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The problem

Vo(x.y)

XX (y) x5 (y) xi(y)

dxy = —0x Vo (xt, yr) dt + o d W
dy; = edt + o/eodW/

Noise-induced transitions in oscillating double-well potentials October 2020

1/12



The problem

Vo(x.y)

x:(y) x5 (y) x:(y)

dxy = —0x Vo (xt, yr) dt + o d W
dy; = edt + o/eodW/

> x + Vo(x,y) confining double-well potential, class C*
VO(Xay + 1) = VO(X>y)

> 0<e,0«1,0>0

> WY, WY independent standard Wiener processes
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The problem

Vo(x.y)

x:(y) x5 (y) x:(y)

dxy = —0x Vo (xt, yr) dt + o d W
dy; = edt + o/eodW/

> x + Vo(x,y) confining double-well potential, class C*
VO(Xay + 1) = VO(X>y)

> 0<e,0«1,0>0
> WY, WY independent standard Wiener processes

Question: describe law of 7, = inf{t > 0:x¢ = x5 (ye)|(x0 = x* (yo),yo)}
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Static case

Vo(x)

dXt = _V(),(Xt)dt+0'th

we =\JVI(x2) wo =\/-VI(x5) _— <
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Static case

dXt = _V(),(Xt)dt+O'th

we =/ Vo' (x) wo=1/-V7'(x5)

> By Dynkin's equation, Vx < x;,

‘X‘

Vo(x)

W

2 X5 X
EX[1.] == / [ : e2[Vo(x2)-Vo(xa)]/o? dxq dxo

o2
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Static case

dxe = —V{(xe) dt + o dW, e
we =/ V() wo =~V () g x

BNV
h,
> By Dynkin's equation, Vx < x;,

EX[7:] = % fx+ [Xz Y00 Vol)/7™ 4 dx,

o

2w 2
e2h- /o [
wow—

=  Eyring-Kramers law: E*[r,] =

1+0(0?)]

Noise-induced transitions in oscillating double-well potentials October 2020 2/12



Static case

dxe = —V{(xe) dt + o dW, e
we =/ V() wo =~V () g x

BNV
h,
> By Dynkin's equation, Vx < x;,

2 X5 X
EX[14] = — / [ : e2[Vo(x2)-Vo(xa)]/o? dxq dxo

o

2w 2
e2h- /o [
wow—

=  Eyring-Kramers law: E*[r,] = 1+0(0?)]

> [Day '83]: Vs>0, lim ]P)Xj{7'+ > sEX |:7'+]} =e®
o—0

(Convergence to exponential law & (1))
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Static case: reactive time

X
x5 /\/J'
X & ’
* M A /\ /V\//\/\ /MJ

X—TVV\/ AWAVAR

reactive time
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Static case: reactive time

reactive time

> [Cérou, Guyader, Leliévre, Malrieu '13]:  x* <a<xp <xy <b<x]

lim Law(ngb ~2log(c7t) | 7o <72)=Law( G + T(x0,b))
o—0 —
Gumbel  geterministic
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Static case: reactive time

X
*
XJr T

S — T
X3 i

P R ) R & (Y A
* A A /M N

reactive time

> [Cérou, Guyader, Leliévre, Malrieu '13]:  x* <a<xp <xy <b<x]

lim Law(ngb ~2log(c7t) | 7o <72)=Law( G + T(x0,b))
o—0 —~ N .
Gumbel  geterministic

Gumbel law: P{g < t} —e ¢ VteR
(max-stable distribution from extreme value theory, cf. [Bakhtin '15])

= reactive time ~ wy2[2log(c) + G + T(x0, b)]
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Higher dimensions

D> [Freidlin & Wentzell '79]: Large-deviation theory gives exponent of E[r, |
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Higher dimensions
D> [Freidlin & Wentzell '79]: Large-deviation theory gives exponent of E[r, |

> Gradient case  dx; = -V V(x;)dt + o dW,
Invariant measure 7(x) = Z71 e2V(9/o® 4y
Process reversible wrt 7
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Higher dimensions
D> [Freidlin & Wentzell '79]: Large-deviation theory gives exponent of E[r, |

