]
Step 2: Now let us assume that I,(1) and I;(2) hold for every 2 < ¢ < k. Observe that

D 5o

|Cr1(€)

Since |Ey(e)| < w‘—*u? for £ > 2 and |Ey(€)| < |e|* we get

k
> Ele)
=

< 3lel*
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hence by Lemma inequality Ix4+1(1) holds.
Observe that

Eiy1(€) = Ger1(€) — fe(Crtr(e))
= Ci+1(€) — G (€)
= fﬁl(fe(Ck()) + Ei(€)) — C(€)
THf(C(E) + Er() — k(@)
= (f Y (f(G(8)) - Ex(8) + O(Ex(8)*),

21

where the constant in the order can be chosen independently from k. It follows that

there exists Cy > 0 independent of & such that

(1) Buna(9)] < | ik ] G
Using the inequality (L1)) successively we obtain
Ben(©)] < | e B |+ la(o)?
Ey.1(72(c)) |By_1(5%())? e
12) < |FEa@0) F GGl >>>‘*02 PG B
E1(3(0))] kZ |Be(3 ()

?T‘

< Tk ' +1-£ +C k / k4+1—s
[To—i 1/ (Ce(g"1=4(e)))] =1 [z 117(Gs(9 (€))l
Combining equation [12] and Lemma [.5] gives

| Brs1(e)] < C1lg"(e)°k + C1C|g" (e)| " (k — 1)

k1= ()24 (F — ¢ Gl
+16C,Cy Z‘g (e(_)‘l)i )+1601<’Z(_ 7
=2

< Culel|g"()["'k + C1Colel|g" (e)| (k — 1)

k+1— Z( )‘23(16 _ 6)
(£—1)*

)’24

~ 23
g(e
160, |¢] (‘k(_)‘l)4.

If § is sufficiently small this last inequality together with Lemma implies

Ale['2 et
k2 k2

+ 1601 Chle IZ‘g
(=2

[Erta(e)] <

+ Ca| By (8)

completing the proof of I;1(2) and thus the induction argument. We emphasize that

throughout the proof § can be chosen dependently of k.
To summarize, the equation

k
Cori(e) = f7 (f(@(e)) +> Ez(ﬁ))
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implies that for sufficiently small § the sequence ( converges on Ps to a parabolic curve
¢ satisfying ((€) = fc(C(e)). Recall that we have only proven the existence of parabolic
curve for ¢y = %2 For ¢ = —%i we can use same arguments as above, but we might get
a different value for 4. Since the parabolic petals are nested and forward invariant, both
parabolic curves are graphs over the petal with minimal §. O

From the proof it follows that
(F(e) = £ere + cae® £ e3¢ + O(e?),
2

where ¢y = & and ¢ = b% —

=

5. ESTIMATES ON CONVERGENCE TOWARDS LAVAURS MAP

5.1. Preliminaries. The goal of this section is to obtain explicit estimates for one of the
main objects to appear in our arguments: the functions A(e, z) and Ag(z), which measure
how much the dynamics differ from a translation after a certain change of coordinates.
The key difference between this section and the corresponding computations in [I] is that
we now know that we have two exactly invariant parabolic curves (*, instead of invariant
jets. This is used crucially in the proof of Proposition

Definition 5.1. Let f,(2) := f(2) + %Qw, where f(2) = 2+ 22 + 23+ O(2%) is a degree
d polynomial. Let g(w) = w — w? + O(w?) be a degree d polynomial.

In what follows, we set € := y/w, working throughout with the branch that takes
positive values on the positive real axis. We note that this branch is well-defined on the
parabolic basin of the polynomial g. Abusing notation, we write f.(z) := f(z) + %262
and (*(e) = +iZe + coe? + O(€%), where (* are the parabolic curves constructed in the
preceding section. Let §(e) := 1/g(e2) = € — 3€® + O(e°) (g is analytic near e = 0).

Let us first record here the following lemma for later use:

Lemma 5.2. Let wg € By and let €; := \/g”2+j(w0). For 1 <j<n, we have:

1 ¢y (wo) 1
G2 o)
n 2n3 2n3 n3
Proof. Let us write w2, ; := g™t (wg). We have
Gg(wyzj) = dy(wo) +n’ +j = +o(1)
wn2+j

(note that we assume here g(w) = w — w? + w® + O(w?)). Therefore
1
Wp2y i = . )
T 2 4+ ¢ (wo) + o(1)

1
1 J 4 ot (wo 1 2
6j:\/wn?ﬂ‘:n(l-l-g()—i-o 3

n2

1 1J + ¢y (wo) 1
Zn( ‘zngz“)(nz))-

and
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Definition 5.3. Let

1 [+ _
Yi(z) = o log 75 _(62(6) +1
and
1 [+ —
lb?(z) = E log g _<€2_(6> —1

where log is the principal branch of the logarithm.

Remark: with that choice of branch, v is defined on C\L., where L, is the real line
through ¢*(e) and ¢~ (e) minus the segment [(~(¢),(" (¢)]. In particular, ¥* and ¢? are
both defined in a disk centered at z = 0 whose radius is of order e.

It will also be useful to note that

_ t(e) — +inZ — € T A
(13) (ﬂ)é/o) 1 (2) = Sl )1 _eeimzc () = —2ecot<

Definition 5.4. Let
(UAkJ%=W“ o fe(2) —°(2) — €
(2) Ao(z) := — f(z) +1-1

Note that the formula for A(e, z) does not depend on whether the ingoing or outgoing
coordinate . is used, and is therefore well defined.

Proposition 5.5. We have
(1) Ag is analytic near zero.
(2) There exists v > 0 such that for all € # 0 in a neighborhood of zero, A(e,-) is
analytic on D(0,r).

Proof. (1) A quick computation shows that Ay(z) = f(Z);;(;jf(Z) - 12(52)’ from where

the conclusion easily follows.
For (2), note that

(9(€)) — fe(=
Ale, z —l
o= gon (G5l
_ 1 fe(C(e)) — fe(2) | fe(2) —fe(C(ﬁ))> B
_ml"g< -z  z—¢(9 ¢
From the above expression we see that the singularities at z = (¥ () are in fact removable,

unless one of the points coincides with a critical point of f. The fact that these critical
points are bounded away from zero completes the proof. ([l

)

~— [ —

Lemma 5.6. Let K be a compact subset of C*. There exists C = Cg > 0 such that for
all z € K,
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Proof. For z € K, we have:

e -z _ ¢ :
0O 20O 2-¢(©

_ ¢ (1 G 0(8)) — (1 0 (COp, 0(63))

z z z z
2
_aet coe? — e A + co€? _ C%ZQ +0()
z z z
261 261 2 3
:—1-1-7 —? +O(6)
; 2
i T
=1+ e+t e+ O0(e)
O
Lemma 5.7. Let K be a compact subset of C*. Then
fe(z) = fe(€F(e)) im ™ 3
=1- € — e+ 0(e).
G - fC @) IR et T
As in the previous lemma the constant in the O depends on K.
Proof. The invariance of the parabolic curves gives
fe(z) = fe(€F(e)) _ fel2) — ¢ (g(e)) i ™ 3
= ~ =1- gle) + g(e”) +O(e
O r R AT o) R A T AT AR
; 2
=1— ——e+ ——¢ +0(€).
7ot o T
The last equality uses the fact that §(e) = e + O(e3). O

Proposition 5.8. There exists a constant Cy € C (depending only on f and g) such
that:

Ale, 2) = €Ag(2) + €Ch + O(€*, €32)
where the constants in the O are uniform for (z,€) € C2 near (0,0) (with Re(e) > 0).

Proof. Let K be a compact of C*. Then by the two previous lemmas, we have

L1 (220 RE) L))
Ale z) = 7 log (z o) fz) - fe(c—(e»)

1 % 2 3 1 i 2, 3
——m10g<1—26—2226 +O(e )>+m10g<1_f(z)6_2f(z)26 + O(e )>—e
- 2 . ﬁ — e+ 0(e%) = edp(2) + O(e%).

