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Disclaimer

| have a degree in physics, but my
knowledge in Quantum Field Theory
(QFT) is limited.
My main areas of expertise are
> Dynamical systems (ordinary
differential equations and iterated
maps)
> Stochastic differential equations

> Stochastic partial differential
equations (SPDEs)

| have become aware of the deep
connections between SPDEs and QFT
only quite recently, but do find them very
interesting.
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“No doubt about it, Ellington—we've mathematically
expressed the purpose of the universe. God, how I love the
thrill of scientific discovery!”
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The ¢ model
> Lattice system: Ay = (Z/NZ)9, y e RM

1
We(y) = =N Y (vi—y)*+ > U-(wi)
2 ijen ieN
li~il=1

Gibbs measure piy - (dy) = ZL e ) dy
N,e
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The ¢ model
> Lattice system: Ay = (Z/NZ)9, y e RM

1 1
Vive(y) = 5N? ,ZA (vi-y)+ Z/:\ U (i) U(§) = 5¢%+ %g‘*
ije i€
Ji%jl-1

Gibbs measure piy - (dy) = ZL e ) dy
N,e

> Continuum limit: y; = ¢(i/N), N - oo,
V(@) = [ (31760012 + 3607 + 50()) dx
where A = (R/Z)9 =:T¢

Definition of Gibbs measure?

“ LA 1 — “ "
pe(dg) "="—e Ve dg

&€
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The ¢ model
> Lattice system: Ay = (Z/NZ)9, y e RM

1 1
Vive(y) = 5N? ,ZA (vi-y)+ Z/:\ U (i) U(§) = 5¢%+ %g‘*
ije i€
Ji%jl-1

Gibbs measure piy - (dy) = ZL e ) dy
N,e

> Continuum limit: y; = ¢(i/N), N - oo,
V(@) = [ (31760012 + 3607 + 50()) dx
where A = (R/Z)9 =:T¢

Definition of Gibbs measure?

g LAl 1 -_— “ "
pe(do) “= € V=(®) “dg

&
> Alternative: Spectral Galerkin approx. (Fourier modes with |k| < V)
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The case d=1
> 0= 0: Vo(9) = [ (3IVe00I2+ 36(x)?) dx = 3(6, (-A + 1)0)

1o is Gaussian free field with covariance (-A + 1)

(well-defined since (—=A +1)7! trace class: A\, = (27k)?, > )\k1+1 < 0)
kel
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The case d=1
> 0= 0: Vo(9) = [ (3IVe00I2+ 36(x)?) dx = 3(6, (-A + 1)0)

1o is Gaussian free field with covariance (-A + 1)

(well-defined since (~A +1)7! trace class: A = (27k)?, kZZ )\k1+1 <
> e>0:
dhe _ 20 (ve-vo] _ 20 -5 [y 6()* dx
duo  Ze Z.
where
2 _profei nottax] i L f e Vo(9)=5 0(0* dx g
0 Zy
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The case d=1
> 0= 0: Vo(9) = [ (3IVe00I2+ 36(x)?) dx = 3(6, (-A + 1)0)

1o is Gaussian free field with covariance (-A + 1)

(well-defined since (~A +1)7! trace class: A = (27k)?, >,
kel

1
)\k+1
> e>0:

die _ 20 [ve-vo) _ 20 -5 fy 60" dx

duo  Ze Z.

where

Z c 1 .
ZE) — g Ho [e—z A¢(X)4dx] :?0 f e~ V0(9)-5 [ o(x)* dx do

Fourier representatlon

PGFF(x) = g% ,—)\k+

- f¢GFF(X) "dx] 5 ( A+1) <cn

so that ZS =1+0(e)
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The case d =2

> (~A+1)7! no longer trace class, since A\, = (27| k[)?, >
keZ?

1 _
)\k+1—00
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The case d =2

> (~A+1)7! no longer trace class, since A\, = (27| k[)?, >
keZ?

1 _
)\k+1—00

> Truncated GFF: 2
OGFF,N(X) = — 2K er(x
GFF, N (X) kezz%;qu SV K (x)
1
_ 2 _
CN—f/\E[¢GFF,N(X) Jdx= )"

Tr[(—AN + 1)71] ~log N
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The case d =2

> (~A+1)7! no longer trace class, since A\, = (27| k[)?, >
keZ?

