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PART I

Some basics on
stochastic differential equations
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Brownian motion
Paradigm: Brownian motion
R. Brown, 1827

A. Einstein, 1905:
⟨x2⟩

t
=

kBT

6πηr
J. Perrin, 1909:
“weighing the hydrogen atom”

Wiener process {Wt}t⩾0: scaling limit of random walk lim
n→∞

1
√
n
S⌊nt⌋

Stochastic differential equation

Mathematician’s notation: dxt = f (xt)dt
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶

exterior force

+g(xt)dWt
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
random force

Physicist’s notation: ẋ = f (x) + g(x)ξ, ⟨ξ(s)ξ(t)⟩ = δ(s − t)
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Brownian motion

(Online: https://youtu.be/WUzUjcLAjOo)
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The symmetric random walk

Definition: SRW

Sn =
n

∑
i=1

Yi

where the Yi are i.i.d. random variables such that
P{Yi = 1} = P{Yi = −1} = 1

2

Properties:

▷ Centred: E[Sn] = 0 ∀n

▷ Variance: Var(Sn) = n ∀n

▷ Law: P{Sn = k} = 1
2n
(

n
(n+k)/2), k ∈ {−n,−n + 2, . . . ,n − 2,n}

▷ Independent increments: Sn − Sm indep of (S1, . . . ,Sm) for n > m

▷ Stationary increments: Sn − Sm and Sn−m have same law
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The Wiener process

Formally, Wt = lim
n→∞

1
√
n
S⌊nt⌋
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The Wiener process

Formally, Wt = lim
n→∞

1
√
n
S⌊nt⌋

Definition: Wiener process

{Wt}t⩾0 satisfies

1. W0 = 0

2. Independent increments:
For 0 ⩽ s < t, Wt −Ws is independent of {Wu ∶0 ⩽ u ⩽ s}

3. Stationary and Gaussian increments:
For 0 ⩽ s < t, Wt −Ws ∼ N(0, t − s)

Theorem

There exists a unique process satisfying this definition, and whose sample
paths t ↦Wt(ω) are continuous.
One can thus consider the Wiener process as a probability distribution on
continuous functions from R+ to R
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Properties of the Wiener process

▷ Markov property: P{Wt+s ∈ A∣Wt = x} = ∫
A

e−(y−x)
2/2s

√
2πs

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
ps(y ∣x)

dy

▷ Differential property: (Wt+s −Wt)s⩾0 is a Wiener process

▷ Scaling property: (cWt/c2)t⩾0 is a Wiener process for any c > 0

▷ Symmetry: (−Wt)t⩾0 is a Wiener process

▷ Gaussian process: centred with covariance E[WsWt] = min{s, t}

▷ Non-differentiability of paths: The paths t ↦Wt(ω) are almost
surely nowhere Lipschitzian, and thus nowhere differentiable.
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The Wiener process and martingales

▷ Ft = σ({Ws}0⩽s⩽t): information available at time t

▷ E{X ∣Ft}: best estimate of random var X given information at time t
♢ E{X ∣Ft} = X if X depends only on information in Ft

♢ E{X ∣Ft} = E[X ] if X independent of Ft

Definition: Martingale

{Xt}t⩾0 is a martingale if E{Xt ∣Fs} = Xs for all t > s

▷ Wt is a martingale

▷ W 2
t is not a martingale (but it is a submartingale)

▷ W 2
t − t is a martingale

▷ For any c ∈ R, ecWt−c2t/2 is a martingale
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Stochastic differential equations driven by a Wiener
process
▷ Aim: define solutions of

dxt = f (xt)dt + dWt

▷ Transform into integral equation:

xt = x0 + ∫
t

0
f (xs)ds +Wt

▷ Use Banach’s fixed-point argument in some appropriate space

▷ Typical result: If f is locally Lipschitz and does not grow too fast (or
is confining), then there exists a unique global solution
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The Itô integral
▷ Aim: define solutions of dxt = f (xt)dt + g(xt)dWt

▷ Transform into integral equation:

xt = x0 + ∫
t

0
f (xs)ds + ∫

t

0
g(xs)dWs

Problem: Define the stochastic integral

▷ Let Xt be piecewise constant on intervals [tk , tk+1). Define Itô
integral

∫

t

0
Xs dWs = ∑

k

Xtk [Wtk+1 −Wtk ]

Lemma: Itô isometry

If Xs depends only on information in Fs , then E∫
t

0
Xs dWs = 0 and

E[(∫
t

0
Xs dWs)

2
] = ∫

t

0
E[X 2

s ]ds

Allows to define Itô integral for non-piecewise constant integrands by
approximating sequence
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An important example

∫

t

0
Ws dWs =

1

2
W 2

t −
1

2
t

Remark: Stratonovich integral defined by

∫

t

0
Xs ○ dWs = ∑

k

Xtk +Xtk+1
2

[Wtk+1 −Wtk ]

Then

∫

t

0
Ws ○ dWs =

1

2
W 2

t
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Itô’s formula
Let xt satisfy dxt = ft dt + gt dWt

Lemma: Itô formula (chain rule for stochastic integrals)