> Gradient case  dx; = -V V(x;)dt + o dW,
Invariant measure 7(x) = Z71 e2V(9/o® 4y
Process reversible wrt 7
Eyring—Kramers law and asympt. exponential character of 7, known

o [Bovier, Eckhoff, Gayrard & Klein 2004]: Potential theory
o [Helffer, Klein & Nier 2005]: Semiclassical analysis
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Higher dimensions
D> [Freidlin & Wentzell '79]: Large-deviation theory gives exponent of E[r, |
> Gradient case  dx; = -V V/(x¢)dt +odW;
Invariant measure 7(x) = Z71 e2V(9/o® 4y
Process reversible wrt 7
Eyring—Kramers law and asympt. exponential character of 7, known

o [Bovier, Eckhoff, Gayrard & Klein 2004]: Potential theory
o [Helffer, Klein & Nier 2005]: Semiclassical analysis

> Nongradient case
Invariant measure m not known in general
Process in general not reversible wrt 7
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Higher dimensions
D> [Freidlin & Wentzell '79]: Large-deviation theory gives exponent of E[r, |

> Gradient case  dx; = -V V(x;)dt + o dW,
Invariant measure 7(x) = Z71 e2V(9/o® 4y
Process reversible wrt 7
Eyring—Kramers law and asympt. exponential character of 7, known

o [Bovier, Eckhoff, Gayrard & Klein 2004]: Potential theory
o [Helffer, Klein & Nier 2005]: Semiclassical analysis

> Nongradient case
Invariant measure m not known in general
Process in general not reversible wrt 7

¢ [Bouchet & Reygner 2016]: Formal computations — Eyring—Kramers law
in bistable situations

¢ [Landim, Mariani & Seo 2019]: Non-reversible potential theory
Confirms result by [B & R 2016] for some systems with known 7

o [Le Peutrec & Michel 2019]: Semiclassical analysis for systems with
known
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Back to the problem

dxe = =20, Vo (xe, ye) dt + TdWy

dy; =dt + codW/ (time scaled by €)
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Back to the problem

dxe = =20, Vo (xe, ye) dt + TdWy

dy; =dt + codW/ (time scaled by €)

> Det. eq. ex = —=0xVo(x, t): 3! 3 periodic orbits X;(t) = x(t) + O(¢)
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Back to the problem

dxe = =20, Vo (xe, ye) dt + TdWy

dy; =dt + codW/ (time scaled by €)

> Det. eq. ex = —=0xVo(x, t): 3! 3 periodic orbits X;(t) = x(t) + O(¢)
> 79 hitting time of Xp(y)

Theorem: [B & Gentz, SIAM J Math Analysis 2014]

g () 1ot 77) o -5
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Back to the problem

dxe = =20, Vo (xe, ye) dt + TdWy

dy; =dt + codW/ (time scaled by €)

> Det. eq. ex = —=0xVo(x, t): 3! 3 periodic orbits X;(t) = x(t) + O(¢)
> 79 hitting time of Xp(y)

Theorem: [B & Gentz, SIAM J Math Analysis 2014]
g |0g2)

A
. -1 +t\vo) _ 7 _Foe“
ll_rpo Law(@(ym) —log(c™) - ~ Y ) = Law( 5 5

> 0(y): explicit parametrisation of Xo(y), 6(y +1) =0(y) + %
> A\.: Lyapunov exponent of Xp(y) (\: = [01 wo(y)?dy + O(e))
> Y7 e N: asymptotically geometric N-valued r.v:

lim P{Y? =n+1]Y? > n} = p(0)

n—oo

p(o) ~ e ZI°* | T Freidlin—-Wentzell quasipotential, E[7g] ~ p(o)~*
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Sketch of proof

Theorem: [B & Gentz, SIAM J Math Analysis 2014]

X

Xo(y)

= (y)

Instantons: minimize Freidlin-Wentzell large-deviation rate function

1 7 1
> fo [(Xe + 0 Vo (xe, ye))* + g(yt —£)?]dt T > 0 arbitrary
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Sketch of proof

Theorem: [B & Gentz, SIAM J Math Analysis 2014]

X

Xo(y)

= (y)

Instantons: minimize Freidlin-Wentzell large-deviation rate function

1 7 1
> fo [(Xe + 0 Vo (xe, ye))* + g(yt —£)?]dt T > 0 arbitrary

P{yr e J} = ZP{YT- €} Plk{YTo €J}
k

~P{Y°=k} :P{%+const e J-k}
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Eyring—Kramers-type law for E[7, ]

Vo(x,y)
W (¥) = VO Vo2 (1) 7) ’
oJO(}/): - XX(XS(y)?y)
x*(y) x5 (y) xi(y)
we(y)woly) 2
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Eyring—Kramers-type law for E[7, ]

o(x,y)
wi(y) = VO Vo(x2 (), ) o
oJO(}’): _aXX(XS(Y)aY) /
x*(y) x5 (y) xi(y)
w w _ o2

