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The ¢ model
> Lattice system: Ay = (Z/NZ)9, y e RM

1 1 £
Vine(y) = 5N 30 (ri=y)*+ 2 U=() U:(€) = 56 + ¢
ijen ieN
li=jl=1
Gibbs measure fiy o (dy) = Zl e Vine(¥) gy
N,e
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The ¢% model
> Lattice system: Ay = (Z/NZ)9, y ¢ R

1 1 £
Vine(y) = 5N 30 (ri=y)*+ 2 U=() U:(€) = 56 + ¢
ijen ieN
li=jl=1
Gibbs measure fiy o (dy) = Zl e Vine(¥) gy
N,e

> Continuum limit: y; = ¢(i/N), N — oo,
V() = [ (BIV00IP + 300 + 50(x)* ) dx

where A = (R/Z)? = T¢
Definition of Gibbs measure?

a_n 1 - uy
pe(dg) == e g

£
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The ¢% model
> Lattice system: Ay = (Z/NZ)9, y ¢ R

1 1 £
Vine(y) = 5N 30 (ri=y)*+ 2 U=() U:(€) = 56 + ¢
ijen ieN
li=jl=1
Gibbs measure fiy o (dy) = Zl e Vine(¥) gy
N,e

> Continuum limit: y; = ¢(i/N), N — oo,
V() = [ (BIV00IP + 300 + 50(x)* ) dx
where A = (R/Z)9 = T4

Definition of Gibbs measure?

a_n 1 - uy
pe(dg) == e g

£

> Alternative: Spectral Galerkin approx. (Fourier modes with |k| < V)
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The case d=1
> 2= 0 Vo(@) = [ (3IT6001P +30(0?) dx = 36, (- + 1)g)

pto is Gaussian free field with covariance (-A +1)7!

(well-defined since (—A +1) " trace class: Ak = (27k)?, /\k1+1 < 00)
keZ
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The case d=1
> 2= 0 Vo(@) = [ (3IT6001P +30(0?) dx = 36, (- + 1)g)

pto is Gaussian free field with covariance (-A +1)7!

(well-defined since (~A +1)7! trace class: A = (27k)?, kZZ /\k1+1
€
> e>0:
dpte _ 2o [ve-vo] _ 20 5 [ 600" dx
dMO Za Za
where
Z(;‘ _§f 4d PP 1 —V _E y 4d
= O e 7/6 0(#)=5 [n#()* dx gy
Zo ZO
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The case d=1
> 2= 0 Vo(@) = [ (3IT6001P +30(0?) dx = 36, (- + 1)g)

pto is Gaussian free field with covariance (-A +1)7!

(well-defined since (—A +1) " trace class: Ak = (27k)?,
keZ

1
Ak+1
> e>0:

dite _ 20 (ve-vol _ 20 o5 [y 00" dx

dMO Za Za

where

% _ EHo [e—im(x)“dx] =zl0 / e Vo(@)=5 [y o()* dx 4
Fourier representatlon

¢GFF(X ,;Z \/)\k—‘l‘

= f¢GFF(X) dx] ( /\k+1) <

so that % =1+0(e)

Perturbation theory for the ¢g model 2 October 2023 2/17

e(x),  Zk~N(0,1) iid

< 00)



The case d =2

> (-=A+1)"! no longer trace class, since A = (27[k[)?, .
keZ?

1 _
il - ®
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The case d =2

> (=A+1)7! no longer trace class, since A = (27| k)2, > Ak1+1 =00
keZ?

> Truncated GFF:

Z
dGrF,N(X) = ——ex(x
kezg;qu VA+1

CN=[AE[¢GFF,N(X)2]dX: >

KI<N

)

1

Nl = Tr[(—AN + 1)_1] ~log N
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The case d =2

> (-=A+1)"! no longer trace class, since A = (27[k[)?, . Ak1+1 =00

keZ?

> Truncated GFF:

Zy
dGFF,N(X) =
kezg\;qu VA+1

CN=[AE[¢GFF,N(X)2]dX: >

KI<N

ex(x)

1
)\k+1

- Tr[(—AN + 1)_1] ~log N

> Wick calculus: :¢(x)™: = Hp(¢(x); Cy) where H, Hermite polynomials
If (X, Y) centred jointly Gaussian rv, E[X?] = C, E[Y?] = C’ then
E[Ha(X; C)Hm(Y; C)] = nlopmE[XY]"

2
Consequence: supE[(/A:qﬁGFF’N(x)”:dx) ]< 00 Vn
N
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The case d =2

> (-=A+1)"! no longer trace class, since A = (27[k[)?, . )\:ﬂ =00

keZ?

