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Abstract Let G be a reflection group acting on a vector space V (over a field with zero
characteristic). We denote by S(V*) the coordinate ring of V, by M a finite dimensional
G-module and by x a one-dimensional character of G. In this article, we define an algebra
structure on the isotypic component associated to x of the algebra S(V*) @ A(M™*). This
structure is then used to obtain various generalizations of usual criterions on regularity of
integers.
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1 Introduction

In the first part of this article, we will study the following situation. Let G be a reflection
group acting on the vector space V, M be a finite dimensional representation of G and
be a one-dimensional character of G. Following the ideas of Shepler [18], we construct an
exterior algebra structure on the x-isotypic component of T~!S(V*) ® A(M*) for a suit-
able multiplicative set 7 of S(V*) (which we are able to control). This work is in line with
the articles [1,9,13,18] which construct algebra structures on the y-isotypic of the algebra
S(V*) ® A(M*) under conditions over the restrictions of M and x to certain subgroups
of G. Here, the idea is to transfer the hypotheses on M and x to conditions on the base
ring: we substitute S(V*) into a bigger ring (a fraction ring of S(V*)) in which some linear
forms associated to hyperplanes of G are invertible. The conditions will be held by the “bad”
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hyperplanes that are needed to be invertible. The main results of [1,9,13,18] are excep-
tional cases of Theorem 1 (see Remark 4). The articles [6—8] explain the situation in prime
characteristic.

In the second part of this article, we will give consequences of the exterior algebra struc-
ture with links to the notion of regular integers. These consequences are similar to those that
can be found in [3,9,10,13,19].

Various types of hyperplanes appear in the first part of the article. The hyperplanes to
invert (the multiplicative set T) are chosen following these types. The third part studies these
types for concrete reflection groups : the symmetric group, G (de, e, 2), G(d, 1, r) and the
exceptional group G4, G5 and Goq4.

Let us begin with some usual definitions and notations.

Definition 1 (Reflection) Let k be a field of characteristic 0 and V' a finite dimensional vector
space over k. Any g € GL(V) so that g is of finite order and ker(g — 1) is a hyperplane of
V is called a reflection.

Definition 2 (Reflection Groups) Let k be a field of characteristic 0. The pair (G, V) is said
to be a reflection group over k if V is a finite dimensional vector space over k (we denote by
£ the dimension of V) and G be a finite subgroup of GL(V') generated by reflections. It will
often be more comfortable to write “let G be a reflection group” omitting the vector space V.

Notation 1 (Reflections and hyperplanes) Let (G, V) be a reflection group. We denote by
. the set of reflections of G and 7 the set of hyperplanes of G:

< ={s € G, dimker(s —id) =dimV — 1} and 7 = {ker(s —id), s € ¥}

Notation 2 (Around a Hyperplane) Let (G, V) be a reflection group. For H € JZ,

— one chooses ay € V* alinear form with kernel H;

— onesets Gy = Fixg(H) = {g € G, Vx € H, gx = x}. This is a cyclic sub-
group of G. We denote by ey its order and by sy its generator with determinant
¢ =expQim/en);

— For any finite dimensional kG-module N and for j € [0, ey — 1 ]|, we define the inte-
gers nj g (N) as the multiplicity of {g 7 as an eigenvalue of sy acting on N*. We also
define the total multiplicity of N by

eg—1
na(N)= D" jnju(N);
j=0
Since the irreducible representations of G i are the dety =/ for j € [0, ey — 17, we
have an abstract characterization of the integers n; g (N):

eg—1
Resg (N) = €P nj.u(N)dety ~/;
j=0

— let x : G — k* be a linear character of G, we denote by k, the representation of G
with character x over k and ng(x) for ng (ky); according to the definition, ng (x) is
the unique integer j verifying 0 < j < ey and x(sy) = det(sy)~/. Finally, for any
kG-module N, we denote by NX = {x € N, gx = x(g)x} the x-isotypic component
of N.
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Exterior algebra structure on relative invariants

Definition 3 (Polynomial Function associated to a Representation) Let (G, V') be areflection
group and N be a finite dimensional G-module. We set

On =[] an""™ esv¥.
Hest

When y is a linear character of G, we set O, rather than Oy, so that

Oy =[] an"® eswv.

Hest

2 Construction of the algebra structure

In this section and the next one, we fix a reflection group (G, V) over k, a kG-module M
with dimension r and x : G — k* alinear character of G. We denote by det s (resp. dety+)
the determinant of the representation M (resp. M*).

Notation 3 Let 8 C . be a G-stable subset (which will be the hyperplanes to invert,
i.e. the “bad” hyperplanes), we denote by ¢ = #\Z and T = (ay, H € Z) the mul-
tiplicative subset of S(V*) associated to %. We then set @ = T~1S(V*) @ A(M*) and
QP =T~1S(V*) @ AP(M*) for p € [0, r]. Thus we have

QX = @ (QP)X.
p=0

As said in the introduction, the idea of the proof is to bring the “bad” hyperplanes together
in the subset %. Thus in Subsect. 2.1, once M and x have been chosen, we define various
types of hyperplanes, so that we are able to differentiate the behavior of the hyperplanes of
2 with respect to M and x and then choose the hyperplanes to invert. In Subsect. 2.2, we
give conditions on % (see Hypothesis 2) such that we are able to construct an algebra struc-
ture on Q%. Finally, in Subsect. 2.3, we refine these conditions on % (see Hypothesis 3 and
Hypothesis 4) and then determine the algebra structure of 2% . Roughly speaking, we obtain
results of the following form : if 4 is big enough then X is an exterior algebra. Moreover,
Hypothesis 3 and Hypothesis 4 give a very precise meaning to the expression “% is enough”.
In particular, we can always choose Z = . : when we invert all the hyperplanes, we obtain
an exterior algebra structure on X (see Remark 5).

2.1 Hyperplanes

Let us start to define our types of hyperplanes. To define the notion of a hyperplane which is
multiplicity-partitionable with respect to M and yx, we need to introduce a notation, which
will also be useful for the next subsection.

Notation 4 For H € J#, we denote by (ji, ..., jr) the multiset of integers such that, for all
iell, r],wehave0 < j; < ey — | and the eigenvalues of sy acting on M* are the gHj"
fori € [ 1, rJ. More abstractly, the family (ji, ..., j-) is characterized by 0 < j; < ep —1
forall i and Reng (M) =dety ' @ - -@dety ~Jr. The integers j; are closely related to the
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integers nj iy (M) (see Notation 2). Precisely, for j € [0, ey — 11|, nj, 5 (M) is the number
ofi € [1, r] sothat j; = j, so that we have

eH—l

D= jnj (M) =np(M).
i=1

j=0

We now define four types of hyperplanes with respect to M or with respect to M and .
The hyperplanes which are reflection-preserving with respect to M or the hyperplanes which
are of a low multiplicity with respect to M and y will be those that we do not need to invert
(see Hypotheses 3 and 4).

Definition 4 (Hyperplane Types with respect to M) Let H € J¢; H is said to be

(1)  of a low multiplicity with respect to M if ng (M) < ey;
(ii)  reflection-preserving with respect to M if sg acts on M as identity or as a reflection;
(i)  of a low multiplicity with respect to M and x it ng (M) +ng(x) < en;
(iv)  multiplicity-partitionable with respect to M and  if for all partitions of the set[ 1, r ||
into two disjoint sets (denoted respectively by /1 and /), we have

Di<en—nu(O) or > ji<enw —nu(x).

iel i€l
The next remark studies the links between the preceding notions of hyperplane types.

Remark 1 (Comparison of the Types of Hyperplane) Let H € .. We denote by 1 the trivial
character on G. Let us show the following properties.

(1) H is reflection-preserving with respect to M if and only if H is of a low multiplicity

with respect to M and M*.

(i) If H is of a low multiplicity with respect to M and x then H is of a low multiplicity
with respect to M.

(ili) H isreflection-preserving with respect to M if and only if it is multiplicity-partitionable
with respect to M and x forall x € Hom, (G, k).

(iv) If H is of alow multiplicity with respect to M and yx then H is multiplicity-partitionable
with respect to M and .

(v) H is of a low multiplicity with respect to M if and only if H is of a low multiplicity
with respect to M and 1.

(vi) If H is of alow multiplicity with respect to M then H is multiplicity-partitionable with
respect to M and 1.

Let us begin with (i). We start to express n gy (M™) using ny (M):

eH—l

ng(M*) = Y (en — jInju(M) = ey (r —nou(M) —ny(M).
j=1
We have ny (M) = 0 if and only if ng (M*) = 0 if and only if s acts trivially on M. We
then deduce

ng(M) <epg—1 and ng(M*) <eyg—1 << r—nogM) <?2.

Since no g (M) (resp. no, g (M*)) is the multiplicity of 1 as an eigenvalue of sy acting on M
(resp. M*), we obtain ng g (M) = ng, g (M*) and the condition ng g (M) € {r — 1, r} can be
expressed geometrically as sy acts trivially on M or acts as a reflection on M. In particular,
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a hyperplane which is reflection-preserving with respect to M is always of a low multiplicity
with respect to M.

Let us show (ii). We have ny (x) > 0, so a hyperplane of a low multiplicity with respect
to M and y is always of a low multiplicity with respect to M.

