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Summary

This thesis, presented to obtain the “Habilitation a Diriger des Recherches”
diploma of the University of Orleans, is mainly concerned with problerms ari-
sing from random diffusion processes and potential theory, as the distribution
of the harmonic measure in fractal domains, the multifractal analysis of mea-
sures and Brownian flights. It is divided in 5 thematical parts and contains a
small appendiz of basic notions.

R_esumé

Cette thése, présentée afin d’obtenir le diplome d’“Habilitation a Diriger des
Recherches" de ’Université d’Orléans, s’articule autour de problémes éma-
nant de la théorie du potentiel et des processus de diffusion aléatoires, comme
la distribution de la mesure harmonique dans les domaines fractals, l'analyse
multifractale et les vols browniens. Elle est séparée en 5 parties thématiques et
elle se clot par un petit rappel des notions fondamentales.
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Introduction

J’ai souhaité, plutot que de reprendre mes résultats en un texte unique, adopter une
démarche légérement différente. Je présente d’abord cinq domaines de recherche dans
lesquels j’ai travaillé et les résultats correspondants dans l'ordre chronologique. Il s’agit
d’une présentation des problématiques, des résultats obtenus (y compris par moi) et des
grandes lignes de leurs démonstrations. Les parties sont organisées en sous-sections thé-
matiques. A la fin de chaque section j'aborde les questions que je me suis posées et qui
restent ouvertes. Naturellement, ce sont des points que j’aimerais éclaircir dans ’avenir.

A la fin de la synthése, en appendice, sont donnés quelques rappels de notions mention-
nées fréquemment dans le texte (frontiére de Martin, mesures et dimensions de Hausdorff,
décomposition de Whitney, mouvement brownien réfléchi, discrétisation du mouvement
brownien). Une bibliographie (non-exhaustive) suit cette appendice et enfin mes travaux
sont annexés (en anglais).

La premiére partie, issue de mon doctorat [Bat97], est une adaptation de méthodes et
résultats de C. Bishop [Bis91| en dimension supérieure. La relation avec des outils de la
théorie du potentiel classique [Anc90, MP91]| est ainsi mise en avant. Ces résultats, qui
n’ont pas encore été soumis pour publication, font intervenir, outre les notions classiques
de la théorie du potentiel, celles de dimension et de mesure de Hausdorff. Un extrait du
premier chapitre de ma thése est ajouté donc a la liste des publications : sa rédaction est
détaillée et en francais.

C’est précisément la notion de dimension de Hausdorff qui fait le lien avec le deuxiéme
chapitre. Celui-ci contient ma contribution a I’analyse fine des mesures (analyse multifrac-
tale). Les résultats présentés sont extraits de trois articles, dont le premier est co-signé avec
Yanick Heurteaux [BH02| et le dernier avec Benoit Testud [BT09]. Le premier contient un
résultat général comparant deux notions de dimension : la dimension de Hausdorff et celle
de Rényi; le deuxiéme s’intéresse a la validité du formalisme multifractal dans le cadre
des mesures dites de Markov tandis que le dernier se focalise sur les produits de Bernoulli
inhomogénes.

La troisiéme partie de mon apport se concentre sur I’étude fine de la mesure harmo-
nique. En particulier, je m’intéresse a la portée, aux limites et aux extensions possibles
des célébres résultats de N. Makarov [Mak85], de P. Jones et T. Wolff [JW8S§], [Wol93],
[Wol95]. J'étudie ainsi la dimension de la mesure harmonique en tant que fonction du
domaine soumis a des perturbations et j’établis quelques résultats de continuité. Cette
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partie contient aussi des résultats récents concernant la mesure harmonique associée au
probléme mixte de Dirichlet-Neumann et qui font partie d’'un article commun avec Hung
Nguyen [BN10].

Enfin, la quatriéme partie est consacrée a ’étude de ce que nous avons appelé “vols
Browniens”. Il s’agit d’un modéle de phénoménes physiques et biologiques tels que la
dilution de macromolécules dans ’eau, la quéte de cible sur ’ADN par les protéines etc. Les
travaux correspondants sont extraits d’articles cosignés avec P. Levitz et M. Zinsmeister
(|BZ10a|, [BLZ11], [BZ10b]) et ont été partiellement financés par 'TANR DYOPTRI

La cinquiéme partie est, en réalité, un projet de recherche sur la croissance des villes
que nous avons abordé dans le cadre d’un contrat avec la région. Nous utilisons des pro-
cessus de croissance aléatoire (percolation, DLA) paramétrés et adaptés. Les résultats
obtenus sont essentiellement numériques et font partie d’un travail commun avec M. Zins-
meister et Nga Nguyen, étudiante en these co-encadrée par M. Zinsmeister et moi-méme.

Les références sont communes aux cing parties. Du point de vue chronologique, la
numérotation des parties correspond a I'ordre dans lequel je me suis intéressé aux différents
problémes. La quatriéme partie utilise des outils introduits auparavant et renforce les liens
qui unissent les trois premiéres; la derniére partie concerne des travaux trés récents et
embryonnaires.
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Partie |

Théorie du potentiel

Ce chapitre est divisé en deux sections, la premiére contenant des résultats généraux
et la deuxiéme se focalisant sur certains domaines particuliers. Le point de départ de mon
travail de thése fut 'étude des domaines dits “de Poisson” et I'article de C. Bishop [Bis91].

1.1 Domaines de Poisson

Commencons par un rappel de la notion du domaine de Poisson.

Définition 1.1.1 Un domaine Q C R%, d > 2 est dit domaine de Poisson si toute fonction
u harmonique bornée dans Q0 s’écrit sous la forme uw(z) = [y f(y)w.(dy), ot w, est la

mesure harmonique de ) évaluée en x et f est une fonction borélienne bornée sur la
frontiére de ().

C. Bishop a proposé des conditions nécessaires et suffisantes pour qu'un domaine soit
“poissonien”.

Proposition 1.1.2 [Bis91| Un domaine Q C R? est poissonien si et seulement si pour
tous sous-domaines disjoints 21 et Qg de €2, les mesures harmoniques wy et we correspon-
dantes sont mutuellement singuliéres sur 0S2.

Il existe une caractérisation équivalente, due a Mountfort et Port, des domaines de
Poisson en termes de la frontiére de Martin. C’est probablement a travers celle-ci qu’on
mesure le mieux la portée de la définition ci-dessus.

Théoréme 1.1.3 [MP91]| Un domaine Q@ C RY admettant une fonction de Green est
poissonien si et seulement s’il existe un sous-ensemble mesurable A de la frontiére de
Martin minimale OQM de Q, un sous-ensemble mesurable E de la frontiére Q) de 0 dans
le compactifié d’Alexandroff de R? de R et une application m : A — E vérifiant :
i) T est bijective et bi-mesurable.
it) v(A) =1, ouv est la mesure harmonique de Martin relativement a un point Xq € §)
quelconque mais fixe.
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iii) w(E) =1, ot w est la mesure harmonique de Q évaluée en Xj.
i) Pour tout ensemble mesurable F C E on a w(F) = v(r (F)).

Il existe une caractérisation de domaines de Poisson impliquant une condition de type
“série de capacités de Wiener”; cette caractérisation a été le point de départ de ma thése.
Introduisons tout d’abord quelques notations.

Notation 1.1.4 Notons S, la sphére unité de R?. Pour x € R? | € > 0 et § € S; nous
notons C(x,r, €, 0) le cone tronqué

Cle,rye,0)={y; y=a+70,0 €Sy, [|0 -0 <e, 0<r <r},
et W(z,re,0)=C(z,r€,0)\ B(z,r/2). Pour d > 0 nous désignons par H, la mesure de

Hausdorff de dimension d.

Définition 1.1.5 Soit Q un domaine dans R%, d > 2. On dit que le point x € 00 satisfait
a une condition de cone double faible (CDF') par rapport a 2 s’il existe @ = 0(x) € Sy et
€ =¢€(x) > 0 tels que

( ]
%icap{Q” (W(z, 27" €,0)\ Q)} + Cap{Q”(W(x, 27" €, —0) \ Q)}} < 400, (1.1)
ot cap est

— la capacité de Green dans RY, pour d > 3
— la capacité de Green dans la boule B(x, 1) centrée en x et de rayon 1, quand d = 2.

C. Bishop [Bis91] a proposé la condition CDF et a montré que, dans R?, un domaine
est de Poisson si et seulement si I’ensemble des points de 0f2 satisfaisant & une condition
CDF par rapport a €2 est de mesure de Hausdorff H; nulle.

J’ai partiellement étendu ce résultat en dimension supérieure.

Théoréme 1.1.6 Soit Q un domaine dans R? dont I’ensemble des points fronticres qui
satisfont a une condition CDF par rapport a €2 est de Hq_1 mesure strictement positive.
Alors 2 n’est pas un domaine de Poisson.

La preuve s’inspire de I’approche de Mountfort et Port ; en utilisant la condition CDF
on construit un graphe Lipschitzien dont I'intersection avec 0f) est de Hy_; mesure po-
sitive. En suite, la condition CDF est traduite en une condition d’effilement minimal (cf.
appendice) a ’aide d’un résultat de Zhang [Zha87|. Puis, on construit deux sous-domaines
disjoints 21 et 5 de Q tels que le graphe Lipschitzien intersecte leur frontiére commune
en un ensemble I’ de H,_ 1 mesure positive. En utilisant la condition d’effilement minimal
on montre que les mesures harmoniques de ces domaines sont équivalentes & Hy_1 sur F,
et le résultat se déduit de la proposition 1.1.2.
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Perspectives 1.1.7 La condition CDF est donc nécessaire pour qu'un domaine soit de
Poisson. Est-elle suffisante ? La réponse est affirmative dans R? mais ouverte en dimension
supérieure. En fait, la démonstration est suspendue a l'affirmation suivante (dont on ne
connait pas la validité)

“Si les mesures harmoniques de deur domaines disjoints €1y et Qo sont équivalentes
sur un ensemble F C 021 N0y alors F est de Hy_1 mesure positive et est inclus dans

une réunion dénombrable de graphes lipschitziens ".

Le théoréme suivant, di a Friedland et Hayman, apporte un début de réponse : les
mesures w; et wo seront nécessairement absolument continues par rapport a Hy_1.

Théoréme 1.1.8 [FH76| Si Q1, Qy sont deuzx domaines disjoints de R? et si wy, wy sont
leurs mesures harmoniques en deuzx points x1 € €y et xo € Qg respectivement, alors il
existe une constante C' > 0 (dépendant de x, et x3) telle que pour tout x € R? et tout
r >0, on ait

wy (B(z, 7)) wy (B(z,7)) < C*d=D),

Kenig, Preis et Toro [KPT09| ont répondu par laffirmative a cette question sous
I'hypothése que 2 est un domaine localement non-tangentiellement accessible (NTA) “des
deux cotés” et que la mesure de Hausdorff H,_1 est localement de Radon sur o).

Plus généralement on obtient aussi le résultat suivant :

Proposition 1.1.9 Si )y et Qy sont deuzx domaines disjoints dont les mesures harmo-
niques sont strictement positives et équivalentes sur un ensemble E de mesure Hy_1 o-
finie, alors elles sont équivalentes a Hgy_1 sur un sous-ensemble de E de Hgy_1 mesure
strictement positive. En particulier, si ' est un ensemble de Hq—1 mesure nulle alors
Re\ F est un domaine de Poisson.

La question de l'existence de tels domaines €2, et €2y lorsque la frontiére de €2 est une
surface de Van-Koch a été posée dans [LVVO05] : la réponse est positive et a été apportée
par Kenig, Preiss et Toro dans [KPT09).

1.2 Quelques domaines géométriques particuliers

Un domaine est dit de Denjoy s'il est de la forme R?\ F, ot F' est un sous-ensemble
fermé d’un graphe Lipschitzien I'. La proposition suivante, établie en collaboration avec
A. Ancona, a été un outil pivot pour la preuve des résultats précédents. Elle présente en
elle méme un intérét.

Proposition 1.2.1 Soit Q = R?\ F un domaine de Denjoy. Alors, T\ F est effilé au
sens minimal (relativement a R\ F) en Hq_1-presque tout point de F.
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On peut aussi traiter le cas des domaines dits “champagne bubbles”.

Théoréme 1.2.2 Soit ' le graphe d’une fonction lipschitzienne et soit F' un sous-ensemble
fermé de T'. Si B est une collection de boules fermées disjointes contenues dans R\ F

telles que E = U B U F soit fermé, alors le domaine Q = R?\ E est de Poisson si
BeB
et seulement si l’ensemble des points du bord de ) satisfaisant une condition CDF par

rapport a €2 est de Hq_1-mesure nulle.

Notons enfin le résultat suivant concernant les domaines dont la frontiére est un en-
semble Besicovitch-irrégulier, ¢’est-a-dire un ensemble dont I'intersection avec tout graphe
lipschitzien est de H4_1-mesure nulle.

Proposition 1.2.3 Soit E un ensemble compact Besicovitch-irrégulier et soit Q = R*\ E.
St w est la mesure harmonique du domaine ) évaluée a l'infini, alors w est singuliére par
rapport a Hy sur l’ensemble A des points doubles de E (au sens du compactifié de Martin).

Rappelons au passage que l'ensemble des points au moins triples d’'un domaine du plan
est de mesure harmonique nulle : cette remarque nous a été faite par A. Ancona.

Perspectives 1.2.4 La proposition 1.2.3 répond partiellement a la question suivante de
C. Bishop :

Si Q un domaine de R? et si E est un sous-ensemble de OQ Besicovitch-irrégqulier
est-il vrai que la mesure harmonique w du domaine ) est singuliere par rapport a Hi sur
E?

Peter Jones a répondu par 'affirmative a cette conjecture sous une condition de capa-
cité uniforme; le théoréme de Makarov [Mak85| et son amélioration due & Pommerenke
[Pom86| permet d’étendre cette réponse au cas des domaines 2 simplement connexes.
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Partie 2

Analyse fine des mesures

Cette partie concerne 1'étude des propriétés géométriques des mesures (analyse multi-
fractale). Je me suis intéressé a 'analyse fine des mesures a la suite de mes travaux de thése
concernant la mesure harmonique et présentés dans le chapitre suivant. Les techniques
développées pour étudier la mesure harmonique avaient été reprises par Y. Heurteaux
[Heu98| pour établir un lien entre la dimension d’une mesure et la dérivée de la fonction
T correspondante.

Nous précisons ici ces différentes notions et donnons quelques énoncés de résultats ; si,
pour des raisons « pédagogiques », nous nous restreignons au cadre des espaces euclidiens
les notions peuvent s’étendre au cas d’un espace métrique général.

2.1 Dimensions

Soit u une mesure borélienne sur R? (ou tout autre espace métrique). On appelle
dimension de Hausdorff supérieure dimy (1) de la mesure p la quantité suivante
dimy(u) = inf{dimy(FE) ; E mesurable et u(R*\ E) = 0}.
De fagon similaire la dimension de Hausdorff inférieure dimy, (1) de p est donnée par

dimy (p) = inf{dimy(F) ; E mesurable et pu(F) > 0}.

Nous avons clairement 0 < dimy () < dimy(p) < d. Une mesure est dite uni-
dimensionelle si ces quantités sont égales ; dans ce cas nous utiliserons la notation dimg ()
pour désigner la valeur commune.

Ces quantités caractérisent la taille du support “effectif” de la mesure. Plus elles sont
proches de 0 moins la mesure est “diffuse”, la mesure de Lebesgue étant de dimension d
et les mesures atomiques de dimension 0.

Des quantités équivalentes peuvent étre définies en remplacant la dimension de Haus-
dorff avec la dimension de packing; elles sont notées respectivement dimp(p), dimp(p) et
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Ces différentes dimensions sont difficiles a calculer : elles font intervenir une tres grande
collection d’ensembles E puis des infima et des suprema sur tous les recouvrements pos-
sibles de chaque ensemble E. Il est donc indispensable d’avoir une méthode de calcul
numériquement programmable et aussi précise que possible.

Nous pouvons atteindre cet objectif dans certains cas de mesures & support compact
auto-similaire a ’aide de la notion d’entropie. Afin de présenter les résultats dans un cadre
suffisamment général, je considére un alphabet fini 3 = {0, ..., N — 1} et K I'ensemble de
suites (a;) ou a; € X, pour tout ¢ € N. Nous munissons K de la métrique ultra-métrique
habituelle et nous considérons une mesure p sur K. Soient F,, la collection des cylindres de
longueur n (et de diamétre N7"); pour x € K on note I,,(x) le cylindre de F,, contenant

x. On pose Ay, ( Z w(I)|logy p(1)], puis
IE]:n
h(p) = lim inf ho (1) et h(p) = limsup hy, ().

Il est bien connu (cf [Bil65], [Mat95]) que

dimy, (p1) = inf ess,, lim inf

logy p1(In(x)) ‘

n

logy (1 (7))

et dimy (p) = sup ess,, lim inf
n n

Y

.. )
ou inf ess, et supess, sont les valeurs d’infimum et supremum p-presque partout.

Pour la dimension de packing nous obtenons des égalités similaires en remplagant la
liminf par une limsup ([Heu98|). Une application directe du lemme de Fatou aux fonctions

Sn(x) = [logy u(Iy(2))|, donne
dimyy (1) < h(p) < h(p) < dimp(p).

Il est clair que si dimy/(p) = h(u) alors u est uni-dimensionnelle ; de méme pour la mesure

de packing, si h(u) = dimp(u) alors dimp(u) existe. Un encadrement de ces dimensions
a l'aide de la dérivée de la fonction 7 (rappelée en appendice) du formalisme multifractal
est aussi proposé dans [BH02|.

Notation 2.1.1 Il convient de signaler un changement de notation par rapport aux ar-
ticles [BHO2] et [Bat06b]. Il faut lire dimy = dim*, dimy, = dim, et h = h, , h = h*. Idem
pour la dimension de packing dimp, qui est notée Dim dans ces articles.

Dans [BH02| nous avons démontré les théorémes suivants
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Théoréme 2.1.2 Soit ;1 une mesure de probabilité sur K. Les propriétés suivantes sont
équivalentes :

(i) dimy(p) = h(p)
(i) dimgy(p) = dimy(p) = h(n)
(iii) Il existe une suite d’indices (ng)x>1 telle que pour p presque tout x € K,

- logp(ly () .
e Teg N () -

Le deuxiéme résultat est I’analogue pour la dimension de packing.

Théoréme 2.1.3 Soit u une mesure de probabilité sur K. On a

dimp (1) < h(p).

De plus, les propriétés suivantes sont équivalentes :

(i) dimp(u) = h(p) -
(i) dimp(p) = dimp(p) = h(n)
(iii) 1l existe une suite d’indices (ng)r>1 telle que pour p presque tout x € K,

log i1, (x))
lim ———*2~ = dim )
k—+o0 —ny log N P (1)
Les démonstrations reposent essentiellement sur un argument de convergence dominée

de (sous-suites des) fonctions S,,.

L’existence de mesures ne satisfaisant pas les propriétés équivalentes de ces théorémes
est moins évidente. Nous proposons un tel exemple construit sur [0, 1] muni de la filtration
dyadique. Nous construisons une famille de mesures v; indexées par t €]0, 1] dont les
entropies valent ta+(1—t)3, ou 0 < a < < 1 sont deux valeurs fixées mais quelconques.

La propriété remarquable de ces mesures v; est qu’elles sont équivalentes entre elles.
Ceci implique que leurs dimensions de Hausdorff et de packing sont égales et fixes. Il
existe alors un unique ty €0, 1[ vérifiant dimy(v4,) = h(vy,) et dimp(vy,) = h(vy, ).

Motivé par une question de rigidité de la dimension de la mesure harmonique j’ai voulu
étudier le méme probléme dans des cas concrets de mesures. Avec la méme notation on a
le corollaire des théorémes 2.1.2 et 2.1.3 suivant.

Remarque 2.1.4 Si les variables aléatoires X,,(z) = logy “(lf(’}:i(lz()x))) satisfont & une loi

faible des grands nombres alors

dimy, po = h(p) et dimp o = h(p). (2.1)
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Sont donc concernées par cette remarque les mesures de Bernoulli, et leurs convolu-
tions méme inhomogénes. Plus généralement, si les variables aléatoires E, (X, |F,_1) sont
constantes, la mesure p satisfait les conclusions de la remarque.

Inspiré par cette remarque, qui s’applique aussi -modulo quelques modifications- aux
mesures harmoniques d’ensembles autosimilaires, j’ai souhaité savoir si ’absence de ce
qu’il conviendrait d’appeler “mémoire longue” de la suite des variables X,, était suffisante
pour la validité des formules (2.1). Naturellement donc, je me suis intéressé aux mesures
pour lesquelles la suite (X,,) forme une chaine de Markov.

Pour simplifier les notations prenons le cas particulier N = 2. Le cas général n’est pas
plus compliqué.

Notons I = I, .., les cylindres de F,, ot €y, ..., €, € {0,1} : si J désigne le un-cylindre
de F; 1 I €
aJ, n+1-

avec €,41 € {0,1}, onnotera I.J = I, le sous-cylindre de I appartenant

n+1 €n,€nt1

On se donne deux suites (p,,)n>0 €t (¢n)n>1 de poids, a valeurs dans [0, 1] et on considére
la mesure de probabilité p sur K définie selon le procédé suivant : pu(ly) = po , p(lh) =
1 — po et, lorsque p(I) #0

i

(1
(1)
Quand p(I) =0 on pose p(IJ) = 0.

(2.2)

J) o {pn]-{e"_,_lz()} + (1 _pn>1{en+1:1} ) sie, =0
in{en+1:0} + (1 — Qn>1{en+1:1} , 8l €, = 1

Lorsque les suites (p,) et (g,) sont constantes la chaine de Markov sous-jacente est
homogene et il n’est pas difficile de voir que p satisfait la propriété (2.1). De méme, si p,, =
¢n la mesure est une convolution inhomogéne de Bernoulli et (2.1) est une conséquence
de la loi des grands nombres.

Dans [Bat06b| je montre que

Théoréme 2.1.5 Si p satisfait (2.2), alors

dimy g = h(p) et dimp pu = h(p).

Sous I’hypothése de minoration des suites (p,) et (¢,) par une constante ¢ > 0, la
chaine de Markov X, est une perturbation d’une chaine de Markov homogéne. Le théoréme
découle alors de la loi des grands nombres. Je dois signaler ici qu’aprés avoir rédigé une
premiére version de cet article, Bisbas m’a indiqué que le cas particulier de la perturbation
d’une chaine de Markov homogéne était déja considéré dans [BK90].

Revenons au probléme initial ; la question de rigidité de la dimension d’une mesure se
traduit :

la dimension de la mesure u est-elle continue par rapport aux variables (X,), relati-
vement & la distance (> 7

Un réponse positive partielle est donnée par
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Théoréme 2.1.6 Soient p et i/ deur mesures définies par (2.2) et soient (P, Gn)nen €t
(P, @) )nen les suites de poids correspondantes. Alors dimgy (p) — dimy (p') et dimp(p) —
dimp (') lorsque (pn, @n)nen = (P, @)nen au sens de la distance °°.

Pour la démonstration de 2.1.6 la validité de (2.1) joue un réle crucial et le résultat est
faux en général.

Dans [Bat06b| je construis, pour tout £ > 0, un exemple de deux mesures p et u' sur
0, 1], doublantes sur la filtration des intervalles dyadiques, telles que

tog, AU (#) 4l (2)

n(@(x) % (L)

avec, cependant, | dimg(p) — dimg (1) > 3.

Perspectives 2.1.7 Il est connu que, de maniére général,

— 74 (1) < dimgy (1) < h(p) (2.3)

ou 7 est la fonction du formalisme multifractal rappelée en appendice page 44, et —7/ est
sa derivée a droite (bien définie puisque —7 est convexe). L’égalité est établie quand la
fonction 7 est dérivable en 1 ([Nga97]) ce qui est le cas par exemple lorsque la mesure p
est quasi-bernoulli (cf. [Heu98]).

Les mesures introduites ci-dessus échappent aux conditions suffisantes précitées. Nous
souhaiterions étudier le cas de la double égalité —7/ (1) = dimy (1) = h(u).

2.2 Le spectre multifractal et la fonction T

Cette section concerne essentiellement les résultats de [BT09]. Nous avons étudié la
validité du formalisme multifractal dans le cas de produits de Bernoulli inhomogénes : on
dit qu'une mesure p portée par K = {0, 1} est un produit de Bernoulli s’il existe une
suite (py,), de poids telle que

L...) H (= py) (2.4)

Cette définition se généralise aisément a toute alphabet ¥ ; cependant on garde ¥ = {0, 1}
encore une fois pour faciliter la lecture.

Si la suite (p,) est constante ou périodique la mesure p satisfait le formalisme multi-
fractal. Il en est de méme, mais c’est un peu plus difficile a voir, si la suite (p,) converge
vers une certain p €]0, 1[. Si la suite (p,) n’est pas convergente ni périodique le produit
de Bernoulli est dit inhomogeéne.
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Pour z € K on pose

1 I,
a(r) = liminf o, () = lim inf _log u(In(@))
n—-+00 n—+00 nlog 2

On s’intéresse aux ensembles de niveau

E,={z;a®) <a}, F,= {x ; limsup a, (7) > a} ,

n—oo

et
E,={x; a(z)=a}, F, = {I ; limsup oy, () = a}.

n—o0

Considérons le spectre L9 de u,

_ X 1
7(q) = lggigop Tun(q) o0 Tun(g) = o2 log (%;nu(f )q> ,

cf appendice, page 44. On obtient

Théoréme 2.2.1 Si u est un produit (inhomogéne) de Bernoulli sur K, alors pour ¢ > 0
on a :

liminf —q7/,(q) + Tun(q) < dim (B_q) N F_g)) < inf {7 (=7 (q")), 7 (~=~'(a7))} .

Dans le cas ou la suite 7,, converge nous pouvons étre plus précis.

Théoréme 2.2.2 Supposons que la suite (7,,(q)) converge au point ¢ > 0. Si, de plus,

7,(q) existe, alors pour a = —7/(q), on a
dim (E, N Fy) = 7, (a) = ag + 7.(q). (2.5)

Les démonstrations de ces théorémes nécessitent, encore une fois, la construction de me-
sures de Gibbs portées par les ensembles de niveau dont on veut estimer la dimension.

Le résultat suivant, plus original, est négatif. Nous proposons un exemple de mesure
1 qui ne vérifie pas le formalisme multifractal. Cette mesure est un produit de Bernoulli
inhomogéne.

Un point g est appelé point de transition de phase si la derivée 7,(q) n’existe pas.

Théoréme 2.2.3 ] existe des produits inhomogénes de Bernoulli i dont les transitions
de phase forment un ensemble dense dans R, .
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La construction de mesures admettant des transitions de phase n’est certainement pas
chose nouvelle. La particularité de cet exemple réside sur la simplicité de la forme de la
mesure (produit de Bernoulli) mais surtout sur la densité de I’ensemble des transitions
de phase. La fonction 7 étant concave, elle est dérivable sur R, en dehors d'un ensemble
dénombrable de points; de ce point de vue, la fonction 7 de notre exemple est aussi peu
réguliére que possible.

Perspectives 2.2.4 Dans le cadre strict des résultats cités ci-dessus, la question évidente
qui se pose est celle de la valeur de la fonction f(«). Car, si I'existence d’une infinité de
points ¢ de non-dérivabilité du spectre L? est possible, on ne sait rien de la valeur du
spectre multifractal f dans l'intervalle [—7 (q), —7/ (q)].

Par ailleurs, nous souhaitons aborder le probléme, beaucoup plus général, des mesures
u vérifiant une condition de Markov faible, ie. telles que pour tout n,m € N et tous
cylindres J, K € F,,, L € F,, on ait

1 p(JL)
¢ u(J)

u(KL) < oL

=) =)

ol C est une constante donnée.

Toutes les mesures précédemment étudiées satisfont cette relation et (2.1). Qu’en est-il
des mesures satisfaisant la condition de Markov faible 7 Que peut-on dire de leur spectre
multifractal f7

23



Partie 3

Mesure harmonique de domaines fractals

Ce chapitre décrit mes résultats concernant la mesure harmonique. Il existe plusieurs
facons d’aborder cette notion. La premiére approche est historiquement celle du probléme
de Dirichlet et de la théorie du potentiel classique. Si €2 est un domaine de Green et f
une fonction continue sur J€2, on peut lui associer une fonction harmonique u; dans €2
en utilisant la théorie de Perron-Wiener-Brelot (citons p.ex. [AGO01], [Doo84|, [GMO05]).
Pour z € Q, opérateur f +— us(x) est linéaire et continu (positif et markovien) ; d’apreés
le théoréme de Riesz il existe alors une mesure de probabilité w,, la mesure harmonique
de 2 en z, portée par JS) telle que us(x) = [ fdw,. Dans ce qui suit, cette mesure sera
aussi notée w(x, ., Q).

L’approche probabiliste facilite I'intuition (|Doo84|, [Bas95]). Considérons le mouve-
ment brownien B; dans () et notons 7 le temps de sortie de B; de §2. La mesure harmonique
de 2 en x € ) est la distribution de sortie de B, partant de x.

Une troisiéme approche, limitée aux domaines simplement connexes du plan, se fait
via les applications conformes. Si €2 est un domaine simplement connexe, par le théoréme
de Riemann, il existe une fonction univalente g du disque unité sur €2 telle que g(0) = x.
Notons ¢ la mesure de Lebesque normalisée sur le cercle unité ; la mesure harmonique w,
est alors la projection de ¢ sur 0f2, induite par g.

Notons que, par le principe de Harnack, le support de la mesure harmonique ne dépend
pas du point de référence x € 2 choisi. Depuis plus de trente ans le support de la mesure
harmonique est 1'objet d'un trés grand nombre de travaux dont il n’est pas question de
faire la liste exhaustive ici. Je propose a la place un trés bref historique de I'avancement
de la recherche dans ce domaine. Le premier résultat, au parfum probabiliste, est da a
(Oksendal [Qks81] : il démontre que, quelque soit le domaine  C R?, on peut trouver une
partie ' du bord dont la mesure harmonique est 1 et telle que dimy F' < 2. Il a aussi
conjecturé qu’il existe un sous-ensemble F' de 0f) de dimension au plus 1 et de mesure
harmonique pleine. Avec la terminologie du chapitre précédent cette conjecture s’écrit
dimy w < 1.

Dans le célébre article [Mak85|, Makarov a montré que cette conjecture était vraie
pour les domaines simplement connexes. En méme temps, Carleson [Car85|, proposait une
approche ergodique dynamique pour les domaines fractals autosimilaires, approche reprise
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par Makarov et Volberg [MV86] avec I'introduction du formalisme thermodynamique. La
conjecture a finalement été prouvée dans sa généralité par Jones et Wolff [JW88|, [Wol93].
D’autres résultats, dans le prolongement de [MV86| ont été obtenus par Urbanski et
Zdunik [UZ02|. Le méme probléme dans le cas général de domaines fractals engendrés par
un systéme d’itérations de fonctions conformes est toujours ouvert.

En dimension supérieure a 3, Bourgain [Bou87| a montré qu'il existe une constante
e(d) > 0 telle que la dimension de la mesure harmonique d’un domaine quelconque soit
majorée par d—e(d). Wolff [Wol95] a proposé un exemple prouvant que €(d) est strictement
inférieure a 1. Un raffinement des résultats de Wolff est proposé par J. Lewis, Nystrom et
Poggi-Corradini dans [LVV05].

Des résultats du méme type concernant la mesure harmonique du p-Laplacien sont
obtenus dans [LNPC]; en particulier les auteurs ont montré que la dimension de la mesure
p-harmonique de domaines simplement connexes du plan (qui vaut 1 si p = 2 par le
théoréme de Makarov) devient plus grande que 1 lorsque p < 2 et plus petite que 1 quand
p > 2.

3.1 Dimension de la mesure harmonique d’ensembles fractals
non-autosimilaires

Mes premiers travaux portaient sur la mesure harmonique d’ensembles de Cantor non-
autosimilaires. L’objectif initial était d’épurer au maximum la stratégie de Carleson de
ses contraintes d’autosimilarité. Je me suis donc naturellement tourné vers les ensembles
de Cantor non-autosimilaires.

L’exemple-type que j’ai considéré est le suivant :

Soit (a;)jen une suite de nombres réels compris entre deux constantes A, A :

0<A<a; <A<-,VjeN (3.1)

A partir de la suite (a;);jen on construit un ensemble de Cantor comme suit.

On part de I = [0, 1]%. Dans une premiére étape de la construction nous remplagons I
par quatre carrés de longueur a; situés aux quatre coins de /. Ensuite, dans une deuxiéme
étape, nous replagons chacun de ces carrés par quatre carrés de longueur a;ay situés a ses
quatre coins. Dans une n-iéme étape nous remplagons chaque carré existant J par quatre
carrés de longueur a;...a, situés au quatre coins de J, fig. 3.1.

On utilise le codage habituel des carrés de la n-iéme génération en leur associant les
avec i; € {1,2,3,4} du Cantor abstrait {1,..., 4} .

cylindres correspondants I;

1-.0n

Bien entendu, les carrés I;, ;, sont contenus dans le carré I;, , ., pour tout i, =
1,2,3,4.
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FIGURE 3.1 — Un ensemble de Cantor de type 4-coins

Le premier résultat obtenu (cf. [Bat96]) a été :

Théoréme 3.1.1 Soit K un ensemble de Cantor construit a partir d’une suite (ap)nen
comme ci-dessus, et posons Q@ = R?\ K. Alors, la dimension de la mesure harmonique w
de Q) est strictement inférieure a la dimension de Hausdorff de K, dimy w < dimy K.

Ce résultat, repris dans [GMO5], utilise un mélange des méthodes développées dans
[Car85| et |[Bou87| ainsi que des outils classiques de la théorie du potentiel mais aucune
technique provenant de la théorie ergodique ou des probabilités.

Un des points clefs de la démonstration est une adaptation du principe de Harnack
dans des anneaux conformes successifs. Le point de départ est le suivant : Soit 2 un
domaine de R? tel qu'il existe A; C By C Ay C ... C A,, C B, C Q des disques conformes
tels que B; \ 4, C Q,i=1,...,n.

Proposition 3.1.2 ([Car85], [MV86]) Si les modules des anneaux B; \ A; sont minorés
par une constante ¢ > 0 et si z € Q\ B, alors il existe deux constantes C,q avec q < 1,
ne dépendant que de c, telles que pour toute paire de fonctions harmoniques positives u, v
s’annulant sur 0\ Ay et pour tout x € Q\ B, nous ayons :

uz) : uz) _ 1| < C¢" (3.2)

Ce lemme, associé¢ & un argument de symétrie de K, nous permet de montrer que
la mesure harmonique w de €2 devient de moins en moins “uniforme”. Puis, en utilisant
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une idée de [Bou87|, reprise dans un contexte différent par Olsen [Ols95], on conclut que
dimy w < dimy o, ou ¢ est la mesure uniforme sur K.

Dans ce méme travail nous montrons que la mesure harmonique est unidimensionnelle
(cf section 2.1). Ce résultat, comme 1’égalité entre les dimensions de Hausdorff et de Rényi,
est une conséquence immédiate d’un article postérieure [Bat0O6a).

D’autres résultats sont aussi établis : si la suite a,, = a est constante, nous notons K,
'ensemble de Cantor associé et w, la mesure harmonique de R? \ K. A. Ancona prouve

que dimyw, — 1 quand a — 1/2. Auparavant, il avait été montré dans [MV86| que

dimy we __ 1
dimy K, ~—

liIna~>0

Bishop avait proposé un exemple de domaine {2 dont la mesure harmonique est de
dimension égale a la dimension du bord. Dans [Bat96| nous en proposons une construction
différente de tels exemples pour chaque valeur de dimension du bord dans |0, 1].

Perspectives 3.1.3 Il est conjecturé que si §2 est un domaine du plan dont le bord est
de dimension o < 1 alors la mesure de Hausdorff ‘H, et la mesure harmonique sont
singuliéres sur 0§2. Ma construction comme celle de Bishop ne permet pas d’affirmer si
cette conjecture est vraie, sauf dans le cas de domaines a bord autosimilaire.

Remarque 3.1.4 La démonstration du théoréme 3.1.1 (et donc les conclusions) s’ap-
pliquent en I’état aux ensembles de Cantor du méme type en dimension supérieure ainsi
qu’au tapis de Sierpinski. C’est, & notre connaissance, I'unique résultat connu portant sur
la dimension de la mesure harmonique du complémentaire d’ensembles auto-affines.

Notons, enfin, que les conclusions du théoréme 3.1.1 restent valables si ’ensemble de
Cantor est soumis a des petites perturbations non symétriques : notamment s’il existe
une suite (a,) de rapports et € > 0 suffisamment petit tels que, pour tout n € N,

0(1,..4,)
E(Il&minq)

¢(I) étant la longueur du carré I, alors dimy w < dimy K.

— ay,| < €,

3.2 Variations de la dimension de la mesure harmonique

Une question naturelle est celle de la dépendance de la dimension de la mesure har-
monique par rapport a la frontiére du domaine. En particulier, est-il vrai que des petites
“perturbations” de la frontiére induisent des petits changements de la dimension ?

Il faut d’abord préciser ce que nous entendons par perturbations de la frontiére. Il
n’est pas difficile de vérifier que la métrique de Hausdorff n’est pas adaptée puisque la
dimension de la mesure harmonique n’est pas une fonction continue de la frontiére par
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rapport a cette métrique. Pour ce faire, il suffit par exemple de considérer un ensemble de
Cantor de dimension < 1 et remplacer les cylindres de la n-iéme génération par les carrés
pleins I;, _;., en gardant la notation introduite ci-dessus. Pour n grand, les ensembles

compacts K,, ainsi créés convergent au sens de la métrique de Hausdorff vers le Cantor K
tandis que la dimension de la mesure harmonique du complémentaire de K,, vaut 1.

Pour les ensembles définis par récurrence et issus de systémes dynamiques il est aisé
de donner un sens au terme “perturbation de la frontiére”. Si K est un ensemble invariant
par un systéme de fonctions {fi, ..., f, }, il serait raisonnable de considérer perturbations
¢ des fonctions fi, ..., fn.

Le probléme, posé en toute généralité, ne peut avoir de réponse simple : si ’on considére
les ensembles de Julia de polynémes quadratiques dans C, I'implosion parabolique [DSZ97|
nous fournit un premier exemple de discontinuité. Cependant, dans le cas des ensembles
de Cantor présentés plus haut, I’énoncé est nettement plus simple a formuler et j’ai pu
obtenir un certain nombre de résultats.

Soient K(,,) 'ensemble de Cantor construit comme décrit ci-dessus a 'aide de la suite
(an)nen et K{,, ) une deuxieme ensemble de Cantor, associé¢ a la suite (a;, )nen.

Notons w la mesure harmonique de R* \ K, et ' celle de R*\ Kf{ar - Le théoréme

suivante est tiré de [Bat00] et a été généralisé dans [BatO6al.

Théoréme 3.2.1 Supposons que la suite (a,) est constante égale a a. (H)
Pour tout € > 0 il existe 0 = 0(a, €) > 0 tel que sisup, |a), —a| <&, on ait | dimy w —

dimy '| < e.

Remarquons que ce théoréme peut étre vu comme un résultat de rigidité au voisinage
d’ensembles de Cantor autosimilaires. Plus loin nous verrons que '’hypothése (H) peut-étre
omise a la lumiére des résultats de la section 2.1.

Un des points clefs de la preuve est le lemme de comparaison des mesures harmoniques
des cylindres. Ici, la suite (a,) n’est pas nécessairement constante.

Théoréme 3.2.2 Pour tout € > 0 il existe 6 > 0 tel que

COR
W' (1)

w(I

=

S

sup |a, —a,| < § = <€, (3.3)

neN

~—

w(

quelque soient I € | ) F, et I' € |J F' avec I X' I,
neN neN

ot I % I’ signifie que les carrés I et I’ partagent le méme encodage i....i,.

Si la suite (a,) est constante, la mesure w est équivalente & une mesure invariante
par rapport a 'opérateur du décalage sur le Cantor abstrait {1,2,3,4}. En utilisant le
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théoréme de Shannon-Mc Millan-Breiman la dimension dimy w de w est donnée par sa
dimension de Rényi. Plus précisément, a I’aide d’un découpage en “paquets” nous montrons
que la suite

logw(I;,.4,) logw' (I}

7,1...in)

‘Sn - 57/1| =

n n

est majorée par une fonction 7(e)qui tend vers 0 avec e.

En utilisant des estimations classiques de la dimension des mesures on conclut le
théoréme 3.2.1.

Le méme résultat reste valable si 'on remplace K par n’importe quel ensemble de
Cantor d’'un systéme d’itération de similitudes.

Dans [Bat06a| j’ai réussi a me libérer de ’hypothése (H). La preuve s’inspire des tech-
niques développées dans [Bat06b| : méme si la mesure harmonique ne satisfait pas (2.2)
elle vérifie la condition de Markov faible avec une “perte de mémoire” exponentielle. J’uti-
lise, ensuite, une loi des grands nombres adaptée et un controle, par récurrence inversée,
des espérances conditionnelles de la suite (.5,,).

La méthode permet aussi de conclure que la fonction qui associe a (a,,) la dimension
de la mesure harmonique de R? \ K(,,) est Lipschitz-continue par rapport a la métrique

.

3.3 Distribution de sortie du mouvement brownien partielle-
ment réfléchi

Je commencerai par une approche physicienne de la mesure harmonique destinée aux
applications. Prenons l'exemple des échanges d’oxygéne et de CO, dans les alvéoles pul-
monaires. Les alvéoles du poumon humain présentent une structure quasi-fractale. Leur
superficie totale atteint cent métres carrés, ainsi 'air inspiré y arrive avec une vitesse
quasi nulle et toutes les échanges d’oxygéne/dioxyde de carbone se font par diffusion : les
molécules d’oxygéne sont absorbées au contact des alvéoles qui libérent simultanément le
dioxyde.

Toutes les alvéoles ne sont pas mises a contribution de la méme fagon ; les plus “expo-
sées” sont les premiéres a étre touchées par les molécules d’oxygéne. Mais celles-ci étant
vite saturées, une deuxiéme série rentre en jeu et ainsi de suite.

Le modéle mathématique en 2D associé est particuliérement intéressant : les alvéoles
sont représentées par une surface fractale (du type “snowflake”) et les poumons sont le
domaine borné délimité par cette surface. On y voit I’apport du théoréme de Makarov :
les alvéoles “exposées” correspondent aux points de la frontiére x tels que la mesure har-
monique de B(z,r) est comparable a r.

Mais comment décrire la deuxiéme “série” alvéolaire? Et surtout, quelle est sa géo-
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métrie/taille 7 Une modélisation qui semble pertinente est la suivante : on considére un
domaine Q) (les poumons) dont la frontiére (alvéoles) consiste en deux parties : la partie
réfléchissante pour le mouvement brownien et la partie absorbante. La partie réfléchissante
correspond aux alvéoles saturées et la partie absorbante au reste de la surface alvéolaire.

Ce modéle présente quelques défauts. D’abord la partie réfléchissante n’est pas fixe, en
réalité, mais aléatoire. De plus, la partie absorbante n’est pas nécessairement fermée. Or,
cette condition est indispensable afin de pouvoir définir un mouvement brownien a ’aide
des formes de Dirichlet aux conditions frontiéres mixtes Dirichlet-Neumann. Néanmoins, le
modéle correspond & une multitude de problémes physiques (dépots d’ions sur une plaque
cuivrée, recherche de cibles sur I’ADN par des protéines etc) et mérite d’étre étudié.

Une premiére question que nous avons voulu élucider est celle de la dimension de la
mesure harmonique du mouvement brownien absorbé sur une partie du bord et tué sur
le complémentaire. Quelques notations sont nécessaires : si {2 est un domaine borné et
F C 09 est une partie compacte de son bord, on note R; le mouvement brownien réfléchi
dans 2 (voir appendice) et 77 le temps d’atteinte de F' par R;.

Dans [BN10| nous montrons le résultat suivant :

Théoréme 3.3.1 Pour tout n > 0 il existe un domaine @ C R? (que l’on peut choisir
simplement conneze) et F' C 0N satisfaisant P, (7 < 00) = 1 et tels que pour tout A C F
de dimension dim A < 2 —n on ait,

P.(R.. € A) =0,

pour tout x € ).

Une autre facon d’écrire la conclusion du théoréme précédent est que si w, est la
distribution de R., par rapport PP,, alors la dimension dimy w, est plus grande que
2 — n. Les domaines concernés sont délimités par une frontiére de dimension proche de
2. Cependant, la preuve ne permet pas de conclure I'égalité dimy w, = dimy 0€). Notons
aussi que, par le principe de Harnack, les mesures w, et w, sont encore équivalentes pour
tout =,y € €2 et de ce fait nous noterons ces mesures w sans préciser le point de référence
x.

Cet théoréme qui va a ’encontre des résultats de Makarov et de Jones-Wolff se situe
a mi-chemin entre le cas absorbé (|[Mak85, JW88|) et le cas totalement réfléchi [BCRO4|.
En effet, Benjamini, Chen et Rohde ont montré que sous certaines conditions la trace
du mouvement brownien réfléchi sur la frontiére 02 d’'un domaine est un ensemble de
dimension égale & dimy 0€). Les conditions sont celles reprises en appendice et ne servent
qu’a assurer que le mouvement brownien réfléchi est bien défini.

L’exemple proposé est construit a partir d’'un ensemble de Cantor K de type 4-coins
de grande dimension (proche de 2). Cette ensemble servira de partie absorbante de 0€2. Le
domaine €2 sera délimité par K, un cercle réfléchissant de grand diameétre qui assurera la
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FIGURE 3.2 — Le domaine du théoréme 3.3.1

condition « 2 borné » et par une réunion dénombrable d’arcs de cercles autour des carrés
de construction de K , cf fig. 3.2.

Perspectives 3.3.2 Cette partie de mon travail est a la fois la plus récente et la plus
active. Voici une liste des question qui m’intéressent actuellement :

— Adapter le modéle pour englober les ensembles réfléchissants F' C 0S) évoluant avec
le temps (en particulier croissants). Des liens avec les processus de croissance (DLA,
Hastings-Levitov,...) sont & explorer (voir aussi chapitre 5).

— Modifier 'exemple du théoréme (en utilisant les techniques de [BCMO06]) afin de
montrer qu’il existe des domaines €2 dont la frontiére est de dimension de Hausdorff
arbitraire > 1 et tels que dimy w = dimy 0S2.

— Trouver une modélisation paramétrable des problémes physiques précités, impli-
quant des processus stochastiques allant du mouvement brownien simple au mou-
vement brownien réfléchi tels que les dimensions des distributions de sortie varient
continiment entre 1 et dimgy 02 (voir aussi chapitre 4).

— Dans |GS03] Gregoriu et Samorodnitsky explorent le lien entre les vols browniens
et le mouvement brownien réfléchi. Il serait intéressant d’étudier I'itération des vols
browniens en liaison avec ’objectif précédent. Notamment, on peut considérer des
vols browniens itérés jusqu’a un temps d’arrét convenablement choisi qui pourrait
servir de parameétre. Une approche dans la méme veine mais du point de vue “phy-
sique” est adoptée par Grebenkov (|Grel0|, [Gre06]).
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Partie 4

Vols Browniens

Cette thématique est fortement liée aux problémes présentés dans les paragraphes
précédents. Dans la pratique, les particules en diffusion (atomes d’oxygéne, protéines,
molécules d’eau,...) ne peuvent étre repérées par les instruments de mesure que lorsque
elles se trouvent a une certaine distance de l'interface (alvéoles, ADN, polyélectrolytes,...).
Leur dynamique est donc décomposée en deux phases qui ont lieu en alternance : une
phase de diffusion dans ’espace et une phase dite d’adsorption, pendant laquelle elles
sont confondues avec l'interface. De méme, seules les diffusions loin de la surface sont
détectables ; nous cherchons donc a modéliser des diffusions de particules, partant preés
d’une interface et évoluant a distance “détectable” de celle-ci avant d’étre adsorbées a
nouveau.

