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1. The one-dimensional case

1. Gaussian random variables

2. Hermite polynomials

3. Wiener chaos expansion
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Gaussian random variables

De�nition: Gaussian random variable

X ∼ N(m,σ2) i� it has density

µ(dx) = 1√
2πσ2

e−(x−m)
2/(2σ2) dx

Properties:

1. X ∼ N(m,σ2) ⇔ X =m + σY with Y ∼ N(0,1).
2. Assume X ∼ N(m1, σ

2
1) and Y ∼ N(m2, σ

2
2) are de�ned on a

common probability space, and let Z =X + Y . Then

Z ∼ N(m1 +m2, σ
2
1 + σ22 + 2Cov(X,Y ))

3. Two Gaussian variables X and Y are independent ⇔
Cov(X,Y ) ∶= E[XY ] −E[X]E[Y ] = 0.
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Gaussian random variables

▷ Aim: If X ∼ N(0,1), e�ciently compute E[f(X)] = ∫
∞

−∞
f(x)µ(dx)

▷ Example: E[etX] = et2/2 (Laplace transform)

Proposition:

Let X ∼ N(0,1). For any n ∈ N, one has

E[Xn] =
⎧⎪⎪⎨⎪⎪⎩

(n − 1)!! if n is even ,

0 if n is odd ,

where

(n − 1)!! =
n/2−1
∏
k=0
(2k + 1) = 1 ⋅ 3 ⋅ 5 . . . (n − 3)(n − 1)

▷ Proofs:
♢ Using Laplace transform
♢ Using E[Xn+1] = nE[Xn−1] (integration by parts)
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Hermite polynomials

1. Linear algebra/geometry: Gram�Schmidt

2. Probability: cumulants

3. Analysis: di�erential operators, spectral theory

4. Algebra: convolution algebra

5. Combinatorics: pairwise matchings
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Gram�Schmidt orthogonalisation

▷ (Hn(X))n⩾0 orthogonal basis for ⟨X,Y ⟩ = E[XY ]
obtained from (Xn)n⩾0 by Gram�Schmidt

n Hn(x)
0 1
1 x
2 x2 − 1
3 x3 − 3x
4 x4 − 6x2 + 3
5 x5 − 10x3 + 15x
6 x6 − 15x4 + 45x2 − 15
7 x7 − 21x5 + 105x3 − 105x
8 x8 − 28x6 + 210x4 − 420x2 + 105
9 x9 − 36x7 + 378x5 − 1260x3 + 945
10 x10 − 45x8 + 630x6 − 3150x4 + 472x2 − 945
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Cumulants

De�nition: Moments and cumulants

▷ X r.v. such that E[etX] < ∞∀t ∈ (−δ, δ)

E[etX] = ∑
n⩾0

µn
tn

n!
, µn = E[Xn] moments

▷ Cumulant expansion of X:

KX(t) = logE[etX] = ∑
n⩾0

κn
tn

n!
κn ∶ cumulants

▷ X ∼ N(0,1): KX(t) = t2

2 , κn = δn2

▷ G(t, x) = etx

E[etX] = e
tx−t2/2

Proposition: G is the generating function of the Hn

G(t, x) = ∑
n⩾0

tn

n!
Hn(x)
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Cumulants and Hermite polynomials

Proposition: Orthogonality

E[Hn(X)Hm(X)] = n!δnm =
⎧⎪⎪⎨⎪⎪⎩

n! if n =m ,

0 otherwise .

Proposition: Recurrence relation

Hn+1(x) = xHn(x) −H ′n(x)

Proposition: Product�sum formula

Hn(x)Hm(x) =
n∧m
∑
p=0

p!(n
p
)(m
p
)Hn+m−2p(x)
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Hermite polynomials and di�erential operators

▷ De�ne di�erential operators

a = d

dx
, a� = x − d

dx
, L = −a�a = d2

dx2
− x d

dx

Proposition:

The operators a and a� are mutually adjoint in H = L2(R, µ(dx)), while
L is self-adjoint and

aa� − a�a = id

Corollary:

The Hermite polynomials are eigenfunctions of L . More precisely,

(LHn)(x) = −nHn(x) ∀n ⩾ 0
Furthermore,

a�Hn−1 =Hn , aHn = nHn−1 ∀n ⩾ 1

▷ a� is called creation operator, a is called annihilation operator
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Hermite polynomials and di�erential operators

▷ Some consequences:

H ′n(x) = nHn−1(x)
Hn+1(x) = xHn(x) − nHn−1(x)

Hn(x) = ((a�)nH0)(x) = (−1)n ex
2/2 dn

dxn
(e−x2/2)

▷ L is in�nitesimal generator of Ornstein�Uhlenbeck semigroup of SDE

dxt = −xt dt +
√
2dWt

▷ H = e−x2/4 L ex
2/4 is Hamiltonian of quantum harmonic oscillator:

(Hf)(x) = (1
2
− x

2

4
)f(x) + f ′′(x)
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Convolution algebra

▷ R[x]: algebra of polynomials in x, basis (xn)n⩾0
▷ R[[t]]: space of formal power series ∑

n⩾0
φn
tn

n!

▷ Let φ ∶ R[x] → R, and set φn = φ(xn). De�ne

Λ∶L (R[x],R) Ð→ R[[t]]

φz→ ∑
n⩾0

φ(xn) t
n

n!

