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Plan

1. One-dimensional case
2. Multi-dimensional case
3. Gaussian fields
4. The ®* model

Lecture notes: arXiv/2605.14630

Slides: https://www.idpoisson.fr/berglund/Lammi26.pdf
Some references:
> D. Nualart, The Malliavin calculus and related topics, Springer, 2006.
> G. Da Prato & L. Tubaro, Wick powers in stochastic PDEs: an introduction. 2007.

> M. Hairer, Advanced stochastic calculus. Lecture notes, EPFL & Imperial College
London, 2026.

> NB, An introduction to singular stochastic PDEs. Allen-Cahn equations,
metastability, and regularity structures. EMS Ser. Lect. Math., 2022.
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1. The one-dimensional case

1. Gaussian random variables
2. Hermite polynomials

3. Wiener chaos expansion
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Gaussian random variables

Definition: Gaussian random variable
X ~ N (m,o?) iff it has density
1(dz) = —— e @m?/2o?) gy

2mo2

Properties:
1. X ~N(m,0%) < X =m+0oY with Y ~N(0,1).

2. Assume X ~ N (my,0?) and Y ~ N (ma,03) are defined on a
common probability space, and let Z =X +Y. Then

Z ~ N(mq +ma, 05 + 05 +2Cov(X,Y))
3. Two Gaussian variables X and Y are independent <

Cov(X,Y) = E[XY] - E[X]E[Y] = 0.
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Gaussian random variables
> Aim: If X ~ A(0,1), efficiently compute E[f(X)] = foof(x)u(dx)

> Example: E[e"Y] = et’/2 (Laplace transform)
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Gaussian random variables
> Aim: If X ~ A(0,1), efficiently compute E[f(X)] = foof(x),u(dx)

> Example: E[e"Y] = et’/2 (Laplace transform)

Proposition:
Let X ~N(0,1). For any n €N, one has

E[X"] :{

(n—=1)!" if nis even,

0 if n is odd ,
where
nf2-1
(n-D!=J] (2k+1)=1-3-5...(n-3)(n-1)
k=0
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Gaussian random variables
> Aim: If X ~ A(0,1), efficiently compute E[f(X)] = foof(x),u(dx)

> Example: E[e"Y] = et’/2 (Laplace transform)

Proposition:
Let X ~N(0,1). For any n €N, one has

E[X"] :{

(n—=1)!" if nis even,

0 if nis odd ,
where
nf2-1
(n-D!=J] (2k+1)=1-3-5...(n-3)(n-1)
k=0
> Proofs:

o Using Laplace transform
o Using E[X""] = nE[ X" '] (integration by parts)
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Hermite polynomials

Linear algebra/geometry: Gram—Schmidt
Probability: cumulants
Analysis: differential operators, spectral theory

Algebra: convolution algebra

ok w o=

Combinatorics: pairwise matchings
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Gram—-Schmidt orthogonalisation

> (H,(X))ns0 orthogonal basis for (X,Y) = E[XY]
obtained from (X"),>0 by Gram-Schmidt
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Gram—-Schmidt orthogonalisation

> (H,(X))ns0 orthogonal basis for (X,Y) = E[XY]
obtained from (X"),>0 by Gram-Schmidt
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Cumulants

Definition: Moments and cumulants

> X r.v. such that E[eX] < ooVt € (=4,6)
t'rl

E[e!X] = > b=, tn =E[X"] moments
n20 n!
> Cumulant expansion of X:
t’I’L
Kx(t) =logE[e!*] = > kn— Kp : cumulants
n!

n=0
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Cumulants

Definition: Moments and cumulants
> X r.v. such that E[eX] < ooVt € (=4,6)

t'rl
E[e!X] = > b=, tn =E[X"] moments
n20 n!
> Cumulant expansion of X:
t’I’L
Kx(t) =logE[e!*] = > kn— Kp : cumulants
n!

n=0

> X~ N(0,1): Kx(t) =%, ky =60
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Cumulants

Definition: Moments and cumulants
> X r.v. such that E[eX] < ooVt € (=4,6)

t'rl
E[e!X] = > b=, tn =E[X"] moments
n20 n!
> Cumulant expansion of X:
t’I’L
Kx(t) =logE[e!*] = > kn— Kp : cumulants
n!

n=0

> X~ N(0,1): Kx(t) =%, ky =60
tx

e -
> G(t,x) = E[o¥] = gte=t/2
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Cumulants

Definition: Moments and cumulants
> X r.v. such that E[eX] < ooVt € (=4,6)

t'rl
E[e!X] = > b=, tn =E[X"] moments
n20 n!
> Cumulant expansion of X:
t’I’L
Kx(t) = log]E[etX] = Z Kp— Kn : cumulants
n!

n=0

> X~ N(0,1): Kx(t) =%, ky =60

et.r
E[etX]
Proposition: G is the generating function of the H,,

G(t’x) = Z t_T:Hn(x)

nz0 "%

> G(f,T) _ _ ltw—t2/2
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Cumulants and Hermite polynomials

Proposition: Orthogonality

I ifn=
E[H,(X)Hpn(X)] = 0ldm =1 "0
0 otherwise .
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Cumulants and Hermite polynomials

Proposition: Orthogonality

N
E[H,(X)Hpn(X)] = 0ldm =1 "0
0 otherwise .

Proposition: Recurrence relation

Hyi(x)=xH,(z) - Hq'l(x)
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Cumulants and Hermite polynomials

Proposition: Orthogonality

nl fn=m,

E[Hn(X)Hn(X)] = nldpm = _
0 otherwise .

Proposition: Recurrence relation

Hyi(x)=xH,(z) - H;z(x)

Proposition: Product—sum formula

Hoy () Hy () = ZZ: p!(Z)(Z)Hmm_Qp(x)
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Hermite polynomials and differential operators

> Define differential operators
d

d
al =z - — & =-dla

Cdx ] dz’ Cda? dz

a

Proposition:

The operators a and a! are mutually adjoint in .77 = L?(R, u(dx)), while
% is self-adjoint and
aal —ala =id
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Hermite polynomials and differential operators

> Define differential operators
d

d
al =z - — & =-dla

Cdx ] dz’ Cda? dz

a

Proposition:

The operators a and a! are mutually adjoint in .77 = L?(R, u(dx)), while
% is self-adjoint and
aal —ala =id

Corollary:
The Hermite polynomials are eigenfunctions of .. More precisely,
(ZH,)(x) =-nH,(x) Vn >0
Furthermore,
aTHn_l =H,, aH, =nH, Vn>1

> al is called creation operator, a is called annihilation operator
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Hermite polynomials and differential operators
> Some consequences:

H(2) = nH, 1 (2)
Hyq(x) =xH,(x) —nHy,_1(x)

H,(x) = ((ah)"Ho)(2) = (-1)" "2 %(e—xm)
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Hermite polynomials and differential operators
> Some consequences:

H! (x) =nH,_1(z)
Hn+1(x) = ‘THn(x) - anL—l(x)

Hy(x) = ((ah)"Ho)(2) = (-1)" " /2 %(e—xam

> % is infinitesimal generator of Ornstein—Uhlenbeck semigroup of SDE
dzy =~z dt +V2dW,
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Hermite polynomials and differential operators
> Some consequences:

H! (x) =nH,_1(z)
Hn+1(~r) = lHn(x) - anL—l(x)

Ho () = ()" Ho) (2) = (-1 /2

_z?
e

> % is infinitesimal generator of Ornstein—Uhlenbeck semigroup of SDE
dzy =~z dt +V2dW,

2 2 . . . . .
> H=e*/*"%e""/*is Hamiltonian of quantum harmonic oscillator:

(Hf)(z) = (— - —)f(:v) +f"(x)
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Convolution algebra

> R[z]: algebra of polynomials in x, basis (z"),50

. t'n,
> R[[¢]]: space of formal power series )" Pn—
n20 n
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Convolution algebra

> R[z]: algebra of polynomials in x, basis (z"),50

. tn
> R[[¢]]: space of formal power series )" Pn—
n20 n

> Let p:R[z] > R, and set ¢,, = o(2"). Define
A: Z(R[z],R) — R[[¢]]

pr— ) (")

n
n!
n=0

t
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Convolution algebra

> R[z]: algebra of polynomials in x, basis (z"),50

. tn
> R[[¢]]: space of formal power series )" Pn—
n20 n

> Let p:R[z] > R, and set ¢,, = o(2"). Define
A: Z(R[z],R) — R[[¢]]

n tn
pr— T;]ﬁp(m )E
> Convolution product: (p * ) (2") = i (Z)‘P(xk)l/)(xn_k)

k=0

Topics in Gaussian Wiener chaos expansion 25-29 May 2026 9/48



Convolution algebra
> R[z]: algebra of polynomials in x, basis (z"),50
tn,

> R[[¢]]: space of formal power series > ¢, — '
n20 n

> Let p:R[z] > R, and set ¢,, = o(2"). Define
A: Z(R[z],R) — R[[t]]

o — > o ”)*

n=0
> Convolution product: (p * ¢)(x i( ) k)?/)(fﬂ k)