Dernier probléme technique : on observe des nuages de particules et ’on ne peut poser
les questions autrement que “statistiquement”. Pire, on n’a aucun accés aux trajectoires
mais seulement aux durées de chaque phase.

4.1 Statistiques du premier vol

Dans [DPP108, GKL"06| ainsi que dans [RCLT09], [HT06] une modélisation est sug-
gérée a la base de ce que nous avons appelés « vols browniens ». Voici une premiére
esquisse : on se donne une interface 9§ délimitant un domaine Q C R?. Pour € > 0, on
considére I'. I'ensemble des = € 2 tels que dist(x, 00) = e.

On se donne ensuite une loi p sur I'. et on choisit « € T', selon p. On considére un
mouvement brownien B; issu de x que 'on arrétera au moment 7o du contact de 9€2. Nous
nous sommes intéressés aux statistiques de ce “premier vol” noté dans la suite F}' : on
souhaite connaitre les distributions des variables aléatoires

T =1TQ et Dgzyfg—Ffl

Les expériences suggérent un lien fort de ces statistiques avec la géométrie de la surface
via la dimension de Hausdorff. Les simulations numériques ont confirmé que, quand p est
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la mesure uniforme sur T, la probabilité P(rq > t) décroit en t* et P(Dg > s) en s°, ot
les exposants « et § dépendent de la dimension de 0.

Plus rigoureusement, on peut a titre d’exemple, considérer deux cas simples :

— Le cas d’un hyperplan.
Notre domaine étant invariant par translation, le point de départ ne joue pas de
role particulier. Calculons donc la probabilité que le mouvement brownien, partant
de (0,e) € R™ x R, revienne -pour la premiére fois- dans ’hyperplan R"™ x {0} en
dehors de la boule B(0, R).
Un calcul direct (cf. [Fel71]|) donne

€ €

P(|(0,¢) — B,| > R :/ p——  —dp~ =
(1{0.¢) | ) |z|>R (|x|2—|—52)% R

— Le cas d'un cylindre dans R3. On considére un cylindre de révolution de rayon 1
autour de I'axe des z. On peut décomposer le mouvement brownien B; de R3 en un
mouvement brownien 2-dimensionnel B? sur le plan zy et un mouvement brownien
réel B} sur laxe des z. La distance de B, a I'axe des z vaut |B?|.

D’autre part b; = In|B?| est un mouvement brownien 1-dimensionnel et donc la
probabilité que b; partant de In(r) atteigne In(R) avant de revenir en 0 est égale a
In(r)/In(R).

Pour conclure nous affirmons que la probabilité d“atterrir” a distance R du point de
départ est équivalente a la probabilité de s’éloigner d’une distance > R du cylindre,
ie. que |b| atteigne In(R) avant de revenir en 0. Ce point est I'objet d’un lemme
général de [BLZ11].

Revenons au probléme de modélisation. En utilisant les inégalités de Harnack nous
pouvons remplacer la loi  qui guide le choix de  sur I'. par une loi discréte sur la famille
des cubes dyadiques de Whitney (cf. ci-dessous) Q. qui rencontrent I'. : le mouvement
brownien partira alors du centre du cube choisi.

Notations On considére un cube (). On note
— /(Q) la longueur de ses cotés,
— AQ le cube dilaté par un coefficient A > 0.
Rappels
O Décomposition de Whitney (cf. [Gra08|, p. 463)
Pour tout ensembe ouvert 2 de R, il existe une collection de cubes dyadiques {Q;};
telle que
— U; Q; = 2 et les les intérieurs de Q; sont deux a deux disjoints.

— VAU(Q;) < dist(Q), 00) < 4Vdl(Q;)
— 51 Q; et Q) sont en contact alors £(Q);) < 40(Qy)

— pour tout cube de Whitney @, il existe au plus 12¢ cubes de Whitney Qy en
contact avec @);.

Notons aussi Q la sous-collection de cubes de Whitney Q; tels que £(Q;) = 2, ou
keZ.
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O Saucisse de Minkowski
Pour r > 0 on écrira
M, ={x € Q; dist(z,00) <r}

[ Dimension de Whitney
Nous noterons S, la sous-collection de cubes de Whitney qui intersectent I',.. Si 02
est compact alors S, est un ensemble fini. La dimension de Whitney est alors

! v
dw (0§2) = lim sup 08 #5
r—0  |logr|

On suppose que €2 est un domaine a bord compact satisfaisant la condition de A-
régularité : il existe L > 0 tel que pour tout z € Q avec d, = dist(z, ) < 1

w(z,B(z,2d,) \ Q,B(x,2d,) NQ) > L, (4.1)

ot w(x,B(x,2d,)\Q,B(z, 2d,)NQ) est la mesure harmonique en = de 'ensemble B(z, 2d,)\
2 dans louvert B(z, 2d,) N Q).

Le résultat principal de [BLZ11] est le suivant.

Théoréme 4.1.1 On choisit QQ selon la loi uniforme dans S.. La probabilité que le mou-
vement brownien partant de (n’importe quel) x € Q atteigne I',. avant de sortir de Q) est

L HS, ("2
comparable a S, (;) .

Notons ici que dans [BLZ11] les collections S sont désignées par Q.

Un domaine € satisfait la condition “tire-bouchon” s’il existe g > 0 et ¢ > 0 tels que
pour tout r < 7o et tout & € 9 on puisse trouver y € Q avec cr < dist(z,y) < r et
dist(y, 0Q2) > cr.

Comme corollaire du théoréme 4.1.1, en notant F; le processus F}' associé a la mesure
w1 uniforme sur I'; nous obtenons :

Théoréme 4.1.2 Soit 0 < e < r. Si Q) satisfait
1. La condition “tire-bouchon”
2. la condition de A-régularité
3. et st 0 admet une dimension exacte de Minkowski dy,

alors pour tout n > 0 il existe une constante ¢, 4 > 0 (qui ne dépend pas de €,7) telle que

1 d—dpr—2-+n d—dpr—2—7
— (O <P@as ) < (D)

Cyn VE €

Observons que la probabilité P (Dg > r) = P (|F§ — F¥| > r) est la probabilité que le vol
brownien sorte de €2 & distance > r du point de départ.
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La condition “tire-bouchon”, qui apparait dans les hypothéses du théoréme 4.1.2, sert a
identifier les dimensions de Whitney et de Minkowski. Des hypothéses plus faibles assurant
I'égalité des deux dimensions peuvent étre trouvées dans [Tri83] et [Bis96].

La preuve du théoréme 4.1.1 s’appuie sur la remarque suivante :

Remarque 4.1.3 La probabilité que le mouvement brownien touche 0S2 pour la premiére
fois a distance kr du point de départ, sans quitter la saucisse de Minkowski M,., décroit
exponentiellement avec k.

Ainsi, d’aprés les conclusions du théoréme, la probabilité que le mouvement brownien
sorte de €2 a distance xkr du point de départ est essentiellement égale de s’éloigner xr de

of.

Nous nous intéressons alors a la probabilité que le mouvement brownien, partant de
r € Q € S, atteigne S, sans quitter €2. En utilisant la fonction de Green et sa symétrie
nous montrons que cette probabilité est approximativement %~ ~2 fois la probabilité de
toucher I', partant d’un point de I',.. Cette probabilité est minorée (elle est méme égale
a 1 pour les domaines de R?) puisque 9 est de mesure harmonique non nulle.

Nous nous tournons maintenant vers ’estimation du temps de parcours de ces événe-
ments rares que sont les ensembles de trajectoires du mouvement brownien partant pres
du bord et touchant le bord pour la premiére fois loin du point de départ.

Dans [BZ10b| nous avons obtenu le

Théoréme 4.1.4 S (2 satisfait
1. La condition “tire-bouchon”
2. la condition de A-régularité
3. et st ) admet une dimension exacte de Minkowski dyy,

alors il existe ¢ > 0 ne dépendant pas de € telle que

1 <5>dM+2d < P(rg > 1) (4.2)

c \Vt
>dM+2—d

et
2d

Plrg>1t)<c ( ) (4.3)

()

e

pour tout e* < t < R%.

Il est utile de “tester” ce théoréeme dans le cas d’un intervalle réel, afin de dissiper
quelques interrogations légitimes.
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Soient [0,a] un segment et z € (0,a). La probabilité P(r, > t) que le mouvement
brownien, partant de x n’ait touché ni 0 ni @ au moment ¢ est donnée par les formules
suivantes ([Fel71], pg. 342)

]P)( t /—:c/\/ < d k:a-l—x)\f ( 1 2) J
Ty > exp | —= + \/ E —=
\/ 2w J—z/Vt y Y T =1 k‘ll z)V/t P Qy Y

et

(2 1)27? 2 1
P(r, >t) = Zexp( n;_Q)W t>sin( n+ e
a

a

a

On peut supposer, par symétrie, que x < . Si Vi n’est pas trop grand, p.ex. % < 1/2,

nous avons par la premiére formule : P(Tx > ) ~ % D’autre part, si % n’est pas trop

petit, la deuxiéme formule donne : P(7, > t) < exp (—%t).

Il existe alors un changement de régime pour la décroissance avec t de P(1, > t),
passant de la décroissance polyndmiale & I'exponentielle. Pour des temps relativement
petits % 7 est la bonne décroissance.

La preuve du théoréme s’appuie sur le théoréme 4.1.2 et sur le lemme suivant (|[BZ10b)),
déja exploité sous une autre forme dans [BLZ11].

Lemme 4.1.5 Si Q satisfait ’hypothese de A-régularité (4.1) alors, pour tout j € Z_,
la probabilité que le mouvement brownien visite plus de N cubes de Whitney distincts de
taille 27 avant de quitter Q décroit en Cp~, ot 0 < p <1 et C > 0 ne dépendent pas de j.

A Taide de ce lemme nous montrons que les temps de parcours de trajectoires du
théoréme 4.1.2 sont essentiellement donnés par le changement de r en /2.

Perspectives 4.1.6 Bien que la mesure uniforme soit un choix naturel puisque, comme
nous le verrons par la suite, 'itération de vols browniens admet la mesure uniforme comme
état stationnaire, on peut se demander comme varient les statistiques des vols browniens
si le point z est choisi selon une loi p.

Il existe un fort lien avec le travail de N. Makarov [Mak99| : si u = J, est une masse
de Dirac le probléme est lié & la géométrie locale de 0€2. De méme, si x est choisi dans un
ensemble de niveau FE,, cf appendice, il est probable que les statistiques seront affectés
par le choix de a.

Une autre question que nous nous sommes posée est celle de la diffusion au bord. Que
se passe-t-il si on associe aux vols browniens une phase de diffusion sur le bord de 927
Comment les statistiques sont-elles modifiées ?
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4.2 Distributions stables pour l'itération des vols browniens

Dans ce qui précéde nous avons focalisé notre attention sur le premier vol. De surcroit,
nous avons fixé le choix de la mesure initiale en prenant la loi uniforme. Ce choix est
pertinent puisque nous montrons qu’il existe un état stationnaire v pour les vols browniens
et que cet état est fortement équivalent (avec des constantes ne dépendant pas de €) a la
mesure uniforme. De plus, quelque soit la mesure initiale y, la distribution de sortie d’une
itération de vols browniens convergera vers v.

Afin d’énoncer rigoureusement un théoréme nous devons définir 'itération de vols
browniens. Car la mesure initiale de JF; est portée par I'. tandis que la distribution de
sortie est portée par 0f); en particulier, il n’existe pas de distribution stable.

Nous avons deux options : la premiére consiste a projeter la distribution de sortie sur
[, en suivant les lignes de Green. La deuxiéme option (que nous avons retenue) consiste
a remonter sur les trajectoires jusqu’au dernier contact avec I'.. Les deux approches ne
sont pas trés éloignées : d’apres la remarque 4.1.3, le point de sortie de €2 est e-proche du
point de dernier contact de la trajectoire avec I'. avec une trés grande probabilité.

C’est la seconde approche qui nous parait la plus naturelle et la plus adaptée aux
applications et cela pour deux raisons :

1. la projection de la distribution de sortie sur I'. suivant les lignes de Green est mal
définie sur un grand nombre de domaines.

2. il est plus aisé de discrétiser le deuxiéme choix ; or, cette discrétisation est utile pour
les applications mais aussi 1’outil clef de notre démonstration.

Remarque 4.2.1 Sinous considérons QN (Z/n)? un réseau dans ) et si nous remplagons
le mouvement brownien par la marche aléatoire simple sur ce réseau alors, le théoréme
de Perron-Frobenius permet de conclure que le seul état invariant est celui donné par la
mesure uniforme sur les sommets frontiéres.

Inspirés par cette remarque nous avons cherché a discrétiser le mouvement brownien
en une marche aléatoire de fagon a préserver les objets étudiés. Cette discrétisation, dont
la version adaptée aux variétés est due a Lyons et Sullivan [LS84], présente les propriétés
nécessaires : la marche aléatoire induite est symétrique et a les “mémes” trajectoires que
le mouvement brownien [L.S84, BL96|. De surcroit, les fonctions harmoniques positives
associées a cette marche aléatoire sont exactement les traces sur le réseau des fonctions
harmoniques positives de €2, [LS84, Anc90].

Notre réseau sera celui des centres des cubes de Whitney, noté . Dans I'appendice
j’ai ajouté un bref descriptif de la discrétisation ainsi que les principaux outils utilisés

dans [BL96].

On considére le processus aléatoire qui consiste a choisir un cube de Whitney @) dans
S. (ie. tel que QNT'. # () selon une loi i et & considérer le mouvement brownien discrétisé
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X sur N partant de xzg. Soit 7. le dernier passage de X dans S.. Notons 7, la mesure
sur S, donnée par

WM(Q,) = ]P)N(X’Te S Q/) = Z PJ(Q)Pa:Q (er S Q,)

QES:
Nous montrons le

Théoréme 4.2.2 Si Q) satisfait la condition de A-régularité (4.1), alors pour tout € > 0
il existe une unique mesure de probabilité v. satisfaisant m,, = v. ; De plus il existe C' > 0
indépendant de € telle que

11 1
C#S& SVE(Q)SC#SE’

quelque soit Q) € S..

En d’autres termes, la seule mesure invariante par le processus aléatoire est fortement
équivalente a la mesure uniforme, indépendamment de €. Ce processus aléatoire est une
version discréte de celui, continu, décrit dans la section précédente : si I’on remplace la
marche aléatoire par F;, avec la méme définition que ci-dessus les mesures 7(u) pour Xy
et pour F; sont équivalentes (et les constantes multiplicatives d’équivalence ne dépendent
ni de p ni de €).

Je donne une esquisse de la preuve de ce théoréeme dans le cas particulier ou €2 est un
domaine borné du plan. Le théoréme est prouvé dans sa généralité dans [BZ10a].

Rappelons que si Q est un domaine borné du plan, pour (N, F,V) choisis comme
dans la remarque 5.0.10 la marche aléatoire X sur N discrétisant le mouvement brownien
est symétrique, ie. p,, = p,, pour tout z,y € N. Pour z = xg € N centre du cube
() de Whitney, posons rg = P,(7. = 0). Sous 'hypothése de A-régularité, il existe une
constante ¢; > 0 telle que rg > ¢; pour tout () € W.

La suite de la preuve reprend les arguments du théoréme de Perron-Frobenius. Avec
la notation ci-dessus, pour tout z = zg avec QQ € S, on a

1= Z Z]P)I(Xk‘ =TqQ,Te = k‘)
Q'S k=0
et d’aprés la propriété forte de Markov, on peut écrire
L= > > Pu(Xy = 2¢g) Py, (7. = 0)
Q'eS: k=0

ou encore

1= 3" T’QiP(XkZCEQ')

QES: k=0
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et finalement a
1 = Z TQ/Q(SL’,JJQ/),
Q€S
g étant la fonction de Green de la chaine de Markov X. Il s’ensuit que la mesure v. donnée
par

rQ
1% = =
E(Q) ZQ/ESE TQ/

vérifie m(v.) = v, et puisque rg > ¢; pour tout ) € W le théoréme est prouveé.

Il est naturel de se poser la question de 'existence et de la valeur de la limite des
mesures V., quand € — 0. Nous obtenons le corollaire suivant.

Corollaire 4.2.3 Sous les conditions du théoréme 4.2.2 et si OS) est Ahlfors-régulier par
rapport a H,, alors il existe une constante ¢y telle que toute limite faible v de la famille
V. lorsque ¢ — 0 vérifie

1
77'[04 S VSCHa
C

Rappelons ici qu'un ensemble F' est dit Ahlfors-régulier par rapport a H,, s’il existe ¢ > 0
tel que pour tout z € F et tout 7 > 0 on ait 2r* < H,(B(z,r)) < er®. Clairement, si F
est compact et Ahlfors-régulier il est de mesure H,, positive et finie.

Il existe une version continue du théoréme 4.2.2 dans le cadre de déformations quasi-
conformes du disque. On suppose que €2 est un quasi-disque, proche du disque : 'appli-
cation quasi-conforme associée a une norme suffisamment petite. Il a été remarqué dans
[BLZ11]| que les ensembles T'. sont localement des graphes lipschitziens.

On choisit un point = € I'; suivant une mesure p. On considére le mouvement brownien
B; partant de x et arrété au temps 7 de contact de 0€2. Comme précédemment nous notons
ce processus aléatoire F{'. Posons 7. = sup{t > 0 ; F; € I'.} et notons 7(x) la distribution
de F*.

Nous avons le
Théoréme 4.2.4 5i ) est un quasi-disque de petite norme, il existe une constante ¢ > 0

telle que pour tout ¢ > 0 il existe une unique mesure de probabilité v. satisfaisant m(v.) =
U. ; cette mesure satisfait

—0¢ S Ve S CO¢,
&

ou o. désigne la mesure uniforme sur ..

Ce résultat fait partie d’un travail en cours.

Perspectives 4.2.5 Nous souhaitons
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— faire le lien entre la “limite” des vols browniens quand € — 0 et le mouvement
brownien réfléchi. Ce lien a déja été mis en lumieére dans [GS03| quand le bord du
domaine est lisse.

— ajouter une phase de diffusion sur la frontiére et étudier les statistiques et 1'exis-
tence de régimes stationnaires (|[BMTVO08|,[BLMV0S|,...). Concernant la diffusion
sur la frontiére, plusieurs modélisations semblent pertinentes : les diffusions sur les
fractales, un mouvement brownien réfléchi a I'intérieur d’une saucisse de Minkowski
projeté sur le bord, ou un temps d’arrét de mouvement brownien réfléchi dans €2
(cf. [Grel0]).

— étudier (et comparer) l'itération des vols browniens lorsque I'on remplace le point
de “sortie” F,. par le point y € I'. dont la ligne de Green touche 92 au point F..

Les travaux de cette partie ont été motivés et partiellement financés par ’ANR DYOPTRI.
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Partie S

Croissance

Cette partie est en cours d’élaboration et n’est a ce titre qu'un projet de recherche.
Avec des collégues géographes, physiciens et spécialistes de 'aménagement du territoire
nous nous sommes proposés d’étudier la croissance de villes et des réseaux en utilisant les
idées et techniques émanant des processus de croissance aléatoire tels que le DLA (diffusion
limited agregation) , le processus de Hastings-Levitov ou la percolation du gradient.

L’idée d’utiliser le DLA pour modéliser la croissance des villes n’est pas nouvelle
mais elle est peu satisfaisante : 'impulsion dans cette direction provient d’'un article de
H.Makse, Andrade et al ([MJB*98]). L’idée est de modifier la percolation du gradient en
ajoutant une corrélation entre les sites afin de mieux coller & la réalité de la croissance
des agglomérations. Les illustrations ci-dessous sont extraites du mémoire de Master 2 de
Thi-Thuy-Nga Nguyen, étudiante en thése co-encadrée par M. Zinsmeister et moi méme.

Percolation au gradient

On se donne une grille dans R? (ou plus généralement un pavage) et on fixe une
fonction f de cette grille a valeurs dans [0, 1]. On colorie chaque noeud z avec probabilité
f(z). Dans le cas particulier ou f(x) dépend seulement de la distance du noeud x & une
interface I' le modeéle est appelé “percolation au gradient”; il a été introduit par Sapoval,
Rosso et Gouyet, [BSG85| et étudié par Nolin [Nol08|.

Ce modele et ses variantes n’est pas évolutif. Les images obtenues sont fixes (mais
intéressantes, cf. la premiére image de figure 5.1).

Afin de tenir compte des effets de corrélation entre sites le modeéle est modifié de la
fagon suivante.

A chaque neeud z de la grille nous attribuons de facon indépendante une quantité
aléatoire X (x). La variable aléatoire x — X (z) est distribuée selon une loi u choisie
au préalable (ici nous avons utilisé une Gaussienne); nous modifions ensuite la variable
aléatoire X afin de prendre en compte des phénoménes de corrélation entre les nceuds :
on définit la variable aléatoire Y :

Y = C,x X,
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FIGURE 5.1 — Percolation 1. au gradient avec f = f(r) exponentielle 2. avec corrélation
3. avec axe de transport/fleuve

ou Cy(l) = (1 + %)~ et ¢ = |x — 2'| correspond & la distance euclidienne entre deux
nocuds z, ' .

Ensuite, nous décidons de la coloration de chaque nceud. On se donne une fonction
a deux variables (t,z) — f(t,z), strictement croissante en t, telle que f(0,.) = 0. En
temps ¢, le noeud z est coloré en noir si Y (x) < f(t,z). De cette fagon nous obtenons un
processus aléatoire croissant. Dans notre exemple, la dépendance de f en x est radiale :
f(t,z) = g(t,|x]), ot |z| est la distance de z & un ensemble donné (p. ex. le centre-ville) et
g une fonction strictement croissante en t et en |z|. Les images obtenues avec ce modéle,
selon les paramétres choisis, sont du type illustré dans figure 5.1, deuxiéme image.

La troisiéme image est obtenue en ajoutant 'effet d’'un axe de transport : la fonction
|z| est une fonction de la distance du nceud au centre ville mais aussi de distance de "axe(
fleuve, autoroute etc).

Nous souhaitons étudier ces processus : nous avons déja montré que dans le cas radial
la distance moyenne du centre a la frontiére du cluster et égale a r;, ou r; est tel que
g(t,r¢) = pe, la probabilité critique de la percolation simple sur la grille. Nous aimerions
préciser ces estimations et ajuster/enrichir les paramétres pour obtenir un modéle aussi
proche de la réalité que possible. La thése de Nguyen s’inscrit dans ce projet.
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Appendice

Frontiere de Martin, points simples et multiples

Soit © un domaine de RY, muni d’une fonction de Green G. Notons H, l'ensemble
des fonctions harmoniques positives sur Q. Soit X, € Q un point fixé. Pour ¢ € Q\ {Xo}
nous définissons le noyau de Martin K. : 2 — R associé a ( :

K (x) = Gﬁf;)) (5.1)

Remarquons que, pour tout ¢ € 2\ {X}, la fonction K, est une fonction surharmonique
sur €2, harmonique sur 2\ {¢} et vérifie K:(Xo) = 1. On appellera point de Martin de §2
toute fonction v harmonique sur €2 de la forme

u = lim K¢, ,
n

pour une suite ((,), C 2.

Remarquons que la définition ne dépend pas du choix de Xj. De plus,
a) u est une fonction harmonique positive sur €2, normalisée par u(Xy) = 1.
f) d’aprés le principe de Harnack, toute suite tendant vers l'infini dans 2 admet une
sous-suite convergeant vers un point de Martin.
Il existe alors une compactification Q=0QUdQ de (), métrisable, ayant les propriétés
suivantes :
) la suite (i, )nen de points de € converge vers un point de d<2 si et seulement si elle
converge vers un point de Martin.
f) deux suites de points de €2 convergent vers le méme point de OQ si et seulement si
elles définissent la méme fonction harmonique.
La compactification ne dépend pas du choix de point de normalisation X,. La topologie
induite par cette compactification, appelée topologie de Martin, coincide sur §2 avec la

topologie euclidienne. La frontiére 0Q du compactifié de €2 est appelé frontiére de Martin
de €.

Le théoréeme suivant est ’analogue, dans le cadre de la théorie de Martin, de la repré-
sentation intégrale de Poisson des fonctions harmoniques positives dans une boule.Pour

(e 8@, on note K la fonction harmonique associée.
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Théoréme 5.0.6 (Martin) Pour toute fonction harmonique uw € H , il existe une mesure

borélienne et positive v, sur oQ telle que

u(w) = [ Ke(@walde) )

Cette mesure est unique lorsque I'on impose a son support d’étre inclus dans ’ensemble
des points de Martin ¢ tels que K, soit minimale. Notons v; la mesure associ¢e a la
fonction constante égale a 1.

Dans les domaines que nous étudions il existe une projection continue 7 de Q sur le
compactifié d’Alexandroff Q prolongeant 'identité sur €. Cette projection, transfére la
mesure v; sur la mesure harmonique habituelle.

Proposition 5.0.7 Soient ) un domaine de Green . Notons v; la mesure de Martin de
Q associée a la fonction constante égale a 1 relativement a un point Xy € Q. Supposons

qu’il existe une application m : Q- Q, continue, prolongeant l’identité de Q. Soit x € Q.
Si w, est la mesure harmonique de 2 en x alors pour tout ensemble F C 0S) mesurable

welF)= [ Eelap(do) (53)

Un point z € 99 est dit simple si 7~ !(z) est un singleton et multiple sinon.

On dit que un ensemble F' C ) est effilé au sens minimal au point de Martin ¢, si K
est minimale et si la réduite de K¢ sur I,

RfQ =inf{s: Q = R, ; s > K., s surharmonique},

vérifie Rf}g # K.

Dimensions et formalisme multifractal

Dans cette section je propose un bref historique/rappel du formalisme multifractal
(tres loin d’étre exhaustif) et un rappel de la notion de dimension de Minkowski que j’ai
utilisé au chapitre 4.

Dimension de Minkowski

Soit F' un sous-ensemble compact de R%. On note

N, = inf{#R. ; R. recouvrement (fini) de F par de boules de rayon €}.
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La dimension de Minkowski dj; de F' est alors

. log V.,
dy; = lim sup )
=0 |loge

On dira que F' admet une dimension de Minkowski ezxacte si cette limite existe. Rappe-
lons que la dimension de Minkowski, qui est aussi connue sous ’appelation “box counting”
dimension, n’en est pas une! En effet elle ne satisfait pas la condition minimale : la di-
mension d’une réunion dénombrable d’ensembles n’est pas le supremum des dimensions

(ex. QN [0,1]).
Formalisme multifractal

Avec les notations du chapitre 2, si p est une mesure sur K = {0,1}", on définit la
dimension locale (ou exposant de Holder local) de la mesure p en x € K la quantité :

1 I,
a(x) = liminf ay, () = lim inf —M.
n—-+00 n—-+00 n log 2
L’analyse multifractale vise a étudier la dimension de Hausdorff dimy, (F,,) des ensembles
de niveau E, = {z: a(z) = a}, a > 0. La fonction f(a) = dim(E,) est le spectre des
singularités (ou spectre multifractal) de p.

Le concept a été introduit par plusieurs auteurs dans des contextes différents : [Man74],
[FP85],[BPPV84|, [MCSWS86]. Afin d’étudier la fonction f(«), Hentschel et Procaccia
[HP83] ont introduit les dimensions généralisées D, par

D — hm 1 lOg (ZIE}—n /’L(I)q)
I noteog—1 nlog 2

Y

(cf. [GP83, Gra83]). Halsey et al. [HJK"86] ont suggéré que le spectre multifractal f(«)
et les dimensions D, sont liés & travers la transformée de Legendre :

f(a) =dim(E,) = 7" (a) = inf(ag + 7(¢), g € R), (5.4)

ou

r(g) = lmsup molq) et Tlg) = — 1og<zu<f>q).

n—+00 nlog2 IEFn

(les cylindres de mesure nulle sont & exclure de la somme).
La fonction 7(q) est le spectre L de . Si la limite existe on obtient 7(¢) = (¢ — 1) D,

La relation (5.4), utilisée aussi par le formalisme thermodynamique dans le cadre de
I'opérateur du transfert par Bowen [Bow75] et Ruelle [Rue78]|, est au coeur du formalisme
multifractal.

On dit qu'un mesure p satisfait le formalisme multifractal si son spectre f vérifie
la formule (5.4). Il est bien connu que les mesures de Bernoulli satisfont le formalisme
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multifractal (e.g. [Fal97]) ; il en est de méme pour les mesures autosimilaires [CM92, LN99,
Ols95], et quasi-Bernoulli [BMP92, Heu98, Tes06|. Des conditions pour qu’une mesure
associée a4 un systéme dynamique satisfasse le formalisme multifractal sont proposées
dans [Col88, Fan94, Rang9).

La minoration de dim(E,) est souvent liée a l'existence d’une mesure y, invariante
par le shift, ergodique, telle que

Vi, VI € Fay (1127070 < (1) < Cp(I)727 ),

1

lols <

ol la constante C' > 0 ne dépend pas de n ni de I. Cette mesure est appelée “mesure de
Gibbs” [Mic83|. La majoration est en général I'objet d’un calcul direct.

Si la fonction 7 est dérivable en ¢, la mesure p, est portée par E_./). Dans ce cas,
Brown, Michon et Peyriére [BMP92, Pey92| ont montré I'existence de mesures de Gibbs
et en ont déduit que

dimy(E_q) = 7°(=7'(q)) = —q7'(q) + 7(q).

Mouvement brownien réfléchi

La définition du mouvement brownien réfléchi est bien connue dans les domaines a
frontiére réguliére. Dans les domaines irréguliers ainsi que sur les fractals 'approche passe
par les formes de Dirichlet.

Rappelons d’abord la notion de (¢, d)-domaines, due a P. Jones [Jon81] : le domaine €2
est dit (¢,0) ou localement uniforme s’il existe des constantes € et d telles que pour tout
x,y € Q avec |xr — y| < J il existe une courbe rectifiable 7 joignant x et y satisfaisant

L oel(y) < |z -yl
2. emin{|z — z|,|y — 2|} < dist(z,00)

Notons Wh2(Q) = {f € L*(Q) ; Vf € L*(Q)} l'espace de Sobolev sur {2 munie de
la norme de Sobolev ||f|l12 = ||f|]2 + ||V fl|2. Les domaines (e, d) satisfont la condition
d’extension W2 de Sobolev, cf [Jon81] :

« il existe un opérateur linéaire borné T : WH2(Q) — W2(R) prolongeant l’identité
de WH2(Q) ».

Pour f,g € WH3(Q) on définit

E(fg) = | < V$.Vg > dr,
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et
&i(f.9) =E(f.9) + L Fada.

La forme de Dirichlet (&, W2(2)) est dite réguliere dans Q si Wh2(2) N C(Q) est
1 —
dense a la fois dans (W'%(Q),E?) et dans (C(2),]|.||s). Si © est un domaine localement
uniforme, la forme de Dirichlet (€, W'?(Q)) est réguliére dans Q.

Nous pouvons maintenant définir (voir aussi [Che93], [BCR04]) le mouvement brow-
nien réfléchi dans (2.

Si Q est localement uniforme, il existe un processus de Markov (fort) R; associé a
(Q, ), ayant des trajectoires continues. De surcroit, nous pouvons construire une famille
de distributions (R¥); pour ce processus, partant de x, quelque soit z € Q (pour les détails
voir le livre de Fukushima, Oshima et Takeda, [FOT94]).

Considérons un fermé F' C 0f2 et posons 7r le temps d’atteinte de F' pour le processus
R7. En supposant que E,[7r] < 400 pour (au moins un) x € 2, on obtient que pour tout
f € C(F), la fonction

u:x— E,[f(R)]

est harmonique bornée dans {2 et converge vers f en tout point régulier de F. Cette
hypothése est vérifiée dans le cadre de I’'exemple proposé en section 3.3 et est indispensable
pour mettre en ceuvre une théorie du potentiel.

Si l'on fait 'hypothése supplémentaire que 02 \ F' est régulier, alors u est la solution
du probleme de Dirichlet avec des conditions au bord mixtes de type Dirichlet-Neumann :

( u harmonique dans
e
{ %~ 0 sur 99 \F (5.5)

o7
(L u=fsur F

ol 77 est le vecteur normal a la frontiére 0f2.
Remarque 5.0.8 Soit Cr(9) Pensemble des fonctions continues sur €, nulles sur F'. Si
Wh2(Q) N Cp(Q) est dense dans Cr(2),]].]|o0), alors on peut, comme ci-dessus, définir le

processus stochastique Rf associé. Ce processus coincide avec Ry, N dans les

domaines localement uniformes (see also [AB10]).

Notons w. la mesure harmonique associée & cette diffusion, ie. pour x € Q et A C 012,

wo(A) = Py(R,, € A).

La relation (5.5) implique que pour A C 02 mesurable, 'application = — w,(A) est
positive, harmonique dans €, de valeur 1 sur A, nulle sur F'\ A et de dérivée normale
nulle sur la partie réguliére de 9\ F .
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Discrétisation du mouvement brownien

Cette bréve description contient essentiellement des résultats de [BL96, Anc90, LS84]
adaptés au contexte de ce mémoire.

Soit € un domaine de Green dans R?; le mouvement brownien est alors transient dans
), ie. sortira définitivement de tout compact de 2 en temps fini presque stirement. On
dira qu’un sous ensemble fermé F' de ) est récurrent si pour tout x € ) le mouvement
brownien partant de x touche P,-presque-stirement I'ensemble F' avant 0f).

Considérons un sous-ensemble discret N et deux familles d’ensembles
F ={F, fermé; x € N} et V = {V, ouvert ; x € N'}

satisfaisant :
— xeﬁm et I}, C V,, pour tout z € NV,
~ F,NV, =0 pour tout = # 2 € N,
— l'ensemble F' = U F, est récurrent,

zeN
— il existe C' > 0 telle que pour tout # € N et toute fonction h harmonique positive

dans V, on ait

1
ah(x) < h(z) < Ch(z), pour tout z € F,.

On se référe a la derniére propriété sous le nom de condition d’anneau de Harnack.
En reprenant la terminologie de [BL96] le triplet (N, F, V) est appelé « Lyons Sullivan
data ».

Si nous supposons, en plus, qu’il existe une constante o > 0 telle que Gy, (z, 2) = «,
pour tout x € N et tout z € OF, le triplet (N, F, V) est appelé « balanced Lyons Sullivan
data », que je traduis ici “structure réversible de Lyons-Sullivan”.

Le théoréme qui suit est extrait de [BL9I6, LS84].

Théoréme 5.0.9 Si ) est un domaine de Green admettant une structure réversible de
Lyons-Sullivan (N, F, V) alors il existe une chaine de Markov irréductible X sur N dis-
crétisant le mouvement brownien , te. :

1. il exziste une constante positive  telle que g(x, z) = kG(x, 2) pour tout z,z € N, oi
g désigne la fonction de Green de la chaine de Markov X.

2. les probabilités de transition de X sont symétriques, ie. py , = P, pour tout T,z €

N.

3. lespace des fonctions harmoniques pour X et positives sur N est isomorphe a l’es-
pace des fonctions harmoniques positives sur ).
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La remarque suivante nous permettra de mieux comprendre le cas d’'un domaine plan.

Remarque 5.0.10 Considérons la collection V des cubes de Whitney dyadiques et soient
N leurs centres. Pour a > 0 on note, F la collection des ensembles F,, = {z € Q ; Gy, (z,2) =
a}, z € N. Si le domaine Q C R? est borné (de diameétre normalisé égal & 1), alors pour
tout a > 0 le triplet (N, F, V) est une structure réversible de Lyons-Sullivan. Pour établir
cela il suffit de vérifier la condition d’anneaux de Harnack : il existe C' > 0 telle que pour
tout z € N toute fonction h harmonique positive dans V, on ait

1

6h(x) < h(z) < Ch(z), pour tout z € F.

Or, il est clair que —log[l(V,)|x —y|/2] < Gy, (z,y) < —log[20(Vy)|z —yl|], ou £(Vz)
désigne la longueur de coté du carré V. Il s’ensuit que, pour a > 0 fixe, il existe
0 < pr < p2 <1tels que F, C poV, \ p1Vi et que donc la constante de Harnack as-
sociée a V,, \ F, est majorée par celle de 'anneau conforme poV, \ p1V.
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Sur les domaines de Poisson

L’objectif de ce chapitre est de donner une condition nécessaire pour qu'un domaine de R
d > 3, soit Poissonien. Cette condition (voir définition 0.1.6) que nous noterons CDF (condition
faible de cone double) a été proposée par Bishop dans [Bis91] pour les domaines du plan et est
semblable & la condition d’effilement de Wiener. Nous proposons en outre quelques exemples de
situations ou cette condition est également suffisante.

0.1 Cadre, résultats liés.

Bishop [Bis91] a introduit la condition CDF et il a montré qu'un domaine du plan est Poissonien si
et seulement si 'ensemble des points satisfaisant a une condition CDF est de mesure de Hausdorff
linéaire nulle. D’autres conditions pour qu’un domaine soit Poissonien ont également été énoncées
par Mountford et Port [MP91]. Mountford et Port font appel & la théorie de probabilités, tandis
que Bishop s’appuie sur la théorie du Potentiel classique.

En dimension 2, Bishop utilise une caractérisation de deux domaines disjoints dont les mesures
harmoniques ne sont pas mutuellement singuliéres, pour montrer que la condition CDF est suff-
isante pour qu'un domaine soit Poissonien. Cette caractérisation est énoncée par Bishop, Carleson,
Garnett et Jones dans [BCGJ89] pour les domaines du plan. La preuve s’appuie sur un résultat de
Makarov [Mak85], amélioré par Pommerenke [Pom86], qui fournit une comparaison de la mesure
harmonique des domaines simplement connexes du plan et de la mesure de Hausdorff linéaire. La
démonstration de Makarov exploitant les propriétés des fonctions conformes du plan, ne peut pas
étre appliquée en dimension supérieure. En outre, Wolff [Wol95] a montré que les résultats de
Makarov ne sont pas adaptables en dimension supérieure a deux. Ainsi, la question de savoir si la
condition CDF est suffisante pour qu’un domaine de R?, d > 3, soit Poissonien reste-t-elle ouverte.

La démonstration de la nécessité de la condition CDF que nous proposons pour les domaines
de R?, d > 3 utilise la théorie de Martin. La voie suivie nous a été proposée par A. Ancona.

0.1.1 Définitions, propriétés des domaines de Poisson

Donnons tout d’abord la définition d’un domaine de Poisson.

Définition 0.1.1 Un domaine Q C R est appelé domaine de Poisson, ou domaine Poissonien, si
pour toute fonction u harmonique bornée dans ) il existe une fonction mesurable f : 9 — R telle
que :

u(@) = Hf = | f(z)w(z,dz) (1)
oN
ot w est la mesure harmonique de 2.

Donnons 'interprétation de la définition en termes de frontiere de Martin ([MP91], théoréme

9).



Théoréme 0.1.2 ([MP91]) Un domaine de Green Q@ C RY est Poissonien si et seulement s’il
existe un sous-ensemble A de la frontiére de Martin minimale OQM de Q, un sous-ensemble E de
la frontiére O de Q dans R et une application 7 : A — E vérifiant :

i) T est bijective et bimesurable.
it) v(A) =1, ot v est la mesure harmonique de Martin relativement a un point Xy € §Q.
i11) w(E) =1, ot w est la mesure harmonique de ) évaluée en Xj.

iv) Pour tout ensemble mesurable F C E et pour tout Xg € Q, si v est la mesure harmonique
de Martin relativement ¢ Xy et w la mesure harmonique de Q évaluée en Xy, alors w(F) =
v(r=H(F)).

Les propriétés suivantes des domaines de Poisson ont également été démontrées dans [MP91].

a)) Toute composante connexe de I'intersection de deux domaines de Poisson est un domaine de
Poisson.

B) Soient £ et Qs deux domaines Poissoniens de R? tels que © = Q; U Qs soit connexe. Soit w
la mesure harmonique de Q. Si w(92; N INs) = 0, alors 2 est Poissonien.

Donnons quelques exemples :

Exemple 0.1.3 Par le théoreme de Herglotz-Riesz les boules de R? sont des domaines de Poisson.
[ ]

Exemple 0.1.4 Donnons un exemple de domaine non-Poissonien. Soit Cle compactifié du plan
complexe avec le point a linfini. Dans C considérons le complémentaire du segment [0,1]. Le
domaine Q = C\ [0, 1] est simplement connexe et est 'image par 1’ application conforme

(1-2)
(1—2)2—(1+2)?

$(2) =

du disque unité B. l'application ¢ se prolonge de maniére continue sur 0B. On peut également
vérifier que les arcs L et M du cercle unité 9B définis par

Mz@IB%ﬂ{ZG@;Imz>0}eth@Bﬁ{z€@;Imz<0}

vérifient ¢(L) = ¢(M) =]0, 1].

Soit u = Hﬂ% la solution du probléme de Dirichlet dans B pour la fonction indicatrice 1 de
M et soit v I'image par I'application conforme ¢ de la fonction u. Montrons que v est une fonction
harmonique bornée qui ne s’écrit pas sous la forme (1) ce qui montrera que Q n’est pas Poissonien.

Six € M ety e L sont deux points de OB avec ( = ¢(x) = ¢(y) et si V est un voisinage de ¢
suffisament petit alors $~(V) est la réunion d’un voisinage Vi de x et d'un voisinage V5 de y dans
B, Vi et V3 disjoints (voir fig. 1).

Remarquons que u converge vers 1 en tout point de M et vers 0 en tout point de L. Par
symétrie, si v est la solution du probleme de Dirichlet (généralisé) pour une fonction frontiere
f:]0,1] = R, alors v(z) converge vers la méme valeur quand z tend vers ¢, Imz < 0 et quand z
tend vers ¢, Imz > 0. Or, ceci n’est pas le cas.

Une autre fagon de procéder est en utilisant le théoreme de Hunt et Wheeden [HW70]. Si z,
tend vers ¢ non-tangentiellement alors v(z,) converge vers f({), pour Hi-presque tout ¢ in ]0, 1.
Or, la limite inférieure non-tangentielle de v est 0 tandis que sa limite supérieure est 1 en tout point
de ]0,1[. 11 est donc clair qu’il n’existe pas de fonction f : [0,1] — R telle que v = H;z °



Figure 1: L’application ¢ de ’exemple 0.1.4.

0.1.2 La condition CDF

Nous introduisons & présent la condition CDF, proposée par Bishop.

Notation 0.1.5 Notons S, la sphere unité de R%. Pour z € R? | ¢ > 0 et § € Sy nous notons
C(z,7,€,0) le cone

Clz,re,0)={y; y=a+70,0 €Sy, |0 -0 <e, 0<r <r}
Nous écrivons W (zx,r,€,0) = C(x,7,¢,0) \ B(x,r/2) et nous notons 84 = (0, ...,0,1) € Sg.

Définition 0.1.6 Soit Q un domaine dans R%, d > 2. On dit que le point x € O satisfait & une
condition CDF par rapport o Q0 s’il existe 8 = 0(x) € Sq et € = e(x) > 0 tels que

Z{cap{T(W(m, 27" ¢, 0) \ Q)} v cap{2”(W(:r,2_"7e, —9) \Q)}} < +00, (2)

neN

cap signifiant la capacité de Green dans RY, pour d > 3 et la capacité de Green dans la boule B(x, 1)
centrée en = et de rayon 1, quand d = 2.

Dans la suite nous supposons d > 3; le cas d = 2 peut étre traité de maniere similaire, en se
ramenant & des ensembles contenus dans une boule.

Remarque 0.1.7 Si ) C Q sont deux domaines de RY, avec 9Q C 9§ et si un point z € 9NNOY
satisfait & une condition CDF par rapport a €', alors x satisfait & une condition CDF par rapport
a Q.

0.2 Une condition nécessaire pour qu’un domaine de RY, d > 3,
soit Poissonien

C.J. Bishop a proposé la condition CDF et a montré que, dans R?, un domaine Q est Poissonien
si et seulement si ’ensemble des points de 0f) satisfaisant & une condition CDF par rapport a
est de Hj-mesure nulle [Bis91]. Le théoréme suivant étend partiellement le résultat de Bishop en
dimension supérieure.



Théoréme 0.2.1 Soit Q un domaine dans R? et supposons que la Hq_1-mesure des points de sa
frontiére qui satisfont a une condition CDF par rapport a §2 est strictement positive. Alors Q n’est
pas Poissonien.

Le reste de la section est consacré a la démonstration de ce théoréeme.

0.2.1 Préliminaires

La démonstration du théoréme s’effectue en 4 étapes :

A) Nous montrons dans un premier temps que si ’ensemble des points de 9€) satisfaisant & une
condition CDF est de mesure H,_1 positive, alors il existe un sous-ensemble de la frontiere
de 0, de mesure Hy_1 positive, inclus dans une surface lipschitzienne dont tous les points
satisfont a une condition CDF.

B) Dans un deuxiéme temps, nous affirmons que si I" est le graphe d’une fonction lipschitzienne
six € ' et si B est une partie d’un cone de sommet x disjoint de I, alors leffilement au sens
minimal en z relativement & R% \ I de B est équivalent & une condition de type CDF.

C) Ensuite nous construisons deux sous-domaines de €2 dont les frontieres intersectent une surface
lipschitzienne sur un ensemble K de mesure H,_1 positive et qui sont effilées au sens minimal
relativement & R?\ K en H,_;-presque tout point de K.

D) Finalement, en utilisant Ueffilement au sens minimal des frontiéres de ces domaines en Hy_1-
presque tout point de K, nous montrons que leurs mesures harmoniques sont équivalentes a
Hq_1 sur K. La preuve est completée par la proposition suivante :

Proposition 0.2.2 (/Bis91]) Un domaine Q € R? est Poissonien si et seulement si pour tous
sous-domaines disjoints 1 et Qo de ), les mesures harmoniques wi et wo correspondantes sont
mutuellement singuliéres sur 0S).

0.2.2 Démonstration du théoréme 0.2.1

A) Nous proposons quelques lemmes géométriques pour démontrer la premiere étape de la preuve
du théoreme. Les notions d’ensembles régulier et irrégulier au sens de Besicovitch sont définies en
appendice.

Nous considérons un domaine  C R

Proposition 0.2.3 Soit E C 09 un ensemble qui vérifie 0 < Hy_1(F) < oo. Supposons que
Ha_1-presque tout point de E satisfait a une condition CDF par rapport a Q. Alors E est régulier
au sens de Besicovitch.

La démonstration de la proposition que nous proposons est comparable a celle du lemme 4.3 de
[Bis91].

Lemme 0.2.4 Sous les hypothéses de la proposition 0.2.3, il existe g > 0 et 0y € Sy tels que
l’ensemble F' des points qui satisfont une condition CDF par rapport 6 ) avec € = €y et 0 = Oy soit
de Hqy_1-mesure positive.

Démonstration Pour n € N, posons

S|

Sp = {x € FE; x satisfait & une condition CDF avec

Clairement, E = U:Lri‘j Sy, et donc il existe S, tel que Hy_1(Sp,) > 0.