Let yt = u(t, xt). Then

dyt =
∂u

∂t
(t, xt)dt +

∂u

∂x
(t, xt)[ft dt + gt dWt] +

1

2

∂2u

∂x2
(t, xt)g

2
t dt

▷ Mnemotechnic: dW 2
t = dt

▷ Example: d(W 2
t ) = dt + 2Wt dWt

▷ Example: Mt = ecWt−c2t/2 ⇒ dMt = cMt dWt

▷ Multidim case: u(t, x
(1)
t , . . . , x

(n)
t ) with dx

(i)
t = f

(i)
t dt + g

(i)
t dWt

dyt =
∂u

∂t
dt +∑

i

∂u

∂xi
dx
(i)
t +

1

2
∑
i ,j

∂2u

∂xi∂xj
dx
(i)
t dx

(j)
t

where dx
(i)
t dx

(j)
t = g

(i)
t g

(j)
t dt

▷ Several Wiener processes: dW
(i)
t dW

(j)
t = δij dt
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Examples of solvable SDEs

▷ Ornstein–Uhlenbeck process

dxt = −axt dt + σ dWt ⇒ xt = e−at x0 + σ∫
t

0
e−a(t−s) dWs

▷ Multiplicative noise

dxt = axt dt + σxt dWt ⇒ xt = x0 exp{(a − 1
2σ

2
)t + σWt}

▷ Remark: Numerical simulation:
♢ Euler–Maruyama scheme:

xt+∆t ≃ xt + f (xt)∆t + g(xt)
√

∆tZ Z iid ∼ N(0,1)

♢ Milstein scheme:

xt+∆t ≃ xt + f (xt)∆t + g(xt)
√

∆tZ +
1

2
g(xt)g

′
(xt)∆t(Z 2

− 1)
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Semi-groups and generators

Consider dxt = f (xt)dt + g(xt)dWt in Rn with global in time solutions

▷ Transition density: pt(x , y) ≡ p(y , t ∣x ,0):

Px
{xt ∈ A} ∶= P{xt ∈ A∣x0 = x} = ∫

A
pt(x , y)dy

▷ Markov semi-group: Let φ be a test function (bounded)

(Ptφ)(x) = Ex
[φ(xt)] = ∫

Rn
pt(x , y)φ(y)dy

Markov property ⇒ Semi-group property: Ps ○ Pt = Pt+s
▷ Infinitesimal generator:

(Lφ)(x) = lim
t→0+

(Ptφ)(x) − φ(x)

t
=

d(Ptφ)(x)

dt
∣
t=0

Thus formally, Pt = etL

▷ Dual semigroup: Qt = etL
�

(where ⟨Lφ,ψ⟩ = ⟨φ,L �ψ⟩)

(Qtµ)(A) = Pµ
{xt ∈ A} = ∫

A
∫
Rn
µ(x)pt(x , y)dx dy
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The case of the Wiener process

Let xt =Wt in Rn (f = 0,g = 1l)

▷ Transition density:

pt(x , y) =
1

√
2πtn

e∥x−y∥
2/2t

▷ Infinitesimal generator:

L =
1

2
∆ =

1

2

n

∑
i=1

∂2

∂x2i

▷ Remark: pt(x , y) solves the heat equation

∂

∂t
pt(x , y) =

1

2
∆pt(x , y)
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The general case

Consider dxt = f (xt)dt + g(xt)dWt in Rn with global in time solutions

▷ Infinitesimal generator:

L =
n

∑
i=1

fi(x)
∂

∂xi
+

1

2

n

∑
i ,j=1
(ggT

)ij(x)
∂2

∂xi∂xj

▷ Backward Kolmogorov eq: u(t, x) = (Ptφ)(x) = Ex[φ(Xt)] satisfies

∂u

∂t
(t, x) = (L u)(t, x) , t > 0 , x ∈ Rn ,

u(0, x) = φ(x) , x ∈ Rn .

▷ Forward Kolmogorov or Fokker–Planck eq:

∂

∂t
pt(x , y) =L �

y pt(x , y) , p0(x , y) = δ(x − y)

In particular, if L �ρ = 0, then ρ is an invariant measure
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PART II

The stochastic exit problem
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Definition of the stochastic exit problem

SDE dxt = f (xt)dt + σg(xt)dWt in Rn

Given D ⊂ Rn, define first-exit time

τD = inf{t > 0∶ xt /∈ D}

First-exit location xτD ∈ ∂D defines
harmonic measure µ(A) = Px{xτD ∈ A}

D

xτD

Questions:

▷ Properties of τD – expectation, distribution?

▷ Properties of exit location?

▷ What if ∂D is invariant under the deterministic flow?

▷ Effective dynamics when there are several attractors?

Methods:

▷ PDE methods (boundary value problems)

▷ Theory of large deviations (Freidlin and Wentzell), σ ≪ 1

▷ Potential-theoretic methods (best understood in gradient case)
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Arrhenius’ law and Eyring–Kramers law

dxt = −∇V (xt)dt +
√

2εdWt

V ∶ Rn → R confining potential

τ xy = inf{t > 0∶ xt ∈ Bε(y)}
first-hitting time of small ball Bε(y),
when starting in x

Luminy

Mont
Puget

Calanque de Sugiton
x

z

y

Col de Sugiton

Arrhenius’ law (1889): E[τ xy ] ≃ e[V (z)−V (x)]/ε

Eyring–Kramers law (1935, 1940):
Eigenvalues of Hessian of V at minimum x : 0 < ν1 ⩽ ν2 ⩽ ⋅ ⋅ ⋅ ⩽ νn
Eigenvalues of Hessian of V at saddle z : λ1 < 0 < λ2 ⩽ ⋅ ⋅ ⋅ ⩽ λn

E[τ xy ] = 2π

√
λ2...λn

∣λ1∣ν1...νn e[V (z)−V (x)]/ε[1 + Oε(1)]