▷ Convolution product: (φ ∗ ψ)(xn) =
n

∑
k=0
(n
k
)φ(xk)ψ(xn−k)

Theorem:

Λ is an isomorpism between L (R[x],R) and R[[t]]

▷ φ∗p(xn) = (φ ∗ ⋅ ⋅ ⋅ ∗ φ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

p factors

(xn) = ∑
n1,...,np⩾0
n1+⋅⋅⋅+np=n

n!

n1! . . . np!
φ(xn1) . . . φ(xnp)
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Operations on power series

▷ If φ(1) = 1 and ψ(1) = 0, set 11⋆(xn) = δn0 and de�ne

φ−1 = ∑
k⩾0
(11⋆ − φ)∗k

exp∗(ψ) = ∑
k⩾0

1

k!
ψ∗k log∗(φ) = ∑

k⩾1

(−1)k
k
(φ − 11⋆)∗k

Theorem:

If φ(1) = 1 and ψ(1) = 0, then

Λ(φ−1)(t) = [Λ(φ)(t)]−1

Λ(exp∗ψ)(t) = exp(Λ(ψ)(t))
Λ(log∗φ)(t) = log(Λ(φ)(t))

▷ One has explicitly

φ−1(xn) =
n

∑
k=1
(−1)k ∑

n1,...,nk⩾1
n1+⋅⋅⋅+nk=n

n!

n1! . . . nk!
φ(xn1) . . . φ(xnk)
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Moments, cumulants and Wick map

▷ X real-valued random variable

▷ µX(xn) = E[Xn] ⇒ Λ(µX)(t) = E[etX]
▷ Cumulant generating function:
KX(t) = logE[etX] = Λ(log∗ µX)(t) =∶ Λ(κX)(t) µX = exp∗ κX

▷ Leonov�Shiraev moment-cumulant relations:

µX(xn) =
n

∑
k=0

1

k!
∑

n1,...,nk⩾1
n1+⋅⋅⋅+nk=n

n!

n1! . . . nk!
κX(xn1) . . . κX(xnk)

κX(xn) =
n

∑
k=1

(−1)k+1
k

∑
n1,...,nk⩾1
n1+⋅⋅⋅+nk=n

n!

n1! . . . nk!
µX(xn1) . . . µX(xnk)

▷ Wick map: W ∶= (µ−1X ⊗ id)∆ = (exp∗(−κX) ⊗ id)∆

where ∆(xn) ∶=
n

∑
k=0
(n
k
)xk ⊗ xn−k coproduct

▷ Then W(t, x) ∶= Λ(W)(t) = etx−KX(t)
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▷ Leonov�Shiraev moment-cumulant relations:

µX(xn) =
n

∑
k=0

1

k!
∑

n1,...,nk⩾1
n1+⋅⋅⋅+nk=n

n!

n1! . . . nk!
κX(xn1) . . . κX(xnk)

κX(xn) =
n

∑
k=1

(−1)k+1
k

∑
n1,...,nk⩾1
n1+⋅⋅⋅+nk=n

n!

n1! . . . nk!
µX(xn1) . . . µX(xnk)

▷ Wick map: W ∶= (µ−1X ⊗ id)∆ = (exp∗(−κX) ⊗ id)∆

where ∆(xn) ∶=
n

∑
k=0
(n
k
)xk ⊗ xn−k coproduct

▷ Then W(t, x) ∶= Λ(W)(t) = etx−KX(t)
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The Gaussian case

▷ For general X,

W(xn) =
n

∑
k=0

k

∑
j=1

(−1)j
j! ∑

n1,...,nj⩾1
n1+⋅⋅⋅+nj=k

n!
(n−k)!n1!...nj !

κX(xn1) . . . κX(xnj)xn−k

▷ For X ∼ N(0,1), κX(xn) = δn2,

E[X2k] = µX(x2k) =
(2k)!
k!2k

= (k − 1)!!

Proposition: Explicit expressions for Hermite polynomials

For all n ∈ N0,

Hn(x) = n!
⌊n/2⌋
∑
k=0

(−1)k
2kk!(n − 2k)!x

n−2k

xn = n!
⌊n/2⌋
∑
k=0

1

2kk!(n − 2k)!Hn−2k(x)
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Hermite polynomials and combinatorics

Theorem:

Let En = [[1, n]] ∶= {1,2, . . . , n} and let 0 ⩽ 2k ⩽n. The coe�cient of xn−2k

of Hn(x) is equal to the number of pairwise matchings of En with k pairs

x

x

x

x

x

x

−1
x x

−1

x

x

−1
x

x

−1
x x

−1

x

x

−1

−1 −1

−1

−1

−1−1

x4

−6x2

3

⇒ Hn(x) =
⌊n/2⌋
∑
k=0
(−1)k( n

n − 2k)(2k − 1)!! = n!
⌊n/2⌋
∑
k=0

(−1)k
2kk!(n − 2k)!x

n−2k
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Wiener chaos decomposition

Lemma:

The r.v. {etX ∶ t ∈ R} form a total subset of H = L2(R, µ(dx))

De�nition: Wiener chaos

For any n ⩾ 1, let Hn be the one-dimensional subspace of H spanned by
the random variable Hn(X). For n = 0, H0 is the set of constants,
isomorphic R. Then Hn is called the homogeneous Wiener chaos of order
n. The inhomogeneous Wiener chaos of order n is

H⩽n =
n

⊕
k=0

Hk

Theorem: Wiener chaos decomposition

H =
∞
⊕
n=0

Hn
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2. The multi-dimensional case

1. Wick calculus

2. Hermite polynomials for multivariate Gaussians

3. Wiener chaos expansion

4. Equivalence of moments
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Multivariate Gaussian random variables

De�nition: Multivariate Gaussian

For N ⩾ 1, let RN be equipped with the σ-algebra B of Borel sets and
Lebesgue measure dx. Let m ∈ RN and let C ∈ RN×N be a symmetric,
positive de�nite matrix. A r.v. X ∶ Rn → R is a (multivariate) Gaussian
random variable with mean m and covariance matrix C if its law is

µ(dx) = 1

(2π)N/2 det(C)1/2
e−⟨(x−m),C

−1(x−m)⟩/2 dx

In that case, we write X ∼ N(m,C).