Considérons une partition de Sy en un nombre fini d’ensembles {S¥}7_, de diametre inférieure
a ﬁ. Pour k =1, ...,n, soit Sf% I’ensemble des points de S, satisfaisant a une condition CDF
par rapport a Q avec 6 € S*.
1l est clair que U SE = Sy, Tl existe donc un ensemble S¥0 parmi ceux-ci, avec Hg_1(Sk0) >
1<k<n
0. Posons F' = Sk et soit 6y € S*. Alors, tout x € F satisfait la condition CDF par rapport &

avec 6(z) = g et € = 55—, le cone C(x,7, 155 0o) 6tant inclus dans le cone C(z, 7, €(x),0(x)). o

Lemme 0.2.5 Soit E un ensemble irrégulier au sens de Besicovitch tel que 0 < Hy—1(E) < +00.
Alors il existe un sous-ensemble F C E avec 0 < Hy_1(F) < 400 et une constante C > 0 tels que

Haq_1(B(z,r)NE)

) y <C, VrxeF,0<r<l1 (3)
7
B) Pourtoute>0 et €Sy (4)
Hy_1(F 0 H, +(F -0
Jim sup d—1( ﬂﬁ?ﬁﬁ,»+hmwp d—1( ﬁifw@, )y
r—0 r r—0 T

pour Hy_1-presque tout x € F.

Démonstration Ce lemme est un corollaire de deux résultats classiques de la théorie de la mesure
géométrique (cf. [Mat95]) :

Théoréme 0.2.6 Soit E € RY, avec 0 < Hy_1(E) < +oo. Si E est irrégulier au sens de Besicov-
itch alors, pour tout € > 0, tout 0 € Sy et pour Hy_1-presque tout x € E

:H:d—l(E n C(:L‘, T, € 9))

j{d—l(E n C({E, T, € _0))
a1 p

>0
pd—1

+ limsu
r—0

lim sup
r—0

D’autre part, pour tout ensemble E C R? avec 0 < Hy_1(E) < +oo0,

Hq_1(ENB(z,1))
yd—1

lim sup
r—0

< 1 pour H,4_1 presque tout « € F

Il existe alors un sous-ensemble F' de E, de Hy_1-mesure positive, sur lequel la condition (3) soit
satisfaite pour une constante C' > 0. L’ensemble F' est également irrégulier au sens de Besicovitch
et donc, par le théoréme précédent, la relation (4) est valable sur F. e

Démonstration de la proposition 0.2.3.

Nous pouvons écrire E comme E = E; U Ey avec Ej rectifiable, F» purement non-rectifiable.
Raisonnons par l'absurde et supposons que Es soit de Hy_1 mesure strictement positive, 0 <
Hy—1(E2) < +oo. Quitte & diminuer F, nous pouvons donc supposer que F est irrégulier au
sens de Besicovitch et la condition CDF est satisfaite H;_1-presque partout sur ce nouveau F,
j‘fdfl(E) > 0.

Nous utilisons les lemmes 0.2.4 et 0.2.5 pour faire une estimation de la capacité des anneaux
coniques W (x,27" ¢,0) \ Q qui, & son tour, aboutira & une contradiction du fait que la condition
CDF est satisfaite sur E.

D’apres le lemme 0.2.4, il existe € > 0 et 8 € Sy tels que I'ensemble F' des points z € E
satisfaisant & une condition CDF avec e(x) = € et 6(z) = 6 soit de mesure Hy_q strictement
positive. L’ensemble F est irrégulier au sens de Besicovitch donc, quitte a se restreindre a un
sous-ensemble de F, nous pouvons supposer qu’il vérifie les relations (3) et (4).

Nous montrons que pour Hy_j-presque tout x € F, il existe un nombre infini de tranches
W(x,27" ¢€,0) du come C(z,r,€,0), notées W, telles que

Hag1(2"(FNW(z,27"€,0))) > 1 (5)



ol ¢; = ¢1(x) est une constante positive.
Fixons x € F. Quitte a remplacer eventuellement 6 par —# nous pouvons supposer que x vérifie

Ha—1(F N C(x,r,€0))

> 0.
rd—1

1> ¢y = limsup
r—0

Ha_1(FN 0
a1 dqgw’r’ €.0)) > 6—20. Or, par la relation (3), pour 7 < r
,

Prenons 0 < r < 1 tel que

Hy 1 (FNC(x,r,e0)\ Clz, 7,6 0)) > %Ordfl — ot

Posons 7 = (—) -1 é Nous avons

Ho—1(FNC(x,re6)\ C(x,7€0)) > erd=t,

r
pour une constante ¢ = ¢(¢g) > 0. Soit Ny = logy —. Remarquons que Ny > 0 ne dépend que de ¢y
T

et de C. 1l existe, alors, une tranche

W, =W(z,27"€,0) C C(z,r,¢,0) \ C(z,T,¢€,0)
telle que Hq_1(2"(W, N F)) > ¢1 = Q—No(d—l)%)_
0

L’itération de argument montre qu’il existe un nombre infini d’anneaux coniques W, =
W(z,27", €,0) vérifiant (5). Pour ces anneaux nous avons le lemme suivant.

Lemme 0.2.7 Il existe une constante ca = ca(c1,co) telle que
cap(W,NF) > ¢ >0 (6)
Démonstration La capacité d’un ensemble F C R? est donnée par

capF = sup{I Y (u) ; ||pu]] = 1; suppu C F},

1
ou I(u) = / / ————u(dx) p(dy).
(1) i y|d,2u( )u(~ )
Pour W, vérifiant (5), posons F,, = 2"(W,, \ F') et soit A =

1
I(A) = /Fn/Fn W/\(dx))\(dy)
1

1
T3, (F )2 s Ha—1(dx)H a1 (dy).
Ha—1(Fn)? /"n /"n [l — y[[d=2"" 1(dz)Fta-1(dy)

En utilisant la relation (3), nous montrons que 'intégrale est uniformément majorée par c; RS
400, co > 0 étant une constante indépendante de n :

/ / Hx_lynd_Q)\(dx))\(dy)é

+oo
< / D 2 WRANE, Ny € Fs 277! < dist(y, x) < 27°})A(da)
F,

n s=0

1 . .
T F,,L)j{d—l' Nous obtenons :

1
<— | 20\dz)<2c7'C =¢c;t
J{d—l(WnﬂF)/ (dz) < 2¢; 2

n

et donc cap(Fy,) > cy. o



“+o00o
Ce lemme étant démontré, nous en déduisons que la série des capacités g cap(F},) diverge.

n=1

+o0 +o0
Or, anp[Q”(W(xﬂ*”,e,G) \ Q)] > Z cap(E},) = +o0.
n=1 n=1

Il est clair que le méme raisonnement donne, pour H,_1-presque tout z € F', un nombre infini
d’anneaux coniques W, (x) = W(x,27" ¢, 0) vérifiant (6), ce qui est en contradiction avec notre
hypothese. e

Soient € un domaine Greenien de R? et E ’ensemble des points de la frontiere de € satisfaisant
a une condition CDF par rapport a . Supposons que H,_1(FE) soit strictement positive. Il existe,
alors, un sous-ensemble F' de E de mesure positive, finie. La proposition 0.2.3, montre alors que
I’ensemble F' est régulier au sens de Besicovitch. Il existe alors un graphe lipschitzien I' tel que
Hy—1(FNT) > 0.

Nous pouvons améliorer la proposition 0.2.3 de la maniere suivante.

Remarque 0.2.8 Il existe un sous-ensemble F' de F inclus dans une surface lipschitzienne I' tel
que 0 < Hy_1(F) et pour tout z € F le double cone

C(z,1,¢e(x),0(x)) UC(x,1,e(x), —0(x))

n’intersecte pas I'. Pour montrer ceci il suffit de remplacer les conditions 3 et 4 du lemme 0.2.5 par
la condition de densité suivante : pour H,_i-presque tout z € F
Hq1(ENB
r—0 (2T‘)d*1

B) La démonstration de la deuxiéme étape s’effectue par une suite de lemmes, concernant les
domaines lipschitziens, qui sont bien connus. Pour la notion d’ensemble effilé au sens minimal en
un point de la frontiere d'un domaine de Denjoy, nous renvoyons p. ex. a [Anc90b].

Il existe un autre type d’effilement équivalent, dans certains cas, a ’effilement au sens minimal.

Définition 0.2.9 Soitz € RY. L’ensemble E C R est dit effilé au sens interne enx siz ¢ E \ {x}
ou s’il existe une fonction s, surharmonique dans un voisinage euclidien de x, vérifiant

liminf s(y) > s(x).

pyen
yeE\{z}

Nous utilisons le lemme suivant dit & Y. Zhang [Zha87], pour montrer 1’équivalence des deux
types d’effilement, dans le cadre d’un domaine lipschitzien, et ensuite nous faisons appel au critere
d’effilement au sens interne de Wiener pour lier 'effilement minimal & la condition CDF. Pour ces
resultats voir aussi [Aik85].

Soit I' le graphe d’une fonction lipschitzienne f : R*~! — R. Posons

H}*‘ = {(z1,22,...,2q) € R?: flz1,..wg—1) > x4}

Soit C(z,r,¢€,0) un cone contenu dans H}'

Lemme 0.2.10 (/Zha87], théoréme 1) Un ensemble B C C(x,1,¢€,0) est effilé au sens minimal en
x dans H;{ si et seulement s’il est effilé au sens interne en x.

Le théoreme suivant propose une condition équivalente a l'effilement au sens interne (cf. [Doo84]).

Théoréme 0.2.11 (Critére de Wiener) Un ensemble B est effilé au sens interne en x € R? si et
seulement st

> cap{2"(BN B(z,27") \ B(z,27""))} < +o0.

neN



Résumons la situation :

Lemme 0.2.12 Soient I' et H}' comme ci-dessus et B C ]HI}' un ensemble quelconque. Soit C(x)
un cone de révolution, de sommet x € T, contenu dans ]H[]T Alors BN C(x) est effilé au sens

minimal en x dans H}' st et seulement si

> cap{2"{BNC(x) N (B(z,27") \ B(z,27"")}} < +o0. (7)
neN

C) Cette étape consiste a lier l'effilement au sens minimal et la mesure harmonique. La propo-
sition suivante en donne un premier résultat. Soit f, ' et H}r comme ci-dessus.

Proposition 0.2.13 Soit Q un domaine inclus dans H}' Alors, si w est la mesure harmonique
du domaine Q, pour tout ensemble E C T on a w(E) =0 si et seulement si H;{ \ Q est non-effilé

au sens minimal dans H}*‘ en Hq_1-presque tout point de E.

Démonstration Un résultat de Dahlberg ([Dah77]) affirme que la mesure harmonique de H]T est
équivalente a la mesure de Hausdorff Hy ;. Il suffit alors de montrer que la frontiere de Martin
s’identifie a la frontiere euclidienne de HJT Or, ceci est affirmé par le théoreme de Hunt et Wheeden
[HW70] et le résultat s’en déduit. e

La proposition suivante nous permettra de trouver deux sous-domaines disjoints de €2 inclus
dans deux demi-espaces complémentaires dont les mesures harmoniques ne sont pas mutuellement
singulieres. La démonstration nous a été suggerée par A. Ancona.

Proposition 0.2.14 Soit F C T fermé et posons Q@ = R\ F. Alors, I'\ F est effilé au sens
minimal (relativement o R\ F) en Hy_1-presque tout point de F.

N. Chevallier [Che89] a donné un exemple d’un ensemble F fermé contenu dans un graphe
lipschitzien T' et d’un point € F de densité (pour la mesure H,_; restreinte sur F') qui est un
point simple pour R?\ F et tel que I'\ F soit effilé en = dans R? \ F. A. Ancona a montré dans
[Anc90a] (en répondant par la négative & une question de Chevallier) que si F’ est un sous-ensemble
fermé d’un graphe lipschitzien I" et si 2 € F est un point double pour R¢ \ F', alors T'\ F' n’est pas
nécessairement effilé en x dans R\ F.

Le lemme suivant est un lemme classique de la théorie de Martin (cf. [Anc84]).

Lemme 0.2.15 Soient Q C R un domaine de Green, Q son compactifié de Martin et v sa mesure
harmonique de Martin relativement a un point Xo € Q2. Si K est un sous-ensemble compact de OS2
avec v(K) = 0 alors il existe une fonction s surharmonique dans ), positive, vérifiant

lim s(x) = 400 , pour tout ¢ € K (8)

r—(

e
et telle que s(Xp) = 1.

Démonstration Soit K un compact de 08 de mesure v nulle. Soit U un voisinage de K dans
Q. Montrons tout d’abord que R({ =/ QM R%CV(dC ) décroit vers 0 lorsque U décroit vers K. En
écrivant

RU — /U RY. v(d¢) + /8 QM\UR%CV(dC)

et en utilisant le théoreme de convergence dominée on obtient qu’il suffit de montrer que R%q décroit
vers 0 pour tout ¢ ¢ K. Soit ( ¢ K et supposons qu'il existe une suite (Uy)nen de voisinages de
K décroissant vers K et un point x €  tels que g, (z) = R%’Z () > ¢ > 0. Pour n assez grand,
les ensembles U, sont effilés au sens minimal en z et donc (g, )nen est une suite décroissante de



potentiels. Pour n € N la fonction ¢, est harmonique dans Q\ U,. Si v = lim g¢,, alors u est
n—oo

harmonique non-nulle dans €2, ce qui est absurde.
Choisissons une suite (Uy,)nen de voisinages de K tels que RY" (X() < 27" pour tout n € N. La

+oo
fonction s’ = ZR[{” est surharmonique et 0 < s'(Xp) < 1. D’autre part, lirré s(z) = +o0, pour
z—
n=1

tout ( € K. En posant s = s’ nous trouvons la fonction surharmonique cherchée. e

1
s'(Xo)

Démonstration de la proposition 0.2.14 Notons encore 9QM la frontiere de Martin minimale
de Q. Soit ¥ =T\ F et posons

E={CecdQM; Sesteffiléen ¢} et N ={¢ e dQ™; % est non-effilé en (}.

Soit 1 la fonction harmonique constante égale & 1. Si v est la mesure harmonique de Martin
relativement a un point Xg de €2, on a la formule suivante :

Ry =R R RE oy
S Kev(dO) S Kev(dS) + J& Kev(dC) b,
olt u est la fonction u = R <letp= R® Remarquons que u est une fonction

S Kev(dS) S Kev(dg)'
harmonique dans ) car RE Ko(do) f N R%Q v(d¢) = f ~ K¢v(dQ) et que p est un potentiel puisque
N B¢

RK< est un potentiel dans Q pour tout ¢ € E.

D’apres le théoreme de Fatou pour la compactification de Martin, v admet une limite fine
v-presque partout sur 9QM; cette limite est nulle en dehors de N et vaut 1 sur N (v-presque
partout).

Soit L la constante de lipschitz de la fonction f dont le graphe est I" et soit 0 < € < § —arctan L.
Notons Nt I’ensemble des points @ € N en lesquels C(z,1,¢,60y) est non-effilé et N~ I’ensemble
des points € N en lesquels C(x,1,¢e,—0y) est non-effilé. Par les propriétés des ensembles effilés
au sens minimal et en utilisant un lemme de [Che89], ona N = NTUN".

Par le théoreme de Fatou u admet la limite fine 1 v-presque partout sur N. Donc, pour v-
presque tout point ¢ de N7T, il existe une suite de points z,, € € qui tend vers ¢ dans la topologie
de Martin telle que u(z,) — 1.

Soit ¢ 'application qui envoie le compactifié de Martin Q de Q sur la fermeture Q U {00} de Q
dans Re. Pour v- presque tout point ¢ € N1, si £ = ¢(¢), nous pouvons choisir la suite z,, parmi
les points du cone C(&,1,€,6y), celui-ci n etant pas effilé au sens minimal en ¢ [Che89].

D’autre part, la fonction u est harmonique dans H?. Nous avons

Hf _ 5%
leu =R, =u,
H+
la réduite étant considérée dans 2. Or u < 1 donc u = H. iy < H, f

l1su —

En d’autre termes, u est majorée par la mesure harmonique de E dans HT. Le théoreme de
Hunt et Wheeden [HW70] affirme qu’alors u converge non-tangentiellement vers 0, 34_1-presque
partout sur '\ X et donc sur ¢(NT). Or, pour v-presque tout ¢ de N7 il existe une suite (x,,)pen qui
tend vers ¢(¢) non-tangentiellement telle que nlin;o w(zy) = 1. En notant v+ la mesure v restreinte

a N, nous obtenons que ¢v™ est singuliere par rapport & Hy_1 sur ¢(N1). Montrons maintenant
que ceci est impossible si Hy_1(p(NT)) est positif.

Supposons que Hy_1(¢(NT)) soit positif. Dans ce cas, il existe un sous-ensemble K de ¢(N ™)
compact avec 0 < Hy_1(K) < 400 et gt (K) = 0. Par le lemme 0.2.15, il existe alors une fonction
s surharmonique positive sur  telle que lirré s(z) = 400 pour tout ¢ € K et s(Xg) = 1 pour un

e
point X, € H}*‘



Or, la fonction s admet une limite non-tangentielle finie H;_1-presque partout sur F', ce qui est
en contradiction avec I’hypothese.

Il s’ensuit que Hy_1(p(NT)) = 0. De méme, Hy_1(¢(N7)) = 0 et donc ¥ est effilé au sens
minimal en H;_1-presque tout point de F'. e

D) Si T est le graphe d’une fonction lipschitzienne f de constante de lipschitz L notons, pour
r el et a>2L, Cy(x) le cone de révolution C(z, 10,5 — arctana, ). Pour z € H]T et pour un

ensemble E C T', nous notons B,(z) = {z € T'; z € Cyu(x)} et TF(2) = Bu(2) N E.

Lemme 0.2.16 Soit E un sous-ensemble de T', 0 < Hy_1(F) < +oo. Alors pour tout a,a’ avec
2L < d' < a et tout € > 0 il existe un sous-ensemble F' de E vérifiant

Oé) g‘fdfl(F) > (1 — 6)%(1,1(E)

B) w(z, TE(2)) > ¢ pour tout z € | J{Cy(x) ; x € F} avec dist(z,T') < 4(L + 1),
ot w est la mesure harmonique de ]HI}" et ¢ est une constante strictement positive ne dépendent
pas de z.

Démonstration Fixons un point Xy dans ]HI;{ avec dist(Xo,I") > 20. Par le théoreme de Dahlberg

[Dah77] la mesure harmonique de ]HI}L est équivalente a H;_1 sur I'. Nous pouvons donc, pour tout
¢ > 0, choisir un ensemble compact F' C E tel que Hy_1(F) > (1 — €)Hy_1(E) et

w(Xo, B(z,r)NE) > c1r¥™ ! pour tout z € F, 0 <r < 1 (9)
w(Xo, B(z,7)) < cor®™! | pourtout z € F, 0<r <1 (10)

ou les constantes strictement positives c¢; et ca ne dépendent pas de x et de 7.
Soit 2 = (21,..,24) € U{Cu(x); x € F} et notons T(z) = T5(z). Quitte a effectuer une

translation, nous pouvons supposer que z; = ... = zg_1 = 0 et que 0 appartient a I'. Notons K(z)
le cylindre de révolution autour de 'axe des x4 de rayon 3diamT(z), délimité par les “demi-espaces”
{z = (21,...,2q) ; xg =224} et {x = (1,....,24) ; Tg = —224}.

En appliquant le principe de Harnack au bord [Anc78] nous obtenons 'existence d'une constante
c > 0 telle que
w(z,T(2)) > cw(?,T(z)) , pour tout 2’ ¢ K(z),

la constante ¢ ne dépendant pas de z et de 2’.

Montrons maintenant qu’il existe une constante ¢ telle que w(z, By/(z)) > ¢o pour tout z € ]HI}".
Considérons le domaine K (z) \ Cy(0), ot Co(0) = {z =€ R?; —z € Cy(0)}. La solution du
probleme de Dirichlet dans ce domaine pour la fonction de la frontiere 1éa/ (0) €st une fonction
harmonique positive, inférieure a w(., By (z)) par le principe de maximum et minorée par une
constante strictement positive au point z (car la mesure harmonique d’un domaine est invariante
par dilatation du domaine).

Il suit du principe de Harnack au bord que

W T(2) | w(zT()

w(z', Bu(2)  w(z, Bu(2)) pour tout 2’ ¢ K(z).

En posant 2z’ = Xy et en appliquant les formules (9) et (10) nous obtenons w(z, Ty (z)) > ¢ >0
pour tout z € |J{Cu(z) ; x € F}, avec dist(z,I') < 4. La constante ¢ > 0 est indépendante de z.
[ ]



Le théoréme suivant est di & Naim.

Théoréme 0.2.17 ([Nai57], théoréme 15) Soit Q un domaine de R? et F' un fermé de Q. Si h
est une fonction harmonique minimale de ) et si F' est effilé en h alors

1) =h-— ﬁg est une fonction harmonique minimale de Q\ F et

2) ensemble A C Q\ F est effilé en h si et seulement s’il est effilé en h'.

Procédons maintenant & la démonstration du théoréme.

Démonstration du théoréme 0.2.1 : Soit K un sous-ensemble de OS2, tel que tout point de
K satisfait & une condition CDF et 0 < Hy_1(K) < 4o0o. Par la proposition 0.2.3, il existe un
sous-ensemble F de K et un graphe lipschitzien I tels que

Ha—1(E)>0et ECT (11)

D’apres le lemme 0.2.4 nous pouvons supposer que tout = € F satisfait la condition CDF avec
la méme angle 8 = 6y € S; et la méme ouverture ¢ = ¢3. De plus, par la remarque 0.2.8, nous
pouvons choisir F fermé vérifiant :

Il existe 9 > 0 tel que (C(z,ro,€0,00) UC(x,10,€0,—60)) NI =0, Vo € E (12)

Quitte a effectuer une rotation nous pouvons également supposer que 6y = 6,;. Notons f la
fonction de Lispchitz dont le graphe est I" et posons encore

H}' ={z=1(21,.,2q) €ER; 24> f(21, .., 2a-1)}

H, = {z= (21, 2a) ERY; 24 < flz1, 00, 24-1)}

Nous montrons dans un premier temps que si w; est la mesure harmonique de Q; = Q NHT alors,
pour tout € > 0 il existe un ensemble F' C E tel que Hy 1(F) > (1 — €)Hy_1(F) et wy soit
équivalente avec Hy_1 sur F. Remarquons que par le théoreme de Dahlberg la mesure harmonique
w de H;f est équivalente & Hy_1 sur I, et donc, par la monotonie de la mesure harmonique comme
fonction du domaine, la mesure w; est absolument continue par rapport a Hy_1 sur I'. Il suffit
donc de démontrer que H,_1 est absolument continue par rapport a wy sur un sous-ensemble F' de
I' de H 4 _1 mesure positive.

Lemme 0.2.18 Pour e > 0, soit FF C E ’'ensemble donné par le lemme 0.2.16, pour a = tan(g —

€
50) et cet e. Alors, pour tout S C F

Hg-1(5) > 0= w1 (S) > 0.
En d’autre termes, la mesure Hy_1 est absolument continue par rapport a wy sur F.

Démonstration Soit S C F avec Hy—1(S) > 0. Pour le domaine lipschitzien H}“ la mesure har-
monique de Martin v s’identifie naturellement a la mesure harmonique w de ]HI;{ qui est équivalente
a Hg_1. Nous montrons que H;{\Q est effilé au sens minimal en H;_1-presque tout point de F. Par
la proposition 0.2.13 la mesure harmonique de S dans €y est alors positive, ce qui donne ’énoncé
du lemme.

Soit D = |J{Cu(z),z € F}. D est un domaine lipschitzien, car 'enveloppe inférieure de
fonctions lipschitziennes uniformément minorées est une fonction lipschitzienne, voir fig. 2.

Par la proposition 0.2.14, 9D \ F est effilé au sens minimal en H,_i-presque tout point de F
(dans le compactifié de Martin de R¢ \ F'). Une deuxiéme application de la proposition 0.2.14 et le
lemme 0.2.17 donnent alors que H]T \ D est effilé au sens minimal dans HT, en H,_1-presque tout x
de F'. Puisque la réunion de deux ensemble effilés au sens minimal en un point x est effilé au sens



Figure 2: Le domaine D et le graphe lipschitzien '

minimal en z, il reste & montrer que D \ ) est effilé au sens minimal, dans H?, en H,_1-presque
tout point de F'.

Posons a’ = tan(% — €p). Les cones Cy(x) contiennent les cones Cy(x), € E. Notons, pour
xr € E, K, la fonction de la frontiere de Martin de H}L attachée & = (relativement & un point

Xo € @ ([HW70]) et considérons les fonctions f{%;' (w)\ﬂ, la réduite étant considérée dans H}'. Ces
fonctions sont des potentiels par le lemme 0.2.12 et la condition CDF.

Par les propriétés des ensembles effilés nous pouvons, pour chaque z € E, substituer Cy/(z) \ 2
par un ensemble U, ouvert, contenant Cy/ (z) \ , tel que p, = R%“; soit un potentiel. Posons
p(2) = [ppe(2)v(dz), v étant la mesure harmonique de Martin relativement & Xo ; il est facile de
vérifier que p(z) est un potentiel comme intégrale de potentiels.

D’autre part, lemme 0.2.16, pour z € D si en notant 7'(z) = {x € E; z € Cy(x)}, la mesure
w(z,T(z),HT) est minorée par une constante ¢ dépendant du graphe lipschitzien I, de ¢ et de e.

Soit z € J{Cu(z) \ @, z € F} = D\ Q. Remarquons que p, = K, sur U,. En appliquant le
lemme 0.2.16, nous obtenons

p(z) = /E RU: (2)v(dx) > /T Ko(2)(dz) = w(z,T(2)) > c.

(z)NF

D’autre part, p admet la limite fine 0 sur I';, Hy_q-presque partout (théoreme de Fatou) et
donc {z € H}' ; p(z) > ¢} est un ensemble effilé en K,, pour Hy_q-presque tout z € E. Or,
D\Q=U{Cu(z)ND\Q,z€ EF} C{z € H;{ ; p(x) > c¢}. Tl s’ensuit que D \ Q est effilé au sens
minimal en H;_; presque tout point de F'. e

Les mémes arguments sont valables pour la mesure harmonique wy de Qo = H]? N Q. En
appliquant le lemme précédent pour € < 1/2, nous obtenons que les mesures w; sont équivalentes &
Hg4_1 sur un ensemble F' C E de mesure H;_1 positive. Les mesures w; et wo sont alors équivalentes
sur F' et la proposition 0.2.2 affirme que dans ce cas €2 n’est pas Poissonien. e

0.3 Une réciproque partielle

Dans le cadre bidimensionnel, C.J. Bishop [Bis91] a montré quun domaine  C R? est Poissonien
si et seulement si 'ensemble des points du bord de €2 satisfaisant a une condition CDF par rapport
a Q est de mesure Hy-nulle. La preuve de ce résultat dépend de fagon essentielle du résultat de
Bishop, Carleson, Garnett et Jones [BCGJ89] suivant.

Théoréme 0.3.1 ([BCGJSY]) Soient Q1, Qo deuz domaines disjoints de R? et soient wy et wy
leurs mesures harmoniques. Si wi est équivalente a wo sur un ensemble E de mesure wy positive,
alors il existe un ensemble R C E réqulier au sens de Besicovitch sur lequel les mesures wy et wa
sont équivalentes a Hy et H1(R) > 0.



La preuve de ce résultat fait appel aux applications conformes et au théoreme de Makarov sur
le support de la mesure harmonique des domaines simplement connexes dans R? et n’est donc pas
adaptable aux espaces de dimension supérieure a 2.

Nous donnons une réciproque du théoreme 0.2.1 sous ’hypothese supplémentaire sur le domaine
2 suivante (on renvoie également & la remarque 0.3.11).

HYPOTHESE : si 1 et Qo sont deuw sous-domaines disjoints de et si les mesures har-
moniques correspondantes w1 et wo sont équivalentes sur un sous-ensemble de OS) de mesure wy
strictement positive alors elles sont équivalentes sur un sous-ensemble de 0S) régulier au sens de
Besicovitch de mesure wy strictement positive.

Nous énongons la réciproque dans un cas spécial. Cependant la preuve s’adapte facilement a
un cas plus général.

Théoréeme 0.3.2 Soit I' le graphe d’une fonction lipschitzienne f et soit FF C ' fermé. Si B est

une collection de boules fermées disjointes contenues dans R? \ F telles que E = U BUF soit
BeB

fermé, alors le domaine Q = R? \ E est Poissonien si et seulement si l’ensemble des points du bord

de Q) satisfaisant une condition CDF par rapport a 2 est de mesure Hg_1-nulle.

Pour la preuve nous aurons besoin du résultat suivant.
Proposition 0.3.3 Soit F C R? avec Hy4_1(F) = 0. Alors, le domaine Q = R4\ F est Poissonien.

La démonstration de la proposition utilise un théoreme, essentiellement contenu dans un article de
Friedland et Hayman [FH76], qui donne une majoration du produit des mesures harmoniques de
deux domaines disjoints (pour une preuve compléte voir aussi [Bis92]). En utilisant ce résultat, nous
montrons que pour tout couple de sous-domaines disjoints de = R? \ F' les mesures harmoniques
correspondantes sont singulieres sur F.

Théoréme 0.3.4 ([FH76]) Si Q1, Qo sont deux domaines disjoints de RY et si wi, wy sont leurs
mesures harmoniques, évaluées en deuz points firés x1 € Q1 et xo € Qo respectivement, alors il
existe une constante C' > 0 telle que pour tout x € R? et tout r > 0,

wi (B(x, 7)) wa (B(z,r)) < C2r2@=1),

Démonstration de la proposition 0.3.3 Soient 1 et Q1 deux sous-domaines disjoints de €2,
et soient wy et wy leurs mesures harmoniques, évaluées en x1 € Q1 et xo € )y respectivement. Par
le théoreme 0.3.4 il existe une constante C > 0 telle que pour tout x € 91 N I nous ayons

wi (B(x, 7)) wa (B(z,r)) < C2r2@=1), (13)

Soit € > 0 et F un recouvrement de 92 par des boules telles que Z (diamB)?~! < e. Soient
BeJ

F1 = {B = B(z,7) € F; wi (B) > Crdil} et

Fy = {B =B(z,r) € F; wa(B) > C’rdil}.
D’apres le théoreme 0.3.4, F1 N Ty =0, et

w; (U{B e T\ 33-}) <297l0e j=1,2.

Par conséquent, w; (U{B € 3"1}) > w1(09) — 297 1C¢€ et wy (U{B S ?1}) < 20=1C,
Puisque € est arbitraire, nous pouvons trouver une suite d’ensembles (F},)nen tels que wy (Fy,) >
w1 (0N) — 27" et wo(Fy,) < 27™. En utilisant le lemme de Borel-Cantelli, si Fi, = lim sup Fj,, nous

n—oo
obtenons wi (Fso) = w1 (0N) et wa(Foo) = 0, donc wyLws. Le résultat étant valable pour tout couple

de sous-domaines disjoints de §2, nous en déduisons, apres application de la proposition 0.2.2, que
Q est Poissonien. e



Corollaire 0.3.5 Si Q; et Q9 sont deur domaines disjoints dont les mesures harmoniques sont
strictement positives et équivalentes sur un ensemble E de mesure Hy_1 o-finie, alors elles sont
équivalentes a Hqy_1 sur un sous-ensemble de E de Hy_1 mesure strictement positive.

Démonstration Si les deux mesures étaient singulieres par rapport a Hy 1, il existerait un
ensemble F' de H,4_1-mesure nulle qui porterait les deux mesures. Une application du théoreme
0.3.4 aboutit alors & une contradiction. e

De la méme fagon nous pouvons montrer le corollaire suivant :

Corollaire 0.3.6 Soient O et Qo deuz domaines de R tels que la mesure Hy_1 soit o-finie sur
001 NONy . Soient wy, wy leurs mesures harmoniques. Alors nous avons lalternative suivante :
e ou bien wilwo
e ou il existe un ensemble F' C 001 N 0N sur lequel les mesures wy et we sont équivalentes a
Hy—1 et non-nulles.

Nous pouvons maintenant démontrer le théoreme énoncé.

Démonstration du théoreme 0.3.2 Supposons que 2 ne soit pas Poissonien. Il existe alors
deux sous-domaines )1 et 25 de (2, disjoints tels que les mesures harmoniques correspondantes w;
et wo soient équivalentes sur un ensemble K C 9.

Montrons d’abord que U{B € B} N K = (. Remarquons que le complémentaire d’une boule
fermée est un domaine de Poisson. Pour ceci il suffit d’appliquer une transformation de Kelvin pour
se ramener a l'intérieur d’une boule et appliquer le théoreme de Herglotz-Riesz de représentation
intégrale des fonctions harmoniques bornées dans une boule.

Supposons que les mesures harmoniques wy et wy soient équivalentes et non-nulles sur le bord
de la boule By € B. Selon la proposition 0.2.2, ceci implique que le complémentaire de la boule
n’est pas un domaine Poissonien, ce qui est absurde.

Le reste de la preuve s’applique également a la preuve du théoreme 0.3.7.

Supposons maintenant que les mesures harmoniques des deux domaines soient équivalentes sur
K C T'. Par le corollaire 0.3.5, nous pouvons supposer que K est de H,_; mesure positive et que
les mesures harmoniques sont équivalentes & Hy_1 sur K. D’apres la proposition 0.2.14, T'\ K
est effilé au sens minimal en H;_1-presque tout point de K. Or, dans le domaine Q = R \ K,
Hq_1-presque tout point de K est double, c’est-a-dire qu’a presque tout point de K sont associés
(au sens de la projection canonique de la frontiere de Martin sur 02) deux points de la fronti‘ere
de Martin minimale de €2 .

La frontiere de Martin considerée est dorénavant celle du domaine Q; nous notons v la mesure
harmonique de Martin de ce domaine relativement a un point Xy € € et 7 la projection de la
frontiere de Martin de Q sur 9Q U {+0o0}, cf. appendice. La mesure v est projetée par « sur la
mesure harmonique @ de 9 évaluée en X qui est équivalente a Hy_1 sur un sous-ensemble de K
de mesure H,_1 strictement positive (puisque wy est absolument continue par rapport & @). Quitte
a diminuer K, nous pouvons supposer que Hy_1(K) est positive et que les mesures wy, wa, @ et
Hq4_1 sont équivalentes sur K.

Soient HY, H les “demi-espaces” H}' = {(21, 22, ..., 2q) € RY; f(x1,..0q_1) < x4} et H; =
{(z1, 22, ...,2q) € R; f(x1,..29-1) > 24} et A C K I'ensemble des points associés & deux points
de la frontiere de Martin. Quitte & se restreindre & un sous-ensemble A’ de A de mesure H,_; égale
a Hg_1(A), nous pouvons supposer qu'a chaque point ¢ de la frontiere de Martin minimale oM
de ©Q avec 7(¢) € A, un et un seul “demi-espace” parmi les H}', H]T est effilé au sens minimal en
¢. Soient

Q ={cernt(4); H, est effilé au sens minimal en (}

Q_ ={cernt(4); H;{ est effilé au sens minimal en (}.



Clairement, 3 3 . } 3
QNQ =0, et Q,UQ ={CcaM; r()e A} (14)

D’autre part, Q \ €1 ne peut pas étre non-effilé au sens minimal en v-presque tout point de
7 H(A), car A’ est de mesure harmonique positive dans 1, c¢f. [Anc90b]. Or, 7(v) = & est
équivalente & la mesure de Hausdorff H,_1, et donc il existe un ensemble O C A’ avec Hy_1(0O) > 0,
tel que pour tout z € O I'ensemble 2\ Q; soit effilé en au moins un point de 7 (z).

Par la relation (14), quitte & permutter H}*‘ et H;, nous pouvons supposer qu’il existe Z C

771(0) tel que
1. HJI soit effilé au sens minimal en tout point de Z.
2. v(Z) > 0.
3. Q\ O soit effilé en tout point de Z.

Nous en déduisons, a I’aide du théoreme 0.2.17, que HJT \ 4 est effilé au sens minimale dans ]HI;{
en tout point de m(Z). Or, v(Z) est positive donc, &(w(Z)) > 0. D’autre part, @ est équivalente a
Hy_1 sur A’ et donc, par le théoréme de Dahlberg, est équivalente & la mesure harmonique de H;{.
Nous obtenons w(m(Z), H; N Q) > 0.

Remarquons que €\ Q5 O € est non-effilé au sens minimal en tout point de Z (dans €2).
Puisque wa(7m(Z)) est équivalente & Hy_q sur 7(Z), Pensemble Q \ Qy est effilé au sens minimal
dans H; en {4—1-presque tout point de (7).

Le lemme 0.2.12 montre qu’alors Hy_1-p.t. = € w(Z) satisfait & une CDF, ce qui acheve la
preuve du théoreme. e

Le théoreme 0.3.2 se généralise de la fagon suivante :

Théoréme 0.3.7 Soit Q un domaine de R%, d > 2 et soit m une la projection de la frontire de
Martin sur 0Q ([Anc90b, MP91]). Soit C C OS2 ’ensemble des points qui satisfont a une condition
CDF par rapport a Q et D C 9Q lensemble des points au moins doubles (relativement ¢ ) de OSQ.
Supposons que D est un ensemble régulier au sens de Besicovitch. Alors Q est Poissonien si et
seulement si Hy_1(C) = 0.

La preuve repose sur le lemme suivant.

Lemme 0.3.8 Soit Q un domaine de R?, d > 2 et soient Qp et Qo deuz domaines disjoints inclus
dans Q. Soient wy et wy les mesures harmoniques de Q1 et Qo respectivement. Si S C 0Q est
lensemble des points simples pour Q0 (relativement & une application m comme ci-dessus, alors wy
est singuliere par rapport d we sur S.

Démonstration Soient w la mesure harmonique de 2 évaluée en un point Xy € €2 et v la mesure
harmonique du compactifié de Martin €2 de 2 relativement a Xy. Considérons la fermeture € dans
R?. Remarquons également que la fonction 7 est injective sur S.

Soit ® C S I'ensemble des points x € S tels que 2\ ) soit non-effilé au sens minimal en 7~ !(z).
Alors,

(e ®) =wl ®) - [

89109w(z, D)wi(.,dz) = w(.,P) — /891m§2 /ﬂl(q)) K, (z)v(dx)wi (., dz)

(. B) - /ﬂ_l@) RO (2)y (d) = w(., B) /7,_1(@ K.(2)v(dz) = 0.

Les ensembles @ et S\ ® sont mesurables et wi(P) = wa(S \ P) = 0. Il s’ensuit que wy est
singuliere par rapport a wg sur S. e



Démonstration du théoréme 0.3.7 Supposons que {2 ne soit pas Poissonien. Alors il existe
deux domaines disjoints €2 et 29 inclus dans €2, dont les mesures harmoniques sont équivalentes et
non-nulles sur un ensemble K C 09). Par le lemme précédent nous obtenons que les mesures wq et wo
sont équivalentes et non-nulles sur un sous-ensemble de D et par conséquent sur un sous-ensemble
d’un graphe lipschitzien. Le reste de la preuve est le méme que pour le théoreme 0.3.2. o

Donnons quelques exemples d’applications des théoremes précédents :

Exemple 0.3.9 Si T est un graphe lipschitzien dans R? et si £ C T est fermé , alors trivialement
Ha_1(E) > 0 si et seulement si R?\ E n’est pas Poissonien. e

Exemple 0.3.10 Reciproquement, si F' est un ensemble de mesure Hy_1 nulle, alors par la propo-
sition 0.3.3, R?\ F est Poissonien. e

Remarque 0.3.11 Pour généraliser le théoreme 0.3.7 il nous suffirait de savoir que les mesures
harmoniques de deux domaines disjoints sont équivalentes sur un ensemble régulier au sens de Besi-
covitch. Ce résultat (connu dans le cadre bidimensionel, voir théoréme 0.3.1), n’est malheuresement
pas connu en dimension > 3.

0.4 Mesure harmonique et ensembles irréguliers de R?

Nous nous plagons dans R?. Dans [Bis92], Bishop propose le probleme suivant : Soit 2 un domaine
de R? et E est un ensemble irrégulier au sens de Besicovitch, E C 9. Alors, si w est la mesure
harmonique du domaine €, est-il vrai que w est singuliere a H; sur E?

Peter Jones a donné une preuve de la conjecture sous une condition de capacité uniforme, et le
théoreme de Makarov [Mak85], amélioré par Pommerenke [Pom86], permet de la démontrer si le
domaine 2 est simplement connexe. En s’inspirant de la méthode de A. Ancona et M. Zinsmeister
de [AZ89] nous montrons que si € est le complémentaire d’un ensemble E compact irrégulier au
sens de Besicovitch, alors w est singuliere par rapport a H; sur 'ensemble des points doubles de
FE. Rappelons que I'ensemble des points au moins triples d’'un domaine du plan est de mesure
harmonique nulle, remarque que nous devons a A. Ancona.

Le théoréeme de Pommerenke mentionné est le suivant.

Théoréme 0.4.1 ([Pom86], corollaire 2) Soit Q un domaine simplement conneze et soit w sa
mesure harmonique. 1l existe une partition de 092, 002 = EgUE1UFEy avec les propriétés suivantes :
1) Hi(Eo) =0
2) la mesure w est équivalente ¢ Hy sur Fy
3) Ey est de mesure Hy o-finie, et 02 a une tangente en tout point de E;

4) w(E2) =0

Rappelons-nous qu’un ensemble compact irrégulier au sens de Besicovitch n’a pas de tangentes
H1-presque surement; on en déduit le résultat suivant.

Corollaire 0.4.2 Soient E un ensemble compact irrégulier au sens de Besicovitch, 2 un domaine
simplement connezxe tel que E C 9 et soit w la mesure harmonique de Q. Alors, w est singuliére
a Hy sur E.

Le lemme suivant est bien connu. Cependant nous présentons la démonstration pour des raisons
de commodité.

Lemme 0.4.3 Si E est un ensemble compact, totalement discontinu, et si Q = R?\ E, alors il
existe une projection continue m, du compactifié de Martin Q sur la fermeture Q de Q dans @2,
prolongeant l'identité qui projette la mesure harmonique de Martin de Q) sur la mesure harmonique
du domaine §).



Démonstration Soit h une fonction harmonique minimale attachée a un point de la frontiere de
Martin 9 de Q. D’apres la théorie de Martin, il existe x € E et une suite (z,)neny C Q tel que

h = lim K, . Soit 2 € E et soit V est une base de voisinages de 2’ dans R? = Q telle que pour
In—T

tout VeV la frontiere OV de V' soit une courbe de Jordan fermée, OV C Q et z ¢ V. Montrons
que RV est un potentlel et donc V est effilé en h, pour tout V € V.

Smt ' € E, ¥ # z, et soit v C Q une courbe de Jordan fermée qui sépare z,z’. Soit
V la composante connexe de R?\ v qui contient 2’. Soit Xj le point de normalisation de ﬁ,
K5, (Xo) =1, ¥n € N. Du principe de Harnack on obtient qu’il existe une constante C > 0 telle
que % < K,, < C sur v, pour tout n € N. D’autre part K,, tend vers h uniformément sur tout

compact de Q. Il s’ensuit que C’f{%zn > f{X et donc f{X est un poteniel.

Soit 7 : Q — R2 I’application qui prolonge I'identité de 2 en associant a chaque fonction
h € 60 I'unique point x € 99 tel que pour tout voisinage V de x dans R, ﬁ,‘{ n’est pas un
potentiel. L’ apphcatlon est clairement bijective. Montrons maintenant que 7 est continue. En
effet, si h; C Q converge finement vers un point h € 39 alors le filtre z; C Q correspondant tend
vers le point z associé & h (s’il existait un deuxiéme point d’accumulation on pourrait trouver
comme ci-dessus un voisinage de h effilé en h, absurde).

Finalement, cf [Anc90b, MP91], la mesure harmonique de Martin de € est projetée sur la mesure
harmonique de €2. e

Proposition 0.4.4 Soit E un ensemble compact irrégulier au sens de Besicovitch et soit ) =
R2\ E. Siw est la mesure harmonique du domaine Q évaluée & Uinfini, alors w est singuliére a
H; sur Uensemble A des points doubles de E (relativement o la fonction m donnée par le lemme
précédent) .

Démonstration Posons L = 7 !(A). Raisonnons par I’absurde et supposons que w n’est pas
singuliere & H; sur A. T. Wolff a montré dans [Wol93], que les mesures harmoniques des domaines
du plan sont portées par des ensembles de mesure H; o-finie. Nous pouvons donc supposer que w
est équivalente & JH; sur un sous-ensemble A’ de A.

Quitte & diminuer A’, nous pouvons trouver deux compacts L1 et Lo dans L disjoints, tels que
(L) =7w(La) = A’ et v(Lg) > 0, v étant la mesure harmonique de Martin, relativement & 'infini,
projetée par 7 sur w.

Soient Vj et V5 deux voisinages de Ly et Lo respectivement. Rappelons que tout point de la
frontiere de Martin minimale de 2 admet un systeme de voisinages a intersection avec {2 connexe.
Nous pouvons alors supposer, en diminuant eventuellement Li, que V3 N2 est un e;risemble ouvert
connexe. En posant F' = V3 N}, nous en déduisons que chaque composante Eiie R2\ F est donc

simplement connexe. Soit (Up)nen la collection des composantes connexes de R? \ F' et soit, pour
n € N, w, la mesure harmonique de U,. Posons @ =3 2 "wy.

Remarquons que par construction F' est effilé a chaque point de L. Soit S C Lo. Posons
u = [¢Kyv(dr) et considérons la fonction u — RE. Si v(S) > 0, alors la fonction u — RE est
harmonique non-nulle dans Q \ F' (puisque F est effilé a chaque point de Ls). Il s’ensuit que 7(.5)
est de mesure harmonique positive dans une de composantes connexes de R? \ F. On conclut que
si  est la restriction de v sur Lo, la projection de la mesure  sur A’ est absolument continue par
rapport a @.

Or, d’apres le corollaire 0.4.2, la mesure @ est singuliere par rapport & Hi sur A’. D’autre part
la mesure o est absolument continue par rapport & w et donc w n’est pas équivalente & F; sur A/,
ce qui est absurde. e
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Abstract : We characterize the measures for which the Hausdorff dimension can be
calculated by an entropy formula. Several examples and counterexamples are proposed.

1 Introduction.

Let D be an integer greater than 1 and m be a probability measure in [0,1)”. Fix
¢ > 1 and denote by F,, the family of f-adic cubes of the n'® generation, that is

Fn = {I = ﬁ[ki/fn,(ki +1)/0"); 0< k; < 5"} .

i=1
For an arbitrary point x in [0, 1)?, let I,,(z) be the unique cube I € F,, such that z € I.

We want to give estimates for the lower and upper dimensions of the measure m.
These are respectively defined by

{dim*(m) = inf(dim(E) ; m(E) > 0)
dim*(m) = inf(dim(E) ; m(E) =1) °

It is well known that there exist some relations between these quantities and the
function 7 which appears in the multifractal formalism. More precisely, if we let :

To(t) = - 1ig€ log (Z m([)t) and 7(t) = limsup 7,(t) ,

IeF, n—+o0o

Mathematics Subject Classification : Primary 28A12 - 28A78 ; Secondary 28D20
Key words and phrases : Hausdorff dimension, packing dimension, lower and upper dimension, lower

and upper entropy



it is proved in [Heu98] that
—74 (1) < dim.(m) < h.(m) (1)

where h,(m) is the lower entropy (also called lower Rényi dimension) of the measure
m, defined as

h.(m) = liminf h,(m) where h,(m)=—71,(1)=

n—+o0o

In [Heu98|, we also give sufficient conditions for the equality —7/ (1) = dim,(m) to
hold.

In this paper we are interested in describing the measures m satisfying dim,(m) =
h.(m). Theorem 2.1 states that dim,(m) = h,(m) holds if and only if there exists a
subsequence ny such that for dm-almost every = € [0,1)”,

o 087Dy (2)

k=400 —ny log ¥ = dim.(m) .