Here the constant in the O still depends on K C C*. Let ¢.(z) := w. By
Proposition ¢ is holomorphic on D(0,r). We have proved that for all compact
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K c C*, for all z € K, and for all small € # 0 with Re(e) > 0, we have |¢.(z)| < Cx. By
taking K = {|z| = } we therefore obtain the same estimate |¢.(z)| < Ck for all |2| < §
because of the maximum modulus principle. This gives the desired uniformity.

]
Lemma 5.9. If (*(e) = £ T e+ coe® +c5 e +0(et), and f(2) = z+ 22+ 23+ 021+ O(20),
then
—3bm3 + 273 + 12com + 12i(c — cF)
127
Proof. By repeating the computations from Lemma and Lemma with one addi-
tional order of significance, one obtains

Co =

ot ~ 2 -+ .3
e T T (828 - T e o)
and
fe(2) = f(CF(e) . am 2, < im3 cgfc:,f_ imey im3 ) 3 4
LR i ee are T e P Tape)C o)

Plugging these two equations into the formula for A(e, z), and using the power series
expansions of ﬁ, for j = 1,...,3, one notices again that all terms involving negative
powers of z cancel, either by the argument used in the proof of the previous proposition,
or by lengthy computations using

7 1
co=— — —.
T8 4
Summing the terms that do not depend on z gives the desired result. O

Lemma 5.10. We have

n _ 1 /3 57t bt n?
3 =—C=—|—=+——-—-—1-
im \16 64 16 4
We will omit the proof, which is a long but direct computation, starting from the

functional equation f. o (T (e) = (T o §(e) and identifying coefficients in powers of e.
In particular, it follows that

—br? 1372 3 1

8 + 96 82 + 4
5.2. Convergence result. For the rest of the section 5 we fix a compact subset K x K’ C
B x By and a point (20, wg) € K x K'. Moreover we assume that n is sufficiently large
so that 9”2 (K') is contained in a petal P from Proposition . Unless otherwise stated,
all the constants appearing in estimates depend only on the compact K x K’, but not
on the point (zp,wp) nor the integer n.

Let fj(2) := f(2)+%2wn2+j, where w2 ; 1= g™ (wp). Let zj := fjofj—10...0f1(z0).
Let Fyp = fmo...0 fpt1, and let €; := | /w2 ;.

The strategy of the proof of Theorem is as follows: we will use approzimate Fatou

coordinates qﬁﬁl/ ° and prove that on some appropriate domains, qﬁiL/ ° converges locally
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uniformly to d)}/  (with a known error term of order %) Moreover, we will compute
¢4 (20) and ¢ (z2,41), again at a precision of order 1. This will allow us to compare
accurately zon41 and Ly(2g) = (gb‘})_l o ¢%(z0). This approach differs from [I] in that
approximate Fatou coordinates in [I] were only used at small scale near 0, while here
they are defined on a whole petal: this simplifies the comparison with the actual Fatou

coordinates (b}/ °. The approach used here is strongly inspired by [3].
Definition 5.11. Let

) Fe) — o
Zl»/o — L/O(Zj):_ilogc (GJ) Zj +1

P ) = s )
Observe that by definition of A(e, 2),
(14) Alejy2) = Zjyn = Z5 — €.

Proposition 5.12. We have

Yo (20) = —% + 0 <1> :

n3

Proof. This follows from computations similar to those appearing in the proof of Propo-
sition (recall as well that ¢; = O (1)). O

1
n
We now introduce approximate incoming Fatou coordinates:

Definition 5.13. Let

Let D, be the disk of radius 3|¢*(€) — (™ (€)| centered at $(¢T(€) + ¢ (€)). Let S(e,r)
be the union of the two disks of radius r that both contain the points ¢ (¢), (™ (¢) on their
boundary. Here r will be a sufficiently small number, to be fixed in the paragraph before
Lemma The definition of S(e,r) of course only makes sense when the distance
between (*(e) and ¢~ (e€) is less than 2r, which once r is fixed will be satisfied for €
sufficiently small. We note that the choice of r will depend on the map f, but not on e.

The line L, through (*(e) and (~(¢) cuts the complex plane into the left half plane
H! and the right half plane H?. We define §*/°(e,r) := S(e, r) NHY®. The map ! maps
the disk D¢ to the strip [1/2,3/2] x iR. The image of S*(¢,r) is bounded by two vertical
lines, intersecting the real line in a point of the form 0 + O(e) and in the point 1, see
Figure[I] In particular we can find 0 < o < 8, such that

[Be, 1] x iR C (S (e,1)) C [ae, 1] x iR
for all e. We define §*(0,7) := D(—r,r).

Recall that A(e, -) is analytic on a small disk D(0, R) centered at the origin. Moreover

there exists R > 0 such that |A(e, z)| < % for all z € D(0, R) and € in the petal Ps defined
in Section 4. By taking smaller R if necessary we my assume that f is 1—Lipschitz on
D(—R, R).
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s

D

t € oglw
q’ ~ =35 R ~1
Y, 0 Y|

FIGURE 1. The sets D, C S(e,r) and their images under 1)t.

Now let us assume that r << R is sufficiently small so that S(e,7) C D(0, R) for
all € > 0, and note that for every compact set K C By, there exist n/,¢’ > 0 so that
f™(K) C S (e,r) ND(—R, R) for all n > n' and all € > ¢/. We now fix this r.

Lemma 5.14. Let K x K' C By x By be a compact set. There exist ng,mg > 0 such
that for all (20, wg) € K x K" and all n > ny we have:

(1) zj € S*(&j,m) U Dy, for all mog < j <n—1,

(2) zj € D, forall%" <j<n-1,

(8) If z, € S(ex,r) for all mg < k < j, then ‘Im(wéj+1(2j+1))‘ <1,

where €; 1= | /W2y = % +0 <%)
Proof. There exists mg > 0 so that f™0(K) C S*(0,7). Let ng be sufficiently large so
that for all (29, wp) € K x K’ we have:

(i) 5|6m0’ < Re<¢émo (Zmo)) < %

(it) [Tm(ve, (2me))l < 3

(iii) |ej| < 2Re(ej) < Rfor0<j<2n+1
Indeed, (i) and (ii) follow from the equality ¥!(z) = —< +O(€®) and (iii) follows from the
fact that €; = % + 0 (#) Note that the constants in O depend only on the compact

K x K’ and not on n or j.
Recall that by our assumption S*(ej,7) C (0, R) for all j and that |A(e;, 2)| < %
for all z € D(0, R). By (i) we have zp,, € S*(€m,,r) and observe that for z; € S*(ej,7)

we have 5 .
6Re(€j) < Re(vy,, (zj41) — ¢, (7)) < éRe(fj)-
It follows that

5 12 1 732
(15) Blemo| + 5 k;g Re(er) < Re(vy, (7)) < i k;() Re(e),

and since Re(e;) =1 + O (%) we have

Blemol < Re(ut (2))) <

N W
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for all mp < j <n —1 as long as n is sufficiently large. This proves (1).
For (2) observe that

1 i1

)
—5 <1+ kZORe(ek)

for all %n < j <n—1aslong as n is sufficiently large.
Finally for (3) observe that equation implies that 2z € S(eg,r) forall 0 <k < j
can only hold for some j < 3n. By (ii) and (iii) we have

Im(e;) — éRe(ej) <Im(ve,, (zj+1) — ¥ (7)) <Im(e;) + éRe(ej),

for z; € S*(ej,7), hence

1 S 1 1 S 1
-3 + kz Im(eg) — gRe(ek) <Im(v;(25)) < B + kz Im(eg) + ERe(ek).
=mg =mo

Since Im(ex) = O (%) we can conclude that (3) holds as long as n is sufficiently large. [

Lemma 5.15. For 0 < j <n—1 we have
zj = f(20) = O ER)
J n2

Proof. Let mg be as in Lemma [5.14] Since mg is independent from n it is easy to see
that for all 0 < j < mg we have z; — f7(z0) = %2 Z?@;%) (+0 (%)) =0 ( J )