Proposition: Laplace transform

For C sym. pos. def., X ∼ N(0,C) ⇔ E[e⟨t,X⟩] = e⟨t,Ct⟩/2 ∀t ∈ Rn

Corollary: Covariance

If X ∼ N(0,C), then E[XiXj] = Cij for all i, j ∈ [[1,N]]
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Isserlis' theorem

Lemma: Integration by parts

Assume X ∼ N(0,C). For any i ∈ [[1,N]] and di�erentiable f ∶ RN → R,

E[Xif(X)] =
N

∑
j=1

CijE[∂jf(X)]

Theorem: [Isserlis]

For 1 ⩽ k ⩽ N
2 , E[X1 . . .X2k−1] = 0 and

E[X1 . . .X2k] = ∑
P

∏
{i,j}∈P

E[XiXj]

where the sum runs over all perfect matchings P of [[1,2k]]
E[X1X2X3X4] = E[X1X2]E[X3X4] +E[X1X3]E[X2X4] +E[X1X4]E[X2X3]

=
1

2

3

4

+
1

2

3

4

+
1

2

3

4
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Scaled Hermite polynomials

De�nition: Scaled Hermite polynomials

The Hermite polynomial of degree n with variance σ2 is de�ned as

Hn(x;σ2) = σnHn(x/σ)

▷ Generating function: G(t, x) = etx−σ2t2/2

▷ Recursive relations:

Hn+1(x;σ2) = xHn(x;σ2) − σ2∂xHn(x;σ2)
∂xHn(x;σ2) = nHn−1(x;σ2)

▷ Explicit expression:

Hn(x;σ) = n!
⌊n/2⌋
∑
k=0

(−1)k
2kk!(n − 2k)!σ

2kxn−2k
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Binomial formula

Lemma: Binomial formula

For any x, y ∈ R, any σ1, σ2 ∈ R and any n ∈ N0, one has

Hn(x + y;σ21 + σ22) =
n

∑
m=0
(n
m
)Hm(x;σ21)Hn−m(y;σ22)

Proposition: Multinomial formula

Let a ∈ ℓ2 be a sequence of real numbers such that ∑i⩾0 a
2
i = 1. Then for

any sequence (xi)i⩾0 such that ∑i⩾0 aixi converges, one has

Hn(∑
i⩾0
aixi) = ∑

∣k∣=n

n!

k!
ak∏

i⩾0
Hki(xi)

where the sum runs over all k ∈ NN0
0 such that ∣k∣ = ∑i⩾0 ki = n, and

k! ∶= ∏
i⩾0
ki! , ak ∶= ∏

i⩾0
akii
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Wiener chaos expansion

▷ X1, . . . ,XN iid N(0,1) on (Ω,F ,P), H = L2(Ω,F ,P).

▷ H = RN . De�ne W ∶H→H by W (h) =
N

∑
i=1
hiXi.

De�nition: Wiener chaos

For any n ⩾ 1, let Hn be the subspace of H spanned by the r.v.

{Hn(W (h))∶h ∈H, ∥h∥H = 1}

For n = 0, H0 is the set of constants, isomorphic R. Then Hn is called the
homogeneous Wiener chaos of order n.

Theorem: Wiener chaos decomposition

H =
∞
⊕
n=0

Hn
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Wiener isometry

▷ For k ∈ NN
0 , Φk ∶=

N

∏
i=1
Hki(Xi). Orthogonality: E[ΦkΦℓ] = k!δkℓ.

▷ H⊗sn: symmetric tensors in H⊗n.

▷ Projection: Π(h1 ⊗ ⋅ ⋅ ⋅ ⊗ hn) ∶=
1

n!
∑

σ∈Sn

hσ(1) ⊗ ⋅ ⋅ ⋅ ⊗ hσ(n).

▷ Orth. basis: ek ∶= Π
N

⊗
i=1
e⊗kii , ⟨ek, eℓ⟩ =

k!

n!
δkℓ. Fock space:

∞
⊕
n=0

H⊗sn

De�nition: Wiener isometry

For k ∈ NN
0 , let n = ∣k∣. The nth Wiener isometry is the map H⊗sn →Hn

In ∶ ek z→ 1√
n!
Φk

▷ I0 = 1, I1(h) =W (h).
Lemma:

If ∥h∥H = 1, then In(h⊗n) = 1√
n!
Hn(W (h))
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Multiplication

▷ New normalisation: În(f) =
√
n!In(f).

▷ Notation: f = ∑N
i=1 f(i)ei ∈H.

H⊗n ∋ f1 ⊗ ⋅ ⋅ ⋅ ⊗ fn =
N

∑
i1,...,in=1

f1(i1) . . . fn(in)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶f(i1,...,in)

ei1 ⊗ ⋅ ⋅ ⋅ ⊗ ein

▷ Shu�es: S(p,n) ⊂S(n) permutations of [[1, n]] preserving order of p
�rst and n − p last elements.

