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Brownian motion

Paradigm: Brownian motion
R. Brown, 1827
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Brownian motion

Paradigm: Brownian motion
R. Brown, 1827

2
A. Einstein, 1905: ﬂ = ﬂ
t o6mnr
J. Perrin, 1909:
“weighing the hydrogen atom”
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Brownian motion

Paradigm: Brownian motion /
R. Brown, 1827 [

2
A. Einstein, 1905: ﬂ = ﬂ /
t 6mnr

J. Perrin, 1900: f‘\ / \
—

“weighing the hydrogen atom”

1
Wiener process { W, }+s0: scaling limit of random walk lim —=5
n

n—oo
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Brownian motion

Paradigm: Brownian motion /
R. Brown, 1827 [

. N 1
Wiener process { W, }+s0: scaling limit of random walk lim —=5
n

n—oo

00) _ kT

A. Einstein, 1905:
t o6mnr

J. Perrin, 1909:
“weighing the hydrogen atom”

Stochastic differential equation

Mathematician's notation: dxt = f(x¢)dt +g(x)dW;
L — | —
exterior force random force

Physicist's notation:  x =f(x) +g(x)§, (£(s)&(t)) =d(s—1t)
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Brownian motion

(Online: https://youtu.be/WUzUjcLAj0o)
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https://youtu.be/WUzUjcLAjOo

The symmetric random walk
Definition: SRW
5n = 2 Yl

i=1

where the Y; are i.i.d. random variables such that
B =Rl =S
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The symmetric random walk

Definition: SRW

5, = z Y;
where the Y; are i.i.d. random variables such that
P{Y;=1}=P{Y;=-1} =3

Properties:
> Centred: E[S,] =0 Vn
> Variance: Var(S,) =n Vn
> Law: P{S, =k} = 2,,((n+k)/2) ke{-n,—n+2,....n-2n}
> Independent increments: S, - S, indep of (S1,...,Sy,) for n>m

> Stationary increments: S, - S,, and S,,_,, have same law
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The Wiener process

1
Formally, W; = lim —=5) 4
n

n—oo

A

215n

-20
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The Wiener process

1
Formally, W; = lim —=5) 4
n

n—oo

Definition: Wiener process
{ Wt} 50 satisfies
1. Wp=0

2. Independent increments:
For 0<s < t, Wy — Ws is independent of {W,:0<u<s}

3. Stationary and Gaussian increments:
For0<s<t, Wy — Ws~N(0,t-5)
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The Wiener process

1
Formally, W; = lim —=5) 4
n

n—oo

Definition: Wiener process
{ Wt} 50 satisfies
1. Wo=0
2. Independent increments:
For 0<s < t, Wy — Ws is independent of {W,:0<u<s}

3. Stationary and Gaussian increments:
For 0<s<t, Wy—Ws~N(0,t-5s)

Theorem

There exists a unique process satisfying this definition, and whose sample
paths t = W;(w) are continuous.

One can thus consider the Wiener process as a probability distribution on
continuous functions from R, to R
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Properties of the Wiener process
e_(y_x)2/25

—d
\V27s Y

| —
ps(ylx)

> Markov property: P{W;,s € AW, = x} = fA

v

Differential property: (Wiis — W;)ss0 is a Wiener process

v

Scaling property: (cW;c2)ez0 is a Wiener process for any ¢ >0

v

Symmetry: (—-W;)¢s0 is a Wiener process

v

Gaussian process: centred with covariance E[ W;W;] = min{s, t}

> Non-differentiability of paths: The paths t — W;(w) are almost
surely nowhere Lipschitzian, and thus nowhere differentiable.
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The Wiener process and martingales

> Ft = 0({Ws}ocs<e): information available at time ¢

> E{X|.Z:}: best estimate of random var X given information at time t
o E{X|#:} =X if X depends only on information in .%,
o E{X|.#:} =E[X] if X independent of .7,
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The Wiener process and martingales

> Ft = 0({Ws}ocs<e): information available at time ¢

> E{X|.Z:}: best estimate of random var X given information at time t
o E{X|#:} =X if X depends only on information in .%,
o E{X|.#:} =E[X] if X independent of .7,