Now, let us consider (iii). Let us assume that H is an hyperplane which is reflection-pre-
serving with respect to M. There exists atmostone ig € [ 1, r ]| so that j;, is nonzero. When
I and I, are two disjoint subsets of [ 1, r ]|, only one of those two sets can contain ig. Thus,
we have

Dji=0<en—nug(x) or D ji=0<ens—nux).
iel iel

Reciprocally, let us assume that H is not reflection-preserving with respect to M. We then
deduce that there exists i; # ip so that j; # 0 and j;, # 0. In addition, we know the
existence of a linear character x of G so that ny(x) = ey — 1 by Stanley’s theorem [22].
The disjoint sets 1 = {i1} and I, = {iy} verify

Dljizl=ey—np(x) and > ji=1=ey—np(x).
iel iel

We then deduce that H is not multiplicity-partitionable with respect to M and .
Let us show (iv). Let I be asubsetof [ 1, 7 ]| so that

en —nu(x) < .
iel
Any such 7 contains every i € [ 1, r ] so that j; # 0 since
> i=nuM) <eq —nux).
iel1,r]]
Thus, any set I’ disjoint of I verifies
> ji=0<en —nu(x).
el
Let us show (v) and (vi). Since ny (1) = O for all H € 7, a hyperplane is of a low

multiplicity with respect to M if and only if it is of a low multiplicity with respect to M and
1. (iv) shows that such a hyperplane is multiplicity-partitionable with respect to M and 1.

Example 1 Let (G, V) be a reflection group with dim V = ¢. We have
nr(V) =npdety) = e =1 and ny (V5 =ny (dety') = 1.

We also have

nu (A (V) = e = ) (f: 11)

Example 2 Let G be the symmetric group on n letters. When M is the irreducible represen-
tation attached to the partition A - n, the integer ny (M) has the following combinatorial
interpretation : n g (M) is the number of standard A-tableaux which have 2 on the second row
(see [15, Sect. 2.7]).

Since lots of hyperplanes of reflection groups verify ey = 2 (for example this is the case
for Coxeter groups but not only), we focus on this specific case.
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Remark 2 (Hyperplanes verifying ey = 2) Let H € ¢ so thatey = 2.

Then H is of a low multiplicity with respect to M if and only if H is reflection-preserving
with respect to M (that is if the multiplicity of the eigenvalue —1 of sy acting on M is not
bigger than one).

If x(Gu) # 1 then

(1) H is multiplicity-partitionable with respect to M and y if and only if sy acts on M as
areflection or acts trivially on M (that is if the multiplicity of the eigenvalue —1 of sy
acting on M is not bigger than 1);

(ii) H is of a low multiplicity with respect to M and x if and only if sy acts trivially on M
(that is if the multiplicity of the eigenvalue —1 of sy acting on M is zero);

If x(Gy) = 1 then

(i) H is multiplicity-partitionable with respect to M and y if and only if the multiplicity
of the eigenvalue —1 of sy acting on M is not bigger than 3;

(i) H is of a low multiplicity with respect to M and yx if and only if sy acts on M as a
reflection or acts trivially on M (that is if the multiplicity of the eigenvalue —1 of sy
acting on M is not bigger than 1).

Following Remark 1, it is enough to show that if H is of a low multiplicity with respect
to M then H is reflection-preserving with respect to M. According to hypothesis, we have
ng(M) =n1,g(M) < 2 and thus noH(M)=r —ni,g(M) € {r,r —1}.

Let us assume that x (Gy) # 1. We have ny(x) # 0 and then ng(x) = 1. The defini-
tion of being multiplicity-partitionable shows us that if A is multiplicity-partitionable with
respectto M and x then H is multiplicity-partitionable with respect to M and x’ for all linear
characters ' verifying ny (x’) < 1. But every linear character x’ verifies ny (x’) < 1, thus
we have H is multiplicity-partitionable with respect to M and x’ for all linear characters
x' of G. Remark 1 shows that H is reflection-preserving with respect to M. In addition,
according to the definition of being of a low multiplicity with respect to M and y, H is of a
low multiplicity with respect to M and x if and only if n g (M) < 1 thatis ng (M) = 0.

Let us assume that x (Gg) = 1. We have ngy (x) = 0 and then H is of a low multiplicity
with respect to M and y if and only if ny (M) < 2 (that is H is of a low multiplicity with
respect to M). In addition, in our case, we have j; € {0, 1}, the multiplicity of —1 as an
eigenvalue of sy is the number of i so that j; # 0. If they are more than 4, we can divide
them into two sets of two elements and the hyperplane is not multiplicity-partitionable with
respect M and . If they are not more than 4, two disjoints set of [ 1, ]| cannot both contain
two integers i so that j; # 0 and finally H is multiplicity-partitionable with respect to M
and y.

2.2 Construction of an algebra structure

Strictly following the ideas of Shepler [18], we construct an algebra structure on QX. The
first step is to define a product. For this, we use the polynomial O, of Definition 3 to bring
back the usual product of two elements of Q% into X (by Stanley’s theorem [22], O is so
that S(V*) = 0, S( V*)G). Thus we are looking for divisibility conditions by Q, or more
precisely by the non invertible part of Q, : this is done in Lemmas 1 and 2. The wanted
divisibility is obtained under hypotheses on % (Hypotheses 1 and 2).

Hypothesis 1 Let us assume that 2 contains every hyperplane which is not of a low multi-
plicity with respect to M. Equivalently, every hyperplane contained in ¢ is of a low multi-
plicity with respect to M.
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2.2.1 Divisibility
To begin with, let us extend the following result of divisibility [5, Lemma 1] to the ring

T-1s(v*).

Lemma 1 (Divisibility inAT*IS(V*)) Let x € T’lS(V*)2 HeHandi €1, ey]. Let
us assume that syx = ¢g'x. Then x is divisible by o g " ~".

The lemma is interesting only for H € ¢ since for H € %, the linear form «y is invertible
in T71S(v*).

Proof Since T is G-stable, we can write x = P/Q with Q € T. Since S(V*) is an integra_l
domain, we deduce that sy P = ¢g' P. Lemma 1 of [S] shows that P is divisible by oy ¢# "
and so is x.

We continue our study of divisibility by the «g. Let us consider the case of €2.

Lemma 2 (Divisibility in €2) Let us choose pu € (QPYX and H € 7. We fix (y1,...,yr) a
basis of M* so that sy (y;) = ¢g’iy; foralli € [ 1, r] (see Notation 4). We write

= D i, Yo A AN, with i i, € TT'S(VF).
I<ij<--<ip=<r
Assume that every H € 9 is of a low multiplicity with respect to M. For H € ¢4, we have

or0 < jiy+-+ji, <ew — 1 —nu(x) and a1t Hiptma00 |y,

or en—np(x) < ji+--+ji, < 2ey—2-np(x) and agynt Ttz

Proof Since the family (yi; A+ A yi,)i<ij<-<i,<r is 2 T—1§(V*)-basis of 2P, we have

Thus sy (..., ip Vi /\-~~/\y,'p) = {H_nH(X)M,‘I ,,,,, iy Yig N /\y,-p.In addition

SHWiy,.iy Yir N A Vi) = SE(Wi,.ip) SHOY) A< ASH(Yiy,)

= ¢y T sy (wiyiy) Yig A A Vi

,,,,,

us

.
VHed, 0<ng(M)=> ji<en—1.
i=1

Hence 2 — 2ey < —jij, — - — Jip — ng(x) < 0. There are two cases to distinguish:
or 1—ey < —jiy —+ -+ —ji, —nu(x) <O0andifweset fy = ey —ji, — - -—ji, —nu(x):
we have
sy i) = S iy i, with 1< fy <ep;

.....
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or 2—2ey < —ji — - — ji, —nu(x) < —ey andif fyg =2en — ji, — - —ji, —nu (X)),
we have

i, is divisible by oy /1 it (O =en

.....

To assure the divisibility of Q,, we strengthen Hypothesis 1 by the following one.

Hypothesis 2 The subset Z verifies Hypothesis 1 and % contains every hyperplane that is
not multiplicity-partitionable with respect to M and x. Equivalently, every hyperplane in ¢
is multiplicity-partitionable with respect to M and x and of a low multiplicity with respect
to M.

We then obtain the following result of divisibility by Q, which is a refinement of Lemma
2 of [18].

Corollary 1 (Divisibility in QX) Let us assume that every hyperplane in ¢ is multiplicity-
partitionable with respect to M and x and of a low multiplicity with respect to M (this is
Hypothesis 2). For u, w € QX, we have Q, | 1 A .

Proof We fix H € ¢4 and we consider the same basis (y1, ..., y-) of M* of Lemma 2. When
I ={i,...,ip}isasubsetof [ 1, r Jwithl <i; <--- <i, <r,wesety; = Yig At AViy-
Now, we can write

n= Z wryr and o= Z wr yr with wr, 0; € TIS(VF).
I, r] I, r]
Hence
UA®= z erypioy yrug with ep € {£1}.
INJ=9
Now, let us use Lemma 2. For this, we choose two subsets I, J of [ 1, r [ withINJ = @.

