New trends and applications around generalized Fokker-Planck operators

Centre Bernoulli Lausanne

An Eyring-Kramers law for slowly oscillating
bistable diffusions

Nils Berglund

Institut Denis Poisson, University of Orléans, France

7 July 2025

partly based on joint work with Barbara Gentz (Bielefeld)

project PERISTOCH

Nils Berglund nils.berglund®@univ-orleans.fr https://www.idpoisson.fr/berglund/


https://www.idpoisson.fr/berglund/peristoch/

The problem

Vo(x,y)

x2(y) x5 (y) xX(y)

dXt = —(9XV0(Xt,yt)dt+othX
dy; =edt +o\/codWY
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The problem

Vo(x,y)

x*(y) x5 (y) x:(y)

dxe = —0x Vo (x¢, vt ) dt + o d WY
dy; =edt +o\/codWY

> x + Vo(x,y) confining double-well potential, class C*
Vo(x,y +1) = Vo(x,y)

> 0<eg, 0«1, 0>0

> W, W} independent standard Wiener processes

An Eyring-Kramers law for slowly oscillating bistable diffusions 7 July 2025

1/20



The problem

Vo(x,y)

x*(y) x5 (y) x:(y)

dxe = —0x Vo (x¢, vt ) dt + o d WY
dy; =edt +o\/codWY

> x + Vo(x,y) confining double-well potential, class C*
Vo(x,y +1) = Vo(x,y)

> 0<eg, 0«1, 0>0

> W, W} independent standard Wiener processes
Question: describe law of 7, = inf{t > 0:x: = x} (y¢)|(x0 = x* (0), ¥0) }
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Motivation 1: Synchronisation
See e.g. [Pikovsky, Rosenblum, Kurths 2001]

Xi = (9,‘,9,’), I = 1,2
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Motivation 1: Synchronisation
See e.g. [Pikovsky, Rosenblum, Kurths 2001]

Xj = (9,‘,9,’), I = 1,2
xi = fi(x) +egi(x, x2)
x2 = H(x2) +ega(x1, x2)
¢; . good parametrisation of limit cycles

b1 = w1 +eQ1(1,02)
$2 = wa +Qa(1,02)

An Eyring-Kramers law for slowly oscillating bistable diffusions 7 July 2025 2/20



Motivation 1: Synchronisation
See e.g. [Pikovsky, Rosenblum, Kurths 2001]

Xj = (9,‘,9,’), I = 1,2
xi = fi(x) +egi(x, x2)
x2 = H(x2) +ega(x1, x2)
¢; . good parametrisation of limit cycles

b1 = w1 +eQ1(1,02)
$2 = wa +Qa(1,02)

If .{¢—¢1—¢2 {¢——V+6q(w,<p) V= wy —w
w1 = Wo: =

_ P1+92 witw2
v="7" 2

$o=w+0(e) w=*3

: : d
For small detuning v: averaging = wd—w ~—v+¢eq(y)
¥

Example: Adler’s equation g(v) =sin(¢): Fixed points for sin(v)) = v/e
Remark: if w2 /w1 ~ m/n similar behaviour for ¢ = ng1 — m¢> (Arnold tongues)
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Motivation 1: Synchronisation

Averaged equation with noise

dyp

w— = -v+¢eq(y) + noise
dI,D N

7(,% (uwfs f"/) g(x) dx)
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Motivation 1: Synchronisation

Averaged equation with noise P
d .

w—w = -v+eq(v) + noise
df,Q S

76%) (uwfs f'l/" g(x) dx)

stable

Original equations with noise

{LZJ =-v+¢eq(y, ) + noise

unstable

¢ =w+ O(e) + noise
stable

707', Q‘;TOQTA 9‘9
Question: distribution of phases ., when crossing unstable orbit?
This is a stochastic exit problem.