Theorem:
A is an isomorpism between .2 (R[z],R) and R[[¢]]
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Convolution algebra

> R[z]: algebra of polynomials in x, basis (z"),50

. tn
> R[[¢]]: space of formal power series )" Pn—
n20 n

> Let p:R[z] > R, and set ¢,, = o(2"). Define
A: Z(R[z],R) — R[[¢]]

n tn
$— T;]ﬁp(m )E
> Convolution product: (p * ) (2") = i (Z)‘P(xk)l/)(xn_k)
k=0

Theorem:
A is an isomorpism between .2 (R[z],R) and R[[¢]]
. n!
> P(a) = (prrp)(@") = Y ™). p(a™)
| — N1,y np>0 ni.... np.
p factors ni+-+np=n
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Operations on power series
> If o(1)=1and ¥(1) =0, set 1*(z") = 0,0 and define

REDNE M
k>0 1
exp. (1) = ¥ Lt log. (9) = 3 T (o 17y
k>0 k>1
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Operations on power series
> If p(1)=1and (1) =0, set 1*(z") = J,,0 and define

o= kZ(l* —p)**
>0
*k ( 1)k
exp, (¥) = Z 1/) log, (@) =,
k>0 k>1

Theorem:
If ©(1) =1 and ¥(1) =0, then
A (@) = [A®)]
A(exp, ¥)(t) = exp(A(¢) (1))
A(log, »)(t) =log(A(v)(t))
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Operations on power series

> If o(1)=1and ¥(1) =0, set 1*(z") = 0,0 and define

PEEDNC A
k=0
exp, () = 3 & 1/)*'“ log, () = .
k>0 k>1

Theorem:
If ©(1) =1 and ¥(1) =0, then
A (@) = [A®)]
A(exp, ¥)(t) = exp(A(¢) (1))
A(log, »)(t) =log(A(v)(t))

> One has explicitly

RN CID PR P FCOR

ny,...,nE=1
n1+-Ang=n
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Moments, cumulants and Wick map

> X real-valued random variable
> px(z") =E[X"] = A(ux)(t) = E[e'¥]
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Moments, cumulants and Wick map
> X real-valued random variable
> px(2") = E[X"] = A(ux)(t) = E[e"]
> Cumulant generating function:
Kx(t) =logE[e"*] = A(log, pux)(t) =t A(kx)(t)
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Moments, cumulants and Wick map
> X real-valued random variable
> px (") = E[X"] = A(ux)(t) = E[e"]
> Cumulant generating function:
Kx(t) =logE[e"*] = A(log, ux)(t) = A(kx)(t)  px = exp, wx
> Leonov—Shiraev moment-cumulant relations:

no1 n!
ux (z") = — ———rx (™). kx(x"™)
];)k' nl,...z,;zk>1 nl'nk'
ny+-+ng=n
1 k+1 !
kx(z") = Z (- g ﬁ,ux(xm)...,ux(x”’“)
nly--~1nk>1 1Tl

ni+-+ng=n
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Moments, cumulants and Wick map
> X real-valued random variable
> px (") = E[X"] = A(ux)(t) = E[e"]
> Cumulant generating function:
Kx(t) =logE[e"*] = A(log, ux)(t) = A(kx)(t)  px = exp, wx
> Leonov—Shiraev moment-cumulant relations:

n 2ol n! n n
,MX(IL' ):zy Z —'IQX(ZL' 1).../€X($ k)
k=0 N

tong,e,ng2l
ni+-+np=n

k+1 n
e = 3 ™) o (a)
ng:

!
nl,nan?l ny....
ni+-+ng=n

> Wick map: W := (,u ®id)A = (exp,(-kx) ®id)A

where A(z") := Z (n)x ® 2" coproduct
i=0 \K
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Moments, cumulants and Wick map
> X real-valued random variable
> px (") = E[X"] = A(ux)(t) = E[e"]
> Cumulant generating function:
Kx(t) =logE[e"*] = A(log, ux)(t) = A(kx)(t)  px = exp, wx
> Leonov—Shiraev moment-cumulant relations:

n 2ol n! n n
,MX(IL' ):zy Z —'IQX(ZL' 1).../€X($ k)
k=0 N

tong,e,ng2l
ni+-+np=n

1 k+1 nl
: ————ax (2™) . px (&™)
k ny,...,np=1 nyt...ng!

ni+-+ne=n

> Wick map: W := (,u ®id)A = (exp,(-kx) ®id)A

where A(z") := Z (n)x ® 2" coproduct
i=0 \K

> Then W(t,z) := A(W)(t) = et*~Kx(®)

Ky ($n)_2(
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The Gaussian case

> For general X,

n k )
W)=Y 05" Y amrex @)

k=07=1 n,e..,njzl
ni+e+n;=k
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The Gaussian case

> For general X,

n k )
W)=Y 255 Y o @™) . oex (@)

k=07=1 n,e..,njzl
ni+e+n;=k

> For X ~N(0,1), kx(2™) = Ono,
E[X2] =y (a2 = GOy
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The Gaussian case

> For general X,

n k .
W(z")= > > (_jll)]
k=0 =1

! ) _k

> o x (@) ex (") 2"
ni,...,m; =1
ny+-+n;=k

> For X ~N/(0,1), rx(z") = dnz,
ELX = iy (o) = 5 _ (- 1)1

Proposition: Explicit expressions for Hermite polynomials

For all n € N,

Inf2l 1)k
Hn =l n—2k
() =n kzo kK (n— 2k)! "
[n/2] 1
=l ——H,_
ron ,;) (=21 k(@)
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Hermite polynomials and combinatorics

Theorem:
Let E, = [[1,n]] := {1,2,...,n} and let 0< 2k <n. The coefficient of 2"~
of H,(x) is equal to the number of pairwise matchings of E,, with & pairs
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Hermite polynomials and combinatorics

Theorem:
Let E, = [[1,n]] := {1,2,...,n} and let 0< 2k <n. The coefficient of 2"~
of H,(x) is equal to the number of pairwise matchings of E,, with & pairs

@ @
x
@ @
IrIN AL
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Hermite polynomials and combinatorics

Theorem:
Let E, = [[1,n]] := {1,2,...,n} and let 0< 2k <n. The coefficient of 2"~
of H, (z) is equal to the number of pairwise matchings of E,, with k pairs

@ @
xd
@ @
-1 -1 21 -1 —6x2
@ ® ©® ©
:71:
i il —X-1 3

[n/2] [n/2J 1 k
= @)= 3 (- )( )(Qk 1)1 = zML

k=0

n—2k
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Wiener chaos decomposition

Lemma:
The r.v. {e!X:t e R} form a total subset of .7 = L?(R, pu(dz))
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Wiener chaos decomposition

Lemma:
The r.v. {e/*:t e R} form a total subset of 7 = L?(R, u(dx))

Definition: Wiener chaos

For any n > 1, let /7, be the one-dimensional subspace of .7 spanned by
the random variable H,,(X). For n =0, 7% is the set of constants,
isomorphic R. Then /7, is called the homogeneous Wiener chaos of order
n. The inhomogeneous Wiener chaos of order n is

<%0Sn = 69%
k=0
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Wiener chaos decomposition

Lemma:
The r.v. {e/*:t e R} form a total subset of 7 = L?(R, u(dx))

Definition: Wiener chaos

For any n > 1, let /7, be the one-dimensional subspace of .7 spanned by
the random variable H,,(X). For n =0, 7% is the set of constants,
isomorphic R. Then /7, is called the homogeneous Wiener chaos of order
n. The inhomogeneous Wiener chaos of order n is

%n = @fﬁgk
k=0

Theorem: Wiener chaos decomposition

H =@ A,
n=0
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2. The multi-dimensional case

1. Wick calculus
2. Hermite polynomials for multivariate Gaussians
3. Wiener chaos expansion

4. Equivalence of moments
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Multivariate Gaussian random variables

Definition: Multivariate Gaussian

For N > 1, let R be equipped with the o-algebra 13 of Borel sets and
Lebesgue measure dz. Let m e RY and let C' e R™*Y be a symmetric,
positive definite matrix. A r.v. X : R” — R is a (multivariate) Gaussian
random variable with mean m and covariance matrix C' if its law is

1 =il
de) = ~((z-m),C (a-m))/2 g
#de) = G N den(O) 2 © v

In that case, we write X ~ N (m, ().
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Multivariate Gaussian random variables

Definition: Multivariate Gaussian

For N > 1, let R be equipped with the o-algebra 13 of Borel sets and
Lebesgue measure dz. Let m e RY and let C' e R™*Y be a symmetric,
positive definite matrix. A r.v. X : R” — R is a (multivariate) Gaussian
random variable with mean m and covariance matrix C' if its law is

1 =il
Sl ~((a-m),C @-m))/2 g
#de) = G N den(O) 2 © v

In that case, we write X ~ N (m, ().