Definition: Martingale
{Xt}ts0 is a martingale if E{X;|%s} = X, forall t > s
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The Wiener process and martingales

> Ft = 0({Ws}ocs<e): information available at time ¢

> E{X|.Z:}: best estimate of random var X given information at time t
o E{X|#:} =X if X depends only on information in .%,
o E{X|.#:} =E[X] if X independent of .7,

Definition: Martingale
{Xt}ts0 is a martingale if E{X;|%s} = X, forall t > s

v

W; is a martingale

v

W2 is not a martingale (but it is a submartingale)

v

W? - t is a martingale
th—c2t/2

v

Forany ceR, e is a martingale
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Stochastic differential equations driven by a Wiener
process

> Aim: define solutions of

dXt = f(Xt) dt + th
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Stochastic differential equations driven by a Wiener
process

> Aim: define solutions of
dXt = f(Xt) dt +d Wt
> Transform into integral equation:
t
Xt = Xg + / f(xs)ds + W,
0

> Use Banach’s fixed-point argument in some appropriate space
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Stochastic differential equations driven by a Wiener
process

> Aim: define solutions of
dXt = f(Xt) dt +d Wt
> Transform into integral equation:
t
Xt = Xg + / f(xs)ds + W,
0

> Use Banach’s fixed-point argument in some appropriate space

> Typical result: If f is locally Lipschitz and does not grow too fast (or
is confining), then there exists a unique global solution
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The 1t0 integral
> Aim: define solutions of dxe = f(x¢) dt + g(x¢) dW;
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The 1t0 integral

> Aim: define solutions of dxe = f(x¢) dt + g(x¢) dW;
> Transform into integral equation:

¢ t
xt:X0+[o f(xs)ds+/O g(xs) dWs

Problem: Define the stochastic integral
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The 1t0 integral

> Aim: define solutions of dxe = f(x¢) dt + g(x¢) dW;
> Transform into integral equation:

t t
Xt = Xo + [o f(xs)ds + /o g(xs) dWs
Problem: Define the stochastic integral

> Let X; be piecewise constant on intervals [ty, tx,1). Define 1t6

integral "
fo XedWe = 3 X, [ W, - We, |
k
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The Ito integral

> Aim: define solutions of dxe = f(x¢) dt + g(x¢) dW;
> Transform into integral equation:

t t
Xt :X0+f0 f(xs)d5+/O g(xs) dWs
Problem: Define the stochastic integral

> Let X; be piecewise constant on intervals [ty, tx.1). Define Ito
integral "
fo XedWe = 3 X, [ W, - We, |
k

Lemma: Ito isometry
t
If Xs depends only on information in .%, then E]c; XsdWs =0 and

E[([OthdWs)2] - [OtE[XSZ]ds

Allows to define It6 integral for non-piecewise constant integrands by
approximating sequence
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An important example

t 1 1
f WedW, = - W2 - ~t
0 2 2

Introduction to stochastic calculus 13-15 February, 2023 13/56



An important example

t 1 1
f WedW, = - W2 - ~t
0 2 2

Remark: Stratonovich integral defined by

f XOdWS—E +th+1[
Then

: 1
/ W, o dW, = = W2
0 2
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It6’s formula
Let x; satisfy dx; = f,dt + g dW;

Lemma: 1t6 formula (chain rule for stochastic integrals)

Let y: = u(t,x¢). Then
2

u(tvxt)gtz dt

1
(t Xt)[ftdt+gtth] 2@

d_)/t—a (t Xt)dt+g
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It6’s formula
Let x; satisfy dx; = f,dt + g dW;

Lemma: 1t6 formula (chain rule for stochastic integrals)

Let y: = u(t,x¢). Then
2

u(tvxt)gtz dt

1
(t Xt)[ftdt+gtth] 2@

d_)/t—a (t Xt)dt+g

> Mnemotechnic: dW? = dt
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It6’s formula
Let x; satisfy dx; = f,dt + g dW;

