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Motivation: Allen—Cahn SPDE
Ded(t,x) = Ap(t,x) + F(P(t,x)) +V2e£(t,x) f(¢) =¢-¢°
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Motivation: Allen—Cahn SPDE
Ded(t,x) = Ap(t,x) + F(P(t,x)) +V2e£(t,x) f(¢) =¢-¢°

> xeT§ = (R/LZ)?, L bifurcation parameter

> & space-time white noise
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Motivation: Allen—Cahn SPDE
Oed(t,x) = Ag(t,x) + F(p(t,x)) +V2e£(t,x) f(¢)=¢-¢°

> x e T¢ = (R/LZ)?, L bifurcation parameter
> & space-time white noise

> ¢ =0: Gradient system with potential/energy function V

L
VIo)- [, [aIvel-3e*+ie'ax = aufo.u)=-vuV(o)
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Motivation: Allen—Cahn SPDE
Oed(t,x) = Ag(t,x) + F(p(t,x)) +V2e£(t,x) f(¢)=¢-¢°

> x e T¢ = (R/LZ)?, L bifurcation parameter
> & space-time white noise
> ¢ =0: Gradient system with potential/energy function V
viel= [THIve -3+ de']ax = oo, = -vuV(9)
> Stationary solutions for ¢ =0,d = 1:
o ¢y(x) = +1: stable

o ¢o(x) =0: unstable
o L >27 (L>m for Neumann b.c.): 3 nonconstant stationary solutions
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Motivation: Allen—Cahn SPDE
Oed(t,x) = Ag(t,x) + F(p(t,x)) +V2e£(t,x) f(¢)=¢-¢°

A\

x €T = (R/LZ)9, L bifurcation parameter

&: space-time white noise

v

v

e = 0: Gradient system with potential /energy function V

L
Vigl= [[3IvelP-362+ 16 |dx = o) = -V, V(9)
Stationary solutions for ¢ = 0,d = 1:

o ¢y(x) = +1: stable

o ¢o(x) =0: unstable

o L >27 (L>m for Neumann b.c.): 3 nonconstant stationary solutions
> Transition state: ¢ lowest saddle point of V' between ¢_ and ¢,

o L <27 (L< 7 for Neumann b.c.): ¢ = ¢o
o L >27 (L>7): ¢ is nonconstant in space

v
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Motivation: Allen—Cahn SPDE
Oed(t,x) = Ag(t,x) + F(p(t,x)) +V2e£(t,x) f(¢)=¢-¢°

> x e T¢ = (R/LZ)?, L bifurcation parameter
> & space-time white noise

> ¢ =0: Gradient system with potential/energy function V

L
2 2 4
Vigl= [[3IvelP-362+ 16 |dx = o) = -V, V(9)

> Stationary solutions for ¢ =0,d = 1:

o ¢y(x) = +1: stable

o ¢o(x) =0: unstable

o L >27 (L>m for Neumann b.c.): 3 nonconstant stationary solutions
> Transition state: ¢ lowest saddle point of V' between ¢_ and ¢,

o L <27 (L< 7 for Neumann b.c.): ¢ = ¢o

o L >27 (L>7): ¢ is nonconstant in space

> Question: When ¢ > 0, what is the mean transition time between ¢_
and ¢,7
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Eyring—Kramers law

dx; = -V V(x;) dt +/2e dW;

> V :R"” - R confining potential with minima x, y and saddle z
> 7 =inf{t > 0:x; € B-(y)} first-hitting time of B.(y), starting in x
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Eyring—Kramers law

dx; = ~VV(x;) dt + /2 dW;
> V :R"” - R confining potential with minima x, y and saddle z
> 7 =inf{t > 0:x; € B-(y)} first-hitting time of B.(y), starting in x

> Eyring—Kramers law (1935, 1940):
Eigenvalues of Hessian of V' at minimum x: 0 <1y <1p < < vy
Eigenvalues of Hessian of V at saddle z: \; <0< Xy <--- <\,