- If0<>,ji<en—np(x)or0 <>, ;ji <ew—np(x)then s orwy is divisible
a0 and then pywy is divisible by ay# 0,
- Ifnot > ;ji = eq —nu(x)and >, ;ji = ey —ng(x) with I N J = @ which

contradicts Hypothesis 2.

Hence the product i A w is divisible by ay"# (O for all H € ¢. Since the family (0g) Hew
is constituted with elements prime to each other, i A w is divisible by

H aHﬂH(X).

He¥%

In addition, for H € 4, the element oryy"# ¥) is invertible in T~1S(V*), we finally obtain
the divisibility of u A @ by

H (XH”H(X) H aHnH(X) =0,.

HeA He¥
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2.2.2 Algebra structure

When every hyperplane in ¢ is assumed to be multiplicity-partitionable with respect to M
and x and of a low multiplicity with respect to M (Hypothesis 2), Corollary 1 applies. For
nw, w € QX, we can define the twisted product A by

,uAa):QX_l;L/\a)EQ.

Actually, we have 1 A @ € QX and thus we define a law A on QX which gives to QX a
structure of an associative (TG)_1 S (V*)G—algebra with unit element Q, . Now, we have to
show that (X, A) is an exterior (79)~! S(V*)G-algebra. For this, we study the structure
constants of (2%, A) and we will show that they are those of an exterior algebra. To have
more simple notation, we set R = § (V*)O.

2.3 Exterior algebra

In the previous subsection, under Hypothesis 2, we have constructed an algebra structure on
QX In this subsection, we are looking for its isomorphism class. The proof is divided into two
stages : first, we give a necessary and sufficient condition for the structure constants of %
to be those of an exterior algebra (Proposition 1); subsequently, we show that this condition
is verified (Proposition 3). To this perspective, we begin to generalize Stanley’s theorem to
the ring 718 (V*).

Corollary 2 (Stanley’s theorem in T—18(V*)) We have
(TS =T TISVH90Q, and () =TSV Qyderyvolu (1)
where voly is a non-zero element of A" (M™) once for all fixed.

Proof This is an easy consequence of the usual Stanley’s theorem and of the fact that
kvoly; = A" (M™) is a linear representation of G with character det ;.

Notation 5 Let U be a (T9)~1S(V*)-module. For u, v € U, we denote by u = v if there
exists x € ((T'9)~1R)* so that xu = v. In particular, u an v generate the same (197!
R-submodule.

We now follow the method of Solomon [20] to obtain the exterior algebra structure (Prop-
ositions 1 and 3).

Proposition 1 (Necessary and Sufficient Condition) Let us assume that every hyperplane
in ¢ is multiplicity-partitionable with respect to M and x and of a low multiplicity with
respect to M (Hypothesis 2). For every y, . .., w, € (Q1)X, the following propositions are
equivalent:

(i) forallp e[ 1, r], the family (w;; A --- A wip)15i1<...<,-p§r is a (T9)~L R-basis of
(QP)X;
(i)

wp k- Aoy = Qy.detyVoly. ()

@ Springer



V. Beck

Proof (i)= (ii) This is an easy consequence of(1).

(i) = (i) We set K = Frac(T~'S(V*)). Let us show that .# = (Wi; A -+ A wiy)iy<oo<i),
is free over K. Since w;; A --- A wi, = Oy I=p wi; A -+ A wj,, it suffices to show that the
family (w;j; A+ A wip)lsil <o<ip<r is free over K. For that, let us consider the relation

Z Tip, ..., l'pa),'l/\---/\a),‘p:() with Tip,..., [pEK.
I<ij<--<ip=r
We fix I = {i,...,ip} C [1,r]lwithl < i < -+ < i, < r and we set I =
{ip+1,...,ir} the complementary of I in [ 1, r ]l. Multiplying the preceding relation by

Wi, Ao A i, We obtain

riy,..., ipwil/\---/\w,-p/\a)ipﬂ/\-~-/\a),~r:0.
Hence O =riy,. i, er_]wl A Aoy =Tip i, QX’_1 O ydety, Volpr. We then deduce that
Fit,.ipy = 0 and thus the K -freeness of the family (w;; A -+ A Wi, ) 1<y <o <ip<r-

Finally, the family .Z is a basis of K-vector space K ® A”(M*). Thus, if u € (QP)X,
there exists rj, . , € Kso that

,,,,,

n = Z Tig, ..., ipa)il)\-'-)\a)ip.
I<ij<--<ip=r
Letus fix again I = {iy,...,ip} C[1, rJwithi; <--- <ij,andset I = {ipiy,..., i}
its complementary. Multiplying the defining relation of u by w;,,, A -+ A wj,, we obtain
WA i,y Ao A wj, € (€)% Thus, with (1), there exists f € (T)~!R so that

KA, A ko, = Oy -dety VOl
In addition,

;LJLw,-pHA-nAa)ir:sril in)(delMVOlM with & € {£1}.

,,,,,,,,,,

i, =&f € (I~ R. Therefore, the family .7 is a (T'%)~" R-basis of (Q7)X.

.....

Now, the aim is to show that every (T9)~ ! R-basis of (Q21)X verifies condition 2. For this,
we construct a family (v;)1<;<, of G-invariants and a family (u;)1<;<, of detys«-invariants
verifying respectively

VIA- AV = Opvoly and g A Ay = (Op+) " voly.
Proposition 2 (Invariants in QY There exists a family (vq, ..., v;) € (QH%Y and a family
(1, - ) € (UTW) verifying

VIA- AV €KXQuvoly and ui A+ Ay € kX(0p) " voly.
Proof The proof is a rephrasing of Gutkin’s theorem [5] using the notion of minimal matrix
evolved by Opdam in [12, Definition 2.2 and Proposition 2.4 (ii)].

For C = (cij)i,j € M, (S(V*)), we denote by g - C the matrix (g cij)i,j- Let us consider
C a M-minimal matrix. According to definition, C € M, (S(V*)) verifies

i) g-C=Cgum;
(i) detC #0;
(iii)) degdet C is minimal among the matrices verifying (i) and (ii).
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Let us choose (y;)1<i<, a basis of M* and define for j e [ 1, r ],

-
v = ZCJ',‘ & yi.
i=1

We have v A --- A v, € kX det(C)voly,. Although det C € k™ Qs (let us see [12, Propo-
sition 2.4 (iii)]). It remains to show that v; is G-invariant for all j € [1, r]. But, (i)
gives

gcji= D cikgmp and gyi= D gy Yn.
k=1

r r r
8vj = Z(chkngi®ng*ni yn) ZZ(Zngng*m)C/k@yn
i=1 \k=1 n=1

k=1 n=1

Since ‘ gy« = g~ ', we have > i1 8Mki8M*ni = Skn and then

8vj = chk ® Yk = Vj.

Finally v; is G-invariant.
Now, let us consider D a M*-minimal matrix. According to definition, D € M, (S(V*))
verifies

(i) g-D=Dgu;
(i) detD #0;
(iii) degdet D is minimal among the matrices verifying (i) and (ii).

We consider Com D = (e;;);,; the comatrix of D. Since the action of G on S(V*) is
compatible with the algebra structure, we have

g-ComD = Com(g - D) = Com(Dgy+) = Com DCom g+ = det(gy+)Com(D) gy
We then define, for j € [ 1, 7],

.
Mmj = Zeﬁ®yi~
i=1

We have 1 A -+ A, € k* det(Com D)voly,. Although det Com D = (det D)~ and
det D € k™ Q= (see [12, Proposition 2.4 (iii)]). It remains to show that ¢ ; is detys«-invari-
antforall j € [1, r]. But,

r r
geji = det gy+ Zejk gmyi and gy = ZgM*m' Y-
k=1

Hence

r r r
gj = det gM*Z(Zeik Mk ® ZgM*m' yn)
= deth*zz (Zngng*m)eJk Q yn-

k=1n=1
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Since "gy+ = gm !, we have >\ gmyigm*ni = Skn and then
r

guj = det gy Zejk ® yr = detguypj.
k=1

Finally u; is detg, . -invariant.
The following lemma proposes polynomial relations which generalize those of Shepler

[19, Lemma 6 and Lemma 11] : the aim (with an eye to Proposition 3) is to obtain formulae
to determine when Q, Op(Q y.dety )~ and O y-dety; Om+(Qy )~ are prime to each other.

Lemma 3 (Polynomial Identities) We define

SY9={He9, ng(M)=0}, 9 ={He9, ngM)=>en—nu(x)}
Go0=9\% and G =9\Y,.

We have
@
Om+ = H oy H M) H gy €1 0. (M) —np (M)
He% He9G
(ii)

Oy dety = H aH'lH(X'detM) H aH"H(X)+nH(M) H aHnH(X)+nH(M)—€H_
He%A He9_ He¥,

(iii)
QxQM(Q)(-detM)_l — H aH"H(X)+nH(M)—"H(x-detM) H ay®.
HeZA He¥,
(V) Qydety Om=(Q,) " =
HaH"H(M*)Jr”H(X'detM)*”H(X) H aHeH(r*ﬂo,H(M)) H aHEH(rflfno.H(M)).

He% He9 \% He%9,

Proof We have seen in Remark 1 that ny (M*) = ey (r — no,g(M)) — np (M) for every
H € 5. Moreover, ng (M) = 0 if and only if ng (M*) = 0 if and only if no g (M) = r.
We then obtain (7).