1 _
)\k+1 -

> Truncated GFF:

Zi
OGFF, N(X)_kezzz\;qw\/T ex(x)
1
CN:'[AE[(ﬁGFF,N(X) ]dX—lk‘Z;N )\k+1 T[( AN+1) ] |ogN

> Wick calculus: :¢(x)™ = Hy(¢(x); Cy) where H, Hermite polynomials

If (X,Y) centred jointly Gaussian rv, E[X?] = C, E[Y?] = C’ then
E[Hp(X; C)Hm(Y; C')] = nl6mmE[XY]

Consequence: SUPE[[\:¢GFF7N(X)2n:dX] < o0 Vn
N
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The case d =2

> (~A+1)7! no longer trace class, since A\, = (27| k[)?, > ﬁ =00

keZ?2
> Truncated GFF:

Zy
derr N (X) = ex(x)
kezg\;ds/v VAk+1

CN=[\E[¢GFF,N(X)2]dX: > .

k<N )\k+1

= Tr[(—AN + 1)’1] ~log N

> Wick calculus: :¢(x)™ = Hy(¢(x); Cy) where H, Hermite polynomials

If (X,Y) centred jointly Gaussian rv, E[X?] = C, E[Y?] = C’ then
E[Hn(X; C)Hm(Y; C')] = nSpmE[XY]

Consequence: sup]E['//‘\:¢G,:,:_’N(x)2”:dx] < o0 Vn
N
> Gibbs measure defined as in 1d case, with

V(8 = [ (319017 + 30()? + 5:0(x)") dx
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The case d =3

Theorem: Potential needs exactly 4 counterterms:

V(9) = [ (3Iveeol? + H[1-2C Jo(x)?

#5000 +2G) -2 ) dx
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The case d =3
Theorem: Potential needs exactly 4 counterterms:
V(9) = [ (3Iveeol? + H[1-2C Jo(x)?
+ 5000 0 + Gy € Cy) dx
where
C\= Gu(0) = Tr((-an + 1)) = O(N)
C,E,z): 3! //_\ GN(X)3 dx = O(log N)

41
c®)- ﬁf/\GN(x)“dx:(’)(N)

(4)_ 2_3(4)3 D a o
=55 (5) [ [ Gn00?an(?Gulx - y)?dxdy = O(log )

ex(x) if the Green function of Ay

and Gy(x) =
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Some literature

> Glimm & Jaffe (1968, 1973), Feldman (1974):
Combinatorics of Feynman diagrams

> Benfatto, Cassandro, Gallavotti, Nicold & Olivieri (1978, 1980):
Renormalisation group (integrating out scales)

> Brydges, Frohlich & Sokal (1983):
Generating function and skeleton inequalities

> Brydges, Dimock & Hurd (1995):
Polymer expansions

> Connes & Kreimer (2000, 2001):
Hopf algebras

> Barashkov & Gubinelli (2020):
Boué—Dupuis formula
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Singular stochastic PDEs
8t¢(t,X) =Agb(t,x)—¢(t,x)—5¢(t,x)3+f(t,x)

> Parisi & Wu (1981):
Stochastic quantization

> Da Prato & Debussche (2003):
2d case: Besov spaces, fixed-point argument for difference between ¢

and stochastic convolution

> Hairer (2014):
3d case: regularity structures
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Graphical notations

> Wick X = :f; 4:d,Y=—-—=[: 2.4
ick powers >-< A d(x)"dx A d(x)*:dx
> Parameters: o= 7, 3 = sQC(2), v = 52C,E,3) —83C,E,4)

Then % = EHofe—aX=- 5Y‘7] = e Y[RHo [e—aX—BY]
N,0
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Graphical notations

> Wick powers: X = >-< = f/\:gb(x)“:dx, Y=——-= /A:¢>(x)2:dx

> Parameters: a =%, = %52 C,E,2), v =¢e? C,E,3) - 53C,§,4)

13
Z,
Then % = IEMO[e—OéX—ﬁY—W] — eV EHo [e—aX—BY]
N0

> Let [ =(7,&) be a multigraph, ¢ = span{['}. Its valuation is
() = [, TT Gulxe. —xe ) dx

ee&
For instance

=
P =3Ny <

3) _ 41
Tl

3 3
4) 2 4
Oy’ = 3!43(2) HN@
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Cumulant expansion
> o= (070> + i )= (0 3 (7)o
where A, = ENO[ >< m_ n—m]