ﬁ .
Let Ve :={z € S'(¢,7) | |[Im(¢p%(2))| < 1} and observe that V.\D. C D(—R, R) for all
sufficiently small e. Since by our assumption f is 1-Lipschitz on D(—R, R), it follows by

(1) in Lemma that for all mg < j < Zn we have

™
25 = F(20)] < lzj—1 = 77 (z20) | + €5
7T2 i
<lemo = ™ ()| + 7 Y &

Finally for %n < j < n-—1, by item (2) of Lemma , we have z; € D, and in
particular z; = O (%) It follows that

s rer=o(L)o(2)

where the last equality follows from the fact that %n < j <n—1. This completes the
proof. O
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Lemma 5.16. We have:

n—1
ZAO (24) = Ao(F () = (b= 1) 3_ 2} = f/(20)* + O <kf2n>

J=0

Proof. Recall that f(2) = z + 22 + 23 + bz* + O(2%) and Ap(z) =
elementary computation gives Ay(0) = Aj(0) =0, and AF(0) =2(b—1
To simplify the notations, let y; := f7(zp). We have:

—I—%—l. An

( )

Ao(z) — Ao(y;) = Ap(y;) (25 — y5) + %Ag(yj)(zg' —y)>+ 0 ((z — y;)*)

= (y;45(0) + O(y)) (2 — yj) + %(A()’( 0) + O(y)(z — y3)* + O ((z — v5)*) -

By Lemma |5.15( we have z; —y; = O (#), hence

. .3
Aolis) = Aalis) = 14§05 = 1) + 3450 15+ 0 (5 5 )
1 5 53
= (b—1) (2y;(z —yj) + (2 —9))*) + O (ﬂ % ;7z6>

= (b—1)( —y])+o(.1 ER *73)

Jn2’ nd’ pb

It follows that

|
—

n

logn
ZAO zj) — Ao(y;) = (b—1) z?-—y?—kO( 52 >

§=0
O
Lemma 5.17. For 0 <j<n-—1, let
j—1
(16) V=7 + ZAO (20)), and x;:= Zek + Aleg, 2k)-
k=0

Then

2 . 1
3oofE)-2eol?)

In particular, there exists k € N independent from n such that for all k < j <n —k,

s
;= cot (51’]>

1s well-defined and strictly positive.
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Proof. According to Lemma |5.15} for 0 < j <n — 1 we have that z; — f7(29) = O (#)
In particular, z; = O(1). By Proposition , we have for every 0 < k <n — 1:

1
(17) A(Ek, Zk) = ekAo(Zk) + 0 (6%, Zkez) = EkAQ(Zk) + O <n3>

(indeed, by Lemma ze = f*(20) + O(%), so in particular z; = O(1)). By Lemma

€L :%4—0(%), hence

zj =Y e+ Aler, z)

Ao(z) + O ( k)

n3

Since v; = j + O(1), we also have

”:‘7+0(>.
n n n

Finally, the last assertion follows from the preceding equality and the fact that for
z € (0, %), cot(x) > 0. O

Lemma 5.18. Let u(z) := 2 tan(3z), ®(z) = xj'é’_ungf and B := 2. We have :

K ez

> _ g
%P :1q>(xj)+o(1).

B n? jn?

Proof. We have
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n

) 2 p
Now recall that by Lemma [5.17, 2 = z; + O(%), so that % = a:? +0 <fl—3) So:

_BJQ' :ix?—u(xj) O(2 4)
87 (@) (a? + O(L)

1 22 —u(x:)? i3
=5 ) 40| s
n u(;y?)(z? +0(%7)) ziu(z;)*n

and note that

Therefore

Note that in the last line, we used the fact that ® has only removable singularities at
z =0 and z =1, so that ®(z;) = O(1). O

Proposition 5.19. There exists o universal constant C1 € R such that

ZAO (z) — Ao(F1(2)) = Cl(l;_l)_ko<logn>.

n2

More precisely, Cy := fo r)de = (4 — 7).
Proof. We have, for 0 < j <n—1:
- T T 1
and
j—1
ZJL» = Zé + Z €L + A(ek, Zk).
k=0
Recalling the notation z; := Zi;g ek + A(ex, zx) and o = cot(Fx;) from Lemma

and using the trigonometry formula cot(a + b) = %,

7 cot(5Z5)aj — 1 1
18 L= o=
(18) KA aj + cot(5 Z§) * n?

we therefore obtain:
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Let k be as in Lemma [5.17, so that a; > 0 for k¥ < j < n — k. We have cot(5Zj) =
—27"20 +0 (%), so that

m  cot(§Z5)ay 1 200 1
(19) zj=—fg-—— s+ 0 = :ﬁ—i-O -

2n o + cot(5 Z§) j— 205
Finally, with §; := %, we get
1 1

On the other hand, from the definition of Ag it follows that Z{;}) Ao(f*(20)) = % -
—L— — j, which we may rewrite as

fi(20)
. 1
(21) f(20) = I
20 J
Therefore:
, Bi— 1
(22) 2= fi(z) = i~ e ()
J (-2 +8) (-5 +%) n’

Now note that j = O(B;): indeed, é =0 <W> - O(L/]) - O(%)
Therefore:
1 - 1
(~% T +8) ~ (5 +0W)(3;+0(m)
1
" 5B+ 0(B))

1 1
—— qo|—]).
i B; " (’Y?ﬁj)

Therefore, setting y; := f7(20):

Z — = (2 — ;) (2 + )

_ ([ Bi= 0 Bi — Bt 0 Bi +
( B i (7?5;’ ))( Bivi * (7?5;’ ))
BB (8

g " (w

1 1
= —5®(z;)+ 0 <jn2) by Lemma [5.18

n
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Therefore by Lemma [5.16],
-1 log n
Z Ao(%7) = Ao(y;) Z ®(z;) | +O{ =5

0 [ eyde 0 <1°g”>.

n Jo n?

In the last equality, we recognize a Riemann sum with subdivision (z;)o<j<n—1. Finally,

we have
1 s ™ 9
T [z 1 T 1 2 T
®(z)dr = = t2t— dt = —— tt— =)+t =1——.
/0 (z)dx 2/0 co 2 5 [(co t> + ]0 1

5.2.1. Incoming part. The following error estimate is one of the two crucial estimates that
we will obtain in this section: it measures accurately how close ¢ is to the incoming
Fatou coordinate ¢;. This estimate differs from those obtained in [1], in that we compare

O

¢y, with ¢% on a definite region of By (independent from n), instead of comparing the
two at small scale near the origin, compare with [I, Property 1 p. 10]. Moreover, the
point of Proposition is to push the precision of the estimate further and obtain the

first error term %, which cannot be easily obtained from the computations in [I].

Proposition 5.20. We have
E'(z logn
04 (a0) = ytan) + ) 0 (B

n n2

where E*(z) 1= Co + (C1 — 1)(b— 1) + $¢*(20).
Proof. Recall that by definition,

Pp(2) = lim ———— ! —n= lim —f—i-ZAo f(z

n—oo  f7(2) n—00

Similarly, we have:

n—1 n—1

> Aler %) Z Zi— e =2y~ 2y~ ) ¢,

=0 =0
and thus

1 < 1
or(z0) = — — — 6] = + ZA €5, %5)-
€n €n =0

Therefore:

(23) ¢ (20) — ¢4(20) = Er + Bz + Es,
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where
L

Fi=— 4+ —
€n Z0

n—1 n—1
Ey = ;ZA(EJ‘,ZJ') - ZAo(fj(Zo))
™ j=0 J=0

Es = — ZAO(fj(ZO))

We will now estimate each of the error terms FE; separately. For j € N, we set y; :=

17 (20)-

Lemma 5.21. We have £ = —2711Z0 + 0 (%)
Proof of Lemma. We have
VA 1
=L = —eo (20)
€n  €n
€0 €
=— +0(— by Prop.
€En 20 €n

n \ 229 n

Lemma 5.22. We have Eo = 1 ( =+ 50%(20) + Co + C1(b - 1)) +0 (10%”) :

Proof of Lemma. Recall that we have
A(e,z) = €Ao(2) + Coe® + O(z€, €*),

so that

1 n—1 n—1

By= =3 Algjyz) =) Aoly;)
™ =0 J=0
n—1
1 3 Zj
— 6— Z ejAo(Zj) + C(]Gj + O(ﬁ) — EnAO(yj)'

Therefore:

n—I1 3
€: €2 2
Ey E J Ao(zj) — Ao(yj) + E Co:] + O(fné) ,
X =0 n
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and

On the other hand, we have

n—1 n—1 n—1
(24) > ;Ao(% — Ao(y) = < ) Ao(z5) + > Ao(25) — Ao(yy)-

7=0
Now note that

Jj=0 j=0 N " = €n
and that
n—1
€j
- = — <
Z; (en ) (Ao(zj) — Ao(y;))| < oRBx | Z | Ao(z;) — Ao(y;)]
]:

by Lemmas [5.2] and Proposition [5.19] Another consequence of Lemma [5.2]is that

(25) :—2—1 21n<1—n+0<;>>.