In particular, such measures are unidimensional (i.e. dim,(m) = dim*(m)). If we
denote by dim(m) this common value, the measure m is supported by a set of dimension
dim(m) but every set of dimension strictly less than dim(m) is negligible. Nevertheless,
unidimensionality is not a sufficient condition to have dim,(m) = h.(m). An example
of a measure of exact dimension (i.e. unidimensional) for which dim,(m) < h.(m) is
proposed in proposition 4.1.

Similar results can be established, comparing the upper entropy

h*(m) = limsup h,(m)

n—+o0o
and the packing dimension of the measure m. Following [Heu98] or [Fal97], we can

introduce

Dim,(m) = inf(Dim(E) ; m(E) > 0)
Dim*(m) = inf(Dim(E) ; m(E) =1)
where Dim(F) is the packing dimension of the set E. As proved in [Heu9§],
h*(m) < Dim*(m) < —7"(1) (2)

and we characterize in theorem 2.2 of the present paper the measures for which the
equality h*(m) = Dim*(m) holds.

Several examples of measures satisfying dim,(m) = h.(m) and Dim*(m) = h*(m)
are also proposed. In particular, this is the case in an ergodic situation (example 2.3),

for quasi-Bernoulli measures (example 2.5) and in a context where the strong law of
large numbers can be applied (example 2.6).

In the last section, we construct a measure m of exact dimension for which

dim(m) = hy(m) but Dim(m) > h*(m) .



2 Main results and examples.

The main result of this paper is the following.

Theorem 2.1 Let m be a probability measure in [0,1)P. Then
dim,(m) < hy(m) .

Moreover, the following properties are equivalent :

(i) dim,(m) = he(m)
(i) dim.(m) = dim*(m) = h.(m)
(iii) There exists a subsequence (ny,)x>1 such that for dm-almost every x € [0,1)7,

L logm(l, (1))

= dim, :
k—+oo  —ny logl im. (m)

A similar result can also be established, comparing the upper entropy h*(m) of a
measure m with its packing dimension Dim*(m).

Theorem 2.2 We also have
h*(m) < Dim*(m),

and the following properties are equivalent :

(i) Dim*(m) = h*(m)

(ii) Dim,(m) = Dim*(m) = h*(m)

(iii) There exists a subsequence (ny,)x>1 such that for dm-almost every x € [0,1)7,

log m(Ink ('r)>

Kotoo  —ny logl Dim’(m) .

Remark. As was pointed out in the introduction, unidimensionality is not sufficient
to establish the equalities dim,(m) = h.(m) and Dim*(m) = h*(m) (see propositions
4.1 and 5.1). In fact, the statements of theorems 2.1 and 2.2 stem from a deep homo-
geneity property.

Let us now give some useful examples of measures m for which the equalities
dim,(m) = h.(m) and Dim*(m) = h*(m) hold.

Example 2.3 Suppose that the sequence

log m(I,(z))
—n log /¢

3



is almost surely converging to a constant d. Then, the equivalent properties of theorems
2.1 and 2.2 are satisfied and we have

d = dim(m) = Dim(m) . (4)

In particular, this is the case in an ergodic context. Let us denote the elements of F,
by I, .., withe € {0,...,¢P —1} and

77777

I

€1y--s€n+1 C ‘[51,“'7571 .

Define J(z) to be the unique element (g;);>; of the Cantor set {0,...,¢2 — 1} such
that {z} =, I, .., and consider the image m of m with respect to the application
J. If we suppose that the mesure m is invariant and ergodic with respect to the shift
operator, Shannon-McMillan’s theorem ensures that (3) admits an almost sure constant
limit d and that (4) is satisfied (see [Heu98] for more details and [Zin97] for basic facts
on ergodic theory). e

Example 2.4 The following situation was described by S.M. Ngai in [Nga97]. Suppose
that the function 7 of the multifractal formalism admits a derivative 7/(1). Then, using
inequalities (1) and (2), we conclude that the measure m is unidimensional and satisfies

dim(m) = Dim(m) = h(m) = —7'(1)

where h(m) = h.(m) = h*(m) is the genuine limit of the sequence h,(m). e

Example 2.5 The case of quasi-Bernoulli measures is related to examples 2.3 and 2.4.
Suppose that there exists a constant C' > 0 such that for every €4, ..., e,4, we have :

1
5 m ([El 77777 En) m (‘[5n+1 aaaaa 5n+p) =m ([51 vvvvv En+p) < C'm ([51 vvvvv En) m (I5n+1 77777 5n+p) .

It is well known (see [Car85]) that such a measure is equivalent to an invariant and
ergodic measure. Moreover, it is proved in [Heu98| that 7/(1) exists in this case. Let
us also remember that the multifractal formalism is available for such measures (see
[BMP92]). e

Example 2.6 Let us write

and suppose that



where the expectation is relative to the probability m. If we remark that

-1

fin(m) = n log/ ZE(Xi)’
i=1

we can easily conclude that the equalities dim,(m) = h,(m) and Dim*(m) = h*(m) are
satisfied in this situation. In particular, using the strong law of large numbers, this is
the case when the random variables X; are bounded (according to [Wu98], the measure
m is called ¢-adic doubling) and uncorrelated.

A classical case (called Bernoulli product) of such measures is often described in
the literature (see for example [BK90], [Bis95] or [Heu98|). Fix a sequence (p;);>1 of
real numbers with 0 < p; < 1 and consider a sequence (Y;);>; of independant random
variables such that

P(Y;=0)=p; and P(Y;=1)=1—p;.

Then, the law m of the random variable

+oo
>a,
i=1

satisfies
n

n——+oo 1, 1 (5)

Dim(m) = h*(m) = lim sup ! Z s(pi)

n—+oo 1 —

where the function s(t) is defined by
s(t) = —[t logyt + (1 —t) logy(1 —t)] for t € [0,1]

and log, is the logarithm in base 2. Particular cases of this example will be used in
section 4. e

Example 2.7 Example 2.6 can be seen as a particular case of a more general situation
which is described in [Heu98], Corollaire 4.2. If we suppose that the sequence of
functions (7,(t))n>1 is equicontinous at ¢ = 1, then

dim,(m) = hy(m) = —7,.(1) and Dim*(m) = h"(m) = —7"(1) .



3 Proof of theorems 2.1 and 2.2.

We prove theorem 2.1. Since the proof of theorem 2.2 is similar, we will only sketch it
at the end of the section.

The inequality dim,(m) < h.(m) is well known (see for example [Heu98] or [You82]).
Nevertheless, let us give an elementary proof in order to make easier the study of the
equality case. If z € [0,1)?, put :

_ logm(1,(x)) o
ap(x) = ~logl and a(x) = lrlLIiligof an(x) .

It is well known ([Fan94], [Fal97] or [Heu98]) that :
dim,(m) =sup{a>0; a>«a dm a.s.}) =infess(a) . (6)

Using Fatou’s lemma and the fact that m is a probability measure, we get
dim, (m) < /a(x) dm(z) < hi(m) . (7)
Proof of (iii) = (i). Suppose that there exists a subsequence (ny)g>1 such that for
dm-almost every x € [0,1)",

kgrfoo ap, (z) = dim,(m) .

Using the dominated convergence theorem (see lemma 3.1 below), we obtain

k—4o00

dim,(m) = /hm Ay, (z) dm(x)

= kgrfoo ay, (z) dm(x)

> h.(m)

and we are done. Observe that due to the following lemma, we may apply Lebesgue’s
dominated convergence theorem.

Lemma 3.1 Let ¢ = sup,>; a,. Then ¢ € L'(m) .

Proof. 1t is sufficient to prove that the real variable function

t— m({e 5 o) > 1))



is integrable in a neighbourhood of 400 with respect to the Lebesgue’s measure. But
we know that a,,(z) > ¢ if and only if m(I,,(z)) < £7™. According to the fact that the
partition F,, contains ¢*” elements,

m({x ; a,(x) > t}) <Pt

If t > D, we obtain
m({z; ¢(x) >1}) < Y m({z; anx) > 1})

§ (D-1)
gn D—t
n=1

gD—t
1— (bt

IN

which proves the integrability of ¢.

Proof of (i) = (ii). Suppose that dim,(m) = h.(m). Using (6) and (7), we remark
that for dm-almost every point z, a(z) = dim,(m). Then, we also have

dim,(m) =inf{a >0; a<a dm a.s.}) =supess(a)

and hence dim,(m) = dim*(m) (see [Heu98| or [Fal97]). The measure m is thus unidi-
mensional.

Proof of (i) = (iil). Let d = dim,(m) = h,(m). We will make use of the following
lemma.

Lemma 3.2 Letn € (0,1) and no > 1. We can choose an integer ny > ng such that :

m({z 5 an, >d+n}) < (2+d)n .

Proof. As was remarked before, the equality a = d holds dm-almost surely. Using
Egorov’s argument, we can find n{, > ng such that

m ﬂ{x, an(r)>d—n*} | >1—-7n>.

’
n>ng

On the other hand, by hypothesis (ii), we can choose an integer n; > ny, such that

hp,(m) = /am (z)dm(z) < d+n*.



This integer n; will be the right one. Let us denote
A={z; an(2) >d—n"}
and try to estimate the mass of the set
B={x; a,(z)>d+n}.
Obviously, B C A. We can write

d+n* > /am(x) dm(x)

/A\B Qi () dm(z) +/ Qi () dm(z)

d —n*) (m(A) —m(B)) + (d + n) m(B)
d—n*)(1=n")+ (n+n°)m(B) .

v

(
(

(A\VARAYS

We then get

2n% + dn?
BY< — < (2+d
m(B) < L < @+ d)y
which is the conclusion of the lemma.

By using lemma 3.2 with n = 27, we can construct a subsequence (ny),>; such
that for all £ > 1,

m({z ; ay, () >d+ 2*’“}) <(2+4d) 27k

By applying Borel Cantelli’s lemma, we obtain that for almost every x € [0, 1), there
exists kg > 1 such that for every k > ko,

O, (2) <d+27F .

Then we have

limsup a,, (x) < d dm a.s. .
k—+o0

On the other hand,

d=a(z) < liminf o, (z) dm a.s. .
k—+o0

Thus, we have proved that the subsequence (o, )r>1 converges almost surely to d. O
To prove theorem 2.2, we introduce the function

a(zr) = limsup ay, () .
n—-+o0o

As proved in [Heu98] and [Fal97], we have :
Dim*(m) =inf{aa > 0; a <a dm a.s.}) =supess(@) .
The inequality h*(m) < Dim*(m) is a consequence of Fatou’s lemma applied to the

sequence ¢ — «,. The study of the equality case uses the same ideas as before.

8



4  An example where dim(m) < h.(m) and Dim(m) > h*(m).

In this section, we take D = 1 and ¢ = 2. We begin with the construction of a family
of auxiliary measures which are of the type described in example 2.6. Let a and b be
two real numbers with 0 < a,b < 1 and fix a sequence of integers (7})x>1 such that

T
Ty=1, Ty <Ty;1 and lim ARSI
k—400 Tk

Then, we define the family of parameters p,;(7) :
Pav(i) =a if To, 1 <i<Ty, and pup(i) =0 if Ty, <i < Topyq .
If (Yi)i>1 is a sequence of independant random variables such that
P(Y; =0) =pap(i) and P(Yi=1)=1—pu(7),

we denote by m,, the law of the random variable

+o00
> 2ty
i=1

The choice of the integers T and the identities (5) ensure that for dmg,-almost every
x € [0,1), we have :

lim inf W = inf(s(a), s(b)) | -
imsup £ ) u(s(a), )

We can now construct our counterexamples. Let us fix a parameter § € (0,1/2]
and two real numbers p and p such that 0 < p < p < 1/2. If F(t) is defined by

F(t) =2t when t€0,1/2) and F(t)=2t—1 when t€[1/2,1),
we are interested in the measure mg defined by
mg(A) = Bmyp(F((0,1/2) N A)) + (1 = B) mpp(F([1/2,1) N A)) .

In other words, the measure mg assigns the mass 3 (resp. 1—/3) to the interval [0,1/2)
(resp. [1/2,1)) and is a copy, in this set, of the measure m,,; (resp. m;,)

Measures mg are examples of unidimensional measures whose dimension can not
be calculated with an entropy formula. More precisely, we have the following.



Proposition 4.1 The measure mg satisfies the following properties :

1. dim, (mg) = dim*(mg) = s(p)
2. Dim, (mg) = Dim*(mz) = s(p)
3. hu(mg) = Bs(p) + (1 — B)s(p) and h*(mg) = Bs(p)+ (1 — B) s(p).

In particular, dim(mg) < h.(mg) < h*(mg) < Dim(mg).

Remark. For such a measure mg, unidimensionality ensures that for almost every
point z, there exists a subsequence ny such that a,,, (z) converges to dim,(m). Never-
theless, according to theorem 2.1, we can not find a subsequence n;, such that a,, con-
verges almost surely to dim,(m). A similar remark can be made concerning Dim*(m).

If we consider two real numbers 31 # [, and if 1 = mp, and v = mg, we also have
the following corollary :

Corollary 4.2 We can construct two unidimensional measures ju and v such that :

1.3¢>0; fv<pu<cr

T ¢

2. hi(p) # he(v) and h*(p) # h*(v).

This result indicates that entropy is a bad concept of dimension (even for unidimen-
sional measures) ; for a good concept of dimension, it is indeed reasonable to demand
that two equivalent measures should have the same dimension.

Proof of proposition 4.1. Properties 1 and 2 are immediate consequences of (8). We
only have to prove property 3. Let us put p; = p,;(7) and p; = p;p(7). We have

mlt) = ;bgz(zmw)t)

I1eF,
n—1 n—1
= %bgz (ﬁt [T+ =p))+ (= p) [T+ (1 - ﬁi)t)> :
i=1 i=1

We can easily deduce that

ho(mg) = —7,(1) =

= % <5 <— log, 5 + is(pz)> +(1-5) (‘ logy(1— ) + is(ﬁz)>> - (9)

=1 i=1

If ng(n) is the number of integers i < n — 1 such that p; = p and if ny(n) =
n—1—mng(n), we can write

10 (5 5(p) + (1 8)s() + " (8(5) + (1 — B) s(p)) + O(L)

1
() = -
(ms) - p -

10



In particular, we have

1 1
n n

Bs(p)+ (1 =P)s(p) + O(=) < hn(mg) < Fs(p) + (1= 5)s(p) +O(~) .
To conclude, it suffices to remark that

(n)

. No . ni\n
limsup——= =1 and limsup (n)
n—-+4oo n n—-+o00 n

=1.

9 An example where dim(m) = h.(m) and Dim(m) > h*(m).

As observed in example 2.6, the equalities dim,(m) = h,(m) and Dim*(m) = h*(m)
hold as soon as the sequence of random variables

X () = log <m>

satisfies the strong law of large numbers

lim LS (X, - E(X) =0 dm as. (10)

n—+oo N
=1

We are going to construct a unidimensional measure m for which dim,(m) = h.(m)
but Dim*(m) > h*(m). Of course, such a measure does not satisfy (10).

Proposition 5.1 There exists a probability measure m such that

dim,(m) = dim*(m) = h.(m) and h*(m) < Dim*(m) = Dim.(m) .

The notations are the same as in the previous section. Let 5 = 1/2. The measure
f1 = My is the same as before but we modify slightly the measure m;,. In section 4,
the measure m;, was constructed in such a way that

VTLZL ViG{TQH—la"'vTQn_l} ) ﬁzzpﬁp(l):ﬁ

We modify the value of p; according to the parity of n and define

ﬁz:ﬁ if ZG{TQn_l,,Tzn—l} and n:2k’+1
pi=p if i€ {Top_1,..., T2, —1} and n =2k ’

We do not modifie the value of p; when ¢ € {T5,,...,To,11 — 1}. Let us be the so
constructed measure and put :

m(A) = 5 (F(0,1/2) 0 A)) + £ ma(F(1/2,1) 1 4))

11



Similar computations as those made before ensure that :
dim,(m) = dim*(m) = s(p) and Dim.(m) = Dim*(m) = s(p) .

Let us see the evolutions of entropy. Since p < p, the new measure has smaller entropy
than the measure my /o (corresponding to the parameter § = 1/2) of proposition 4.1.
Hence,

h*(m) < = (s(p) + s(p)) < Dim*(m) .

m) = (s(p) +s(p))/2.

Moreover, using formula (9) for the new measure m, we have :

DO | =

—

In fact, it is easy to prove that h*

Typ—1

1 5 1
hT4k (m) = 2T4k p (S(pz) + S(pz)) + O(E)
Tyje — Tar—1 Ty 1
= TSl ) + 0 +O(—
ey v o 4ok

It follows that
hi(m) < lim hg, (m) = s(p) = dim,(m),

k——+o0

which gives the non trivial inequality between these two numbers. Let us finaly remark
that it is easy to prove that for almost every x € [0,1),

. logm (I, (x))
1 w2l s(p)
k—l>I-‘,I-loo —T4k log 2 (p)

6 An extension of theorems 2.1 and 2.2.

The (-adic partition F,, of the cube [0,1)” is not the only situation where theorems
2.1 and 2.2 make sense. Fix a sequence ({,),>; of strictly positive real numbers and
construct a family (G, ),>o in such a way.

1. Gy = {By} where By is a Borel set in RP with B(0,1/¢) C By C B(0,¢) (we
denote by B(0,r) the ball with center 0 and radius 7).

2. For every n > 0, G, is a finite family of disjoint Borel sets which are similar to
By in the ratio £,,.

3. For every B € G,.1, there exists a unique B € G, such that B C B.

Let m be a measure supported by a borel set F and suppose that for every n > 0,
E is a subset of  Jz.; B. If we suppose that the sequence log(¢,,)/n is bounded, then,
coverings using elements of | J,, G,, are sufficient to calculate the Hausdorff dimension of

12



subsets of £Z. Conclusions of theorem 2.1 and theorem 2.2 are also true in this situation
if we define h,(m) (resp. h*(m)) as the liminf (resp. limsup) of the sequence

1

fin(m) = log ¢

Z m(B) logm(B) .

In particular, our results can be applied for measures supported by Cantor sets con-
structed in the same way as those described in [Bat96] or [Bat98].

References

[Bat96] A. Batakis. Harmonic measure of some Cantor type sets. Ann. Acad. Sci.
Fenn., 21 : 255-270, 1996.

[Bat98] A. Batakis. A continuity property of the dimension of harmonic measure
of Cantor sets under perturbations. Submitted in Ann. Inst. H. Poincaré
Probab. Statist., 1998.

[Bis95]  A. Bisbas. A multifractal analysis of an interesting class of measures. Collog.
Math., 69 : 37-42, 1995.

[BK90] A. Bisbas and C. Karanikas. On the Hausdorff dimension of Rademacher
Riesz products. Monatsh. Math., 110 : 15-21, 1990.

[BMP92] G. Brown, G. Michon, and J. Peyriere. On the Multifractal Analysis of
Measures. J. Stat. Phys., 66 : 775-790, 1992.

[Car85] L. Carleson. On the support of harmonic measure for sets of Cantor type.
Ann. Acad. Sci. Fenn., 10 : 113-123, 1985.

[Fal90] K. Falconer. Fractal Geometry. Mathematical Foundations and Applications.
John Wiley & Sons Ltd., New-York, 1990.

[Fal97] K. Falconer. Techniques in Fractal Geometry. John Wiley & Sons Ltd.,
New-York, 1997.

[Fan94] A.H. Fan. Sur la dimension des mesures. Studia Math., 111 : 1-17, 1994.

[Heu98] Y. Heurteaux. Estimations de la dimension inférieure et de la dimension
supérieure des mesures. Ann. Inst. H. Poincaré Probab. Statist., 34 : 309—
338, 1998.

[Nga97] S.M. Ngai. A dimension result arising from the L? spectrum of a measure.
Proc. Amer. Math. Soc., 125 : 2943-2951, 1997.

[Rén70] A. Rényi. Probability Theory. North-Holland, Amsterdam, 1970.

13



[Wu98]  J.M. Wu. Doubling measures with different bases. Collog. Math., 76 : 49-55,
1998.

[You82] L. Young. Dimension, entropy and Lyapounov exponents. FErgod. Th. &
Dynam. Sys., 2 : 109-124, 1982.

[Zin97] M. Zinsmeister. Formalisme thermodynamique et systémes dynamiques holo-
morphes, volume 4 of Panoramas et synthéses. Société Mathématique de
France, 1997.

14



On entropy and Hausdorft dimension of measures defined
through a non-homogeneous Markov process

Athanasios BATAKIS

Abstract

In this work we study the Hausdorff dimension of measures whose weight distribution
satisfies a markov non-homogeneous property. We prove, in particular, that the Hausdorff
dimensions of this kind of measures coincide with their lower Rényi dimensions (entropy).
Moreover, we show that the packing dimensions equal the upper Rényi dimensions.

As an application we get a continuity property of the Hausdorff dimension of the
measures, when it is seen as a function of the distributed weights under the £°° norm.

1 Introduction

Let us consider the dyadic tree (even though all the results in this paper can be easily
generalised to any f-adic structure, ¢ € N), let K be its limit (Cantor) set and denote by
(Fa)pen the associated filtration with the usual 0 — 1 encoding. We are interested in Borel
measures p on K constructed in the following way: Take (pn, gn)nen & sequence of couples of
real numbers satisfying 0 < py, g, < 1.

Let I = I, . ., be a cylinder of the nth generation, J = I, a cylinder of the first
generation and IJ = I¢, . c, e, the subcylinder of I of the (n + 1)th generation, where
€1y s €ny €nt1 € {0,1}. The mass distribution of tyr will be as follows: w(lo) =po, p(l1) =
1 —po and
[L(IJ) . {pnl{en,+1:0} + (1 - pn)1{5n+1:1} ; if e =0 (1)

QTLl{sn_H:O} + (1 — QTL)l{en_H:l} ,if e, = 1’

where the extreme case u(I) = 0 (and hence u(IJ) = 0) is treated in the same way by
convention.

We use the notation dimy for the Hausdorff dimension and dimp for the packing dimen-
sion.

Definition 1.1 If p is a measure on K, we will denote by hy(u) the lower entropy of the
measure : .
ha(p) = liminf — >~ log u(T) - (1),

n—oo N
IeF,

by h*(u) the upper entropy of the measure :
* . —1
h*(u) = limsup — > log u(1) - u(I),

n
n—00 I€F,

12000 Mathematics Subject Classification: 28A78,28A80,60J60
?Key words: Hausdorff and packing dimensions, Entropy, Non-homogeneous Markov processes



by dim,(u) the lower Hausdorff dimension of p:
dim, p = inf{dimy E ; E C K and p(E) > 0}
and by dim*(u) the upper Hausdorff dimension of u:
dim* p = inf{dimy E ; £ C K and u(K\ E) = 0}.
In the same way we define the lower packing dimension of u:
Dim,p = inf{dimp £ ; E C K and u(E) > 0}
and by Dim*(u) the upper packing dimension of -
Dim*p = inf{dimp £ ; E C K and pu(K\ E) = 0}.
One can show that (see [Bat02],[BH02])
dim, (1) < hi(p) < A" (p) < Dim™(p),

and there are examples of these inequalities being strict, even when the measure p is rather
“regular”.

It is also well known (cf [Fal97], [Bil65], [Mat95], [Fan94], [You82], [Rén70] and [Heu98])
that

log (I,
dim, (p) = inf ess,, linrr_l)igf w

and

1 I
dim*(p) = sup ess, lim inf log plIn(x))

n—oo  —nlog2 ’

where I,,(z) is the dyadic cylinder of the nth generation containing z, inf ess,, is the essential
infimum and sup ess,, is the essential supremum, taken over p-almost all z € K.

Whenever p is a shift-invariant and ergodic measure, it is well known that all limits exist
and lim M

n—oo —nlog2

This is also valid in several random settings (see for instance [Nas87], [Kah87], [KP76] and
[Heu03]) and for products of Bernoulli measures (cf. [Bil65]).

In the case of measures defined by (1) we can use tools developed in [Bat96] and [Bat00]
to prove they are exact, i.e. that dim, () = dim* () or equivalently that

= hi(p) = h*(p) which is the Breiman-Shanon-McMillan formula.

I I,
lim inf (08 HUn(2))

= dim,(p), for p-almost all z € K
n—oo  —nlog?2

and therefore dim,(p) = dim*(x). This is, for instance, the case of harmonic measure on
homogeneous Cantor sets and on limit sets of a large class of iterated function systems as the
ones considered in the articles mentionned above. Nevertheless, some kind of shift-invariance
is needed in replacement of the Markov condition proposed in this work. We note, however,
that theorem 1.2 implies that dim,(u) = dim*(p).

There is no inequality relation between h, () and dim*(u) holding for all measures. Fur-
thermore, it is easy to construct measures p satisfying (1) such that h,(p) # h*(u) which
log p(In())

does not necessarily converge (in any space).
—nlog2

shows that the sequence of functions



The proof of theorem 1.2 implies that there is a sequence (¢, )nen of real numbers such

that
1 1
n—oo | —nlog?2
—1
where ¢, = —— Z log(u(I))u(I). This can be seen as a Breiman-Shannon-McMillan
nlog 2 =

type theorem generalised to measures defined through non-homogeneous Markov chains.

Remark that the tools of [KP76] and [Kah87] can be applied to give the same results
for “almost every” measure p satisfying (1). Other results in this sense involving coloring of
graphs are proposed in [Nas87].

A. Bisbas and C. Karanikas [BK94] have already partially proved the conclusions of
theorem 1.2, for this kind of measure, under some assumptions on the sequences (pp, Gn)nen-
In particular they prove the theorem when the sequences (pn, ¢n)nen are uniformly bounded
away from 0 and 1, which is the case of a perturbation of an homogeneous Markov chain. We
thank A. Bisbas for communicating to us this article.

Theorem 1.2 If p satisfies (1) then

dim, () = dim* (1) = A, (s2) and Dim, (1)) = Dim* () = h* (1)
Using the same type of arguments we also obtain the following continuity result.
Theorem 1.3 Let p and i’ be measures defined by (1) and the corresponding sequences
(Pns @n)nen and (pl,, 4l )nen respectively. Then | dimy (u) —dim, (u')] and |Dim, (@) —Dim, (1)]
go to 0 as [|(pn, gn)nen — (P, @)nenl|oo tends to 0.
2 Lemmas and preliminary results
Let us introduce some notation: for p € [0,1] we denote by

h(p) = plogp + (1 — p) log(1 — p)

and if I =1, . ., € Fp, let us also set

) WlI1)\ (1T
=2 s (%) By

Note that v(I,n) = E;(X,,) with respect to notation of [Chu01], section 9.1, page 295. We
also remark that for n € N and I € F,_1,7(I,n) is equal to h(py) if €,—1 = 0 and to h(g,) if
€n—1 = 1 and therefore |y(I,n)| < log2.

Let us start with the following easy lemma.

Lemma 2.1 Foralln,k € N and all I € F,,—1 we can write

op [ FUE)\ pUE) _ p(11;) o [ PULE)\ plILK)
Py (%) B = )+ 2 K§_11g< ) Sy ©

where Iy and I are the two cylinders of the first generation.



Furthermore, if we denote by af(I) and bE(I) respectively the quantities

k() — og (HUDE) ) pILK)
ap, (1) _Ke;kll g< w(I1o) ) aesny !

oo oo (PULK)Y p(ILK)
by (1) _Ke;k_ll g< w(lly) > p(11h)

then alf (I) = ak(I') and bE(I) = bE(1"), for all I,1' € F,,.
Proof We have

3 ()

Kt w(I)

Z Zlog

1=0,1 K€EFr_1

HK) u(ILK) p(IL) \ p(I1y)
> 2wt >> s () S )

1=0,1 KEF,_1

/\
~
~
5

N~
/\
~
&
=
S~—

Since we have set

the equalities (3) give

pUK)\ pdE) p(I1;) oo (PULE)\ p(ILK)
K;klog< (1) ) (1) = )+i:7 K;f;_ll g( u(I1;) ) w(IL;)

It is immediate that 0 < —v(I,n) < log 2. By the construction of the measure y, the quan-

tities a® (I) and b%(I) do not depend on the cylinder I but only on the cylinder’s generation
n and this ends the proof. e

Remark 2.2 Since the quantities af (1) and b% (I) depend only on the generation of I and on
1
k, we can denote by a¥ = a¥ (I) and b& = bk (I) for I € F,,. We also denote by AF = E|aﬁ—bﬁ|.

The following lemma is easy to prove but helps to clarify the proof.

Lemma 2.3 Tuke € > 0. There exists { > 0 such that for all p,q € [0,1] we have either

4log2
|[h(p) —h(q)| <€/2 or|p—q| <1—C. Forallk;>k0:{ zg
€

w+|p_q<l_llc>a<<l_21k)a7

and hence, for all a > 0

} and all o > €/2,



The proof is elementary and therefore omitted. In the following we will denote by ko the
positive integer defined in the previous lemma.

Proposition 2.4 Let I,I' be two cylinders of the nth generation. Then

1 o [ PHE)\ pUE) o [ PLE)\ pI'K)
k Zlg(m) u(l) Zlg(a(ﬁ)) < (k)

!
KeFy, KcFy ,LL(I )

where 1 is a positive function, not depending on n, such that n(k) goes to 0 as k tends to oo.

Proof Take any two cylinders I = I,
by definition of the measure u we get

% T log (u&ﬁ)) pIK) S log (u(”ﬂ) pI'K)|

Kt wl) u(') ) ')

toens I = Ier o of the nth generation. If €, = ¢, then

If €, # €, using lemma 2.1 and the notation therein we obtain:

1 IK)\ u(IK 1 I'K)\ u(I'K
N = ) log<ﬂﬁ(t(1))> pUIK) 3 10g<u( )> pI'K)|

KeFen i) k+1 o pl) ) ulI")
_ |dyn) =y’ n) 1 p(Io) o [ PULE)\ p(I1K)
ST e (i) i

1 u(ih) W(ITEK)\ u(I1K)

t T ) Kezﬂl"g( W(IL) ) WL
an (LK) p(I'LK)

TSR 1°g< u(f%)) w(I'ly)

KeFy
o I 11 S s (LK) p(I'LK) |
E+1 2 WD) ) p'h)

- |ty s 10 g (M) U1 )

h —h 1 11 I'I
o 1hla) — blan)] W) s W
E+1 E+1\ wp) w(I")
We can rewrite relation (4) in the following way
LS Rk 80 T 1 Bl YO I el PR
k +1 = k+1 Tk k+1
and thus,
h(pn) — h(‘]n)' 1
INZ | o —anl (1 AF. 5
Take € > 0. By lemma 2.3, for k > kg we have,
AL < minde, (1— L Ak (6)
nol = ’ 2(k+1)) "



We use a recursion argument to finish the proof the lemma. First observe that if for some
te{l,...k—ko} we have
AZ;@ <€ (7)
1
then we will also have Aﬁiﬁﬂ < min {e, (1 - 2(7‘7"‘1)> AflJri} < € by relation (6), and
therefore AF < e,
On the other hand, if inequality (7) does not hold for any ¢ € {1,...,k — ko} then by (6)

we get
1
Ak—f-ﬁ-l < (1= Ak—f
n+l—1 — Q(k —l+ 1) n+4
and finally
k+1 1
Ak < 1— ——— |log2 8
=ko

which becomes strictly smaller than € if k is big enough and the proof is complete. e

We will also use the following two theorems of [BH02| that we include without proof for
the convenience of the reader (a straight forward proof -without use of these theorems- is
possible but much longer).

Theorem 2.5 [BH02] Let m be a probability measure in [0,1)P equipped with the filtration
of £L-adic cubes, £ € N. Then
dim,(m) < he(m) .

Moreover, the following properties are equivalent :
1. dim,(m) = hy(m)
2. dim,(m) = dim*(m) = h.(m)

3. There exists a subsequence (ng)ren such that for m-almost every x € |0, 1)D,

lim log m(Ip, (x))
k—+oc0  —Ng logﬁ

= dim.(m) .
Theorem 2.6 [BH02] We also have
h*(m) < Dim*(m),
and the following properties are equivalent :
1. Dim*(m) = h*(m)
2. Dim,(m) = Dim*(m) = h*(m)

3. There exists a subsequence (ng)ren such that for m-almost every x € [0,1)%,

lim log m(I, (x))

= Dim” .
k—4oo —ny logl i’ (m)



3 Proofs of the theorems

To prove theorem 1.2 we will use the following strong law of large numbers (cf. [HH80]).

Theorem 3.1 (Law of Large Numbers) Let (X,,)nen be a sequence of uniformly bounded
in L? real random variables on a probability space (X, B, P) and let (Fy)nen be an increasing
sequence of o-subalgebras of B such that X,, is measurable with respect to F,, for alln € N.
Then

n

o1
nhj& - ;1 (X — E(Xg|Fr—1)) =0, P-almost surely (9)

We point out that the assumptions on the random variables are not optimal but it will be
sufficient for our goal. The space here is K, the filtration will be the dyadic one and p will
take the place of the probability measure P.

Proof of Theorem 1.2. Consider the random variables X,,, n € N, defined on K, given by

B w(In(x))
Kule) =log 0 = o)y

where, for z € K, we have denoted by I,(x) the unique element of F,, containing x. Theorem
3.1 implies that for all positive p’s

n p

: 1 1
T}Ln;o CFe] ; (p ; [(Xiptk — E(ij+k|]-"jp)]> =0, p-almost surely. (10)

1
On the other hand, on each I € F,,, the conditional expectation — ZE(an+k|fnp) is given

by k=1
1¢ 1 on [(FUIE)\ p(IK)
p;E(X"pM'f"p) - pK;pl g( u(T) > w(d) 1

By proposition 2.4, for every € > 0 there exists p € N such that for all n € N and all I in Fy,,

U (0 pE) |
z () o < -

where ¢, = 1]E Z lo <
p KeFp
p but not on the cylinder I of F,.
It is also easy to see that the variables (X,,),en are uniformly bounded in £2(u). We
deduce, using the relations (10) and (11), that for every ¢ > 0 there exists p € N and a
sequence (¢, )nen of real numbers such that

) is a constant depending only on n and on the chosen

—¢ < liminf ——

)

]:1
n 2
< limsup oy (n+1 Z( > Xip+ _Cj> <6 (13)

7j=1 k=1



p-almost everywhere on K. This relation implies that

n

. -1 g 1
hnrggéf(nm;c] e<hnrggéf? n+1 ZZXgp+k<hnIg1£fchj+e (14)

n

]:1 k=1
and
-1 n n p ] n
lim sup —— —€ < limsu X, < limsup — ci+e (15
n~>oop (’I’L + ]-) ; n%oop P TL + 1 ; ; gptk n%oop (n + 1) ]z_; J ( )

p-almost everywhere on K. If we denote by

n

. -1 o -1 -
zlzrgg.}fchj andc_hmsup(n—l—l)logZ;C]’

=1 n—00

we deduce from (14) and (15) that dim, g = ¢ and Dim,u = @.
Furthermore, the inequalities (13) imply that for every positive € there is a strictly in-
creasing sequence of natural numbers (n;);en verifying

| . -1 &
—e<11g£f(nl+1 Z( Z p+k>—0<thUP(nl+1)j_l< Z p+k>_c<€7

l—00 _
for pu-almost all z € K.
One easily proves (using, for instance, Cantor’s diagonal argument) that there exists a
strictly increasing sequence of natural numbers (n;);cn such that

lim
=00 ny log 2

log p (I”l (z)) = dim.(p),

for p-almost all z € K.
Similarly, there exists a strictly increasing sequence of natural numbers (7;);en such that

Jim nllog21 og tt (I, () = Dim. (1),

for p-almost all x € K. We use theorems 2.5 and 2.6 to finish the proof. e

To prove theorem 1.3 we will use proposition 2.4 and lemma 3.1.

Proof of theorem 1.3 Take € > 0 and let (pp, ¢n)nen and (p),, ¢),)nen be two sequences of
weights satisfying 0 < pp, qn, D), ¢}, < 1 for all n € N and

[(Prs @n)nen — (p;uq;z)neNHOO <.

We denote by p and p/ the measures corresponding to these two sequences of weights. We
will show that
| dim (p) — dim, (4')] <,

if ¢ is small enough.



It follows from proposition 2.4 that there exist a natural number p large enough and two
sequences of real numbers (¢, )nen, (¢}, )nen such that the following relations hold:

1 op [ FUE)\ uUE) | €
leg<u(1)>ﬂ(1) "<

KeFp

and

1 3 log <u’(IK)> W(IK) e <i

ke, p) ) w()

for all cylinders I € F,,;, and all n € N. Since p is a fixed finite number it suffices to take ¢
small in order to have

U (UK ) 1 (WUIE)Y fUE)| e
p Zlg(um) (D) Zlg(mn) WD) | <7

KeF, P kez,

for all I € F,,, and all n € N. Hence,

1 < R
—e < liminf —— c; —c| < limsup ——— ci —ci| <e.
(n+1);| J ]l — n%oop (n+1) j:1‘ 7 ]|

n—oo

we deduce from (14) and (15) that | dim, () — dim,(¢')| < € and |Dim,(u) — Dim. (1)] < €,
which completes the proof. e

Hypothesis of theorem 1.3 canot be omitted as we show in the following section.

4 A counterexample

For every ¢ > 0 we construct two dyadic doubling measures p and v on K such that if

—og U)LY () = 1o0p L) -
Xa(r) =log [ T8 and Ya(a) = log [T 00 for m e N th
ilelgHanYn L <€ (16)

1
and, nevertheless, |dim,(u) — dim,(v)| > i A first example was proposed to us by

Professor Alano Ancona; the proof provided here is of a similar nature.

The construction is carried out in two stages. We fix two Bernoulli measures satisfying (16)
and we use a reccurent process to modify them in order to get the corresponding dimensions
very different.

For I € F,, we denote by T the unique cylinder of the (n—1)th generation JF,,_1 contenant
I. Relation (16) can now be reformulated in the following way

(—Q : @ —1| <e, forall cylinders I of | J 7, (17)
p(l)  v(I) RN




4.0.1 The starting point

Take € > 0 and \g the Lebesgue (uniform) measure (of dimension 1) on K.
Consider the Bernoulli measure py of weight variable % — €, i.e. such that for I € F,,
n €N,

pollT) = (5 = )ol]) . polIT) = (5 + )l (18)

Put pp = Ao and vy = pg. By construction the measures Ay and pg verify condition (16),
are exact and doubling on the dyadics. Moreover, we have

dim pg = h.(p) = —(%;E)log (; - 6) _ G+ log G + €>

log 2 log 2

It is clear that Ao and pg are singular. Furthermore by the Shannon-MacMillan formula (cf
for instance [Zin97]),

i 108 p0(n(2))

= h.(po) po-almost evcerywhere onK.
n—00 n

Hence, we can find ny € N and a partition {Fy, F1} of F,, verifying :

1. FoUFy = Fp,

log po(I
2. 7ng:lo( >+h*(p0) <eforall I € Fy
log Ao(I
3. Ogo()—i—log2‘<eforaHIEFO
n

4.3 po(I)>1—e

IeFy

5.> do)>1—e

IeFy
Let us also define the Bernoulli measures A; and p; on K in the following way

p1(lo) =6 and pi(L1)=1-6

19
)\1(10)2(5(1*6) and )\1([1) :1*(5(1*6) ( )
where § > 0 will be fixed later.
4.0.2 Going on with the construction
For I;, 4, C I € F1 we put
prliyin) = po(liy.in, )M iy, i) (20)
i(Liy.in) = v0(Liy.in )p1Li, i)
and for I“M clekF
pr(Liy.in) = oLy i) 5 Vi) = vo(Liy..in) (21)

10



We remark that for I = I, ;, with n < n; we leave u1(I) = puo(I) and v1(I) = vo(I).

The restrictions of the measures ;1 and v; in the cylinders of F,,, = Fy U F} are Bernoulli
measures of different dimensions, so they are singulars. Therefore, we can find ny € N and a
partition {Fyo, Fo1, Fio, Fi1} of F,,, such that

1. I € FjoU Fj; if and only if there is J € Fj such that I C J, j € {0,1}.

1 I
5. |lesmD) | logQ‘ < forall I € Fy.
ng
1 I
g [lenlD) o)l < @ foran 1 e By,
n2
43 () > A =m) et Y () > (1—e)n(I) pour I € F
JEFyo JEFy
JcI JCI

5. ) m()) > (1=e)m(l) and Y ni(J) > (1—)w(I) pour I € Fy

JeF1o JeF
JcI JcI

If I € Foo U Fig and J € U Fn, we put
neN

pe(1J) = pai(Dro(J) , va(IJ) = vi(I)po(J).

If ] € Fpu U Fy1 and J € U Fn we put
neN

pe(1J) = p(DM(T) -, ve(IJ) = vi(I)pi(J).

Finally, for I € F,, with n < ns we keep the same mass distribution po(I) = pi(I) et
VQ(I) = Vl(l).

Suppose the measures py, v, and the partition {F;, _;, , i1,....4; € {0,1}} de F,, are
constructed. As in the two first stages, the restrictions of the measures p; and v, on such
cylinder of F,,, are supposed to be Bernoulli measures: whether Ag and pg whether A\; and
p1, respectively.

The measures py and vy are mutually singular. Hence, there is ng1 > ng and a partition
{Fsy iy s 15 s ig1 € {0,1}} of Fy, | satisfying

1. I € Fy, 4,0UF; ;1 if and only if there is J € F; such that I C J, with i1, ...,4; €

1.0k
{0, 1}
1 1
o, |loerlD) | log2’ < forall I € i o0-
NE+1
1 1
3. Og;:ik() + h*(pl) < 6k+1 for all I € Fi1-»-ik7111'
2
4. S mI)> (1= Fu(I) and S wJ) > (1=,
JEF;) . ij,_100 JEF; | . ij_q01
JCI JcI

for all cylinders I € Fj, 4, 0.

11



5. o (D) > (1= () et > w() > (=),
JEF;) . ij_q10 JEF ip_q11
JcI JcI
for all cylinders I € F;, 4, _,1.

If T € Fj,_iy0, i1, -y i € {0,1}, then for all J € ] F,, we put
neN

1 (L) = p(DAo(J)  and viy1(IJ) = vi(L)po(J).

If T € Fyy i1, i1,y i € {0,1}, then for all J € ] F,, we put
neN

/Lk+1(IJ) = ,uk(I))\l(J) and Vk+1(IJ) = Vk(I)pl(J).

4.0.3 Properties of the measures defined

It is clear that the sequences (pi, )nen and (v, )pen converge towards two probability measures
1 and v respectively. By the construction p and v are doubling on the dyadics, exacts and
satisfy (16).

On the other hand, clearly dim, = 1 and it is not difficult to see that dim, v < %, if §

29
—1 1 h
is small enough, since lim inf 0g V(In(z)) = *(p1)7 v-almost everywhere. Evenmore, the
n—00 nlog 2 log 2

measures i and v satisfy the conclusion of theorem 1.2. The counterexample is complete.
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Multifractal Analysis of inhomogeneous Bernoulli
products

Athanasios BATAKIS and Benoit TESTUD

Abstract We are interested to the multifractal analysis of inhomogeneous Bernoulli
products which are also known as coin tossing measures. We give conditions ensuring
the validity of the multifractal formalism for such measures. On another hand, we show
that these measures can have a dense set of phase transitions.

Keywords : Hausdorff dimension, multifractal analysis, Gibbs measure, phase tran-
sition.

1 Introduction

Let us consider the dyadic tree T (even though all the results in this paper can be
easily generalised to any (-adic structure, £ € N), let ¥ = {0, 1} be its limit (Cantor)
set and denote by (F,)nen the associated filtration with the usual 0 — 1 encoding.

For €y, ...,€, € {0,1} we denote by I, ., the cylinder of the nth generation defined
by Iy e, = {2 = (i1, orsin, ins1,...) € X, ; 41 = €1,...,1, = €,}. For every x € 3, I,,(x)
stands for the cylinder of F,, containing x.

If (pn)n is a sequence of weights, p, € (0, 1), we are interested in Borel measures p
on X defined in the following way

1—e;
61 en Hp ! 1_ ] . (1)

A measure of this form will be referred to as an inhomogeneous Bernoulli product.
The aim of this paper is to study multifractal properties of such measures.

The particular case where the sequence (p,,) is constant is well-known and provides
an example of measure satisfying the multifractal formalism (see e.g [Fal97]). In the
general case, Bisbas [Bis95] gave a sufficient condition on the sequence (p,) ensuring



that p is a multifractal measure (i.e. the level sets are not empty). However, the work of
Bisbas does not provide the dimension of the level sets E,, associated to the measure pu.

Let us give a brief description of multifractal formalism. For a probability measure
m on 3, we define the local dimension (also called Holder exponent) of m at = € 3 by

= 1 I
a(z) = liminf ay, (2) = lim inf _logm(l.(x))
n——+o00 N—>—+00 n IOg 9

The aim of multifractal analysis is to find the Hausdorff dimension, dim(FE,), of the
level set E, = {x: a(x) = a} for @ > 0. The function f(a) = dim(FE,) is called the
singularity spectrum (or multifractal spectrum) of m and we say that m is a multifractal
measure when f(a) > 0 for several os.

The concepts underlying the multifractal decomposition of a measure go back to
an early paper of Mandelbrot [Man74]. In the 80’s multifractal measures were used by
physicists to study various models arising from natural phenomena. In fully developped
turbulence they were used by Frisch and Parisi [FP85] to investigate the intermittent
behaviour in the regions of high vorticity. In dynamical system theory they were used
by Benzi et al. [BPPV84] to measure how often a given region of the attractor is visited.
In diffusion-limited aggregation (DLA) they were used by Meakin et al. [MCSW86] to
describe the probability of a random walk landing to the neighborhood of a given site
on the aggregate.

In order to determine the function f(«), Hentschel and Procaccia [HP83] used ideas
based on Renyi entropies [Rén70] to introduce the generalized dimensions D, defined
by

1 lo m([)?
D, = lim g(ZIEFn (1) )
n—+oo ( — 1 n log 2

Y

(see also [GP83, Gra83]). From a physical and heuristical point of view, Halsey et al.
[HJK*86] showed that the singularity spectrum f(«) and the generalized dimensions
D, can be derived from each other. The Legendre transform turned out to be a useful
tool linking f(a) and D,. More precisely, it was suggested that

f(a) =dim(E,) = 7*(a) = inf(ag + 7(¢), q € R), (2)

where

7(q) = limsup 7,(¢) with  7,(q) L log (Z m([)q> _

" nlog?2
n—+00 & IEF,

(The sum runs over the cylinders I such that m(7) # 0.) The function 7(q) is called the
Li-spectrum of m and if the limit exists 7(q) = (¢ — 1)D,.



Relation (2) is called the multifractal formalism and in many aspects it is analogous
to the well-known thermodynamic formalism developed by Bowen [Bow75] and Ruelle
[Rue78]. In general, the main problem is to obtain the minoration dim(E,) > 7*(«).

For number of measures, this formalism can be verified rigorously. In particular,
if the sequence (p,) is constant or periodic, the measure u given by (1) satisfies the
multifractal formalism (e.g. [Fal97]). It is also the case for invariant measures in some
dynamical systems (e.g [Col88, Fan94, Ran89)), for self-similars measures under separa-
tion conditions (e.g [CM92, Fen03, LN99, Ols95, Rie95, Ye05]) and for quasiindependent
measures(e.g [BMP92, Heu98, Tes06a]).

