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The problem

Vo(x.y)

CIXt = —8X VO(tht) dt + O'dW;
dy; = edt + o/eodW)

> x — Vo(x,y) double-well potential, Vo(x,y +1) = Vo(x,y)

> 0<e,0«1

> W, WY independent standard Wiener processes
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The problem

Vo(x.y)

CIXt = —8X VO(Xt7yt) dt + O'dW;
dy; = edt + o/eodW)

> x — Vo(x,y) double-well potential, Vo(x,y +1) = Vo(x,y)
> 0<eg, 0«1
> W, WY independent standard Wiener processes

Question: law of 7, = inf{t > 0:x¢ = x5 (ye)|(x0 = Xf(yo),yo)}
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Static case

dXt = _V(),(Xt)dt+0'th

we =/ Vo' (x) wo=1/-V7'(x5)

Vo(x)
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Static case

dxe = —V{(xe) dt + o dW, e
= V() wo = /- () g x

N
h,
> By Dynkin's equation Vx < xf,

EX[7.] = /X+ [X2 [VoGa)-Vola)l/o® g4 dx,
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=  Eyring-Kramers law: E*[r,] = 1+0(0?)]

> [Day 83]: Iim0 Law(Exjﬁ) =Law(& (1))  exponential
o | Ty
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Static case

Vo(x)

dXt = _V(),(Xt)dt+O'th

= VI (x2) wo=r/-VI () can x| s

= N
h,
> By Dynkin's equation Vx < xf,

EX[7.] = /X+ [X2 [VoGa)-Vola)l/o® g4 dx,

27T e2h_ /0_2 [
Wow-_

=  Eyring-Kramers law: E*[r,] = 1+0(0?)]

> [Day 83]: Iim0 Law(Exjﬁ) =Law(& (1))  exponential
o | Ty

> [Cérou, Guyader, Leliévre, Malrieu 13]: Reactive path x* <a<xo <x§ < b <x}

lim Law(onb ~2log(c™t) ‘ m,<7s)=Law( G + T(x,b))

o'—)
Gumbel  geterministic
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Higher dimensions

> [Freidlin & Wentzell 79]: Large-deviation theory gives exponent of E[7; ]
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Higher dimensions
> [Freidlin & Wentzell 79]: Large-deviation theory gives exponent of E[7; ]

> Gradient case  dx; = -V V(x;)dt + o dW,;
Invariant measure 7(x) = Z71 e2V(9/o® 4y
Process reversible wrt 7
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Higher dimensions
> [Freidlin & Wentzell 79]: Large-deviation theory gives exponent of E[7; ]

> Gradient case  dx; = -V V(x;)dt + o dW,;
Invariant measure 7(x) = Z71 e2V(9/o® 4y
Process reversible wrt 7
Eyring—Kramers law and asympt. exponential character of 7, known

o [Bovier, Eckhoff, Gayrard & Klein 2004]: Potential theory
¢ [Helffer, Klein & Nier 2005]: Semiclassical analysis
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Higher dimensions
> [Freidlin & Wentzell 79]: Large-deviation theory gives exponent of E[7; ]
> Gradient case  dx; = -V V/(x¢)dt +odW;
Invariant measure 7(x) = Z71 e2V(9/o® 4y
Process reversible wrt 7
Eyring—Kramers law and asympt. exponential character of 7, known

o [Bovier, Eckhoff, Gayrard & Klein 2004]: Potential theory
o [Helffer, Klein & Nier 2005]: Semiclassical analysis

> Nongradient case
Invariant measure m not known in general
Process in general not reversible wrt 7
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Higher dimensions
> [Freidlin & Wentzell 79]: Large-deviation theory gives exponent of E[7; ]

> Gradient case  dx; = -V V(x;)dt + o dW,;
Invariant measure 7(x) = Z71 e2V(9/o® 4y
Process reversible wrt 7
Eyring—Kramers law and asympt. exponential character of 7, known

o [Bovier, Eckhoff, Gayrard & Klein 2004]: Potential theory
o [Helffer, Klein & Nier 2005]: Semiclassical analysis

> Nongradient case
Invariant measure m not known in general
Process in general not reversible wrt 7

¢ [Bouchet & Reygner 2016]: Formal computations — Eyring—Kramers law
in bistable situations