An Eyring-Kramers law for slowly oscillating bistable diffusions 7 July 2025 3/20



Motivation 2: Stochastic resonance

dxt = [-x2 +x¢ + Acos(et)] dt+odW, youtu.be/HbJ_I3xbIlg

“oxla 2
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=-2 [1x4—1x2—Axcos(at)]‘
Xi


https://youtu.be/HbJ_I3xbIMg

Motivation 2: Stochastic resonance

dxt = [-x2 +x; + Acos(et)] dt+odW,

—_O0rl.a 1.2
=—g:[ax*—3x 7Axcos(€t)]|Xt

> lce Ages: deterministically bistable climate [Croll, Milankovitch]

> random perturbations due to weather [Benzi-Sutera-Vulpiani, Nicolis-Nicolis]

Sample paths {x;} for £ =0.001:

A=0,0=03 A=0.24,0=02
A=0.1,0=0.27 A=0.350=0.2
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From SDEs to PDEs: Dynkin and Feynman—Kac
{z:}+ diffusion with infinitesimal generator .2 (e.g. £ = "2—2A +f-V)
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From SDEs to PDEs: Dynkin and Feynman—Kac
{z:}+ diffusion with infinitesimal generator .2 (e.g. £ = "2—2A +f-V)

> Dynkin's formula: for 7 stopping time, ¢ test function,

E*p(zr)] = (2) + EX] [ (£)(z2) ds]
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From SDEs to PDEs: Dynkin and Feynman—Kac

{z:}+ diffusion with infinitesimal generator .2 (e.g. £ = "2—2A +f-V)
> Dynkin's formula: for 7 stopping time, ¢ test function,
E*[¢(z)] = (2) +E*[ [ (L)) ds]
> Feynman—Kac formula: For g,y regular functions,
t
u(t,2) = E*[exp(~ [ q(z)ds)(z0)]
satisfies
Oru(t,z) = (Lu)(t,2) - q(z)u(t, 2)
u(0,z) = ¢(z)
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From SDEs to PDEs: Dynkin and Feynman—Kac
{z:}+ diffusion with infinitesimal generator .2 (e.g. £ = "2—2A +f-V)

> Dynkin's formula: for 7 stopping time, ¢ test function,
E*[¢(z)] = (2) +E*[ [ (L)) ds]
> Feynman—Kac formula: For g,y regular functions,
t
u(t,2) = E*[exp(~ [ q(z)ds)(z0)]
satisfies

Oru(t,z) = (Lu)(t,2) - q(z)u(t, 2)

u(0,z) = ¢(z)
> t — oo: For 7 first-exit time from D, q,0:D - R, ¢©: 0D - R

u(z) = Eexp(~ [ a(z)ds)e(z)- [ e~ [“a(z)dv)o(z)ds]
satisfies
{(.zu)(z) = q(z)u(z) +0(z) zeD
u(z) =p(z) zedD
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Static case
de_L :—V(),(Xt)dt+O'th Vo(x)

we = VD) w0 =/ V()
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Static case
de_L :—V(),(Xt)dt+O'th Vo(x)

we =/ VG'(xE) wo=+/-V5'(x5) . . .

[ m‘
> By Dynkin's equation, u(x) = EX[7. ] satisfies Vx < x;
fu:%zu’“r Vou' = -1 X< x}
u(x¥)=u(-00)=0

2 X5 X
= EX[7:] = ?[ [ 2e2[V0(><2)—V0(X1)]/U2 dxq dxo
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Static case
dx; = —Vy(x¢)dt + o dW,;

we =/ VG'(xE) wo=+/-V5'(x5) . .

Vo(x)

T

> By Dynkin's equation, u(x) = EX[7. ] satisfies Vx < x;

fu:%zu’“r Vou' = -1 X< x}
u(x¥)=u(-00)=0

2 X5 X
= EX[7:] = ?[ [ 2e2[V0(><2)—V0(X1)]/U2 dxq dxo

. % 2
=  Eyring-Kramers law: E*[7,]= T g2h /o [
Wow-—
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Static case
de_L :—V(),(Xt)dt+O'th Vo(x)

wr = VD) wo=\/-V0g) o /

> By Dynkin's equation, u(x) = EX[7. ] satisfies Vx < x;
fu:%zu’“r Vou' = -1 X< x}
u(x¥)=u(-00)=0

2 X5 X
= EX[7:] = ?[ [ 2e2[V0(><2)—V0(X1)]/U2 dxq dxo

+ 2
= Eyring-Kramers law: E*[7,]= T e2h-/o? [1+0(c?)]
Wow-

> [Day '83]: Vs >0, IimOIP)Xj {7-+ > sEX [7;]} e
(Convergence to exponential law &(1))
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Static case: reactive time

X
x; i :
— I
*
X0
/V g
x* ,T\AV/\W \/\//v\v A
<—>
reactive time
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Static case: reactive time