Proposition: Laplace transform
For C' sym. pos. def., X ~ N (0,C) < E[etX)] = etC0/2 vt e R?
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Multivariate Gaussian random variables

Definition: Multivariate Gaussian

For N > 1, let R be equipped with the o-algebra 13 of Borel sets and
Lebesgue measure dz. Let m e RY and let C' e R™*Y be a symmetric,
positive definite matrix. A r.v. X : R” — R is a (multivariate) Gaussian
random variable with mean m and covariance matrix C' if its law is

1 -1
dz) = ~((z=m),C™ (z-m))/2 4
p(dz) (2m) N2 det(C) 12 ® x

In that case, we write X ~ N (m, ().

Proposition: Laplace transform
For C' sym. pos. def., X ~N(0,C) < E[etX)] = e{t:C0/2 v e R?

Corollary: Covariance
If X NN(O,C), then E[XLXJ] = OL'J' for all 7,5 € [[1N]]
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Isserlis’ theorem

Lemma: Integration by parts
Assume X ~ N(0,C). For any i ¢ [[1, N]] and differentiable f: RY - R,

E[Xif(X)] = % E[9;f(X)]
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Isserlis’ theorem

Lemma: Integration by parts
Assume X ~ N(0,C). For any i ¢ [[1, N]] and differentiable f: RY - R,

N
E[Xif(X)]= Z E[9;f(X)]
Theorem: [lIsserlis]
For 1<k< % E[X1 : ..ng,l] =0 and

E[X1...Xo| =) [] E[X:Xj]
P {i,j}eP

where the sum runs over all perfect matchings &2 of [[1,2k]]

Topics in Gaussian Wiener chaos expansion 25-29 May 2026 16/48



Isserlis’ theorem

Lemma: Integration by parts
Assume X ~ N(0,C). For any i ¢ [[1, N]] and differentiable f: RY - R,

E[Xif(X)] = % E[9;f(X)]

Theorem: [lIsserlis]
For 1<k<%, E[X;...X91] =0 and
E[X1...Xo| =) [] E[X:Xj]
P {i,j}eP
where the sum runs over all perfect matchings &2 of [[1,2k]]
E[X1 X2 X35X4] = E[ X1 X, |E[ X3 X4 ] + E[X1.X5 |E[ XoXu | + E[ X1 X4 |E[ X5 X5 ]

1 3 1 3 1 3

e o *——o e o
11T

e o *——e

2 4 2 4 2 4
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Scaled Hermite polynomials

Definition: Scaled Hermite polynomials

The Hermite polynomial of degree n with variance o2 is defined as

Hy(w;0°) = 0" Hy (/o)
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Scaled Hermite polynomials

Definition: Scaled Hermite polynomials

The Hermite polynomial of degree n with variance o2 is defined as
Hy(x;0%) = 0" Hy (/o)

1 H 242
> Generating function: G(t,z) =/ ! /2

> Recursive relations:
Hy i (x; 02) =xH,(x; 02) - 028$Hn(.r; 02)
O Hp (; 02) =nHy, 1 (x; 02)

> Explicit expression:

2l (C1)k
Hn . — ' 2](3 n—2k
(w0) =n kzo %k (n — 2k)!7
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Binomial formula

Lemma: Binomial formula
For any =,y € R, any 01,09 € R and any n € Ny, one has

n

n
Hy(z+y;01+03)= Y. (m)Hm(w; 02)Hyn (y;03)

m=0
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Binomial formula

Lemma: Binomial formula
For any z,y € R, any 01,09 € R and any n € Ny, one has

n

n

Hy(z+y;01+03)= > ( )Hm(w;af)Hn_m(y;Ug)
m=0 \T1

Proposition: Multinomial formula

Let a € /* be a sequence of real numbers such that ;.o a? = 1. Then for
any sequence (z;);s0 such that ;.o a;x; converges, one has

i0 k= B0 20
where the sum runs over all k € N° such that |k| = ;50 k; = n, and

k=T k!, a¥ = Hafi

120 120
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Wiener chaos expansion
> X1,..., Xy iid N(0,1) on (Q,.Z,P), # = L2(Q, 7,P).

N
> H=R". Define W :H — 5 by W(h) =) h; X;.
i=1
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Wiener chaos expansion
> X1,..., Xy iid N(0,1) on (Q,.Z,P), # = L3(Q, Z,P).

N
> H=R". Define W:H — 7 by W(h) =) h;X;.

i=1

Definition: Wiener chaos
For any n > 1, let 77, be the subspace of .77 spanned by the r.v.

{H,(W(h)):heH, [h|m =1}

For n =0, 74 is the set of constants, isomorphic R. Then 77, is called the
homogeneous Wiener chaos of order n.
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Wiener chaos expansion
> X1,..., Xy iid N(0,1) on (Q,.Z,P), # = L3(Q, Z,P).

N
> H=R". Define W:H — 7 by W(h) =) h;X;.

1=1

Definition: Wiener chaos
For any n > 1, let 77, be the subspace of .77 spanned by the r.v.

{H,(W(h)):heH, [h|m =1}

For n =0, 74 is the set of constants, isomorphic R. Then 77, is called the
homogeneous Wiener chaos of order n.

Theorem: Wiener chaos decomposition

H =@ A,
n=0
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Wiener isometry

N
> For ke NIY, @ := [ ] Hy, (X;). Orthogonality: E[®),®/] = k!dy,.
i=1
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Wiener isometry

N
> For ke NIY, @ := [ ] Hy, (X;). Orthogonality: E[®),®/] = k!dy,.
i=1
> H®": symmetric tensors in H®".
. 1
> Projection: H(h1 ® - ® hn) = o Z ho(1) @+ ® hg(n)-

" oeG,,

k!
> Orth. basis: ¢, = H®e® i, (ex,eq) *51@@ Fock space: @H®S”
n=0

Topics in Gaussian Wiener chaos expansion 25-29 May 2026 20/48



Wiener isometry

N
> For ke NIY, @ := [ ] Hy, (X;). Orthogonality: E[®),®/] = k!dy,.
i=1
> H®": symmetric tensors in H®".

1
> Projection: H(h1® - ® hy, ) — > ho(1) @+ ® hg(n)-

n. eSS,

k!
> Orth. basis: ¢, = H®e® i, (ex,eq) —5kg Fock space: @H®s”
n=0

Definition: Wiener isometry
For k € NI, let n = |k|. The nth Wiener isometry is the map H®" - 7,

In:ek — \/_ln—,q)k
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Wiener isometry

N
> For ke NIY, @ := [ ] Hy, (X;). Orthogonality: E[®),®/] = k!dy,.
i=1
> H®": symmetric tensors in H®".

> Projection: H(h1® - ® hy, ) > ho(1) @+ ® hg(n)-

eSS,

k!
> Orth. basis: ¢, = H®e® i, (ex,eq) —5kg Fock space: @H®s”
n=0

n!

Definition: Wiener isometry
For k € NI, let n = |k|. The nth Wiener isometry is the map H®" - 7,

In:ek — \/_ln—,q)k

> Io=1, Ii(h) = W(h).
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Wiener isometry

N

> For ke NIY, @ := [ ] Hy, (X;). Orthogonality: E[®),®/] = k!dy,.
i=1

> H®": symmetric tensors in H®".