Therefore, by (24), and Proposition [5.19

n—1

€; Ci(b—-1 1 logn
Z;AO(ZJ)—Ao(yj)Zl(n ) ZAO (y; +O<ng >
j=0""

_Gb-1 <1/zo +¢f(20)> o (10gn> |

n 2n n2

Therefore, as announced, we have:

1/ 1 logn
B=t <2Z0+ ¢f<zo>+co+ol<b—1>)+0( 4 )

Lemma 5.23. We have E3 = IT_b + O(%)

Proof. By explicit computations we have Ag(z) = (b —1)22 + O(23), so that Ap(y;) =
(b—1)572+O(j3). Therefore:

B3=(1-0)) j?+0
j=n
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and Z;in]‘is = O([>*d%) = O(#) Similarly, Z;‘;nj*Q ~ [dz — L so that

n 3 n  x2

By =1t 4+ 0(L). O

Finally, putting together the three preceding lemmas, the proof of Proposition is
finished.
O

5.2.2. Outgoing part. We will now work to obtain estimates for the outgoing part of the
orbit, that is, for n < j < 2n + 1. The method is largely similar to the incoming case.
Recall that the estimates we obtain only depend on the chosen compact set K C By.

We will first need a rough preliminary estimate on boundedness of z9,41. Of course,
by [1], we know that 22,41 converges to L£(zp), and we could deduce this preliminary
estimate from there. However, we prefer to present here a direct argument, so that the
proof of Theorem remains self-contained.

Proposition 5.24. There ezists k € N (independent from n) such that zo,11_ belongs
to a repelling petal D(r,r) for f. In particular, zon,+1 = O(1).

Proof. Recall that by Proposition we have that
. 1 n—1
e n L —
Pn(2) == o o ZOGJ = ¢'(20) +o(1) = O(1).
j:

In particular,

and therefore Z) = -1+ O (%) .
Let R,, denote the rectangle defined by the conditions —1 — % < Re(Z) < -2 and
—1 <Im(Z) <1, where C' > 0 is a constant chosen large enough that Z? € R,,. Let

(26) Jni=max{k <2n+1:Z} € R,}.

Recall that for j < 2n, we have Z7, , = Z7 + A(e;, zj), and that by Proposition
we have

(27) A(Ek, Zk) = EkA[)(Zk) + @] (62, ezzk) =0 (ekzz) .
Moreover, for n < j < jn, we have Zf = —g= cot <%ZJ") + 0 (#), and therefore there
exists a constant C' > 0 such that for all n < j < j,,
c’ T 2 C
(28) [Ales: 2)] < 5 oot (525?) <z
and thus
k=n k=n

From , we can prove inductively on j that for n < j < j,, 47 — 7y — ng;z €| =

O (1) and hence j, = 2n+ O(1).
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Let r > 0 small enough such that D(r,r) is a repelling petal for f. By the argument
above and the definition of R,,, we have that Z7 = O (%), so that

T T o 1 1
Pantl-k = Ty cot (§Z2n+1—k> +0 <ng> - k+0(1)

Therefore, we can find some k bounded independently from n such that zo, 11— € D(r, 7).

0
We now introduce approximate outgoing Fatou coordinates:
Definition 5.25. Forn <m <2n+1, let
zo 1"
(b%(zm) = ? + — Z 6j.
n ] =n
Lemma 5.26. We have
70 1 m—1
Pplzm) = —* — — Z Alej, 25)
n €n
j=n
Proof. We have
m—1
> Al 2) = Z 125 e
j=n
m—1
=70, - 70— ¢
j=n
so that
70 m—1 70 1 m—1
?: + . Z €j = dp(2m) = ?:L - ; : A(ej, 2)
j=n j=n
O

Proposition 5.27. Let k € N be the integer from Prop. [5.24 Let yon+1—k = Zont1—k
and Yont1 = fF(Yont1-k)- For n < j < 2n we define:

yj = f ) (o, 1),

where f~1 is the local inverse of f firing 0: f~1(2) = 2 — 22 + 22 —b2* + O(2°). We have

3" Aolz) — Aolyy) = Cl(f;—l)+0<1o§2n>‘

Proof. The proof mirrors the incoming case, so we will only sktech it and leave the details
to the reader. Recall that ys,41 = O(1) by Proposition , and that z9,41_1 belongs
to a repelling petal for f for some k € N independent from n, so that the (y;)n<j<on+t1
are well-defined.

By a straightforward adaptation of Lemma |5.15} z; —y; = O (2";#) forn <j <

2n 4+ 1. More precisely, this applies for n < j < 2n 4+ 1 — k; but it is clear from the
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definition of the y; that for 2n+1—k <j<2n+1, we have z; —y; = O(#) Therefore
the proof of Lemma [5.16] can be repeated to yield that

2n

logn
(30) ZAoz] — Ao(y;) = (b—1) Zz —yj—i—O(n )

] =n

Next, we have, for n<j<2n:

-1 1 2n
A ( ?7) (Z7) = ( 607) Zopi1 — Zek + A(ek, 2k)

k=j
T s T 2n 1
=g oot | 525~ 5 kz_:jek + Alep, ) | +0 (nQ> .

Through similar computations as those appearing in the proof of Proposition we
deduce that

1 1
(31) Zj :_—1—B+O<n2>
J

Z2n+1

with 8; := 22 tan(Zz;) = 22 tan(3 Ziﬁ € + A(ex, 2zk)). On the other hand,

e S

Yj Yon+1
from which it follows that y; = ———1— with v = Eiij Ao(yj). Then, again,
_92'7L+1 -l
similar computations show that
1 1
2 2
YT 2 (25) + <n2(2n—|—1—j)>

2n—j+0(1)
n

and z; = for n < j < 2n. Therefore, we finally obtain:

2n 1

b—1 logn Ci(b—-1 logn
> Aolz) = Aoly;) = —— /()(I)(ac)d:n+0< ngQ ): 1(n )+0< 52 )
j=n

g

In what follows, a slight technical complication comes from the fact that the expected
endpoint of the orbit, zo,, 11, needs not lie in a small enough repelling petal in which (b?
is well-defined. In order to overcome this issue, we stop a few iterations short and work
instead with zop,41-k.