X
X:l —

b= === m e S
X5 i

PSS & R & E Y A
* M\ M /M A

reactive time

> [Cérou, Guyader, Leliévre, Malrieu '13]:  x* <a<xp <xg <b<x}
lim Law(wj7y —2log(c™) |75 <75) =Law( G+ T(x0,b))
——

o—0
Gumbel  geterministic
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Static case: reactive time

X
X:l —

b= === m e S
X4 i

PSS & R & E Y A
* M\ M /M A

reactive time

> [Cérou, Guyader, Leliévre, Malrieu '13]:  x* <a<xp <xg <b<x}

lim Law(wj7y —2log(c™) |75 <75) =Law( G+ T(x0,b))

o—0

Gumbel law: P{Q < t} —e ¢ VteR

(max-stable distribution from extreme value theory, cf. [Bakhtin "15])

Gumbel  geterministic

= reactive time ~ wy?[2log(c 1) + G + T(x0, b)]
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Higher dimensions
> [Freidlin & Wentzell '79]: Large-deviation theory gives exponent of E[7, ]

An Eyring-Kramers law for slowly oscillating bistable diffusions 7 July 2025 9/20



Higher dimensions
> [Freidlin & Wentzell '79]: Large-deviation theory gives exponent of E[7, ]

> Gradient case  dx; = -V V(x;)dt + cdW;
Invariant measure 7(x) = Z~! e 2V()/o® 4x
Process reversible wrt 7
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Higher dimensions
> [Freidlin & Wentzell '79]: Large-deviation theory gives exponent of E[7, ]

> Gradient case  dx; = -V V(x;)dt + cdW;
Invariant measure 7(x) = Z~! e 2V()/o® 4x
Process reversible wrt 7
Eyring—Kramers law and asympt. exponential character of 7, known

o [Bovier, Eckhoff, Gayrard & Klein 2004]: Potential theory
o [Helffer, Klein & Nier 2005]: Semiclassical analysis
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Eyring—Kramers law and asympt. exponential character of 7, known
o [Bovier, Eckhoff, Gayrard & Klein 2004]: Potential theory
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> Nongradient case
Invariant measure 7 not known in general
Process in general not reversible wrt 7
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Higher dimensions
> [Freidlin & Wentzell '79]: Large-deviation theory gives exponent of E[7, ]

> Gradient case  dx; = -V V(x;)dt + cdW;
Invariant measure 7(x) = Z~! e 2V()/o® 4x
Process reversible wrt 7
Eyring—Kramers law and asympt. exponential character of 7, known
o [Bovier, Eckhoff, Gayrard & Klein 2004]: Potential theory
o [Helffer, Klein & Nier 2005]: Semiclassical analysis
> Nongradient case
Invariant measure 7 not known in general
Process in general not reversible wrt 7

o [Bouchet & Reygner 2016]: Formal computations — Eyring—Kramers law
in bistable situations

¢ [Landim, Mariani & Seo 2019]: Non-reversible potential theory
Confirms result by [B & R 2016] for some systems with known 7

¢ [Le Peutrec & Michel 2020; Bony, Le Peutrec & Michel; Le Peutrec, Michel
& Nectoux]: Semiclassical analysis for systems with known 7
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Back to the problem

dxe = =20, Vo (xe, ye) dt + o dWy

dyr =dt + ocodW/ (time scaled by €)

An Eyring-Kramers law for slowly oscillating bistable diffusions 7 July 2025 10/20


https://dx.doi.org/10.1137/120887965

Back to the problem

dxe = =20, Vo (xe, ye) dt + AWy
dyr =dt + ocodW/ (time scaled by €)

> Det. eq. ex = —0x Vo(x, t): 3! 3 periodic orbits X;(t) = x/(t) + O(e)
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Back to the problem

dxe = =20, Vo (xe, ye) dt + AWy

dyr =dt + ocodW/ (time scaled by ¢)
> Det. eq. ex = —0x Vo(x, t): 3! 3 periodic orbits X;(t) = x/(t) + O(e)
> 7o hitting time of Xo(y)
Theorem: [B & Gentz, SIAM J Math Analysis 2014]

lim Law(0(y:,) - log(o ™) - = ¥7) = Law( 5 - 2£2)
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Back to the problem

dxe = =20, Vo (xe, ye) dt + AWy

dyr =dt + ocodW/ (time scaled by €)
> Det. eq. ex = —0x Vo(x, t): 3! 3 periodic orbits X;(t) = x/(t) + O(e)
> 79 hitting time of Xp(y)