Arrhenius’ law: proved by Freidlin, Wentzell (1979) using large deviations

Eyring–Kramers law: Bovier, Eckhoff, Gayrard, Klein (2004) using potential theory,

Helffer, Klein, Nier (2004) using Witten Laplacian, . . .
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Dynkin’s formula

Theorem: Dynkin’s formula (Itô’s formula for stopping times)

Let τ be a random stopping time, and let φ ∶ Rn → R. Then

Ex[φ(xτ)] = φ(x) +Ex
[∫

τ

0
(Lφ)(xs)ds]

Consequence: For D ⊂ Rn, ψ ∶ ∂D → R, θ ∶ D → R, τ = τD

u(x) = Ex
[ψ(xτ) − ∫

τ

0
θ(xs)ds] ⇔

⎧⎪⎪
⎨
⎪⎪⎩

(L u)(x) = θ(x) x ∈ D

u(x) = ψ(x) x ∈ ∂D

Applications:

▷ Mean exit time of Brownian motion from a ball

▷ Recurrence/transience of Brownian motion

▷ For a 1-dim diffusion, committor h(x) = Px{τa < τb}

▷ For dxt = −V
′(xt)dt +

√
2εdWt in R and x > a

Ex
[τa] =

1

ε
∫

x

a
∫

∞

x2
e[V (x2)−V (x1)]/ε dx1 dx2 ⇒ Eyring–Kramers law
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The Feynman–Kac formula

Theorem: Feynman–Kac formula

For q ∶ Rn → R and φ ∶ Rn → R

v(t, x) = Ex
[e−∫

t
0 q(xs)dsφ(xt)] ⇔

⎧⎪⎪
⎨
⎪⎪⎩

∂v
∂t =L v − q(x)v t > 0, x ∈ Rn

v(0, x) = φ(x) x ∈ Rn

Combining Dynkin and F–K: for D ⊂ R, θ ∶ D → R, φ ∶ ∂D → R, τ = τD

v(x) = Ex
[e−λτ φ(xτ) − ∫

τ

0
e−λs θ(xs)ds]

satisfies
⎧⎪⎪
⎨
⎪⎪⎩

(L v)(x) = λv(x) + θ(x) x ∈ D

v(x) = φ(x) x ∈ ∂D

Example: xt = x +Wt , D = (−a, a), x ∈ D

Ex
[e−λτ ] =

cosh(
√

2λx)

cosh(
√

2λa)
⇒

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

Ex[τ] = a2 − x2

Ex[τ2] = 1
3(5a

4 − 6a2x2 + x4)

. . .
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Large-deviation theory
▷ Consider the SDE

dxt = f (xt)dt +
√
εg(xt)dWt

with an invertible diffusion matrix D(x) = g(x)g(x)T (ellipticity)

▷ For a path γ ∶ [0,T ] → Rn, define the rate (or action) function

J (γ) =
1

2 ∫
T

0
⟨γ̇(t) − f (γ(t)),D(γ(t))−1γ̇(t) − f (γ(t))⟩dt

▷ Remark 1: If D(x) = 1l then J (γ) =
1

2 ∫
T

0
∥γ̇(t) − f (γ(t))∥2 dt

▷ Remark 2: J (γ) ⩾ 0 and J (γ) = 0⇔ γ̇(t) = f (γ(t))

▷ Large-deviation principle (imprecise version):
The proba that xt stays close to γ(t) on [0,T ] has order e−J (γ)/ε

▷ Large-deviation principle (more precise version):
Let Γ be a set of paths γ ∶ [0,T ] → Rn. Then

lim
ε→0

ε logP{(xt) ∈ Γ} = − inf
γ∈Γ

J (γ)
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Large-deviation theory for scaled Wiener process

Scaled Wiener process: xt =
√
εWt

▷ The rate function
J (γ) =

1

2 ∫
T

0
∥γ̇(t))∥2 dt

is the Lagrangian action of a free particle

▷ To estimate:

P{τ[−h,h] < T} = P{∃t ∈ [0,T ]∶ ∣xt ∣ > h} = P{ sup
t∈[0,T ]

∣xt ∣ > h}

▷ Define set of paths

Γ = {γ ∶ [0,T ] → Rn
∶γ(0) = 0,∃t ∈ [0,T ], ∣γ(t)∣ > h}

Then infimum of J over Γ is reached for straight line γ∗(t) = th
T :

inf
γ∈Γ

J (γ) =J (γ∗) =
h2

2T

▷
Conclusion: lim

ε→0
ε logP{τ[−h,h] < T} = −

h2

2T
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Large-deviation theory for the OU process

Ornstein–Uhlenbeck process: dxt = −xt dt +
√
εWt

▷ Rate function J (γ) =
1

2 ∫
T

0
(γ̇(t) + γ(t))2 dt

▷ Euler–Lagrange eq: γ̈ = γ ⇒

γt(s) =

⎧⎪⎪
⎨
⎪⎪⎩

h−x0 e−t
2 sinh(t) es + x0 e

t −h
2 sinh(t) e−s 0 ⩽ s ⩽ t

h e−(s−t) t < s ⩽T

x

x0

h

st1 t2 T

γt1(s) γt2(s)

γT (s)

φ

ψ

x0 h

inf
γ∈Γ

J (γ) =J (γT ) =
(h eT/2 −x0 e−T/2)2

2 sinh(T)

lim
T→∞

inf
γ∈Γ

J (γ) = h2

▷ Hamilton eq: H(φ,ψ) = 1
2ψ

2 − φψ
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Large-deviation theory for gradient systems

Gradient SDE: dxt = −∇U(xt)dt +
√
εWt

▷ Rate function:

J (γ) =
1

2 ∫
T

0
∥γ̇(s) + ∇U(γ(s))∥2 ds

=
1

2 ∫
T

0
∥γ̇(s) − ∇U(γ(s))∥2 ds + 2∫

T

0
⟨γ̇(s),∇U(γ(s))⟩ds

=
1

2 ∫
T

0
∥γ̇(s) − ∇U(γ(s))∥2 ds + 2[U(γ(T )) −U(γ(0))]

▷ If γ(0) is a potential minimum reachable from γ(T )

lim
T→∞

J (γ) = 2[U(γ(T )) −U(γ(0))]

▷ Consequence: if Γ is the set of paths leaving D in time T and D is
contained in a well of U

inf
γ∈Γ

lim
T→∞

J (γ) = 2[ inf
x∈∂D

U(x) −U(γ(0))]
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Large-deviation theory and exit from a domain
▷ D with unique equilibrium x∗ and inward-pointing flow on ∂D

▷ Quasipotential: For y ∈ ∂D

V (x∗, y) = inf
t>0

inf{J (γ)∶γ(0) = x∗, γ(t) = y}

Theorem [Freidlin & Wentzell]

Let V = inf
y∈∂D

V (x∗, y)

For x0 ∈ D, lim
T→∞

lim
ε→0

ε logPx0{τD ⩽T} = −V

Theorem [Freidlin & Wentzell]

▷ For any η > 0, lim
ε→0

Px0{e(V−η)/ε < τD < e(V+η)/ε} = 1

▷ Arrhenius’ law: lim
ε→0

ε logEx0[τD] = V

▷ For any closed N ⊂ ∂D such that infy∈N V (x∗, y) > V
lim
ε→0

Px0{xτD ∈ N} = 0

Introduction to stochastic calculus 13–15 February, 2023 28/56



Large-deviation theory and exit from a domain
▷ D with unique equilibrium x∗ and inward-pointing flow on ∂D

▷ Quasipotential: For y ∈ ∂D

V (x∗, y) = inf
t>0

inf{J (γ)∶γ(0) = x∗, γ(t) = y}

Theorem [Freidlin & Wentzell]

Let V = inf
y∈∂D

V (x∗, y)

For x0 ∈ D, lim
T→∞

lim
ε→0

ε logPx0{τD ⩽T} = −V

Theorem [Freidlin & Wentzell]

▷ For any η > 0, lim
ε→0

Px0{e(V−η)/ε < τD < e(V+η)/ε} = 1

▷ Arrhenius’ law: lim
ε→0

ε logEx0[τD] = V

▷ For any closed N ⊂ ∂D such that infy∈N V (x∗, y) > V
lim
ε→0

Px0{xτD ∈ N} = 0

Introduction to stochastic calculus 13–15 February, 2023 28/56



Large-deviation theory and exit from a domain
▷ D with unique equilibrium x∗ and inward-pointing flow on ∂D

▷ Quasipotential: For y ∈ ∂D

V (x∗, y) = inf
t>0

inf{J (γ)∶γ(0) = x∗, γ(t) = y}

Theorem [Freidlin & Wentzell]

Let V = inf
y∈∂D

V (x∗, y)

For x0 ∈ D, lim
T→∞

lim
ε→0

ε logPx0{τD ⩽T} = −V

Theorem [Freidlin & Wentzell]

▷ For any η > 0, lim
ε→0

Px0{e(V−η)/ε < τD < e(V+η)/ε} = 1

▷ Arrhenius’ law: lim
ε→0

ε logEx0[τD] = V

▷ For any closed N ⊂ ∂D such that infy∈N V (x∗, y) > V
lim
ε→0

Px0{xτD ∈ N} = 0

Introduction to stochastic calculus 13–15 February, 2023 28/56



The potential-theoretic approach

dxt = −∇V (xt)dt +
√

2εdWt

▷ Generator: L = ε∆ −∇V ⋅ ∇ = ε eV /ε∇ ⋅ e−V /ε∇

▷ Invariant probability: π(dx) = 1
Z e−V (x)/ε dx ⇒ L �π = 0

▷ Reversible: ⟨f ,L g⟩ = ⟨L f ,g⟩ for ⟨f ,g⟩ = ∫
Rd

e−V (x)/ε f (x)g(x)dx

▷ Dirichlet form: E (f ) = ⟨f ,−L f ⟩ = ε∫
Rd

e−V (x)/ε∣∇f (x)∣2 dx

E (f ,g) = ⟨f ,−L g⟩

▷ Committor: A,B ⊂ Rn,A ∩B = ∅

hAB(x) = Px
{τA < τB} satisfies

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

(L hAB)(x) = 0 x ∈ (A ∪B)c

hAB(x) = 1 x ∈ A

hAB(x) = 0 x ∈ B

▷ Equilibrium measure: eAB(dx) = (−L hAB)(dx) measure on x ∈ ∂A

⇒ hAB(x) = ∫
A
GB(x , y)eAB(dy) GB =L −1

Bc
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e−V (x)/ε f (x)g(x)dx

▷ Dirichlet form: E (f ) = ⟨f ,−L f ⟩ = ε∫
Rd

e−V (x)/ε∣∇f (x)∣2 dx

E (f ,g) = ⟨f ,−L g⟩

▷ Committor: A,B ⊂ Rn,A ∩B = ∅

hAB(x) = Px
{τA < τB} satisfies

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

(L hAB)(x) = 0 x ∈ (A ∪B)c

hAB(x) = 1 x ∈ A

hAB(x) = 0 x ∈ B

▷ Equilibrium measure: eAB(dx) = (−L hAB)(dx) measure on x ∈ ∂A

⇒ hAB(x) = ∫
A
GB(x , y)eAB(dy) GB =L −1

Bc
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Potential-theoretic approach: capacity