We now come to the main proposition of this subsection:

Proposition 5.28. We have:

E°(zop41— logn
On(zant1-k) = ¢F(22n+1-k) + (2n+1k) +0 ( & ) ,

where E°(z) = —%gf)?p(z) —Co—(C1 —1)(b—1).
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Proof. We proceed similarly to the proof of Proposition [5.200 We have, for z in a small
enough repelling petal:

(32) ¢f ***ZAO (2)),

where f~! is the inverse branch of f fixing 0. With the same notations as in Proposition

, we set: y; 1= fj_(2”+1_k)(22n+1—k)~

We have:
(33)
L1k 1 iy
Fn(zont1-k) — O (22n41-1) = n: = * Z ——A(e],z]) + Ao(y;) Z Ao(y;)
n 2n+1—k j=n P
(34) — Ei + F + E,
where
A4 1
El — 2n+1—k +
€n 2on+1—k
2n—k 1
BEy= > —:A(ijzj) + Ao(yy)
j=n "
n—1
Ey= Y Ao(y)
j=—00
Lemma 5.29. We have E; = n2Z2 1“ -+0 () -

Proof of the lemma. By Proposition we have Z§ = —242=E 40 (%) so that

22n+1—k

Ey — 1 €on+1-k < 1 >
1= - 2
Zon+1—k €n  R2n41- k
_ 1 1 n?+n+0(1) L0 ( )
Zon+1-k n? +2n+ O(1)

11 1
=~ 40
n 22on 41—k * <n2>

Lemma 5.30. We have

1 1 1 L
EQ = — ( - §¢?’(22n+1—k) - CO - Cl(b - 1)> +0 ( Onan) '

22on+1-k
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Proof of the lemma. We have

2n—k
Z AO yj (EJ’ZJ)
2n—k 2n—k
_ €5 3 3
= Z Ao(y;) — :AO(ZJ‘) - Z Coe; + O(z€;)

Same as before, we have - 22" oS €; + O(2 ]) =% 40 (%) On the other hand,
we have

2n—k 2n—k 2n—k

.
> Ao(yj)*on(Zj) => (1- Ao (25) E Ao(yj) — Ao(z)).
j=n " j=n

Now note that
2n—k 2n—k 2n—k

Z (1— %)Ao(zj) - Z 1- %)Ao(yj) + Z (1- ;)(Ao(z]) Ao(y))),
and that

2n—k . 2n—k

>0 (1= D) (Aolz) ~ Aoly))| < _max N1 Z [Ao(z7) — Ao(y;)]

j=n " o

1
=0
(rﬂ)
by Proposition [5.27] Therefore, as in the proof of Proposition |5.20}
2n—k 2n—k

Ci(b— 1) 1 logn
ZAoyj——A(zj) -+ ZAoy]+O<n
j=n
1 1 logn
= —= b—1 — + — % (2opt1—
n (Cl( )+ 22om 41—k - 2¢f(Z2 ! k)> o ( n? )
from which the lemma follows. O

Lemma 5.31. We have E5 = b_Tl + 0 (#)

Proof of the lemma. The proof is the same as in the incoming case: it follows from the
fact that Ag(y) = (b—1)y? + O(y?) and y; = 7 +0 ((2n — ) O

O

5.2.3. Conclusion.
Proposition 5.32. We have:

1 2n 1/1 1

€
n =0
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Proof. We have:
' 1
i=0 i=0 \/n2+j+¢§(wo) +0o(1)

2n 1 . (bL (w ) 1
j=0

1 ¢g(w0) 1 1 n
—2n T TolE) T 2
]:
- o (wo) (1 1 2n(2n+1)
n 2 n? 2n3 2
¢y (wo) 1 1
2 — n2 W + 0(72)
On the other hand:
1
— =+vn?2+n+0(1)
€n

and therefore:

1)

We are now finally ready to prove the following theorem:

7 N
—_

1/1
- (2 + ¢;(w0)> +0

Theorem 5.33 (Lavaurs’ theorem with an error estimate). Let K C By x By be a compact
set. For all (zo,wo) € K and all sufficiently large n we have:

h 1
Z2n+l:£f(20)+(201;u}0)+0<0gn>7

n2

where
_ L)
M) = Gy

is holomorphic on By x By and the constant in O(

(260 +2(C1 = 1)(0- 1) = 5 + 040 - dy(w))

bff) s independent of the point

(z0,wp) and the integer n.
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Proof. We have, by definition:

1 1
On(oaniin) = —Za+— 3 ¢
n .

and therefore

E°(zon+1-k)

0 L E'(2) Pg(wo) +1/2 1 2n logn
07 (zzns1-r)+ n = ¢p(z0)+ n n e ; k€j+0 n2 )’
j=2n—
by Propositions |5.20 [5.28| and [5.32}
On the other hand, we have:
2n
1 1 (k: 2n 1
— € = ——k—+ O()> by Lemma [5.2
n j%:—k T tO0GE) \n 2w n?
1 1 k 1
=(14+— = A il
( Jr2n+0(n2)> < n+0(n2)>
k 1
— k- Y
2n + O(nz)
Therefore:
E(zont1—1) — k/2 . E(z ot (wo) +1/2 logn
¢ (22n+1-k) + k + (an1k) = K/ = ¢(z0) + 7(%0) - - +0 52 :

Recall that the outgoing Fatou coordinate ¢% has a well-defined inverse ¢y : C — C
satisfying the functional equation ¥¢(Z 4+ 1) = f o 9¢¢(Z). Observe that since k = O(1),
we have

Uy (d;(z?"“—k) + k) = fk(22n+1—k) +0 <?%12> = 2on41 + O <nl2> .

Therefore, composing on both sides by ¥ and setting E°(zon41) = E°(22n4+1-k) — g,
we get:

N E(20) — E°(22n+41) — 1/2 — ¢y (wo) Lo (IOgTL))

n n?

= Ef(ZO) —+ ((Qb(})_l)/(d);c(zo)) <EL(ZO) - EO(ZZTH—TIL) - 1/2 - ¢2(w0)> ) (105271)

S (P o ()

o = (69) (¢;<zo>

= Lg(z0) +
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In particular, we have proved that 29,41 = L¢(20) + O (%) From there, we deduce that
4 (zon+1-k) + k = ¢4(20) + O (%) Plugging this into the expression for E°(zon4+1), we
finally obtain:

1 L(20)
n (@) (z0)

(200 120 —1)(b—1) — % + ¢4 (z0) — ¢;(wo)> +0 (1()52”) :

0

Zon+1 = Ly(20)+

5.3. Choice of index. Assume that zg is a Siegel fixed point for the Lavaurs map Ly,
and let X be its multiplier. Denote by k., the index from Theorem [2.2} it is given by the
formula

2boc c
with 2by = ﬁ;ﬁ(Zo), co = ]’L(Z()), c1 = h/(ZO), and
£3(2) Y L
®) = gl (200 +2(Cr = Db —1) = 5 +64(2) - ¢g(w0)> .

The function A is the error term computed in the previous section.
A straightforward computation gives us that

C + ¢(20) — 9 (wo) (L(20)(8%) (0) o)
((¢%)(20))2 YCE=DY A

for some universal constant C' € R.
Observe that Re(k,,) is independent from wy if and only if

Lh0)(07) (z0)
sy COSCORL

If condition is satisfied, then x,, = 1, and accordingly, Theorem implies that
there are no wandering domains for P converging to the bi-infinite orbit of (zp,0), since
we are then in the expulsion scenario of the trichotomy.

On the other hand, if the equality is not satisfied, then wo — K, (wo) is a
non-constant holomorphic function (defined on the parabolic basin By), of the form
wo = agy(wo) + b, with a,b € C (independent from wp) and a # 0. Therefore, the
condition for Re(r,,(wo)) to be negative is equivalent to ¢j(wo) belonging to some half-
plane; but ¢ (By) contains a domain of the form U := {W € C: Re(W) > R—k|Im(W)]|},
for some R > 0 and k € (0,1), see e.g. |16, Proposition 2.2.1 p.330|. Since U intersects
any open half-plane, if condition is not satisfied, then there exists some open subset
Up C U for which Re(k,(wp)) < 0, and so by Theorem [2.2] there is a wandering domain
accumulating on (2, 0).