Theorem: [B & Gentz, SIAM J Math Analysis 2014]

lim Law(0(y:,) - log(o ™) - = ¥7) = Law( 5 - 2£2)

> 0(y): explicit parametrisation of Xo(y), O(y +1) =0(y) + %
> A;: Lyapunov exponent of Xp(y) (\: = ]01 wo(y)?dy + O(e))
> Y7 e N: asymptotically geometric N-valued r.v:

Iim IP’{YU =n+1|Y? > n} = p(o)
p(o) ~e /7", T Freidlin~-Wentzell quasipotential, E[79] ~ p(c)*
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Sketch of proof

Theorem: [B & Gentz, SIAM J Math Analysis 2014]

li Law(0(y:,) - log(o ™) - - ¥7) = Law( 5 - 2£2)
>_<0(yx) ! 2 3 ;
e
)_L(Y) lﬁ/

Instantons: minimize Freidlin-Wentzell large-deviation rate fct (~ eikonal)

1 7 1
5 /0- [ (ke + O Vo (xe, )% + Q(yt ~e)?]dt T > 0 arbitrary
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Sketch of proof

Theorem: [B & Gentz, SIAM J Math Analysis 2014]

li Law(0(y:,) - log(o ™) - - ¥7) = Law( 5 - 2£2)

X

Xo(y)

x-(y)

Instantons: minimize Freidlin-Wentzell large-deviation rate fct (~ eikonal)

1 7 1
5 /0- [ (ke + O Vo (xe, )% + Q(yt ~e)?]dt T > 0 arbitrary

Ply, €I}~ S P{y, el} Phiy, e}
k

~ = ~PL9
=P{Y7=k} ~P{3 +const € J-k}
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Eyring—Kramers-type law for E[7, ]

wi(y) = V0 Vo(xi(y),y)

Vo(x,y)

wo(y) = /=0 (5 (¥),¥)
r(y) = wi(yg:o(ﬂ o 2he(1)/0?
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Eyring—Kramers-type law for E[7, ]

Vo(x,y)

wi(y) = V0 Vo(xi(y),y)

wo(y) =/ =0 (x5 (¥),y)

r(y) - wi(yz);vo(Y) o 2he(1)/0? W W

> Leading eigenvalue of —.%, = —"728,()( + Oy Vo Ox:
A(y) = [r(y) + r-(0)][1+ O(0?)]
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Eyring—Kramers-type law for E[r, ]

wi(y) = V0 Vo(xi(y),y)
WO(}/): _0XX(X(;(y)’y) \ o) )

Vo(x,y)

r(y) - wi(yz);vo(Y) o 2he(1)/0? W W

> Leading eigenvalue of —.%, = —%2(9,()( + Oy VoOy:
1
A(y) = [r(y) + r-(0)][1+ O(0?)] (M) = fo M (y)dy

Theorem: [B, Probability and Mathematical Physics 2-4:685-743 (2021)]
2me[1+ R(g,0)]

1
[o wo(y)w-(y) e 2h-0/e* gy

1/4

E (< (¥0).y0) [7.] =

where R(e,0) complicated but small if (A1) <& < (A1)
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Heuristics: two-state jump process
)/

OO

r+(y)/5
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Heuristics: two-state jump process

r-(y)/e
OO
~_
r+(y)/5
iIP"’”{T > y} = —lr (y)IP’_’y°{T >y}
dy + - +
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Heuristics: two-state jump process

r-(y)/e
~ ™
o__©
ri(y)/e
d pvo 1 -0
Lpn(ns y) - (B )
P_’y0{7+ S y} — e R-(ryo)/e where R_(y1, ) = " r-(y)dy