> Projection: H(h1® - ® hy, ) > ho(1) @+ ® hg(n)-

!
n. eSS,

k!
> Orth. basis: ¢, = H®e® i, (ex,eq) —5kg Fock space: @H®s”
n=0

Definition: Wiener isometry
For k ¢ Név, let n = |k|. The nth Wiener isometry is the map H®" — 7,

In Lep > \/_ln—,q)k
> I() =1, Il(h) = W(h)

Lemma:
If |h|m =1, then I,,(h®") = —=H, (W (h))
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Multiplication

> New normalisation: 1,,(f) = V/n!L,(f).
> Notation: f =3, f(i)e; € H.

N
H®n9f1®"-®fn= Z fl(il)...fn(in)eil®-~'®€Z‘n

il,...,inzl\ﬁé/
:Zf(h,...,ln)
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Multiplication

> New normalisation: 1,,(f) = V/n!L,(f).
> Notation: f =3, f(i)e; € H.

N
H®n9f1®"'®fn= Z fl(il)...fn(in)eil®-~'®€Z‘n
1= ] S—
! =if(i1,0.rin)

> Shuffles: S(p,n) c &(n) permutations of [[1,n]] preserving order of p
first and n — p last elements.
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Multiplication

> New normalisation: 1,,(f) = V/n!L,(f).
> Notation: f =3, f(i)e; € H.
N
H®n3f1®"'®fn= Z fl(il)-“fn(in)eil®"'®ein

1] 4eneyip =1 "’
:5f(i1,...,in)

> Shuffles: S(p,n) c &(n) permutations of [[1,n]] preserving order of p
first and n — p last elements.

Lemma:
Assume f € H®" and g € H. Then

I(f)1i(g) = Ina (f ® g) + In-a(f *1 9)
where x| denotes the contraction operation

N
(f*lg)(ilu"-pin—l): Z Zf(z(j’zla7ln—l))g(j)

e (1,n) j=1
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Multiplication

Proposition: Multiplication between nth and mth chaos
Assume f € H®" and g e H®. Then

nAm

Lo(f)In(g) = ZO Invm-2p(f *p 9)

where xo = ® and for i = (i1,...,9—p) and j= (j1,..., Jm-p)

FoeGi)= > X X fEKi)g(E(ke(3))
2 oS kelLNT?
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Equivalence of moments

Theorem: Equivalence of moments

Assume F' belongs to the nth Wiener chaos .77,. Then for any p > 1,
E[FZp]l/Zp < (2p _ l)n/ZE[F2]1/2
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Equivalence of moments

Theorem: Equivalence of moments
Assume F' belongs to the nth Wiener chaos .77,. Then for any p > 1,

E[FZp]l/Qp < (2]9 _ 1)n/2E[F2]1/2

Definition: Ornstein—Uhlenbeck semigroup
The Ornstein—Uhlenbeck semigroup is the one-parameter semigroup
{T;:t >0} of contraction operators on .77 defined by
T(F)=Y e™P,F
n=0
for any F' € 77, where P, : 77 — 7, denotes the orthogonal projection on
the nth Wiener chaos.
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Equivalence of moments

Theorem: Equivalence of moments
Assume F' belongs to the nth Wiener chaos .77,. Then for any p > 1,

E[FZp]l/Qp < (2]9 _ 1)n/2E[F2]1/2

Definition: Ornstein—Uhlenbeck semigroup

The Ornstein—Uhlenbeck semigroup is the one-parameter semigroup
{T;:t >0} of contraction operators on .77 defined by

T(F)=Y e™P,F

n=0
for any F' € 77, where P, : 77 — 7, denotes the orthogonal projection on
the nth Wiener chaos.

> OU process: dX; = -X,dt + V2 AW, Xo==x.
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Equivalence of moments

Theorem: Equivalence of moments
Assume F' belongs to the nth Wiener chaos .77,. Then for any p > 1,

E[FZp]l/Qp < (2]9 _ 1)n/2E[F2]1/2

Definition: Ornstein—Uhlenbeck semigroup

The Ornstein—Uhlenbeck semigroup is the one-parameter semigroup
{T;:t >0} of contraction operators on .77 defined by

T(F)=Y e™P,F

n=0
for any F' € 77, where P, : 77 — 7, denotes the orthogonal projection on
the nth Wiener chaos.
> OU process: dX; = -X,dt + V2 AW, Xo==x.
> E[Hn(Xt)] = Hn(m) e = E[f(Xt)] = Tt(f)(T)
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Hypercontractivity

Proposition: Mehler's formula

Let W' = {W'(h):h € H} be an independent copy of W = {W (h):h € H},
where W and W' are defined on a product space (2 x Q' F @ F' . P x ).
For ¢t > 0, consider the process Z = {Z(h):h € H}, defined by

Z(h)=e*W(h) +V1-e2W(h)
Then for any F' € 77 of the form F' = f(W), one has

T,(F) =E'[£(Z)]
where [E” denotes the expectation with respect to the law P’ of 17",
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Hypercontractivity

Proposition: Mehler's formula

Let W' = {W'(h):h € H} be an independent copy of W = {W (h):h € H},
where W and W' are defined on a product space (2 x Q' F @ F' . P x ).
For ¢t > 0, consider the process Z = {Z(h):h € H}, defined by

Z(h) =e ' W(h) + V1-e2tW'(h)
Then for any F' € 77 of the form F' = f(W), one has
TW(F) =E'[f(2)]

where [E” denotes the expectation with respect to the law P’ of 17",

Theorem: Hypercontractivity of the OU semigroup

For p>1and ¢ >0, let )
g(t) = (p-1)+1>p

Then for any F' € LP(Q), F,P), one has
ITeF gt < 1Fp
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3. Gaussian fields

1. Isonormal Gaussian processes
2. Gaussian white noise
3. The Gaussian free field
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Isonormal Gaussian processes

Definition: Isonormal Gaussian process

Let H be a separable Hilbert space. A stoch. process W = {1V (h):h ¢ H}
defined on a complete probability space (€2, F,P) is an isonormal Gaussian
process if W is a centred Gaussian family of random variables such that

E[W (h1)W (h2)] = (h1, ho)n Vhy,ho e H
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Isonormal Gaussian processes

Definition: Isonormal Gaussian process

Let H be a separable Hilbert space. A stoch. process W = {1V (h):h ¢ H}
defined on a complete probability space (€2, F,P) is an isonormal Gaussian
process if W is a centred Gaussian family of random variables such that

E[W(hl)W(hz)] = <h1, h2>H Vhl, hg eH

Definition: Wiener chaos

For any n > 1, let .77, be subspace of /7 = L?(Q, F,P) spanned by the r.v.
{Hn(W(h)):h eH, |h|m =1}

For n =0, 74 is the set of constants, isomorphic R. Then 7, is called the

homogeneous Wiener chaos of order n.

Theorem: Wiener chaos decomposition

=@,
n=0

Topics in Gaussian Wiener chaos expansion 25-29 May 2026 25/48



The case of L?(T%)

> A:=T9¢ H=L*A,dz).
> heH, h(z) = h(i)ei(x), ()0 Fourier basis.

120
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The case of L?(T%)
> A:=T9¢ H=L*A,dz).
> heH, h(z) = h(i)ei(x), ()0 Fourier basis.

i>0
> Notations:

H®n9h=h1®-~-®hn= Z Bl(il)...ﬁn(in)eil®-~'®€in

4120,...,2,20

=h(i1,enin)
Mty oan) = Y h(it, . in)en (T) - e, (22,)

310,150

Topics in Gaussian Wiener chaos expansion 25-29 May 2026 26/48



The case of L?(T%)

> A:=T9¢ H=L*A,dz).
> heH, h(z) = h(i)ei(x), ()0 Fourier basis.
i>0
> Notations:
H*3h=h1® - ®h, = Z ﬁl(il)...ﬁn(in)eil®-~-®€,~n

130,...,in >0

=h(i1,enin)
Mty oan) = Y h(it, . in)en (T) - e, (22,)
i130,..in>0
Lemma:
Let f e H®" and g e H®™. For any p<nAm, all z€ A"P and y e AP,
o@n= ¥ ¥ [ 1(562)g(Se0@))d:

e (p,n) 0e&(p)
3eS(p,m)
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Gaussian fields
> For h =Y. h(i)e; € H set

U(h) =Y h(i)W(es)es = . h(i)Xie:

120 120
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Gaussian fields
> For h =Y. h(i)e; € H set

U(h) =Y h(i)W(es)es = . h(i)Xie:

120 120

> Then V(h)(z) = Zﬁ(i)Xiei(x) is a random field.

120
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Gaussian fields
> For h =Y. h(i)e; € H set

U(h) =Y h(i)W(es)es = . h(i)Xie:

i>0 i0
> Then V(h)(z) = Zﬁ(i)Xie,-(x) is a random field.
120
> W (h) 5 = 2 h(i)*XT.