(36) Kz =14

(37)

6. A LAVAURS MAP WITH A SIEGEL DISK

The goal of this section is to construct a polynomial f of the form f(z) = z + 22 +
23 + O(2*) whose Lavaurs map has a Siegel fixed point with diophantine multiplier ),
which does not satisfy equality (37). The outline of the argument is as follows:



44 MATTHIEU ASTORG, LUKA BOC THALER', AND HAN PETERS

We start by finding a degree 7 real polynomial whose Lavaurs map has a super-
attracting fixed point, and for which a suitable reformulation of does not
hold

We perturb that polynomial to get an attracting but not superattracting fixed
point, in a way that equality still does not hold

We apply quasiconformal surgery to get a multiplier arbitrarily close to 1

We show that in the limit, we get a polynomial whose Lavaurs map has a parabolic
fixed point that does not exit the parabolic basin

We perturb that last polynomial to get a Siegel fixed point, leaving the family
of real polynomials; we prove that condition does not hold for that last
polynomial.

Recall that in [I], there are two constructions of a Lavaurs map with an attracting
fixed point. One is based on a residue computation near infinity in the Ecalle cylinder,
and makes use of the fact that in the family f,(z) := z + 22 + @23, the multiplier of
the horn map e, of f, at the ends of the Ecalle cylinder is a non-constant holomorphic
function of a. This method cannot be used in a family of polynomials of the form
f(z) = 2+ 22 + 23 + O(2*), where those fixed points for the horn map are persistently
parabolic. This is why we adapt the second strategy for the first two steps described
above.

Remark: From now on we will be using slightly different notations then in previous
sections. Namely we will drop the subscript f from the Fatou coordinates and the Lavaurs
map in order to have space for other indexes in the subscript. It will be clear from the
context to which function the Fatou coordinates or Lavaurs maps correspond.

Let ¢* be the incoming Fatou coordinate, and 1° the outgoing Fatou parametrization.
Recall that the Lavaurs map is given by £ = ¢° o ¢* : By — C, the lifted horn map is
E=¢' oy :V — C, with V C C containing {Z : |Im(Z)| > R} for R large enough.
We have Eo¢* = ¢ o L, and E(Z+ 1) =E(Z) + 1, so € descends to a self-map of C/Z.
Conjugating by the isomorphism Z — e?™4 we obtain a map e : U — {0,00} — C*,
where U is an open set containing 0 and oo. The map extends to U, and fixes 0 and
00. Since we consider polynomials with f(z) = z 4 22 + 2% + O(z*), both of those fixed
points have multiplier 1.

6.1. Construction a polynomial. Let f(z) = z + 22 + O(z%) be a polynomial and
¢ = L(¢) a fixed point of its Lavaurs map, with multiplier A.

Definition 6.1. If X\ ¢ {0,1} we say that the pair (f,() is degenerate if and only if

L7901 (<€)

(38) YCEEDY)

—(¢)"(0) =0.

Lemma 6.2. We have:

L") () A @) (60" (€)

(39) i O | T w7

+ ()"0 -
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Proof. Since L = 1)° o ¢* we obtain
L'(z) = () (¢"(2))¢'(2)
and
L"(z) = ()" (¢'(2)¢' (2)* + (¥°) (¢'(2))(¢")" ().
Recalling that £/'({) = X it follows that

PO _ 1
X @)

and so
LQIQ _ IENS
It follows that
EOWO (0 = 125 [WV(’W;@{E )3( Erwy10] - 0710
S
e o

For the rest of the paper we shall set

()" (0" (@)  (uym
(40) F(f, Q)= CRICIGIE +(¢)7(0),

where 1¥° and ¢" are the Fatou parametrization and coordinates associated to f. Note
that for A ¢ {0,1}, the pair (f,() is degenerate if and only if F(f,() = 0.

We record here for later use the following lemma:

Lemma 6.3. Let f(2) = 2 + 22 + a2’ + O(z%) and let ¢* denote its incoming Fatou
coordinate. Let ¢ be a critical point in the parabolic basin of f. Then we have (¢*)"(c) =0
if and only if either ¢ is multiple critical point of f, or if the orbit of ¢ meets another
critical point of f.

Proof. The sequence of functions

On(z) = —

1
—n—(1-—a)logn
e
converges locally uniformly on the parabolic basin to

¢'(z) :== lim ¢n(2),

n—o0
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Y/ : 11 / o (fn)/(z)
Therefore (¢*)"(c) equals lim,,,~ ¢/ (c). Moreover, ¢/ (z) = P and
_d UG
&= ()
()" (@) (@ = 2[(f") () £ ()
[Fren’

n(©)

(M@
/()
= £"(c) HZ;% f,(fz(c)) ‘
()]
For the third and fourth equalities we used the fact that f’(¢) = 0. Since c is in the
parabolic basin of f, we have [f”(c)]2 ~ # Moreover, for k > ko with kg large enough,

F(PH) # 0 and
Pt =13 40 (“E) —ew (<70 (ME)).

ﬁ F(£5(2) = ﬁ P <—i o <1Okg2k>) - eXp(g(l))'

k=ko k=ko

Therefore:

o F(F*(0)

# 0, s0 (¢*)"(c) = 0 if and only if f”(¢) =0 or

In particular, lim, .

o)
(f¥)(c) = 0, which concludes the proof. O
For t € R, a real polynomial P(z) = z + 22 + 2% + O(z%) and n > deg P odd, let
P'(t)
() = P(z) = 20

Note that f{(t) = 0: the choice of this family ensures that we have a marked critical
point in R. By £; we denote the Lavaurs map of phase 0 for the polynomial f;.

Proposition 6.4. Assume that there exists P,n and too < 0 as above such that :
(1) Jroo(toc) = 0
(2) Gy fe(t) <O
(3) fi., has negative leading coefficient
(4) there exists x > 0 in the repelling petal of fi. that escapes to infinity.

Then there is a sequence t, — too such that Ly, (t,) = tp.
Proof. We will rely on the following two claims:

Claim 1. For t € (too,too + €) with € > 0 small enough, the critical point t is in the
parabolic basin of f;.
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Proof of the claim. It is enough to show that there is » > 0 such that (—r,0) is in the
parabolic basin of f; for all ¢ close enough to ts. Indeed, by (1) and (2), we have that
for all » > 0 there exists € > 0 such that fi(¢) € (—r,0) for all ¢ € (too,too +€). Let

re :=sup{r >0:Vy € (—r,0),0 <

fily)
” <1}

For all y € (—7,0), t < fi(y) < 0 hence y is in the parabolic basin of f;. Finally, t — r;
is continuous and r;_ > 0. O

Claim 2. There ezists a sequence t, — too (with 1, > tos) such that L; (t,) = [ (z).

Proof of the claim. We adapt here the argument from [I]. The desired equality £; (tn) =
I (z) is equivalent to 2 o ¢t (tn) = V50 (qbg () +n).
In particular, it is enough to find %, such that o% (t,) = ¢¢ (x) +n. We look for tn

under the form ¢, = to — with a = 1

. By the preceding claim, it is in
TC\C:tgofc(c)

e
the parabolic basin for n large enough.
We have ¢? () +n =n+ @7 _(x)+ o(1) since the map ¢ — ¢f is continuous. Addi-

tionally,

6 () = 0% (fi, (i) — 1

1
=—————140(1), (according to the asymptotic expansion of ¢")

ffn(fn)
=n+u—14o(1).