> Truncated GFF:

Zy
dGFF,N(X) =
kezzz,\;qu VA+1

CN=[AE[¢GFF,N(X)2]dX: >

KI<N

ex(x)

1
)\k-l-l

- Tr[(—AN + 1)_1] ~log N

> Wick calculus: :¢(x)™: = Hp(¢(x); Cy) where H, Hermite polynomials

If (X, Y) centred jointly Gaussian rv, E[X?] = C, E[Y?] = C’ then
E[H,(X; C)Hm(Y; C)] = nl6nmE[XY]"

2
Consequence: supE[(/A:qﬁGFF’N(x)”:dx) ]< 00 Vn
N
> Gibbs measure defined as in 1d case, with

V(8) = [ (SI90() I + 300 + 5:0(x)") dx

Perturbation theory for the ¢g model 2 October 2023 3/17



The case d =3

Theorem: Potential needs exactly 4 counterterms:

V()= [ (3IV60I + 3[1 - 2CP Jo(x)?

+ 5000w + Gy -G ) dx
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The case d =3

Theorem: Potential needs exactly 4 counterterms:
V()= [ (3IV60I + 3[1 - 2CP Jo(x)?
+ 5000w + Gy -G ) dx
where
c\= Gn(0) = Tr((-An + 1)) = O(N)
cD_3 f G (x)% dx = O(log )

= oo [ Gu0*ax= (W)

2!42
23
= 25(2) [ [ G002 Guly)? Gt -y dxdy = O(1og )
and Gy(x) = > ex(x) if the Green function of Ay
|k[<N )\k +1
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Some literature

> Glimm & Jaffe (1968, 1973), Feldman (1974):
Combinatorics of Feynman diagrams

> Benfatto, Cassandro, Gallavotti, Nicolo & Olivieri (1978, 1980):
Renormalisation group (integrating out scales)

> Brydges, Frohlich & Sokal (1983):
Generating function and skeleton inequalities

> Brydges, Dimock & Hurd (1995):
Polymer expansions

> Connes & Kreimer (2000, 2001):
Hopf algebras

> Barashkov & Gubinelli (2020):
Boué—Dupuis formula
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Singular stochastic PDEs
8t¢(tvx) ZA(Z)(t,X)—d)(t,X)—E(Z)(t,X)3+§(t,X)

> Parisi & Wu (1981):
Stochastic quantization
> Da Prato & Debussche (2003):
2d case: Besov spaces, fixed-point argument for difference between ¢
and stochastic convolution
> Hairer (2014):
3d case: regularity structures
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Graphical notations

> W k :X: :f: 4:d , Y: B :f: 2d
ick powers >-< A d(x)":dx A d(x)*:dx
> Parameters: a =%, 3= %62(?,2/2), v = €2 C,E,‘?’) - 63C,§,4)

€
4,
Then S ~ rafe-e-777] -7t o777
N,0
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Graphical notations
> Wick powers: X = > = [\:qﬁ(x)“:dx, Y= —— = f/\:qj(x)z:dx

B _ %62(?,2/2), = 52 CIEI?,) _ 63(:‘/214)

> Parameters a=7,
Then Euo[ —oaX—ﬁY—’y] = e YV EHo [e—aX—,BY]

> Let [ = (“//,(o@) be a multigraph, & = span{['}. Its valuation is

Mp(T) = [ TT G (e, - xe.) dx
ee&
For instance

¢ =nyQ

P =3y

3 _ 4
CN 2|42HN@

3 3
4 _ 2 (4
Cn = 3!43(2) n,\,@
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Cumulant expansion
> o= (70> + i) (0 3 (7)o
where A, = E#0[>< mo n—m:I

Examples:

2= 024N + 2y >

p3 = —a3(g)323ﬂ,\,@ _30‘25(42‘2'3!)”N@

~ 305241 My <X -85 /\,
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Cumulant expansion
> o= (70> + i) (0 3 (7)o
where A, = E#0[>< mo n—m:I

Examples:

pi2 = 4NN + 221Ny <>
3
1 = —a3(2) 23n,\,@ —30425(42-2'3!)“/\/@
~ 308241 Ny <> - 883Ny [\,