Let H € 9. Wehave 0 <npg(M) < ey — 1 andthenny (M) = ngy(dety). We conclude
that (x - dety)(sg) = det(sg) " HOHM) Since 0 < ny(x) +ng(M) < 2ey — 2, we
obtainny(x -det ) =ng(x) +ng(M) if ng(x) +ng(M) < ey — 1 and

ng(x -detpy) =ng(x) +ngM) —epg if ng(x) +np(M) > ey.
Identities (iii) and (iv) are easy consequences of (i) and (i7).

So that we can conclude on the algebra structure of X, we need to reinforce the hypoth-
eses.

Hypothesis 3 The subset # contains all the hyperplanes that are not of a low multiplicity
with respect to M and x. Equivalently, every element of ¢ is of a low multiplicity with
respect to M and x, which can also be written with the notation of Lemma 3, ¢4, = (.
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Hypothesis 4 The subset 4 contains all hyperplanes that are not reflection-preserving with
respect to M. Equivalently, sy acts on M as identity or as a reflection for all H € ¢.

Remark 3 (Links between Hypotheses) Remark 1 ensures that both Hypotheses 3 and 4
are stronger than Hypothesis 2. In addition, under Hypothesis 3, Lemma 3 shows that
0 Om(Qy.dety,) " are invertible in (T¢)~!R.

Proposition 3 (Checking of the Necessary and Sufficient Condition) Let us assume that
every element of ¢4 is of a low multiplicity with respect to M and x, or that sg acts on M
as identity or as a reflection for all H € 4 (i.e. assume Hypothesis 3 or Hypothesis 4). If
wi, ..., wy generate (QHYX then

o1 A ko = Oy.dety,Voly.

Proof From Remark 3, Hypothesis 2 is verified. Thus we can define the algebra structure
on (T~'S(V*) ® A(M*))X. Since QX is stable by A, we have w| A --- A w, € (")X. The
identity (1) tells us

3f € (TY'R, w1 A A, = fQydetyVOly.

Now, we have to prove that f is invertible in (T’ “ls(v*)C. But, actually it suffices to show
that f is invertible in 77'S(V*). Let us consider (¥i)1<i<r a basis of M*. We denote by
C € M, (T~18(V*)) the matrix of the family (wi)1<i<r inthe T=15(V*)-basis (1 ®yi)i<i<r
of 2!. We deduce the existence of A € k* so that

Wl A Aw, = AdetCvoly then AdetC = fQydet, (Qy) .

In addition, since v; is G-invariant, Q, v; is x-invariant. We then deduce that Q, v; is a
linear combination (with coefficients in (7°)~! R ) of the family (w;)1<i<,. Thus we obtain
amatrix D € M, ((T9)~!R) so that

Oyvin---ANQuv =detDwy A--- Aw, = Adet D det C voly
= hdet D f Qydety (Q) ' voly

But vi A+ A v, € kX Quyvoly, so we obtain Q,vi A= A Qv € kX(Qy) Quvoly.
Hence

Oy Om € k™ fQy.dety, det D.

Finally f 7& 0 and f | Qx QM(Qx~detM)7l~
Under Hypothesis 3, Remark 3 shows that f is invertible and (2) is verified.
Now, let us assume Hypothesis 4. For H € ¥, we have ngo y(M) = r — 1. Lemma 3

shows that (Q.dety QM*(QX)’I)F1 and Q, Qm(Qy.dety) ! are prime to each other. So
that, we can conclude by showing that f | (Qx-detM O m* (QX)_I)r_l.

Let (14;)1<i <, be the family of Lemma 2. Since j; is detyy«-invariant, Q y.det), i € «hx,
Then Oy .det,, i s a linear combination (with coefficients in (T9)~IR) of (wi)1<i<r- By
this way, we have constructed a matrix D’ € M, ((T9)~!R) so that

Qx~detMNvl JARERRAN QX‘detMMr = det D’ | A+ Awp = det D/fo'detM(Qx)rilV01M~

But pg A+ A iy € k*(Q =) 1 volyy, so we obtain

Oydety 1 A -+ A Oydety Hr € K (Qydety) (Qur=) ™" voly.

@ Springer



V. Beck

Hence (Q dety Qu+) " € k™ det D' f(Q,)"~". Finally f | (Qy-dety, QM*(QX)*l)r_l :

.. _ _ —1 . . .
Thus, f divides Qy Quety (Qy-detyy) ™ and (Qydety, Om+(0y) ")~ and identity (2) is
verified under Hypothesis 4.

Theorem 1 (Exterior Algebra) Let us assume that every element of 4 is of a low multiplicity
with respect to M and x, or that sy acts on M as identity or as a reflection for all H € ¢
(i.e. assume Hypothesis 3 or Hypothesis 4). The (T %)~ R-algebra (X, \) is an exterior
algebra.

Proof From Propositions 1 and 3 and Remark 3, it suffices to show that (Q2!)X can be gen-
erated by r elements. Actually, we will show that (')X is a free module of rank r over
(T9~'R. According to Theorem B of Chevalley [4], we have

(S(V¥)®@ M*)X = (S(V¥) @ M* @ k") @ky = (S(VF) @ (M @ k)"’ @ ky.
Thus we obtain
(S(VHQM*) =R® (S¢ ® (M ®ky)*)C @ky

and (S(V*)®M™*)X is afree module of rank dimy (Hom ; (Sg, M ®k,)) = dim (M ®k,) =r.
Extending the scalar to (T9)~1R, we obtain that (1)* is free of rank r.

Remark 4 (Shepler, Orlik and Solomon) If every hyperplane of J# is of a low multiplicity
with respect to M and yx, we can choose Z = (). Similarly, if sy acts on M as a reflection or
as identity for all H € .7, we can choose % = ¢ and thus T-1S(V*) = S(V*). We obtain
the results of [1] back and thus those of [13,18].

Remark 5 (When % = ) When % = ¢, Hypotheses 3 and 4 are trivially verified. Thus
QX is an (T°)~! R-exterior algebra.

Example 3 Let us consider G = &4 the symmetric group on four letters. We choose M to
be the tensor product of the standard reflection representation by the sign representation and
x = 1 the trivial character. We have ny (M) = 2. So we have to invert all the hyperplanes to
obtain an exterior algebra structure on Q2% . See the Subsect. 4.1 for more details on the case
of the symmetric group.

Example 4 Let us consider G = G(d, 1, 2) the group of monomial matrices with size 2 and
coefficients in the dth roots of unity. We set D to be the subgroup of G of index 2 of diagonal
matrices. We then choose the linear character of D defined by p : diag (¢, n) — ¢~ 'u=2and
M= Indg p. For a hyperplane H associated to a diagonal reflection, we have ngy (M) = 3.
For a hyperplane H associated to a non diagonal reflection, we have ny (M) = 1.

Let us now choose yx to be the linear character of G which associates to an element g of
G the inverse of the product of non-zero coefficients of g. For a hyperplane H associated to
a diagonal reflection, we have ny (x) = 1. For a hyperplane H associated to a non diagonal
reflection, we have ng (x) = 0. When d > 5, every hyperplane is of a low multiplicity with
respect to M and y and so (S(V*) ® A(M))X is an exterior algebra but M is not a reflection
representation.

Let us now choose y = det™!. For every hyperplane H, we have ny(x) = 1.Ifd > 5,
we have to invert only the non diagonal hyperplanes : (T~'S(V*) ® A(M))X is an exterior
algebra where T is the multiplicative set associated to non diagonal hyperplanes.

See the Subsect. 4.2 for more details on the case of the rank 2 imprimitive groups.
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3 Consequences of the exterior algebra structure

In this section, we take an interest in the numerical consequences of the structure of Q2% when
A is empty. The first step towards numerical results is given by the Hilbert series. It allows
us to transform the structure theorem into a numerical way and thus obtain a first identity
between rational functions (Corollary 3) generalizing the one of Orlik and Solomon [13,
equality 3.7]. The Subsect. 3.3 derives the equality of Corollary 3 to obtain polynomial iden-
tities generalizing those of [3,9,10,13] and to obtain numerical results similar to those of
Shepler [19, Corollary 13]. These identities leads to characterizations of the regularity of
integers.

Hypothesis 5 In this section, we assume that 2 = (). Equivalently, we suppose that every
hyperplane in .77 is of a low multiplicity with respect to M and x or that sy acts on M
trivially or as a reflection for all H € 7.

Thus (S(V*) @ A(M*))X is an S(V*)%-exterior algebra.

3.1 Introduction and notations

In this subsection, we introduce the objects studied next, in particular we set  an element
of the normalizer of G in GL(V). In addition, since the product of QX is a deformation of
the usual product, we define a new degree which considers the deformation by Q, so that
we obtain a bigraduation compatible with the algebra structure.

Notation 6 (Bigraduation) Let us consider S, C S(V*) the vector space of homogeneous
polynomial functions with degree n. For p € [0, r ]|, we set Q7 = S(V*) ® AP (M*) and
QF =S, @ A?(M*). Thus, we have

Q= é(szl’)x and QF = @éé(ﬂﬁ)x-

p=0 neN p=0

For w € (Q7)%, we set deg(w) = (n, p) and deg’(w) = (n — deg Qy, p). If € (ij,')x
then

p+p X
wARE (Qn+n/7deg Qx)

and deg'(w) + deg’ () = deg'(w A w).