Lemma:

Assume f ∈H⊗n and g ∈H. Then

În(f)Î1(g) = În+1(f ⊗ g) + În−1(f ⋆1 g)

where ⋆1 denotes the contraction operation

(f ⋆1 g)(i1, . . . , in−1) = ∑
Σ∈S(1,n)

N

∑
j=1

f(Σ(j, i1, . . . , in−1))g(j)
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Multiplication

Proposition: Multiplication between nth and mth chaos

Assume f ∈H⊗n and g ∈H⊗m. Then

În(f)Îm(g) =
n∧m
∑
p=0

În+m−2p(f ⋆p g)

where ⋆0 = ⊗ and for i = (i1, . . . , in−p) and j = (j1, . . . , jm−p)
(f ⋆p g)(i, j) = ∑

Σ∈S(p,n)
Σ̄∈S(p,m)

∑
σ∈S(p)

∑
k∈[[1,N]]p

f(Σ(k, i))g(Σ̄(k, σ(j)))

f

g1

g2

f

g1

g2
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Equivalence of moments

Theorem: Equivalence of moments

Assume F belongs to the nth Wiener chaos Hn. Then for any p > 1,
E[F 2p]1/2p ⩽ (2p − 1)n/2E[F 2]1/2

De�nition: Ornstein�Uhlenbeck semigroup

The Ornstein�Uhlenbeck semigroup is the one-parameter semigroup
{Tt∶ t ⩾ 0} of contraction operators on H de�ned by

Tt(F ) =
∞
∑
n=0

e−nt PnF

for any F ∈H , where Pn ∶H →Hn denotes the orthogonal projection on
the nth Wiener chaos.

▷ OU process: dXt = −Xt dt +
√
2dWt, X0 = x.

▷ E[Hn(Xt)] =Hn(x) e−nt ⇒ E[f(Xt)] = Tt(f)(x).
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Hypercontractivity

Proposition: Mehler's formula

Let W ′ = {W ′(h)∶h ∈H} be an independent copy of W = {W (h)∶h ∈H},
where W and W ′ are de�ned on a product space (Ω ×Ω′,F ⊗F ′,P × P′).
For t > 0, consider the process Z = {Z(h)∶h ∈H}, de�ned by

Z(h) = e−tW (h) +
√
1 − e−2tW ′(h)

Then for any F ∈H of the form F = f(W ), one has
Tt(F ) = E′[f(Z)]

where E′ denotes the expectation with respect to the law P′ of W ′.

Theorem: Hypercontractivity of the OU semigroup

For p > 1 and t > 0, let
q(t) = e2t(p − 1) + 1 > p

Then for any F ∈ Lp(Ω,F ,P), one has
∥TtF ∥q(t) ⩽ ∥F ∥p
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3. Gaussian �elds

1. Isonormal Gaussian processes

2. Gaussian white noise

3. The Gaussian free �eld
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Isonormal Gaussian processes

De�nition: Isonormal Gaussian process

Let H be a separable Hilbert space. A stoch. process W = {W (h)∶h ∈H}
de�ned on a complete probability space (Ω,F ,P) is an isonormal Gaussian
process if W is a centred Gaussian family of random variables such that

E[W (h1)W (h2)] = ⟨h1, h2⟩H ∀h1, h2 ∈H

De�nition: Wiener chaos

For any n ⩾ 1, let Hn be subspace of H = L2(Ω,F ,P) spanned by the r.v.

{Hn(W (h))∶h ∈H, ∥h∥H = 1}
For n = 0, H0 is the set of constants, isomorphic R. Then Hn is called the
homogeneous Wiener chaos of order n.

Theorem: Wiener chaos decomposition

H =
∞
⊕
n=0

Hn
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The case of L2(Td)
▷ Λ ∶= Td, H = L2(Λ,dx).
▷ h ∈H, h(x) = ∑

i⩾0
ĥ(i)ei(x), (ei)i⩾0 Fourier basis.

▷ Notations:

H⊗n ∋ h = h1 ⊗ ⋅ ⋅ ⋅ ⊗ hn = ∑
i1⩾0,...,in⩾0

ĥ1(i1) . . . ĥn(in)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=ĥ(i1,...,in)

ei1 ⊗ ⋅ ⋅ ⋅ ⊗ ein

h(x1, . . . , xn) = ∑
i1⩾0,...,in⩾0

ĥ(i1, . . . , in)ei1(xi1) . . . ein(xin)

Lemma:

Let f ∈H⊗n and g ∈H⊗m. For any p ⩽ n ∧m, all x ∈ Λn−p and y ∈ Λm−p,

(f ⋆p g)(x, y) = ∑
Σ∈S(p,n)
Σ̄∈S(p,m)

∑
σ∈S(p)

∫
Λp
f(Σ(z, x))g(Σ̄(z, σ(x)))dz
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´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=ĥ(i1,...,in)

ei1 ⊗ ⋅ ⋅ ⋅ ⊗ ein

h(x1, . . . , xn) = ∑
i1⩾0,...,in⩾0
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Gaussian �elds

▷ For h = ∑i⩾0 ĥ(i)ei ∈H set

Ψ(h) = ∑
i⩾0
ĥ(i)W (ei)ei = ∑

i⩾0
ĥ(i)Xiei

▷ Then Ψ(h)(x) = ∑
i⩾0
ĥ(i)Xiei(x) is a random �eld.

▷ ∥Ψ(h)∥2H = ∑
i⩾0
ĥ(i)2X2

i .

▷ E[∥Ψ(h)∥2H] = ∥h∥2H.