Yo
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Heuristics: two-state jump process

r-(y)/e
OO
~_
r+(y)/5
iIP’_’y°{7' > y} = —lr (y)IP’_’y°{T >y}
dy + e +

Y
P {7, >y} =e RO where R (yi.y0) = [ r(y)dy

Yo
E—,yo[ﬂ]:f e—Rf(y»/o)/Edy
Yo
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Heuristics: two-state jump process

r-(y)/e
OO
~_
r+(y)/5
iIP’_’y°{7' > y} = —lr (y)IP’_’y°{T >y}
dy + e +

Y
P {7, >y} =e RO where R (yi.y0) = [ r(y)dy

Yo
E—,yo[ﬂ]:f e—Rf(y»/o)/Edy
Yo

1 1
T 1_eR(L0)= /0 e R-Goty)le gy (by periodicity of r.)
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Heuristics: two-state jump process

r-(y)/e
OO
~_
r+(y)/5
iIP"’”{T >y} = —lr (y)IP’_’y°{T >y}
dy + - +

Y
P {7, >y} =e RO where R (yi.y0) = [ r(y)dy

Yo
E_’y"[n]:/ e—Rf(y,yo)/Edy
Yo

1

bR oty yo)e
e — —R=-o » YO . ..
1 - e-R-(1,0)/e /0 € dy (by periodicity of r_)

° = 2me if > max r_(y)
R-(1,0) [ wo(y)w (y)e2h-(/ody velo]
5
= if ¢<< min r_
r-(yo) ye[0,1] »)

In between: Stochastic resonance
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Potential theory for non-reversible SDEs

[Landim, Mariani & Seo 2019]:
1 _ 920.2
> Generator ¥ = % + %), £, =%5-0,,+0,
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Potential theory for non-reversible SDEs

[Landim, Mariani & Seo 2019]:
1 _ 920.2
> Generator ¥ = % + %), £, =%5-0,,+0,

. 2 . .
> Invariant measure dr = e 2V(¥)/7" dxdy, V sat. Hamilton—Jacobi eq.
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Potential theory for non-reversible SDEs
[Landim, Mariani & Seo 2019]:
2 2
> Generator & = %fx + %, 2 = %Byy +0y

. 2 . .
> Invariant measure dr = e 2V(¥)/7" dxdy, V sat. Hamilton—Jacobi eq.

> Decompose ¥ = % + %, where

o L= g e2V/o? v - De2V/o* vV, where D = ((1J Egz ) is self-adjoint wrt

o % =c-V (c explicitly known) is skew-symmetric: £ = -.%,
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Potential theory for non-reversible SDEs
[Landim, Mariani & Seo 2019]:
2 2
> Generator & = %fx + %, 2 = %Byy +0y

. 2 . .
> Invariant measure dr = e 2V(¥)/7" dxdy, V sat. Hamilton—Jacobi eq.

> Decompose ¥ = % + %, where
o L= g e2V/o? v - De2V/o* vV, where D = ((1J Egz ) is self-adjoint wrt
o % =c-V (c explicitly known) is skew-symmetric: £ = -.%,

> Adjoint system: generator X" = %, - %,
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Potential theory for non-reversible SDEs
[Landim, Mariani & Seo 2019]:
2 2
> Generator & = %EX + %, 2 = %ayy +0y

. 2 . .
> Invariant measure dr = e 2V(¥)/7" dxdy, V sat. Hamilton—Jacobi eq.

> Decompose ¥ = % + %, where

o L= fQL: e2V/o? v - De2V/o* vV, where D = ((1J 622 ) is self-adjoint wrt
o % =c-V (c explicitly known) is skew-symmetric: £ = -.%,

> Adjoint system: generator X" = %, - %,
Theorem: [LMS 2019] For any A, BcR?, AnB=u

1
BN rg]dvas = ——— [ ; d
faA [TB] A cap(A, B) JBe ag(x,y) dr

> dvap probability measure on A
> cap(A, B): capacity, satisfies variational principles

> hig(x,y) = PO {14 < 75} committor for adjoint dynamics
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Estimating the capacity

CR2 _ TR2 : _ 2e . -1 dxdy
> For p: R® — R, define Z(p) = 55 ﬁAUB)Cw (D gp)—ﬂ(xy)
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Estimating the capacity
CR2 _ TR2 : _ 2 . -1 dxdy
> For p: R® — R, define Z(p) = 55 ﬁAUB)Cw (D gp)ﬂ(xy)

> Given f :R? » R, define vector fields Wy = g—zﬂDVf, b=V —nfc
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Estimating the capacity
CR2 _ TR2 : _ 2 . -1 dxdy
> For ¢ : R* - R=, define Z(¢) = =5 ./(-Aus)cgo (D go)w(xy)

[oa

> Given f :R? » R, define vector fields Wy = g—zﬂDVf, b=V —nfc

> %QB’B: space of £ : R? — R such that f|4 = o, f|g = 3
> .7 5 space of divergence-free flows of flux ~ through 9A
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Estimating the capacity