Definition 5 (Fake degree, Exponents and Degrees) Let us remind the reader what the expo-
nents of a representation of a reflection group are. We denote by S¢ the coinvariant ring of
G, that is to say the quotient ring of S(V*) by the ideal generated by the polynomial invariant
functions which vanish at the origin. This is a graded G-module, which affords the regular
representation (see Chevalley’s theorem [4]). We denote by (S¢); the graded component of
S of degree i and then define the fake degree of M to be the polynomial

Fu(T) = > ((S6)i, M)GT' € ZIT].
ieN
Since ((Sg)i, M) ¢ are non negative integers, we can write Fyy (T) = T™1 M) ...y pmr (M)
The integers m (M), ..., m,(M) are called the M-exponents.
According to the theorem of Shephard and Todd [17], the ring S(VHG is generated
by a family (f1,..., fr) of £ homogeneous algebraically free polynomials. We denote
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d; = deg f;. The multiset (dy, ..., d,) is well determined and called the set of invariant
degrees of G.

The following lemma will be useful to extend the character x of the group (G, y).

Lemma 4 (Extension) Let M, N and P be three abelian groupsandg: M — N,0: M — P
be two morphisms of groups. We assume that P is a divisible group. If ker ¢ C ker 0, there
exists a morphism of groups 6 : N — P so that the following diagram commutes

M—"=N

L0
P

Proof Sinceker ¢ C ker 6, we can define a group homomorphism 6y : M/ ker ¢ >~ Imp — P
$0 that 81 o ¢ = 0. Since P is divisible, we can extend 6] in 6 : N — P. Finally we obtain
Bop=010¢p=20.

Let us introduce some notations and consider the normalizer .4 of G in GL(V). We
choose a semisimple element y € .4 (see [3]). We assume that M is a (G, y)-module and
that y acts semisimply on M. Furthermore we assume that the derived group D of (G, y)
verifies D C ker x. Applying Lemma 4 with M = G/D(G), N = (G, y)/D, P = U the
groups of complex numbers with module 1 and # = x, we extend x in a linear character of
(G, y) (also denoted by ).

G——(G.y)

N

G/D(G) —— (G, y)/D

\L X
L

U

We denote by k, the representation (of (G, y)) with character x over k and we define
M, =M ®ky.So M, is an (G, y)-module and, thanks to Theorem B of Chevalley [4], we
obtain an isomorphism of graded G-modules and of R-modules

QY = (S(VH @M =(S(VHOIM* @k, @k, = R® (S ® My*)C Qky.

Thus according to the definition of the M, -exponents, we can choose an R-basis (w1, .. ., ©;)
of (QhH)x bihomogeneous with degree deg'(w;) = (m;(My) — deg(Qy), 1). Moreover, the
hypothesis D C ker x ensures that y stabilizes the vector space NX of x-invariants of N,
for all (G, y)-module N. Thus we obtain the isomorphism of graded (y)-modules and of
R-modules

QY = (S(VH) @ M*)* = (R® S @ M*)* = R® (Sg ® M*)X.

Finally, we can assume that the w; are eigenvectors for y. We denote by ¢&;,, , (M) the
eigenvalue of y associated to w;. Both isomorphisms given above show that the multiset
(&i,y,x (M), m;(M,)); does not depend on the choice of the basis of (QhHx.
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Remark 6 (m;, e;) When y = 1 is the trivial character, we set &; ,, (M) := ¢;,,,1(M). Simi-
larly, when y = id, we set &; y (M) := &; jq,x (M). The family of ¢; , , (M) depends on the
choice of the extension of x to (G, y).

The family ¢; ,, (V') can also be considered as the family of eigenvalues of y so that the
associated eigenvectors (Py, ..., P¢) are a family of homogeneous and algebraically free
generators of R (see [3]).

3.2 Rational functions

It is now time to transform the structure theorem into numerical considerations. So let us
compute the Hilbert series : we follow the ideas of Theorem 2.1 and Equality 2.3 of [9] and
of Proposition 2.3 of [10]. The following corollary will be the fundamental step for the next
section.

Corollary 3 (Rational Functions) If sy acts on M as the identity or as a reflection for all
HeXorifng(M) <eyg —ny(x) forall H € 7 then

r i(My)—d
—— det(1+ (g¥)mY¥) _ des(00) [Tizy (1 + &y (M) XM MO eg(Qny).

3
X&) =T = gy %) T (1 — e, (V)X) S

Gl =5

Proof The hypothesis D C ker x ensures that y stabilizes N* the vector space of x-invari-
ants of NV, for all (G, y)-module N. In particular, y defines a bigraded endomorphism of %.
In order to show the equality, we compute the graded trace Pox ,, (X, Y) of the endomorphism
y of Q% in two different ways. According to definition,

r
Pary (X, ¥) = D2 D7t (vgpe ) X"YP.

neN p=0

Since (Q2)* is the x-isotypic component of 25,
1 .
@ Z x(g) 8qr

geG

is a projector on (25)X. Hence

tr (yggx) = |(17| > x@r ((gy)g,z;)~

geG
Thus
1 7 r
Pory(X.¥) = 1o Sa@> S ((gy)m:) X"yP.
geG neN p=0
Finally, Molien’s formulae give us

1 oo detd + (@Y)uY)
Pary (X.Y) = 1o géx(g) Gt =gy 1) @

In addition, Propositions 1 and 3 show that 2% = R ® A ((Q2")X) where A ((2')%) is the
k-algebra (for A) generated by (Q2')*. Since the product A is compatible with deg’ and since
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the degree of the unit element e = Q,, for A is deg’(e) = (0, 0), we obtain

-
P}\((QI)X)J/(X, Y) = Xdeg(QX) H (1 + Ei,y,x(M)YX’ni(MX)_deg(QX)) .
i=1

Moreover,

Py =1 (1 ey ixs)

i=1

Hence

) TTizt (1 + ey (MY X (M) —dee(C,0)
[Tici (1 = e, (V)X D)

Pax (X, Y) = x9&(Qx 5)

The equalities 4 and 5 give the result.

Remark 7 (m;(My)) If ng (M) < ey —np(x) forall H € 52, then the multisets
{mi(M) + deg(Qy). ..., m.(M) +deg(Q,)} and {mi(My),...,m(My)}

are the same. Indeed, by following the proof of Proposition 3, we notice that, under our
hypothesis, the family (Q, v;)1<;<, is a basis of (21X, But the properties of minimal matri-
ces allow us to choose v; bihomogeneous with degree (m;(M), 1). This result is similar
to [19, Corollary 13].

3.3 Regular integers

Using the structure of exterior algebra on (S(V*)® A(V))* and (S(V*) ® A(V*))X, Shepler
obtains numerical consequences on exponents (see [19, Corollary 13]). In [9], Lehrer refines
these results using a method of Pianzola and Weiss [14] coupled with results of Springer [21]
(see also [10] for another application of the same method). This subsection is dedicated to
the application of this method to the representations V° and V*° where o € Gal(Q/Q). We
thus obtain new relations between exponents.

So let us apply identity 3 to the representations V° and V*° where o € Gal(Q/Q). Let
d € N and & be a primitive dth root of unity; we then define

Ayd)y=1{iel1, €], &,(V)E% =1} and a,(d)=|A,(d),
and for o € Gal(Q/Q),
ri (0, x) = deg(Qy) —=mi(V7 y), 1] (o, ) = deg(Qy) = mi(V*7 ),
Boy (@) = €1, €1 ey ) (VETET = 1) and by (@, x) = |Boy (d: 0
and
BE () =1i €1, Ll &, (V)E7ET T = 1) and b}, x) = 1B}, . 0)l.

For h € End(V), we denote by det’ (k) the product of non-zero eigenvalues of /1, we denote
also by V(h, £) = ker(h — £id) the eigenspace of / associated to the eigenvalue £ and we
setd(h, &) = dim(V (h, &)).
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Theorem 2 We have a, (d) < by, (d, x) and the following identity in C[T ]

g4 Q0 T4EE) (det' (1 — & g9))° !

geG
1 (T =rito0) T (=eg7@0=0) [ —l if a,(d) = bey(d: ),
=} jeBoyd0) J#Ba.y(d) gy @ 1768

0 otherwise

where g; = &, ,(V?) and &, = ¢;,, (V).
We have a,, (d) < b[";’y (d, x) and the following identity in C[T]

(— 1) g @OH > "5 () (=)D (det' (1 — &' gy))7 ' det(gy) ™
geG

d .
[1 T-rix) 1 (1-eE" (UXHU) 11 1 rea ay(d)y=bg,(d, x),
= | jeBs, @0 J£Bs,(d.x) JgAy ) 1785

0 otherwise
where &; = &, ,(V*?) and ] = &; , (V).