▷ Ψ is an isometry from H to H̃1 ⊂ H̃ , space of H-valued random
variables with �nite variance.
Wiener chaos decomposition:

H̃ =
∞
⊕
n=0

H̃n
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Gaussian white noise

▷ ĥ = (1,1,1, . . . ) /∈H
⇒ ξ(x) ∶= Ψ(h)(x) = ∑

i⩾0
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Properties of Gaussian white noise
▷ Scaling: (S λφ)(x) = 1

λdφ(xλ)

Lemma: Scaling of white noise

Let ⟨ξλ, φ⟩ = ⟨ξ,S λφ⟩. For any λ ∈ (0,1], one has ξλ law= 1
λd/2 ξ

▷ Fourier basis: ek(x) = e2π i⟨k,x⟩. Covariance: E[XkXℓ] = δk,−ℓ.
(id−∆)ek(x) = λkek(x) where λk = 1 + (2π)d∥k∥2.

De�nition: Fractional Sobolev spaces

For s ⩾ 0, Hs(Λ) = {f ∈H∶ ∥f∥Hs < ∞}, where

∥f∥2Hs ∶= ∑
k∈Zd

λsk∣f̂(k)∣2 < ∞

For s < 0, Hs(Λ) is the closure of L2(Λ) under the norm ∥⋅∥Hs

Proposition: Sobolev regularity of white noise on the torus

E[∥ξ∥2Hs] < ∞ for all s < −d
2
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Hölder regularity of Gaussian white noise

▷ Scaling: (S λ
x φ)(y) = 1

λdφ(y−xλ ).
▷ Br ∶ set of smooth test functions φ ∶ Λ→ R, supported on a ball or

radius 1, whose partial derivatives up to order r are bounded by 1.

De�nition: Hölder�Besov spaces

For α < 0, the space C α(Λ) consists in all Schwartz distributions ζ ∈ S ′(Λ)
such that

∥ζ∥Cα = sup
x∈Λ

sup
φ∈Br

sup
λ∈(0,1]

∣ ⟨ζ,S
λ
x φ⟩

λα
∣ < ∞

where r = ⌈−α⌉.

Proposition: Hölder�Besov regularity of white noise on the torus

White noise ξ belongs to C α for any α < −d
2

▷ Remark: Hs =Bs
2,2 and C α =Bα

∞,∞, where Bα
p,q are Besov spaces.
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The Gaussian free �eld

▷ ĥ(k) = 1√
λk
, λk = 1 + (2π)d∥k∥2, k ∈ Zd

⇒ ϕGFF(x) ∶= Ψ(h)(x) = ∑
k∈Zd

Xk√
λk
ek(x)

▷ ∥h∥2H = ∑
k∈Zd

1

λk
< ∞ ⇔ d < 2.

▷ Covariance: E[ϕGFF(x)ϕGFF(y)] = ∑
k∈Zd

ek(x − y)
λk

=∶ G(x − y).

Lemma:

For any g ∈H, the function f de�ned by f(x) = ∫ΛG(x − y)g(y)dy
satis�es (id−∆)f(x) = g(x).

De�nition: Green function and GFF

▷ G = (id−∆)−1 is the Green function of id−∆.

▷ ϕGFF is the Gaussian free �eld (GFF) of covariance (id−∆)−1.

▷ E[∥ϕGFF∥2Hs] < ∞ for all s < 1 − d
2 .
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▷ ĥ(k) = 1√
λk
, λk = 1 + (2π)d∥k∥2, k ∈ Zd

⇒ ϕGFF(x) ∶= Ψ(h)(x) = ∑
k∈Zd

Xk√
λk
ek(x)

▷ ∥h∥2H = ∑
k∈Zd

1

λk
< ∞ ⇔ d < 2.

▷ Covariance: E[ϕGFF(x)ϕGFF(y)] = ∑
k∈Zd

ek(x − y)
λk

=∶ G(x − y).

Lemma:

For any g ∈H, the function f de�ned by f(x) = ∫ΛG(x − y)g(y)dy
satis�es (id−∆)f(x) = g(x).

De�nition: Green function and GFF

▷ G = (id−∆)−1 is the Green function of id−∆.

▷ ϕGFF is the Gaussian free �eld (GFF) of covariance (id−∆)−1.

▷ E[∥ϕGFF∥2Hs] < ∞ for all s < 1 − d
2 .

Topics in Gaussian Wiener chaos expansion 25�29 May 2026 31/48



The Gaussian free �eld
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The Gaussian free �eld on T1

De�nition: Hölder�Besov spaces

For 0 < α < 1, the space C α(Λ) consists in all functions f ∶ Λ→ R such
that

∥f∥Cα = sup
x∈Λ
∣f(x)∣ + sup

x,y∈Λ
x≠y

∣f(x) − f(y)∣
∥x − y∥α < ∞

Proposition: Hölder�Besov regularity of the GFF on T1

The GFF on the circle belongs to C α for any α < 1
2

▷ Proof uses Kolmogorov's continuity criterion:
E[∥ϕ(y) − ϕ(x)∥µ] ⩽C ∣y − x∣1+ν ∀x, y ⇒ ϕ ∈ C α ∀α < ν

µ .

Proposition: Moments of the GFF on T1

For any p > 1, there exists a constant C(p) such that

E[ϕGFF(x)2p] ⩽C(p)E[ϕGFF(x)2]
p = C(p)G(0)p
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The Gaussian free �eld on T2

De�nition: Truncated two-dimensional Gaussian free �eld

For N ⩾ 1, let KN = {k ∈ Z2∶ ∣k∣ ⩽N}, where ∣k∣ = ∣k1∣ + ∣k2∣. The truncated
GFF with covariance (id−∆N)−1 on Λ is de�ned as

ϕGFF,N(x) ∶= ∑
k∈KN

Xk√
λk
ek(x)

Here ∆N is the restriction of ∆ to the subspace EN of H spanned by
Fourier basis functions ek with ∣k∣ ⩽N .