Examples:

p2 = P MMy & + 720Ny O
4 3
13 = —a3(2) 23HN@ —3a26(42-2-3!)n,\,@

~ 30241 My <> - 88Ty /\,
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Cumulant expansion
> o= (070> + i )= (0 3 (7)o
where A, = ENO[ >< m_ n—m]

Examples:

pz = 24N &S + 2Ny <>
4 3
(3 = —a3(2) 2y N —3a25(42-2-3!)n,\,@
—30fPH My <> - 86°My [\,

> Cumulant expansion: (Leonov & Shiraev)

—aX-BY -~ 2\ Kn 2 /n-1
~logE[e I=7- - Kn = Hn— Z KEmMn-m
n=2 M m=2 m
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Cumulant expansion
> o= (070> + i )= (0 3 (7)o
where A, = }EHO[ >< m_ n—m]

Examples:

pz = 24N &S + 2Ny <>

143 = —a3(:)323|_|,\,@ —3a25(42-2-3!)n,v@
30524 Ny <O -85°My [\,

> Cumulant expansion: (Leonov & Shiraev)

—aX-BY -~ 2\ Kn 2 /n-1
~logE[e I=7- - Kn = Hn— Z KEmMn-m
n=2 M m=2 m

> Linked Cluster Theorem: k, linear combinations of connected graphs
Proof: for instance Peccati & Taqqu (2011)
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Hopf algebras and renormalisation
> Degree of I': deg(l") =3(|¥|-1) —|&]. T divergent if deg(I") <O0.
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Hopf algebras and renormalisation
> Degree of I': deg(l") =3(|¥|-1) —|&]. T divergent if deg(I") <O0.

> Connes—Kreimer extraction—contraction coproduct: A:¥9 -9 o9
AN =Tel+1al+ > Ta&(/T) (1: empty graph)
1+l
deg(T)<0

Example: A(@)=@®1+1®@+@®Q
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Hopf algebras and renormalisation
> Degree of I': deg(l") =3(|¥|-1) —|&]. T divergent if deg(I") <O0.

> Connes—Kreimer extraction—contraction coproduct: A:¥9 -9 o9
AN =Tel+1al+ > Ta&(/T) (1: empty graph)
1+l
deg(T)<0

Example: A(@)=@®1+1®@+@®Q

> (Twisted) antipode: & : 9 > ¥, &(N)=-T- Y &(T)-([/T)

1+l
Example: %(@) :—@ +t€&=> - O

deg(T)<0
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Hopf algebras and renormalisation
> Degree of I': deg(l") =3(|¥|-1) —|&]. T divergent if deg(I") <O0.

> Connes—Kreimer extraction—contraction coproduct: A:¥9 -9 o9
AN =Tel+1al+ > Ta&(/T) (1: empty graph)
1+l
deg(T)<0

Example: A(@)=@®1+1®@+@®Q

> (Twisted) antipode: & : 9 > ¥, &(N)=-T- Y &(T)-([/T)

1+l
Example: M(@) :—@ +t€&=> - O

deg(T)<0
> Character: linear form g: % — R such that (g,['1-T2) = (g,1){(g,2)
Renormalisation map: M8 :9 -~ &, M&8(I') := (g ® id) Al
Property: If (fog,l) =(f®g,Al) and (& (f),[) = (f, </ (T))
then M8°h = MEM" and (M&)~ = M7 (&) = group structure
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BPHZ renormalisation
> BPHZ character: (gBPH2.T) = My (TN 1gegreo
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BPHZ renormalisation

> BPHZ character: (gBPH2.T) = My (TN 1gegreo

> Renormalised valuation:
BPHZ

NRPHZ(ry = nyme™ (1)
= (Nyo ® Ny)AT

'Q/N(r) = 'Q%(r)ldegl'éo
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BPHZ renormalisation
> BPHZ character: (gBPH2.T) = My (TN 1gegreo

> Renormalised valuation:
BPHZ

My HA(r) = Ny ME™(T)
= (Nyo ® Ny)AT
'Q/N(r) = Q{(r)ldegréo

gBPHZ

M =(Nyo ®id) A

Theorem: If degl > 0 then MEPH%() bounded uniformly in N
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BPHZ renormalisation
> BPHZ character: (gBPH2.T) = My (TN 1gegreo

> Renormalised valuation:
BPHZ

MyH(r) = NyME™ ()
_ (gBPHZ ® nN)Ar MsEPHE_ (1 Feid)A
= (Nyo ® Ny)AT

'Q/N(r) = 'Q%(r)ldegl'éo

Theorem: If degl > 0 then MEPH%() bounded uniformly in N

Theorem: Write k, = (-1)" >} (;)amﬁ”"" Yk b,(,lfn)ﬂ/v(rglfr?)