120

> B[ U(h) %] = |72
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Gaussian fields
> For h =Y. h(i)e; € H set

U(h) =Y h(i)W(es)es = . h(i)Xie:

i>0 i0
> Then V(h)(z) = Zﬁ(i)Xiei(:I:) is a random field.
120
> [ (h) | = 3 h(i)2X7.

120
> E[|W(h) %] = 13-

> W is an isometry from H to S A, space of H-valued random
variables with finite variance.
Wiener chaos decomposition:

T =@ I,
n=0
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Gaussian white noise
> h=(1,1,1,...)¢H
= &(x):=V(h)(z) =) Xiei(x) is called white noise on A.

120
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Gaussian white noise
> h=(1,1,1,...)¢H
= &(x):=V(h)(z) =) Xiei(x) is called white noise on A.

120

> Mollification with cut-off N: hy = (1,1,1,...,1,0,0,...) ¢ H
————
N components

N
=  n(x)=U(hy)(2) = Z(:)Xiei(x)-
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Gaussian white noise
> h=(1,1,1,...)¢H
= &(x):=V(h)(z) =) Xiei(x) is called white noise on A.
120

> Mollification with cut-off N: hy = (1,1,1,...,1,0,0,...) ¢ H
————
N components

N
=  n(x)=U(hy)(2) = Z(:)Xiei(x)-
> p:A— ]Rtest function. -
Then (€,¢) = [ €@)p(@)dz = ¥ Xip(0) ~ N (0, i)

20

and E[(£,01)(¢, 2)] = (01, 02)m
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Gaussian white noise
> h=(1,1,1,...) ¢H
= &(z):=V(h)(z) =) Xei(x) is called white noise on A.
120

> Mollification with cut-off N: hy = (1,1,1,...,1,0,0,...) ¢ H
————
N components

N
= fN($) = \I/(hN)(ﬁ) = ZX7€7(J)
i=0
> o: A — R test function.

Then (6,¢) = [ &@)p(@)dz = 3 Xip(0) ~ N (0, i)

i>0
and E[(&, o1)(&, p2)] = (01, 2)n-
Definition: Gaussian white noise on the torus

Gaussian white noise on T¢ is the random distribution ¢ on (2, F,PP) such
that for any smooth test functions ¢, p1, s € H, (£,¢) ~ N(0, |p|3) and

E[(€, p1){&, 2)] = {1, p2)m
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Properties of Gaussian white noise
> Scaling: (57’\90)(1') = %@(%)
Lemma: Scaling of white noise

Let (&), ) = (€,.72¢). For any X € (0,1], one has & taxv #5
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Properties of Gaussian white noise
> Scaling: (.%¢)(z) = %ap(%)
Lemma: Scaling of white noise

law

Let (£, ) = (€,.7 ). For any X e (0,1], one has &, = #5

> Fourier basis: e (z) = o2 ik:7) - Covariance: E[Xng] Ok,
(id-A)ex(z) = Apex(x) Where e = 1+ (2m)9) k)%
Definition: Fractional Sobolev spaces
For s20, H(A) ={f e H: | f| s < oo}, where
[£1Z = 20 NIF(R)P < oo
kezd
For s <0, H*(A) is the closure of L?(A) under the norm ||z
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Properties of Gaussian white noise
> Scaling: (.%¢)(z) = %‘P(f)
Lemma: Scaling of white noise

Let (£, ) = (€,.7 ). For any X € (0,1], one has &, taxv #5

> Fourier basis: e (z) = o2 ik:7) - Covariance: E[Xng] Ok,
(id-A)ex(z) = Apex(x) Where e = 1+ (2m)9) k)%

Definition: Fractional Sobolev spaces
For s>0, H?(A) = {f e H:| f| s < oo}, where

1£13s = > X5 f (k)2 < o0

kez4
For s <0, H*(A) is the closure of L?(A) under the norm ||z

Proposition: Sobolev regularity of white noise on the torus

E[”fH%{s] < oo forall s< —g
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Holder regularity of Gaussian white noise

> Scaling: (Vx)‘cp)(y) = /\%cp(%)
> B, : set of smooth test functions p: A - R, supported on a ball or
radius 1, whose partial derivatives up to order r are bounded by 1.
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Holder regularity of Gaussian white noise

> Scaling: (Yx)‘cp)(y) = /\%cp(%)
> B, : set of smooth test functions p: A - R, supported on a ball or
radius 1, whose partial derivatives up to order r are bounded by 1.
Definition: Holder—Besov spaces
For o < 0, the space ¥“(A) consists in all Schwartz distributions ¢ € S'(A)

such that \
(¢, L5 )
)\a

< 00

IS

o =Sup sup sup
xeN peBr Xe(0,1]

where 7 = [-«a].
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Holder regularity of Gaussian white noise

> Scaling: (7¢)(y) = 32w (*5")-
> B, : set of smooth test functions p: A - R, supported on a ball or
radius 1, whose partial derivatives up to order r are bounded by 1.
Definition: Holder—Besov spaces
For av < 0, the space ““(A) consists in all Schwartz distributions ¢ € S'(A)

such that \
(¢, L5 )
)\a

< 00

IS

o =Sup sup sup
xeN peBr Xe(0,1]

where 7 = [-«a].

Proposition: Holder—Besov regularity of white noise on the torus

White noise £ belongs to € for any a < —g

> Remark: H*® =925, and € = 7, ., where '  are Besov spaces.
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The Gaussian free field
> h(k:)— e = 1+ (2m)94) k|2, kezd

= x):=Y(h)(x)= er(x
¢GFF() (h)(x) kgw_k()
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The Gaussian free field

> h(k:)— e = 1+ (2m)94) k|2, keZd
= =U(h =
¢GFF($) (h)(z) = keZZ:d \/—ek(x)
> b= i<oo<:>al<2.
keZd )\k
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The Gaussian free field
> h(k:)— e = 1+ (2m)94) k|2, k:eZd

= ¢GFF(UC) = V(h)(z) = keZZ:d \/—ek(fﬁ)
1
> b= )\—k<oo<:>d<2.
keZd

> Covariance: E[¢GFF(I)¢GFF(Z/)] = Z M :G(z-y).
kezd k
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The Gaussian free field
> h(k) = 7 M= 1+ @2m) kP, k:eZd
= ¢arr(z) =V (h)(z) = ), \/—ek(i)

keZd

1
> b= )\—<oo<:>d<2.
kezd "k

> Covariance: E[gbGFF(J:)QﬁGFF(y)] =) %(iﬁ\g) :G(x—y).
keZd k

Lemma:

For any g € H, the function f defined by f(z) = [, G(z - y)g(y)dy
satisfies (id-A) f(z) = g(x).
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The Gaussian free field
> h(k) = r M = 1+ (2m)94) k|2, k:eZd
= ¢grr(z) =V (h)(z) = Z \/_ek(UL)

keZd
1
> b= )\—<oo<:>d<2.
kezd "k )

> Covariance: E[¢GFF(I)¢GFF(Q)] =2 ek(}\
kezd k

=G(z-y).

Lemma:

For any g € H, the function f defined by f(z) = [, G(z - y)g(y)dy
satisfies (id-A) f(z) = g(x).

Definition: Green function and GFF
> G = (id-A)7! is the Green function of id —A.
> ¢qrr is the Gaussian free field (GFF) of covariance (id -A)~!
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The Gaussian free field
> h(k) = r M = 1+ (2m)94) k|2, k:eZd
= ¢grr(z) =V (h)(z) = Z \/_ek(UL)

keZd
1
> b= )\—<oo<:>d<2.
kezd "k )

> Covariance: E[¢GFF(I)¢GFF(Q)] =2 ek(}\
kezd k

=G(z-y).

Lemma:
For any g € H, the function f defined by f(z) = [, G(z - y)g(y)dy
satisfies (id-A) f(z) = g(x).
Definition: Green function and GFF
> G = (id-A)7! is the Green function of id —A.
> ¢qrr is the Gaussian free field (GFF) of covariance (id -A)~!

> E[Hd)GFFqua] <ooforall s<1- g

Topics in Gaussian Wiener chaos expansion 25-29 May 2026 31/48



The Gaussian free field on T!

Definition: Holder-Besov spaces

For 0 < < 1, the space €“(A) consists in all functions f: A — R such

that
go —SUp|f(x)|+ sup |f(z) - f(y)l

cyer T —yl®
Z¢y

|7
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The Gaussian free field on T!