▷ E[ϕGFF,N(x)ϕGFF,N(y)] = ∑
k∈KN

1

λk
ek(x − y) =∶ GN(x − y).

▷ CN = GN(0) ≍ log(N).

Proposition: Uniform bound on the variance of Wick powers

sup
N⩾1

E[(∫
Λ
∶ϕnGFF,N(x)∶dx)

2p
] < ∞ ∀n ⩾ 1, p ⩾ 1
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4. The Φ4 model

1. The Φ4
1 model

2. The Φ4
2 model

3. The Φ4
3 model

4. The Φ4
4−ε model
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The Φ4
d model

▷ Λ = Td, ϕ ∶ Λ→ R, α ⩾ 0, m > 0.
Energy: Hd,α(ϕ) = ∫

Λ
[∥∇ϕ(x)∥2 + m

2

2
ϕ(x)2 + αϕ(x)4]dx

▷ Aim: compute expectations under Gibbs measure

µd,α ∼
1

Zd,α
e−Hd,α(ϕ) dϕ Zd,α: partition function

▷ Case α = 0, m = 1: Hd,0(ϕ) = 1
2⟨ϕ, [id−∆]ϕ⟩H

⇒ Eµd,0[F ] = E[F( ∑
k∈Zd

Xk√
λk
ek)]

Example: Eµd,0[ϕ(x)ϕ(y)] = G(x − y)
▷ Case α > 0:

Eµd,α[F ] = Zd,0

Zd,α
Eµd,0[F (ϕ) exp{−α∫

Λ
ϕ(x)4 dx}]

In particular, F = 1 ⇒ Zd,α

Zd,0
= Eµd,0[exp{−α∫

Λ
ϕ(x)4 dx}]
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The Φ4
1 model � Feynman diagrams

▷ Consider HWick
1,α (ϕ) = ∫

Λ
[∥∇ϕ(x)∥2 + 1

2
ϕ(x)2 + α ∶ϕ(x)4∶]dx

where ∶ϕ(x)4∶ =H4(ϕ(x)4;C), with C = G(0) (choice of m).

▷ To be computed:
Z1,α

Z1,0
≍ ∑

n⩾0

(−α)n
n!

Eµ1,0[(∫
Λ
∶ϕ(x)4∶dx)

n
]

▷ Term n = 1: Eµ1,0[∫
Λ
∶ϕ(x)4∶dx] = 0

▷ Term n = 2: Eµ1,0[(∫
Λ
∶ϕ(x)4∶dx)

2
] = 4!∫

Λ
∫
Λ
G(x − y)4 dxdy

Notation: ∫
Λ
∫
Λ
G(x − y)4 dxdy =∶ Π( )

▷ Remark: If hx ∶= ∑
k∈Z

ĥx(k)ek where ĥx(k) ∶=
ek(x)√
λk

then Î1(hx) = ϕ(x) and ∶ϕ(x)4∶ =H4(ϕ(x);C) = Î4(h⊗4x )
⇒ Eµ1,0[∶ϕ(x)4∶∶ϕ(y)4∶] = Î0(h⊗4x ⋆4 h⊗4y ) = 4!G(x − y)4
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then Î1(hx) = ϕ(x) and ∶ϕ(x)4∶ =H4(ϕ(x);C) = Î4(h⊗4x )
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ĥx(k)ek where ĥx(k) ∶=
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The Φ4
1 model � Feynman diagrams

▷ Term n = 3:
∶ϕ(x)4∶∶ϕ(y)4∶∶ϕ(z)4∶ = Î4(h⊗4x )Î4(h⊗4y )Î4(h⊗4z )

=
4

∑
p=0

Î8−2p(h⊗4x ⋆p h⊗4y )Î4(h⊗4z )

=
4

∑
p=0

(8−2p)∧4
∑
q=0

Î12−2p−2q((h⊗4x ⋆p h⊗4y ) ⋆q h⊗4z ) .

h⊗4x

h⊗4y

h⊗4z

Eµ1,0[∶ϕ(x)4∶∶ϕ(y)4∶∶ϕ(z)4∶] = Î0((h⊗4x ⋆2 h⊗4y ) ⋆4 h⊗4z )
= 1728G(x − y)2G(y − z)2G(x − z)2
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The Φ4
1 model � Feynman diagrams

De�nition: Vacuum Feynman diagram

A vacuum diagram is a multigraph Γ = (V ,E ), meaning there can be
multiple edges between vertices. Its valuation is de�ned by

Π(Γ) = ∫
ΛV
∏
e∈E

G(xe+ − xe−)dx

where e± are the vertices connected by the edge e.

Example: ∫
Λ3
G(x − y)2G(y − z)2G(x − y)2 dxdy dz = Π( )

Proposition: Expansion of moments into Feynman diagrams

For any n ⩾ 2,

Eµ1,0[(∫
Λ
∶ϕ(x)4∶dx)

n
] = ∑

k

Π(Γn,k)

where the sum runs over all vacuum diagrams Γn,k with n vertices and 2n
edges, obtained as perfect pairwise matchings of n vertices of arity 4.
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The linked-cluster theorem

Proposition: Linked-cluster theorem

The cumulant expansion of the ratio of partition functions is given by

log
Z1,α

Z1,0
≍ ∑

n⩾0

(−α)n
n!