B[] = 2m [ty eV O L 0. (1)
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Eyring—Kramers law

dx; = ~VV(x;) dt + /2 dW;

> V :R"” - R confining potential with minima x, y and saddle z
> 7 =inf{t > 0:x; € B-(y)} first-hitting time of B.(y), starting in x
> Eyring—Kramers law (1935, 1940):

Eigenvalues of Hessian of V' at minimum x: 0 <y <1 <--- <)
Eigenvalues of Hessian of V at saddle z: \; <0< Xy <--- <\,

B[] = 2m [ty eV O L 0. (1)

> Potential-theoretic proof:
Theorem: A, B c R" disjoint. 3 proba measure v45 on JA s.t.

1
B d :—f Ve hap(y)d
faA [78]vaB(dx) ap(A.B) Js:© aB(y)dy

o hag(y) =PY{7a < 78} commitor, cap(A, B) capacity

o Dirichlet principle: cap(A, B) = ir11fh| o€ [Rd e VOIE |7 h(x)[? dx
:h|a=1,h|g=
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Eyring—Kramers law for 1D SPDEs: main result

> Hessian of V at ¢p =0: —A -1, eigenvalues 11 = (MTW)2 -1

2k )2+2

> Hessian of V at ¢_ = -1: —A + 2, eigenvalues v = (T
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Eyring—Kramers law for 1D SPDEs: main result

> Hessian of V at ¢p =0: —A -1, eigenvalues 11 = (TW)
> Hessian of V at ¢_ = -1: —A + 2, eigenvalues v = (MTW) +2

Theorem: Neumann b.c. [B & Gentz, 2013]

> If L <7 —c with ¢ >0, then

T Ak (v [6ul-VIS-DIE[1 4 O(e)]
|)\0|V0 k=1 Yk

> If L > 7 + c, then same formula with extra factor % 5 (since 2 saddles)
and A, ev at nonconst transition state instead of )\k

]E¢_[T ]=2m
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Eyring—Kramers law for 1D SPDEs: main result
> Hessian of V at ¢p =0: —A -1, eigenvalues 11 = (MT”)2 -

2k )2+2

> Hessian of V at ¢_ = -1: —A + 2, eigenvalues v = (T
Theorem: Neumann b.c. [B & Gentz, 2013]

> If L <7 —c with ¢ >0, then

T Ak (v [6ul-VIS-DIE[1 4 O(e)]
|)\0|V0 k=1 Yk

> If L > 7 + c, then same formula with extra factor % 5 (since 2 saddles)
and A, ev at nonconst transition state instead of )\k

]E¢_[T ]=2m

> Results also for L near 7 and periodic b.c.
> Proof uses spectral Galerkin approximation & passage to the limit

> Prefactor involves a Fredholm determinant:
=~ A
H k
k=1 Vk
converges because logdet = Trlog and (~A, +2)7! is trace class

=det[(-A, -1)(-A, +2)7!] =det[1-3(-A, +2)7]
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2. The two-dimensional case
> Large-deviation principle: [Hairer & Weber, 2015]

> Naive computation of prefactor fails:

1-(55)° 312
k|m
log SRL S Iog(l - )
ke(gz)* 1+2(\k\7r)2 ke(%:z)* |k|27T2

-0

2

_ oy 32 3 [T
ke(noye [KIPPm? w2 J1

r2
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2. The two-dimensional case
> Large-deviation principle: [Hairer & Weber, 2015]

> Naive computation of prefactor fails:

log ] (kLlﬂ)z: 2. 'Og(1‘|k3|2i2)

ke 142( )" ke(W)

~

312 3/2 foo rdr
rar_ o
1

ke(No)* ‘k‘QﬂQ - T2 r2

> In fact, the equation needs to be renormalised (P x £ is distribution!)