Definition: Holder-Besov spaces

For 0 < < 1, the space €“(A) consists in all functions f: A — R such

that
G = sup|f(x)| + sup M

eyeh |z —yl®
TEY

|f

Proposition: Holder-Besov regularity of the GFF on T*

The GFF on the circle belongs to €“ for any « < %

> Proof uses Kolmogorov's continuity criterion:
E[|o(y) - ¢(2)|"*] < Cly - z|** Va,y = ¢ € €* Va < o

Topics in Gaussian Wiener chaos expansion 25-29 May 2026 32/48



The Gaussian free field on T!
Definition: Holder-Besov spaces
For 0 < < 1, the space €“(A) consists in all functions f: A — R such

that
(@) = F@l _

yle

|f

o = sup|f(:1c)| + sup
z,yeA H
T+Y

Proposition: Holder-Besov regularity of the GFF on T*

The GFF on the circle belongs to €“ for any « < %

> Proof uses Kolmogorov's continuity criterion:
E[|o(y) - ¢(2)|"*] < Cly - z|** Va,y = ¢ € €* Va < o

Proposition: Moments of the GFF on T!
For any p > 1, there exists a constant C'(p) such that

E[garr(2)*] < C(p)E[¢crr(2)?]" = C(p)G(0)?
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The Gaussian free field on T2

Definition: Truncated two-dimensional Gaussian free field
For N>1, let Ky = {k € Z%|k|< N}, where |k| = |k1| + |k2|. The truncated
GFF with covariance (id ~Ay)~! on A is defined as

_ X
darr,N(x) kgc:N \/)\—kek(w)

Here Ay is the restriction of A to the subspace Ex of H spanned by
Fourier basis functions ej, with |k| < V.

Topics in Gaussian Wiener chaos expansion 25-29 May 2026 33/48



The Gaussian free field on T2

Definition: Truncated two-dimensional Gaussian free field

For N> 1, let Ky = {k € Z%|k|< N}, where |k| = |k1| + |k2|. The truncated
GFF with covariance (id ~Ay)~! on A is defined as

_ X
darr,N(x) kgc:N \/)\—kek(w)

Here Ay is the restriction of A to the subspace Ex of H spanned by
Fourier basis functions ej, with |k| < V.

> Eldarrn(@)oarrn(®)] = 3 ser(e-y) = Gule-y).
ke

> Cny =Gn(0) X1log(N).
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The Gaussian free field on T2

Definition: Truncated two-dimensional Gaussian free field

For N> 1, let Ky = {k € Z%|k|< N}, where |k| = |k1| + |k2|. The truncated
GFF with covariance (id ~Ay)~! on A is defined as

_ X
darr,N(x) kgc:N \/)\—kek(w)

Here Ay is the restriction of A to the subspace Ex of H spanned by
Fourier basis functions ej, with |k| < V.

1
> Eloarr,n(2)dcren(y)] = > )\*Gk(l' -y) =Gn(z-y).
kE’CN
> Cny =Gn(0) X1log(N).
Proposition: Uniform bound on the variance of Wick powers

2p
supE[(/ L PGFF N(x):dx) ]< 00 Vn21l,p>1
N>1 A ’
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4. The o* model

. The ®] model
. The @3 model
. The @3 model
. The @} _ model

A NN =
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The ¢ model

> A=T% ¢:A->R, a>0, m>0.
Energy: Haa(0) = [ [IV0(2)1?+ S-0(2)? + ad(x)'|da
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The ©) model

> A=T% ¢:A->R, >0, m>D0.
2
Energy: Haa(0) = [ [IV0(2)1?+ S-0(2)? + ad(x)'|da

> Aim: compute expectations under Gibbs measure

1 iy .
Hd,a ~ e Maal(®) g¢ Z4.o: partition function
d,a
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The ¢ model

> A=T% ¢:A->R, >0, m>D0.

m2
Energy: Haa(0) = [ [IV0(2)1?+ S-0(2)? + ad(x)'|da

> Aim: compute expectations under Gibbs measure

1 iy .
Hd,a ~ e Maal(®) g¢ Z4.o: partition function
d,a

> Case a=0, m=1: Hqo(o) = 3(¢,[id-Ald)u
a0 F] = ﬁe
Erao[F] E[F(gz:d % k)]
Example: Ef*[¢(z)d(y)] = G(z - y)
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The ¢ model

> A=T% ¢:A->R, >0, m>D0.
2
Energy: Ha(9) = [ [176(@)]? + () + ag(a)!]da

> Aim: compute expectations under Gibbs measure

1 iy .
Hd,a ~ e Maal(®) g¢ Z4.o: partition function
d,a

> Case =0, m=1: Hgo(o) = %(@ [id -Alé)n
= Era0[F] = E[F( > 5—%%)]

kezd
Example: EX*0[¢(z)p(y)] = G(z -y)

> Case a > 0;

Ebin[F] = f}owo[nw exp-a [ o(x)"da) ]

d,«
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The ¢ model

> A=T% ¢:A->R, >0, m>D0.
2
Energy: Haa(0) = [ [IV0(2)1?+ S-0(2)? + ad(x)'|da

> Aim: compute expectations under Gibbs measure

1 iy .
Hd,a ~ e Maal(®) g¢ Z4.o: partition function
d,a

> Case =0, m=1: Hgo(o) = %(@ [id -Alé)n
= Era0[F] = E[F( > 5—%%)]

kezd
Example: EX*0[¢(z)p(y)] = G(z -y)

> Case a > 0;

Ebin[F] = f}oww[n@ exp - [ Ha)tdo) ]

d,«

; "@pdva Hd,0

In particular, /=1 = —— =K exp qb(:v dm
240
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The ¢! model — Feynman diagrams

> Consider H\{ng(m = fA[HWb(x)Hz + %qﬁ(w)z + a:¢(x)4:] dx
where : ¢(x)* = Hy(p(2)*;C), with C = G(0) (choice of m).
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The ¢! model — Feynman diagrams

> Consider H\{ng(m = fA[HWb(x)Hz + %qﬁ(w)z + a:¢(x)4:] dx
where : ¢(x)* = Hy(p(2)*;C), with C = G(0) (choice of m).

> To be computed: :z:l’a 3 (_a)nE’”v“[([\:¢($)4:dx)n]
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The ¢! model — Feynman diagrams

> Consider H\{ng(m = fA[HV¢($)H2 + %qﬁ(w)z + a:¢(x)4:] dx
where : ¢(x)* = Hy(p(2)*;C), with C = G(0) (choice of m).

> To be computed: ':zl’a <> (_a)”E’”v“[([\:¢($)4:dx)n]

> Term n = 1: E“L“[[X:qS(a:)‘l:da:] =0

Topics in Gaussian Wiener chaos expansion 25-29 May 2026 35/48



The ¢! model — Feynman diagrams

> Consider H{Ye(6) = [ [[Vo(2) P+ S0(r)? + asole)t] e
where : ¢(x)* = Hy(p(2)*;C), with C = G(0) (choice of m).

. %’O‘ o (_a)n 11,0 f 4. "
> To be computed: Zro Aé% p E [( A.¢(x) .dx) ]

> Term n = 1: E“lﬂo['[A:qS(x)‘L:da:] =0

> Term n = 2: E“lﬂo[(f]\:gb(m)‘l:dx)Q] :4!AAG(m—y)4dxdy
Notation: fA/AG(:zc—y)4 dz dy = H(@)
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The ¢! model — Feynman diagrams

> Consider H{Ye(6) = [ [[Vo(2) P+ S0(r)? + asole)t] e
where : ¢(x)* = Hy(p(2)*;C), with C = G(0) (choice of m).

> To be computed: :@;’a 3 (_a)nE’”v“[([\:@(x)4:dx)n]

> Term n = 1: E“lﬂo['[A:qS(x)‘L:da:] =0

> Term n = 2: E“lﬂo[(f]\:gb(m)‘l:dx)Q] :4!AAG(m—y)4dxdy
Notation: fA/AG(:zc—y)4 dz dy = H(@)

o o ex(x)
> Remark: If h, := > h,(k)er where hy(k) :=
kze:Z V Ak

then I1(hy) = ¢(x) and :¢(z)%: = Hy(p(z); C) = Ly (h®)

Topics in Gaussian Wiener chaos expansion 25-29 May 2026 35/48



The ¢! model — Feynman diagrams

> Consider H\Vick () = fA[Hv¢(x)\|2+%qﬁ(x)%a:q;(x)‘l:] dz
where : ¢(x)* = Hy(p(2)*;C), with C = G(0) (choice of m).