Therefore, we have reduced the problem to solving the equation u — 14 o(1) = ¢7_(x)
for u € R, where the o(1) term is a continuous function of u. By the intermediate value

theorem there is a solution u = u, € (¢7_(x), ¢7_(z)+2). We can take &, = too — T
and since (uy)nen is bounded from below, the sequence (t,,) is well-defined for n large
enough and converges to tqo. O

We now come back to the proof of Proposition For n large enough, G; () > 0 (by
continuity of the Green function G). Therefore L; (£,) = fI* (x) tends to oo, and more

precisely, 400 or —oo depending on the parity of n, thanks to condition (3). Therefore
the continuous function F(t) := L.(t) — t alternates sign between two consecutive ¢, so
by the intermediate value theorem must have a zero t¢,, between them. O

Proposition 6.5. Let P(z) := z+ 22+ 23+ %z‘l + 1—7725, let too := —1 and n :=7. Then
P, n and to satisfy conditions (1) — (4) in Proposition [6.4]

Proof. Observe that fi._(te) = 0 and P'(t») = 1. That second property implies that
ft.., has negative leading coefficient. Therefore, conditions (1) and (3) are satisfied.
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Let us check that condition (2) is also satisfied. We have:

d d t
— t) = — P(t)— —P'(t
dt|t:tooft() i (t) = —P(t)
n—1 t
= Plte) — =P"(too
= Pl(t) = 2P (1)
6 1 50
=_—4+-P'(-1)=—-—=<0.
;)= <0

Finally, condition (4) is satisfied for = := 1. Indeed, recall here that if f(z) =
> r_gaxz® is a complex polynomial and R = max{1, Ltlaoltetlanzily hen for all |2| > R

|an]
we have |f(2)| > % , hence if an orbit at any point leaves the disk of radius R, then
it must converge to infinity. Observe that for our polynomial f; we have R = 68 and
that a straightforward computation yields f; (1) = % and |f2_(1)| > 68.

This proves rigorously that x := 1 has unbounded orbit under f;__. O

Lemma 6.6. For ¢g > 0 small enough, there exists t > —1 such that the following
properties hold for fi:
(1) Ly has a fized point xy with multiplier g # 0
(2) F(fe;we) #0
(8) ft has 4 real critical points, ordered from left to right : c1,ca,c3,cq, with t = co;
and two non-real complex conjugate critical points ¢ and c.
(4) the critical points ¢1 and cq4 lie in the basin of infinity; the critical points co and
c3 are in the parabolic basin.
(5) there is a unique repelling fizved point & € (c1,c2), and the intersection of R and
the immediate basin of attraction of 0 is (,0).
(6) there is a unique y € (&, c2) such that fi(y) = c2

Proof. We will find t by taking a perturbation of one of the ¢,, constructed above, with
ng large enough.

First, note that properties (3)-(6) hold for f := f;__ : z +— z+z2+z3+2—73z4+1—77z5 — %;
we leave the details to the reader. Therefore, for ng large enough, properties (3)-(6) still
hold for fi, , as these properties are clearly open (in R) near ¢ = to. To lighten the
notations, we let f:= f;, and ¢y 1= tp,.

We now claim that F is well defined at (f,c2), and that F(f,c2) # 0. According to
Lemma since f satisfies conditions (3)-(6), we have (¢*)"(c) # 0. Indeed, ¢z is a
simple critical point of f; and we claim that the forward orbit of co does not meet any
other critical point of f. To see this, note that the critical point cs is simple for f, and
real. Since ¢ and ¢ are not real, the orbit of ¢ cannot land on either of them. Since the
critical points ¢ and ¢4 do not belong to the parabolic basin, the orbit of ¢o cannot land
on them either. Finally, since f(c2) > c3, and since f(c2) belongs to a small attracting
petal in which the sequence of iterates (f™(c2))nen is increasing, the orbit of ¢y cannot
land on cj3 either.

Now that we have proved that (¢*)”(c2) # 0, it is sufficient to prove that

()" (@ (e2))(9)'(e2) _
(V) (¢(c2))? '
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In fact, since (¢*)'(c2) = 0, it is suffices to prove that (¢°)'(¢*(c2)) # 0. Recall that for
any Z € C, (¢°)'(Z) = 0 if and only if there exists n > 1 such that (¢°)(Z —n) is a
critical point for f; here, Z = ¢*(c2) and 9° o ¢*(c2) = c2, so we must prove that for
all n > 1 and any critical point ¢; of f, f"(¢;) # co. Since ¢; and ¢4 escape, neither
of their orbit can land on c¢o; and since co is not periodic under f, its own orbit cannot
land on itself either. Since c3 is in the immediate parabolic basin, the orbit (f™(c3))nen
is increasing, and so does not contain cs since c3 > ca.

Finally, it remains to argue that the orbits of the two non-real critical points ¢ and ¢/
do not eventually land on c3. To see that it cannot be the case, note that since the horn
map e of f has two parabolic fixed points at 0 and oo corresponding to the ends of the
Ecalle cylinder, each of those fixed points must attract singular values of e distinct from
themselves, see [I]. The singular values of e are the fixed points at 0 and oo, as well as
the 7(c;), where ¢; are the critical points of f in the parabolic basin and 7(z) = ¢*79"(2),
I ff*(c/) = ¢y for some n > 1, then by real symmetry we would also have f(¢/) = co,
and so 7(¢') = 7(c/) = m(c2); but then 7(c3) would be the only non-fixed singular value
of e, which is impossible.

Therefore f has no critical relation, and so (¢°) (¢*(c2)) # 0; and F(f,ca) # 0 as
announced.

To sum things up, we have proved that for ng large enough, the polynomial f;, satisfies
properties (2)-(6). Since t,, is a super-attracting fixed point of L, but persistently
fixed, for ¢g > 0 small enough, there exists t close to ¢, such that f; satisfies (1); and
by openness, if € is small enough, f¢ still satisfies (2)-(6). O

The next step is to use quasiconformal deformations to construct an immersed disk D
in parameter space passing through fi, made of polynomials p, whose Lavaurs map has
an attracting fixed point of multiplier e*™, « € H. We use on purpose the notation p,
instead of f; to emphasize the fact that except for fi, the polynomials p, do not a priori
belong to the family (f;)ier=.

Proposition 6.7. Let p := fy and eg > 0 be as in Lemma[6.6. There exists a holomorphic
map ® : H — Py such that
(1) ®(ug) = p, for some ug € H with e*™0 = ¢,
(2) For all u € H, the Lavaurs map of ®(u) =: py has a fized point z, of multiplier
e? ™ ¢ D*; and u — 2, is holomorphic
(8) All the maps p,, are quasiconformally conjugated to p, the conjugacy being holo-
morphic outside of the grand orbit under p of the attracting basin of zy, := x¢
(4) If €¥™ € (0,1), then the conjugacy preserves the real line
(5) The set ®(H) is relatively compact in Pr.

Proof. Let e : U — P! be the horn map of g; since £ has an attracting fixed point
Zuy := Tt, S0 does e (since they are semi-conjugated). Denote this attracting fixed point
by x.

Let u € H, and p be a Beltrami form invariant by e (i.e. e*u = u) such that the
corresponding quasiconformal homeomorphism h,, conjugates e to some holomophic map
e, with an attracting fixed point of multiplier e*™ : hy o e = e, 0 hy and €}, (h,(z)) =
e?™ We recall here briefly how to construct such a Beltrami form, and refer the reader
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F1GURE 2. The graph of f := f;__ (blue), with the line y = z in red. We
have ¢; & —2.8, co = —1, c3 = —0.4, and ¢4 =~ 4. The critical values f(c1)
and f(cq) are out of the picture.

to [5] for more details. If 7 is a linearizing coordinate for the horn map e near z, i.e. a
holomorphic map defined near p satisfying the functional equation 7o e = ¢y7, we set:

L [u—ugzdz
41 = = z
(41) p=p(u) =7 <u+Wdz>

where ug € H is any point such that ™0 = ¢;. Notice that u + (u) is holomorphic.
In the rest of the proof, we fix v € H and just use the notation u instead of p(u).
We choose the normalization of h, so that it fixes 0,1 and co. Let F(z) := €% and

Ti(z) :== z + 1. We define:

(1) v:= E*u: so that v =T]v, and v = E*v

(2) 0 := ¢*v: so that 0 = g*o and 0 = L¥0

(3) The quasiconformal homeomorphisms h, and h, associated to v, o respectively.
Since v = Tjv, the map h,oTjoh, ! : C — C is holomorphic; since it is conjugated to T7, it
is also a translation (distinct from the identity), and we choose the normalization of h, so
that h,oTyoh, ' = T} and h,(0) = 0. Similarly, since o = g*c, the map p, := hyopoh;*
is holomorphic, hence a polynomial (since it has same topological degree as f); it also
has a parabolic fixed point with one attracting petal at the origin. We choose the unique
normalization of h, such that p,(2) = z+22+0(23). We set ®(u) := p,; the holomorphic
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dependance u — p(u) and the parametric version of Alhfors-Bers’ Theorem imply that
® is holomorphic on H.
We now define :
(1) ¢ :=hyo0poh,!:h,(B) — C, where B is the parabolic basin of f
(2) Yy :=hyopoh,!:C—C

Lemma 6.8. The map ¢, is an incoming Fatou coordinate for p,; and the map 1, is
an outgoing Fatou parametrization for p,.