Theorem: [Da Prato & Debussche 2003]
Let £° be a mollification on scale & of white noise. Then

8= A + ¢~ [¢° —3:C(0)g] + V2e€°

with C(0) =~ log(4*) admits local solution converging as § — 0
Moreover, ¢ —\/2e(P + &%) e ([0, T], #%,) n LP([0, T], %5,,)
where %, , Besov spaces with some a <0<s, p>3, r>1
(Global version: [Mourrat & Weber 2015])
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Computation of the prefactor

> Consider for simplicity L < 27 = transition state in 0

> Galerkin-truncated renormalised potential
-3 [ IVon G2 - om0 dx ;[ on0tsdx
where : ¢ : = ¢y — 6eCydy +35°Cry, Cp = Y |kl<N ﬁ < log(N)
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Computation of the prefactor

> Consider for simplicity L < 27 = transition state in 0

> Galerkin-truncated renormalised potential
-3 f IVon G2 - om0 dx ;[ on0tsdx
where : ¢ : = ¢y — 6eCydy +35°Cry, Cp = Y |kl<N ﬁ < log(N)

> Using variational principles: cap(A, B) ~\/ % I \/iikg
0<[k|<N
> Symmetry argument:

fB hA7B(z)e_V’V(Z)/Edz=%fe_VN(Z)/EdZ:%ZN(E)

> Zy(e)~2 ] \/2;15 e W(LO)/E \where —Vy(L,0) = %LzCNs
k|<N
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Computation of the prefactor

> Consider for simplicity L < 27 = transition state in 0

> Galerkin-truncated renormalised potential
-3 [ [VonG1 - on P dx+ 3 [ son(*dx

where : ¢ : = ¢y — 6eCydy +35°Cry, Cp = Y |kl<N ﬁ < log(N)
> Using variational principles: cap(A, B) ~ %
0<[k|<N
> Symmetry argument:

fB hA7B(z)e_V’V(Z)/Edz=%fe_VN(Z)/Edz:%ZN(E)

> Zy(e)~2 ] \/2;:5 e W(LO)/E \where —Vy(L,0) = %LzCNs
k|<N

> Prefactor proportional to (since vy = Ay + 3)

M 23/ : A3 of L
I Ni3e converges since  log o3¢ =0 K

0<|k|<N
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Main result in dimension 2

Theorem: [B, Di Gesu, Weber, 2017]
For L< 2w, A>¢_, B> ¢, ballsin |-|ys, s <0, 3un prob measures on 0A:

Vi —A
IimsupE“N[TB] < 2m H Mei‘k/\k‘k e(V[¢ts]—V[¢—])/a[1 N C+\/E]
N->oo |)\o|\ kez2 Vk

L 2 |)\k| Vi Ak B
oy il AL TN T e(Vids]-Vig-1)/e[1 _
Imlorle [TB] > |)\0|\ k|€Z|2 o e Pkl e [1 c_&?]
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Main result in dimension 2

Theorem: [B, Di Gesii, Weber, 2017]
For L< 2w, A>¢_, B> ¢, ballsin |-|ys, s <0, 3un prob measures on 0A:

Vp—A
limsup E*V[7g] I Me T e(V[¢ts]—V[¢—])/8[1 +cv/E]
N— oo ’)\0|\ keZ2 Vi

H M e% e(V[(bts]_V[d)f])/E[]_ — C_E]

I|m|anE“’V TB
|)‘0|\ kez2 Vk

N— oo

> Inverse of prefactor involves Carleman—Fredholm determinant:
dety(1+ T)=det(L+T)e "7
with T=3(-A, —-1)71
dety defined whenever T is only Hilbert—-Schmidt (true for d <3)
> [Tsatsoulis & Weber 2018]: Same result for E%[75]
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Main result in dimension 2

Theorem: [B, Di Gesii, Weber, 2017]
For L< 2w, A>¢_, B> ¢, ballsin |-|ys, s <0, 3un prob measures on 0A:

Vp—A
limsup E*V[7g] I Me T e(V[¢ts]—V[¢—])/8[1 +cv/E]
N— oo ’)\0|\ keZ2 Vi

H Me% e(V[(bts]_V[d)f])/E[]_ — C_E]
kez? Vk

I|m|anE“’V TB
|)\o|\

N— oo

> Inverse of prefactor involves Carleman—Fredholm determinant:
dety(1+ T)=det(1+T)e "7

with T=3(-A, —-1)71
dety defined whenever T is only Hilbert—-Schmidt (true for d <3)

> [Tsatsoulis & Weber 2018]: Same result for E%°[75]
> Adding 0 to Cy multiplies E%[r5] by e30/2 ol
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3. Allen—Cahn equation in dimension 3

> Equation needs two counterterms:

O = Ap+ ¢ — [¢% - (32C1(8) - 952 Go(0)) p] + V/2e€°
with G (8) ~ 671, Go(8) ~ log(d71)
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3. Allen—Cahn equation in dimension 3

> Equation needs two counterterms:
O = Ap+ ¢ — [¢% - (32C1(8) - 952 Go(0)) p] + V/2e€°
with C1(0) ~ 671, Co(6) ~log(671)

> Solution theories:
o Regularity structures [Hairer 2014]
o Paracontrolled distributions [Gubinelli-Imkeller-Perkowski 2015,
Catellier & Chouk 2018]
o Wilsonian RG [Kupiainen 2016]
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3. Allen—Cahn equation in dimension 3

> Equation needs two counterterms:

O = Ap+ ¢ — [¢% - (32C1(8) - 952 Go(0)) p] + V/2e€°

with G (6) ~ 61, G(6) ~ Iog(d’l)
> Solution theories:

o Regularity structures [Hairer 2014]

o Paracontrolled distributions [Gubinelli-Imkeller-Perkowski 2015,
Catellier & Chouk 2018]

o Wilsonian RG [Kupiainen 2016]

> Metastability: one expects equivalent result (T is still
Hilbert-Schmidt)
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3. Allen—Cahn equation in dimension 3

>

Equation needs two counterterms:

O = Ap+ ¢ — [¢% - (32C1(8) - 952 Go(0)) p] + V/2e€°

with C1(0) ~ 671, Co(6) ~log(671)
Solution theories:
o Regularity structures [Hairer 2014]
o Paracontrolled distributions [Gubinelli-Imkeller-Perkowski 2015,
Catellier & Chouk 2018]
o Wilsonian RG [Kupiainen 2016]
Metastability: one expects equivalent result (T is still
Hilbert-Schmidt)

Difficulty: lower bound on capacity — finding a good test flow for
Thomson varational principle (dual to Dirichlet)

= better understanding of expectations of polynomials under invariant
measure
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$? measure

> Potential (before renormalisation):
Va(9) = [ (31700012 + 36(x)? + ad(x)*) dx

where A = (R/Z)3 == T3, o >0
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$? measure

> Potential (before renormalisation):
Va(9) = [ (31700012 + 36(x)? + ad(x)*) dx

where A = (R/Z)3 == T3, o >0

> Definition of Gibbs measure?

" " 1 -_— i [ 17
vo(do) ‘=" 2”1 "dg

a
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$? measure

> Potential (before renormalisation):
Va(@) = [ (3196001 + 36(0)? + ad(x)*) dx
where A = (R/Z)3 == T3, o >0
> Definition of Gibbs measure?

" " 1 -_— i ki
vo(do) ‘=" 2”1 "dg

a

> 1g is Gaussian (it's a GFF). For random variable F

El/a[F] _ éEVo[Fe*af,\ #*(x) dX]
Z

«

Za _
In particular, =~ =E"[e afA¢4(X)dX]
Zy
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$? measure

> Potential (before renormalisation):
Va(@) = [ (3196001 + 36(0)? + ad(x)*) dx

where A = (R/Z)3 == T3, o >0

> Definition of Gibbs measure?