Capacity: cap(A,B) = ∫
∂A

e−V (x)/ε eAB(dx) = E (hAB)

⇒ νAB(dx) =
1

cap(A,B) e−V (x)/ε eAB(dx) is a probability measure on ∂A

Theorem (“Magic” formula):

EνAB [τB] ∶= ∫
∂A

Ex
[τB]νAB(dx) =

1

cap(A,B) ∫Bc
e−V (x)/ε hAB(x)dx

Theorem: Dirichlet principle

Let HAB = {h ∶ Rd → [0,1]∶h∣A = 1,h∣B = 0}. Then

cap(A,B) = inf
h∈HAB

E (h) = E (hAB)

Theorem: Thomson principle [Landim, Mariani, Seo 2018]

Let UAB = {f ∶ ∇ ⋅ f ∣(A∪B)c = 0, ∫∂A f (x) ⋅ nA(x)σ(dx) = 1}. Then

cap(A,B) = sup
f ∈UAB

1

D(f )
=

1

D(fAB)
D(f ) =

1

ε
∫ eV (x)/ε∣f (x)∣2 dx
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Proving the Eyring–Kramers law

dxt = −∇V (xt)dt +
√

2εdWt

▷ A,B small balls around x , y x

z

y

▷ Laplace asymptotics: ∫
Bc

hA,B(y) e−V (y)/ε dy ≃

√
(2πε)d
ν1...νd

e−V (x)/ε

▷ Variational arguments: cap(A,B) ≃ ε
√
∣λ1∣
2πε

√
(2πε)d−1
λ2...λd

e−V (z)/ε

Test function for Dirichlet principle: 1d committor

h(x1) = ∫
δ

x1
eV (ξ,0)/ε dξ[∫

δ

−δ
eV (ξ,0)/ε dξ]

−1
δ = O([ε log(ε−1)]1/2)

▷ Use Harnack inequalities to show that EνA,B [τB] ≃ Ex[τB]
Alternative: coupling argument by [Martinelli, Olivieri & Scoppola]

Eyring–Kramers law:

Ex[τB] = 2π

√
λ2...λd
∣λ1∣ν1...νd e[V (z)−V (x)]/ε[1 +O(ε1/2 log(ε−1)3/2)]
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Potential-theoretic approach: non-reversible case
[Landim, Mariani & Seo 2019]:
▷ EDS dxt = f (xt)dt +

√
2εg(xt)dWt with generator L

▷ Invariant measure dπ = e−V (x ;ε)/ε dx , V sat. Hamilton–Jacobi eq.

▷ Decompose L =Ls +La where
♢ Ls = eV /ε∇ ⋅D e−V /ε∇, where D = ggT , is self-adjoint wrt π

♢ La = c ⋅ ∇ (c explicitly known) is skew-symmetric: L �
a = −La

▷ Adjoint system: generator L ∗ =Ls −La

Theorem: [LMS 2019] For any A,B ⊂ Rn, A ∩B = ∅

∫
∂A

Ex[τB]dνAB =
1

cap(A,B) ∫Bc
h∗AB(x)dπ

▷ dνAB probability measure on ∂A

▷ cap(A,B): capacity, satisfies Dirichlet and Thomson principles

▷ h∗AB(x) = P
∗,x{τA < τB} committor for adjoint dynamics

Main difficulty: Compute/estimate invariant measure dπ
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PART III

Slow–fast SDEs
and applications
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A motivating example: Stochastic resonance

youtu.be/HbJ I3xbIMgdxt = [−x
3
t + xt +A cos(εt)]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=− ∂
∂x
[ 1
4
x4− 1

2
x2−Ax cos(εt)]∣

xt

dt + σ dWt

Introduction to stochastic calculus 13–15 February, 2023 34/56

https://youtu.be/HbJ_I3xbIMg


Stochastic resonance in an SDE

dxt = [−x
3
t + xt +A cos(εt)]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=− ∂
∂x
[ 1
4
x4− 1

2
x2−Ax cos(εt)]∣

xt

dt + σ dWt

▷ Ice Ages: deterministically bistable climate [Croll, Milankovitch]

▷ random perturbations due to weather
[Benzi-Sutera-Vulpiani, Nicolis-Nicolis]

Sample paths {xt}t for ε = 0.001:

A = 0, σ = 0.3 A = 0.24, σ = 0.2

A = 0.1, σ = 0.27 A = 0.35, σ = 0.2
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Descriptions of stochastic resonance

▷ Fokker–Planck equation: [Caroli, Caroli, Roulet & Saint-James ’81]

▷ Two-state Markov chain: [Eckmann & Thomas ’82],
[Imkeller & Pavljukevich ’02], [Herrmann & Imkeller ’02]

▷ Signal-to-noise ratio: [Gammaitoni, Menichella-Saetta & . . . ’89],
[Fox ’89], [Jung& Hänggi ’89], [McNamara & Wiesenfeld ’89]

▷ Slow forcing: [Jung & Hänggi ’91], [Talkner ’99], [Talkner &  Luczka ’04]

▷ Large deviations: [Freidlin ’00, Freidlin ’01]

▷ Residence-time distributions: [Zhou, Moss & Jung ’90],
[Choi, Fox & Jung ’98], . . .