Then 2n_ Z —a)P Z b/(J’;)l—I]I%IPHZ(rI(JI;)) deg F( ) p3
n=2 1 P
Consequence. aII terms in cumulant expansion bounded uniformly in N
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Commutative diagram

g 1l
H z g LR
R . |—|BPHZ
Xn=(Fp®id) A (F®id)A N
~N ~ I_I ®|_|
H® Yoy 1N SR
M My®id My
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Commutative diagram

1l
H z g LR
R . |—|BPHZ
Xn=(Fp®id) A (F®id)A N
~N ~ |_|N®|_|N
Heo H Y9 ———— R
M My®id My

> H=span{X": neN?} X":=Xmyn" (Ebrahimi-Fard et al)
Axn= 3 ( " XK@ X™  A,X = (20~ )(-27Y) 200

k,meng VM K
k-m=n

> Xn(xn) = (An ® id)AX" P = I_Iconnected(zzpairings)
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Commutative diagram

1l
H z g LR
R . nBPHZ
xn=(y®id) A (A ®id)A N
~N ~N I_I ®|_|
He H Yoy LNV R
M My®id My

> H=span{X": neN?} X":=Xmyn" (Ebrahimi-Fard et al)
Axn= 3 ( " XK@ X™  A,X = (20~ )(-27Y) 200

k,meng VM K
k-m=n

> Xn(xn) = (An ® id)AX" P = I_Iconnected(Zpairings)

Lemma: (A o x,)e X = eaX-BY J
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Zimmermann’s forest formula
> Zimmermann forest formula: & (M) = - (-1 Y6 s

F
where sum ranges over all forests .7 (set of subgraphs, pairwise
vertex-disjoint or included) and ¢’z extracts all subgraphs in .7
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Zimmermann’s forest formula
> Zimmermann forest formula: & (M) = - (-1 Y6 s

F
where sum ranges over all forests .7 (set of subgraphs, pairwise
vertex-disjoint or included) and ¢’z extracts all subgraphs in .7

> Ourcase: &/([N) =~ > (_1)\5|@|5\c55r
Sc{l,...g}

where @5 extracts all “bubbles” €= labelled by element of S,
g is number of bubbles
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Zimmermann’s forest formula
> Zimmermann forest formula: & (M) = - (-1 Y6 s

F
where sum ranges over all forests .7 (set of subgraphs, pairwise
vertex-disjoint or included) and ¢’z extracts all subgraphs in .7

> Ourcase: &/([N) =~ > (-1l e Plgsr
Sc{l,...g}
where @5 extracts all “bubbles” €= labelled by element of S,
g is number of bubbles

Since I'IN(@) =2 = 5 we have

3¢2 7 48a2

S|
MY = - ) w(esry)

Sc{l,‘..,g}( 48a2

Perturbation theory for the ®2 measure 18 November 2022 13/16



Zimmermann’s forest formula
> Zimmermann forest formula: & (M) = - (-1 Y6 s

F
where sum ranges over all forests .7 (set of subgraphs, pairwise
vertex-disjoint or included) and ¢’z extracts all subgraphs in .7

> Ourcase: &/([N) =~ > (-1l Plgsr

where @5 extracts all “bubbles” €= labelled by element of S,
g is number of bubbles

Since I'IN(@) =2 = 5 we have

3¢2 7 48a2

S|
W) - T () (i)
P scii g\ 4802
Lemma: The diagram commutes, that is,
Dot ox,=Nyd @id)Ao P J
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Borel resummation: The ¢; model
> V() =36°+50°
2(5):f""e—V(¢)d¢:f:e—¢2/2e—a¢>4/4d¢
Z(e)xV2r Y (-£)" (4" 1)” = ane”, ap ~ n!