2, T2 . i _ 2 (-1 dxdy
> For ¢: R R<, define Z(p) = = ./(-AUB)CSO (D W)W(x,y)

> Given f : R? — R, define vector fields Wy = g—iﬂDVf, b=V —7fc

> %aéﬂz space of £ : R? — R such that f|4 = o, f|g = 3

> .7 5 space of divergence-free flows of flux ~ through 9A
Proposition: [LMS 2019] Dirichlet principle

cap(A,B) = inf inf Z(df-p)

fertyy 075
Infimum reached for f = %(hAB +hyg) and o= & - Wy,
Proposition: [LMS 2019] Thomson principle

1
cap(A,B)= sup sup ————
festny PeF pp 2(®r - )

Supremum reached for f = m(hAB_h:\B) and ¢ = & - Cap(lTB)\IIhAB
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Static eigenfunctions
> Eigenfunctions of %, = %@X - Vyox = "72 e2Vo/o? (9X(e‘2‘/°/‘72 Oy ):
Zxdn(xly) = =An(¥)dn(x]y)
Llrn(xly) = =An(y)Ta(x]y), where 7, = mo6),
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Static eigenfunctions

> Eigenfunctions of %, = %@X - Vyox = "72 e2Vo/o? (9X(e‘2‘/°/‘72 Ox):

Zxpn(Xly) = =An(y)dn(xly)
.,%jﬂ,,(x|y) = - (y)mn(x|y), where 7, = o,

> X0 =0, go(xly) = 1, mo(xly) = 55y e 2Vo00)/e?
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Static eigenfunctions
> Eigenfunctions of %, = %@X - Vyox = "72 e2Vo/o? (9X(e‘2‘/°/‘72 Oy ):
Lidn(xly) = =An(y)én(x]y)
.,%jﬂ,,(x|y) = - (y)mn(x|y), where 7, = o,

> X0 =0, go(xly) = 1, mo(xly) = 55y e 2Vo00)/e?

> Let 7 =7y AT, T =inf{t > 0:x; = x;(y)}. By Feynman—Kac,

$1(x,y) = EX[eMO)7 ¢ (x,)]
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Static eigenfunctions
> Eigenfunctions of %, = %@X - Vyox = "72 e2Vo/o? (9X(e‘2‘/°/"2 Oy ):
Zxdn(xly) = =An(¥)dn(x]y)
Lhra(xly) = =An(y)7a(x]y), where 7, = moon

- X 0'2
> Ao =0, do(x|y) =1, mo(xly) = ﬁe 2Vo(xy)/
> Let 7 =7y AT, T =inf{t > 0:x; = x;(y)}. By Feynman—Kac,

61(x,y) = EX [0 61 (x,)]
= - (NE ML ]+ b (E ML, o, ]
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Static eigenfunctions
> Eigenfunctions of %, = %@X - Vyox = "72 e2Vo/o? (9X(e‘2‘/°/"2 Oy ):
Zxdn(xly) = =An(¥)dn(x]y)
Lhra(xly) = =An(y)7a(x]y), where 7, = moon
> X0 =0, go(xly) = 1, mo(xly) = 55y e 2Vo00)/e?

> Let 7 =7y AT, T =inf{t > 0:x; = x;(y)}. By Feynman—Kac,

¢10x,y) = EX [0 1 (x)]
= - (NE M1 ]+ d (E [N 1 ]
= 6-(y)[ho(x]y) + h(xIy)] + &+ (y)[1 = ho(xly) + h1(x]y)]
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Static eigenfunctions
> Eigenfunctions of %, = %@X - Vyox = "72 e2Vo/o? (9X(e‘2‘/°/‘72 Oy ):
Zxdn(xly) = =An(¥)dn(x]y)
Llrn(xly) = =An(y)Ta(x]y), where 7, = mo6),

> Ao =0, go(xly) =1, mo(xly) = ﬁe_w"(x’y)/”z
> Let 7 =7y AT, T =inf{t > 0:x; = x;(y)}. By Feynman—Kac,
$1(x,y) = EX[e*007 61 (x)]