> Leading eigenvalue of —.%; = —%28)0( + Oy VoOx:
M) =[r(y) + (][ +0(6?)]
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Eyring—Kramers-type law for E[7, ]

we(¥) = VO Vo (X2 (1), ) o
oJO()’): _8XX(X5(}’)J’) /
x*(y) x5 () x;(y)
e T CNC s WA A
> Leading eigenvalue of —.%; = —%28)0( + Oy VoOx:
1
M) =[r(y) + (][ +0(6?)] (A1) = fo A1(y)dy

Theorem: [B 2020, arxiv:2007.08443]
2re[1+ R(e,0)]

1 2
fo woly)w-(y) e 2-0e" 4y

where R(e,0) complicated but small if (\;) « & <« (A1)

]E(Xf(}/o),)/o)[ﬂ] -
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Heuristics: two-state jump process
(/e

OO

r+(y)/5
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Heuristics: two-state jump process

r-(y)/e
O O
~___—
r+(y)/5
i]P’f’y"{T > y} = —lr (y)]P’f’y"{T > y}
dy + e +
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Heuristics: two-state jump process

o__0O
re(y)/e
d =Y0 1 Y0
il GRS Rl (Ol Y
PYo {ﬂ S y} = e R-(yyo)/e where R_(y1,y0) = " r-(y)dy

Yo
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Heuristics: two-state jump process

r-(y)/e
O O
~___—
re(y)/e
i]P’f’y"{T > y} = —lr (y)]P’f’y"{T > y}
dy + e +

y
PYo {ﬂ N y} = e R-(ry0)/e where R_(y1,y0) = ' r-(y)dy

Yo
E—,)/O[TJr] = /Doe_R—(y7YO)/8dy
Yo
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Heuristics: two-state jump process

r-(y)/e
O O
~___—
re(y)/e
i]P’f’y"{T > y} = —lr (y)]P’f’y"{T > y}
dy + e +

y
PYo {ﬂ N y} = e R-(ry0)/e where R_(y1,y0) = ' r-(y)dy

Yo
E—,)/O[TJr] = /Doe_R—(y7YO)/8dy
Yo

1

'R (Yo+y,y0)/e
= - - - 0 9, 0 . ')
B 1- efR_(l,O)/e A € dy (by periodicity of r_)
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Heuristics: two-state jump process

r-(y)/e
O O
~___—
re(y)/e
i]P’f’y"{T > y} = —lr (y)]P’f’y"{T > y}
dy + e +

y
PYo {ﬂ N y} = e R-(ry0)/e where R_(y1,y0) = ' r-(y)dy

Yo
E—,)/O[TJr] = /Doe_R—(y7YO)/€dy
Yo

1

t R (rotyyo)e
= = 0 2 0 . . .
T 1 - e R-(1,0)/e [0 € dy (by periodicity of r_)

SR 2me if €> max r_(y)
R_(1,0) /Ole(y)w_(y) e—2h_(y)/o? dy ye[0,1]
€
= if e << min r_
r-(v) ye[0.1] v

In between: Stochastic resonance

Noise-induced transitions in oscillating double-well potentials October 2020 8/12



Potential theory for non-reversible SDEs
[Landim, Mariani & Seo 2019]:

2 2
> Generator & =14+, £,=220,,+0,
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Potential theory for non-reversible SDEs
[Landim, Mariani & Seo 2019]:

2 2
> Generator & =14+, £,=220,,+0,

: 2 : :
> Invariant measure dr = e 2V(%)/7" dxdy, V sat. Hamilton—Jacobi eq.
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Potential theory for non-reversible SDEs
[Landim, Mariani & Seo 2019]:
2 _2
> Generator & =14+, £,=220,,+0,

: 2 : :
> Invariant measure dr = e 2V(%)/7" dxdy, V sat. Hamilton—Jacobi eq.

> Decompose .& = % + %, where

o L= %: e2V/o® . pe2V/o* Vv, where D = (é Egz ) is self-adjoint wrt 7

o % =c-V (c explicitly known) is skew-symmetric: .Zf = -.%,
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Potential theory for non-reversible SDEs
[Landim, Mariani & Seo 2019]:
2 _2
> Generator & =14+, £,=220,,+0,

: 2 : :
> Invariant measure dr = e 2V(%)/7" dxdy, V sat. Hamilton—Jacobi eq.