Lemma: 1t6 formula (chain rule for stochastic integrals)

Let y: = u(t,x¢). Then
2

u(tvxt)gtz dt

1
(t Xt)[ftdt+gtth] 2@

d_)/t—a (t Xt)dt+g

> Mnemotechnic: dW? = dt
> Example: d(W?) = dt +2W, dW,
> Example: M; = eWi=ct/2 dM; = cM, dW,
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It6’s formula
Let x; satisfy dx; = f,dt + g dW;

Lemma: 1t6 formula (chain rule for stochastic integrals)

Let y: = u(t,x¢). Then
2

C(tx)g2 dt

1
(t Xt)[ftdt+gtth] 2@

dyt—a (t, xt)dt+g

Mnemotechnic: dW? = dt
Example: d(Wt2) =dt+2W:dW;
Example: M; = eWe=c?t/2 dM; = cM, dW,
Multidim case: u(t, x(l), . x(")) with dx(i) = f(i) dt+gt(i) dW;
ou ou () 0?u
dy; = —dt+ dx
Ve g 9t 2 g Z - Oxi0x;

i

v

v

v

v

dx (i )dXtSJ)

where dx( )dx(J) ( ) (J) dt

> Several Wiener processes: dW( )dW(J) o dt
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Examples of solvable SDEs

> Ornstein—Uhlenbeck process

t
dx; = —ax;dt +odW; = xt:ef""txo+aj; e 2(t=9) q
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Examples of solvable SDEs

> Ornstein—Uhlenbeck process
t
dx; = —axpdt+odW, = xp=exp+0 j(; e 2(t=9) q

> Multiplicative noise

dx; = ax;dt +ox; dWy = x; :xoexp{(a— %02)t+0Wt}
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Examples of solvable SDEs

> Ornstein—Uhlenbeck process
t
dx; = —axpdt+odW, = xp=exp+0 j(; e 2(t=9) q

> Multiplicative noise

dx; = ax;dt +ox; dWy = x; :xoexp{(a— %02)t+0Wt}

> Remark: Numerical simulation:
¢ Euler-Maruyama scheme:

Xerar = Xe + F(xe) At + g(x ) VALZ Ziid ~N(0,1)
¢ Milstein scheme:

1
Xernr = Xe + (X ) At + g(xe)VALZ + Eg(xt)g'(xt)At(Zz -1)
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Semi-groups and generators
Consider dx; = f(x;) dt + g(x;) dW; in R” with global in time solutions
> Transition density: p:(x,y) = p(y, t|x,0):

P*{x; € A} :=P{xt € Alxp = x} = /A pe(x,y)dy
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Semi-groups and generators
Consider dx; = f(x;) dt + g(x;) dW; in R” with global in time solutions
> Transition density: p:(x,y) = p(y, t|x,0):

P*{x; € A} :=P{xt € Alxp = x} = fA pe(x,y)dy
> Markov semi-group: Let ¢ be a test function (bounded)

(Pep)(0) =E*Tp(x0)] = [ pelx.y)oly)dy

Markov property = Semi-group property: Pso Py = Piys
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Semi-groups and generators
Consider dx; = f(x;) dt + g(x;) dW; in R” with global in time solutions
> Transition density: p:(x,y) = p(y, t|x,0):
P*{x; € A} :=P{x; € Alxp = x} = fA pe(x,y)dy
> Markov semi-group: Let ¢ be a test function (bounded)

(Pep)(0) =E*Tp(x0)] = [ pelx.y)oly)dy

Markov property = Semi-group property: Pso Py = Piys

> Infinitesimal generator:

(Z)(x) = lim.