n>0 n=0
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Borel resummation: The ¢; model
> V() =36°+50°
2(5):f""e—V(¢)d¢:f:e—¢2/2e—a¢>4/4d¢
Z(e)xV2r Y (-£)" (4" 1)” = ane”, ap ~ n!

n>0 n=0

> Borel transform:

Z(e)= ). a,,s"—r(':{l) 3”5 ] t"e tdt
) n>0

n=0

ZBoreI(g) [ e’ Z ans ot dt = /0 et BZ(&t) dt

n=0

where BZ(t) = ¥ 50 2 t"
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Borel resummation: The ¢; model
> V() =36°+50°
2(5):f""e—V(¢)d¢:f:e—4>2/2e—a¢4/4d¢
Z(e)xV2r Y (-£)" (4" 1)” = ane”, ap ~ n!

n>0 n=0

> Borel transform:

Z(e)x ¥ ape" O - 7 2t [T ynetar

n=0 n=0

ZBoreI(g) [ e’ Z ans ot dt = /ooe_tBZ(8t)dt

n=0 0
where BZ(t) = ¥ 50 2 t"

Theorem (Watson 1912, Sokal 1980) Dg = {e:Ree™! > R7!}

If Z analytic in Dg and Z(g) = 7_o ake® + Ry(2) with [Ry(g)| < Cr'nlle|™
unif in n and ¢, then BZ(t) cv for [t| < 1 and Z(¢) = Zgorel(€) in Dg
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Borel resummation: The Cbg model

> Borel summability proved by Magnen and Sénéor (1977)
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Borel resummation: The Cbg model

> Borel summability proved by Magnen and Sénéor (1977)
> Need to prove

o Analycity in Dg: hard?

o Bound |R,(¢)| < Cr"nlle|" in Dg: doable
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Borel resummation: The Cbg model

> Borel summability proved by Magnen and Sénéor (1977)
> Need to prove

o Analycity in Dg: hard?

o Bound |R,(¢)| < Cr"nlle|" in Dg: doable

n-1/__\p
s eoX - 50 Ry, 0=y 0
p=0 p!
e XY = (Mo xy)(59) + (Mo xy)(RY) = Sp + Ry
log Zy = — + log E[e XY ] = —y + log E[S,] + Iog(l + %m)
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Borel resummation: The Cbg model

> Borel summability proved by Magnen and Sénéor (1977)
> Need to prove

o Analycity in Dg: hard?

o Bound |R,(¢)| < Cr"nlle|" in Dg: doable

b e X =60, RO §O0_ nz_:l—(_a)po
~ ~n n n "~
p=0 p!

XY (Mo,)(S9) + (Mo x,)(RD) = Sot R,

log Zy = — + log E[e X BY] = — + log E[S,] + Iog(l + ]IEEF;H)
> logE[S,] = —(|_|/v 0 Z)(Sn) = —(HBPHZ o 2)(S9)
Z Z( a)P b(k)nBPHZ(r(k))

p=2 k
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Borel resummation: The Cbg model

v

Borel summability proved by Magnen and Sénéor (1977)

v

Need to prove
o Analycity in Dg: hard?
o Bound |R,(¢)| < Cr"nlle|" in Dg: doable

n-1/__\p
S i S i
p=0 P!
e XY = (Mo xy)(57) + (Mo x,)(RY) = Sn + Ry

log Zy = — + IogE[e_o‘X_ﬁY] =—v +logE[S,] + Iog(l + Egﬂ)

> log E[Sn] = —(ﬂ/v 0 P)(Sn) = (M 0 2)(S7)
Z Z( a)P b(k)nBPHZ(I—(k))
p=2 k '

> Control remainder by using

o Taylor formula with remainder in integral form
o Cauchy-Schwarz inequality
o Sharp estimates on M7 0 22,(X?") (Hairer 2018, B & Bruned 2019)
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Thanks for your attention!

Slides available at https://www.idpoisson.fr/berglund/Lyon_nov22.pdf

Perturbation theory for the % measure 18 November 2022 16/16


https://arxiv.org/abs/2207.08555
https://arxiv.org/abs/1907.13028
https://dx.doi.org/10.1007/s10955-017-1801-3
https://dx.doi.org/10.4171/ELM/34
https://www.idpoisson.fr/berglund/Lyon_nov22.pdf