1
Va(do) =Z_ e Val(®) “qqp

a

> 1g is Gaussian (it's a GFF). For random variable F

El/a[F] _ éEVo[Fe*af,\ #*(x) dX]
Z

«

Za _
In particular, =~ =E"[e a[A¢4(X)dX:|
Zy

> Link with Allen—Cahn equation: write ¢(x) = ¢g + /29, (x),

where ¢q is average of ¢ (and a = )
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The static ¢ model

Theorem: Potential needs exactly 4 counterterms:

Va(9) = [ (3IV000I2 + 3[1- i Jo(x)?

+a: ¢(X)4:C,511) +a® C,E,?’) -a’ C,s;l)) dx
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The static ¢ model

Theorem: Potential needs exactly 4 counterterms:

Va(9) = [ (3IV000I2 + 3[1- i Jo(x)?
+a gz)(x)“:ql) +a2CP - o C,<V4)) dx
where N (~ 671) UV cut-off and
C\= Gn(0) = Tr((-An + 1)) = O(N)
c®= 423 fA G (x)% dx = O(log )

i [ Gu)tax=ow)

2142
3 3
32_(:) [/\ //\ Gn(x)?Gn(y)* G (x - y)* dxdy = O(log N)

3143

CiP=4

and Gy(x) = >

|k|<N

Nt 1ek(x) is the Green function of Ay
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Perturbative computation of partition function
> Wick L X = :/: 4:d,Y:—-—:f: 2.4
ick powers >-< A o(x)":dx A d(x)*:dx
> Potential: V,=Vo+aX+8Y +~, 8= %azClilz), 5= a2C,§,3) —a?’C,Ef)

Then % - Ev [e—aX—ﬁY—v] — e VEW [e—aX—,BY]
Zno
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Perturbative computation of partition function

> Wick powers: X = >-< = /:¢(x)4:dx, Y= —— = f:qb x)%:dx

> Potential: =Vo+aX+BY +~, B= %azC(z) y=« C(3) a3C,E,4)
Then Z Euo[ —aX—,BY—V:| — e YR [e—aX—ﬁY]
ZNO

> Let [ = (7,&) be a multigraph. Its valuation is

()= [, TT Gulxe, - x ) dx

ee&
For instance
C,i,l) = I'IN@ “tadpole”
C(2) = 423Ny < “sunset”
4!
C(3) 422|42 M @ “water melon”

@ 3 20 (4} e
cl -4 3.43( ) n,\,@ PSG
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Cumulant expansion

> ]Euo[efaX—ﬁY] — Z %Mn
n>0 '+

pin = (ER[ (0> + 5= )= (07 3 (M)am5 A

m=0

where A, = IE”"[ >-< L ”""] computed using Isserlis’ thm
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Cumulant expansion

> ]Euo[efaX—ﬁY] — Z %Mn
n>0 '+

n n 4 n mon—m
Un = (—1)”EV0|:(04>< +6—0— ) ] = (—1) Z (m)Oé B Anm
m=0
where A, = IEVO[ >-< L ”""] computed using Isserlis’ thm
Examples: 11, = 41Ny 5 + 221Ny <>

13 = —a3(g)323ﬂ,\/@ —3a2/3(42-2~31)n,\,@

~ 304241 My > - 883y /\
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Cumulant expansion

> ]Euo[efaX—ﬁY] — Z %Mn
n>0 '+

pin = (ER[ (0> + 5= )= (07 3 (M)am5 A

m=0

where A, = IE”"[ >-< L ”""] computed using Isserlis’ thm

Examples: 11, = 41Ny 5 + 221Ny <>

s = — a3(g)323|'|,\/@ ~3a2p(42 -2 31)n,\,@
- 30521 Ny <O - 858N [\,

> Cumulant expansion: (Leonov & Shiraev)
X Kk n-2 n-1
- IOgE[e_aX_ﬁy_’y] =7- = Kp=n— Z ( )’im,un—m
n=2 n! m=2 m
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Cumulant expansion