Thus formally, P, = et

(Pep)(x) —p(x) _ d(Pep)(x)
t dt

t=0
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Semi-groups and generators
Consider dx; = f(x;) dt + g(x;) dW; in R” with global in time solutions
> Transition density: p:(x,y) = p(y, t|x,0):
P*{x; € A} :=P{x; € Alxp = x} = /A pe(x,y)dy
> Markov semi-group: Let ¢ be a test function (bounded)

(Pep)(0) =E*Tp(x0)] = [ pelx.y)oly)dy

Markov property = Semi-group property: Pso Py = Piys

> Infinitesimal generator:

(Ze)(x) = lim
t—0+
Thus formally, P, = et
> Dual semigroup: Q; = etZ" (where (L, 1) = (@, L))

(@) () =P{xee A= [ [ u(x)pi(x.y) dxdy
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The case of the Wiener process
Let x = Wi inR" (f=0,g=1)

> Transition density:
lx-yl?/2t
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The case of the Wiener process
Let x = Wi inR" (f=0,g=1)

> Transition density:

1 2

- Ix=yll*/2t

X, e
pe(x,y) 5 gn
> Infinitesimal generator:

1, 14 02
L=-A==) —

2 2 ,; 8xl.2
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The case of the Wiener process
Let x = Wi inR" (f=0,g=1)

> Transition density:

1 2

- Ix=yll*/2t

X, e
pe(x,y) 5 gn
> Infinitesimal generator:

1, 14 02
L=-A==) —

2 2 ,; 8xl.2

> Remark: p;(x,y) solves the heat equation

0 1
Epr(x,y) = EApt(X7Y)
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The general case
Consider dx; = f(x;) dt + g(x¢) dW; in R” with global in time solutions

> Infinitesimal generator:

L=3 )5+ 3 (a8
i=1

! ij=1

82
0x;0x;
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The general case
Consider dx; = f(x;) dt + g(x¢) dW; in R” with global in time solutions

> Infinitesimal generator:

L=3 )5+ 3 (a8
i=1

! ij=1

82
0x;0x;

> Backward Kolmogorov eq: u(t,x) = (Prp)(x) = Ex[gp(Xt)] satisfies
%(t,x):(.,i’u)(t,x)7 t>0, xeR",
u(0,x) = p(x), xeR".
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The general case
Consider dx; = f(x;) dt + g(x¢) dW; in R” with global in time solutions

> Infinitesimal generator'

Z = Zf(X)—+— Z(gg

i 111

ij

> Backward Kolmogorov eq: u(t,x) = (Prp)(x) = Ex[gp(Xt)] satisfies
ou

at

u(0,x) = p(x), xeR".

(t,x) = (ZLu)(t,x), t>0, xeR",

> Forward Kolmogorov or Fokker—Planck eq:
—pt(X Y)=ZLpe(xy) . polxy)=d(x-y)

In particular, if Ztp =0, then pis an invariant measure
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PART II

The stochastic exit problem
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Definition of the stochastic exit problem

SDE dXt = f(Xt)dt+ O'g(Xt)th in R"
Given D c R", define first-exit time Xrp

p = inf{t > 0:x; ¢ D}

First-exit location X, € 9D defines
harmonic measure p(A) = P*{x., € A}
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Definition of the stochastic exit problem

SDE dx; = f(x¢) dt + og(x¢) dW; in R”
Given D c R", define first-exit time

p = inf{t > 0:x; ¢ D}

First-exit location X, € 9D defines
harmonic measure p(A) = P*{x., € A}

Questions:
> Properties of 7p — expectation, distribution?
> Properties of exit location?
> What if 9D is invariant under the deterministic flow?

> Effective dynamics when there are several attractors?
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Definition of the stochastic exit problem

SDE dx; = f(x¢) dt + og(x¢) dW; in R”
Given D c R", define first-exit time

p = inf{t > 0:x; ¢ D}

First-exit location X, € 9D defines
harmonic measure p(A) = P*{x., € A}

Questions:
> Properties of 7p — expectation, distribution?
> Properties of exit location?
> What if 9D is invariant under the deterministic flow?

> Effective dynamics when there are several attractors?