Despite all these investigations mentioned, the exact range of the validity of the
multifractal formalism is still not known. Olsen [Ols95] give a rigorous approach of
multifractal formalism in a general context. This work and the paper of Brown, Michon
and Peyriere [BMP92] enlighten the link between the minoration dim(E,) > 7*(«) and
the existence of auxiliary measures m, (the so-called Gibbs measure [Mic83]) satisfying

1
n, VI € Fyy om(1)72770 < my(I) < Cm(1)7277,

where the constant C' > 0 is independent of n and I. In fact, it is shown in [Ben94,
BBHO02| that the existence of a measure m, satisfying

my(I) < Cm(I)127"7,

is sufficient to obtain the minoration dim(E,) > 7*(«) for « = —7/(¢q). In this si-
tuation, the values of « for which the multifractal formalism may fail lie in intervals
(—=7'(¢"), —=7'(q7)) where ¢ is a point of non differentiability of 7 (7'(¢*) and 7/(¢™)
stands for the right and the left derivatives respectively). Such a point ¢ will be called
a phase transition.

If the weights p, are not all the same, the measure p defined by (1) is in general
no shift-invariant and we cannot apply classical tools of ergodic theory, as Shannon-
McMillan theorem (e.g [Bil65]), to get a lower bound of dim(E,,) and the differentiability
of the function 7.

Let us introduce the other following level sets defined by

E,={r; ax)<a}, F,= {:c; lim sup o, () > a},

o
n—00

and

F,= {:r ; lim sup o, () = a} :

n—oo

We can now state our main results. In section 2, we prove the following.
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Theorem 1.1 Let p be an inhomogeneous Bernoulli product on % and ¢ € R. We have

liminf —¢7) (q) + 7o(q) < dim (E_T,(q,) N F_T/(qﬂ) < sup {T*(—T/(qu)), T*(—T’(q’))} )

n—oo

The proof of the lower bound relies on the construction of a special inhomogeneous
Bernoulli product which has the dimension of the level set studied.

In section 3 we study the case & = —7/(¢). The existence of 7/(¢) is not sufficient
to ensure that the validity of multifractal formalism for such values of o’s. However,
we prove that the multifractal formalism holds if the sequence 7,(q) converges. More
precisely, we have

Theorem 1.2 Suppose that the sequence (7,(q)) converges at a point ¢ € R. If 7'(q)
exists and if o« = —7'(q), we have

dim (E, N F,) =7"(a) = aq + 7(q). (3)

Theorem 1.2 leads us to study the differentiability of the L%-spectrum 7(g). In sec-
tions 4, we will see that the L%-spectrum of an inhomogeneous Bernoulli product may
be a very irregular function. In particular,

Theorem 1.3 There exist inhomogeneous Bernoulli products presenting a dense set of
phase transitions on (1, +00).

The are several examples of measures presenting phase transitions (see for instance
[TesO6a] and the references therein). The example we propose in this work differs from
previous ones at three points : first the phase transitions are situated at points ¢ > 1
and not at negative ones, where constructions are easier to carry out. Secondly, the
set of transitions is dense in [1,00), that means as < bad > as can be. And finally, the
measure presenting this pathologie is just a Bernoulli product! Let us also point out
that with some minor modifications our method can also apply to create a dense set of
phase transitions within (0, 1).

2 Proof of theorem 1.1

We begin by a preliminary result.

Lemma 2.1 If pu is an inhomogeneous Bernoulli product, then the functions (7, ) are

locally uniformly bounded on (0, +00).



Proof We denote by S(p;) the homogeneous Bernoulli measure of parameter p; and
by 7(pi,q) it’s T function, 7(p;, q) = logy(p! + (1 — p;)9). Using the fact that u is the
product of B(p;) we easily obtain

n

Tun(q) = % Z 7(pi, q)-

i=1

It is therefore sufficient to show that, for any gg > 0, there exists a constant C' =

2
C'(go) such that for all p € (0,1) and all ¢ > qo, % < C. We have
q
0*7(p,q) _ p*(logyp)” + (1 —p)*(logy(1 —p))*  (p"logyp + (1 — p)”logy(1 —p))”
dq? p?+ (1 —p)e (p?+ (1 —p)1)?

p?(1 —p)?((logy p)* + (logy(1 — p))* — 2log, plogy(1 — p))
(p?+ (1 —p)9)?
p(1 = p)* <10g2 1%7)2 , P
= T 0= < [4p(1 — p)]*(log, rp)

< p(1 = p)" logy 77

which is uniformly bounded on p € (0, 1) and the proof is complete. °

Lemma 2.1 allows us to give estimates for the lower and the upper Hausdorff dimen-
sion of the measure pu. They are respectively defined by

dim, () = inf{dim(E), w(E) > 0}; dim*(x) = inf{dim(F), wu(E)=1}.

We say that p is exact if dim, () = dim*(p) and we note dim(u) the common value.
In the same way, we can define the lower and the upper Packing dimension Dim of the
measure u. It is well known that there exist some relations between these quantities and
the derivatives of the function 7,(q) at ¢ = 1. More precisely, it is proved in [Fan94,
Heu98| that

—7,(14) < dim.(p) < hu(p) < 07 () < Dim*(p) < —7,(1-),

where h,(p) and h*(p) stand for the lower and the upper entropy of the measure p,
defined as

hy(p) = liminf — Z p(I)log p(I) = liminf —7/, (1)

nlog 2 =



and

Z u(I)log u(I) = limsup —7;, (1).
[€F

h*(p) = li -
(1) = lim sup nlog 2

By Lemma 2.1, we deduce (see [BH02, Heu98]) the following remark.

Remark 2.2 If ;4 is an inhomogeneous Bernoulli product then

dim po = —7/,(17) = h () = liminf —7/, (1)

n—oo

and
Dimp = —7,(17) = h*(u) = lim_}sup -7, (1).
Fix ¢ € R. To prove Theorem 1.1, we construct an auxiliary measure v supported
by the set £
satisfying

_rr(q—) N F'—71(q+). More precisely, we consider a sequence of measures v,

] q
I Fa val) = <Dy, (1)

2 e, 1)

(|I| = 27" stands for the diameter of 7). The following lemma implies that the sequence
(v,,) converges in the weak* sense to a probability measure v which is by construction
an inhomogeneous Bernoulli product.

Lemma 2.3 Let n € N and I € F,,. If i is an inhomogeneous Bernoulli product, we
have v,,(I) = Vi1 (1).

Proof Take n >0 and I € F,,. We can compute

U 1(1) _ ZJE]—H 'U(I‘])q o M(I)q(p%H + (1 - pn—i—l)q)
n-+ - —
dorer, 2ogern ML) 3 cr (Ppir + (1= paga))p(l)e
and therefore v, 1(I) = v,(I) for all I € F,. o

By remark 2.2, we then deduce that the Hausdorff and the Packing dimension of v are
given by an entropy formula. In other terms, we have

dimv = liminf —7 (1) = h.(v)
n—o00 ’

and

Dim v = limsup —7,,,(1) = h*(v).

n—oo

Now we can prove Theorem 1.1.



Proof of Theorem 1.1 The upper bound is a well known fact of multifractal formalism
(see for instance [BMP92]). In fact we have

1. If a < —7'(0") then dim £, < dim £, < 7(«).

2. If a > —7/(07) then dim F, < dim F, < 7*(a).

3. =7(07) < a < —7/(07) then 7*(a) = 7(0) = 1 and the upper bound follows.
Relation (4) easily gives 7,,(s) = 7,1(¢S) — $Tun(q). From remark 2.2, using the

inhomogeneous Bernoulli property of 4 and v, we deduce that

—7/(1%) = liminf —T;’n(l) = lim inf (—qT;’m(q) + Tum(q)) )
The following lemma then implies the lower bound.

Lemma 2.4 We have v (E_T/(qf) N F—T'(qﬂ) =L

Remark 2.5 Contrary to more regular situations (e.g [BBH02, Heu98, Ols95]), we can-
not obtain the more precise result v (E_T/(qf) NnFE _T,(q+)) = 1 where

n—o0

Fu={z; a(@) > a}, F, = { lim sup a (x) < a}.

Proof of Lemma 2.4 For n > 0 we put 8 = —7/(¢”) + 7 and we prove that v(¥ \

Eg) = 0. In a similar way, it can be shown that v(X\ ;) = 0 for v < —7/,(¢"). The
lemma then easily follows.

It suffices to show that ¥\ £, = {x € X ; liminf o, () > 5} is of 0 v-measure.
n—oo

1 1
Consider the collection R, (8) of cylinders I € F, satisfying Cl)gﬂl<1|) > (. It is clear
og
that £\ E4 C liminf R, (8) with R,(8) = {z € T ; I,(z) € R.(B)}.
n—oo

Let (7n,)ken be the subsequence of (7,,)nen such that limy e 7,0, (@) = Tu(q).
Using the convergence of 7,,,(q) we can choose (and fix) ¢ < 0 such that for k big
enough

70+ 0) = (@) <~ (8- 3) 1= (e - )¢



Since u(1)~HI|°* < 1if I € R,(B), we have

vRa(B) = D w(D) = Y pDAeer@ =y (DT O (1) )

I€RA, (B) IeR, (B) I€R, (B)
SN e @O < IS s
IER, (B) IEFn,
< FEYD p)r e et = 1),
I€Fn,

For the last inequality, we used the fact that 7,(¢ +t) = limsup 7, ,(¢ +t). We deduce
that
limsup (R, (5)) =0

n—oo

and the lemma easily follows.

The proof of Theorem 1.1 is now completed. °

3 Proof of Theorem 1.2

We will use the following result.

Proposition 3.1 For q € R, let (7,,,) be the subsequence of (7,,) such that

khm Tpng (Q) = lim sup T,u,n(Q) = TN(Q).
—00 n—o00

Then, we have

7,(q7) < lim inf T (@) < hgi sup T (@) < 7 (q")

where 7,,(q7) and 7,(q") stand for the left and the right hand dérivative of 7, at q.

v :
Hence, if 7,,(q) exists, we have

Jim 7= 7(q).



Proof We only prove the inequality limsup 7/, (q) < 7,(¢"). The proof of 7/(¢7) <

k—o0

. . , . . .
liminf 7, . (q) is similar.
k—ro0

Take € > 0 and ¢ > ¢ such that

TM(QQZ:;M(Q) . TL(C]JF) < 6/3

We can chose k big enough to have

T (@) — ()]
G — q

< €/3

and

Tﬂynk ((D S Tu(cj) + ((j - Q)E/?"

We then obtain

+ q+ > Tu(dZ_Tu(w —€¢/3
uldh) 2 e e
— Tu(q) — Tung (Q) + Tumy (Cj) — Tu,ng (q) + T,ng (Q) — TM(Q) . 6/3
q—q
> —€/3+ 70 (0) —€/3—€¢/3=1,,(¢) -
and the proof easily follows. °

We can now prove Theorem 1.2.

Proof of Theorem 1.2. Let v be the Gibbs-measure defined in Lemma 2.3. Since

Tun(s) = Tu,n(q5> - STum(Q)

we get
/

Ty,n(l) = qTZL,n(Q) - Tu,n(Q)'
Using the convergence of 7, ,(q) we deduce from Proposition 3.1 that

lim 77,,(1) = lim (q7),,,(¢) = Tun(2)) = q7)(q) — 7u(q)-

n—oo ’ n—o00

Since, v is also an inhomogeneous Bernoulli product, we deduce from remark 2.2 that
7/(1) exists and

14

dimv = Dimv = —7,(1) = —QTL((]) + 7u(q)-

9



On the other hand, for I € F,,, we have

logv(I) _ logpu(l)

log|I| 1 log |1| * Tunla).
Since
1 1
lim M =dimv = Dimv ;v-a.s.
oo log | I ()|
1 I,
we obtain that lim log (In(z)) = —7/(q), v-a.s. We conclude that
n—oo log|Ln(z)] 8
dim (E, N F,) > dimv = 7,(a).
The opposite inequality being always valid, the proof is done. °

We end this section with a few comments about Theorem 1.2.

As mentionned in the introduction of the paper, the validity of the multifractal for-
malism is often easier to obtain for the values of « that can be written o = —7'(q).
However, the following example shows that there exist inhomogeneous Bernoulli pro-
ducts that do not satisfy the multifractal formalism even at their differentiability points
a = —7'(q). Thus, the convergence of the sequence (7,(q)) converges is necessary for the
validity of the multifractal formalism in our context.

To see that, let (ng)r>1 be a sequence of integers such that

. N1
ny=1, mng<ng and lim +

= +00,
k—4o00 Nk

and consider the inhomogeneous Bernoulli product p given by the sequence (p,) such
that
pi=p if no, 1 <i<ng, and p;,=p if ng, <i < nopiq,

with 0 <p<p<1/2.
The calculation of the function 7 is classical. By observing that

/JJ(IEL-.EnO)q + M(Iﬂm&nl)q - [(p?wrl + (1 - pn“l‘l)q}u(lel--'en)q?

we easily deduce that

> u) =]+ 1=

1eFy,

Then, if N,, is the number of integer k < n such that p, = p, we have
Nn Nn ~ ~
Tu(q) = = logy(p” + (1 = p)?) + (1 = — =) logy (9" + (1 = p)*).

10



No _

Since that liminf, % = 0 and limsup,, =* = 1, we get

7(q) = sup(logy(p? + (1 — p)?),logy (57 + (1 — p)7).

So, except for ¢ = 0 and ¢ = 1, 7/(q) exists. Moreover,
VI € .Fn, [L(I) > ,LL(]()()...()) = pN"ﬁn_N".

Thus,

vIeF. _ log,(u(1)) <

n

N, N, .
n 1— 2 (=1
n( 08y p) + ( - )(—log, p),

and we have

1 I
VI € F,, liminf —w < inf(—log, p, — log, p) = — log, p.
n n

Finally, if —log,p < a = —7'(q) < —log, p, we have E_./(,) = 0 and the multifractal
formalism is not satisfied for a such a.

Moreover, this example shows that the function 7 may be not differentiable at the
positive values of ¢q. Therefore, the situation differs from this one obtained by Heurteaux
[Heu98] for quasi-Bernoulli measure for which 7 is differentiable on R. It also differs from
this one obtained by Testud in [Tes06b] for weak quasi-Bernoulli measure for which the
phase transitions only appears for ¢ < 0.

In fact, the function 7 of an inhomogeneous Bernoulli product may be very irregular.
This is the object following section.

4 Proof of Theorem 1.3

From now, we denote par 7(p, .) the 7 function of the homogeneous Bernoulli product
of parameter p. Moreover, whenever we use the notation p; for a weight in (0, 1) we will
also note 7; = 7(p;, .).

Before the proof of Theorem 1.3, we present a few lemmas.

Lemma 4.1 For any p; < py < p3 in (0,1/2) consider the functions 11 = 7(p1,.), T2 =

7(p2,.) and 73 = 7(ps,.). We have that N7 g decreasing on (1,+00).
T2 — T3

Although the proof only uses elementary calculus, it is a litte bit “tricky” and cannot
be omitted.

11



Proof of Lemma 4.1 Taking into account the trivial equality

/
P or

/ /!
-_— p— — d
T q) — 7", q) g ap(p, q)dp
: / /! @T / 87— /! . .
we only need to show that if p’ < p” then a—(p ,q) 8—(p ,q) is decreasing on
p p

€ (1,00). We get

or or, ,

b 11— (=1+1/p) " 11—(=1+1/p")!
ap(p,q) - ap(p

Pl (—1+1/p) " pr 1+ (—1+1/p")
,,]. — Slq_l ) ,1 — qu_l

1+51q P 1+82q

,q)

where sy = —1+1/p’ > 1 and so = —1+1/p" > 1.

1 —si7t 0
If we set f(s,q) =1In qu, with s,¢ > 1, it is sufficient to prove that a—ff(s, q)
s s
is decreasing in q. We calculate
of (5.0) (¢—1)s7%  gs"!
—f(s,q) = - .
s’ 1 si=1 —1 s1 41

T (¢—Ds!  gs? . L
By multiplying by s, we need to show that — is decreasing which is
si=t —1 sq+1

equivalent to ¢ — 1 + Sqq,;ll_l —q+ Sq‘il being decreasing.
. . q—1 q Q Q
Put ) = ¢ — 1; it remains to show that pra— + o + S 11 +
1
orE ) decreases in () > 0. The last term being decreasing it suffices to show that
s
Q Q

+ is doing the same. By taking derivatives we need to show that
s@—1  s@tl41 & Y &

s (9 —1 - s%Ins9) 4+ 59 -1 —1Ins? <0.
Since, (s@ — 1 — s%1ns?) < 0, it suffices to show that

s9s9 -1 —59Ins9) + 59— 1 —1Ins? =52 — 52 Ins? —Ins? — 1 = g(s9) <0
where g(z) = 2> —2?Inx —Inz — 1. Moreover, the sign of ¢'(r) = z —zInz?—1/x is the
same of the sign of 22 — 2%In2? — 1 if > 1. Since, y — 1 < ylny for y > 1, we deduce

0
that ¢ is decreasing on (1,400). By observing than ¢g(1) = 0, we obtain that a—ff(s, q)
s

is decreasing on (1,400) and the Lemma 4.1 is proved. .
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Lemma 4.2 Take 7 = A7(p1,.) + (1 — A\)7(p2,.) with 0 < p; <py < 1/2 and X € (0,1).
For py € (0,1/2) one of the following occurs :

1. either 7(q) # 7(po,q), for all ¢ > 1,

2. either there exists qo > 1 such that 7(q) > T(po,q) for 1 < q < qo and 7(q) <
7(p.q) for ¢ > qo. In this case qo is then the unique point of (1,400) for which

7(q) = 7(po, q)-

Proof of Lemma 4.2. Let us first remark that 7 and 7(py, .) can coincide at one point
only if pg € (p1,p2). Moreover, 7(q) = 7(po, q¢) implies

T(p1,q) —7(po,q)  1—A

7(po, ¢) — 7(p2,q) A

By lemma 4.1 this can only occur once. The lemma 4.2 easily follows on the decreasing
property of the ratio. °

Lemma 4.3 Take A, \y € (0,1) such that \y + Ao =1 , 1 < p; < py < 1/2 and set
T=MT1+ X7 Firl < g < ga < 400 and consider p1 < py < pa < ps < 1/2 such that
T(ps, 1) = 7(q1). Then there is a unique convex combination T of 11,74 and 15 such that

T(q1) = 7(q1) and 7(q2) = 7(q2)-

Furthermore, fori = 1,2, we have 7'(q;) # 7' (q;) and 7(q) # 7(q) if 1 < q # ;-

Proof of Lemma 4.3.

First note that it is easy to see that there exists py € (p1,p2) such that 7(ps,q1) =
m(q1).

It then suffices to show that the linear system
As7i(q1) +Mama(q) +Xs7s() = 7(q1)

AsTi(@2) +Mmal@) +Asms(ee) = 7(g) (S)
/\3 +/\4 +/\5 - ].

has a unique positive solution (A3, A4, A5). The existence of a unique solution is easy to

verify. Let us show that this solution is positive.

First note that Ay # 1. Indeed, if \y = 1, since 7(q1) = 74(q1), we have A3(71(q1) —
75(q1)) = 0. Thus, A3 = A5 = 0 and 7(¢2) = 74(g2) which is not possible by Lemma 4.2.

Therefore, since 7(q1) = 74(q1), the first equation of the system gives that

13



A3 A5
s + >\5Tl<q1) + s + A5T5(Q1)

= M7i(q1) + Xome(q1) € (15(q1), (@) (5)

This 1mphes that

v +/\ € (0,1). We deduce that A3\5 > 0. Moreover, since 75 < 7o, we

>)\1

also have " +/\

Let us show that A3 and A5 are positive. Otherwise, by the above remark, we have
A3 < 0, A5 < 0 and Ay > 0. By the system (S) we have

nla) = 220 (@) + Pnle) - (@

at the points ¢ = ¢; and ¢ = ¢o. We then obtain that

AM—A3T1— T A2 A5 T4 — Ts

A Ty — T2 A4 Ay Ty — To

Tl 7'4

for ¢ = q; and q¢ = go. Since p; < py < p2, by Lemma 4.1 the function

is decreasing.

On the other hand, since py < ps < ps, Lemma 4.1 implies that the functlon e

T2

1+ 2= is increasing. Thus, these functions cannot coincide at two points so we conclude
that A3 and A5 are positive.

Let us now prove that Ay > 0. By (5) we have

A3 A5
Az + /\571((]1) + s + A5T5<q1)

= M71(q1) + Xama(q1)

which gives that

N
A3+ A

AaT2(q1) = (

Using Lemma 4.1, for ¢ > q; we get

o) > (35 = M) ) + 525 m)

Az + A5 Az + A5
and
Ari(@) + dama(@) > 3 7i(g) + 5 7i(q)
T T+ T T: .
171\q 2T2(q )\3+)\51q )\3+)\55q

In particular, for ¢ = ¢ we find that
A3T1(q2) + AsT5(q2) + Ma7(q2) < 7(q2) = As71(q2) + Aa7a(q2) + As75(q2)
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and we deduce that
MT(q2) < AaTa(q2).

Since 7(q1) = 14(q1), it follows from Lemma 4.1 that Ay > 0.

The last assertion follows directly from the independancy of the vector families

T1(q1) 71(q2) 71(q:)
(@) || male2) || 7al@)
75(q1) 75(g2) 75(¢:)
and
m1(q1) 71(q2) 71(q)
(@) || Tala) |, | ™) )
75(q1) 75(q2) 75(q)
which can be easily established. °

Remark 4.4 In the proof of Lemma 4.3 it is clear that when ps is close to ps, the
solution of the system (S) converges to (A1,0, Ag) and 7 converges to 7.

The following result generalizes Lemma 4.3 for any convex combination of functions

7(ps, -)-

Lemma 4.5 Let 7 be a convexr combination of functions T(p;,.) where 0 < p; < 1/2,
t=1,...n>2. For any 1 < q1 < qa < o0 there exists another conver combination T of
functions T(pf;,.) such that

- T(q) = 7(q@:) and 7'(q;) # 7' (i), i = 1,2,
~ forq & {q1, 2}, 7(q) # 7(q).

Proof of Lemma 4.5.

The case n = 2 is given by Lemma 4.3. The case n > 2 is easy to derive. Suppose
T = 4 MT(pr,.) and let 7 = 7(py,.) and 7 = 7(pa,.) be the first two functions of
the convex combination. By Lemma 4.3 there exists a convex combination 7 of three
7(p,.) functions such that

L. )\1+)\2 (/\17'1(%) + /\27'2(%)) = ( ) fori=1,2

2. A1+>\ (M7 (qi) + Namo(qi)) # 7'(q;) for i =1, 2.
The function 7 = (A1+A2)7+> 1 _s \eT(py, -) satisfies then the conclusion of Lemma 4.5. e
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The following lemma is easy and the proof is left to the reader.

Lemma 4.6 For any py, ..., p, and any conver combination T of 7(p1,.), ..., T(pn, .) there
exists an inhomogeneous Bernoulli measure p whose multifractal spectrum equals T.

We can now prove Theorem 1.3.

Proof of Theorem 1.3

In fact, and in order to avoid technicalities, we only prove the following easier version
of Theorem 1.3 and then indicate the changes needed to extend the proof in the general
case.

Theorem 4.7 There exists an inhomogeneous Bernoulli product pu such that the spec-
trum T of p has an infinite set of the phase transitions. Moreover, this set has a finite
point of accumulation.

Proof The strategy of the demonstration is the following : we first find inhomogeneous
Bernoulli products that are not derivable at a finite number of predefined points and we
construct the measure p using Cantor’s diagonal argument.

Fix (¢n)n>1 a sequence of real numbers nested in the sense that ¢; < ... < gap—1 <
Gont1 < Qani2 < Qo < ... < @2 for all n > 1 and N, (g2n+1, @2nr2) = {qo}. In particular,
lim g, = qo. Let p1,p2 € (0,1/2) and consider 71 = 37(p1,.) + 37(p2,.). By Lemma 4.6
we can construct a Bernoulli product py of spectrum 7. Then, Lemma 4.5 implies the
existence of a convex combination 75 of 7(p;, .)’s functions, such that

71(q;) = 12(q;) , for i = 1,2 and 7{(q;) # 75(q;)-

We can define a measure ps of spectrum 7. Using 1 and po, we can construct a
measure vy of spectrum py = max{7,72}. To do that, we take a sequence of integers

Ut
%
1%

we apply the weight distribution of p; and on dyadique intervalles of length between

2~%r+1 and 27%2k+2 we apply the weight distribution of ps, where k € N. It is easy to

verify that the resulting inhomogeneous measure v has spectrum ps = max{ry, 72}. The

(£1)x such that — 00. On dyadique intervals of length between 27/ and 2~f++

spectrum of v, is not differentiable at ¢; and ¢».

We proceed by induction to construct a measure v, which has a non differentiable
spectrum for points qq,--- ,qan_2. Suppose the measures vy = py, flo, Vo,eory fny Un
constructed and denote by p,, = max{r,...7,} where 7; is the spectrum of the measure
i, i € {1...,n}. Let us construct p,,1 and vj,41.

One of the following two cases hold :
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Case 1 Lemma 4.5 provides a function 7,,, satisfying :

1. Tn+1(q2n—i) = pn(QQn—i) for i =0,1 and Tn+1(Q) # Pn(Q) if ¢ ¢ {QQn—h QQn}a
2. 7’,'1+1(an_1) > ph(q2n-1) T1/1+1(Q2n> < P (q2n)

Therefore we have 7,11 > p, on (¢on_1,qon) and 7,11 < p, on (1,00) \ [g2n_1, Gon)-
Let 41 be the inhomogeneous Bernoulli measure of spectrum 7,,1. To define
the measure v,,; we use the previous procedure convenably adapted : Take (€x)

i1
k
1%

between 2 ‘rtvrti and 27 fm+or+itt apply the weight distribution of j;, where
t=1,...n+1and k € N. It is easy to verify that the resulting inhomogeneous
measure v, has spectrum p,; = max{7,...7,11} on (1,00). Remark that this
spectrum equals 7,1 on [ga,_1, ¢2,] and p, = max{m,...7,} elsewhere on [1,0).
Clearly, in this case, the function p,,; = max(7,7,41) is not differentiable at

a1, - 4on-

a sequence of integers such that — o0. On dyadique intervals of length

Case 2 Lemma 4.5 provides for all choices of p5 > ps a function 7,4, satisfying :

1. Tn+1(q2nfi) = pn(anfz) ) fOI' 1= 07 1 and Tn+1 (Q) 7é pn(Q> if q ¢ {anfla q2n}7

2. T7,7,+1(Q2n71) < p(@on-1) T;L+1(QQn) > py(q2n)
In this case,

Tn+1 < Pn Ol ((]271—1, q2n) and Tn+1 > Prn O (q2n—37 QQn—l) U (q2n7 Q2n—2>-

The function p,1; = max(py, T,+1) is not differentiable at g1 and go, but we
lose the phase transitions ¢o,_3, ¢2,—2 and we don’t know what happens for the
other phase transitions ¢, - - , ¢on_4.

To avoid this problem we use remark 4.4. From this, when p5 converges to pa, 7,41
converges to the convex combination T" of 7(p;, .) functions which is equal to p,, on
(Gon—3, Gon—2). Since T differs from p,, on (gon—s, Gon—3) and (gan—2, gan—4a), We can
choose ps sufficiently close to p, such that

G2n-3 + Gon—s G2n-3 + Gon—s
Tn+1 — 5 < Pn B S—

Q2n—2 + Gon—4 Q2n—2 + Qon—4
Tn+1 5 < Pn — 5 /-

We deduce that there exist go, 5 < ¢ < q2,—3 and ¢o,_2 < ¢” < q2,_4 such that
Toni1 = pn at ¢ and ¢” and 7,11 < p, on (q1,4’) and (¢, q2).

and
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The modified family of ¢;’s defined by

¢ if i ¢ {2n—3,2n—2}
G=14qq ifi=2n-3
" if i =2n—2

have the same properties as the initial ¢;’s. Moreover, p,1 = max(p,, T,,+1) is not
differentiable at points ¢, , g2,. We proceed as above for the construction of
the measures p, 1 and v, which have spectra 7,1 and p,, 11 respectively.

To end the proof we use Cantor’s diagonal argument : take (¢ )y as before and define
the measure v by applying the weight distribution of v, on dyadique intervals of length
between 27% and 27%+1. The spectrum of the measure v equals then 7 = sup,,cy pn =
sup,,cn Tn- By construction, the set of non-derivability points of the function 7 is infinite
and has ¢y as accumulation point. °

Remark 4.8 The second case of the proof of Theorem 4.7 seems to be inexistent (in
our numerical simulations) but we have not been able to prove that only the first case
arises.

Let us now give some hints concerning the proof of Theorem 1.3.

Fix (¢n)n & sequence of real numbers, dense in [1,00) and nested in the sense that
Gon+1 < Qanve and {qi1, ..., G2n} N [Gon+1 — 2%, Qonso + 2%] = () for all n > 0. We can then
follow the proof of Theorem 4.7 until case 2, the first case being carried out exactly in
the same way.

The second case has to be slightly modified. The technical, but not difficult, part is to
ensure that the modified ¢;’s still form a dense subset of [1, 00) and that the difference of
the left and right derivative at the ¢;’s does not go to 0. To do that we take p; sufficiently
close to py (in the construction of 7,,11) to have :

— g — G| < 57 inficjci<onta|g; — g

= [0n(@i) = dns1(@)] < 2%571(%),
where §,(¢;) stands for the difference between the right and left derivative at ¢; of
SUP1<k<p Tk- The proof of Theorem 1.3 is then completed in the same way as above. e
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Harmonic measure of some sets of Cantor type

Athanassios BATAKIS

Abstract. We show that for some compact sets K C R? of Cantor type, the
harmonic measure is supported by a set whose Hausdorff dimension is strictly smaller than
the dimension of K.

Resumé. On démontre que pour certains compacts K du plan (de type ensembles de
Cantor), la mesure harmonique du complémentaire est portée par un sous-ensemble de K de
dimension strictement inférieure a celle de K.

1. Introduction.

In [M-V] Makarov and Volberg show that the Hausdorff dimension of the harmonic
measure of the complement of a particular kind of Cantor sets is strictly smaller than the
dimension of the set, i.e. that there exists a subset of the Cantor set of full harmonic measure
but of strictly smaller dimension. Furthermore, Volberg in [V1], [V2] has extended this result
to cover a large class of Cantor sets on the real axis. In [C], Carleson has shown that technics
and tools of the Ergodic theory could be used to study the harmonic measure of “classical”
Cantor sets and [M-V], [V1], [V2], [Z] are some of the results that strongly rely on this idea.
Carleson prove that the dimension of the harmonic measure of these Cantor sets in the plane
is always strictly smaller than 1. A similar but more general result is proved in [J-W], under
the assumption of the “capacity density condition”.

The purpose of this work is to prove the inequality between the dimension of the harmonic
measure and the dimension of the set for a larger class of Cantor sets in the plane (or the
space) without using Ergodic theory. We have been motivated by an idea of Bourgain which
has appeared in [B], and we are also making use of some lemmas and results of the works
mentionned above. For more information regarding the Hausdorff dimension and measure of
Cantor type sets [Be], [F] are some of the possible references.

This paper is organized in five sections: first we present the main theorem and we
introduce some notation. In the second section we prove a number of lemmas and in the
third we prove the theorem. Two examples are given in the fourth section and finally we
make some remarks and we investigate the possibilities of the method.

Let {a;} be a sequence of real numbers such that there exist two constants A, A,
_ 1 _
0< A< A< 5 with A > a; > A, Vi € IN. We construct a Cantor set K in the following

way: we replace the square [0,1]? with four equal squares of side-length a; situated in the

1



four corners, and each one of them with four new ones of side-length aias and so on, see
Fig.1. We denote I} , , where i; € {1,2,3,4} for 1 < j < n, the 4™ squares of the nth
generation constructed in this way with the enumeration shown in the figure and the usual

condition that fﬁln is the “father” of the sets fxﬂwnﬂ s int1 € {1,2,3,4}. It is clear that
co il

_ dlamlﬁmini _ o ) . ] ) -

A> Tomin anty1 > A, i =1,...,4. We will denote I} , the intersection of I
iam1]

11...’in

with K. We will say that a set F C R*\ K is of full harmonic measure for the domaine
R*\ K if w(F) = 1, where w is the harmonic measure of R? \ K (see Notation 1.1).

Theorem 1.0. For the Cantor set IK there exists a subset F' of IK of full harmonic
measure such that dim(F) < dim(K).

Notation 1.1.

If there is a constant ¢ independent of the parameters «, 8 such that %a < B < ca we
will write a ~ 8 (in what follows the symbols ¢ and C will be used to denote the constants).
Suppose that © is a domain in R? and that F C 9Q. For z € Q we denote w(z, F,Q) the
harmonic measure of F' in 2 evaluated at . We denote w(F, §2) the harmonic measure of F'
in Q evaluated at infinity. If Q = R?\ K we will write w(F) instead of w(F, ). For a square
F we note [(F) it’s side-length and finally h, is the p-dimensional Hausdorff measure.

)]

1 2 1 2 )
1 2 / '
3 4 3 4
/]
M\/
1 2 1 2
3 4
3 4 3 4

2. Preparatory lemmas.

The proof of the theorem will be based on a number of lemmas some of which are already
well known.

We first remark that there exists a constant cq > 1 depending only on A, A such that, if

2



_ denotes the square of side-length co—times the side-length of fg with the same

ot 7

C()Ilq

center, then cofﬁ_”i" NK = I, . For this ¢y (not depending on i;...4,,) we have the following

classical lemma:

Lemma 2.1. There exists a § > 0 not depending neither on n, nor on the choice of

1 ~
i1...in, such that for all x € —;CO THE
w(@, I} i, B2\ K) > 6. (1)
Remark 2.2.
If 6,, is the side-length of the square I, the Green’s function G of the square CO-finl...in
satisfies .
1 C~ 6, 1 Coy,
—log—— <G < —log ——
om eyl (#:9) < o ey
1+ Co 7

for z,y € Tlﬁ’ where the constant C' depends only on ¢yg. Furthermore we have

oI o \K) =T Ry ()
= Gu(x)

where RY" the capacitary potential of the set F in the domain Q and p is the capacitary

w(x, I

n
11...1n )

measure of I ; incoll , .| pl= CaPeyfp (e ;).

Proof of lemma 2.1.
14c¢o =
5

w(x, I ,cofz-”lmin \ K) > c1. (2)

Pk SO 2y

We first show that there exists a constant ¢; > 0 such that for x €

sy

If p is the probability measure on K charging every square of the nth generation with mass

(2

47" let pwy, = 4"u‘ the restriction of the measure u on the square I;® ; renormalized.
1
1 (2

Let us calculate the potential of u, for y € I}

win




The same reasoning provides a constant co > 0 such that

1
— <Gy <, Vyel,
2

By the maximum principle we get

w(z, I, ol

P % T % 21 ...%m

\ K)~ Gun(xz) , for xz¢€ COfZ...z‘n- (3)

We can easily see that

Gpn(z) > ¢35 , for m€5{1+60~ }

On the other hand the harmonic measure is non-decreasing as a function of the domain, hence

w(@, 17 coll i \K) <w(a,If ;R\ K)

L4100 P S A

and the lemma is proved .

Lemma 2.3. There exists a 6 > 0 not depending on n, such that for the squares of the
nth generation IT' |, and IT' |, we have

W 11) > (L +0)w(IT 14)- (4)

Remark 2.4.

This lemma has been proved in [M-V] in the case of standard planar Cantor sets. The
proof given below is similar.

We will make repeated use of the following well known formula (see for instance [Br]): If
Q C Q are two domains and if F C 902N O then the harmonic measures of the domains, w
and @ are associated in the following way

w(x, F)=o(z, F) — /Emmﬁdj(y)w(x,dy).

Proof of lemma 2.3.

To begin with, let us point out that the symmetry of the set implies
W(If..11aR2\IIL.i11) :W(I?...m’Rz\Iffll)- (5)

For the same reason if x lies on the I7' | square’s diagonal separating I} ,, and I} ;, we
have
2 -1 2 -1
w(z, I 11, R \I?l) =w(z, I{ 14 R \I?l) (6)

4



Let H~ be the half-plane limited by the line containing this diagonal, such that the
square I{* ;4 is contained in H~. Using (2) , the monotony of the harmonic measure, and
Harnack’s inequalities, one can verify the existence of a constant ¢4 > 0 such that

wlw, I a0, H-\NITT) Z ea, Vo€ I (7)
By the maximum principle and (6) we obtain
w(z, [P 0 HO\TTY) =w(@ [f g RPN DY) —w(e, I gy RPNTT) , Yo e HT.
Combining with (7)
w(a, 17 1, RPN\ ) —w(a, I g, RPN ) > ea s Vo eIy (8)
and (5),(8) imply that
W(I?..A11:R2 \K) - W(Iﬁ4.147R2 \K) =
= oy (6 B BB oty B B\ ol B\ K (9
> ew(I 7, B2\ K).

A final use of Harnack’s principle and of (7) gives a constant ¢; > 0 not depending on n,
verifying
W(Iﬁj) > c5 w7 14)-

Hence, (9) turns to

Wi 11) —w(T 14) = 1 c5 WIT 14)
and the lemma is proved.

Lemma 2.5. ([C], [M-V]) Let Q be a domain containing oo and let Ay C By C Ay C
By C ... C A, C By, C Q be conformal discs such that the annuli B; \ A; are contained in
Q, for 1 < i <n. If the modules of the annuli are uniformly bounded away from zero and if

oo € Q\ By, then, for all pairs of positive harmonic functions u, v vanishing on 02\ Ay and
for all z € Q\ B,, we have

u@) uloo) |

< Kq" (10)

v(z)  v(c0)

where ¢ < 1 and K are two constants that depend only on the lower bound of the modules of
the annuli.

Lemma 2.6. There exists a Ng = No(6, A, A) large enough such that for alln € IN and

n
all squares I} ;

mn 6 mn
W(Iil—fyfll...ﬁ > (1+ 5)00(—71'14:.]1\‘[311...4)’ (11)



where § is the positive constant defined in lemma 2.3.

Proof of Lemma 2.6.

1 -
Let us show first the following estimation for z € ZCO TH
wa, I el s \NIR ) ~w(@ I, R\ K). (12a)
For N € IN we choose x such that
n+N 2 n+N 2 1+ Co 7,
W(I7Ii1,,.in11.,.17R \ K) = sup {w(yvlil...inll...DR \K); y€0d{ 9 Izlzn}}

Then,
w(w e 11...17R2 \K) > w(z ey 1 COfZ.,.in \Iﬁzn)

[k S oy [k SO o I

> w(x I'nﬂjnn...l’ R’ \ K)

L S

w(y, Iz‘yij.L..]z\'[nu...p R \ K) w(z,dy, COINZ...% \Iznlzn)

N /3{00f7I }

’Ll...in

>w(x, MY R\ K)

s Li i1
B <1 —w(z, It colyy s, \Iﬁ...in>>w(3f’IZJ.F..JXLM..J’R2 \K)
> C1w($,fﬁﬁfn11...1>R2 \ K)

because of (2).
Then (12a) follows on using again Harnack’s inequalities.

We have, of course the same estimate for IZHXSH 4

w(z, fﬁf]f,fu...zp CO—fZ...in NG a,) ™~ W@»Uﬁﬁ?n.uzp R*\ K). (120)
To simplify the notation in what follows we will write wq () <JJ1 (x)) and wy(z) (@4 (:E)) instead
of

w(x o R? \ K) (w(x o Cojﬁ I zn))

1L i1l 10 v i inll. 10 in VN ig
and
n+No 2 n+No m n
w($7lz’1...in11...4ﬂR \ K) (w(x’Iil...inll...4>cOIil...in \Iil...in)
respectively.

1 B
By the relation (10) in lemma 2.5 we get that for z € 9{ ZCO I}

wi(c0) ~ w1(2) ~ N w1 (y)
wy(o0) 1 0 wy(z) 1 0

Yy ¢ K Ucoll!

1.l "

(13)



From (13) it follows that

‘an(z)  wi(o0)

(14)

wl(y) : w4gy) -1 w(z,dy,colznl in \ i1...0p )

If we take i, = ... = 7,, = 1, lemma 2.3 implies wlgoog > 1+ 0. Then (14) shows that
wWq (OO

there exists a Ny large enough such that @(z) > 14— 5 On the other hand, “(z) does not

W4(2) " @4(2)
1(00)

wy(00)

)
depend on the choice of i1, ...,4,. It follows that > 1+ 3 for all the possible choices
of il, ciey Zn

Lemma 2.7. There exists a Ny € IN independent of n and of iy...i,, such that for all

the squares I]' ;. there is a square Jp, I”Hjl dinen, C It ;. of the (n+ Ni)th generation
such that
Lw(l} . i,)

1
(In fact, 1 could be replaced by any constant € > 0.)

Proof of Lemma 2.7.

Choose a square I} ; . According to the preceeding lemma there exists an o < 1
independent of the choice of iy, ...,4, and a J; = I:“LJX? . such that

.
w() < JoUh )

4No

Similarly there exists a Jy = IZLHNO C J1 with

in Zn+2N

w(J1 w(ly .
w(JQ) <« 4(N0) < 2(42]\]0)

and after k steps, we obtain a square Jj verifying

Wl i,



To finish the proof take k = m so that o* < 1/4 and let N; = kNp.
3. Proof of Theorem 1.0.

The theory of martingales provides a well known technique to prove the inequality
between the dimensions of the two measures by using lemma 2.7. If we note S,, the sum of
I, +...+1;, . ;, one may show that for e and ¢ appropriately chosen the sequence exp(en—tS,,)
is a positive supermartingale for the harmonic measure and apply the large deviations law
to conclude. However we propose here a different path which does not involve Probabilistic
tools and is inspired by [B].

We introduce some more notation. For n € IN we will denote &, the collection of

squares {Iﬁmin;z’j =1,..,4,j=1, ,n} and for I € &, E,45(I) will represent those squares
J € &,4+5 that are contained in I.

It can be shown (see for instance lemma 2 of [Be]) that if p is the Hausdorff dimension
of KK, then

p = sup{s > 0; hnrglgfél 1:[1ai = oo} = inf{s > 0; hnrglgfél 1:[16%- = 0}.

simply because in order to obtain the Hausdorff dimension of the Cantor set K it suffices to
consider coverings of I with the squares of construction I7? ; . However, the p-Hausdorff

measure of the Cantor sets considered here could be infinite.

™

It easily follows that for ¢ > 0 there exists a strictly increasing sequence of integers
{n;}52, such that

nj+1

nj
a TJazte > e I ot (15)
i=1 i=1

We will also assume that nj 1 —n; > 2N;.

Lemma 2.8. There exists a [ < 1 such that for € > 0 and I € &,; the following
inequality holds

+e€

T < BT (1) ()5 (16)

B

ge€, . (I)

where n; is the sequence corresponding to € given by (15).
Proof of Lemma 2.8.

Let us start by showing that there is a A such that I € &,

> W) T S e
J€5n+N1 (I)

N
©3

(7)

>~ =



Take J,, € En+n,(I) to be the square provided by lemma 2.7, i.e. a square such that

w(Jm) < 1W(I). We have

4 4N
1.1, rtM 11 , 1.2 1
o) () <L Gyt
Z w(])%(%) nL < w(I)% (4™ — 1)% (i) mi
JegnJer (D), J#Im
by the Cauchy-Schwarz inequalities. Summing up we get
Y e cemi (LA (B (15)
4 - 4 2 4N 4N
Jegn*-l\’l (I)
- Ny _ 1
and we may let5:§4jlvl (4 e 1) < 1.

Choose € > 0 and let {n;} be a corresponding sequence given by (15). Then by (17)
T)E(])F <47 3 (1)
> w))T <47 B H a; > w(J) el B
g€, (I) g€, 1 ny (1)
We repeat the procedure and we apply the Cauchy-Schwarz inequalities. We then get

S ) a5 (T (ﬂ(l)) E

ge€, ., (I) i=1

~ 1
The existence of 8 is obvious now. For instance, one may take § = 2V .

Proof of Theorem 1.0.
Let £; = {J €&, | wlJ) > l(J)pfe} and L' = &,, \ L;, where € > 0 is to be chosen

later and let {n,} be a sequence corresponding to € as above. It is clear that

U< Y w) <L (19)
Jeﬁj Jeﬁj
But, we can also estimate
1 1 1 ote
Yo wl) = wl)rw() < Y w(J)z(])"5
Je L, JeL; Je€n,;
; —€ oni—n 1 pte
<[laic g > w()=i(d)
i=1 Je€,



because of (16). By iterating the procedure we get

Z w(J) < 511]- ]f[ai—e < Bn]-Afenj‘
JgL; =1

Let € > 0 be such that 8 < A°. It is then immediate from the above that

]lggo Z w(J) =0. (20)

Clearly, (19) and (20) allow us to construct a subset of I of Hausdorff dimension < p but of
full harmonic measure and the proof is completed.

4. A Counterexample.
We state the following simple result:

Proposition 4.0. For a Cantor set IK as described in the Introduction, the harmonic
measure w of it’s complement is “monodimensional”, i.e. there is a dimension o ( the
dimension of the harmonic measure) such that there exist a subset F' C K of Hausdorff
dimension o with w(F) = 1, and for every set F' C K of dimension smaller than o,
w(F") =0.

The proof given below applies to all self-similar Cantor sets and therefore the proposition
remains valid even for “general” Cantor sets.

Proof of Proposition 4.0.

Suppose that the proposition is false. Then, there is a dimension o and a real number
0 < a < 1 such that
sup{w(F) ; FCK , dim(F) <o} =«

or equivalently, there exist a dimension ¢ and a v > 0 such that

sup{ inf w(z, F,c9l0,1]*\ K) ; F compact , F C K , dim(F) < 0} =7

wEH%[O,l}Q

and v < inf w(z, K,co[0,1)%\ K),
z€ =52 [0,1]2
where c¢q is the constant defined in section 2.
For every real number 7,0 < 7 < 1 there is a compact set F' C K of Hausdorff dimension

o with

1
Ty < inf  w(z, F,c00,1]2\ K) < —-

IE#[OJ]Q

10



Moreover we can find a covering F = {I;},c; of F' with squares I; of the same generation of
the construction of K, satisfying

1
Ty < inf w(z,Urer I,c0[0,1)%\ K) < el

:L‘EH%[OJP

There exists at least one I; € F with the following property:
“There is a compact set F; C I; N I of Hausdorff dimension o with
inf  w(x, Fj,col; \ K)>cry inf w(z, K, col;\ K)

xre 1+2c0 Ij xE 1+2C0 Ij

where ¢ is a Harnack constant depending only on K.”
We say then, that F} is a y-subset of I;.
To prove this claim we first remark the existence of at least one I; satisfying

inf  w(r, Fj, 0,12\ K)>7y inf  w(z, KNIjcl0,1*\ K)

e t010,1]2 zeti00,1]2

and then proceed with standard arguments, using the Brelot formula.

Recall that all squares of the same generation of the construction of KK are identical, and
therefore the preceeding property is valid for any square of the generation of I;, i.e. every
such square has a y-subset. Let F be the collection of all squares of the same generation with
I; that do not belong to F, and let S be the union of F' with the y-subsets of the squares in
F. Thus S is a subset of K of Hausdorff dimension . By the above it is clear that

inf  w(z,5,¢[0,1*\ K) > 71y +ecry( inf  w(z, K, 0,1\ K) — %7),

v€ 50 [0,1)2 ve e o,1)2

which is greater than v if 7 is close enough to one; since  is taken to be the maximal value
of harmonic measure for subsets of IK of Hausdorff dimension equal to o we have reached a
contradiction. The proof is now complete.

