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Stochastic resonance in an SDE

(Link to simulation)
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https://youtu.be/HbJ_I3xbIMg

Stochastic resonance in an SDE

dxt = [-x2 +x¢ + Acos(et)] dt +odW,

=—% [%x“—%xz—Axcos(at)]'

Xt

> deterministically bistable climate [Croll, Milankovitch]

> random perturbations due to weather [Benzi-Sutera-Vulpiani, Nicolis-Nicolis]

Sample paths {x;} for £ = 0.001:

M
o

A=0,0=03 A=0.24,0=0.2

A=0.1, 0=0.27 A=0.350=0.2
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Stochastic resonance in an SDE

Critical noise intensity: o¢ = max{6,5}3/4, 0=A.-A A.=

0 Ko
transitions unlikely

o> o¢:
synchronisation
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Stochastic resonance in an SDE

Critical noise intensity: o¢ = max{6,5}3/4, 0=A.-A A.= %

0 < 0c: \/‘\/—\/’\/

transitions unlikely

o> o¢:
synchronisation

Theorem [B & Gentz, Annals App. Proba 2002]
. ™ . 2/ 2
> o < oc: transition probability per period <e=7¢/7

. - : 3
> o > 0. transition probability per period >1 — e=co**/(cllog o))
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Stochastic resonance in SPDEs

do(t,x) = [Ag(t,x) + f(ct, ¢(t,x)) | dt + o dW(t, x) J

> ¢=0o¢(t,x)eR, ete[0, T]orfis T-periodic, xe T=R/LZ, L>0
> ¢ f(s,¢) bistable, e.g. f(s,¢) = ¢ — ¢3 + Acos(s)

> dW(t, x) space-time white noise on R, x T

> 0<eg,ox1

> 0 measures closeness to bifurcation (e.g. A. - A)
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https://arxiv.org/abs/2107.07292

Stochastic resonance in SPDEs

do(t,x) = [Ag(t,x) + f(ct, ¢(t,x)) | dt + o dW(t, x) J

> ¢=0o¢(t,x)eR, ete[0, T]orfis T-periodic, xe T=R/LZ, L>0
> ¢ f(s,¢) bistable, e.g. f(s,¢) = ¢ — ¢3 + Acos(s)

> dW(t, x) space-time white noise on R, x T

>0<egoxl

> 0 measures closeness to bifurcation (e.g. A. - A)

Theorem [B & Nader, arXiv/2107.07292]

> Away from bifurcations, solutions are concentrated around
1

deterministic solutions in Sobolev H*-norm for any s < 5

> o <oc=(8ve)3*: transition probability per period <eoelo?

> o > oc: transition probability per period >1 — e=co**/(cllog o)
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https://arxiv.org/abs/2107.07292

Proof ideas, 1D SDE below threshold

On slow time scale et — t:

1
dXt= gf(t,Xt) dt+% CIWt

X(t) deterministic solution tracking stable equilibrium x*(t).
Write x; = X(t) + &; and Taylor-expand:
1 o
dé = —|a(t b(t dt + — dW,
&t 8[3( )t + b( aﬁt)] + NG t

—
=0(&?)

where 3(t) = 0xf(t,x(t)) =a"(t)+O(e) <0
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Proof ideas, 1D SDE below threshold

On slow time scale et — t:

1
dXt= gf(t,Xt) dt+% CIWt

X(t) deterministic solution tracking stable equilibrium x*(t).
Write x; = X(t) + & and Taylor-expand:

1._ o
d¢; = Z[a(t)ﬁt +b(t,&)] dt + NG dW,;
=0(&?)
where 3(t) = 0xf(t,x(t)) =a"(t)+O(e) <0

Variations of constants (Duhamel formula), if £, = 0:

o t 1 to_
- a(t,s)/e dW, + = / a(t,s)/e b(s,&)d
ft \/E ‘/O ¢ " g JO ¢ (5/5 ) °

£9: sol of linearised system treat as a perturbation

where a(t,s) = [ a(u)du
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Proof ideas, 1D SDE below threshold

o [t -
Properties of €Y= — f eHES)eqyy,
Ve Jo

> Gaussian process, E[¢9]=0, Var(¢0)= "?zfot e2a(t:s)/e 4

> Confidence interval: ~ P{|¢?| > g\/Var(f‘t))} = O(e*h2/2o'2)
> o 2Var(¢2) satisfies ODE  cv =23(t)v + 1

Stochastic resonance in stochastic PDEs September 2021 6/17



Proof ideas, 1D SDE below threshold

o [t -
Properties of €Y= — f eHES)eqyy,
Ve Jo

> Gaussian process, E[¢9]=0, Var(¢0)= "?zfot e2a(t:s)/e 4

> Confidence interval: ~ P{|¢?| > g\/Var(g‘t))} = o(efh2/202)
> o 2Var(¢2) satisfies ODE  cv =23(t)v + 1

Lemma [B & Gentz, PTRF 2002]
v(t) solution of ODE bounded away from 0:  v(t) = %(t) +0(e)

0
IF’{ sup ] > h} = Co(t,e) e 120

oss<t \/V(s)

where Co(t,e) = \/g%‘foté(S) ds|£[1+(9(e+ ée—hZ/UZ)]