Methods:
> PDE methods (boundary value problems)
> Theory of large deviations (Freidlin and Wentzell), o «< 1

> Potential-theoretic methods (best understood in gradient case)
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Arrhenius’ law and Eyring—Kramers law

Mont
Puget

dx; = -V V/(x;) dt + /2e dW;

V :R" - R confining potential

7 =inf{t>0:x; € B-(y)}
first-hitting time of small ball B.(y),
when starting in x

Col de Sugiton

L“Tiﬂ)’ %/ Calanque de Sugiton
y
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Arrhenius’ law and Eyring—Kramers law

Mont
Puget

dx; = -V V/(x;) dt + /2e dW;

V :R" - R confining potential
=inf{t>0:x; € B-(y)}

first-hitting time of small ball B-(y),

when starting in x

Arrhenius’ law (1889): E[7)] ~ elV(2)-V()l/e

Eyring—Kramers law (1935, 1940):
Eigenvalues of Hessian of V' at minimum x: 0 <y <1p <---< 1)y
Eigenvalues of Hessian of V' at saddle z: \; <0< Ay <---< A,

151 = 2m 22 €Y1 o,()

-\ Col de Sugiton

Lugxiny & Calanque de Sugiton
y
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Arrhenius’ law and Eyring—Kramers law

Mont
Puget

dx; = -V V(x;) dt + /2 dW,;

-\ Col de Sugiton

V :R" - R confining potential
=inf{t>0:x; € B-(y)}

first-hitting time of small ball B-(y),

when starting in x

Arrhenius’ law (1889): E[7)] ~ elV(2)-V()l/e

Eyring—Kramers law (1935, 1940):
Eigenvalues of Hessian of V' at minimum x: 0 <vy <1p <+ <)y
Eigenvalues of Hessian of V' at saddle z: \; <0< Ay <---< A,

151 = 2m 22 €Y1 o,()

Arrhenius’ law: proved by Freidlin, Wentzell (1979) using large deviations

Lugxiny & Calanque de Sugiton
y

Eyring—Kramers law: Bovier, Eckhoff, Gayrard, Klein (2004) using potential theory,
Helffer, Klein, Nier (2004) using Witten Laplacian, ...
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Dynkin’s formula

Theorem: Dynkin's formula (Itd's formula for stopping times)
Let 7 be a random stopping time, and let ¢ : R" - R. Then

()] = 000 + B [ (£)06) ds]
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Dynkin’s formula

Theorem: Dynkin's formula (Itd's formula for stopping times)

Let 7 be a random stopping time, and let ¢ : R" - R. Then

()] = 000 + B [ (£)06) ds]

Consequence: For DcR", ¢ : 9D >R, 0:D >R, 7=7p

{(gu)(x) -0(x) xeD

u(x) = Ex[w(XT) - fOT 0(xs) ds] u(x) = ¥(x) x € 9D
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Dynkin’s formula

Theorem: Dynkin's formula (Itd's formula for stopping times)
Let 7 be a random stopping time, and let ¢ : R” - R. Then

()] = 000 + B [ (£)06) ds]

Consequence: For DcR", ¢ : 9D >R, 0:D >R, 7=7p

u(x) = Ex[w(xr) - /OT 0(xs) ds] <= {(guzgi; ; Zj((i)) iigp
Applications:

> Mean exit time of Brownian motion from a ball

> Recurrence/transience of Brownian motion

> For a 1-dim diffusion, committor h(x) = P*{7, < 7}
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Dynkin’s formula

Theorem: Dynkin's formula (Itd's formula for stopping times)
Let 7 be a random stopping time, and let ¢ : R" - R. Then

()] = 000 + B [ (£)06) ds]

Consequence: For DcR", ¢ : 9D >R, 0:D >R, 7=7p

u(x) = Ex[w(xr) - /OT 0(xs) ds] <= {(3“383 ; Z}((i)) iigp
Applications:

> Mean exit time of Brownian motion from a ball

> Recurrence/transience of Brownian motion

> For a 1-dim diffusion, committor h(x) = P*{7, < 7}

> For dx; = =V/(x;) dt + V2edW; in R and x > a

EX[7a] = % fa foo elVO)-Vlle gy dxy, =  Eyring—Kramers law
X2
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The Feynman—Kac formula