> To be computed: :@;’a 3 (_z)nIE’”v“[([\:@(x)4:dx)n]

1,0 nx0

> Term n =1: E“lvo[f :¢(x)4:da:] =

> Term n = 2: E“LO[([ o(x)* d:z: 4'//G(m y)dzdy
Notation: fA[AG(x—y) dz dy =: (@)

o o ex(x)
> Remark: If h, := > h,(k)er where hy(k) :=
kze:Z V Ak

then I1(hy) = ¢(x) and :¢(z)%: = Hy(p(z); C) = Ly (h®)
= EP0[:p(a) : g(y)*] = Io(he* x4 hEH) = 4G (2 - y)*
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The ¢! model — Feynman diagrams
> Term n = 3:

1p(2) =9 (y) = (2) " = La(h) L (hy ) Lo (hE")
Is2p(hG" *p iy ) 14(hEY)

(8-2p)Ad

Z 112 2 2q<(h®4 *p h®4) « h®4) )
q=0
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The ¢! model — Feynman diagrams
> Term n = 3:

1p(2) =9 (y) = (2) " = La(h) L (hy ) Lo (hE")
Is2p(hG" *p iy ) 14(hEY)

Mpu

(8-2p)Ad

4
E ZO 112 2 2q<(h®4 *p h®4) « h®4) )
p=0 q
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The ¢! model — Feynman diagrams

> Term n = 3:
to(2) s p(y) i p(2)h = L(hE) L (g ) Ly (hEY)
Isop(hS* »p BEH I, (hEY)

M=

0

p
(8-2p)Ad

Z;) j1272p72q<(h§4 *p h54) *q h?4) :
o

M-

p=0

B0 o)t d(y) s 0(2) ] = Io((hE* *2 h5") =4 hE")
=1728G (2 - y)’G(y - 2)*°G(x - 2)*
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The ¢! model — Feynman diagrams

Definition: Vacuum Feynman diagram

A vacuum diagram is a multigraph I' = (7, &), meaning there can be
multiple edges between vertices. Its valuation is defined by

I(T) = [/w []G(we, -2 )da

ees
where e.. are the vertices connected by the edge e.
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The ¢! model — Feynman diagrams

Definition: Vacuum Feynman diagram

A vacuum diagram is a multigraph I' = (7, &), meaning there can be
multiple edges between vertices. Its valuation is defined by

I(T) = [/w []G(we, -2 )da

ees
where e.. are the vertices connected by the edge e.

. N2 — A2 — a2 A s e
Example: fASG(J, )Gy -2)"G(x-y) d.Ldde—H(@)
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The ¢! model — Feynman diagrams

Definition: Vacuum Feynman diagram

A vacuum diagram is a multigraph I' = (7, &), meaning there can be
multiple edges between vertices. Its valuation is defined by

I(T) = [/w []G(we, -2 )da

ees
where e.. are the vertices connected by the edge e.

. a2 (= N2 — )2 dr d -
Example: ‘[ABG(LL )Gy -2)"G(x-y) d.Ldde—H(@)

Proposition: Expansion of moments into Feynman diagrams
For any n > 2,

EHI,O[([\:¢($)4IdHZ’)n] = ;H(Fn,k)

where the sum runs over all vacuum diagrams I',, ;. with n vertices and 2n
edges, obtained as perfect pairwise matchings of n vertices of arity 4.
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The linked-cluster theorem

Proposition: Linked-cluster theorem

The cumulant expansion of the ratio of partition functions is given by

%a Z ( a)n Z H(Fn,k)

Qpl 0 nx0 n! k:I'), i connected
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The linked-cluster theorem

Proposition: Linked-cluster theorem

The cumulant expansion of the ratio of partition functions is given by

g2k x> CO° s r,

Qpl 0 nx0 n! k:I'), i connected

> Example: (z) = 0 = exp, (1) (') = (2?) + (5)¢(a?)?

= E‘“’O[exp(—a[/\:¢(m)4:dx)4]
—a)*
= logE“1>0[exp(—a/A:¢(x)4:dgg)4]+(4!)(;1)@2

+ higher order terms
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Asymptotic series

Proposition: Asymptotic series

For every n > 0 there exists a constant M, such that the ratio of partition
functions satisfies

Ao a)™ m
3911:0 Z ( ) Em,o[(/A:gb(w)zL:dm) ]

m=0

+1
<M, a"
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Asymptotic series

Proposition: Asymptotic series

For every n > 0 there exists a constant M, such that the ratio of partition
functions satisfies

Ao a)™ m
3911:0 Z (- ) Em,o[(/A:gb(w)zL:dm) ]

m=0

+1
<M,

Notation: X::f/\:(/)(a:)4:dm.

Lemma:
There exists a > 0 such that for all « € [0, ), one has

0<EFo[eX]<1+0O(a)
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Asymptotic series

Proposition: Asymptotic series

For every n > 0 there exists a constant M, such that the ratio of partition
functions satisfies

Ao a)™ m
3911:0 Z ( ) EM’O[(‘[Aigb(JE)A‘:dm) ]

m=0

+1
<M, a"

Notation: X::f/\:(/)(x)4:dm.

Lemma:
There exists a > 0 such that for all « € [0, ), one has

0<EFo[eX]<1+0O(a)

- 23 -1+ 12020 ) + 288a3ﬂ(@) +0(a")
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The two-point function

> G a(z,y) =Errefo(x)o(y)] = %E’“‘O[ﬁﬁ(xﬂf’(y) eoX]
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The two-point function

> Gaia(z,y) =EFre[o(z)(y)] = fj’o

1,

B0 [0(2)o(y) ]

> EF0[p(2)d(y) e X ] = Y %E“%(ww(wxn]

n20
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The two-point function

> Gaia(z,y) =EFre[o(z)(y)] = j’j’o

1,

B0 [0(2)o(y) ]

> EF0[p(2)d(y) e X ] = Y %E“%(ww(wxn]

n20

> Term n=0: EMo[o(2)o(y)] = Gz -y)
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The two-point function

Z
> Go1a(x,y) =EFre[p(x)p(y)] = gl,o

1,

B0 [0(2)o(y) ]

> B [s(n)ot) e ] x ¥ T Bmofo(r)o)x"]

n=0
> Term n =0: EF10[p(2)o(y)] = G(x - y)

> Term n = 1: R X X
B0 [o(0)o(n)X] = [ BHOL (h) i () Ta(h24)] dz = 0
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The two-point function

Z
> Go1a(x,y) =EFre[p(x)p(y)] = 3;70

1,

B0 [0(2)o(y) ]

> B [s(n)ot) e ] x ¥ T Bmofo(r)o)x"]

n20
> Term n=0: EMo[o(2)o(y)] = Gz -y)
> Term n = 1:
BA0[g()o()X] = [ EPLE (he )y () Fa(hE)] d2 =0
> Term n = 2:

Efo[¢(x)¢(y)X?]
:v[A'[AEHLO[fl(ha:)jl(hy)j4(h§14)j4(h§24)] dzy dzy
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The ¢} model

> Green function: G(x) % |10g||x|||
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The ¢} model

> Green function: G(x) % |10g||x|||

> Truncated field: ¢y (z)= > X ex(z), Ky = {k e Z*: |k| <N}
kE’CN \/)\_k

1
Variance Cy = > — x<log(N).
]CEICN )\k
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The ¢} model

> Green function: G(x) % |10g||x|||

> Truncated field: ¢y (z)= > X ex(z), Ky = {k e Z*: |k| <N}
kel V Ak
Variance Cy = ) )\i < log(N).