We will now construct a Cantor set K’ as in the Introduction,except that here we replace
a square J of the kth generation, k > 1, by four equal squares, Ji, ..., J4 whose size depends
1(J:)
I(J)
0 < A< A< 1/2. We will show that for an appropriate choice of the sizes of the squares

not only on the generation k£ but on the square J also; we still require A < < A with

the Hausdorff dimension of IK' will be equal to the dimension of it’s harmonic measure.
The idea of the construction was suggested to us by a remark of A. Ancona. Let us begin
with the standard planar Cantor set K,4 of dimension 1, i.e. a Cantor set as defined in
the Introduction with A = A = 1/4. Let D be the dimension of it’s harmonic measure;
if F'is a compact subset of K,4 such that w(F) > 1/2, it follows from Proposition 4.0
that it’s dimension will be at least D. We may therefore find such a subset F' of K/, of
Hausdorff dimension D. We then construct the desired Cantor set in the following way: In

11



cach generation we replace every square J that do not intersect F' by squares of size 4=
times the size of J, where M is a fixed integer with M > 1/D, and every square J’ that
intersects F' is replaced by four squares of size 1/4 times the size of J'. Let K’ be the Cantor
set constructed in this way. Observe that K’ C K4 by construction and that dim K’ = D
because of the choice of M. It is clear (by the monotonicity of the harmonic measure as a
function of the domain) that the dimension of the harmonic measure of K’ is also D, and the
construction is complete.

We should remark here that the preceeding process gives us Cantor sets whose Hausdorff
dimension is equal to their harmonic measure dimension for every possible value of the
dimension of the harmonic measure of a Cantor set as described in the Introduction. Also,
a result of [J-W] implies that we cannot have dimw = 1 for Cantor sets of this type. It is
therefore natural to ask if we can have dimensions arbitrarily close to one. The following
proposition answers the question.

Proposition 4.1.  For the self-similar Cantor set Ks, 0 < § < %, as defined in the
introduction with % — 6= A and A = A, the dimension of the harmonic measure dimw is

greater than 1 — C46, for some constant C > 0.

This proposition as well as the proof given below is due to professor A. Ancona (compare
with [M-V], pages 15-22, 28) .

Proof of Proposition 4.1.

We will need some more notation. Let I, be the nth approximation of K5 by squares of
the nth generation, let g,, be the Green function of the complement of K,, and C, it’s critical
points. We shall rely on the following formula :

lim,,— o0 % ch gn(c)

dimw=1— ,
Xu

_2
1-26

This formula is a simple variant of the Carleson formula given in [M-V], page 15 (see also
[C]); here we consider the sum over the critical points of g,, instead of those of the Green’s

where x,, = log( ) and the critical points in the sum are counted with their multiplicity.

function of the complement of K.

It remains to prove that the limit in the previous formula is O(J) as d tends to 0.

We extend g, on K, by the value 0 and consider the critical domains of g,, i.e. any
region U which is a connected component of {g, < (} for some 8 > 0 and with a critical
point ¢ € QU. Let U be the collection of all critical domains.

Note that if U € U and if 7 = max{g,(z);z € C,, NU} , the number of critical domains
U’ C U associated to 7 is exactly equal to the number of critical points z € U with g,(z) =7
(counted with their multiplicity) plus one.

To each U € U we attach a square I = Iy of some stage k of the construction of the
Cantor set , k < n, with the following property:

(PI)  We have I N K,, C U and if I denote the “father” of I then there exists a square
I’ C I of the kth generation such that I'NIK, NU = 0 and I and I’ lie on the same side of I.

12



The existence of I is easﬂy checked. For instance one may take for I a minimal square
such that I N K, NU® # () and INK,NU # (), and then easily verify the existence an I C I
with the property (PI).

We now proceed with the following simple algorithm which leeds to the construction of
a subcollection Uy C U, (the “nice” domains) and to the choice of some square ¢y C Iy of
the nth generation (the last generation for K, ), for every U € Uj.

Each domain U € U which is maximal is “nice” and we choose the square cyy arbitrarily
in I;y. For U € U, if the construction has been achieved for all U’ D U , U # U’ then we
decide that U ¢ Uy if there exists c¢yr C U for some U’ D U , U # U’. Otherwise we say that
U € Uy and we associate to it some square cy C Iy of the nth generation.

At the end of the procedure every critical domain U € U contains exactly one ¢y for
some U’ , U Cc U’ , and for U,U’ € Uy we have Iy = Iy if and only if U = U’.

Hence we have . .
Ezgn(c) - E( Z 9y _gmax)
Cp U€ely

where g, is the value of g, on OU and ¢, is the maximal critical value of g,.

If U € Uy, let I = Iy be the square attached to it , I it’s “father”, and I’ as in (PI) (see
Fig. 2). There are at least s = [4—15] parallel segments, [y, ..., joining points of K, NI with
points of K, NI, the distance between any two segments being > § I(I). Necessarily, 0U
cuts all these segments and therefore sup{g,(t); t € ;} > gU, 1<i<s.

For every l;,i = 1...,s let 2}, 22 be the endpoints of l;, 2} € K, NI, 2?2 € K, NI It is
clear that the set B(z} 5l( )/2)N K, NI has capacity > Cy > 0 in the domain B(z*,6I(I)),

with Cy independent of § € [ By standard arguments, it follows that

4 5)
gn(t) < C w(B(2,0l(1)/2), R*\ K,)

on the segment [; with a constant C' indepent of J.
The above finally yields

1 2
500 < Zsup{gn(t) ctel)} <Cwl, R*\K,).
Summing up we find
—Zgn s - > 9 sc(sf > W, R*\K,)<Cs,
Uely Ie]—'n

where F,, is the collection of all squares of some stage k , k < n, of the construction of K.
The proof of the proposition is complete.

5. Conclusion - Further remarks.

It is clear that the method we developped in sections 2,3 does not apply only to the
Cantor sets described above but also to other Cantor sets, for example those indicated in
Fig.3. The proof can also be applied to some Cantor sets in higher dimension.

13



For a general Cantor set I C R® | a sufficient condition to conclude that dim(w) < p =
dim(K) is the following: if I} + I"tloa

is a square of the nth generation and if I;'7,..., I'" _ are
the squares of the next generation contained in I% , then there exist 0 <a <1,1 <7 <,

7

in

and constants a? > 0 such that

diam (IZ+1ZTLT) P
Soo_ diam (I )”

Zl...inj

w([”'|r1 )

1.0 T

<«

w(lfy i), (%)

and
diam(]inlJrl ) = a?diam(lgn_in), 274 < A< aj < A<1, Vje{l,..,s}

i

where a} depends only on j,n but not on the square Ij} ; and A, A are two constants not

depending on n. Both lemmas 2.7 and 2.8 can be applied to prove a formula similar to (16)
and the theorem’s proof may be completed in the same way.

1 L] L1 L]
RN [1 []
RN [] []
1] [] [1[]
Fig. 3a Fig. 3b

In general (%) seems hard to check; however under certains assumptions of symmetry
on the Cantor set K one may verify it by proving some lemmas similars to those presented
above. Even though the method presented here seems rather general, we haven’t been able
to get rid of these assumptions of symmetry, and the proof of lemma 2.3 strongly depends on
them.

Aknowledgement: The author would like to express his deep gratitude to professor
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grateful to the referee for requesting the counterexample given in section 4. Thanks are also
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Abstract: We investigate the behaviour of the dimension of harmonic measure of the
complementary of Cantor sets as a function of parameters determining these sets, and we
establish continuity results.

1 Introduction

The purpose of this work is to study the dimension of the harmonic measure of the comple-
mentary of (not necessarily self-similar) Cantor sets as a function of parameters assigned to
these sets, and to establish some continuity properties. We develop our method on a partic-
ular kind of Cantor sets in the plane for convenience, even though the proof can be applied
to all “self-similar” Cantor sets in R™, n > 2 (see theorem 1.2).

A 4-corner Cantor set will be a compact set constructed in the following way: let A, A
be two constants with 0 < A < A < % and let (an)nen be a sequence of real numbers with

A < a, < Aforall n € N. We replace the square [0, 1]? by four squares of sidelength a;
situated in the four corners of [0, 1]2. Each of these squares is then replaced by four squares of
sidelength ajas situated in its four corners. At the nth stage of the construction every square
of the (n—1)th generation will be replaced by four squares of sidelength a;...a, situated in its
four corners (see figure 1). Let K be the Cantor set constructed by repeating the procedure.

Let us recall that for a probability measure p on R™ the dimension dim g of 4 is the smallest
Hausdorff dimension of sets of measure 1. Carleson [7] has shown that for self-similar 4-corner
Cantor sets (the sequence (ay )nen is constant) the dimension of the harmonic measure of their
complementary is strictly smaller than 1. His proof, involving ergodic theory techniques, was
improved by Makarov and Volberg [12] who showed that the dimension of the harmonic
measure of any self-similar 4-corner Cantor set is strictly smaller than the dimension of the
Cantor set. Finally, Volberg ([14], [15]) extended these results to a class of dynamic Cantor

OAMS Classification: 31A15, 28A80
9Key words: Harmonic measure, Cantor sets, fractals, Hausdorff dimension, entropie
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3 4 3 4

1 2 1 2
3 4

3 4 3 4

Figure 1: A 4-corner Cantor set and its enumeration

repellers. Other comparisons of harmonic and maximal measures for dynamical systems are
proposed in [2], [11].

In [3] it is shown that the dimension of the harmonic measure of the complementary of
4-corner Cantor sets is strictly smaller than the Hausdorff dimension of the Cantor set, even
when the sequence (ay)nen is not constant. In [4] we prove that small perturbations of the
sidelength of the squares of the construction of K do not alterate this property.

It is therefore natural to ask whether the dimension of harmonic measure is continuous as
a function of the sequence (an)nen with respect to the “sup” norm. We show that constant
sequences are continuity “points” of this function. A general continuity statement seems
much more difficult to prove as we will point out in section 4.

Theorem 1.1 Let K be the 4-corners Cantor set associated to a constant sequence a,, = a.
Let K(q1 ) be another Cantor set of the 4-corners type associated to the (not necessarily con-
stant) sequence (al)nen and let w and w' be the harmonic measures of K and Kar) respec-
tively. Then for all € > 0 there exists a 6 = §(a,€) > 0 such that if |a,, —a| <& for alln € N
then |dimw — dimw'| < e.

This result is also valid for general self-similar Cantor sets: Let D be an open simply
connected bounded set in the plane and let py, ..., px be k affine functions. Let p;(D) = D;
for i = 1,...,k and suppose that the sets D; are open simply connected subsets of D with
disjoint closures (see figure 2). A self-similar Cantor set K will be the compact set defined by

K= U pio-opi (D)

neENi1,...,in

The following known result (which can also be proved with classical techniques of the ther-
modynamical formalism) can be obtained using the method presented in this paper:



Theorem 1.2 Let pq,...,pr be k affine functions and K be the self-similar Cantor set asso-
ciated to these functions. Take K' to be a self similar Cantor set associated to the functions
Pis D). Then for all € > 0 there exists a 0 = 06(p1, ..., Dk, €) > 0 such that if ||p; — pl]|oc <6
foralli=1,..,k then |dimw — dimu’| < €, where w and W' are the harmonic measures of
R2\ K and R? \ K’ respectively.

The following sections are entirely devoted to the proof of theorem 1.1.

2 Preliminary results

In this section we establish some estimates on the harmonic measure of a Cantor set under
perturbation, and recall some known results on the harmonic measure of Cantor-type sets.
We also introduce the tools needed, such as the Hausdorff dimension and the entropy of a
probability measure on a Cantor set.

Notation 2.1 Let K be a 4-corner Cantor set as described in the introduction. We enumerate
K by identifying it to the abstract Cantor set {1,...,4}". We denote I;, ;,, where i; €
{1,2,3,4} for 1 < j < n, the 4™ squares of the n-th generation of the construction of K with
the enumeration shown in the figure 1 and the usual condition that I; is the “father” of
diam[il__,ini

1...0n

the sets I;, ;i , 1 € {1,2,3,4}. It is clear that A > =ap1 > A, i=1,..,4.

iamIilmin

The collection of the squares of the n-th generation of the constuction of K will be
Fo =Ly 4n 5 1y eeyin = 1,...,4}, for n € N. For a square I € F,, we note Py (I) the unique
square of the (n — k)-th generation containing I; in particular we note I=p (I) the “father”
of I. If I =1; 4 € Fpand J=1I; ., € F, wewill note IJ = I;, i, .4, € Fnik. Finally,
for x € K and n € N let I,,(x) be the unique square of F,, containing x.

For a domain Q, a point # € € and a Borel set ' C R? we denote by w(z, F,Q) the
harmonic measure of F'N 9N (for the domain 2) assigned to the point x. Clearly, F' carries
no measure if it does not intersect Q. If Q is not specified it will be R? \ K and if x is the
point at infinity we will simply note w(F). Finally, for a Borel set E C R? we note dim E the
Hausdorff dimension of the set E.

2.1 Dimension of measures and entropy

In this section we recall some known results on the dimensions of measures (see also [13]).

Definition 2.2 For a probability measure p in R™ we note dim p the dimension of p
dim p = inf{dim E ; E measurable , u(E) = 1}.
We say that the measure p is monodimensional if uw(E) = 0 for all measurable sets E of
Hausdorff dimension dim E < dim p.
One can prove that (see for instance [8], [4]) if u is monodimensional then

log uB
dim g = lim inf log B, r) , p-almost everywhere. (1)
r—0 log r



If the probability measure p is supported by a 4-corner Cantor set, the balls B(z,r) can be
replaced by the squares of the construction of the Cantor set (see [6]):

dim g = lim inf og p(In ()

-al t h 2
i el () p-almost everywhere, (2)

where I(I,(z)) is the sidelength of the square I,,(z) and A" < (I,) < A",

Remark 2.3 If y is an arbitrary (not necessarily monodimensional) probability measure we
get
log p(B(z, 7))

lim inf < dimp p-almost everywhere. (3)
r—0 logr
1 B
Moreover dlmu = SUPESS# lim inf M
r—0 log r

Definition 2.4 The entropy of a probability measure u supported by a Cantor set, h(u), is
defined

h(p) = lim — > |log u(I)|u(I),
IeF,

whenever this limit exists.

For more information on entropy of measures see for instance [16].

For a self-similar Cantor set and an invariant ergodic measure p on the Cantor set one gets

h(p)

dim p = m, where () is the Lyapounov exponent of p. If K is a 4-corners self-similar

Cantor set (i.e. a, = a for all n € N), then for all invariant ergodic probability measures
on K we have x(u) = |logal (see also [12]).

2.2 Estimating perturbations of the harmonic measure

Suppose that the 4-corner Cantor set K is associated to the sequence (ay,)nen and let K be
another Cantor set associated to the sequence (a},)nen. Let (Fp)nen be the collections of

squares associated to K and (F),)nen those associated to K'. For I € U Fnand I’ € U Fln
neN neN

cod

we will write I =~ I’ if I and I’ have the same enumeration (with respect to the identification
to the abstract Cantor set {1,2,3,4}Y).

If w is the harmonic measure of R? \ K and w’ the harmonic measure of R? \ K’ we have
the following theorem.

Theorem 2.5 For all € > 0 there exists a 6 > 0 such that
w(l ) W'(I")
w(l) " w/(I)

~—

-1

sup |a, —a,| < & = <€, (4)

neN

~—

forallI € | ) FoandI' € | J Flp with 1T
neN neN



¢ o)

Figure 2: A general Cantor type set

The remaining of this section is devoted to the proof of theorem 2.5. Let us first remark
that there exists a constant cg = co(A, A) > 1 such that for all squares I = I;,,_;, € F, of
the construction of K (or of K') we have (¢o) NK=INK (and (co) NK' =INK’).

We will use the following result which is a variant of a strong Harnack’s principle.

Lemma 2.6 ([7], [12]) Let Q be a domain containing oo and let Ay C By C Ay C By C ... C
A, C By, be conformal discs such that the annuli B; \ A; are contained in 0, for 1 <i < n.
If the moduli of the annuli are uniformly bounded away from zero and if co € Q\ By, then,
for all pairs of positive harmonic functions u, v vanishing on 0\ Ay and for all x € Q\ B,
we have

—1| < Kq¢" (5)

where ¢ < 1 and K are two constants that depend only on the lower bound of the moduli of
the annuli.

We use the previous result to establish the following lemma. Both of them are closely
related to the Boundary Harnack principle (see [1]).

Lemma 2.7 Let e > 0. Under the conditions of theorem 2.5 there exists a ko = ko(A, A) > 0
such that for all k > ko and all squares I of the construction of K, if Q = coPy(I) then

w(e, LQ\K) @)

w(z,I,Q\K) w(l)

1+c¢o

< e for allxea{ }Pk(l). (6)

The result applies also to the Cantor set K'.

Proof By lemma 2.6, if kg = ko(A, A) is big enough (such that K¢*0 < ¢, where K, q are



the constants given by the lemma) then

w(z,I) wl) ¢ for 14 co
o@D —w(A) 1| <e, f ¢ { }Pk(l) (7
Let A= 22 Q We have
w(I)

w(z, I,Q\K) = w(x,I) — AQw(z,I)w(m,dz,Q\K),

for x € 9 {152} P ().
By the equation (7),

Aw(x,f) - eAw(a:,f) <w(z,I) < Aw(m,f) + eAw(z, ).
We get

~ ~ ~

wz, ,Q\K) < Aw(z,I)+ eAw(x,f) — /aQ (Aw(z, I) — eAw(z, I))w(x, dz,Q \ K)

= Aw(z, 1) — /8Q Aw(z, Nw(z,dz,Q \ K) +

(A )+ /aQ Auz, Dol d, Q \ K))

Aw(z, T,Q \ K) + e(Aw(x, D+ | Aw(z Dw(z,dzQ\ K)) (8)

2Q
Therefore,
UJ(.’L’,{\,Q\K) < A—l—eAw(x’I) —l—faQw(fJ)w(:adaQ\K) (9)
w(z, I,Q\ K) w(z, I,Q \ K)

It suffices now to show that the quantity
wlz, T) + Jogw(z, Nw(z,dz,Q \ K)
w(z,I,Q\K)

is smaller that a given constant. Take zg € 9 {152} Py (I) such that

w(wo, T) = max {w(x,f) ¢ {1 s } Pk(I)} .

We then have

-~ ~

wzo, [,Q\K) = w(ao,T)— /8 RECHECHZRARS
> w(xo,f)—/aQw(xo,f)w(mo,dz,Q\K)

= w(zo,I)(1 —w(x,0Q,Q \ K))

6



By standard techniques one can verify (see [3]) that 1 — w(zp,0Q, Q \ K) is greater that a
constant ¢ > 0 depending only on A, A.

By using Harnack’s principle we get

14+ ¢

1—w(x,8Q,Q\]K)Zc,forallxea{ }Pk(l),

for a new constant ¢ > 0.
wz, T) + Jagw(z, Nw(z,dz,Q \ K)
w(z, I,Q \ K)

wla, L,Q\K)
w(z, I,Q\ K)

[SE

Hence < — and therefore, by relation (9),

< A(1+ %e) (10)

w(l)

On the other hand A = ——=; we obtain
w(I

v, LQ\K) w(])
w(z, I,Q\K) w(I)

The left hand inequality can be established in the same way and the proof is complete. e

1+ ¢

2
—1<e,f0rallx€8{ }Pk(l),
c

Lemma 2.8 Let Q1 C Q2 C Q3 C ... C Qy be squares verifying that the moduli of the annuli
Qj \ Qj—1 are greater than 1/c and smaller than ¢ > 1. Let S C %Ql be the intersection of
a Cantor set K as above with Q1, and suppose that the annuli do not intersect K. Then
there exist two constants C > 0 and § > 0 depending only on ¢, A and A such that for all

ve{i}@
- b
w(x,S,Qn\S)>1—Okl:[1<1—k) (11)

Proof We can assume that @Q; = [0,1]%. Let us recall that there is a constant ¢ = c4(4, A)

such that for z € 9 {i} Q; we have w(z,S,Q;\S) > ¢

Tre (see for instance [3]).

1
4 log(diam@);)
Let w; be the harmonic measures of the domains Q; \ S, j = 1,...,n. Take xg € 0 {%ﬁ@l}

‘We have

wj_l(wo,S) = w]'(xo,S)—/8Q wj(z,S)wj_l(:co,dz)

1

< ) —ef —
< wj(20,5) — log(diam@;)

wj—1(x0,0Qj-1)

1
Now by the lower bound of the annuli Q;\ Q;—1 we get that ———— > j71Cy, where
log(diam@);)

Cp > 1 is a constant. We get

wj—1(0,0Q;-1)(1 —

C4

jco) > wj(wo, 0Q;).



To finish the proof, it suffices to recall that w;(zo, S) = 1 — w;(z0,0Q;) and to take § = o
and C' = max {w1($75) ;X € {HTQ}Ql} *

Lemma 2.9 For J € U, ey Fn » J' € Unen Fr and s > 0 we define

Us(J) = {x € (cod)\K such that w(z, J, (coJ) \ K) > 1 — s}
UiJ') = {z€ () \K such that w(z,J, (cgJ')\K') >1— s}

There is an increasing function n > 0 depending only on A, A, such that

dist(J N K, dU(J)) > n(s)I(J) 19
dist(J' N K, 0UL(J")) > n(s)l(J) -

Proof By dilating the square J we can assume that coJ = [0,1]? = Qg (idem for the square
J"). Let J, C J be a square such that P,(J,) = J. The squares Q1 = coPi(J) C Q2 =
coPa(Jp) C ... T Qpn = coPp(Jn) = Qo satisfy the conditions of lemma 2.8, by construction.
Hence there exists a § = §(A4, A) > 0 and a constant C > 0 such that for all z € <L,

w(x,Jn,Qn\{JnﬂK})>1—Cﬁ (1-2).

k=1

Using the maximum principle, we can easily verify that for all z € %Jn

1-— w(x, 0Qo, Qo \ {J n K}) >1- w(gc, 0Qo, Qo \ {Jn n K})

Therefore,

o7, QA INED 2 wlr @0\ (kD 21T (1-2) ()

k
k=1
The square J,, has been chosen arbitrarily, hence the last equation gives

(CO — I)An

dist(z, JNK) < 1 :w(m,J,Qo\{JﬂK})zl—CH<1—2),
k=1

We can now choose n = n(A4, 4, s) such that C[];_, (1— %) <s e

Proof of theorem 2.5 Fix ¢ > 0. Let I be a square of the construction of the Cantor

cod

set K and I’ a square of the construction of K', with I =" I'. We note Q = ¢oPx(I). By
translating and dilating the Cantor set K’ we can assume that coPy(I’) = @ (recall that the
harmonic measure is invariant under affine maps).



W@, LQ\K) | w(@ I Q\K)
w(@,1,Q\K)  w(@,I,Q\K)
sufficiently large. Let us fix k € N. For J € U Fn, J € U F! with JUJ' C Q and for
neN neN

, if k is taken

By lemma 2.7 it suffices to compare

0<s<1, put
Q(J) = {ze€Q\Ksuch that w(z,J,Q\K) >1—s}

Q,(J) = {zeQ\K such that w(z,J,Q\K') >1- s} (14)
Since the harmonic measure is increasing as a function of the domain we have
Us(J) C Qg(J) and UL(J") € QL(J).
Therefore,
dist(J NK, 094(J)) > n(s)l(J) and dist(J' NK', dQ%(J")) > n(s)i(J"), (15)

for all squares J %' J'.

Now let s be a positive constant which will be precised later. By the equations (15) we
can choose § = d(s, k) > 0 such that

sup la, — ap| <8 = INKC Q,(I') and I' NK' C Q4(I). (16)
neN

The idea is that if the sequences (a,,)nen and (a), )pen are close enough, then any two squares
of the k-th generation of the constructions (with the same encoding) will be close with regard
to the Hausdorff metric (where k is a fixed positive integer).

By the formulas (16) it follows on applying the maximum principle

1+c¢g

lw(¢, J,Q\K) —w((,J,Q\K)| < s, forall ¢ € 8{ }Pk(l).

On the other hand, Harnack’s principle gives a constant c¢s = c¢3(k) > 0 such that

min {w(z, J,Q \K),w(z, J,Q\K)} > ¢5 , Vzed { ! J;CO } Py(I). (17)

for all squares J of the construction of K and all squares J’ of the construction of K’ of the
same generation with I such that JU J' C Q.

Take s > 0 verifying 2 < é /10. Then, for all squares J and J’ of the same generation
C3

with I such that J ' J' C Q, we get

w(¢, J,Q\K) 2 1+ <
SCraney 1| <. veeo{ St am "
We deduce
AGLOV LGROK) ) wceof 0 )
W TLQ\K) w((,T,Q\K) ’

which completes the proof. e



2.3 Some estimates on harmonic measure when (a,),cy is constant

Throughout this section K is a 4-corners self similar Cantor set associated to a constant
sequence (ap)nen (an =a for alln € N, 0 < a < 1/2) and w will be the harmonic measure of
K. The following lemma is a corollary of lemma 2.6.

Lemma 2.10 ([7], [12]) For every I € F,,, J € Fj, and every L € F,, n,k,m € N

w(IJL) w(JL)

S0 ) 1| <Cd” (20)

where the constants C' > 0 and q € (0,1), depend only on a.

Using a slightly weaker version this lemma, Carleson ([7]) shows that for the self-similar
Cantor set K there exists an invariant ergodique measure p and a constant C' > 0 such that
%w < pu < Cw. Therefore,

: : hw) . 1 . logw(In(x))
d =d = lim ———— 1 Djw() = lim ——————=
e = am | log al = oo n|log al Z [ ogw(I)|w(l) nr0o nloga

for w-a.e. z € K.

With the same notation as before we have the following technical but essential lemma:

Lemma 2.11 Take € > 0. There exists pg € N big enough such that if p > po then

o> A fog (“4)) | - | < (21)

p 2w [ e

forall I € U{F,,n e N}

Proof Take ¢ > 0 and p € N. We write p = p; + p2, with p, p1, p2 to be chosen later. We get

z () - 2 2 i s (o)
- Y % S (M) y el (),

]16.7'},1 JzE]'—pz ]16.7'},1 JzE]'—pz

Let us note

-3 3 () me- 2 5 e (50

J1€Fpy Ja€Fpy J1EFp, J2€Fp,

Let us recall that there exists a constant ¢z > 0 such that w(I,(z)) > caw(I—1(x)) for
all z € K and all n € N. It follows that |B|] < —log(ch'). We show that if py is big enough,

1
then ——A will be close to h(p) for all I.
p

10



By the Shannon-McMillan theorem we get that for p; fixed

(L (2))
log (w(fpl @)

) ‘ = h(u) for w-almost every = € K. (22)

By the dominated convergence theorem we get that there exists No = Ny(p1) € N big
enough such that for all po > Ng and all J; € Fp,

1 w(J1J2)> w(J1J2)
— log < —h(p)| <e. 23
e e (5751)| S5 0 )
By lemma 2.10 we have
w(IJljg) w(Jng) .
: —1 C ™ th 1. 24
W) w(h) 0T RS (24)

Choose p; big enough to have C' ¢P* < € and take ps > Ny(p;) in a way that (23) remains
valid. Then,

Chp)— 24 = _h(“)_i Y % W(i{};]Q) log <w(IJ1J2)>_

p JVEFpy J2EFpy w(l )

= —h(p)— 1 Z w(lJy) Z w(lJy.J2) log (w(]J1J2)> -

N7, w(I) P w(lJy) w(IJy)

() + () + 2022 3 )

Py, w(l)

= —h(u) + = (h(u) + 2e). (25)

IN

It suffices now to modify the choice of py by taking, if necessary, ps even greater so that

p2_ D2 > 1 — €. The lower bound is obtained in the same manner.

P p1+Dp2

To estimate B remark that

1
’B‘ < —&log@.
p p
By the choice of ps we have P < € and therefore
p

1

—-B| < —¢logcs.

p

The quantities ¢y and h(u) not depending on p; or ps, we have shown that

{5 S (209 <

JEF,

if p is large enough. e

11



3 Proof of theorem 1.1

Take € > 0. By theorem 2.5 there is a § > 0 such that

(|an—a|<5,Vn€N):> :E%ZE{;—1 <e (27)

forall I € | J Fnand I' € | J F, with I’ ' I.
neN neN

By lemma 2.11 we can find an integer p big enough for the inequality (21) to be valid for
all T € | ) F

neN
By (27), if 6 > 0 is small one gets
w(l) W'l

—= -1

w() w(I'

~—

<€, (28)

~—

where € > 0 is small enough to have (1 + ¢)P < 1 + ¢€!©.

‘We obtain
(I w(IT)
W(I') " w(l)

- 1‘ < 610,

for all I € | J F with I’ %' T and all J € F, with J' < J.
neN

In the same way as before, for § < a/2 there is a constant ¢z = c3(a) > 0 such that for
all I' € F/ and all T € F,,, n €N

w(I) >4 and '(I') > .

Then, if we take € < inf{log™! ¢3,27 1}, we get that for all T € U Fn, I' 2T

neN

1 W' (L) w(IJ) (L)
p 2wy |8 < (1) )' < (+e) z; 0 ‘log( (1) >‘

1 w(lJ) w(lJ) . Jw(IJ)
< ];(1 + €19 <J§p o) ‘log ( (D) >‘ + J;p (D) ]10g (1 — 610)’)

1 w(IJ) w(IJ) 1 w(1J) w(1J)
: v £z wl) ‘log( w(I) >‘ o J;p w(I) ‘log < w(I) )’+
+%(1+610) |log (1 610)’
L e ()] oo

12



In the same way we obtain

1 w’(I’J’) . w’(I’J’)

b2, WD) os (57 )‘2

1« w(IJ) WIDN| € a0y (1 (1

25 2 10g<w<1>)’ pogesl = S+ D) JlogL = M) (30)

We combine the equations (26), (29) and (30) to get

W) el0 (1+€'©) |log(1 — €'9)]
log< ®I00) )‘—h(,u) <e+?|log63\+ ’ (31)

1 W'(I'J")
P 2 w'(I')

JEF,

and therefore

1 3 LT

p w'(I') (W'(I’J’)

w'(I")

)' — h(w)| < 3e. (32)

J'eF,
Let us now show that for w’-almost all x € K’

e
lim inf log (1 (x))

n—00 n

+ h(u)‘ < 3e (33)

With this relation and with the equation (2) we will finish the proof.

Consider the sequence of random variables (X,,),en defined on K’ in the following way:

Xo(z) = — S log (W) . (34)

We will make use of the following known version of the theorem of large numbers (see for
instance [9]).

For z € K’ we put

Lemma 3.1 Let X,, be a sequence of uniformly bounded real random variables on a probabil-
ity space (X, B, P) and let (Fp)nen be an increasing sequence of o-subalgebra of B such that
X, is measurable with respect to F, for all n € N. Then

n

o1
Jim - ; (Xk — E(Xg|Fr—1)) =0 P-almost surely (35)

Consider the sequence of o-algebras (R;,)nen where R, is generated by F;,,. The hypoth-
esis of lemma 3.1 can be easily verified to hold for the sequence of random variables (X;,)nen
and the sequence of o-algebras (R],)nen-

We get

n

1 / /
nll{go - ; {Xk —E,(Xg|R)_1)| =0 w'-almost everywhere. (36)

13



On the other hand, on I’ € U R,
neN

1 W (I'J)
/ _
]Ew’(XTL|Rn71) —5 Z w’(I’)
J'eF,

By relation (32) we obtain
[Bor (Xn[R7 1) — h(p)] < 3e,
for all n € N. Hence,

n—oo n

1 n
h(p) — 3e < liminf — Z X < h(p) + 3¢ w'-almost everywhere.
k=1

One can easily verify that,

1 ¢ 1
— E Xp=—1I1 "I .
k=1
Therefore,
1
lim inf — log W' (1}, (z)) + h(u)‘ < 3¢ W'-almost everywhere. (38)
n—oo N

We use this relation together with relation (2) to achieve the proof. The measure w is
monodimensional (as well as ', see [3]). Remark that for n € N, an all I € F,, the sidelength
of the square I est a™. On the other hand, for each I’ € F, the sidelength of the square I’ is
bounded by (a — §)™ and (a + §)™.

By relation (2)

dimw = lim inf M

-almost h K.
e 1(T, (2)) w-almost everywhere on

By the remark 2.3 and the doubling property of the measure w’

: e W (I (@) o W)
e = supess B gy ) = P R g (T, ()

Using the Shannon-McMilan’s theorem and the fact that [(I) = o™ for all T € F,,, we get

On the other hand the relation (38) gives

h(p) —3e  h(u) + 3¢

dimw’ € ,
|log(a —0)[" [log(a + 9)|

It suffices to choose § even smaller to have
dimw’ € Jdimw — 5e, dimw + 5e].

which completes the proof. e

14



Remark 3.2 Let us point out that we did not need any regularity conditions on the harmonic
measure w’ during the proof of theorem 1.1.

h(p)

Theorem 1.2 is proved with the same arguments: we use the formula dimw = ﬁ’ valid
X\

for the harmonic measure of all self-similar Cantor sets. The entropy h(u) is controlled in
the same way as in section 3 and it is easy to verify that the Lyapounov exponent varies
continuously.

4 Consequences and remarks

A. Ancona showed that the dimension of the harmonic measure of a 4-corners Cantor set,
assigned to a constant sequence, converges to 1 as the value of the sequence tends to % (see
[3]). With this and the previously presented results one can easily prove the following.

Corollary 4.1 If w, is the harmonic measure of the Cantor set assigned to the constant
sequence a, = «, then the function f(a) = dimw, s continuous and takes all values between
0 and 1 as o varies in )0, .

In [3] we show that for every possible value of the dimension of harmonic measure of a 4-
corners Cantor set, there is a Cantor-type set K (without symmetry properties) such that
the dimension of the harmonic measure of the complementary of K equals dim K. We deduce

Corollary 4.2 For all 0 < a < 1 there is a Cantor-type set K such that the dimension of
the harmonic measure of R? \ K equals dimK = a.

We should point out that the proof strongly depends on the invariance properties of
harmonic measures of self-similar Cantor sets. Therefore, we have not been able to prove the
continuity in the neighborhoods of Cantor sets associated to non-constant sequences (a,)nen-

It is natural to ask whether the relation (4) suffices to conclude that the dimensions of
two measures w and w’ (not necessarily harmonic) are close. This is not the case. There are
counterexemples (see [4]) even when the measures are doubling on (F;,)nen and monodimen-
sional.

The equality between the Hausdorff dimension and the entropy of the harmonic measure
of self-similar Cantor sets plays a crucial role in the proof of theorems 1.1 and 1.2. In a more
general case, for a monodimensional probability measure p supported by a Cantor set K, let
us define its lower and higher information dimensions (we are using the notation introduced
previously):

1 . _ 1
he(p) =liminf — > [logu(Dlu(I) —,  h*(w) =limsup — > |log ()| u(1)-
IEFn nree Wrer,

1

In order to simplify, suppose that K is associated to the constant sequence a, = e+ and

therefore y(p) = 1.

15



We can introduce the random variables X,,, n € N as in the equation (34). By Fatou’s
lemma and relation (2) we get

1 1,
. _ oo < Fminf &
dimp =E, {hnrggf - kE_l Xk} < hnrggéf nE” kg_le,

which gives the known formula (see [10]) dimp < h.(u). Some necessary and sufficient
conditions in order to have equality are given in [5]. However, we have not been able to prove
this equality for the harmonic measure of the Cantor sets of our context.

Aknowledgement: The author is very grateful to professor Alano Ancona for all his help
and support during the preparation of this work. He also wishes to thank the referee for his
useful remarks.
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Dimension of the harmonic measure of non-homogeneous
Cantor sets

Athanasios BATAKIS

Abstract

We prove that the dimension of the harmonic measure of the complementary of a
translation-invariant type of Cantor sets as a continuous function of the parameters de-
termining these sets. This results extend a previous one of the author and do not use
ergodic theoretic tools, not applicable to our case.

1 Introduction

The purpose of this work is to complement the study of the dimension of the harmonic measure
of the complementary of (not necessarily self-similar) Cantor sets as a function of parameters
assigned to these sets. In a previous work [5] we have proved that the parameters assigned
to self-similar Cantor sets are continuity points for this function. A new method allows us
to treat the continuity over the entire family of parameters determining these translation
invariant Cantor sets. We restrain ourselves to sets in the plane for convenience, even though
the proof can be applied to all “translation-invariant” Cantor sets in R™, n > 2.

Let us start by recalling the definition of the Hausdorff dimension of a measure; we will
use the notation dimy for the Hausdorff dimension of sets.

Definition 1.1 If p is a measure on K, we will denote by dim,(u) the lower Hausdorff
dimension of p:
dim, g = inf{dimy F' ; E C K and pu(E) > 0}

and by dim*(u) the upper Hausdorff dimension of p:
dim* p = inf{dimy F ; E C K and u(K\ E) = 0}.

If, for a measure p on K, we have dim*(u) = dim,(u) then we note this common value
dim(u). In the latter case the measure is called exact.

For convenience and in order to fix ideas we consider a particular case of translation
invariant Cantor sets; we study 4-corner Cantor sets constructed in the following way (see

YAMS Classification: 31A15, 28A80
9Key words: Harmonic measure, Cantor sets, fractals, Hausdorff dimension, entropy
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Figure 1: A 4-corner Cantor set and its enumeration

also [3]): let A, A be two constants with 0 < A < A < % and let (an)nen be a sequence of
real numbers with A < a,, < A for all n € N.

We replace the square [0, 1]? by four squares of sidelength a; situated in the four corners
of [0, 1]2. Each of these squares is then replaced by four squares of sidelength ajas situated in
its four corners. At the nth stage of the construction every square of the (n — 1)th generation
will be replaced by four squares of sidelength ay...a, situated in its four corners (see figure
1). Let K be the Cantor set constructed by repeating the procedure.

Recall that the harmonic measure of a domain is supported by its boundary and can be
seen as the distribution of the exit points of Brownian motion starting at some (any) point
of the domain (for more details see [13], [16] and [11]). Carleson [12] has shown that for self-
similar 4-corner Cantor sets (the sequence (ay,)nen is constant) the dimension of the harmonic
measure of their complementary is strictly smaller than 1. His proof, involving ergodic theory
techniques, was improved by Makarov and Volberg [20] who showed that the dimension of the
harmonic measure of any self-similar 4-corner Cantor set is strictly smaller than the dimension
of the Cantor set. Volberg ([23], [24]) extended these results to a class of dynamic Cantor
repellers. Other comparisons of harmonic and maximal measures for dynamical systems are
proposed in [2], [18], [22]. More recently, a multifractal study of harmonic measure on simply
connected domains and on Julia sets of polynomial mappings is carried out in [19], [10].

In [3] it is shown that the dimension of the harmonic measure of the complementary of
4-corner Cantor sets is strictly smaller than the Hausdorff dimension of the Cantor set, even
when the sequence (ap)nen is not constant. In [4] we prove that small perturbations of the
sidelength of the squares of the construction of K do not alterate this property. This last
result can also be seen as an immediate consequence of the following theorem.

Theorem 1.2 Let K = K,y be the 4-corners Cantor set associated to a sequence (an)nen
and K' = K(az) a second Cantor set of the same type associated to the sequence (a))nen. Let



w and ' be the harmonic measures of R2\K and R?2\K' respectively. Then for all e > 0 there
exists a § = §(e, A, A) > 0 such that if |a], — an| < & for alln € N then |dimw — dimw’| < e.

When the sequence (an)nen is constant the partial result is already established in [5] using
ergodic theoretic tools, which are not applicable in the general case.

Remark 1.3 Let D : (*°([4, A]) — [0, 1] be the function that assigns to a sequence (ap)nen C
[A, A] the dimension of harmonic measure of the Cantor set associated to (ay)nen. By refining
the estimations in the demonstration of the theorem, we can even show that D is a Lipschitz
continuous function. The proof of this statement is very technical but straightforward and
therefore ommited.

In particular this refinement implies that if Z la, — al,| < oo then the harmonique

neN
measures of the corresponding Cantor sets are of the same dimension, and even equivalent

when we report them onto the abstract Cantor set {1,2,3,4}".

2 Notations and Preliminary results

In this section we establish some estimates on the harmonic measure of a Cantor set under
perturbation, and recall some known results on the harmonic measure of Cantor-type sets.
We also introduce the tools needed, such as the Hausdorff dimension and the entropy of a
probability measure on a Cantor set.

Let K be a 4-corner Cantor set as described in the introduction. We enumerate K by
identifying it to the abstract Cantor set {1,...,4}". We denote I;, ;,, where i; € {1,2,3,4}
for 1 < j < n, the 4™ squares of the n-th generation of the construction of K with the
enumeration shown in the figure 1 and the usual condition that I;, ;, is the “father” of the

diam[il“ini

sets Ij; i, €{1,2,3,4}. Tt is clear that A > =apy1 > A, i=1,..4.

diamIil__,in

The collection of the squares of the n-th generation of the constuction of K will be
Fo =A{TLiy. i, ; i1y s in = 1,...,4}, for n € N. For a square I € F,, we note T the “father”
of I, i.e. the unique square of F,_q containing I. If I = I;, ; € Fp and J = I, € Fp
we will note IJ = I, 4, j,..jn € Fnik- Finally, for € K and n € N let I,,(x) be the unique
square of F,, containing x.

For a domain Q, a point # € € and a Borel set ' C R? we denote by w(z, F,) the
harmonic measure of F'NJS) (for the domain ) assigned to the point x. Clearly, F' carries
no measure if it does not intersect Q. If Q is not specified it will be R? \ K and if x is the
point at infinity we will simply denote w(F'). Finally, for a Borel set £ C R? we note dim E
the Hausdorff dimension of the set E.

2.1 Dimension of measures

In this section we recall some known results on the dimensions of measures (see also [21],
[9], [14], [25]). Ome can prove (see for instance [14], [17], [7]) that if p is exact, i.e. if



dim, u = dim* u, then

log uB
dim g = lim inf w

, p-almost everywhere. (1)
r—0 log r

If the probability measure p is supported by a 4-corner Cantor set, the balls B(z,r) can be
replaced by the squares of the construction of the Cantor set (see [8], [4]):

dim g = lim inf w

-almost h 2
el () p-almost everywhere, (2)

where (I, (z)) is the sidelength of the square I,,(z) and A" < I(I,,) < A",
Remark 2.1 If p is an arbitrary (not necessarily exact) probability measure we get

dim, g < liminf w

m ix log < dim* p p-almost everywhere. (3)

1 B 1 B

Moreover dim* i = supess,, lim inf M and dim, p = infess, lim inf M .
B0 log r r—0 log r

Some results of the following section are stated without demonstration since they are already

proved in [3] and in [5].

2.2 Estimating perturbations of the harmonic measure

Suppose that the 4-corner Cantor set K is associated to the sequence (a,)neny and let K’ be
another Cantor set associated to the sequence (al,)nen. Let (Fy)nen be the collections of
squares associated to K and (F),),en those associated to K'.

For I € F, and I' € F',, we will write I ' I’ if n = m and if I and I’ have the same
encoding (with respect to the identification to the abstract Cantor set {1,2,3,4}Y).

Finally, if I C R? is a square of sidelength ¢ and ¢ is a positive number we note ¢l the
square of sidelength ¢/ having the same barycenter as I. If w is the harmonic measure of
R?\ K and w’ the harmonic measure of R? \ K’ we have established the following theorem.

Theorem 2.2 (cf. [5]) For all € > 0 there exists a 6 = 6(e, A, A) > 0 such that

w(T

=~ -

(1)
w'(T7)

g

sup |a, — a,| < 6 = -1

neN

<€, (4)

~—

w(

forall I € U Fn and I' € U F! with T T,
neN neN

We will also need the following estimations of the harmonic measure of cylinders (see also [12]
and [20] for a version adapted to self-similar sets). The proof uses the ideas already explored
in [5].



Figure 2: A different type of translation-invariant Cantor set

Lemma 2.3 For every I,I' € F,,, J € F, and every L € Fp,, n,k,m € N

W(IJL) w(I'JL)
wlJ) "~ w(')

-1 <C’qk (5)

where the constants C > 0 and q € (0,1), depend only on A, A.

Let us give the proof of this statement.

Proof of Lemma 2.3 To begin with we need the following Harnack principle (see also [4],

[1])-

Lemma 2.4 (c¢f. [12], [20]) Let Q be a domain containing co and let A1 C By C As C
By C ... C A, C By, be conformal discs such that the annuli B; \ A; are contained in 2,
for 1 < i@ < n. If the moduli of the annuli are uniformly bounded away from zero and if

oo € Q\ By, then, for all pairs of positive harmonic functions u, v vanishing on 0Q\ A1 and
for all x € Q\ B,, we have

-1

< K¢" (6)

where ¢ < 1 and K are two constants that depend only on the lower bound of the moduli of
the annuli.

We use this result to prove the following;:

Lemma 2.5 There are constants K > 0 and 0 < ¢ < 1 depending only on A, A such that
for all i,5,k € N and for all squares I € F;,J € F;, K € F, of the construction of K, if



QZCO'I;

wiz, IJK,Q\K) w(IJK)
wz, IJ,Q\K) = w(IJ)

4 1
1‘<quf07"allx€8{ ;CO.I}.
The result applies also to the Cantor set K'.

Proof By Lemma 2.4,

wz,[JK) w(IJK)
w(z, IJ) = w(lJ)

1+CQ
2

1

—1‘<qu,forx§é

w(IJK)

Let A =
ot w(IJ)

. We have

w(z, IJK,Q\K) = w(x,[JK) — /E)Q(,u(z,IJK)(;.}(x,dZ,Q\]K)7

for:cea{H%-I}.

By the equation (8),

Aw(z, 1)) — K¢/ Aw(x, 1J) < w(z, [JK) < Aw(z, 1.J) + K¢’ Aw(z, I.J).

We get

w(z, IJK,Q \ K)

IN

Aw(x, 1) + K¢/ Aw(z, IJ) —

- / (Aw(z,IJ) - quAw(z,IJ))w(x,dz,Q \ K)
o0Q

= Aw(z,1J)— Aw(z, I )w(z,dz,Q \ K) +

0Q

+ K¢ (Aw(ac, 1J)+ Aw(z, IJ)w(x,dz,Q \ K))

oQ
= Aw(z,1J,Q\K) + K¢’ (Aw(m, 1))+

n /aQ Aw(z, 1) )w(z,dz, Q \ K))

Therefore,

w(z, IJ) + faQw(z,IJ)w(m,dz,Q \ K)
w(z, 1J,Q\ K)

w(x, IJK,Q \ K)
w(z, 1J,Q\ K)

<A+ K@A

It suffices now to show that the quantity

w(z, IJ) + faQw(z,IJ)w(x,dz,Q \ K)
w(z, IJ,Q\ K)

6
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is smaller that a given constant. Take xg € 9 {H% T } such that

1
w(zg, IJ) = max{w(x,IJ) ;x ¢ { —;CO I}}
Using the maximum principle we get
WWmLLQ\K)::LNmJJ%—/ w(z, 1] )w(wo, dz, Q \ K)
oQ

> (e, 1) — /a RECSRRERANS

= w(wo, I1J)(1 — w(wo,0Q,Q \ K))

By standard capacitary techniques one can verify (see [3]) that 1 —w(zg, 9Q, Q\K) is greater
that a constant ¢ > 0 depending only on A, A.