Theorem: Feynman—Kac formula
For g:R" - R and ¢ :R" > R

t v _ _ "
v(t,x) =BX[e 0%y ()] & {0 ZLv-q(x)v  t>0,xeR
v(0,x) = p(x) x e R"
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The Feynman—Kac formula
Theorem: Feynman—Kac formula

For g:R" - R and ¢ :R" > R

ov _ _ "

v(0,x) = p(x) x eR"
Combining Dynkin and F-K: for Dc R, #:D >R, ¢: 9D >R, 7 =7
v(x) = Ex[e_M o(xr) - ]OTe_)‘s H(Xs)ds]

satisfies
{(ffv)(x) av(x)+0(x)  xeD
v(x) = p(x) x € 0D
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The Feynman—Kac formula
Theorem: Feynman—Kac formula

For g:R" - R and ¢ :R" > R

ov _ "

v(0,x) = p(x) x eR"
Combining Dynkin and F-K: for Dc R, #:D >R, ¢: 9D >R, 7 =7
v(x) = Ex[e_M o(xr) - ]0 e s H(Xs)ds]

satisfies
{(ffv)(x) av(x)+0(x)  xeD
v(x) = p(x) x € 0D

Example: x; =x+ W;, D= (-a,a), xeD

EX[7] = a® - x?
h(v2A
EX[e7] = % EX[72] = 3(5.;1 —6a°x? + x%)
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Large-deviation theory
> Consider the SDE
dx; = f(x¢) dt +eg(x:) dW,;
with an invertible diffusion matrix D(x) = g(x)g(x) " (ellipticity)
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Large-deviation theory
> Consider the SDE
dXt = f(Xt) dt + \/gg(Xt) d Wt

with an invertible diffusion matrix D(x) = g(x)g(x) " (ellipticity)
> For a path v: [0, T] - R", define the rate (or action) function

1 T
I =5 [ GO -F6(0),DG() () - F(()) de
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Large-deviation theory
> Consider the SDE

dXt = f(Xt) dt + \/gg(Xt) th
with an invertible diffusion matrix D(x) = g(x)g(x) " (ellipticity)
> For a path v: [0, T] - R", define the rate (or action) function

1 T
I =5 [ GO -F6(0),DG() () - F(()) de

> Remark 1: If D(x) = 1 then _# () :%fOTH‘y(t)—f(fy(t))]zdt
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Large-deviation theory
> Consider the SDE

dXt = f(Xt) dt + \/gg(Xt) th
with an invertible diffusion matrix D(x) = g(x)g(x) " (ellipticity)
> For a path v: [0, T] - R", define the rate (or action) function

1 T
I =5 [ GO -F6(0),DG() () - F(()) de

> Remark 1: If D(x) = 1 then #(~) :%fOTH‘y(t)—f(fy(t))]zdt
> Remark 2: _Z(v)>0and #(y)=0< 4(t)=f(y(t))
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Large-deviation theory

>

Consider the SDE
dXt = f(Xt)dt+ \/gg(Xt)th

with an invertible diffusion matrix D(x) = g(x)g(x) " (ellipticity)
For a path «: [0, T] = R", define the rate (or action) function

1 T
I =5 [ GO -F6(0),DG() () - F(()) de

Remark 1: If D(x) = 1 then #(7) :%fOTH‘y(t)—f(fy(t))]zdt
Remark 2: _Z(y)>0and 7 (v) =0 < 4(t) =f(y(t))

Large-deviation principle (imprecise version):
The proba that x; stays close to v(t) on [0, T] has order e~/ (7)/¢
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Large-deviation theory

>

Consider the SDE
dXt = f(Xt)dt+ \/gg(Xt)th

with an invertible diffusion matrix D(x) = g(x)g(x) " (ellipticity)
For a path «: [0, T] = R", define the rate (or action) function