= - (NE [MOT1, )+ 6, (B [N 1 L, ]
= 6-(y)[ho(x]y) + h(xIy)] + &+ (y)[1 = ho(xly) + h1(x]y)]

where ¢.(y) = ¢1(x:(y),y), hi, hy are small remainders, and

1 x5 (y) _
ho(xly) =P*{r_ <7} = W [( g e2V0(X:Y)/02 dx
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Static eigenfunctions
> Eigenfunctions of %, = %@X - Vyox = "72 e2Vo/o? (9X(e‘2‘/°/"2 Ox):
Zxdn(xly) = =An(¥)dn(x]y)
Llrn(xly) = =An(y)Ta(xly), where 7, =m0,

> Ao =0, do(x]y) =1, mo(xly) = ﬁe_w"(x’y)/”z
> Let 7 =7y AT, T =inf{t > 0:x; = x;(y)}. By Feynman—Kac,
1(x,y) = EX [0 1 (x)]

= - (NE [MOT1, )+ 6, (B [N 1 L, ]
= ¢-(y)[ho(xly) + b (xI¥)] + b4 (¥)[1 = ho(xly) + hr(x]y)]

where ¢.(y) = ¢1(x:(y),y), hi, hy are small remainders, and
1 xi(y) -
ho(xly) = P{r- <7} = s [T 2001 g
N(y) Jx

> ¢.(y) can be determined via normalisation/orthogonality relations
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Static eigenfunctions

Vo(x,y)
xX(y) x5 (y) xX(y)
0 X
hi(y)
é1(xly) A0 mo(xly)
xX(y) x5 (y) x; (v) x
2
A o w-(y)
A(y) = hu(y) = h-(y) + 7 log( ==72)
UJ+()/)
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Estimating 7(x,y)
Static eigenfunctions: Z¢,(x|y) = =An(v)dn(xly), do(x|y) =1

Proposition:
e_2V0(XuY)/02
Zo(y)

> «1(y) well-approximated in terms of jump process

> &, (x,y) L span{do, P}, satisfies (mp, ®,)1/2 g %cosh(%)

m(x,y) = [1+a1(n)d1(xly) + &1 (x, )]
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Estimating 7(x,y)
Static eigenfunctions: Z¢,(x|y) = =An(v)dn(xly), do(x|y) =1

Proposition:
e—2Vo(Xa)’)/02 . o
7(6y) = =y [L e ()enxn) + €.(x.y)]

> «1(y) well-approximated in terms of jump process

> &, (x,y) L span{do, P}, satisfies (mp, ®,)1/2 g J%cosh(%)

Case 90=0: 7= 2V°/U [1+ Y51 ntdn]. L =0 < «, satisfy ODE
= _An(y)an nO(y Z fnm(}/)am
m>1

with fom(y) = =02 (Todm, Dy bn) (Case p > 0: 2nd order ODE)
> if € > (A1), then (an affine function of) a4 is slow variable

> if e < 1, then all o, for n> 2 are fast variables

An Eyring-Kramers law for slowly oscillating bistable diffusions 7 July 2025 18/20



O
Last steps of the proof

Committors:

Capacity: using static committors in Dirichlet and Thomson principles

approx constant on by coupling argument
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Last steps of the proof

b(y)

> Committors: hap(x,y) = ﬁ / 2Vo(2y)/0? 45

. b(Y) avy(ziy)je? _
o) = iy [ S a5, @(xy) =1+ Tatntn(oy)
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Last steps of the proof

b(y) .
> Committors: hap(x,y) = W / 2Vo(xy)/o? 45

b(y) eZVQ()?,y)/o'2

hZB(X»Y)fﬁL Wd;ﬁ ¢(x,y):1+2a,,¢,,(x|y)

> Capacity: using static committors in Dirichlet and Thomson principles
(M1A)
(A1)

r(y)-ri(y)
r(y)+ri(y)

cap(A,B) ~ i()\l[l—A&]) 01 = Aly) =
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Last steps of the proof

b(y) .
> Committors: hap(x,y) ~ W/ 2Vo(2y)/0? 45
. BO) avoene?
Paster) =y [*7 SR 45 0(x.y) = 1+ T anolxly)

> Capacity: using static committors in Dirichlet and Thomson principles

<)‘1A> A( ): IL(}/)—I;()/)
(A1) r-(y) + re(y)
> EOY)[753] approx constant on 9.A by coupling argument

1
cap(A,B) ~ E()q[l—A(Sl]) gy =
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Open questions

> Larger values of €7

> Higher dimensions? Link with random Poincaré maps?
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Open questions

> Larger values of €7

> Higher dimensions? Link with random Poincaré maps?
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Thanks for your attention!
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