∑
k∶Γn,k connected

Π(Γn,k)

▷ Example: ψ(x) = 0 ⇒ exp∗(ψ)(x4) = ψ(x4) + (42)ψ(x
2)2

⇒ Eµ1,0[ exp(−α∫
Λ
∶ϕ(x)4∶dx)

4
]

= logEµ1,0[exp(−α∫
Λ
∶ϕ(x)4∶dx)

4
] + (−α)

4

4!
(4
2
) 2

+ higher order terms
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Asymptotic series

Proposition: Asymptotic series

For every n ⩾ 0 there exists a constant Mn such that the ratio of partition
functions satis�es

∣Z1,α

Z1,0
−

n

∑
m=0

(−α)m
m!

Eµ1,0[(∫
Λ
∶ϕ(x)4∶dx)

m
]∣ ⩽Mnα

n+1

Notation: X ∶= ∫
Λ
∶ϕ(x)4∶dx.

Lemma:

There exists α0 > 0 such that for all α ∈ [0, α0), one has

0 ⩽Eµ1,0[e−αX] ⩽ 1 +O(α)

⇒ Z1,α

Z1,0
= 1 + 12α2Π( ) + 288α3Π( ) +O(α4)
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The two-point function

▷ G2,1,α(x, y) = Eµ1,α[ϕ(x)ϕ(y)] = Z1,0

Z1,α
Eµ1,0[ϕ(x)ϕ(y) e−αX]

▷ Eµ1,0[ϕ(x)ϕ(y) e−αX] ≍ ∑
n⩾0

(−α)n
n!

Eµ1,0[ϕ(x)ϕ(y)Xn]

▷ Term n = 0: Eµ1,0[ϕ(x)ϕ(y)] = G(x − y)
▷ Term n = 1:

Eµ1,0[ϕ(x)ϕ(y)X] = ∫
Λ
Eµ1,0[Î1(hx)Î1(hy)Î4(h⊗4z )]dz = 0

▷ Term n = 2:
Eµ1,0[ϕ(x)ϕ(y)X2]
= ∫

Λ
∫
Λ
Eµ1,0[Î1(hx)Î1(hy)Î4(h⊗4z1 )Î4(h

⊗4
z2 )]dz1 dz2

x z1 z2 y

Topics in Gaussian Wiener chaos expansion 25�29 May 2026 40/48



The two-point function

▷ G2,1,α(x, y) = Eµ1,α[ϕ(x)ϕ(y)] = Z1,0

Z1,α
Eµ1,0[ϕ(x)ϕ(y) e−αX]

▷ Eµ1,0[ϕ(x)ϕ(y) e−αX] ≍ ∑
n⩾0

(−α)n
n!

Eµ1,0[ϕ(x)ϕ(y)Xn]

▷ Term n = 0: Eµ1,0[ϕ(x)ϕ(y)] = G(x − y)
▷ Term n = 1:

Eµ1,0[ϕ(x)ϕ(y)X] = ∫
Λ
Eµ1,0[Î1(hx)Î1(hy)Î4(h⊗4z )]dz = 0

▷ Term n = 2:
Eµ1,0[ϕ(x)ϕ(y)X2]
= ∫

Λ
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Λ
Eµ1,0[Î1(hx)Î1(hy)Î4(h⊗4z1 )Î4(h

⊗4
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The Φ4
2 model

▷ Green function: G(x) ≍ ∣log∥x∥∣

▷ Truncated �eld: ϕN(x) = ∑
k∈KN

Xk√
λk
ek(x), KN = {k ∈ Z2∶ ∣k∣ ⩽N}

Variance CN = ∑
k∈KN

1

λk
≍ log(N).

▷ Energy:

HWick
2,α,N(ϕN) = ∫

Λ
[∥∇ϕN(x)∥2 +

1

2
ϕN(x)2 + α∶ϕN(x)4∶CN

]dx

where ∶ϕN(x)4∶CN
∶=H4(ϕ(x);CN).

▷ Ratio of partition functions:

Z2,α,N

Z2,0,N
≍ ∑

n⩾0

(−α)n
n!

Eµ2,0,N [(∫
Λ
∶ϕN(x)4∶CN

dx)
n
]
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Nelson's argument

Lemma:

Fix two cut-o�s M > N ⩾ 1. Then for any p > 1 and n ⩾ 2, there exists a
constant Kn depending only on n such that

Eµ2,0,N [(∫
Λ
∶ϕM(x)n∶CM

dx−∫
Λ
∶ϕN(x)n∶CN

dx)
2p

]
1
2p ⩽Kn(2p−1)n/2

(logN)n−2
N

Proposition: Nelson's estimate

For any α ⩾ 0, there exists a constant K > 0, indep. of N , s.t. for all N ∈ N
0 ⩽Eµ2,0,N [exp{−α∫

Λ
∶ϕN(x)4∶dx}] ⩽K

Proposition: Asymptotic series

For every n ⩾ 0 and N ⩾ 1, there exists Mn s.t.

∣Z2,α,N

Z2,0,N
−

n

∑
m=0

(−α)m
m!