Proof of the lemma. We start with ¢,. First, note that since o = ¢*v, the map ¢, is
holomorphic on B, := hy(B), which is exactly the parabolic basin of p,. Then, note
that :

¢o 0Py =hy0opoh, op,
=h,opogoh;?
=h,oTyopoh;!
=Tioh,0poh;t =Tio0¢,.

So ¢, conjugates p, on the whole parabolic basin to a translation, which means it is a
Fatou coordinate.

The proof is completely analoguous for 1,,: first, to prove that 1, is holomorphic, note
that v = ¢*o. Indeed, v = &*v = Y*¢*v = ¥*o. To conclude, one can check directly
that 1, o171 = py 0 9y

d

As a consequence of the lemma, &, := h, o £ o h;! is a lifted horn map of p,, and
L, := hy o Loh;!is a Lavaurs map of p,; and they have the same phase. The phase
could a priori be a non-zero, but we will prove that it is not the case. In order to do
that, first we will prove that Eo&, = e, o E, i.e. that e, is a horn map that lifts to &,.

Since v = E*pu, the map E, := h,0 Eoh,!: C — C* is holomorphic. Moreover, since
E : C — C* is a universal cover, so is E,. So E, is of the form FE,(z) = A\e®?, and with
our choices of normalizations we find E, (z) = ¢*™* = E(z). So Eoh, = h, o E.

From this, we deduce the following:

Eor‘:,,ZthVoSoh;1
=hyoEofoh,*
:huoeoth;1
=hyoeoh,'oF
=ey 0 k.

Finally, it remains to observe that since e, is topologically conjugated to e, it also has
two parabolic fixed points at 0 and oo respectively, each of multiplier 1. Recall that the
horn map of phase 0 of a parabolic polynomial f(z) = z+ 22+ az®+O(2*) has multipliers
at 0 and oo both equal to 62”2(1_“), and that the horn map of phase ¢ € C/Z is obtained
from the horn map e of phase 0 by multiplication by e?™%. In particular, its multipliers
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at 0 and oo are respectively 2 (1—a)+2imp and e27°(1=a)=2ime Iy thig case, since both
multipliers are equal to 1, we must have a = 1 and ¢ = 0. Therefore, L, is the Lavaurs
map of phase 0 of py, and p,(2) = z + 22 + 2% + O(z%).

Finally, if 74 (z) := > () then n, 0 Ly = ey © Ty, and 7, is locally invertible near
2y 1= ho(2y,), and s (2y) = hu(x). Therefore, z, as a fixed point of L, has the same
multiplier e*™ as h,(z). This proves claims (1)-(3) of the proposition.

To prove claim (4), note that if 2™ € (0,1) then the Beltrami form ol %% has real

€ R). We claim that this implies that o has real symmetry.

u—1ug
u-+ug
Indeed, since g(R) = R, its Lavaurs map £ maps a small interval I C R centered at ¢ into

itself. Moreover, the map 7o semi-conjugates £ to the multiplication by ¢y > 0; so Tom
maps I into R, which means that the holomorphic map 7o is real: 7o m(Z) = 7o 7(2)

symmetry (since then

u—ug z dz
u+tug z dz

for all z in the parabolic basin of g. Therefore o = (7om)* has real symmetry,

hence h, restricts to a real homeomorphism.

Finally, ® : H — P7 is bounded in the space of polynomials of degree 7. Indeed,
by [2, Prop. 4.4] the set of polynomials of given degree with given values of the Green
function at the critical points is bounded, and since the conjugacy between the p, and p
is analytic outside of the parabolic basin, their Green functions have the same values at
critical points. U

Proposition 6.9. With the same notations as before, there exists py in the closure of
®(H) such that the Lavaurs map of po has a parabolic fized point of multiplier 1.

Proof. Applying Proposition With Uy = %, we get a sequence of polynomials p,,,, such
that py, (2) = 2z + 22 + 23 + O(2*), and the Lavaurs map L, of p,, has a fixed point z,
of multiplier e=27/™.

Each of the p,, are quasiconformally conjugate to the real polynomial f; from Lemma
by a homeomorphism whose restriction to the real line is real and increasing, so the
Du,, still satisfy the properties (3)-(6) from Lemma

By item (5) in Proposition [6.7} the sequence (py, )nen is bounded in the space of degree
7 polynomials. So up to extracting, we may assume that

(1) py, converges to a degree 7 polynomial pg

(2) the critical points ¢;, of p,, converge to critical points ¢; of pg

(3) the repelling fixed point &, converges to a non-attracting fixed point & of pg
(4) x, converges to x € R and y,, to y € R.

We denote by £ the Lavaurs map of pg. If we can prove that x lies in the parabolic
basin of po, then we will get that £(z) = x and £'(x) = 1. To do that, it is enough to
prove that x € (£,0). But for all n, we have:

En < Yn < xp < 2 <0

hence ¢ <y <z < ¢y < 0. The inequality £ < y is strict because as a limit of repelling
fixed points, we have |f'(£)| > 1, so we can not have y = £ for otherwise we would have
&= f(&) = f(y) = c2 and so f'(§) = 0, a contradiction. Similarly, we can not have
co = 0 since p{(0) =1 # 0. So z € (£,0) and & is in the parabolic basin of f, and so
L'(z) =1 and L(x) = x. Therefore py has the desired property. O
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Proposition 6.10. There exists a polynomial g(z) = z + 22 + 23 + O(2*) of degree 7
such that:

(1) L has a Siegel fized point ¢ with diophantine multiplier, and

(2) the pair (g,(C) is non-degenerate.

Proof. Recall that P; denotes the space of degree 7 polynomials of the form f(z) =
2422+ 22+ 0(2%), and let V = {(f,¢) € P x C: ( € By}: V may be identified with an
open set in C°. Finally, we consider F' := {(f,() € V : L(¢) = ¢}, which is an analytic
hypersurface of V.

We consider the functions A : F — C and F : F — C defined as A(f,{) = £'(¢) and

F(f.¢) = (’Z"’z;ﬁ,‘ﬁf(ﬁz)(g‘f;!(C) + (¢4)"(¢), where ¢* and ¢° are the Fatou coordinate and
parametrization of f. The function A is analytic on F', and F is meromorphic on F' and
analytic on A~1(C*), since (¢°)'(¢*(z)) = 0 implies that £'(z) = 0.

Let @ : H — P; be the map defined in Proposition and let @ : H — F be the
map given by ®(u) = (py, 24 ), where z, is the fixed point of the Lavaurs map of p, with
multiplier 2™, Then D := ®(H) is contained in one irreducible component Fy of F.

Let pg be the polynomial given by Proposition such that its Lavaurs map has a
parabolic fixed point zy. By Proposition[6.9] (po, z0) is in the closure of D in V; therefore
(pg, Zo) € Fy.

Assume for a contradiction that all pairs (f, () € Fp for which £/(¢) has modulus one
and diophantine argument are degenerate. Then by the density of diophantine numbers
on the real line, we must have F(f,¢) = 0 on A71(S*) N Fy. Since for all v € H,
Ao <i>(u) = 2™ the analytic map ) is non-constant on Fy. In particular, A=*(S1) is
a real analytic subset of Fj of real codimension 1, non-empty since A(pg,20) = 1. By
Proposition [6.7, D contains (f¢,x¢), where f¢ is the polynomial given by Lemma
and such that F(ft,2¢) # 0. So the analytic map F is not identically zero on Fp, and
therefore it cannot vanish identically on A~!(S1) N Fy, a contradiction.

g
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