> Cumulant expansion: (Leonov & Shiraev)

—aX-BY -~ =\ Kn =2 n-1
~logE[e J=7- - Knp=fn— Z m Kmln-m

m=2
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Cumulant expansion
> o= (70> + i) (0 3 (7)o
where A, = E#0[>< mo n—m:I

Examples:

pi2 = 4NN + 221Ny <>

a3
1 = —a3(2) 23HN@ —30425(42-2'3!)“/\/@
- 308241 My OO - 85N /\,
> Cumulant expansion: (Leonov & Shiraev)

—aX-BY -~ =\ Kn =2 n-1
~logE[e J=7- - Knp=fn— Z Kmln-m
n=2 m=2 m

> Linked Cluster Theorem: &, projection of 11, on connected graphs
Proof: for instance Peccati & Taqqu (2011)
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Divergences and subdivergences
> Degree of I': deg(') =3(|¥|-1) —|&|. T divergent if deg(I') <0.

Perturbation theory for the ¢g model 2 October 2023 9/17



Divergences and subdivergences
> Degree of I': deg(') =3(|¥|-1) —|&|. T divergent if deg(I') <0.

> Examples:

deg(<>) =0 My(€>) = O(logN)
deg(3) = -1 My(&) = O0(N)

deg(N) =0 () = 0(log V)
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Divergences and subdivergences
> Degree of I': deg(') =3(|¥|-1) —|&|. T divergent if deg(I') <0.

> Examples:

deg(<>) =0 My (<) = O(logN)
deg(3) = -1 My(&) = O0(N)

deg(N) =0 () = 0(log V)

O(N-9e()) if deg(I') <0
O(log N) if deg(') =0

However, deg(@) =1, while HN(@) =O(logN)

because it contains a subdivergence <=

> It looks like My (") :{
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Divergences and subdivergences
> Degree of I': deg(') =3(|¥|-1) —|&|. T divergent if deg(I') <0.

> Examples:

deg(<>) =0 My (<) = O(logN)
deg(3) = -1 My(&) = O0(N)

deg(N) =0 () = 0(log V)

O(N-9e()) if deg(I') <0
O(log N) if deg(') =0

However, deg(@) =1, while HN(@) =O(logN)

because it contains a subdivergence <=

> It looks like My () = {

Theorem: [Dyson]
If degT > 0 for all subgraphs ' c T, then My(T) is bounded unif in N
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Hopf algebras and renormalisation

> Connes—Kreimer extraction—contraction coproduct: A:¥ -9 ® ¢
AN =Tel+l1al+ > T&(/T) (1: empty graph)
1+Tgr
deg(T)<0

Example: A(@):@®1+1®@+6®O
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Hopf algebras and renormalisation

> Connes—Kreimer extraction—contraction coproduct: A:¥ -9 ® ¢
AN =Tel+l1al+ > T&(/T) (1: empty graph)
1+Tgr
deg(T)<0

Example: A(@):@®1+1®@+6®O

> (Twisted) antipode: & : ¢ - ¥, /(') =-T- Z o/ (T) - (F/T)

12Fgl
Example: d(@) =—@ + & O

deg(T)<0
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Hopf algebras and renormalisation

> Connes—Kreimer extraction—contraction coproduct: A:¥ -9 ® ¢
AN =Tel+l1al+ > T&(/T) (1: empty graph)
1+Tgr
deg(T)<0

Example: A(@):@®1+1®@+6®O

> (Twisted) antipode: & : ¢ - ¥, /(') =-T- Z o/ (T) - (F/T)

12Fgl
Example: d(@) =—@ + & O

deg(T)<0
> Character: linear form g : % — R such that (g,l'1-2) = (g,1)(g.2)
Renormalisation map: M8 : 9 - ¢, M8(T) := (g ® id)Al'
Property: If (fog, ) =(f®g,Al') and (&7*(f),I') = (f, /(')
then M&°" = MEM" and (M&)~! = M“"(8) = group structure
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BPHZ renormalisation
> BPHZ character: (gBPH2 ) = My (M) 1ldegr<o
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BPHZ renormalisation

> BPHZ character: (gBPH2 ) = My (M) 1ldegr<o
> Renormalised valuation:

g — R
MBPHZ () — 1y M (1) - \
= (g®"7 e My)Ar M ey g og W3 R
= (M ® My)AT nmJ /
A () = () ldegreo g
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BPHZ renormalisation