]CEICN k
> Energy:

MK (on) = [ [IVon @)1+ Son (@) +ason (2)c, | de
where :<{>N(x)4:CN = Hy(o(2);Cn).
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The ¢} model

> Green function: G(x) % |10g||x|||

. X
> Truncated field: ¢y (z)= > M oen(x), Ky = {keZ%|k|<N}
kel V Ak
1
Variance Cy = > — x<log(N).
]CEICN )\k

> Energy:
MK (on) = [ [IVon @)1+ Son (@) +ason (2)c, | de
where : ¢n (2)%: = Hy(¢(z); C).
> Ratio of partition functions:

:@;Ziz =3 (_T?!)nEMQ’O’NI:(//;:¢N($)4:CN dx)n]

I n20
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Nelson’s argument

Lemma:
Fix two cut-offs M > N > 1. Then for any p > 1 and n > 2, there exists a
constant K, depending only on n such that

20135 log N)" 2
o (( [ cou (@), da- [ ion(2)"q, do) 7 <, (2p-yr2 OB N)
25-29 May 2026 42/48
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Nelson’s argument

Lemma:

Fix two cut-offs M > N > 1. Then for any p > 1 and n > 2, there exists a
constant K, depending only on n such that

o [( [ oo, do- [ son(e)", ao) |7 < (ap-ny CENN

Proposition: Nelson's estimate
For any o> 0, there exists a constant K > 0, indep. of N, s.t. for all N ¢ N

O<E“20Nexp [ on(z)? dx}]<K
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Nelson’s argument

Lemma:

Fix two cut-offs M > N > 1. Then for any p > 1 and n > 2, there exists a

constant K, depending only on n such that
2

EH2.0.N . n. g . n.q = ﬁ<K 29—1)"/2 (log N)™~
([ om @), da= [ on@) o, do) |7 k(@1 R —

Proposition: Nelson's estimate

For any o> 0, there exists a constant K > 0, indep. of N, s.t. for all N ¢ N

O<E“20Nexp [ on(z)? dx}]<K

Proposition: Asymptotic series
For every n>0 and N > 1, there exists M, s.t.

Z5,0,N i (- a)mEuzoN[ f ¢N(x)4 dx) ]

+1
% - < Mpa™
2,0,N m=0
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The 3 model

> Green function: G(x) = ‘% Gn(z)= ). "
kEICN
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The 3 model

1 1
2 A

Gn(z)= ),

> Green function: G(z) 2
kEK}\ Ak

1
=]

Theorem: Renormalisation of the ®3 model

Define the energy by
2, 1 2 4
Hon(@n) = [ [IVon@)P + 5on () +a:on(@)c,
+ On(a): qSN(;L’)Q:CN + A/N(oz)] dx
where Cy = G (0) X N, and the additional counterterms are
Bn(a) = —48a2HN(@)
(o) = 120°TIy () - 2880°Tn (N )

Then the n-point functions admit asymptotic expansions in «, all of whose
terms are uniformly bounded in the cut-off N.
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When is a diagram convergent?
> Degree of graph I': deg(T") :=d(|7]-1) - (d-2)|&].
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When is a diagram convergent?
> Degree of graph I': deg(T") :=d(|7]-1) - (d-2)|&).

Proposition: [Weinberg]

Assume Gy (z) = (|z] + N~1)% 2. If T satisfies deg(T") > 0 for any
subgraph I" of T, then ITx (T") is bounded uniformly in N.
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When is a diagram convergent?
> Degree of graph I': deg(T") :=d(|7]-1) - (d-2)|&).

Proposition: [Weinberg]

Assume Gy (z) = (|z] + N~1)% 2. If T satisfies deg(T") > 0 for any
subgraph I" of T, then ITx (T") is bounded uniformly in N.

> Proof uses Hepp sectors.

et
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When is a diagram convergent?
> Degree of graph I': deg(T") :=d(|7]-1) - (d-2)|&).

Proposition: [Weinberg]

Assume Gy (z) = (|z] + N~1)% 2. If T satisfies deg(T") > 0 for any
subgraph I" of T, then ITx (T") is bounded uniformly in N.

> Proof uses Hepp sectors.

et

> A\: deg(@) =10-3d >0 for d = 3, but its I diverges
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BPHZ renormalisation
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BPHZ renormalisation

Theorem: [Bogoliubov, Parasiuk, Hepp, Zimmermann]
There exists a linear map 7, acting on Feynman diagrams, such that
N~ if deg(T") < 0,
Hy((T)) % o et
log(N)¢  if deg(T") =0,
for a finite integer ¢, while 1Ty (<7 (T")) is bounded uniformly in IV if
deg(T") > 0.
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BPHZ renormalisation

Theorem: [Bogoliubov, Parasiuk, Hepp, Zimmermann]
There exists a linear map 7, acting on Feynman diagrams, such that
N~ if deg(T") < 0,
Hy((T)) % o et
log(N)¢  if deg(T") =0,
for a finite integer ¢, while 1Ty (<7 (T")) is bounded uniformly in IV if
deg(T") > 0.

Example:

H(B)--Bra-O
HN(,Q%@):
ng GN(y—m)3GN(z—y) [GN(z—y) —GN(Z—x)]dxdydz

Sl(y-2) VG N (2=
< ly—=|
Y (Jz—a+N-1)2
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Wick map
> B _ Eraon [eoXBY ) X = [ id(x)hide, Y = [, :(z)%dx

230N
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Wick map
> 23,a,N — EH3.0,N [efanSYf'y], X = fA . ¢(T)4dT, Y = fA . ¢($)2d$

Z3,0,N
Theorem: [B, Klose, Tapia 2025]

The following diagram is commutative:

e—aX &7 s t@(efaX)
WJ J(HN,Q/@d)ACKJr@
—aX-BY P —aX-BY Hy
e PY —— (e XY > R

where & performs pairings and projects on connected graphs,
W(X™) = H,(X;-8Y) is Wick map, and (IIy© o 2)(e %) = ~.
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Wick map
b 2B _ EH8.0.N [emoX-AY-7] X = fA:¢(m)4:d:I:, Y = fA:qb(x)Q:d:c

Z3,0,N
Theorem: [B, Klose, Tapia 2025]

The following diagram is commutative:

e—aX & s t@(efaX)
WJ J(HN,QZ@d)ACKJr@
_ - Gy _ A H
goX-bY 2 P (e 2.9 dY) | N > R

where & performs pairings and projects on connected graphs,
W(X™) = H,(X;-8Y) is Wick map, and (IIy© o 2)(e %) = ~.

23
= log SN _ Iy o L@(efo‘X*dY) -y
3,0,N

- TIBPHZ o (0% « > (-) IRPHZ o 2(X™)

nx1 n!

bdd unif in N
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The ] _ model

> d>4: the % model is trivial [Frohlich, Aizenmann & Duminil-Copin]
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The ] _ model

> d>4: the % model is trivial [Frohlich, Aizenmann & Duminil-Copin]
> 3<d<4: use G(x) 2 x|, New subdiv. for d > d* (n) = 4 - %

Graphs Degree | Critical d | Minimal n
P 6-2d | 3=d(2) 4
A A 10-3d | 9= gz (3) 5
CON) ) LA | 14-4d | Z=an@ 6
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The ] _ model
> d>4: the % model is trivial [Frohlich, Aizenmann & Duminil-Copin]
> 3<d<4: use G(z) = || (“2). New subdiv. for d > d* (n) = 4 - %

Graphs Degree | Critical d | Minimal n
6-2d | 3=d(2) 4

o
A A 10-3d | L2 =4 (3) 5

CO N ) LA | 14-4d | Z=d 6

Theorem: [B, Klose, Tapia 2025]

Same commutative diagram, with W (e @%) = ¢70X-FY - » (_Z‘!)n O

W(X") = B,(X,-02Y,...,-0,Y) is Bell polynomial,

.,@pd’ N - n n *
g2ty Ly ax) ng(d) =]
dON  peni(d)
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Bell polynomials

0 Hn=1
> Cumulants: k(z™) :{ o :
yn otherwise
tn
> Wick map: W(t,z) = e~ K1) = eXp{tﬂf -, yn_'}
n!

n>2
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Bell polynomials

0 ifn=1

> Cumulants: k(z") = _
yn otherwise

tn
> Wick map: W(t,z) = e~ K1) = exp{tm -, ynm}

nz2

Definition: Bell polynomials
The Wick map W (¢, x) is the generating function of Bell polynomials

e
W(t,ﬂ?) = Z Bn(CL‘, Y25, _yn)a

n20
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Bell polynomials

0 ifn=1

> Cumulants: k(z") = _
yn otherwise

n

t
> Wick map: W(t,z) = e~ K1) = exp{tm -, ynﬁ}

n>2
Definition: Bell polynomials
The Wick map W (¢, x) is the generating function of Bell polynomials
tn
W(t,ﬂ?) = Z Bn(l‘, Y25, _yn)a

n20
Combinatorial interpretation:
Bs(2,y2,y3,y4,y5) = x° + 102°y2 + 152y3 + + 10yays + 5xys + s
> 15 ways of partitioning [[1,5]] into 3 sets of sizes 1, 2, and 2
> 10 ways of partitioning [[1,5]] into 3 sets of sizes 1, 1, and 3

> etc...
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