▷ Overview articles:
[Moss, Pierson & O’Gorman ’94], [Wiesenfeld & Moss ’95],
[McNamara & Wiesenfeld ’95], [Wiesenfeld & Jaramillo ’98],
[Gammaitoni, Hänggi, Jung & Marchesoni ’98], [Hänggi ’02],
[Wellens, Shatokhin & Buchleitner ’04], . . .

▷ Monograph: [Herrmann, Imkeller, Pavlyukevich & Peithmann ’14]
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The synchronisation regime
Ac =

2
3
√
3

, A = Ac − δ, 0 < δ ≪ 1. Critical noise intensity: σc = max{δ, ε}3/4

σ ≪ σc:
transitions unlikely

σ ≫ σc:
synchronisation

Theorem [B & Gentz, Annals App. Proba 2002]

▷ Away from (avoided) bifurcations, sample paths concentrated in
σ-neighbourhood of deterministic stable periodic solutions

▷ σ ≪ σc: transition probability per period ⩽ e−σ
2
c/σ2

▷ σ ≫ σc: transition probability per period ⩾ 1 − e−cσ
4/3/(ε∣logσ∣)
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One-dimensional time-dependent equations

On the slow time scale εt:

ε
dx

dt
= f (x , t)

▷ Equilibrium branch: {x = x⋆(t)} where f (x⋆(t), t) = 0 for all t

▷ Stable if a⋆(t) = ∂x f (x⋆(t), t) ⩽ −a0 < 0 for all t

Then [Tikhonov ’52, Fenichel ’79]:

▷ There exists particular solution

x̄(t) = x⋆(t) +O(ε)

▷ x̄ attracts nearby orbits exp. fast

▷ x̄ admits asymptotic series in ε
t

x

x⋆(t)

xt
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Slow–fast systems with noise

Stochastic perturbation:

dxt =
1

ε
f (xt , t) dt +

σ
√
ε

dWt

Write xt = x̄(t) + ξt and Taylor-expand:

dξt =
1

ε
[ā(t)ξt + b(ξt , t)

´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
=O(ξ2t )

] dt +
σ
√
ε

dWt

where ā(t) = ∂x f (x̄(t), t) = a
⋆(t) +O(ε)

Variations of constants (Duhamel formula), if ξ0 = 0:

ξt =
σ
√
ε
∫

t

0
eᾱ(t,s)/ε dWs

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
ξ0t : sol of linearised system

+
1

ε
∫

t

0
eᾱ(t,s)/ε b(ξs , s)ds

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
treat as a perturbation

where ᾱ(t, s) = ∫
t
s ā(u)du
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where ā(t) = ∂x f (x̄(t), t) = a
⋆(t) +O(ε)

Variations of constants (Duhamel formula), if ξ0 = 0:

ξt =
σ
√
ε
∫

t

0
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Slow–fast systems with noise

Properties of ξ0t =
σ
√
ε
∫

t

0
eᾱ(t,s)/ε dWs :

▷ Gaussian process, E[ξ0t ] = 0, Var(ξ0t ) =
σ2

ε ∫
t
0 e2ᾱ(t,s)/ε ds

▷ Confidence interval: P{∣ξ0t ∣ > h
σ

√
Var(ξ0t )} = O(e

−h2/2σ2
)

▷ σ−2 Var(ξ0t ) satisfies ODE εv̇ = 2ā(t)v + 1

Lemma [B & Gentz, Proba. Theory Relat. Fields 2002]

v̄(t) solution of ODE bounded away from 0: v̄(t) = 1
−2ā(t) +O(ε)

P{ sup
0⩽s⩽t

∣ξ0s ∣√
v̄(s)

> h} = C0(t, ε) e−h
2/2σ2

where C0(t, ε) =
√

2
π
1
ε
h
σ ∣∫

t

0
ā(s)ds ∣[1 +O(ε + t

ε e−h
2/σ2

)]

Proof based on Doob’s submartingale inequality and partition of [0, t]

Introduction to stochastic calculus 13–15 February, 2023 40/56



Slow–fast systems with noise

Properties of ξ0t =
σ
√
ε
∫

t

0
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−2ā(t) +O(ε)

P{ sup
0⩽s⩽t

∣ξ0s ∣√
v̄(s)

> h} = C0(t, ε) e−h
2/2σ2

where C0(t, ε) =
√

2
π
1
ε
h
σ ∣∫

t

0
ā(s)ds ∣[1 +O(ε + t

ε e−h
2/σ2

)]

Proof based on Doob’s submartingale inequality and partition of [0, t]
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Slow–fast systems with noise

Nonlinear equation: dξt =
1

ε
[ā(t)ξt + b(ξt , t)] dt +

σ
√
ε

dWt

Confidence strip: B(h) = {∣ξ∣ ⩽ h
√
v̄(t) ∀t} = {∣x − x̄(t)∣ ⩽ h

√
v̄(t) ∀t}

x̄(t)

xt

x⋆(t)

B(h)

Theorem [B & Gentz, Proba. Theory Relat. Fields 2002]

C(t, ε) e−κ−h
2/2σ2

⩽P{leaving B(h) before time t} ⩽ C(t, ε) e−κ+h
2/2σ2

where κ± = 1 ∓O(h) and C(t, ε) = C0(t, ε)[1 +O(h)] (requires h ⩽ h0)
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Avoided transcritical bifurcation

dxt =
1

ε
[t2 + δ − x2t + . . . ] dt +

σ
√
ε

dWt

Equil. curve: x⋆(t) ≃
√
t2 + δ

Slow sol.: x̄(t) = x⋆(t) +O(min{ ε
∣t ∣ ,

ε√
δ+ε})