> ]Euo[efaX—ﬁY] — Z %Mn
n>0 '
n

o = ()" (0 > +8—— )] = ()" Y

(;)a’"ﬂ"‘"’Anm
m=0

where A, = IE”"[ >-< L ”""] computed using Isserlis’ thm

Examples: 11, = 41Ny 5 + 221Ny <>

4\3
13 = —a3(2) 2y —3a2/3(42-2~31)n,\,@
- 308241 My X - 88Ty /\,
> Cumulant expansion: (Leonov & Shiraev)
0o , n-2 -1
- |OgE[e—o¢X—ﬁY—'y] =7- Z fn Kp = fn— Z (n )’im,un—m
n=2 n! m=2 m

> Linked Cluster Theorem: k, projection of 11, on connected graphs
Proof: for instance Peccati & Taqqu (2011)
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Divergences and subdivergences
> Degree of I': deg(") =3(|7|-1) —|&|. T divergent if deg(l') <0.
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Divergences and subdivergences
> Degree of I': deg(") =3(|7|-1) —|&|. T divergent if deg(l') <0.
> Examples:
deg(<=>) =0 My(<=) = O(log N)
deg(&3) = -1 (&) = 0(N)

deg((N) - 0 () = 0(log )
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Divergences and subdivergences
> Degree of I': deg(") =3(|7|-1) —|&|. T divergent if deg(l') <0.
> Examples:
deg(<=>) =0 My(<=) = O(log N)
deg(&) = -1 Myv(E&) = 0(N)

deg((N) - 0 () = 0(log )

O(N-9&()) if deg(l) <0
O(log N) if deg(') =0

However, deg(@) =1, while I'IN(@) =O(logN)

because it contains a subdivergence <=

> It looks like My(IN) = {
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Divergences and subdivergences
> Degree of I': deg(l') =3(|¥|-1) —|&]. T divergent if deg(I') <0.
> Examples:
deg(<=>) =0 My(<=) = O(log N)
deg(&) = -1 Myv(E&) = 0(N)

deg((N) - 0 () = 0(log )

O(N-9&()) if deg(l) <0
O(log N) if deg(') =0

However, deg(@) =1, while I'IN(@) =O(logN)

because it contains a subdivergence <=

> It looks like My(IN) = {

Theorem: [Bogolyubov, Parasiuk, Hepp, Zimmermann]
I_I%PHZ(F) = =My (T)1gegr>0 is bdd uniformly in NV for any I

where <7 defined recursively by .7 (') = —T - > o (T)-(TT)
1T ¢l deg(T)<0
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Main result: Commutative diagram

—ao)P
e G PP
» P
W MBPHZ+®I MBPHZ., 11,0

m!(n-m)!

e—CVX—ﬁY ! z N Z (—a)"’(—ﬁ)"‘”’r@(XmYn,m) My |ogE[e—aX—BY:|
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Main result: Commutative diagram

e—aX | Z y Z (_a)pgz(xp)
» P
W MBPHZ@] NBPHZ, 11\ 0

Y 2 5 A emy ) e e
> P = I_Iconnected(Zpairings)i satisfies deg@(xn) =n-3

> W: Wick map, W(X") = H,(X;8Y) is Hermite polynomial
(for more general models: Bell polynomial)

> © associated with energy renormalisation, [1,© (e ") = -
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Main result: Commutative diagram

e X 2y C 5 ke
» P
W MBPHZ@] MBPHZ., 11,0

m!(n-m)!

e OX-BY 2 R Z (—a)m(—ﬁ)"‘"’:@(xmynfm) My |ogE[e—aX—BY]
> P = I_Iconnected(Zpairings)i satisfies deg@(xn) =n-3
> W: Wick map, W(X") = H,(X;BY) is Hermite polynomial
(for more general models: Bell polynomial)
—aX
)

> © associated with energy renormalisation, [1,0(e

Theorem: [B, Klose, Tapia 25]

ENo _ logE[e™** Y] -y x - (_j)nnN%(L@(X"))

log
ZN,0 n>4

as asymptotic expansion with terms uniformly bounded in N
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