Proof based on Doob's submartingale inequality and partition of [0, t]
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Proof ideas, 1D SDE below threshold
Nonlinear equation: d&; = é[é(t)gt + b(t,ft)] dt + % dW;
Confidence strip: B(h) = {|¢] < h\/7(t) Vt} = {|x - %(t)| < h\/7(t) Vt}

x*(t)

Xt

x(t)

B(h)

Theorem B & Gentz, PTRF 2002

C(t,e) e 1207 ¢ P{leaving B(h) before time t} < C(t,¢) e i [20°

where k. =1 O(h) and C(t,e) = Co(t,e)[1+ O(h)] (requires h< ho)
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Avoided transcritical bifurcation

L o
dxgzgh2+5—xf+.”]dt+§§dm4 N
Equil. curve: x*(t) ~ Vt2+§
Slow sol.: x(t) =x*(t) + O(mm{ﬁ, —\/ng})
-t t|>Vo
a(t) = Oxf(t,x(t)) = 1t 1t te
—Vo+e |t{<Vi+e

x"(t)
x(t)

" B(h)

Confidence strip B(h): width < h/\/|a(t)]
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Avoided transcritical bifurcation

1 o
dXt:g[t2+5—Xt2+...]dt+$th x
Equil. curve: x*(t) ~\Vt2+¢ (1)
C 2 = o : x(t
Slow sol.: x(t) = x*(£) + O(min{ g, —==}) B(h);( )
|t t>5
5() = 0 F(t.5(0) < | 11 el vo+e p
-Vd+e |t|<Vo+e . .
t
Confidence strip B(h): width < h/\/|a(t)]
Theorem [B & Gentz, AAP 2002
P{leaving B(h) before time t} < C(t,e) e h*/20°
where k= 1 - O(sup,., hla(s)[>/?) - O(¢) requires h < hyinf.<,|3(s)[*/?

> o < 0c =max{d,}3/*: result applies V t, P{trans} = O(e"“’g/"z)

> o> 0c = max{d,e}3/*: result applies up to t x —¢%/3
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Above threshold

What happens for o > o and t > —02/3?
General principle: partition tg = sy <51 < 5 < - =t of [tp, t]

Lemma Let P, = [P{making no transition during (s 1, Sk]} Then

]P’{maklng no transition during [to, t } H Py

Choose partition s.t. each P, < g <1 = P{no transition} < e~ "'°¢9
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Above threshold

What happens for o > o and t > —02/3?
General principle: partition tg = sy <51 < 5 < - =t of [tp, t]

Lemma Let P, = [P{making no transition during (s 1, Sk]} Then

]P’{maklng no transition during [to, t } H Py

Choose partition s.t. each P, < g <1 = P{no transition} < e "'°89

Define partition such that

Sk
f |a(s)|ds = cel|logo| = Px<
Sk-1

Wi N

Thm [B & Gentz, AAP 2002]

Transition probability >1 — e~*/*/(clieg )

Stochastic resonance in stochastic PDEs September 2021 10/17



Stochastic resonance in stochastic PDEs September 2021 11/17



SPDE: stable case

1 o
dop(t,x) = E[A¢(t,x) +f(t,¢(t,x))]dt + %dW(t,x)

> f(t,¢*(t))=0forall tel=[0,T]
> a(t) = 0uf(t,¢"(t))<—a-<O0forall tel

In deterministic case o = 0: 3 particular solution ¢(t, x) such that

|é(t.) -6 (e, < Ce viel
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SPDE: stable case

do(t,x) = é[A¢(t,x) + F(t, (%)) ] dt + % AW (¢, x)

> f(t,¢*(t))=0forall tel=[0,T]
> a(t) = 0pf (t,¢*(t))<—a-<O0forall tel

In deterministic case o = 0: 3 particular solution ¢(t, x) such that

|é(t.) -6 (e, < Ce viel

Theorem [B & Nader 2021]

Fix s < 3, and let B(h) = {(t,¢):tel,|p— &(t,)|ns < h}
For any v >0

P{Ieaving B(h) before time t} < C(t,e,s) exp{—ng—i}[l - O(ELV)]

holds for some k>0, h=0(&") and C(t,e,s) = O(t/e).
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Ideas of proof
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Ideas of proof
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SPDE near a bifurcation point

do = E[Agb+g(t) — b(t,¢)]dt+ %dW(t,x)

with g(t) =5+ t2 + O(t3) and b= O(¢> + t? + t2¢)
> Decompose ¢(t,x) = ¢o(t)eg(x) + ¢, (t,x) where ey constant fct
> ¢, satisfies similar concentration result as ¢ in stable case

> ¢ satisfies similar equation as in 1D, with error term of order ¢, ||7,.
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Open questions

> Case x € T2 ? Renormalisation needed

> Case x € T® ? Regularity structures or similar needed . ..
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Open questions

> Case x € T2 ? Renormalisation needed

> Case x € T® ? Regularity structures or similar needed . ..
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Thanks for your attention!

Slides available at https://www.idpoisson.fr/berglund/Campinas21.pdf
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