ā(t) = ∂x f (t, x̄(t)) ≍

⎧⎪⎪
⎨
⎪⎪⎩

−∣t ∣ ∣t ∣ ⩾
√
δ + ε

−
√
δ + ε ∣t ∣ ⩽

√
δ + ε

Confidence strip B(h): width ≍ h/
√
∣ā(t)∣

t

x

x⋆(t)

x̄(t)

B(h)

Theorem [B & Gentz, AAP 2002]

P{leaving B(h) before time t} ⩽ C(t, ε) e−κh
2/2σ2

where κ = 1 −O(sups⩽t h∣ā(s)∣
−3/2) −O(ε) ⇒ requires h < h0 infs⩽t ∣ā(s)∣

3/2

▷ σ < σc = max{δ, ε}3/4: result applies ∀ t, P{trans} = O(e−κσ
2
c/σ2
)

▷ σ > σc = max{δ, ε}3/4: result applies up to t ≍ −σ2/3
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Above threshold
What happens for σ > σc and t > −σ2/3?
General principle: partition t0 = s0 < s1 < s2 < ⋅ ⋅ ⋅ < sn = t of [t0, t]

Lemma Let Pk = P{making no transition during (sk−1, sk]}. Then

P{making no transition during [t0, t]} ⩽
n

∏
k=1

Pk

Choose partition s.t. each Pk ⩽ q < 1 ⇒ P{no transition} ⩽ e−n log q

Define partition such that

∫

sk

sk−1
∣ā(s)∣ds = cε∣logσ∣ ⇒ Pk ⩽

2

3

Thm [B & Gentz, AAP 2002]

Transition probability ⩾1 − e−κσ
4/3/(ε∣logσ∣)
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Transition probability ⩾1 − e−κσ
4/3/(ε∣logσ∣) t

x

x⋆(t)

x̄(t)
B(h)
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Rising variance near tipping points

Saddle–node (fold) bifurcation: dxt =
1

ε
[−x2t − t]dt +

σ
√
ε

dWt

▷ Fluctuations grow like σ
∣ā(t)∣1/2 ≍

σ
max{(−t)1/4,ε1/6}

▷ Early transitions occur if σ ≫ ε1/2 at time ≍ −σ4/3

Theorem [B & Gentz, Nonlinearity 2002]

▷ σ < ε1/2: transition probability before fold ⩽ e−cε/σ
2

▷ σ > ε1/2: probability of early transition ⩾1 − e−cσ
2/(ε∣logσ∣)

[Carpenter, Brock, Rising variance: a leading indicator of ecological transition,

Ecology Letters 9, 311–318 (2006)]
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Stommel’s box model

▷ Ti : temperatures

▷ Si : salinities

▷ F : freshwater flux

▷ Q(∆ρ): mass exchange

▷ ∆ρ = αS∆S − αT∆T

▷ ∆T = T1 −T2

▷ ∆S = S1 − S2

T1,S1

low latitudes

10○N − 35○N

T2,S2

high latitudes

35○N − 75○N

Q(∆ρ)

F

d

dt
∆T = −

1

τr
(∆T − θ) −Q(∆ρ)∆T

d

dt
∆S =

S0
H
F −Q(∆ρ)∆S

Model for Q [Cessi]: Q(∆ρ) =
1

τd
+

q

V
∆ρ2.
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Stommel’s box model

Scaling: x = ∆T
θ , y = ∆SαS

αT θ
, t ↦ τd t

Separation of time scales: τr ≪ τd , ε = τr /τd ≪ 1

εẋ = −(x − 1) − εx[1 + η2(x − y)2]

ẏ = µ − y[1 + η2(x − y)2]

where η2 = τd(αT θ)
2 q
V , µ = αSS0τd

αT θH
F

Slow manifold [Fenichel ’79]: x = 1 +O(ε) ⇒ εẋ = 0.

Reduced equation on slow
manifold:

ẏ = µ − y[1 + η2(1 − y)2 +O(ε)]

One or two stable equilibria,
depending on µ (and η).
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Hysteresis
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Figure 1. Nils Berglund and Barbara Gentz

The E�e
t of Additive Noise on Dynami
al Hysteresis
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[B & Gentz, Nonlinearity 2002]
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Generalisation to the multidimensional case

εẋ = f (x , y) x ∈ Rn , fast variables

ẏ = g(x , y) y ∈ Rm , slow variables

▷ Critical manifold: f (x⋆(y), y) = 0 (for all y in some domain)

▷ Stability: Eigenvalues of A(y) = ∂x f (x
⋆(y), y) have negative real

parts

Theorem [Tihonov ’52, Fenichel ’79]

∃ slow manifold x = x̄(y , ε) s.t.