By using Harnack’s principle we get

1
1—W($73Q,Q\K)Zc,forallxea{ ;CO.I},

for a new constant ¢ > 0.
w(@, 1) + [oow(z, I])w(z,dz,Q \ K)
w(z, 1J,Q\ K)
w(z, IJK,Q \ K) 2_ .
< ‘Ko
D@ 110 \K) 7A(1—|—CKq) (11)
On the other hand A = LUJK); we obtain
w(IJ)

wx, IJK,Q\K) w(lJK)
wz, IJ,Q\K) = w(lJ)

Hence,

< — and therefore, by relation (10),

[\

2 ; 1
—1<quafora11x€8{ —;CO-I},
C

The left hand inequality and hence the Lemma 2.5 is established in the same way . e

It is now evident that
w(x, IJK,Q\K) w(z,I'JK,Q" \ K)

wx, IJ,Q\K)  w(z,I'J,Q'\K) ’

for any square I’ € F,,, where Q' = ¢ - I'. The proof of Lemma 2.3 is complete. e

Corollary 2.6 There is a constant C > 1 such that for any n,k € N, all I,I' € F,, and
every J € Fi we have
w(lJ)  ~w(I'J)

o0 = ¢ o (12)

where the constant C > 0 depends only on A, A.

The proof of the corollary is an easy application of Lemma 2.3.



3 Proof of the main result.

This section is dedicated to the proof of theorem 1.2. We will make use of the following
known version of the theorem of large numbers (see for instance [15]).

Lemma 3.1 Let X,, be a sequence of uniformly bounded real random variables on a probabil-
ity space (X, B, P) and let (Fpn)nen be an increasing sequence of o-subalgebra of B such that
X, is measurable with respect to F, for all n € N. Then

1 n
nh_}rrolo - ; (Xk — E(Xg|Fr—1)) =0 P-almost surely (13)

The following elementary Lemma is also useful; the proof is left to the reader.

n

Lemma 3.2 Let oy, ..., ay, be real numbers such that Z a; = 0. Then, for any choise of real
i=1

values hi, ..., hy, we have

I> i ashi] < max E a;, — g a; max h; — min h;
. . 1<i<n 1<i<n
{i; a;>0} {i; a;<0}
= E «o; [ max h; — min h; ).
. 1<i<n 1<i<n
{i; 0;>0}

Proof of theorem 1.2 For p € N consider the sequence of o-algebras (R, )nen where R,
is generated by JFp.

The hypothesis of Lemma 3.1 can be easily verified to hold for the sequence of random

1 I,
variables (X}),en given by X2(z) = = |log _w (@) and the sequence of o-algebras
p w (I(n—l)p(x))

(Rn)nEN-
We get

1 n
nhﬁnrolo - ; {X,f - Ew(X,f’Rk_l)] = 0 w-almost everywhere. (14)

On the other hand, on I € R,_1, n € N,

wortner -] 2 il ()

We show that this quantity is almost constant on x € K if p is taken sufficiently large.

Take e >0, n € Nand I € F,. For j,k € N we have

w(IJ) w(IJ)\ w(IJK)O w(IJK) _
2 W 1°g(w<f>>‘z 2 u 1g< (D) )

JE]:jJrk JEJ:J' KeFy

8



w(IJK)\ w(IJ) w(IJ) w(IJ)
+ lo (15)
55 < w(IJ) ) w(I) sz w(I) g(w(f))

For L € F,, and k,n,j € N we note

=} S0 (209)

KeFy
In particular, we put
1 w(IJK) w(IJK) . '
et 1 d A¥(I) = max hy,(1J) — min hy(1J).
(1J) = kKeJ—' w(l]) <w(IJ) and A7(I) Jax k(1J) mip W(1J)
k

We will use the following lemma.

Lemma 3.3 For all € > 0, if j,k € N are big enough (depending only on A and A) then for
alln € N and I € F,, we have Af([) <e.

We first proceed with the proof of this sub-Lemma.

Proof of Lemma 3.3 We can rewrite formula (15):

hi (1) + jhj(I) (16)

(J + k ]+k
JEF;

By applying formula (16) to a cylinder T = I1 I with I} € F;; and I € F;, we have

w(IiIsJ)
G+ Rhj(Lil) = S kA2 L (L) + s (I To)
w(Ii 1)
JEF;
Now take j big enough to have K¢/ < e and afterwards choose k in order to have that

# < e . Remark that, by Lemma 2.3, hy([115J) — hi(I1I2J) < 2e. We have
J

k-+j
Ai2 J(Il) = 11223]?52 hk+g(1112) —15161.179 thrj(IlIQ)
w<11[2.]) (11[2 )
< be+ max ————hp(112J) — 7]1]]
I, IhEF;, J;-'j w(l I2) k(L112J) JEZ}_ w(11}) k(L115)
LI L1
< 10e+ max (w( 1)) wlls 2‘])> hi(I1 Io.J). (17)

I, lyeFiy 15 w(l112) w(I14)

We can now apply Lemma 3.2 to get

LLJ) w(lIJ)

ARI(1) < 10 wihiha)) 20 ) AK(ILT 18

(1) Y ales, Z (w(1112) w(LL1h) (1h) (18)
Jes] (I»,1)




w(Ilfgj) W(IlféJ)
w(]llg) w(Illé) ’

where 8}1 (I, 14) is the set of cylinders J € F; such that

The following lemma is easy to prove:

Lemma 3.4 There is a constant 0 < { < 1 such that for all i1,i2,j € N, all Iy € F;, and
all I, I, € F;, we have

3 <w([1]2J) ~ w([ﬂéJ)) <¢

_ w(I I w([{ 1}
TS} (I I3) (L1) (h13)

w(hIgJ) > w([lléJ)

here S}, (I, I3) s the set of cylinders J € F; such that .
where Sy, (I2,13) is the set of cylinders J € Fj such tha o1 1) A

The proof follows from the translation invariance of w (corollary 2.6).

K
Proof of Lemma 3.4 Remark that by Lemma 2.3, if C = ——, we have <
1—g¢q w(I'J)

all I,I' e F, ,neN, and all J € |J,,c Fn- Hence,

w(hIgJ) w([lféJ) l w([llgj) _ l
Z <w(1112) Cw(lL 1) > = <1_ C) Z w(I, 1) sl=&

Jes] (I, 1) JES], (I2.13)

1
which is the Lemma conclusion for ( =1— —. e

C

By applying Lemma 3.4 to relation (18) we conclude that there is 0 < ( < 1 depending
only on A, A such that
APF(I) < 10e + AR (11 1) (19)

By repeating the same reasoning if we write k = k; + ky we can establish the inequalities

AT T) < 10 + (AP (L 1o ). (20)
Either Al,zf (L IJ) < 1192 and the proof is complete, or Al]zf (I 1IJ) > 1122 and we obtain
ki 10e 10e 10e
A7) = 1 —¢ =¢ AR (W) = 5 —) = ¢ (AR (NRT) -+ )
The sequence A}*(I) being uniformly bounded we get, by decomposing again kz and repeating
; 20
the procedure, that if k is big enough, Agﬂ < ﬁ

The real constant ¢ depending only on A, A, the proof is complete. e

10



We now apply Lemma 3.1 to an adapted filtration R,, : By the previous Lemma we can
choose j, k such that A? (I) < e. By formula (16), for this choice of j and k and for all n € N
there are constants ¢, such that

k+j
1
k+j +] {ZX"H‘}- }

/=1

By Lemma 3.1 and the relation (14) following it we then deduce (for p = k + j)

n(k+j)
hnnl}o%fn ) ; X} —ll,{ilg.}f;;cf <e,w-ae onkK
This implies that
log w (L (k+.5)(x)) k+j

lim in — liminf ZCg <€, w-ae. onkK.

n=% | 160 (H?(’iﬂ) l) "7 log (Hz(liﬂ z) =1

On the other hand, once we have fixed k, j we can use Lemma 2.2 to choose § in a way that,

for all n € N,
1 n n
log <H ai> — log (H a§>
i=1 i=1

len — ¢ <€, and — <€
n

where ¢, is the same sequence associated to the harmonique measure w’. We can finally use
relation (2) to conclude that |dimw — dimw'| < 4e. o

4 Consequences and remarks

It is implicitely proved that the harmonic measure of the sets K studied here satisfy the
relationship dim, w = hX(w), where

1
(W) = lim inf ———— Z logw(Iw(I

n—o0

log [ [ ai 167
i=1

and (ap)nen is the construction sequence associated to K. This fact is a consequence of the
space invariance of w and is a key factor in the proof of our results.

It is natural to ask whether the relation (4) suffices to conclude that the dimensions of
two measures w and w’ (not necessarily harmonic) are close. This is not the case. There are
counterexemples (see [4]) even when the measures are doubling on (F;,)nen and exact (cf [6]).

Even though the equality between the Hausdorff dimension and the entropy of the har-
monic measure of the complementary of Cantor sets plays a crucial role in the proof of

11



theorem 1.2, it is in general not sufficient to establhish continuity results : the measures
constructed p and v in the example of [6] are exact and satisfy the relation

(79:(—9—1 <é
p(l)  p(I) ’

1
with § as small as we want. Nevertheless, | dim 4 — dimv| > 3

To establish the result claimed in remark 1.3 we first need a fine precision of inequalities

in theorem 2.2 and secondly we need to quantify the dependance on ¢ of the choice of k in
Lemma 3.3. In fact, we can find suitable k’s that are bounded by —C'log(e), where C is a

positive constant depending on A, A, which is sufficient in order to prove the claim.

Aknowledgement : The author would like to thank the referee for his useful remarks

and comments.

References

[1]

A. Ancona. Principe de Harnack a la frontiere et théoreme de Fatou pour un opérateur
elliptique dans un domaine Lipschitzien. Annales de I’ Institut Fourier, Grenoble, 28
(4): 169213, 1978.

Z. Balogh, I. Popovici, and A. Volberg. Conformally maximal polynomial-like dynamics
and invariant harmonic measure. Ergodic Theory and Dynamical Systems, 17 (1): 1-27,
1997.

A. Batakis. Harmonic measure of some Cantor type sets. Ann. Acad. Sci. Fenn., 21 :
255-270, 1996.

A. Batakis. Théorie du potentiel : 1. Sur les domaines Poissoniens 2. Sur la mesure
harmonique des ensembles de Cantor. PhD thesis, Université de Paris-Sud, 1997.

A. Batakis. A continuity property of the dimension of harmonic measure of Cantor sets
under perturbations. Ann. Inst. H. Poincaré Probab. Statist., 36 (1): 87107, 2000.

A. Batakis. On entropy and Hausdorff dimension of measures defined through a Markov
process. Preprint, 2002.

A. Batakis and Y. Heurteaux. On relations between entropy and Hausdorff dimension
of measures. To appear in the Asian Journal of Mathematics, 2002.

A. Beardon. On the Hausdorff dimension of general Cantor sets. Proceedings of the
Cambridge Philosophical Society, 61 : 679-694, 1965.

P. Billingsley. Ergodic Theory and Information. John Wiley & Sons, 1965.

I. Binder, N. Makarov, and S. Smirnov. Harmonic measure and polynomial Julia sets.
to appear in Duke Mathematical Journal, 2002.

12



[11]

[12]

[13]

[14]
[15]

[16]
[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

M. Brelot. Aziomatique des fonctions harmoniques. Les presses de I’Université de
Montréal, 1969.

L. Carleson. On the support of harmonic measure for sets of Cantor type. Ann. Acad.
Sci. Fenn., 10 : 113123, 1985.

J. L. Doob. Classical Potential Theory and Its Probabilistic Counterpart. Springer-Verlag
New York, 1984.

A H. Fan. Sur la dimension des mesures. Studia Math., 111 : 1-17, 1994.

P. Hall and C. C. Heyde. Martingale theory and its applications. Probability and Math-
ematical Statistics. Academic Press (New York), 1980.

L. L. Helms. Introduction to Potential Theory. John Wiley & Sons, 1969.

Y. Heurteaux. Estimations de la dimension inférieure et de la dimension supérieure des
mesures. Ann. Inst. H. Poincaré Probab. Statist., 34 : 309-338, 1998.

M. Lyubich and A. Volberg. A comparison of harmonic and balanced measures on Cantor
repellors. Journal of Fourier Analysis and Applications (Special Issue J.-P. Kahane),
pages 379-399, 1995.

N. Makarov. Fine structure of harmonic measure. Saint Petersbourg Mathematical
Journal, 10: 217-268, 1999.

N. Makarov and A. Volberg. On the harmonic measure of discontinuous fractals. Preprint
LOMI E-6-86, Leningrad, 1986.

P. Mattila. Geometric measure theory. Cambridge University Press, 1995.

M. Urbanski and A. Zdunik. Hausdorff dimension of harmonic measure for self conformal
maps. preprint IHES, Bures sur Yvette, 2000.

A. Volberg. On harmonic measure of self-similar sets in the plane. In Harmonic Analysis
and Discrete Potential theory. Plenum Press, 1992.

A. Volberg. On the dimension of harmonic measure of Cantor-type repellers. Michigan
Mathematical Journal, 40 : 239-258, 1993.

L. Young. Dimension, entropy and Lyapounov exponents. FErgod. Th. €& Dynam. Sys.,
2 :109-124, 1982.

Athanasios BATAKIS
MAPMO
Université d’Orléans
BP 6759
45067 Orléans cedex 2
FRANCE
e-mail: batakis@labomath.univ-orleans.fr

13



On the exit distribution of partially reflected brownian
motion in planar domains

Athanasios BATAKIS and Viet Hung NGUYEN

Abstract: We show that the dimension of the exit distribution of planar partially
reflected Brownian motion can be arbitrarily close to 2.

1 Introduction

Let © be a domain in R?. Tt is well known (see [Mak85], [JW88]) that the exit distribution
of Brownian motion in 2 is carried by a borel subset of the boundary of dimension at most
1 (equal to one for simply connected domains). We are interested in the minimal dimension
of sets carrying the exit distribution of partially reflected Brownian motion.

The problem is posed as follows. Consider an (e,0) domain 2 , take F' C Q a closed
subset of the boundary of 2 and consider Brownian Motion inside €2 absorbed by F' and
reflected on 002\ F' (for definitions of the (¢, 0) domains and of reflected brownian motion see
section 2). Note R; the above process and 77 the (first) hitting time of F' by R;. In general,
Tr may not be finite or may be finite but of infinite expectation (see also the so called “trap

domains” [BCMO06)).

We prove the following theorem

Theorem 1.1 For all n > 0 there exist a domain 0 (that can be taken simply connected)
and F C 0Q such that P,(tp < 00) = 1 and for all x € Q and for all A C F of dimension
dim A < 2 —n we have,

P,(R;. € A)=0

In particular this answers a question of B. Sapoval concerning Brownian motion as we
will point out at the end of the paper: Consider a domain € and let A be a subset of
the boundary of (standard) harmonic measure equal to 1. If we change A into reflecting
boundary, is the dimension of the exit distribution for this new diffusion still less than 1?7

Our proof can not be generalized in higner dimensions; the distribution of harmonic
measure in dimesion greater than 3 is considered by Bourgain [Bou87]. For more information
about progress in harmonic measure see also the recent review of C. Bishop concerning

1



[GMO5] and the references therein. Let us also point out that the case of p-harmonic measure
has been studied by Lewis, Nystrm and Poggi-Corradini [LVV05].

Acknowledgement: The author would like to thank A. Ancona, L. Veron and M. Zins-
meister for many discussions that helped to clarify the original arguments and simplify the
early proofs.

2 Definitions of the main objects

The following definition is due to P. Jones [Jon81].

Definition 2.1 We say that a (not necessarily simply connected) domain ) is an (€, 9)-
domain or locally uniform if there exist constants € and ¢ such that for all x,y € Q0 with
|x —y| < d there is a (rectifiable) curve v joining x and y satisfying

1. el(y) < | —y

2. emin{|z — z|, |y — z|} < dist(z,00)

The (¢, d)-domains satisfy the so called W2 extension property, cf [Jon81]: if we note
Wh2(Q) = {f € L*(Q); Vf € L*(Q)} with the usual Sobolev norm || f||1.2 = || f|l2+||V f||2,
we assume that there is a bounded linear operator 7' : W2(Q2) — W?(R) extending the
identity of W12(Q).

For f,g € Wh?(Q) define

E(f,g):/Q<Vf,Vg>dx,

and

E(f.9) =E(f.9)+ /Q Fads.

The Dirichlet form (£, W?(Q)) is said to be regular on Q if W2(Q) N C() is dense
both in (W12(Q), 51%) and in (C(Q),||.]|sc). Clearly, if © is a (¢, §)-domain the Dirichlet form
(€, WH2(Q)) is regular on Q.

Following [Che93], [BCR04] we can now define the “reflected” Brownian motion. If {2

in an (e, 0)-domain, there is a strong Markov process R associated, with continuous sample
paths. Furthermore, we can construct a family of distributions (R7); for this process starting

at every x € Q (for further detail see also [FOT94]).

Take F' a closed subset of 02 and consider 7 the hitting time of F' for the process R}.
Now if we suppose that E,[7r| < +oo for at least one = € Q, we get that for any f € C(F),

2



the function
u:x = E. [f(Rry)]

is bounded harmonic in §2 and takes the value f at all regular points of F'.

If we suppose that 9Q\ F' is smooth then w is the solution to the mixed Dirichlet-Neumann
problem

» harmonic in )

ou
8—77—001189\F , (1)

u= fon F

where 7 denotes the normal vector to the boundary 0f).

Remark 2.2 We denote by Cr(Q) the set of continuous functions on € vanishing on F.
Suppose that W12(Q) N Cr(Q) is dense in Cx(Q), ||.]|o). We can then define the stochastic

process RI" associated. This process agrees with the previous one for all (¢, d)-domains (see
also [AB10]).

Let w. denote the harmonic measure of this diffusion, ie. for x € Q and A C 012,

wi(A) = B(Ryy € A).

Remark that, from (1), for A C 09 measurable, the function z — w,(A) is positive
harmonic in 2, tending to 1 on A, to 0 on F'\ A and of nul normal derivative on 02 \ F' .

In the following we keep this same notation.

3 Preliminary lemmas and remarks

Let E C R? be any set and, for every covering Vs(E) of E with discs of radius less than 4§,
let H, (Vs(E)) = _pey, diam(B)®. Consider

HO(E) = inf H, (Vs(E)) and Ho(E) = lim H2 (E)

Vs(E) 6—0

Then, there exists an ag > 0 such that H,(E) = 0 for all & > ay and H,(E) = oo for all
0 < a < ap. This «p is denoted dimy(E), the Hausdorff dimension of E.

For a Borel measure 1 we define the Hausdorff dimension of u as

dimy(p) = inf{dimy (E) ; p(E) > 0}



Figure 1: Boundary Harnack Principle.

In particular, let 4 be the harmonic measure w, defined above. Using the fact that, for
any A C F', x — w,(A) is harmonic we get that dimy (w,) does not depend on the choice of
x € Q and will be therefore denoted by dimy(w).

In this paper we are interested in the dimension of harmonic measure for partially reflected
Brownian motion in domains in R%2. Theorem 1.1 can now be reformulated in the following
terms:

“for all m > 0, there exists a uniform planar domain 2 and a closed set F' C 0S) such
that if w_ is the harmonic measure for partially reflected Brownian motion (ie. reflected on
O\ F, absorbed on F) we have dimy(w) > 2 —1n.”

Clearly, dimy(w) < dimy(F'). Therefore the boundary of €2 will be of Hausdorff dimen-
sion > 2 — 1.

3.1 Potential theoretic lemmas

By “adapted cylinder” C to a graph I' of a Lipschitz function f we understand the intersection
of a vertical revolution cylinder of finite height centered on I" with the 't = {(z,y) ; v >
f(z)}. We also ask the ratio (height):(revolution radius) of C to be greater than 2 times
[|f|lz, la lipschitz norm of f.

We recall the boundary Harnack principle for reflected Brownian motion (see [BH91],
[Anc90]). We say that D is a Lipschitz domain if it is a Jordan domain and if the boundary
is locally the graph of a Lipschitz function (with uniform lipschitz norm).

Let D be a Lipschitz domain, u and v be positive harmonic functions on D with vanishing
normal derivatives on the graph between the adapted cylinder (to a graph-component of the
boundary) C and the “sub”-adapted cylinder C” of the same center and revolution axis but
of ¢ times the size, £ < 1 (see figure 1).



Proposition 3.1 If C’ is the “middle” cylinder of the same center and revolution axis but
of ITM times the size of C. Then for all x € 0C' NV

v@) _o(P)

u(z)  u(P)’

where P is the intersection point of the revolution axis of the cylinder C' and of its boundary.

The multiplicative constants in the equivalence relation depend on the ratio (revolution
radius):(height) of C , on ¢, on the Lipschitz norm of the boundary and on the dimension of
the space n (here n = 2) see also [AncT78§].

We also need a Dirichlet-Neumann version of the maximum principle.

Proposition 3.2 Let D be a planar domain , I' a continuous subset of the boundary of D,
graph of a Lipschitz function, and u a function harmonic in D such that liminf, ,, u(y) >0

for allz € 0D\ T and g—z =0 on I', where n denotes the normal vector on I'. Then u > 0
on D.

This is a consequence of the unicity of solutions (see for instance [H6r94]) and the probabilis-
tic description of these same solutions of the mixed Dirichlet-Neumann problem, described
above.

3.2 Subsidiary results

We will use the following result due to Benjamini, Chen and Rohde.

Theorem 3.3 (Theorem 5.1 of [BCR04]) Let Q2 be a locally uniform bounded planar domain.
Then, dimy, (R ([0,00)) N IN) = dimy (09Q), P,-almost surely, for all x € Q.

In particular, under the assumptions of the theorem, if ' C € is a closed set such that
dimy (002 \ F') < dimy(F') we have

P, (TF < +OO> =1 (2)

for all x € Q.

Proposition 3.4 Under the same assumptions, formula (2) implies B, [Tp] < 400, for all
x € Q.

To prove this proposition we recall a result of Burdzy, Chen and Marshall.



Theorem 3.5 ([BCMO06]) Let Q be any bounded locally uniform domain and B a closed ball
in Q. If we note 1y the hitting time of B by R, then sup,.q E; [18] < oco.

Proof of Proposition 3.4. Let 2z be a point in 2 and B, C ) a closed disc centered at z.
For x € Q and any s > 0,

Eq [7p] <) sPu(7p > ns).

neN

By formula (2) for all N € N there exists s sufficiently big such that P, (77 > £) < + and

P, (7r > £) < +. Furthermore we can choose s > 2sup,.q E, [75.]. We get that, for n > 1,
P.(1p > ns) = P.(7r > ns|trp > (n — 1)8)Py(7r > (n — 1)s)

We can bound P,(7p > ns|tr > (n — 1)s) < sup,eqP, (77 >5). On the other hand
]Py (TF > S) < Py (TIB%Z > 8/2) —l—]P)y (TIBZ < 8/2 , R[TBZ,S] NFE = @) .

Using the Markov property of R ,

P, (T]Bz <s/2, Ris, . N F = (7)) <P, (18, <5/2)sup P, (7p > 5/2).

UEBZ

Using parabolic Harnack principle (see [BCMO06]) we get that there is a constant ¢ > 1 such
that
sup P, (TF > f) < cP, (TF > f) < ¢/N.
veEB, 2 2
We also have
25up,cq B [78. ]
5

P, (18, < s/2) <
therefore, for s big enough,
P.(tp > ns|tr > (n—1)s) < 1/2

By induction we get P, (7 > ns) < (%)n and hence E, [7p] < 400. e

In fact we have proved that sup,.q E, [7r] < +o0.

4 Proof of theorem 1.1

Even though our proof can be carried out using only simply connected domains we have
chosen to present a totally disconneted example: the constructions appear better and the
lemmas get easier to write.
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Figure 2: A. 4-corner Cantor set and its encoding. B. The squares Se(Q) .

4.1 Construction of the domain

We construct, for a € (0, 3) a 4-corner Cantor set (fig 2.A) in the following way. We start

with the square Q) = [—%, %]2 that we replace by four squares of sidelength « situated at the
four corners of (). We name these squares @)1, ..., Q4. We replace then each @); , i =1,...4
by four smaller squares of sidelength o situated at the corners of Q;. We note these squares
of the second generation @);;, where j = 1,...,4 and so on. Let us denote K the Cantor
set constructed in this way. We endowe K with the natural encoding identifying it to the

abstract Cantor set {1,...,4}".

log 4
log

Observe that dimy (K) =

and hence for « close to % the dimension of the Cantor

set is close to 2.

The set K will be the absorbing part of the boundary of €2. Let us know construct the
reflecting part. First of all, in order to ensure boundedness let us consider a ball By, centered
at 0 of radius, say, 10°. The domain € will be a subset of B \ K.

Let @ be a square of sidelength p centered at (z*,4*) and for 0 < 8 < 1072p and ¢ > 1
consider the “unfinished” squares

S5e(Q) ={(z,y) €R*; |z —a*| = |y —y*| =pland x ¢ (a* — BL/2,2" + BL/2)}

(see figure 2.B). Finally consider the blown-up version of Sz ,(Q) (see figure 3):

Lio(@) = {= € B; dist(z, $5.(Q)) < 1078p} (3)



Note that, if £ is less than i, for any Q and @’ squares of the construction of the Cantor
set Lg(Q) N L (Q') = 0. Consider the union of the Cantor set K with

Mpo(K) =) U (Lse Qi)

neN ’L'l,.‘.in

The domain €2 is defined as the complementary of this union within the ball B, of radius
108:
0 =B \ (KU Mg (K)).

Remark 4.1 For ¢/ > 1 and § > 0 fixed the domain 2 is clearly a bounded uniform domain.
Therefore we can construct partially reflected Brownian motion R; in {2 with the partition
of the boundary of 2 into an absorbing part of the boundary F' = K and a reflecting part
0N\ F.

Note also that the Hausdorff dimension of 02 equals the Hausdorff dimension of K if
dimy K > 1 (ie. if @ > 7). This is because 9Q\ K consists of a countable union of rectifiable
arcs and is therefore of Hausdorff dimension 1.

We will show that for a € (0, %) and every ¢ > 0 there exists { < i and [ close to 0

such that the domain 2, constructed in the previous way, satisfy dimy w > (1 — €) dimy K.

4.2 Preparatory lemmas

Let @ = Qi,....i, be a square of the construction of K of sidelength p and let (z*,y*) be it’s
center. Let Fj(Q) = Lp(Q) U Cps(Q) where

1

Coe(Q) = {(x,y); y >y +pland ||z — 2"y —y" = pl)l| = (5~ = O)p}

* * * 1
U@ 9) s v <y"—ptand [|(z — 2%,y —y" + p0)| = (g5 = Ok,
see figure 3.

Let D be the bounded component of the complementary of Fs,(Q) and D = QN D (as
in figure 3).

We consider reflected Brownian motion PR in D and we note 7P the hitting time of
KUC5,(Q) by PR. It follows on the previous discussion that for all z € D, E,7P < oo and,
furthermore, P, (D R.p € K) > 0. To prove this last claim one can also use the arguments

of relation (8) below, applied to the domaine D and to the diffusion PR respectively.

Poo ("R0 € KNQ1) =Py, (PR0 € KNQ,) .

8



Figure 3: Fj,(Q)

It follows, using Harnack’s principle, that for all € > 0 there exists r = r. > 0 (depending
only on ¢, ¢, & but not on ) such that

|z — zg|| <r =Py, ("Rop € KNQ1) < (14 €)Py, ("Ri0 e KN Qo). (4)

Let us now prove that for 5 small enough, the harmonic functions (measures) U;(.) =
P (DRTD e Kn Qi), i = 1,2, satisfy inequality (4) in the subdomain D" of D :

D' =D\ (B ((z*’y* + pl), (% — E)p) UB ((my —p0), (% — g)p)) U U KQZ) . (5)

i=1..4
Remark that the closure of D’ is a compact subset of D U Lg,(Q).

Lemma 4.3 For all € > 0 there exists By > 0 such that for all f < Py and all x € D’
P, (Elt < 7P PR, GB(xQ,re)) >1—c¢
Proof We introduce an auxilliary subdomain D" of D, D" = D\ B(xq,7.). Consider, in

D" the harmonic function ( satisfying the mixed Dirichlet-Neumann boundary conditions
¢(=0on B(zg,r:), ( =10on KUC,,(Q) and g—g = 0 elsewhere on 0D".

It is immediate that, since r, does not depend on 3,  tends to 0 when S goes to 0. By
the maximum principle 3.2,

1—((z) <P, (3t <" PR, € Blag, o)) -

On the other hand, for every x there is an [y such that ((z) < € for all § < [y and by
Harnack’s principle this inequality can be taken uniform in D’. e

9



Keeping the same notation we also have:

Lemma 4.4 Let Q; = Qi i, © = 1,...4, be a sub-cube of ) = Q);,
constant C' > 0 depending only on o, such that for all x € Cp(Q;)

Then, there is a

"""" in*

IP’I(EI O0<ti <ta < TD ;DRtl S B(l'Q;Te) s DRtQ S C,B,E(Qz)) > C

The proof of this lemma is standard and hence omitted.

4.3 Harmonic measure estimates

As before, let Q1 = Qi,....inas Q2 = Qi ....i,,p De two sub-cubes of a given cube ) = Q;, ..., of
the construction of K.

Take U; and U, to be the harmonic functions previously defined in D, ie. satisfying the
mixed Dirichlet-Neumann boundary conditions :

UlleIleQl nglOHKﬂQQ
U1 =0 on (K N Qg) U Oﬁj(@) and U2 =0 on (K N Ql) U C@g(@) (6)
%—%1 = (0 elsewhere on 90D 88—1{72 = ( elsewhere on 90D

Thus, U;(.) =P, (PR,0 e KNQ;), i =1,2.
Lemma 4.5 For everye > 0 there existe By > 0 such that for all0 < 5 < [y and all x € D',
Ur(x) < (1+ €)Us(x).

Proof The proof relies on lemma 4.3. By Harnack’s principle there exists C' > 0 such that
Ui(x) > CUi(xq), for all z € D'. On the other hand,

= P (DRTD cKn Qz , DR[()’TD} N B(I‘Q, Te) = @) +
+ P (DRTD ceKnNnaQ,;, DR[()’TD} NB(zg,r.) # @)

Lemmas 4.3 and 4.4 imply that
P (PR, € Qi \PRy.0;NB(zg,re) =0) < P (PR,0 € Qi ,"Ryr0) N B(ag, 1) # 1)
On the other hand, by the Markov property,
P (PR.0 € Q; PRy.o)NB(zg, 1) #0) < sup P, ("R.0 €Q;).

z€B(zQ,7e)
Therefore, using once more Harnack’s inequality
Ul(x) S (1 + C€)Ui(l’Q),

and the lemma’s claim follows using symmetry. e

10



Consider now the functions V; and V5 that solve the following mixed Dirichlet-Neumann
problem in €.

Vi=0on KNQ, Vo=0o0on KNQ,
Vi=U, on K\ @ and Vo=V on K\ Qs (7)
%:%OHGQ\K %z%—%on@ﬁ\K

4.4 Proof of theorem

We need to show that for § small enough V; < (1 +¢€)V}, for 4,5 = 1,2. Since V;(z) =
P.(R. € KN Q;), this inequality clearly implies that the harmonic measure for partially
reflected Brownian motion w satisfies

(1464 <w(Qiy,..i,) < (1 4€)"47",

for all n and all indices 41, ...i,, € {1,...,4} and hence the claim.

We note
= Do (B( @y +p0), (= —0p) UB [ (%" — pb), (= — 0)
Bl Y PL), 20 p Y pPr), %2 P
For n € N, consider the increasing sequences of hitting times

T, =inf{t; 3t; < s1... <tp1 <sp1 <tst. Ry, €Chy, Ry, € Cpy}

and
S, =inf{s; 3t; < s1.. <t, <sst. Ry € Chy, R, € Cpy}

with the convention T,, = oo (S, = c0) if the corresponding set is empty.
Viltz) = P,(Rp, e QNK, Ry, e KNQ))
= ZPI(O<T1<...<Tn<7'K<OO,Sn:OO, R, € KNQ,)

= ) P (0<Ti<...<T, <0)E,Pr, (S =00, Ry, €KNQy) (8)

where the last equality is derived by Markov’s property. By lemma 4.5, for ¢, 7 = 1,2 and
all z € C,

Pz(Sl = 00, T]KEKPIQZ‘) S (1+€)]P>Z<Sl = 00, RTK EKDQJ)
Implementing this inequality in (8) we get

Vi) <> P (0< Ty < ... <Tp, < 00) E,Pp,, (S1 =00, R, €KNQ)

11



and hence V; < (1 + ¢€)V}, which completes the proof.

Comments-Further Remarks: If the boundary of the domain €2 is entirely absorbing,
ie. for the Laplace equation with Dirichlet boundary conditions, then harmonic measure is
carried by 02\ K. This is not difficult to see. In fact, using previous notation, to get to K
Brownian motion has to go through an infinity of conformal annuli of the type L3, ¢(Q)\ Q.
But, at every passage of this type, there is a -bounded from below probability- to hit L5, £(Q).
Hence the probability that brownian motion hits K is 0. Moreover, harmonic measure will
be carried by a union of curves of finite length.

This answers the question of B. Sapoval mentionned in the introduction.

Another way to study the passage between Dirichlet boundary condition to the Neumann
boundary condition through the mixed Dirichlet-Neumann is through a random approach.
This the object of a previous work [BLZ11] that should be completed in a forthcoming artcile
[BZ10].
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On Brownian flights

Athanasios BATAKIS*, Pierre LEVITZ'and Michel ZINSMEISTER*

Abstract : Let K be a compact subset of R™. We choose at random with uniform law
a point at distancee of K and start a Brownian motion (BM) from this point. We study
the probability that this BM hits K for the first time at a distance > r from the starting
point.

Keywords : Brownian Motion, Minkowski dimension, Harmonic measure, quasi-
conformal maps, John domains.

1 Introduction and motivation.

Porous materials, concentrated colloidal suspensions or physiological organs such that
lung or kidney are systems developping large specific surfaces with a rich variety of
shapes that influence the diffusive dynamics of Brownian particles. A typical example
is the diffusion of water molecules in a colloidal suspension. NMR relaxation allows to
measure the statistics of the flights of these molecules over long colloidal shapes such
as proteins or DNA chains. It is thus tempting to rely these statistics to the geometry
of the molecules, the goal being to probe shapes using this method. An ideal (but far-
reaching) objective would be to make up a DNA-test for example using NMR relaxation.
This program has been developped in [GKL*06] where various kind of simulations or
experiments have shown remarkable commun properties.
All the simulations measure the statistics of the same random phenomenon: an irregular
curve or surface is implemented, consisting of a union of a large (but finite) number of
equal affine pieces. Such a piece is chosen at random with uniform distribution and a
random walker is started at some small but fixed distance from this piece inside the
complement of the surface. One is interested in the law of the variable X = the length
of the flight, i.e. the distance between the starting point and the first hitting point on
the surface of the random walker. Whatever shape the surface shows, the experiment
shows the same behaviour

P (X > 1)~ rted72 (1)

*MAPMO
TLPMC, Ecole Polytechnique
OThis work is partially financed by the ANR MIPOMODIM



where d, is the dimension of the ambiant space and d is the Minkowski dimension of
the surface.

A first mathematical explanation of this behavior was outlined in [GKL*06]. The main
purpose of the present paper is to give first a rigorous statement of this result and to
prove it with minimal assumptions so that all the cases of the simulations are covered.
This will be the content of the second paragraph.

The third section concerns an alternative approach of the result in a special but impor-
tant case: a quasiconformal perturbation of the line in 2D. The paper being dedicated
to Fred Gehring is one of the reasons of this section, but not the only one: indeed this
alternative proof is neat and instructive.

There is a case of particular importance for physics and particularly polymer physics.
It is the case of a curve being a self-avoiding walk, since this has been shown to be a
good model for polymers. In 2D there are two evidences that the result should remain
in this case : first intensive simulations performed by P.Levitz and secondly some com-
putations by Duplantier using conformal field theory. We present in the last section
these simulations and sho how, despite the fact that this case is not covered by results
of section 3, one can use results about SLE to prove the result in this situation.

We would like to conclude this introduction with two remarks:

1) The result may be surprising since it involves only the Minkowski dimension while
the experiment suggests that harmonic measure is involved (and it is!) and consequently
that the result should depend on some multifractal property of the harmonic measure.
This is not the case because of the law of the choice of the starting point. A completely
different behavior would occur if instead of uniform law we had chosen harmonic mea-
sure and this case is extremely interesting since essentially it models the second flight:
this case will be considered in a forecoming paper.

2) The paper [GKLT06] has been written while the second author was hosted by the
laboratory of physics of condensed matter at Ecole Polytechnique whose members he
thanks for their warm hospitality. This paper is an example of a successfull pluridis-
ciplinar research and we would like to emphasize the fact that firstly problems coming
from physics (especially polymer physics) are extremely rich mathematically speaking
and that, secondly, modern Function Theory as we herited from great mathematicians
as Fred Gehring is an extremely efficient tool to attack these challenging problems.
Our goal will be achieved if the reader gets convinced of this last statement after having
read this paper.

2 Geometric considerations

For convenience all domains in the next two sections of this paper will be assumed to
have compact boundary. An estimate like (1) cannot be true for every domain. Some

geometric conditions are needed : one of them is that Minkowski dimension of the

log # N

o exists, where N, is the minimal number of

boundary exists, i.e. that d = lim._,



cubes of size € needed to cover the boundary.

As we shall see later Whitney decomposition is a central tool in our proof; a second
condition we have to impose is that the number of cubes of the Whitney decomposition
at distance r must also be comparable to r~¢. A sufficient condition for this is given by
the first property of NTA domains ([JK82]) called the “corkscrew” condition:

Définition 2.1 We say that a domain ) satisfies the “corkscrew” condition if there
exists ro > 0 and a constant ¢ > 0 such that for all r < ry and any x € 0N there exists
y €  such that cr < dist(z,y) < r and dist(y, 0§2) > cr.

Proposition 2.1 Under the corkscrew condition the number of Whitney cubes with size
that intersect the level surface T, = {x € Q; dist(x,0Q) = r} is comparable to the
minimal of cubes of size r needed to cover the boundary.

The straightforward proof is left to the reader.

3 The case of open sets in R", n > 3

Although our approach can be easily adapted to open sets in the plane, we present it for
R" n > 3 for two reasons: First, Green function and related formulas being different
we try to avoid writing everything twice. Secondly, a different approach is proposed in
section 4 for open sets in the complex plane, using the quasi-conformal theory.

Notation 3.1 Given an open set (2, a point # €  and a set A C Q we denote P(z ¢
A) the probability that Brownian motion started at x touches A before leaving 2. The
Green function of  will be denoted Gq and let G,, be the Green function of R™. The
ball of center x and radius r is denoted by B(x,r) and the distance from z to 9 is
denoted by d,. We say that two quantities A, B are “comparable” (we denote A ~ B)
if the exists a constant ¢ such that %A < B < cA. The harmonic measure of a set F’
(usually a subset of 0€2) at a point = € Q is denoted by wq(x, F') or w(x, F, ).

3.1 Green estimates

Proposition 3.1 Let 2 be a domain in R™, n > 2 and x,y € Q. There exists a universal
constant C' depending only on n such that for all £ < %

dy

d)wp(y g B(m,ﬁdx))

P(az . B(y,édy)) <C (



Proof First, notice that by the maximum principle, Gg(y,q,) (%, 2) < Ga(z, 2) < Gy (z, 2)
for all z € B(z,d,/2). It is then easy to check that there exists a constant ¢ = ¢(n) such
that ¢'G,(z, 2) < Go(z,2) < Gu(z, 2) for all z € B(x, (d,).

Therefore the function that assigns s — (¢d,)"2G, (s, y) is harmonic in Q\B(y, ¢d,),
tends to 0 at 92 and takes values between ¢! and 1 on 9B(y,¢d,). The proba-

bility P(a: —q B(y,fdy)> is then comparable to (¢d,)" 2G,(z,y). In a similar way

IP’(y —q B(x, &Zx)) is equivalent to (¢d,)" %G, (y, z) and the proof is complete since G,,

is symmetric. °

We suppose from now on that the domain €2 is uniformly “fat”, i.e. that there exists
a constant ¢ > 0 such that for any z € Q and r < 1, we have

Capp(z,2r) <B($> )N 8(2) > CCaPR(y 2r) (B($, 7’)) (2)

In particular, this implies that there exists a uniform lower bound L > 0 of the proba-
bility that Brownian motion started at x hits the boundary of Q before leaving B(z, 2d,)
(see [Anc86], lemma 5). This notion (also called “uniform capacity density condition”)
has previously been introduced in various contexts, cf. [JW88], [Anc86], [HKM93].

3.2 Main Results

We consider a Whitney decomposition of  in dyadic cubes @ satisfying ¢;|Q| <
d(Q,00) < |Q|, where ¢; < 1 < ¢y are positive constants (powers of 2, for conve-
nience) depending on n. For ¢ > 0 we note Q, the subcollection of cubes of the Whitney
decomposition that intersect the level surface I'y = {z € Q ; d, = t}.

Theorem 3.2 Toke ¢ < 7, fir a cube Q, € Q, and consider, for every @ € Q., its
center g € (). Then Z P(J;Q 0 QT) 18 equivalent to (g)n—?
Qe Q.

Proof According to proposition 3.1 we have

(1;, Z P(SUQT —q Q) < (;)n_z Z P<JIQ =0 Qr) <C Z P(anr =0 Q>,

QEeQ. QeQ. Q€eQ.

where z¢), is the center of the cube @,. We now show that Z P(mQT —q Q) is
QeQ:

equivalent to the harmonic measure wq(zq,,08) of 0Q at xg, (in Q) which equals 1.

For this purpose we will use hypothesis (2) together with an easy control of multiple

coverings.



Take any @) € Q. and consider the cube 3cyQ) of same center but of 3¢y times the
sidelength of @) (¢ being the constant of the Whitney decomposition). By condition (2)
the probability for Brownian motion started anywhere in @) to exit {2 before exiting 3¢ @
is bounded below by a positive constant c¢. Hence, the harmonic measure wq(zq, , 3c2Q N

0Q) of 3c,Q NN at zg, (in Q) is greater than cP <mQr —q Q) Summing over all cubes

Q € Q. we get
c Z P($QT g Q) < Z wo (er73CQQ)

QEQ: QEQ.

On the other hand, every z € 02 can only belong to a finite number of cubes

3co(); this proves that Z wa (CL‘QT, 30262) is comparable to the harmonic measure of
Q€eQe

the boundary 0f2 of €2 and therefore Z P (zQT —q Q) has an upper bound depending
QEQ:

only on n and on condition’s (2) constant. The lower bound is trivial by the “fatness”

condition. °

Theorem 3.3 Choose @) at random with uniform law in Q.. The probability for a
Brownian motion started at any point x of Q) to hit I, before exiting 2 is comparable to
#9Q, (f)”’Q
#Q- '

3

Proof First observe that by the Harnack principle we can choose = x¢ the center of
the cube Q. Since the cube @ is arbitrarily chosen there are #Q, possible choices.

We consider now the cubes of Q, and we define S, as the part of the boundary of
Ugeo, @ separating the set I', = {z € Q such that d, = r} and 0f2. We say that a cube
in @, has a seashore if part of its boundary is also part of S,, and , in this case, this
access to the “sea” is at least a square whose diameter is > to a constant depending
only on n times the size of the cube. We then consider the open set U consisting in the

union of the components of 2\ U Q. We denote by S, the boundary of this open
QeQr
set: we are interested in the probability that Brownian motion started at any point x

of @ hits S, before exiting . Denote by V the component of U containing Q. Let O
be a cube in 9, having a seashore. Each one of its sides touching S, contains a dyadic
square R of ¢;/8 times the size of O, ¢; being the constant in Whitney decomposition,

such that R € S,. Let O be a cube of the same center as O but 1 + c1/2 its size.We
consider the dyadique cube R’ contained in Oy, of size ¢; /8 times the size of O vertically
above R and at distance ¢;/8 from O .

We use the Boundary Harnack Principle to prove that the probability that Brownian
motion started at z¢ leave V' through R is comparable to P (:L"Q v R )

>



By “adapted cylinder” to a graph of a Lipschitz function we understand a vertical
revolution cylinder of finite height centered on the graph. Let us remind the Boundary
Harnack Principle : Let u and v be positive harmonic functions on a Lipschitz domain
vanishing on the graph between the adapted cylinder (to a graph-component of the
boundary) C and the “sub”-adapted cylinder C of the same center and revolution axis
but of ¢ times the size, ¢ < 1. If C’' is the “middle” cylinder of the same center and
revolution axis but of IT*Z times the size of C. Then for all x € 9C' NV

where P is the intersection point of the revolution axis of the cylinder C’ and of its
boundary. The multiplicative constants in the equivalence relation depend on the ratio
(revolution radius):(height) of C , on ¢, on the local Lipschitz norm of the boundary and
on the dimension of the space n, see [Anc78|.

Remark that Op only touches the neighbouring cubes of R. Clearly, O, NV is a
Lipschitz domain (its boundary is composed of a finite union of squares). We can find a
finite number of adapted cylinders C; that do not touch the cubes R’ such that the “sub”-
adapted cylinders C; of half their size cover the boundary of R N dV. Furthermore,
we can ask these cylinders to touch the boundary of the cube O; of the same center as
O but of 1 + ¢1/100 the size (see figure 1). Note that, since there is a finite number of
configurations of the neighborhood of O in the Whitney decomposition, the number of
adapted cylinders needed to this covering is bounded by a uniform constant x depending
only on n. We consider the harmonic functions u(x) = w(z, R, V\U«get” sides of o 1¥)

and v;(z) = w(x,C; N0, V) in the domain V' =V \ Uswet” sides of o I¥- Clearly,

w(xz,00 N AV, V') <Y “wi(x) < kw(z,00 NIV, V). (3)

We can apply the Boundary Harnack Principle to every one of these cylinders C; for
the functions u and v;. We get that for all 4 and all x € 0C; "V

u() " u(B) @

where P, is the intersection point of the revolution axis of the cylinder and of it’s bound-
ary. The boundary of our domain is the inner boundary of the cubes of the Whitney de-
composition; hence we may restrain ourselves to a finite number of configurations of the
“adapted cylinders” (up to a contractions-dilatations that do not affect constants) and
therefore the multiplicative constants in the equivalence relation will be finite in number
and so uniformly bounded away from 0 and infinity. Since the distance of dist(P;, R') is
equivalent to the distance dist(P;, 0R) we can prove by standard arguments of harmonic
analysis that u(F;) is bounded below by a constant depending only on dimension n.
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Figure 1: A configuration in R2.

Using the Harnack principle and the fact that all adapted cylinders intersect OR; we
get the existence of a constant ¢ depending only on n such that v;(P;) < cv;(F;) for all
1,7, k.

After summing over 7, taking in account equations (3) and (4) and using standard
Harnack inequalities we get

w(x,0RNIV' V') <w(z, R, V') < Kw(x,0RNIV', V')
for all x € OR; UU;0C; N'V. By the maximum principle we thus obtain

w(x,0RNIV" V') <w(z, R, V') < Kw(x,0RNIV', V')
forallz € @ € Q..

Theorem 3.2 applies to the domain V' where Q, is replaced by the collection R’
coming from all “wet”sides of all cubes with a seashore. We obtain that

r

> P(xQ v R’) ~ <7)n72ww (xR, 02N V")
QeQ.QcV )

a quantity bounded from below by some o > 0 by the fatness condition. The proof
is completed by suming over all R and V's and by noticing that up to a multiplica-
tive factor depending only on the dimension, the number of cubes with a seashore is
comparable to the number of cubes in Q,. °



Theorem 3.4 Choose Q at random with uniform law in Q.. The probability for a

Brownian motion started at any point x of Q) to exit Q at distance greater than r from
#Qr (T)n—Z

#Q. \e/

the starting point is comparable to

Proof It depends on a comparison between the probability of “cruising along the coast”
01 and the probability to move at distance r before coming back to the coast. The sec-

#Q,
#9Q-:

r\n—2
<7> according theorem 3.3 while the first is exponentially
€

ond is comparable to
small.