Eµ2,0,N [(∫
Λ
∶ϕN(x)4∶dx)

m
]∣ ⩽Mnα

n+1
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The Φ4
3 model

▷ Green function: G(x) ≍ 1

∥x∥ , GN(x) = ∑
k∈KN

1

λk
ek(x) ≍

1

∥x∥ +N−1

Theorem: Renormalisation of the Φ4
3 model

De�ne the energy by

HΦ4

3,α,N(ϕN) = ∫
Λ
[∥∇ϕN(x)∥2 +

1

2
ϕN(x)2 + α∶ϕN(x)4∶CN

+ βN(α)∶ϕN(x)2∶CN
+ γN(α)]dx

where CN = GN(0) ≍ N , and the additional counterterms are

βN(α) = −48α2ΠN( )

γN(α) = 12α2ΠN( ) − 288α3ΠN( )

Then the n-point functions admit asymptotic expansions in α, all of whose
terms are uniformly bounded in the cut-o� N .
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When is a diagram convergent?

▷ Degree of graph Γ: deg(Γ) ∶= d(∣V ∣ − 1) − (d − 2)∣E ∣.

Proposition: [Weinberg]

Assume GN(x) ≍ (∥x∥ +N−1)d−2. If Γ satis�es deg(Γ̄) > 0 for any
subgraph Γ̄ of Γ, then ΠN(Γ) is bounded uniformly in N .

▷ Proof uses Hepp sectors.

x1

x2

x3

x4x5

Λ

1 2 3 4 5

n∅ = 0

nb = 1

na = 2 nc = 3

T

▷ : deg( ) = 10 − 3d > 0 for d = 3, but its Π diverges
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BPHZ renormalisation

Theorem: [Bogoliubov, Parasiuk, Hepp, Zimmermann]

There exists a linear map A , acting on Feynman diagrams, such that

ΠN(A (Γ)) ≍
⎧⎪⎪⎨⎪⎪⎩

N−deg(Γ) if deg(Γ) < 0 ,

log(N)ζ if deg(Γ) = 0 ,

for a �nite integer ζ, while ΠN(A (Γ)) is bounded uniformly in N if
deg(Γ) > 0.

Example:

A ( ) = − + ⋅

ΠN(A ) =

∫
Λ3
GN(y − x)3GN(z − y) [GN(z − y) −GN(z − x)]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
≲∣(y−x)⋅∇GN (z−x)∣
≲ ∥y−x∥
(∥z−x∥+N−1)2

dxdy dz
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Wick map

▷ Z3,α,N

Z3,0,N
= Eµ3,0,N [e−αX−βY−γ], X = ∫Λ ∶ϕ(x)4∶dx, Y = ∫Λ ∶ϕ(x)2∶dx

Theorem: [B, Klose, Tapia 2025]

The following diagram is commutative:

e−αX P(e−αX)

e−αX−βY P(e−αX−βY) R

P

W (ΠN Ã ⊗id)∆CK+Θ

ΠBPHZ
N +ΠNΘ

P ΠN

where P performs pairings and projects on connected graphs,
W(Xn) =Hn(X;−βY) is Wick map, and (ΠNΘ ○P)(e−αX) = γ.

⇒ log
Z3,α,N

Z3,0,N
= ΠN ○P(e−αX−βY) − γ

= ΠBPHZ
N ○P(e−αX) ≍ ∑

n⩾1

(−α)n
n!

ΠBPHZ
N ○P(Xn)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

bdd unif in N
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W (ΠN Ã ⊗id)∆CK+Θ

ΠBPHZ
N +ΠNΘ

P ΠN

where P performs pairings and projects on connected graphs,
W(Xn) =Hn(X;−βY) is Wick map, and (ΠNΘ ○P)(e−αX) = γ.

⇒ log
Z3,α,N

Z3,0,N
= ΠN ○P(e−αX−βY) − γ

= ΠBPHZ
N ○P(e−αX) ≍ ∑

n⩾1

(−α)n
n!

ΠBPHZ
N ○P(Xn)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

bdd unif in N

Topics in Gaussian Wiener chaos expansion 25�29 May 2026 46/48



The Φ4
4−ε model

▷ d ⩾ 4: the Φ4
d model is trivial [Fröhlich, Aizenmann & Duminil-Copin]

▷ 3 < d < 4: use G(x) ≍ ∥x∥−(d−2). New subdiv. for d > d∗m(n) = 4 − 2
n .

Graphs Degree Critical d Minimal n

6 − 2d 3 = d∗m(2) 4

10 − 3d 10
3 = d

∗
m(3) 5

14 − 4d 7
2 = d

∗
m(4) 6

Theorem: [B, Klose, Tapia 2025]

Same commutative diagram, with W(e−αX) = e−αX−βY, β = ∑ (−α)
n

n! σn,
W(Xn) = Bn(X,−σ2Y, . . . ,−σnY) is Bell polynomial,

log
Zd,α,N

Zd,0,N
≍ − ∑

n⩾n∗e (d)

(−α)n
n!

ΠNA (P(Xn)) n∗e(d) ∶= ⌊ d
4−d⌋
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Bell polynomials

▷ Cumulants: κ(xn) =
⎧⎪⎪⎨⎪⎪⎩

0 if n = 1
yn otherwise

▷ Wick map: W(t, x) = etx−K(t) = exp{tx − ∑
n⩾2

yn
tn

n!
}

De�nition: Bell polynomials

The Wick map W(t, x) is the generating function of Bell polynomials

W(t, x) = ∑
n⩾0

Bn(x,−y2, . . . ,−yn)
tn

n!

Combinatorial interpretation:
B5(x, y2, y3, y4, y5) = x5 + 10x3y2 + 15xy22 + 10x2y3 + 10y2y3 + 5xy4 + y5
▷ 15 ways of partitioning [[1,5]] into 3 sets of sizes 1, 2, and 2

▷ 10 ways of partitioning [[1,5]] into 3 sets of sizes 1, 1, and 3

▷ etc. . .
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