Proof For every reflection s € G, syo is still a reflection. Thus we can apply Corollary 3
to the G-module V°. For g € G, we denote by 11(gy), ..., A¢(gy) the eigenvalues of gy
acting on V. We have

¢
z H + Y (Ai(gy))?) — yde2(Q, )1—[ (1 + 8,YX r:](” X))
geG 1 —XXi(gy)) — ] X)
We switch the indeterminate with Y = £~ (T (1 —&£X) — 1).
Let us begin with the left side. It becomes

— (Mi(gEHT(1—=T(1 —£X))
G Zx( )H :

P = Xhi(gy)

In each term of the sum, we discriminate the eigenvalues of gy between those equal to & and
the others. We obtain in C(7', X)

1— Li(gy)EHo(1 =T —£X))
x(&)
|G|geZG \1;[&} z\gs = X2iey)

So &1 is not a pole of this rational function with respect to X and evaluating at X = &1,
we obtain

1 o
) — (67 2iey) 74@YE) (det’ (1 — o1
|G|g§EgX(g) <{M|i#|$} =& (27 |G| E x(@) (det'(1—&"gy))

Now, let us consider the right side. After switching the indeterminate, it becomes

—0 —ri(o,
Xdeg(Qx)ll
1-— EX

Let us count the multiplicity of £~! as a root of the numerator and of the denominator of
this rational function with respect to X. For the denominator, & “lisarootof 1 — S;X di if
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and only if i € A, (d). Moreover this root is simple. So £~ ! is a root of order ay (d) of the
denominator. For the numerator,

1—g& (1 =T(1 - EX)X 10
is zero for X = &~ !ifand only if i € B, (d, x). Moreover, when differentiating with respect
to X, we obtain

—ei& ™7 (—ri(o, 01 = T(1 = £X) X071 4 Tex—(0)

which is nonzero at X = £~!. So £~! is a root of order bs,y (d, x) of the numerator.
Since £~! is not a pole of the left side, we obtain a, (d) < b, (d, x). Moreover, we
deduce that the right side is zero if a, (d) < be,, (d, X).
Now, let us assume that a, (d) = b, (d, x). If i € By, (d, x) then &, = g0
and
1= 01— T(1—EX)X @0 =1 — (1 = T(1 - EX)(EX) 10
=1-@EX)O0 LT - EX)(EX)1OX
—ri(o,x)—1
=(1-s0(TEX0)7O0+ > EX).

k=0
For j € A, (d), we have 8;- = £% and so
dj—1
=g/ XU =1-gx =1 -£X) > EX"
k=0

As a consequence, for j € A, (d) and i € B, (d, x), we obtain

1= (1 =T —EX)X OO0 TEX)"O0 4 3 o0 g x)k
1 — X9 ZZ/:BI(%-X)k

Evaluating at X = &', we obtain Prkii"“ Finally, by choosing for each factor of the

numerator whose index is in By ,, (d, x), one of the factor of the denominator whose index is
in A, (d) (this is possible since ay, (d) = b,y (d, x)), we obtain, after evaluating at X = g1

Mjen,@n@ = ri@ ) Mjgn,, w0 (1= 87707)
—d; .
jea, @ dilljga, @1 = €569

The relation |G| = []/_, d; give us the identity.

For the second identity, we apply Corollary 3 to V*? = V°* on which sy acts as a
reflection for all H € . We switch the indeterminate into ¥ = £°(T(1 — £X) — 1) and
simplify with (1 —z7 (1 —z)~' = —z~L.

%‘_deg(Qx)

3.3.1 When y is trivial

We are interested in the case where y = id. To simplify the notations, we set
B*(d, x) = Bjud, x)={jell, £, d| 1+ r7(id, )} and b*d, x) =|B*d, x)l;
B, x) = Biaia(d. x) ={jel1. €], d|1—r;jGd, x)} and b(d,x)=|BWd, )
and finally A(d) := Aig(d) = {j elll, ], d] dj} and a(d) = |A(d)].

@ Springer



Exterior algebra structure on relative invariants

Let us remind the reader that d is said to be a regular integer if one of the V (g, £) meets
the complementary of the hyperplanes of .77. The following corollary generalizes the results
of [10] and the one of [9].

Corollary 4 (Consequences and Exceptional Case) We obtain the following formulae

(i; Y eec X@T4E D (det' (1 = )7~ = [T (T = rj(0, X))
(ii

Sdeg(Qx) Z X(g)Td(g’s)
geCG

| M @ =riid x) [1 (-gi@o-ly [T —% ifad) = b, x).

1-&%
jeBW.x) j¢B(d,x) JEA(d)
0 otherwise.

(i) Ppeq x(@TYED = [[5_(T = rj(d, x)).
(iv) We have a(d) < b*(d, x) and

(D@0 ] TED (- den(g

_[ M (T-r7ad0) T (1=g7%0%) [T 9 ira@ = bW 0,

jeB*(d.x) J#B*(d.x) jgA@ 178
0 otherwise.

V) Xgeq TV (x - det)(g) = [T (T +rid, x)).
(vi)  Themultisets {—r(id, x), ..., —r}(id, x) }and{ri(id, x - det), ..., r¢(id, x - det)}
are the same and b*(d, x) = b(d, x - det).
(vii)  Ifd is regular, then a(d) = by (d, x) for every o € Gal(Q/Q) and every one dimen-
sional character .
(viii) Ifforall H € J, the restriction of x - det to Gy is non trivial, then d is a regular
integer if and only if a(d) = b(d, x).

Proof (i) This is Theorem 2 with d = 1 and so £ = 1. We have

A(l) = Boja(1, x) =1, €] and  a(l) = bsia(l, x).

(i) This is Theorem 2 with o = id. This Lehrer’s identity 2.1 [9].

(iii) Since x(g) = x(g~") and d(g, 1) = d(g~!, 1), this is (i) for 0 = id or (ii) with

d = 1. This is Lehrer’identity 3.2 [9].
(iv) This is the second identity of Theorem 2 for o = id.
(v) Thisis (iv) with d = 1 = £ with the remark that d(g, 1) = d(g~ ", 1).
(vi) This one is obtained by comparing (iii) applied to x - det with (v).

(vii) Theorem 3.4 of Springer [21] shows us that the degree of the polynomial of the left
side in Theorem 2 is at most a(d). Let us compute the coefficient of T ad) Since d is
regular, the g € G verifying d(g, £) = a(d) are a single conjugacy class. Thus, for
every g sothatd(g, &) = a(d), the value of x(g) det’ (1 — &~ 1g)*~! does not depend
on g. The coefficient of 794 s non zero and so a(d) = by (d, X)-

(viii) This is (vi) coupled with Corollary 3.9 of Lehrer [9] applied to the linear character
X - det.

@ Springer



V. Beck

3.3.2 When y is not necessarily trivial

The case x = 1 is done in [3]. Let us remind the reader that d is y-regular if one of the
eigenspaces V (gy, &) meets the complementary of the hyperplanes .. As a matter of sim-

plification, we set B;(d, X) = Bfﬁ,y(dv x)s b;(d, X) = IB;(d, x)| and

By(d, x) = Bia,y(d, x) and b,(d, x) :=|By(d, x)|.
Corollary 5 (Consequences and Exceptional Cases) We obtain the following formulae

i) gdee(Qx) S (o) T4y
() §%E@0 > G x@T

. - — d; .
M (T =rjdo) T (1=eg7% 0™ [T —F ifay @) = by . 1),
=1 jeBy(d.x) Jj#By(d.x) jgAy @ 1-€5E

0 otherwise.

when g; = g;,, 5 (V) and €] = &;,(V).

i) (D WO dety™H D - den(gT (=T

. *(id, x)+1 dj .
[ (T—riddx) I (ngj“ o ) M — ifay@=b}d. ).
= 1jeBid.0) JEB3d.) JgAy (@) 1-¢j¢

0 otherwise

when g; = ;. 5 (V*) and & = &; , (V).

(ili) The two multisets { —r;(id, x), i€ B;(d, X)) and{ri(id, x -det), i€ By, X)}
are the same and b;‘j (d, x) =b,(d, x - det).

(iv) Ifd is y-regular, then a, (d) = b, (d, x) = b;y(d, x) for every linear character x
and every o € Gal(Q/Q).

(v) Ifforall H € 57, the restriction of x to G g is non-trivial, then d is y-regular if and
only if a, (d) = b, (d, x).

(vi) Ifforall H € S, the restriction of x - det to G g is non-trivial, then d is y-regular if
and only if a, (d) = b;ﬁ , x).

Proof (i) Thisis Theorem 2 with o = id.

(i) This is the second identity of Theorem 2 with ¢ = id.

(iii) Let us compare the roots of (i) applied to x - det and those of (ii).

(iv) The Theorem 3.4 of Springer [21] show us that the degree of polynomial of the left side
in Theorem 2 is at most a,, (d). Let us compute the coefficient of 7% @ Since d is reg-
ular, the g € G sothatd(gy, §) = a, (d) are a single conjugacy class. Thus the value
x(g)det’(1 — £71g)°~! does not depend on g when g verifies d(gy, §) = a, (d).
The coefficient of 7% @ is non-zero and so ay(d) = b, (d, x).

(v)  According to (iv), it suffices to show that if a, (d) = b, (d, x) then d is y-regular.
According to (i), the coefficient of T4 @ — Tby[d.20 ig non-zero. Thus, thanks to
Springer’s theorem, > gec X (g) is a factor of the coefficient of T% @ where

C={geG, VxeV(hy§, gx=x} with d(hy, &) =a,(d).