> BPHZ character: (gBPH2 ) = My (M) 1ldegr<o
> Renormalised valuation:

g —— R
BPHZ
H/I%/PHZ(F) = I_INI\/Ig (r) (yi@id)Al wz
_ (gBPHZ ® I—IN)AF M1 Faid) A G o M R
= (HN«J(@ My)AT I'I,midJ /

‘Q{N(r) :%(r)ldegrso 4
Theorem: [Bogolyubov, Parasiuk, Hepp, Zimmermann]
If deg > 0 then MEPHZ() bdd uniformly in N

Perturbation theory for the ¢g model 2 October 2023 11/17



BPHZ renormalisation

> BPHZ character: (gB”H2,T) = NMy.o7 () 1gegro

> Renormalised valuation:
My
4 ———— R

MBPHZ (1) = 11y ME™™ (1) cmidml \
= (g®"7 e My)Ar MEPE_ (1, eid)A g oy Wev 3
= (M ® My)AT nm.{ /

A (T) = (M) laegr<o g

Theorem: [Bogolyubov, Parasiuk, Hepp, Zimmermann]
If deg > 0 then MEPHZ() bdd uniformly in N

Theorem: [B & Klose]

Write n,,:( 1)”2” (M)amB™m 5y b (k)nN(rglr(r?) Then

| _ Z ( a)pr(k)l_lBPHZ<r(k)) degr( )_p_3
n=2 N

Consequence. aII terms in cumulant expansion bounded uniformly in N
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Commutative diagram

H P , o M o
N N . nBPHZ
Xn=(n®id) A (S oid)A N
e Y Nyen
He Y9 —3 R
4 MNy®id
N®I M
H 2 @
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Commutative diagram

H P , o M o
N N . nBPHZ
Xn=(n®id) A (S oid)A N
e Y Nyen
He Y9 —3 R
M My®id My
H 2 @

> H= span{X" P ne Nz} XM= Xmym (Ebrahimi-Fard et al)
Axm= Y ( "Xk e xm,  AX" = (20 - 1)1(=27Y ) Lne(ar0)

m
k,meNg ’
k-m=n

> XW(X") = (AT} ® id)AXn P = I_Iconnected(Zpairings)
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Commutative diagram

H P , o M o
N N . nBPHZ
Xn=(n®id) A (S oid)A N
e Y Nyen
He Y9 —3 R
M My®id My
H 2 @

> H= span{X" P ne Nz} XM= Xmym (Ebrahimi-Fard et al)
Axm= Y ( "Xk e xm,  AX" = (20 - 1)1(=27Y ) Lne(ar0)

m
k,meNg ’
k-m=n

> XT](X") = (-’Zi'r] ® |d)AX" ,@ = nconneCted(Zpairings)
Lemma: (A o x,)e X = e oX-FY
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Zimmermann's forest formula
> Zimmermann forest formula: o7 (T Z( DFlgzr

where sum ranges over all forests .7 (set of subgraphs, pairwise
vertex-disjoint or included) and %’z extracts all subgraphs in %
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Zimmermann's forest formula

> Zimmermann forest formula: o/ Z( DFlgzr

where sum ranges over all forests .7 (set of subgraphs, pairwise
vertex-disjoint or included) and %’z extracts all subgraphs in %

> Our case: /([N =- ) (-1)Ple=>Plgsr

where %5 extracts all “bubbles” €« labelled by element of S,
g is number of bubbles

Perturbation theory for the ¢g model 2 October 2023 13/17



Zimmermann's forest formula
> Zimmermann forest formula: o7 (T Z( DFlgzr

where sum ranges over all forests .7 (set of subgraphs, pairwise
vertex-disjoint or included) and %’z extracts all subgraphs in %

> Our case: /([N =- ) (-1)le=>Plgsr
Sc{l,...g}

where %5 extracts all “bubbles” €« labelled by element of S,
g is number of bubbles

Since I'IN(@) = % = & we have

5]
I—III%IPHZ(rl(j/;)) __ B ) I'IN(%SF("))

Sc{l,...,g}( 48a2
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Zimmermann's forest formula

> Zimmermann forest formula: o/ Z( DFlgzr

where sum ranges over all forests .7 (set of subgraphs, pairwise
vertex-disjoint or included) and %’z extracts all subgraphs in %

> Our case: /([N =- ) (-1)Ple=>Plgsr

where %5 extracts all “bubbles” €« labelled by element of S,
g is number of bubbles