¢ [Landim, Mariani & Seo 2019]: Non-reversible potential theory
Confirms result by [B & R 2016] for some systems with known 7

o [Le Peutrec & Michel 2019]: Semiclassical analysis for systems with
known
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Back to the problem

dXt = —8)( VO(Xtayt) dt + O'thX

dy; =edt + o/eodW)
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https://dx.doi.org/10.1137/120887965

Back to the problem

dXt = —8X VO(Xt7yt) dt + O'dW;
dy; = edt + o/eodW)

7o hitting time of (periodic orbit tracking) saddle xj (y)

Theorem: [B & Gentz, SIAM J Math Analysis 2014]
9 log?2

fim Low(0(0) ~log(o™) = 227 =taw( 5 - 57

> O(y): explicit parametrisation of periodic orbit tracking xj(y)
> A,: Lyapunov exponent of periodic orbit

> Y7 e N: period during which transition occurs
lim P{Y? =n+1|Y? > n} = p(o)

n—oo
1/0?

p(o) ~e /7" where | quasipotential
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Back to the problem

dXt = —8X VO(Xt7yt) dt + O'dW:
dy; = edt + o/eodW)

7o hitting time of (periodic orbit tracking) saddle xj (y)

Theorem: [B & Gentz, SIAM J Math Analysis 2014]
4 log?2

fim Low(0(0) ~log(o™) = 227 =taw( 5 - 57

> O(y): explicit parametrisation of periodic orbit tracking xj(y)
> A,: Lyapunov exponent of periodic orbit

> Y7 e N: period during which transition occurs
lim P{Y? =n+1|Y? > n} = p(o)

n—oo
1/0?

p(o) ~e /7" where | quasipotential

E[70], E[7.] ~ p(c)~! but how about sharp asymptotics?
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New result

Vo(x,y)

wi(y): 8XXVO(X::(y)’y)

WO(Y): —5xx(xg(}’),)/)
x:(y) x5 () x{(y)

wy (y)w _ ”2
r(y) = we 2h, (y)/ N W‘
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New result

Wi(y) = axxVO(X;(Y)’)/)
WO(Y) = _axx(xg(y)’y) ) o /

R Zan iy

> Leading eigenvalue of -.%; = —"728)0( + Oy VoOy:
M(y) = [r(y) +r-(N)][1+0(c?)]
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New result

wi(y): 8XXVO(X::(y)’y)

wo(y) =\/=0u (X5 (¥),y)

\ x(y)

%) <) /

wy (y)w _ -
r(y) = i(y2)7ro()/) o2k (y)/0?

[

> Leading eigenvalue of —% = —%28)0( + Oy VoOy:

M(y) = [r(y) + r-(N][1+0(0?)]

Theorem: [B 2020, arxiv:2007.08443]

E(o)yo) (7] =

)= [ na()dy

27[1+ R(g,0)]

where R(g,0) complicated but small if (A1) <& < (A1)

1
| s (n) 2017 dy

1/4
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Intuition: two-state jump process
()
oo
~_

ro(y)/e
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Intuition: two-state jump process

Ak " d
@\/@ R—(yl,yo)=/y() r-(y)dy

ro(y)/e
b R0ty - if > max r_(y)
—R-{)o ) e —— —
b€ VR g

ye[0.1]
1—eR-(1,0)/e N if e<< min r_
r-() ye[0.1] v

EYo [7’+] =

In between: Stochastic resonance
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Intuition: two-state jump process

r-(y)/e

@ @ R-(y1,y0) = f (y)dy

r+(}/)/5
1 €
~R-(vo+y.y)/e 4 —— ife>» max r_(y)
e
E_’y°[7'+] _ -/(; y . R,él,O) ye[0,1]

1-e R-(LO)/ if e<< min r_(y)

r-(yo) y€[0,1]

In between: Stochastic resonance

Principle of proof:
> Non-reversible potential theory [Landim, Mariani & Seo 2019]:

x ~ 1 .
v[aAE [TB] dvag = cap(A, B) fBC hlas dm

> Capacity cap(.A, B) obeys variational principles
> Main difficulty: control invariant measure 7(x,y)
Use decomposition on eigenbasis of .#
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Thanks for watching!

Slides available at https://www.idpoisson.fr/berglund /BIOWS20.pdf
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