▷ x̄(y , ε) is invariant

▷ x̄(y , ε) attracts nearby
solutions

▷ x̄(y , ε) = x⋆(y) +O(ε)

x

y1

y2

x = x⋆(y)
x = x̄(y , ε)
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Generalisation to the multidimensional case

dxt =
1

ε
f (xt , yt) dt +

σ
√
ε
F (xt , yt) dWt (fast variables ∈ Rn)

dyt = g(xt , yt) dt + σ′G(xt , yt) dWt (slow variables ∈ Rm)

B(h): confidence set

defined by covariance

of linearised equation

for x − x̄(y , ε)

A(y) ∶= ∂x f (x̄(y , ε), y)

x

y1

y2
B(h)

x = x̄(y , ε)
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for x − x̄(y , ε)

A(y) ∶= ∂x f (x̄(y , ε), y)

x

y1

y2
B(h)

x = x̄(y , ε)

X : covariance matrix of linearisation, solution of deterministic slow–fast ODE

εẊ = A(y)X +XA(y)T + F (x̄(y , ε), y)F (x̄(y , ε), y)T

ẏ = g(x̄(y , ε), y)

B(h) :={(x , y)∶ ⟨[x − x̄(y , ε)],X (y)−1[x − x̄(y , ε)]⟩ < h2}
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Generalisation to the multidimensional case

dxt =
1

ε
f (xt , yt) dt +

σ
√
ε
F (xt , yt) dWt (fast variables ∈ Rn)

dyt = g(xt , yt) dt + σ′G(xt , yt) dWt (slow variables ∈ Rm)

B(h): confidence set

defined by covariance

of linearised equation

for x − x̄(y , ε)

A(y) ∶= ∂x f (x̄(y , ε), y)

x

y1

y2
B(h)

x = x̄(y , ε)

Theorem [B & Gentz, J. Diff. Equ. 2004] Norm. hyperbolic stable case:

C−(t, ε) e−κh
2/2σ2

⩽ P{leaving B(h) before time t} ⩽ C+(t, ε) e−κh
2/2σ2

where κ = 1 −O(h) −O(ε)

Introduction to stochastic calculus 13–15 February, 2023 49/56



Folded-node singularity in dim 3: The Koper model

εdxt = [yt − x
3
t + 3xt]dt +

√
εσF (xt , yt , zt)dWt

dyt = [kxt − 2(yt + λ) + zt]dt + σ
′G1(xt , yt , zt)dWt

dzt = [ρ(λ + yt − zt)]dt + σ′G2(xt , yt , zt)dWt

Ma−
0

Ma+
0

Mr
0

L−

L+

P∗

Σ

x

y

z

Folded-node singularity at P∗ induces mixed-mode oscillations
[Benôıt, Lobry ’82, Szmolyan, Wechselberger ’01, . . . ]

Poincaré map Π ∶ Σ→ Σ is almost 1d due to contraction in x-direction
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Size of fluctuations

µ≪ 1 : eigenvalue ratio
at folded node

Regular fold

Folded node

Σ1

Σ′
1Σ′′

1Σ2

Σ3

Σ4

Σ′
4

Σ5

Σ6

Ca−
0

Cr
0

Ca+
0

Transition ∆x ∆y ∆z

Σ2 → Σ3 σ + σ′ σ
√

ε + σ′

Σ3 → Σ4 σ + σ′ σ
√

ε + σ′

Σ4 → Σ′4
σ

ε1/6
+

σ′

ε1/3
σ
√

ε∣log ε∣ + σ′

Σ′4 → Σ5 σ
√

ε + σ′ε1/6 σ
√

ε + σ′ε1/6

Σ5 → Σ6 σ + σ′ σ
√

ε + σ′

Σ6 → Σ1 σ + σ′ σ
√

ε + σ′

Σ1 → Σ′1 (σ + σ′)ε1/4 σ′

Σ′1 → Σ′′1 if z = O(
√
µ) (σ + σ′)(ε/µ)1/4 σ′(ε/µ)1/4

Σ′′1 → Σ2 (σ + σ′)ε1/4 σ′ε1/4
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Fold for one fast and two slow variables

x

y

z

Cr
0Ca−

0

Σ′
4

(x0, y0, z0)
Σ∗
n Σ∗

n+1 Σ5

c1ǫ
2/3

ǫ1/32n

(δ0, y
∗, z∗)

Proposition [B, Gentz & Kuehn, JDDE 2015]:

For h = O(ε2/3),

P{∥(yτΣ5
, zτΣ5

) − (y∗, z∗)∥ > h}

⩽ C ∣log ε∣(exp{−
κh2

σ2ε + (σ′)2ε1/3
} + exp{−

κε

σ2 + (σ′)2ε
})
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Main results

[B, Gentz, Kuehn, JDE 2012 & JDDE 2015]

Theorem 1: canard spacing

At z = 0, kth canard lies at distance
√
ε e−c(2k+1)

2µ from primary canard

Theorem 2: size of fluctuations

(σ + σ′)(ε/µ)1/4 up to z =
√
εµ

(σ + σ′)(ε/µ)1/4 ez
2/(εµ) for z ⩾

√
εµ

z

x (+z)
√

ε
µ
√

ε

kµ
√

ε

√
ε e−cµ

√
ε e−c(2k+1)

2µ

Theorem 3: early escape

P0 ∈ Σ1 in sector with k > 1/
√
µ ⇒ first hitting of Σ2 at P2 s.t.

PP0{z2 ⩾ z} ⩽ C ∣log(σ + σ′)∣γ e−κz
2/(εµ∣log(σ+σ′)∣)

▷ Saturation effect occurs at kc ≃
√
∣log(σ + σ′)∣/µ

▷ For k > kc, behaviour indep. of k and ∆z ⩽O(
√
εµ∣log(σ + σ′)∣ )
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Poincaré map zn ↦ zn+1

-9.3 -9.2 -9.1 -9.0 -8.9 -8.8 -8.7 -8.6 -8.5 -8.4 -8.3

-9.2

-9.1

-9.0

-8.9

-8.8

-8.7

-8.6

-8.5

k = −10, λ = −7.6, ρ = 0.7, ε = 0.01, σ = σ′ = 0 – c.f. [Guckenheimer, Chaos, 2008]
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