Since I'IN(@) = % = & we have

BPHZ r(k) —_ _
v () sciii.g)\ 4802

Lemma: The diagram commutes, that is,
Do oxy= (Nyo/ ®id)A o P
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Borel resummation: The ¢; model
> V(¢) = 307 + 56
Z(E):f""e—vw)d(p: f°°e—¢2/2 e84 4
Z(e) = V2r S (-5) B S g6 g, ol

n=0 n>0
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Borel resummation: The ¢; model
> V(¢) = 307 + 56
Z(E):f""e—vw)d(p: f°°e—¢2/2 e84 4
Z(e) = V2r S (-5) B S g6 g, ol

n=0 n>0

> Borel transform:

Z(e) % Za,,a”—r(':fl) ""5 [ t"e td
) n>0

n=0

ZBoreI(E) = f e’ Z a,,a St dt = f e_tBZ(Et)dt

n=0

where BZ(t) = 50 25 t"

Perturbation theory for the ¢g model 2 October 2023

14/17



Borel resummation: The ¢; model
> V(9) =307+ 50
Z(g):f""e—vw)dd,: /°°e—¢2/2 e84 4
Z(e) = V2r S (-5) B S g6 g, ol

n=0 n=0

> Borel transform:

Z(E)VZan ”r(':lrl) Z"’;?—E,"vfo t"e tdt

n=0 n>0

Zoowe(e) = [Tet Y mstde= [T et BZ(er) e

n=0 0
where BZ(t) = 50 25 t"

Theorem (Watson 1912, Sokal 1980) Dg = {e:Ree™* > R7!}
If Z analytic in Dg and Z(¢) = X7_o ake® + Ru(e) with [Ry(e)| < Cr'nlle|”
unif in n and ¢, then BZ(t) cv for |t] < % and Z(¢) = Zgorel(€) in Dg
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Borel resummation: The <D‘3‘ model

> Borel summability proved by Magnen and Sénéor (1977)
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Borel resummation: The <l>‘31 model

> Borel summability proved by Magnen and Sénéor (1977)
> Need to prove

o Analycity in Dg: hard?

o Bound |R,(g)|< Cr"nlle]” in Dg: doable?
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Borel resummation: The <D‘3‘ model

> Borel summability proved by Magnen and Sénéor (1977)
> Need to prove
o Analycity in Dg: hard?
o Bound |R,(g)|< Cr"nlle]” in Dg: doable?
5, (~a)?
> e X =P(X)+F(X), P(X)=3 ~——XP
p=0 P:
log E[e *XPY"7] = —y — (MRFH% 0 ) e X = —(NFFHZ 0 2)F(X)
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Borel resummation: The ¢‘3‘ model

> Borel summability proved by Magnen and Sénéor (1977)
> Need to prove
o Analycity in Dg: hard?
o Bound |R,(g)|< Cr"nlle]” in Dg: doable?
0, (~a)?
> e X =P(X)+F(X), P(X)=3 ~——XP
p=0 P:
log E[e X~ Y] = —y — (MM 0 2) &% = ~(MFM2 0 Z2)F(X)

n _ P foe) _ P
> FX)=Sn4Rey 5= Cxp go- 3 WDy

| |
p=4 p: p=n+1 p:
n-1 (_a)n
(H%PHZ ° @)Sn < Z p!€p, Rn — _|Xn e—a9X
p:4 n:
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Borel resummation: The <D‘3‘ model

> Borel summability proved by Magnen and Sénéor (1977)
> Need to prove
o Analycity in Dg: hard?
o Bound |R,(g)|< Cr"nlle]” in Dg: doable?
—-aX > (_a)P
> e = P(X) + F(X), P(X):ZiI XP
p=0 P:
log E[e *XPY"7] = —y — (MRFH% 0 ) e X = —(NFFHZ 0 2)F(X)
n o (_,\P oo NP
> FX)=Su+ R So= 3 U xe go 5 L0
p=4 P p=n+l P
BPHZ . pyc o & |P _ ()" n aox
(I_IN O;})Snrxzp.&f, Rn— | Xe
p:4 n:
> Control remainder by using
o Moment bound
o Sharp estimates on (M§7H% o ,@)F,(,’;) (Hairer 2018, B & Bruned 2019)
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Thanks for your attention!

Slides available at
https://www.idpoisson.fr/berglund/Gjovik23.pdf
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