> Decompose .& = % + %, where

o L= %: e2V/o® . pe2V/o* Vv, where D = (é Egz ) is self-adjoint wrt 7
o % =c-V (c explicitly known) is skew-symmetric: .Zf = -.%,

> Adjoint system: generator .£* = %4 — %,
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Potential theory for non-reversible SDEs
[Landim, Mariani & Seo 2019]:

> Generator .¥ = %!fx +%, % = @ayy +0,
> Invariant measure dr = e 2V 0)/o? 4y dy, V sat. Hamilton—Jacobi eq.
> Decompose .& = % + %, where
o L=
o Z=c-V (c explicitly known) is skew-symmetric: £ = -7,

g—: 2V/o* . De2VIo* ¢, where D = (é Egz ), is self-adjoint wrt 7

> Adjoint system: generator .£* = %4 — %,

Theorem: [LMS 2019] For any A, B c ]Rz AnB=g

AAE(X,Y)[TB]dVAB o p(A B) / hAB(X y) d7T

> dvag probability measure on 0A
> cap(A, B): capacity, satisfies variational principles

> hig(x,y) = PO {14 < 75} committor for adjoint dynamics
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Estimating the capacity
CR2 _y TR2 : _ 2 . -1 dxdy
> For ¢ :R° - R?, define Z(p) = =5 /(AuB)c(’O (D)

o m(xy)
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Estimating the capacity
CR2 _y TR2 : _ 2 . -1 dxdy
> For ¢ :R° - R?, define Z(y) /(AuB)c(’O (D)

o? m(xy)

> Given f : R? — R, define vector fields Wy = g—iﬂ'DVf, b=V, —nfc
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Estimating the capacity
CR2 _y TR2 : _ 2 . -1 dxdy
> For p: R° - R, define Z(¢) = =5 /(AUB)C w- (D™ ) =A%)

> Given f : R? - R, define vector fields Wy = g—iﬂ'DVf, br=Vr-7fc
> %O‘B"B: space of f : R? - R such that f|4 = o, f|g = 3
> .7 )5 space of divergence-free flows of flux ~ through 0A
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Estimating the capacity
CR2 _y TR2 : _ 2 . -1 dxdy
> For p: R° - R, define Z(¢) = =5 [(AUB)C w- (D™ ) =A%)

> Given f : R? > R, define vector fields W = ZxDVf, &f = Wy — 1fc
> %O‘B’ﬂ: space of f : R? - R such that f|4 = a, f|g =
> .7 )5 space of divergence-free flows of flux ~ through 0A

Proposition: [LMS 2019] Dirichlet principle

cap(A,B) = inf inf Z(®r-¢
( ) fE,}fj'éo 8069“25 ( )

Infimum reached for f = %(hAB +hyg) and o= & - Wy o

Proposition: [LMS 2019] Thomson principle

1
cap(A,B)= sup sup ———
fgijoéo cpegAIB @(q)f - SD)

Supremum reached for f = WlAB)(hAB_hZB) and ¢ = q)f—m\VhAB
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Main difficulty: estimating 7(x,y)
Static eigenfunctions: Zxon(x|y) = =An(¥)dn(xly), do(x]y) =1

Proposition:
e72Vo(X,y)/cr2
Zo(y)

> «1(y) well-approximated in terms of jump process

> &, (x,y) Lspan{go, 1}, satisfies (mp, ®,)}/? g %cosh(%)

v

m(x,y) = [1+a1(n)dr(xly) + &1 (x, )]
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Main difficulty: estimating 7(x,y)
Static eigenfunctions: Zon(x|y) = =An(y)dn(xly), do(x|ly) =1

Proposition:
e72Vo(X,y)/cr2
Zo(y)

> «1(y) well-approximated in terms of jump process

> &, (x,y) Lspan{¢o, ¢1}, satisfies (7r0,¢l)1/2 < %cosh(%)

m(x,y) = [1+a1(n)dr(xly) + &1 (x, )]

v

2
e2Vo/o

Case 0=0: = Z [1+ Y51 nn]. L1 =0 < a, satisfy ODE

g 3
eap, = =An(y)an - ;an(Y) T2 Z fom (Y)tm

m>1

with fom(y) = —02(T0Gm, Dy Pn)

> if £ > (A1), then (an affine function of) «; is slow variable

> if e «< 1, then all a, for n> 2 are fast variables
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Open questions

> Larger values of 7

> Higher dimensions? Link with random Poincaré maps?
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Open questions

>

>

Larger values of &7

Higher dimensions? Link with random Poincaré maps?
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Thanks for your attention!

Slides available at https://www.idpoisson.fr/berglund/Imperial_College20.pdf
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