If C is not the trivial group, then C contains one of the G g (this is Steinberg’s the-

orem) and since de restriction of x to Gy is non-trivial, we have dec x(g) =0.

Finally we obtain a contradiction and C = 1 which means exactly that d is y-regular.
(vi) Thisis (iii) and (v).
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4 Types of hyperplanes

In Definition 4, we define various types of hyperplanes. In this section, we study these types
of hyperplanes for some examples of reflection groups, namely the symmetric group, the
wreath product G(d, 1, n), the imprimitive groups of rank 2 that is G(de, ¢, 2) and some
exceptional case G4, G5 and G4 (named after the classification of Shephard and Todd [17]).
The details of the computations can be found in [2].

4.1 The symmetric group

The symmetric group &,, acts faithfully as a reflection group over C" /{(1, ..., 1)) by permut-
ing the coordinates. The reflections are the transpositions. They are of order 2 and conjugate
to each other. Hence there is a unique conjugacy class of hyperplane. The linear characters
of &, are the trivial one (denoted by 1) and the sign character (denoted by ¢). In addition,
the representations of G,, are described by the partitions of n (see for example [11]).

Proposition 4 (Symmetric Group) Let H be a hyperplane of the reflection group &, and p
be an irreducible representation of &,,.

The hyperplane H is reflection-preserving with respect to p, of a low multiplicity with
respect to p, of a low multiplicity with respect to p and 1, multiplicity-partitionable with
respect to p and € if and only if p = 1 or p = € or p is the reflection representation orn = 4
and p is associated to the partition (2, 2).

The hyperplane H is of a low multiplicity with respect to p and € if and only if p = 1.

The hyperplane H is multiplicity-partitionable with respect to p and 1 ifand only if p = 1
or p = ¢ or p is the reflection representation orn <5 orn = 6 and p is associated to one
of the partition (3, 3), (2, 2, 2), (4, 2).

4.2 The rank 2 imprimitive reflection groups

Ford, e, r nonzero integers, we define the group G (de, e, r) to be the group of r-dimensional

monomial matrices (with one nonzero element on each row and column) whose nonzero

entries are deth root of unity such that their product is a dth root of unity. These groups are

called the imprimitive groups of reflection. The integer r is called the rank of G(de, e, r).
The reflections of G (de, e, 2) are of the form

o e e ]

where £ is a non trivial dth root of unity and ¢ a deth root of unity. If e is odd, there are two
conjugacy classes of hyperplanes : one given by the hyperplanes of the diagonal reflections,
the other given by the nondiagonal reflections. If e is even, there are three conjugacy classes
of hyperplanes. One given by the hyperplanes of the diagonal reflections. The hyperplanes
of nondiagonal reflections split into two classes : one associated to the hyperplane of

. 1
1
the other one associated to the hyperplane of
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= [c“ ;}

where ¢ is a deth primitive root of unity.

We will describe the character of G(de, e, 2) following the method of small groups of
Wigner and Mackey (see [16, paragraph 8.2]). So we set D the subgroup of diagonal matrix
of G(de, e, 2). This is an abelian normal subgroup of G(de, e, 2) of index 2. To use the
method of Wigner and Mackey, we have to describe the one-dimensional character of D.

Lemma 5 (Linear Character of D) For d, e € N*, the map

.| z/dez x Z/dZ — D = Hom,, (D, C*)

A (k, k') — (diag(a, ) = a*(@p)~~)

is a group isomorphism.

Let us now describe the irreducible representation of G (de, e, 2). We distinguish cases
when d and e are odd or even.

Proposition 5 (d, e odd) Let d, e € N* be odd numbers.

Fork’ € Z/dZ, we extend A0, k') to G(de, e, 2) by A0, k') (dx) = A(0, k')(d) for every
d € D and x € (1, s). We extend any irreducible representation p of (1, s) to G(de, e, 2) by
p(dx) = p(x) foreveryd € D and x € (1, s). We then define

Brp(dx) = p(dx) A0, k') (dx) = p(x)A(0, k") (d)

ford € Dandx € (1,s). For (k, k') € [1, de/2]| x Z/dZ, we set iy = Ind5**?
Ak, k).

The family ((Bi' 1, Br'.e)ivezjaz, Bk’ ) (k.k)ell 1, dej2 1xZ/dz) is a complete set for the irre-
ducible representations of G(de, e, 2).

Proposition 6 (¢ odd, d even) Let d, e € N* with d = 2d’ even and e odd.

Fork' € Z/dZ, we extend A0, k') to G(de, e, 2) by A0, k') (dx) = A(0, k')(d) for every
d € D and x € (1, s). We extend any irreducible representation p of (1, s) to G(de, e, 2) by
p(dx) = p(x) foreveryd € D and x € (1, s). We then define

Br.p(dx) = p(dx) A0, k') (dx) = p(x)A(0, k") (d)

foreveryd € D and x € (1,s).
We denote by A the set A = {I[l, de—17x Z/dZ} Ul{de} x [0,d — 17. For
(k, k') € A, we set

Biw = Ind5\“"“ P Ak, k).

The family (B .1, B¢k ezazs (Br,k') (k,k)ea) is a complete set of irreducible represen-
tations of G(de, e, 2).

Proposition 7 (e even) Let d, e € N* with e = 2¢’ even.

For k' € 7Z/)d7Z and § € {0,de'}, we extend the character A(8, k") to G(de,e,?2) by
A8, k) (dx) = A, k')(d) ford € D and x € (1, s). We extend any irreducible represen-
tation p of (1, s) to G(de, e, 2) by p(dx) = p(x) for everyd € D and x € (1,s). We then
define, ford € D and x € (1, s),

Bs i p(dx) = p(dx)A(S, k') (dx) = p(x) A, K')(d).
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For (k, k) € [1, de' — 1] x Z/dZ, we set
B = Ind3 " Ak, k).

The family ((Bs k.1, Bs,k' &) 5.k e(0,de'yxZ/dZ» (B k') (k k)el 1, de—111xZ/dz) IS @ complete set
of irreducible representations of G(de, e, 2).

Corollary 6 (Non Diagonal Hyperplanes) Let d, e € N*, p be an irreducible representation
of G(de, e,?2), x alinear character of G(de, e, r) and H the hyperplane of a non-diagonal
reflection.

The hyperplane H is of a low multiplicity with respect to p, reflection-preserving with
respect to p and multiplicity-partitionable with respect to p and x for every p and x.

The following tables summarize the situation for H to be of a low multiplicity with respect
to p and x. The first row gives the irreducible representations p of G(de, e, ?2). The first
column gives the linear characters x. In the table, I.m. means low multiplicity with respect
to p and x.

eodd |dimp =2 | B | Br.e eeven,Hhyp.ofs |dimp =2 | Byx1 | Buk.e
B .1 l.m lm | Ilm Bui.1 l.m Lm Lm
ﬂk”,{;‘ —_— lm —_— ,Bv,k”,s — lm —
e=2¢,Hhyp.ofs" | dimp =2 | Box1 | Pox.e | Bae'w.1 | Bae ke

Bo.k,1 L.m Lm Lm Lm Lm

ﬁO,k”,s —_ Lm —_ J— Lm

ﬂde’,k”, 1 J— Lm J— J— Lm

Bae' ke Lm L.m l.m l.m l.m

Corollary 7 (Diagonal Hyperplanes) Let d, e € N* and By ' be a 2-dimensional irreduc-
ible representation of G(de, e, 2), x a linear character of G(de, e,r) and H a hyperplane
associated to a diagonal reflection.
For n € Z, we denote by n the unique integer such that0 <n <d — l and d | (n —n).
With these notations, we obtain ng (Br) = k+ k' + k'. For e odd and u € {1, €}, we
have ng (B ) = k' Fore = 2¢’ even, § € {0,de'} andu € {1, ¢}, we have ng (Bs k) = k'

—  Let us start with p = By a 2-dimensional representation of G(de, e, 2).

—  Thecasek' =0.
(1) The hyperplane H is reflection-preserving with respect to By and so of
a low multiplicity with respect to By and multiplicity-partitionable with
respect to By and x for every x.
(i) Moreover ny (Br ') = k. Thus, for x = Bs.k'u or X = Brry with § €
{0,de'} andu € {1, &}, the hyperplane H is of a low multiplicity with respect
to By and x if and only ifk + k" < d.
—  The case k' # 0. For x = Bs ., or x = Brr.y withd € {0,de’} and u € {1, &},
the hyperplane H is

(i) reflection-preserving with respect to Py i if and only if k + k' = 0;
(i) of a low multiplicity with respect to By if and only if k + k' + k' < d;
(iil) of alow multiplicity with respect to By x and x if and only ifk + k' + k' +k" < d;
(iv) multiplicity-partitionable with respect to By y and x if and only ifd — k" > k + k'
ord — k"> k.
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—  Let us now consider the case where p is a 1-dimension representation of G(de, e, 2).

— The case e odd. If p = B, and x = By pr, then H is of a low multiplicity with
respect to p and x if and only if k' + k" < d.

—  The case e even. If p = B,y and x a linear character of G(de, e, 2), then the
hyperplane H is of a low multiplicity with respect to p and x if and only if k' +k" < d.