Take s > 0 and z¢ € () € Q.. Consider the annuli centered at x of inner radii /s and
outer radii (¢ + 1)s where ¢ = 0, ..., [g] Brownian motion started at x and moving at
distance r from x before exiting {2 must go through all these annuli. The probability of
going through such an annulus while staying at distance at most § from the boundary
is bounded by a py € (0,1) by the “fatness” hypothesis. To see this take any point
y in the middle of the annulus (i.e. at distance s from z) and consider the ball of
center y and radius 3. If d, < 7, the probability to exit the ball without touching 92
is uniformly bounded away from 1 by the “fatness” hypothesis. This probability being
greater than the probability of going through the annulus we have the statement. By the

independence of the “crossing annulli” events we get that the probability that Brownian

5]

motion goes through all the annulli is smaller that pg

Let us now prove the following statement: “there exist 0 < c¢1,co < 1 positive
constants depending only on dimension and on the constant L of the fatness condition
such that for any z € Q there exist disjoint sets Kj, Ky C 09 N B(x,2d,) verifying
dist(Ky, Ks) > c1d, and wq(z, K;) > ¢ for i = 1,2. Once more this is a consequence
of the “fatness” property. Cut the sphere 0B(x,2d,) in small equal normal polygons
(spherical triangles in R3) and consider the intersections L; of the cones of summit
x and basis these polygons with the set B(x,2d,) \ B(x,d,) (see figure 2). Clearly,
we can choose the polygons small enough (independently of = and d,) to have that
w(z, L, B(x,2d,) \ L;) < L/2", where L is the constant in the fatness condition. It
is now clear that w(z, L; N 0, B(x,2d,) N Q) < L/100 and therefore there are two
non-neighboring L;’s having harmonic measure greater than L/2"#L;, which proves the
statement.

The previous statement implies that once we reached distance r from the boundary
of the domain the Brownian motion will revisit the boundary at distance comparable
to r from the starting point with probability greater than c;. Putting together all the
above we get the theorem. °

As a corollary we get the following.

Theorem 3.5 If Q) satisfies



Figure 2: Note that d(x) is the distance of x from the boundary K = 0.

1. The corkscrew condition
2. The fatness condition

3. and if 02 has a Minkowski content,

then for every n > 0 there ewists a constant c,, > 0 such that for all v > ¢ > 0 if we
choose @) at random with uniform law in Q., the probability that a Brownian motion
started at any point x of Q) hits for the first time OS2 at distance greater than r from the
starting point P (X > r) verifies

1 n—d—2+ n—d—92—
(g) "<P(X >7)<epn (g) "

Cnn

4 An alternative approach in the quasicircle pertur-
bative case.

We present here a simple 2D case for which the proof of the main result is particularly
simple using conformal mapping which preserves Brownian trajectories. The curve we
consider will be a quasiconformal perturbation of the line. More precisely we consider



a domain Q = ¢(R%) where ¢ : R — C is holomorphic and such that
(,0” T + Zy
sup y|¥| <1/2. (5)
otiyeR2 P (v +1y)

It is known that under this hypothesis ¢ is injective and has a quasiconformal extention
to the whole plane. In particular I' = ¢(R) is a quasicircle close to a line. We will
moreover assume that [' has a Minkowski dimension which we denote by d. By Koebe
theorem, the quantity y|¢’(x+1y)| is uniformly comparable to the distance from @(z+iy)
to I'. For a > 0 we then define L, = {z + iy € R? ; y|¢/(x + iy)| = a} and p(L,) will
serve as a substitute for the level set {¢ € Q; d((,T") = a}.

Lemma 4.1 If ¢ satisfies (5) then L, is the graph of a Lipschitz function f, : R — R.

Proof We apply the implicit function theorem to the function

F(z,y) = y¢'(z +iy)¢'(z + iy) — o,

The computation gives

B =W+ PR+ ). G = e+ )P+ 2 wle + i)
where )
B (,OH(Z
Y=o

The result follows because I~ 0 and by (5).

We now consider a portlon of the curve with diameter 1 and 0 < ¢ < r. We divide
the portion of €2 between I' and L. into pieces of diameter ~ . The preimages of
these pieces are rough squares of sidelength f.(z;) where z; is the left-hand point of the
intersection with R. By the results of the preceeding paragraph it suffices to compute
the probability that a Brownian motion started at ¢(x; + if.(z;)) will hit ¢(L,) before
returning to I'. By conformal invariance, this probability is comparable to f.(x;)/ f-(x;)
a quantity which is equivalent by Koebe to

7' 4 ife ()|
e ¢ (z; +ife(z;)|

On the other hand, by quasiconformality,

(i1 — 25) | (35 + i fe(ay)| ~ e

Combining all the estimates we see that the probability we look for is comparable to

( ) Z o' (z; + i) el <f) ZMW(% +if ()l

|0/ + ife(2;)] 2
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and we see a Riemann sum appearing: we finally get as an estimate for the probability
we seek

which is precisely what we wanted. °

The preceeding proof has been presented because it is particurlarly simple, but of course
the result is not optimal. The results of paragraph 2 remain true in dimension 2 and the
proof requires only minor changes. In particular the result is true for all quasicircles; the
difference with the case presented is that the topology of the level sets of the function
distance to the boundary is more complicated in general.

5 The self-avoiding walks case

Self-avoiding walks (S.A.W.) (see [MS93] and [dGT79] for a definition) serve as a good
model for polymers in physics. On the other hand it is strongly believed that in 2D
self-avoiding walks is the same as SLFEg/3 (see [RS05] for a definition of SLE,). This
conjecture, highly plausible, is comforted by the adequation between the computed

4
dimension, which is 3 and the proved dimension for SLE, curves , 1 + ¢ (Beffara,

[Bef06]). The following simulations can be seen as a new way of probing the adequation
between SAW’s and SLEg/3:

In order to check that the statistics of flights over a self avoiding walk follow the expected
law with d = %, we have performed extended computer simulations. We have generated
a set of self-avoiding walks on a square lattice using an implementation of the pivot
algorithm described by Kennedy [Ken02] (see also [Ken05]). The number of steps of
the self avoiding walk is fixed at 10°. Two S.A.W. are shown in Fig. 3.

We have checked by a box counting method that the mass fractal dimension of these
curves are numerically founded around 1.33 £ 0.005. These values are very close to
the expected value 4/3. We have performed an on-lattice simulation analyzing the first
passage statistics of a random walk starting in the close vicinity of the SAW and going
back for the first time nearby the SAW. The numerical computations were performed on
several configurations of SAW, using a statistical analysis over more than 210° flights.
Two probability density functions were computed. First, the probability density v (n)
that a flight has a total length equals to n. Second, the probability distribution of
displacements (7). In order to limit edge effects, we have selected flights starting and
ending on the same side of the S.A.W.. As shown Fig. 4 and Fig. 5, we found that
Y(n) oc n=® and O(r) oc v,

It was shown in [GKLT06] that for a boundary of fractal dimension d embedded in
an Euclidian space of Euclidean dimension d., we should have

11



Figure 3: Two examples of self avoiding walk in 2D generated by the pivot algorithm
[Ken02]. The number of steps in each SAW is fized at 10°.

d—d.+4
o=————— 6
; (6)
We are now in position to prove this estimate rigorously; this result is contained a paper
to come.

Moreover as 0(r) = —dP(r)/dr, we get

B=d—d, +3. (7)

For d = 4/3, we expect to have a = 10/6 and 5 = 7/3. As shown in Figs. 4and 5,
numerical results provide a very good approximation of these above predictions.

After these convincing simulations, let us prove rigourously these asymptotics for
SLE, curves. First, combining results of Rohde-Schramm [RS05] and Beffara [Bef06],
we see that the limsup in the definition of Minkowski upper-dimension for SLE, is actu-
ally a limit, allowing asymptotic values for all values of r. Secondly, we observed in the
last section that the result follows from the understanding of the number of Whitney
cubes of given order. By a nice result of Bishop [Bis96] , it follows immediately that we
get the right estimate if we allow the starting point to be chosen on both sides of the
curve, which is actually the case in the above simulations.

If we always start from the same side, then not only Bishop’s result does not apply but

12



—y=0,77326 * x*{(-2,3357) R=0,99484

(N 107 | i

1 10 100

Figure 4: Ewvolution of the probability density «9(1“) that a particle starting from close
victnity of SAW, returns to the SAW, for the first time, after an end to end displacement
found between 1 and v + dr. The numerical estimation of the exponent [ is very close to

7/3.

neither does it follow from the previous discussion because the corresponding domains
do not have the corkscrew property. But, as Rohde and Schramm have proved, these do-
mains are Holder, meanning that the Riemman mapping from the upper half-plane onto
them is Holder continuous. This condition implies a weaker form of the the corkscrew
condition which is sufficient to ensure the possibility to compute the Minkowski dimen-
sion of the SLE, curve via the counting of Whitney cubes. As we have seen this is
enough to prove the main result about statistics of flights.

The case of self affine curves is a little more delicate and will be treated in a forth-
coming paper.

It is to be noticed that, using quantum gravity arguments, Duplantier also obtained
the right exponents for all SLE, (cf. [Dup04])

13
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—y=0,58304 * x*{-1,6788) R=0,99003
107 L
107 |
¥(n)
10" |
107 |
1 u'ﬁ ] ]
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Figure 5: Ewolution of the probability density Q/J(n) that the particle starting from a
close vicinity of SAW and returning for the first time to this SAW, has a total length

displacement between n and n + 1. The numerical estimation of the exponant « is very

close to 10/6.
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On the time schedule of Brownian Flights
Athanasios BATAKIS and Michel ZINSMEISTER

Abstract: We are interested in the statistics of the duration of Brownian diffusions
started at distance € from the boundary of a given domain and stopped when they hit
back this boundary.

1 Introduction

The motivation of the following work has its origin in experimental physics. Some long
molecules are solvable in a liquid (for instance imogolite in water or DNA in lithium) and
the molecules forming the liquid show an intermittent dynamics, alternating diffusion in
the bulb and adsorption on the long molecules. For the physicist’s point of view, it is very
important to have as precise as possible knowledge of the statistics of these brownian flights.

In [GKL'06] a connection is established between the statistics of the long flight lengths
and the geometry of the long molecules (more precisely their Minkowski dimension). This
connection has been made rigorous in [BLZ09]. These two papers concern almost exclusively
lengths. How does one check experimentally the results? A very powerful tool for that is
relaxation methods in nuclear magnetic resonance (see [DPPT08]): but this method only
allows to compute (the statistics of the) duration of long flights. Some heuristic link between
time and length was derived in [GKLT06], [DPP*08]. The aim of this paper is to make this
heuristics rigorous.

2 Geometric Backgound

In the sequel, Q will always denote a domain in R? with compact boundary. The crucial tool
we need to use is the notion of Whintey cubes. We thus recall the

Proposition 2.1 (¢f. [Gra08], p. 463) Given any non-empty open proper subset Q of R?,
there exists a family of closed dyadic cubes {Q;}; such that

° Uj Q; = ) and the cubes Q);’s have disjoint interiors

o VdlI(Q;) < dist(Q;,09Q) < 4V/dl(Q;)
o if Q; and Qy touch then ((Q);) < 4(Qx)

1



e for a given Whitney cube Q; there are at most 12 Whitney cubes Qy.’s that touch Q;.

In this statement, ¢(Q) stands for the side-length of the cube @ and, for A > 0, AQ is the
cube of the same center and of sidelength A\(Q). For k € Z, we denote by Q, the collection
of Whitney cubes Q; with £(Q;) = 2*. We also recall the definition of the Minkowski sausage:
for r > 0,

M, ={x € Q; dist(z,00) <r}

and
={x e Q; dist(z,00) =r}

We then define S, as the collection of Whitney cubes intersecting I',.. Notice that S, is
a finite set.

Definition 2.1 Let ¢ > 0. We will call Brownian flight the random process Fy,t > 0
consisting in picking at random with equiprobability one of the dyadic Whitney cubes of S.
and starting from the center of the cube a Brownian motion By killed once it reaches OS).
We denote by 7q = inf{t ; F, ¢ Q} the lifetime of this process.

We are interested in the asymptotics of P(rq > t) as t grows, but this needs some
explanation:

It is well known that, if €2 is bounded, this quantity decreases exponentially, as t — oo,
as eM, where \ is the first eigenvalue of the Laplacian. We define

Ro = min {1, sup dist(z, 89)} )

e

Our aim is to evaluate P(7q > t) in the interval ¢* < ¢t < R%, and this independently of ¢.
In fact, the estimate we are looking for is thus an estimate with respect to € rather than for
"pure” t.

We study first a simple example, since we will need the partial result anyhow. Let [0, a]
be a real segment and take # € (0,a). The probability that brownian motion started at
x has not exit the interval (0,a) by time ¢, P(r, > t), is given by the following equivalent
formulas (see [Fel71], pg. 342)

—x/\/t /m—&-ac)\f 1 )
P(r, > t) / exp (——y ) dy + f exp (——y ) dy
vV 2w 7;13/\[ Z ka z) Vi 2

and

4 2n + 1)27? 2n + 1
P(r > 1) = = exp <_%t) sm@
™

By symmetry we can assume z < 2. If % is not too big, say % < 1/2, we have an easy

estimate of P(7, > t) using the first formula : P(7, > t) ~ 7+ On the other hand, for % not

2



too small we get, by the second formula, that P(7, > t) < exp <—%t>. Hence, that there is
a change of regime, the decay of P(7, > t) with ¢ going from polynomial to exponential and

the quantity \/% is relevant for small times.

In a higher dimensional context, let () be the cube centered at 0 and of side r. By the
preceeding remark it follows that, 7" denoting the exit time from @) of the Brownian motion
starting at 0, we have

P(T > 1) < c (%)d (1)

where ¢ depends only on d. Here, ¢ = r ~ R and the opposite inequality thus holds for
2 2
ec <t < Rg.

If the Brownian motion is started at distance € from the boundary then the exit time is
essentially the exit time from a half space and we thus get

P(T >t) < c (%) —c (%)d_m_d, (2)

and, as we will see, the opposite inequality is valid for ¢ not too big.

Our goal is to extend (2) to general domains with rough boundary. In order to describe
the domain of validity of our result let us recall a few definitions. Let K be a compact subset
of R%. For j > 0 let N; be the number of dyadic cubes of the j-th generation (i.e of size 277)
that intersect K.

Definition 2.2 The Minkowski dimension of K is

IOgQ(Nj)

dy (K) = limsup

j—00

Returning to our situation, we can define similarly the Whitney dimension of 9} as

dw = dw (092) = limsup M, (3)
J

j—00
where W; is the number of elements of Q.

Under very mild conditions (see [Bis96|, [JK82], [BLZ09]) these two dimensions coincide.
If the boundary of €2 has some self similarity we can moreover say that there is a constant
¢ > 0 such that

1
—e™ < #S, < ce™, (4)
C

for all ¢ < Rq, where dy; = dp(09).

In our main theorem we will assume that our domain €2 satisfies (4).



We also suppose that the domain € satisfies so-called A-regularity condition (see also
[JW88], [Anc86], [HKM93]): there exists L > 0 such that for all z € Q, if d, = dist(z,00Q) <
RQ then

W (z.2d,)n0 (02) > L, (5)

where W, 24,)n 18 the distribution law of the hitting point of Brownian motion starting at

x and killed when reaching the boundary of B(z,2d,) N ). This is a very mild condition
(satisfied, for instance, by all domains in R? with non-trivial connected boundary) that
appears frequently in related literature in various forms (for instance “uniform capacity
condition” or Hardy inequality).

3 Time and length estimates for Brownian flights

We can now state the main result. Let  be a bounded domain in R? satisfying (4) and (5).
If 7 denotes the life-time of a Brownian flight F; with parameter ¢ we have

Theorem 3.1 There exists ¢ > 0 depending only on constants in (4), (5) (and in particular

not on €) such that
1 e dAl+2—d
— (—) < ]P(TQ > t) (6)

c \Vt
()

This theorem has a “cousin” theorem, which was proved in [BLZ09].

and
2d

P(rg > 1) < ¢ (%)dm%d , (7)

for all e* <t < R,.

Theorem 3.2 Let ¢ < r < Rq. The probability that the hitting point of F' is at distance
greater than r from the starting point x is comparable to

#8,\ ™ (ryi-2
(#s (2) (®)
Notice that we do not assume (4) for this theorem. If we do, we have
#S, A d-2 7\ dv—(d—2) 9
#8. (E) ~ (E) )

Notice that the quantity on the left of (9) is the same as the one in (6) where we have

replaced 7 by v/t which is coherent with standard behaviour of Brownian motion.



4 Proof of the theorem 3.1

For s > 0 we denote by [, the total time spent by Brownian flight F; in the Minkowski
sausage {z € 0 ; dist(x,0Q) < s} and 06, = s — fs/2.

We define analogue quantities more adapted to the Whitney decomposition ; namely,
8 Byx will denote the time spent by F, inside M), = H@; Q€ 9}

If @ is a Whintney cube we define the ”vicinity” of @) as

Q=QulJ{e'; @ eeg},

where

£={Q e|JQ: \QNnQ #0and AQ' N Q #0}.
k
and A = 8/d satisfy that for all Whitney cubes
AQ D B(zg, 2 dist(zq, 012)),
x¢g being the center of Q).
We may now start the proof and we begin with
4.1 The upper bound

We separate the event {7q > t} by the partition {7q = 38,4} and {Tq > 3 4}, that is whether

the process goes or does not go at distance v/t from the boundary. From theorem 3.2 we get

e dy+2—d
]P)(TQ>taIld TQ>/B\/£) SP(TQ>5\/£> §C<%> .

In order to estimate the term P(mq = 3 ; > t) we begin by writing

logs Vit
™0 = 5/62’6)
k=—00

and thus, putting ky = log, € and k; = log, v/,

log, v/t k1
t t
< —
P kz 6Bk > t _k;lp(%k >—2<k1_k0)) +P(52k0 > 2) (10)
=—00 =Ko

We now invoke the following lemma whose proof is post poned to the next section.



Lemma 4.1 There exists a number k* depending only on d and constants C' , 0 < p < 1
depending only on d and L such that for allt >0, k € Z and N € N we have

P(6B > t) < CpN +
P <EIQ € QpU...UQp 1+;30 < 51 <89 <t with Fls, 4, C Q and So — S1 > t/N)

Using this lemma, we get

t
P68y >—— ) <cpV +
(62 Q(kl—ko)> b

. t
P (HQ € Qj Uu..u Qj—k* 381 < Sy < T ;s F[Sl,SQ] C Q , S9 — 851 > m)

By (1), (9) and the strong Markov property of Brownian motion we then have :

t
P68y >— | <epV +
<ﬁ2 Q(kl—ko)) P
P (EIQ €QiU..UQj yIs11q; Fy, € @) X

R t
P <E|Sg > 51, Flsy ) € Q and 55 — 51 > m) =
d
2j e\ dm+2—d
cp +c p (27>
2(ki—ko)N

Suming up the first term in (10) we get

d
k1 k1 k _
t N 2 e\ dm+2—d
Z P ((552k > m) S C(kl — ko)p +c Z —t <?)
k=ko+1 k=ko+1 2(k1—ko)N

C<k1 - kO)pN + C(Q(kl ko d dMer 2 ( ) Z 22d dar+2

k=ko+1

el — ko) + c(2(ky — ko) N e -2 (—) 2=+

< cp" log, (g) L (10g2 (g) N) <%)dm2 d

Take N =~ (dy + 2 — d)log, <\/%) to obtain

2o mty) < (@) @ w

g



To bound the second term P (S, > L) of the sum (10) we need a lemma of the same
nature as lemma 4.1. The proof of this lemma is also post poned to the next section.

Lemma 4.2 Let Ry, be the collection of all dyadic cubes of sidelength 2k intersecting 0X).

There exist constants C', 0 < p < 1 depending only on d and L such that for all t > 0,
ko€ Z and N € N

P(0Bgry > 1) < CpN +
P (EIQ € Riy; 30 < 851 < 859 <t with Fl,, 5,) C NQ and sy — 51 > t/N)

We therefore deduce

We minimize on N =~ log,(¢) to get

(6 > %) <e (log(s)%)d.

Combining this last inequality and (11) we get the upper bound, since dy; +d — 2 < d.

4.2 The Lower Bound

Following the same reasoning for k; = [log, v/t] + 1 we get

P(rq > t) > P(3s; > 0s.t. Fy, € U Q) and dsy > 51+t s.t. Flg ) € U 2Q)
QEQy, QEQy,

Using strong Markov property the this probability can be written as the product of P(3s; >
0s.t. Fy, € Q) with P(3sy > 51+t 8.t Fs, ) € Ugeg, 2Q). The second term of the
1

product is greater than the probability that Brownian motion exits a cube of size 281+ ~ /¢
at time greater that ¢ which is bounded below by a positive constant depending only on d.
The first one is simply the probability that Brownian flight gets to Qf, which is equivalent

dy+2—d
to (\%) and the proof is complete.

5 Proofs of lemmas

Let un first deal with lemma 4.1. The proof of 4.2 is quite similar and will hence be abridged.



5.1 Proof of lemma 4.1

We need the following

Lemma 5.1 Under the A-reqularity hypothesis the probability that BM touches more than
N Whitney cubes of a given size decreases as Cp™, with 0 < p < 1, C a positive constant.

The proof of the lemma relies on an annuli reasoning.

Proof Le (B;);~0 be Brownian motion started at any point x € € and choose k € Z. Choose
any @ € Qy and let AQ be the cube of the same center but A times the side-length ¢(Q) of

Q. By the definition of Whitney cubes, there is a A = 8v/d depending only on d such that
A
56(@) < dist(Q,00) < 2M(Q).

Suppose that there exists ¢y > 0 such that B, € Q). By the A-regularity condition (5),
the probability that there exists t; > ¢, with By, ) C Q and By, ¢ AQ is bounded above by
p < 1 depending only on L, A:

P (Eltl > to 3 B[to,tﬂ C Q and Bt1 g_ﬁ )\Q Elto >0 3 Bto € Q) <p (12)

On the other hand, the number of Whitney cubes of Q;. lying inside A@ is bounded by a
constant ¢; = ¢1(d). The probability that there exists a Whitney cube Q1 € Qy outside AQ
that is visited by Brownian motion is hence bounded above by p < 1.

We study probability that there exist Whitney cubes @, ..., @,, € Qk such that Q:NAQ =
Q2NAQ1 = ... = Qy, N AQyn—1 = 0 all visited by Brownian motion. It is sufficient to prove
that this probability decays exponentially with m.

By the strong Markov property the probability that there exists t,, > t,,_1 > ... > o
such that By, € Q , By, € Q1 ... , By, € @, is given by

P33ty >tmo > ... >to; and Q,...Q,, as above such that B, € Q, ..., By, € Q)
=P 3ty >tm1; By, € Qu|Ttm1 > .. >t Bi, | € Qu-1,..., By, €Q) -
P(3tmor > ... >to Bty € Qi .., By, € Q)
=P (I tm > tmo1; B, € Qm With Qu N AQu—1 =03 tyo1; Bty € Qi) -
P(3tmo1 > ... >to Bty € Quuet, .., By, € Q)

Now, by (12),
P (3 ty > tm1; Bi, € Qu With QN AQu_1 = 0|3 ty1 5B, € Q1) <D

By induction we get that

P(3ty >tmo > ... >1ty; and Q,...Q,, as above such that B;, € Q,..., By, € Q) < p™

and hence the lemma. e



Recall that for a given dyadic Whitney cube Q we have defined the vicinity Q of Q as
the union of all Whitney cubes @’ verifying

Q' NAQ # 0 and QN AQ' # 0.

We can easily check that there are less than (100v/d)? such cubes Q' of size at most £(Q)/12
(the constants are not optimal). We say that the k-level layers are visited at least n times if
there exist g < s1 < t; < ... < s, < t,, satisfying

B,e |J Qand B, ¢ ] @

QESQIC QGSQk
for all j =1,...,n. For any k € Z note

v, = sup{n € N ; the k-level layers are visited at least n times}

Lemma 5.2 There exists 0 < p < 1 and a positive constant C' such that, given k € Z, for
alln € N
Py >n) <p"P(Jto >0 and Q € Sy ; By, € Q) .

Proof The arguments as similar as in lemma 5.1. We only need to prove that P(y, > 1) < p
and apply strong Markov property. We have

Py, >1) < P|I0<ty<si<ti,QESn; B,€Q,B,¢ |J Q. B,e |J @
QES, QES,

=P E|t1>51>t0;le¢ UQ,Btle UQ’3t0>O;Bt0€QESQk
QES,k QGSQIC

X P(Hto>0&ﬂd@€82k,BtOGQ)

To abbreviate formulas we note P.(.) =P (.|3tg > 0; By, € Q € Sor). With this notation,

P. | 3t > s1>ty; Bs, ¢ U Q, B, € U Q)| =

QESQk Q€S2k

P (3t >s; Bye | Q‘A P(A)+P. |3t > By e | Q’B P,(B)
QESQk Qesgk

where

A=<3s1>to; B, ¢ | J AQp and
QGSZIC



B={3s1>t; B, €Q ., N |J @=0.B,¢ [J

Q€S2k Q€S2k
form a partition of the event {331 >to; Bs, & Uges,, Q}
2

By (12), P.(A) < p. Similarly, by the strong Markov property of Brownian motion and
by (12),

P (3t >s; Bye Q‘B ~P(3t,>s: B, e | Q‘381€Q/ <p.
QGSQk QESQk

We deduce that

Pc EIt1>51>tO;Bm¢ U Q?Btle U Q) SPC<A>+p(1_PC(A))
Q€S2k QESQk

The function ¢ +— ¢ + p(1 — t) being increasing on [0, p| we get

]PC 3t1>51>t0;331¢ UQ,Btle UQ) §2p—p2<1
QGSQk Q€$2k

and the lemma is proven. e

Remark that by definition of dyadic Whitney cubes there exist £* depending only on the
dimension of the space (k* = [log,(8v/d)] + 3 will do) such that for all k € Z,

k
{req; 2" < distx00) <2y c | | @ (13)

j=k—k* Q€Q;
Proof of lemma 4.1 We clearly have
P(0for > t) <P(8for >t , Vg + oo + Vg—gr > N) +P(0Bor >t , vp+ ... + g < N) (14)
Given t > 0, k € Z, by lemma 5.2 we have, for all IV,
P(0for >t, Vg + ... + Vg > N) < k*pki*N}P’(Elto >0and Q € Sye—ir ; By, € Q) < cp
Let us estimate the second term of the sum (14). By (13) and the definition of v}, we get
P(0for >t , vk + ... + Vp_jr < N)

k
SP(HZSN, Ql?"'ane U Q]7 QsﬂQs—1:®7 v8:27“'7la‘nd
j=k—k*

l
dt <51 <tp <8y <. <t <515 Bpgys) C QS Vs=1,...,l and Zsi —t; > t).
i=1

10



Since [ < N we get that P(60y5 >t , v + ... + Vg < N) is bounded above by
P (3@ € QpU .. UQy x;30 <ty < sy with By, .. C Q and s;, — £, > t/N) ,

which completes the proof. e

5.2 Proof of lemma 4.2

The ideas are the same but we will work with cubes touching the boundary instead of
Whitney cubes.

Lemma 5.3 Under the A-regularity hypothesis, the probability that BM started at distance
e < r from the boundary gets at distance greater than R from the starting point without
leaving the Minkowski sausage M, = {x € Q ; dist(x,0Q) < r} is bounded above by cp™/
where ¢ > 0 and 0 < p < 1 are constants (depending only on L of the A-regularity hypothesis
and on d).

The proof, similar to the one of lemma 5.1, is therefore abridged.

Proof Let x € M, and consider the annuli centered at x of inner radii 4¢r and outer radii
4(0+1)r where £ =0, ..., [%} . Brownian motion started at x and moving at distance R from
x before exiting €2 must go through all these annuli. The probability of going through such
an annulus while staying at distance at most r from the boundary is bounded by a py € (0, 1)
by the A-regularity hypothesis. To see this take any point y in the middle of the annulus
(i.e. at distance @ from =) and consider the ball of center y and radius 2r. If d, < r,
the probability to exit the ball without touching 0f2 is uniformly bounded away from 1 by
the same hypothesis. This probability being greater than the probability of going through
the annulus we have the statement. By the independence of the “crossing annuli” events we
get that the probability that Brownian motion goes through all the annulli is smaller that

[ ] R

cpg Ncﬁ[ [

We say that the Minkowki sausage M, is visited by the Brownian motion at least k times
if there exist t) < 51 < 1 < ... < s, < t,, < Tq satistying By, € M, for all i = 0,...,n and
Bs, ¢ My,.

In a similar way with v, we define &, as the

& =sup{n € N; M, has been visited at least k times}.

Lemma 5.4 There exists 0 < p < 1 depening only on the A-regularity’s L such that, given
r >0, foralln e N
P(& > n) < p".

11



Proof The proof of this lemma is a straightforward application of the A-regularity condition.
It suffices to show that there exists 0 < p < 1 such that

]P((Eltl > 81 >ty Bto S MT, le ¢ M47~, Bt1 € MT) <Dp,
and then apply the Markov property. Remark that, the probability
IP’((EItl > 851 > 1 ; Bto c MT7 le ¢ M4T>
is smaller than the probability that brownian motion started at ¢, exits a ball of radius
2r > 2 dist(By,, 082) without hitting 0. By the A-regularity this last probability is bounded
by a constant p < 1. e
Proof of lemma 4.2 As before we get :

P(0Bgkg > t) =P(08950 >, Eorg > N) +P(0Pgx0 >t , gy < N) (15)

By lemma 5.4 we get P(684x0 >t , Exxg > N) < pV, where 0 < p < 1, for all N € N. Let us
now deal with the second term of the sum.

P(6Bare >t , Egrg < N) <P(Js1 < 59 <Tq i 59— 51 > t/N, B, s5) C My,)
Using lemma 5.3 we get that, for R > 4r, this probability is bounded by

Cpg —I—P (381 < S < T S — S1 > t/Na B[S1782} - M47' r_]I%(‘Bsﬂfi)) ’

and the statement of the lemma 4.2 follows on taking N = [£] e

6 Further Comments

We should point out that hypothesis (4) in theorem 3.1 can be dropped; in this case, the
same reasoning as in subsection 4.2 gives the lower bound

() ()

The best upper bound is less evident; nevertheless a slight improvement of the above proofs

gives

cd

N St L\ M 9~k d—2
ooz () o) (20))
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Invariant measures for intermittent transport

Athanasios BATAKIS and Michel ZINSMEISTER

Abstract: We are interested in the existence and properties of limits of invariant
measures for Brownian diffusions started at distance € from the boundary of a given
domain and stopped when they hit back this boundary, when € goes to 0.

1 Introduction

The motivation of the following work has its origin in experimental physics. Some long
molecules are solvable in a liquid (for instance imogolite in water or DNA in lithium) and
the molecules forming the liquid show an intermittent dynamics, alternating diffusion in
the bulb and adsorption on the long molecules. For the physicist’s point of view, it is very
important to a knowledge have as precise as possible of the statistics of these brownian
flights.

In [GKL'06] a connection is established between the statistics of the long flight lengths
and the geometry of the long molecules (more precisely their Minkowski dimension). This
connection has been made rigorous in [BLZ11],[BZ10].

Nevertheless, the statistics of Brownian flights are depending on the distribution of the
initial starting point. In all previous papers this distribution is taken uniform on the set
I'. of the points at distance ¢ to the boundary. This choice, justified by experimental data,
seemed mathematically unfounded. In fact, iteration of Brownian flights seems to have a
limite steady state : uniform distribution is stationnary.

The aim of this paper is to rigorously prove this statement (all definitions of objects will
be reminded in the following section) .

For a Green domain €2 in R? we can define (following [L.S84], [BL96]) a random walk on
the centers of dyadique Whitney cubes in €2 with time-homogeneous transition probabilities
and (discrete) Green function equal a constant times the Green function of 2. The positive
harmonic functions associated to this Markov chain are the traces of positive harmonic
functions on the centers of Whitney cubes. The trajectories of the so-defined random walk
are called discretized Brownian paths.

We choose any ¢ > 0 and we consider the collection S, of all dyadique Whitney cubes
intersecting I'. = {x € Q; dist(z,0Q) = ¢}. Let u be a (discrete) probability measure on
S. and choose a cube @) with probability (Q).

1



For every discretized Brownian path £9 started at the center of Q, we consider the last
cube Q' = fg of S, visited by the path £&. The Markov chain being transient this exit time
is well defined and is a.s. finite. This defines a function 7 on the set of discrete probability
measures on S, that assigns to p a new mesure m(u) : Tu(Q') = E,£9.

Theorem 1.1 For every € > 0, there exists a unique probability measure p. such that
7(pe) = pe. Moreover, there exists a constant v not depending on € such that for all Q € S

11
v #S-:

1
6< .
H _7#86

Some mild hypothesis on the domain is needed to prove this theorem, and the last exit
time must be properly redefined. To carry out the proofs, we will suitably discretize Brownian
motion, following [BLI6] and [L.S84] and apply an adapted version of the Perron-Frobenius
theorem to a finite Markov chain.

2 Backgound and Motivation

In the sequel, 2 will always denote a domain in R? with compact boundary. The main tool
we need to use is the notion of Whitney cubes. We thus recall the

Proposition 2.1 (c¢f. [Gra08], p. 463) Given any non-empty open proper subset Q of R%,
there exists a family W of closed dyadic cubes {Q;}; such that

o U; Q; = and the cubes Q;’s have disjoint interiors

o Vdl(Q;) < dist(Q;,00) < 4V/dl(Q;)
e if Q; and Qy, touch then £(Q;) < 4(Qk)

e for a given Whitney cube Q; there are at most 12 Whitney cubes Qy.’s that touch Q;.

In this statement, ¢(Q) stands for the side-length of the cube @ and, for A > 0, AQ is the
cube of the same center and of sidelength M(Q). For k € Z, we denote by Q, the collection
of Whitney cubes Q; with £(Q;) = 2¥. We also recall the definition of the Minkowski sausage:
for r > 0,

M, ={z € Q; dist(x,002) <r}
and

[, ={reQ; dist(z,00) =r}

We then define S, as the collection of Whitney cubes intersecting I',. Notice that S, is
a finite set.



Definition 2.1 Let ¢ > 0. We will call Brownian flight the random process Fy,t > 0
consisting in picking at random with equiprobability one of the dyadic Whitney cubes of S,
and starting from the center of the cube a Brownian motion g, killed once it reaches 0S). We
denote by Tq = inf{t ; Fy, & Q} the lifetime of this process.

Definition 2.2 The Minkowski dimension of K is
log, (NV;)

dy (K) = limsup

Jj—00
We can define similarly the Whitney dimension of 0€) as

log, (W;
dy = iy (990) = T sup 222V5). (1)
j—ro0 J
where W; is the number of elements of Q.
Under very mild conditions (see [Tri83], [Bis96], [JK82], [BLZ11]) these two dimensions
coincide. If the boundary of {2 has some self similarity we can moreover say that there is a
constant ¢ > 0 such that

Lot < 15, < cet, (2)
c
for all € < Rq, where dy; = dp(092).

We also suppose that the domain 2 satisfies so-called A-regularity condition (see also
[JWS8S], [Anc86], [HK93]): there exists L > 0 such that for all z € Q, if d, = dist(z,0Q) <
Rq then

W]ﬁ(mdm)m (0Q) > L, (3)

where W, o4,)n 18 the distribution law of the hitting point of Brownian motion starting at

x and killed when reaching the boundary of B(x,2d,) N €. This is a very mild condition
(satisfied, for instance, by all domains in R? with non-trivial connected boundary) that
appears frequently in related literature in various forms (for instance “uniform capacity
condition” or Hardy inequality).

The following result has been proven in [BLZ11]:

Theorem 2.3 Let ¢ < r < Rq. The probability that the hitting point of F' is at distance
greater than r from the starting point x is comparable to

#&)WrdQ

- 4
(#SE (8) @
Notice that we do not assume (2) for this theorem. If we do, we have

G o g

Aknowledgment: The authors wish to thank Alano Ancona for helpful and enlightning

discussions on the discretization of Brownian motion.



3 Discretization of Brownian Motion

We will modify the continuous diffusion process into a discrete one, with the same potential
theory. In this section, €2 is a Green domain, B; stands for Brownian motion in §2, 7 is the
exit time (for brownian motion) of 2, ie. the hitting time of 2.

If G denotes the Green function of the domain Q C R? and @ is a cube in ), recall that
there exist a constant C' such that for all y € @

14 14
logﬂ < G(zq,y) < 1OgM,
[zq — Yl [zq — Yl
C' depending on Q C R? and
1 1 1
- <Gy < 2,
oa =2~ @@y = C0Y = gy
for domains Q C R?, d > 3. Moreover,
UQ) 20(Q)
log ———— < Ggl(rg,y) < log ———,
g -yl = (OO S8y
and
1 C 1 Vd

- <G T, S - )
g —yli2 @y = Celm¥) S = s~ g

for d > 3, G being the Green function of the cube Q).

We denote by N be the collection of the centers of cubes in W and we consider the
complete graph G associated. Let xg € N be the center of a Whitney cube @ € W.

3.1 Planar domains

We consider separately planar domains not (only) because of the recurrence of brownian
motion in R? but in order to better explain the ideas of the proof.

Let Fp(n) = {y € Q; Gg(zq,y) > n}. Clearly, F(n) is a compact connected set, such
that zo € F. Furthermore, by the preceeding observations and the definition of Whitney
cubes we can deduce that, for n big enough, Fyy = Fg(n) C Q and that there is a constant

¢o < 1 not depending on @) such that cy@) C Ij_’Q, where ¢@) will denote the (contracted) cube
centered at xg but of sidelength ¢(cQ) = cl(Q).

The triplet (M, F, W), where F = {F ; Q € W}, and W = {Q ; @ € W} is a balanced
Lyons-Sullivan data, defined in [BL96]. For convienience of the reader we remind hereby the
principal facts of this paper.



1. The collection F' is recurrent for Brownian motion in €2, ie.

P.(3t <7q; Bie|JFp) =1 forallzeQ.
F

2. xg € FoCQ, forall Qe W,
3. Fpn@Q =0, forall Q #Q €W,

4. there exists a constant ¢ such that for all ) € W, any positive harmonic function A in
COQ and all z € Fyp we have

ih(;,;Q) < h(z) < ch(xq)

Following [BLI6] we define a Markov chain X on N: for y € F = Ug Fp denote by
é(y) € N the center of the unique cube @ = @, € W containing y. For a path £ in the space
of brownian paths = starting at y € F, let Sp(&€) be the exit time of £ from @),. Recursively,
we define the stopping times R,, and .S,, in the following way

o Ry(§) = inf{t > S, 1(€); £(t) € F}

o S.(€) =inf{t > Ro1(€) ; () ¢ Qe(ro1(e)}-

Recall that, if V' is an open set and for any € V' we denote by w{, the harmonic measure
of V at z. By our hypothesis, there exist C' such that for all ) € W and all y € Fp,

L 2 y
adwe < dwé < Cdw

z
Q Q

Let now

A(E(Rn(8)))
’in(g) 1 dwé¢(§(Rn(§)))(f(Sn(5))) <1

O A B(©)
dw%(g(ﬁn(@» (£(5n(£)))

Using these stopping times Ballmann and Ledrappier consider the probability space
E=2x[0,1NP, =P, @ \"),
A being the Lebesgue measure in [0,1]. For (£, a) € = define recursively
o No(§,a) =0

o Ni(§a)=inf{n > Ny_1(&,a); a, < k,(§)}



One can then define a Markov chain (discrete random walk) X; on A the centers of cubes
in W with time homogeneous transition probabilities

Q. = Pop (E(N1(§, @) = ).

Let g be the Green function of this Markov chain on A/. The Markov chain is hence
irreducible and aperiodic.

In [BLY6, LS84] it is shown that for all z = xg € N and all y # «

9.9) = & T BSERE) € R (©
and also that
Glya) = 3 [ GolesaByE(Ral6)) € d2) (7)

By the choice of Fy = F(n) and relations (6) and (7) we deduce that

g(r,y) = CnG(x,y) (8)

and, moreover, that the transition probabilities of the Markov chain pg o are symmetric in
Q7 Q/7 ie. P, = PQ Q-

3.2 Domains in higher dimensions

We consider now bounded domains 2 C R%, d > 3. In this setting we can not choose the sets
Fp(n) in the same way. Such a choice would be in contradiction with the fourth definition
property of Lyons-Sullivan data.

We will choose n = 1n(Q) proportionnal to the distance of @ to the boundary. To start
with, remark that, by the definition of Whitney cubes, if Q N Ty # (), then necessarily
QNI /a= 0. Let b=1/(4V/d). For Q € W put n(Q) = b™»2 if Q N Ty # 0 for some n
and n(Q) = £(Q)?? otherwise.

All previous definitions and properties stay valid except for (8). This equality must now

be replaced by the following one : V& # y € A such that for some n € N both @, @, are in
Spn (ie. Qu NTyn # O and Q, NTpn # B) we have

9(z,y) = CU"G(z,y) 9)
and transition probabilities pg ¢ are symmetric under the same conditions.

Potential theory for this Markov chain is equivalent to the potential theory for Brownian
motion in €2: in fact, the positive harmonic functions of the Markov chain are precisely the
traces on NV of positive harmonic functions in €, [Anc90].
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4 An equivalent discrete model for Brownian flights

Let us now modify the initial model to make it “compatible” with discretized Brownian
motion. The idea is to adapt the following remark (in fact Perron-Frobenius theorem) :
if we replace brownian motion by X, a symmetric simple random walk on a graph, say
T = (Z/n)?, we can consider the random process that consists on picking a boundary point
x of T" with probability distribution p , starting random walk at this point and consider the
first time 7 the random walk gets back to the boundary of T'. Clearly, the uniform measure
v on the boundary of T" is invariant by the process v(y) = >, v(2)P. (X, = y).

Recall that Sy-» is the collection of Whitney cubes intersecting I';-» (essentially the

cubes at distance 27" to the boundary). Let us also assume, for the moment, that 02 is
bounded, of diameter say 1.

The dynamical system we are interested in is the following. Given a (discrete) probability
measure £ on Ss-—n, choose a cube @) € Sy-—» with probability ©(Q). Consider the Markov
chain (?X}) defined above started at the center of Q, Xy = z¢. Since 2 is Greenian (random
walk and Brownian motion are transient) so is the X3 on A. Therefore, there is, almost
surely, a finite time 7,, = sup{k > 0 ; 9X}, € S,-»}, the last exit time of the random walk
from the union of cubes in Sy-».

We consider the function 7 assigning at every u the exit distribution of X, . It is now
clear that there is a discrete invariant measure for this function, u, (we have identified the
cubes in Sy with their centers N’ N Sy-n).

The same tools used in [BLZ11] can now be used to prove the analogue of theorem 2.3:

Theorem 4.1 Choose @) at random with uniform law within So-». The probability that the
distance ||xg — X, || > r is comparable to

() o

Recall that the domain € is assumed to verify the A-regularity condition (3). Under the
same hypothesis we also have the main result 1.1 that can clearly be reformulated in the
folowing way :

Theorem 4.2 There is a constant v independent of n such that for all Q € Sy—n,

1 Y
THSs < pn(Q) < 25

ie. the measure ji, is uniformly equivalent to the uniform measure on Sy—n.

Moreover, for any measure g on Sy-—» we have that limy 7% (u) = .

7



Proof For Q, Q" € Sy-», denote by

9o.Q" = g<xQ7xQ’) = d’EQ (1722) + Z PwQ (QXk = xQ’)
k=1

the mean time the random walk X, started at g spends inside Q'

It follows on the construction of the random walk that there is a constant > 0 such that
90.0' = 90.0 = NG(xg, o). Let us point out here that for domains in higher dimension we
need to pay attention that all ) € Sy-» have the same 7).

Let us now consider, for Q € S,-» the probability r@ that random walk definitely leaves
S,-» immediately after reaching @, that is r@ = Pg (7, = 0) by the Markov property.

Lemma 4.3 There exists a constant ¢ > 0 such that for alln € N and all () € Sy—», rg > c.

We assume this lemma for the moment. The random walk being transient on G, using the
Markov property we get :

1 = Z Z PIQ(QXk:l’Q/ s Tn:k))
k=0Q'€S,—n

k=0Q'€S,—n

= Y % Py (= 0P (X = 1)
k=0 Q'€S,—n

= Y Y Pu (Ta = 0)P (VXi = 1)
Q'eS, n k=0

= Y P (= 0) Y Pu (U Xk = zg)
Q'E€Sy—n k=0

= Z gQﬂQ’Tg )
Qlesgfn

for all ) € Sy—n.

Observe that gQ,Q/r,?/ is the probability that the random walk, started at @, leaves Sy-»
through @’. Consider the measure u,, on Sy—» defined by

rQ
1 (Q) =

7 .

ZQ’GSQ,n T'n



Clearly, for any Q € Sy-n

- Q -
r
S @b = ¥ g
QES,—n QES,—n ZQ’ESQ n
Q
r
— n ;oY gQQrQ

because g5 o = gg - Since ZQGSQ_n gQQTg = 1 we get that p, is invariant:

Z MR(Q)QQ,QTS = MR(Q)

QES,—n

By lemma 4.3, for all Q € Sy-», ¢ < 7% < 1. Hence, there is a constant v = % such that

b il
A8 =S e

which is the first claim of the theorem.

The second claim follows on the fact that (9¢,0'7¢') g ore Sy is a stochastic matrix with

strictly positive coefficients. e

We now turn to the proof of the lemma which strongly relies on the A-regularity hypoth-
esis.

Proof of lemma 4.3 First observe that, by the definition of Whitney cubes, V@) € W there

is a Whitney cube Q' C 8v/dQ such that \C}) <Q) < 1662\[)

Moreover, if Q € Sy-» and )’ as above, there is a constant ¢ > 0 depending only on
dimension such that the probability that Brownian motion stating at x¢ hits F' at )’ for the

first time, wéc\zF(FQ/) is greater than c. Hence, there is a constant ¢ > 0 (depending only on
the Lyons-Sullivan data) such that P,,(X; = z¢/) > ¢

On the other hand, it follows on (3) that,

:L‘Q/
QOB(Q:Q/ 8/de(Q")) (09) > L

We deduce that there exist ¢” such that

P, (X, € B(zg,8Vdl(Q)) , ¥n € N) > ¢

///

And finally, by Markov’s property r@ > ¢/¢”| which is the claim of the lemma. e



Now let v be any measure on S»-». An immediate consequence of standard facts on
stochastic matrices is the

Corollary 4.4 Under the same hypothesis as in theorem 4.2 we have

lim 7%(v) = pup.
k—ro0

The following result is a corollary of theorem 4.2.

Theorem 4.5 Suppose that XY is an Alhfors s-reqular set of finite Hausdorff measure H.,.
There is a constant v such that every weak limite i of the sequence ., satisfies

1
—r® < p(B,) < 41’
fy

where B, is any ball of radius r centered on OS).

The uniqueness of the weak limit is false in general. Nevertheless, if the boundary is self-
similar it is probable that the limit exists. Let us point out that, if 02 is smooth enough,
the above limit exists and is equal to the normalized surface measure. We must also cite
here the results of [GS03] in the same vein.

There is a special case of planar domains , small perturbations of the disk by quasicon-
formal maps with small constant. In these domains we can prove a continuous version of
theorem 4.2 but also we can define the mass transport in a diferent way: instead of taking
the last exit point of I'. we can consider the hitting point on the boundary and afterwards get
back to I'. using internal rays (see also [BLZ11]). This approach is adopted in a forthcoming
article.
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