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1. Deterministic Poincaré maps
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Random Poincaré maps
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Markov chains
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2. The FitzHugh–Nagumo equation

dxt =
1
ε

[xt − x3
t + yt ] dt +

σ1√
ε

dW (1)
t neuron membrane potential

dyt = [a− xt − byt ] dt + σ2 dW (2)
t open ion channels

. b = 0 for simplicity in this talk, bifurcation parameter δ := 3a2−1
2

ε = 0.1, δ = 0.02
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. b = 0 for simplicity in this talk, bifurcation parameter δ := 3a2−1
2

ε = 0.1, δ = 0.02, σ1 = σ2 = 0.03
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Mixed-mode oscillations (MMOs)

Time series t 7→ −xt for ε = 0.01, δ = 3 · 10−3, σ = 1.46 · 10−4, . . . , 3.65 · 10−4
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Random Poincaré map
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Random Poincaré map
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A qualitative result

Theorem 1 [B & Landon, Nonlinearity 25:2303–2335, 2012]

Assume σ1, σ2 > 0. Then λ0 < 1, and for any initial distribution µ0,

lim
n→∞

Pµ0{N = n + 1|N > n} = 1− λ0

N is asymptotically geometric.
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Histograms of distribution of N (1000 spikes)
σ=ε=10−4
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Weak-noise regime
Theorem 2 [B & Landon, Nonlinearity 25:2303–2335, 2012]

Assume ε, δ√
ε
� 1, σ2 6 (ε1/4δ)2

log(
√
εδ)

. There exists κ > 0 s.t. for

. 1− λ0 6 exp
{
−κ (ε1/4δ)2

σ2

}
. Eµ0 [N] > C (µ0) exp

{
κ (ε1/4δ)2

σ2

}
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Intermediate noise regime
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Summary: Parameter regimes

ε3/4

ε1/2 δ

σ

σ = δε
1/4σ = (δε

)1
/2

σ
=
δ
3/

2

I
II

III

σ1 = σ2:
P{N = 1} ' Φ

(
− (πε)1/4(δ−σ2/ε)

σ

)
Φ(x) =

1√
2π

∫ x

−∞
e−y

2/2 dy

see also
[Muratov & Vanden Eijnden ’08]

Regime I: rare isolated spikes
Theorem 2 applies (δ � ε1/2)
Interspike interval ' exponential
Regime II: clusters of spikes
# interspike osc asympt geometric
σ = (δε)1/2: geom(1/2)

Regime III: repeated spikes
P{N = 1} ' 1
Interspike interval ' constant
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3. Spectral theory of random Poincaré maps

dxt = f (xt) dt + σg(xt) dWt
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3. Spectral theory of random Poincaré maps
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3. Spectral theory of random Poincaré maps

Theorem 3: [Baudel & B, SIAM J. Math. Anal. 49:4319–4375, 2017]

The N largest eigenvalues of K are real and positive. ∃ θk , c > 0 s.t.
λ0 = 1

λk = 1− Pπ̊
k+1
0 {τ+

B1∪···∪Bk
< τ+

Bk+1
}[1 +O(e−θk/σ

2
)] 1 6 k 6 N − 1

|λk | < 1− c

log(σ−1)
k > N
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3. Spectral theory of random Poincaré maps
Freidlin–Wentzell theory:

Rate function: I[0,T ](γ) =
1
2

∫ T

0
(γ̇s − f (γs))T[ggT(γs)]−1(γ̇s − f (γs)) ds

Large-deviation principle: P
{
xt ' γt , 0 6 t 6 T

}
' e−I[0,T ](γ)/σ2

Quasipotential between periodic orbits: H(i , j) = inf
T>0

inf
γ:Γi→Γj

I[0,T ](γ)

Assumption 5: Metastable hierarchy
∃θ > 0 s.t. ∀ 2 6 k 6 N

min
`<k

H(k , `) 6 min
i<k
j 6=i

H(i , j)− θ
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3. Spectral theory of random Poincaré maps
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4. Future research
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