4.3 The wreath product

Let us now study the imprimitive reflection group G(d, 1, r) which is also the wreath product
Z/dZ:S,. Let us assume r > 3. The reflections of G(d, 1, r) are of the form

diag(1,...,1,&1,..., 1)
with £ a non trivial dth of unity and of the form
diag(1,...,1,¢,1,..., 1,7 1,..., Dy,

where 7;; is the transposition matrix swapping i and j and ¢ is a dth root of unity. The asso-
ciated hyperplanes split into two conjugacy class : the diagonal one and the non-diagonal
one.

The irreducible character of G(d, 1, r) can be described by the method of Wigner and
Mackey with the normal abelian subgroup of diagonal matrices of G(d, 1, r). Thus the rep-
resentation of G(d, 1, r) are given by the d-multipartitions of r, that is to say families of
d partitions so that the sum of the length of the partitions is r. One can also describe the
irreducible representations of G(d, 1, r) by giving a family of d integers r = (ng, ..., ng4—1)
such that ng + --- + ng—1 = r and p a representation of S, x --- x &,, ,. We denote
by B,, the corresponding representation of G(d, 1, r).

Corollary 8 (Non Diagonal Hyperplanes) Let d > 2,r > 3, H be a non diagonal hyper-
plane of G(d, 1, r) (we denote by G g the subgroup of G of reflections whose hyperplane
is H), p' = By, be an irreducible representation of G(d, 1, r) and x a linear character of
G, 1,r).

(i) The hyperplane H is reflection-preserving with respect to p', of a low multiplicity with
respect to p', of a low multiplicity with respect to p’ and x (for x(Gg) = 1), multi-
plicity-partitionable with respect to p" and x (for x(Gu) # 1) ifand only if p’ = By,
is of the form

@ r=(@,...,0,r,0,...,0)and p = 1 or p = ¢ or p is the standard represen-
tation or p = (2,2) if r = 4.

® r=¢,...,0,1,0...,0,r —1,0,...,0)and p = 1.

) r=@,...,0,r—1,0...,0,1,0,...,0)and p = 1.

(il) H is of a low multiplicity with respect to p' and y (for x(Gy) # 1) if and only if
r=00,...,0,r0,...,0)and p = 1.

(iii) The hyperplane H is multiplicity-partitionable with respect to p' and x (for x(Gg) =
1) if and only if p’ is one the following representations

@ r=1(0,...,0,r,0,...,0)and p = 1 or p = ¢ or p is the standard represen-
tationorr < 5Sorp € {(3,3),(2,2,2), (4,2)} ifr =6.

®) r=0,...,0,1,0...,0,r —1,0,....,0)and p = 1 or p = ¢ ifr € {3,4}
or p is the standard representation if r = 3.
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) r=0@,...,0,r —1,0...,0,1,0,...,0)0and p = 1l or p = ¢ ifr € {3,4}
or p is the standard representation if r = 3.
d r=¢,...,0,2,0...,0,3,0,...,0)and p = 1.

() r=(0,...,0,3,0...,0,2,0,...,0)and p = 1.
# r=¢,...,0,2,0...,0,2,0,...,00andp=1lorp=e®@lorp=1Qe¢.
gy r=(,...,0,1,0...,0,1,0,...,0,1,0,...,0)and p = 1.

Corollary 9 (Diagonal Hyperplanes) Let d > 2,r > 3, H be a diagonal hyperplane
of Gd,1,r) and p' = Br.p be an irreducible representation of G(d,1,r) with
r = (ng,...,n4—1) and x alinear character of G(d, 1, r).

(1)  The hyperplane H is of a low multiplicity with respect to p’ if and only if

d—1 .

dim p Eﬂri’ <d.
—~ r nol---ng_1!
=0

(ii)  The hyperplane H is reflection-preserving with respect to p' if and only if p’ is one of
the following representations

@ r=(0,...,0);
(b) r=1(0,0,...,0,r,0,...,0)and p =1 o0orp =c¢;
©r=r—-1,0,...,0,1,0,...,00)and p=1orp=ce.

(iii)  The hyperplane H is of a low multiplicity with respect to p’ and x if

d—1 .

. n; r!
dim p Zj—ji <d—nyg(x).
o r nol---ng_1!

4.4 The group G4

The group G4 named after the Shephard and Todd classification [17] is a rank 2 reflection
group. There is only one class of hyperplanes which is of order 3. The linear character of
G4 are given by the trivial one, the determinant and the square of the determinant. As an
abstract group, G4 is nothing else but SL(2, F3). The irreducible representations of G4 are
then given by the 3 one-dimensional representation, the standard reflection representation
named V, and two other 2-dimensional representations V det (whose character is real) and
V det? and one 3-dimensional representation (whose character is real).

Corollary 10 (Hyperplanes of G4) Let H be a hyperplane of Ga, p be an irreducible rep-
resentation of G4.

Then H is reflection-preserving with respect to p, of a low multiplicity with respect to p,
multiplicity-partitionable with respect to p and det and of a low multiplicity with respect to
pand l whendimp = Lorp =V or p = V det?.

The hyperplane H is of a low multiplicity with respect to p and det if and only if p = 1.

The hyperplane H is of a low multiplicity with respect to p and det® if and only if
p=1,p = det? orp = V det?.

The hyperplane H is multiplicity-partitionable with respect to p and 1 and multiplicity-
partitionable with respect to p and det® for every p.
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4.5 The group G5

The group G5 named after the Shephard and Todd classification [17] is a rank 2 reflection
group. There are two classes of hyperplanes which are both of order 3. In fact,

Gs =1{j*Ga, j =expQin/3), ke{0,1,2}) = Gy x {id, jid, j%id}.

The irreducible representations of G5 are then given by tensor product of representation of
G4 and of the three one-dimensional representation of {id, jid, j2id} which are given by
(1, det, det?). One class of hyperplanes is in fact the class of hyperplanes of G4. The other
one is a new class.

Corollary 11 (The Hyperplanes of G5 which are in G4) Let H be a hyperplane of G5 which
is a hyperplane of Ga, p be an irreducible representation of Gs and x a linear character of
Gs. Write p = p1 @ p2 (resp. x = x1 ® x2) where p1 (resp. x1) is an (resp. one-dimen-
sional) irreducible representation of G4 and pj (resp. x2) an irreducible representation of
{id, jid, j%id}.

Then H is reflection-preserving with respect to p if and only if H is reflection-preserving
with respect to p1 for Gg.

The hyperplane H is of a low multiplicity with respect to p if and only if H is of a low
multiplicity with respect to pi for G.

The hyperplane H is multiplicity-partitionable with respect to p and y if and only if H is
multiplicity-partitionable with respect to p1 and x1 for G4.

The hyperplane H is of a low multiplicity with respect to p and x if and only if H is of a
low multiplicity with respect to p1 and x1 for Ga.

Corollary 12 (The Hyperplanes of Gs which are not in G4) Let H be a hyperplane of G5
which is not a hyperplane of G4, p be an irreducible representation of Gs and x a linear
character of Gs.

We denote by Gs the set of linear characters of Gs and by 5" C %' C . the following
sets of irreducible representations of Gs:

7 =G5 U {V® 1,V ®@det?, Vdet@det, Vdet@det2, Vdet2 @ 1, Vdet2®det};
7 = {detf @detX withi +k =0[3]andi +k = 1[3], V® 1, V det @ det 2, V det > ®det};
g = {deti ® detX with i + k 20[3]}.

The hyperplane H is reflection-preserving with respect to p if and only if H is of a low
multiplicity with respect to p if and only if p € 7.

The following table summarizes the situation for H to be multiplicity-partitionable and of
a low multiplicity with respect to p and x. The first row gives the irreducible representations
p of Gs. The first column gives the linear characters y = det’ ® det*. In the table, m.p.
means multiplicity-partitionable with respect to p and x and l.m. means low multiplicity
with respect to p and .
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4.6 The group Go4

The group G4 named after the Shephard and Todd classification [17] is a rank 3 reflection
group. There is only one class of hyperplanes which is of order 2. The linear character of
Gy are given by the determinant and the trivial one. As an abstract group, G4 is nothing
else but the product of the simple groups GL(3, F2) x {—1, 1}. Let us denote by 1 and ¢ the
irreducible representations of {—1, 1} and 1, 31, 3,, 6, 7, 8 the irreducible representations of
G L(3, Fy) (determined by their dimension). The irreducible representations of G4 are then
given by the tensor products of an irreducible representation of GL(3, F,) and {—1, 1}.

Corollary 13 (Hyperplanes of G24) Let H be a hyperplane of Go4.

The hyperplane H is reflection-preserving with respect to p, of a low multiplicity with
respect to p, of a low multiplicity with respect to p and 1 and multiplicity-partitionable with
respectto p anddet ifandonlyif p =1 1, p=1Q¢e,p=31Q@¢candp =32 Q¢.

The hyperplane H is of a low multiplicity with respect to p and det if and only if p = 1® 1.

The hyperplane H is multiplicity-partitionable with respect to p and 1 if and only if
p=1®1L,p=311,p=3Qlandp =6Q@1land p = 1®¢,p =31 ® ¢ and
p=3Q¢candp=7TQe¢.
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