1 T
I =5 [ GO -F6(0),DG() () - F(()) de

1 T
Remark 1: If D(x) = 1 then 7 (7) = Efo 15(t) - F(7(£)) |2 dt
Remark 2: _Z(y)>0and 7 (v) =0 < 4(t) =f(y(t))
Large-deviation principle (imprecise version):
The proba that x; stays close to v(t) on [0, T] has order e~/ (7)/¢
Large-deviation principle (more precise version):
Let ' be a set of paths v: [0, T] > R". Then

li_r)rg)elogIP’{(xt) € I'} = —lwf‘]:‘;/(’y)
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Large-deviation theory for scaled Wiener process
Scaled Wiener process: x; = /e W;

> The rate function 1 T
S =5 [ )

is the Lagrangian action of a free particle
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Large-deviation theory for scaled Wiener process
Scaled Wiener process: x; = /e W,

> The rate function 1,7
S =5 [ )
is the Lagrangian action of a free particle

> To estimate:

P{r{_pp < T} =P{3te[0, T]:|x|>h} = IP’{ sup |x¢| > h}
te[0,T]
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Large-deviation theory for scaled Wiener process
Scaled Wiener process: x; = /e W,

> The rate function 1,7
S =5 [ )
is the Lagrangian action of a free particle

> To estimate:

P{r{_pp < T} =P{3te[0, T]:|x|>h} = IP{ sup |x¢| > h}

te[0,T]
> Define set of paths
={y:[0,T]>R"~(0) =0,3t € [0, T],|(t)| > h}

o . . . * h.
Then infimum of ¢ over [ is reached for straight line y*(t) = %

. R
;gﬁ/(vﬁf(’v )=ﬁ
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Large-deviation theory for scaled Wiener process
Scaled Wiener process: x; = /e W,

> The rate function 1,7
S =5 [ )
is the Lagrangian action of a free particle

> To estimate:

P{r{_pp < T} =P{3te[0, T]:|x|>h} = IP{ sup |x¢| > h}
te[0,T]

> Define set of paths
M={y:[0.T] > R"~(0) =03t [0, T], | (t)| > h}

Then infimum of ¢ over [ is reached for straight line y*(t) = t—7'.’:
h2
i f = * [p—
inf 7 (=707 =57
g Conclusion: limelo IP’{T < T} = —h—2
T =0 & [=h:h] B 2T
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Large-deviation theory for the OU process
Ornstein—-Uhlenbeck process: dx; = —x; dt + /e W,

> Rate function /(’y):%foT('}/(t)Jrfy(t))zdt
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Large-deviation theory for the OU process

Ornstein—-Uhlenbeck process: dx; = —x; dt + /e W,

> Rate function /(’y):%foT(fy(t)Jrfy(t))zdt

> Euler-Lagrange eq: ¥ =7 =

h-xoet s . xoef—-h _—s
Ye(s) =4 2sinh(®) € +oam © . 0Ss<t
he (=70 t<s<T

‘ t ta T S

B (heT/2 X0 e—T/2)2

Jyr;[f_/(')/) = /('VT) = 2sinh(T)
. 2
A S )=
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Large-deviation theory for the OU process
Ornstein—-Uhlenbeck process: dx; = —x; dt + /e W,

1 ,T
> Rate function /(7)=§f0 (i (t) + (1)) dt
> Euler-Lagrange eq: y=7v =

h-xoet s . xoef—-h _—s
Ye(s) =4 2sinh(®) € +oam © . 0Ss<t
he (=70 t<s<T

‘ t ta T S

B (heT/2 X0 e—T/2)2

Jyr;[f_/(’)/) = /('YT) = 2sinh(T)

lim inf _#(v) = h? M
T —o00 el

> Hamilton eq: H(p, %) = %1/12 -
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Large-deviation theory for gradient systems
Gradient SDE: dx; = -V U(x;) dt + /e W,
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Large-deviation theory for gradient systems
Gradient SDE: dx; = -V U(x;) dt + /e W,

> Rate function:

@) =3 [ 1)+ vUG ()1 ds
=2 [ B - UGE)Eds 2 [ (), vUG ) ds

LTI - TGRS 2V () - UG 0)]
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Large-deviation theory for gradient systems
Gradient SDE: dx; = -V U(x;) dt + /e W,

> Rate function:

S0 =3 [ s+ vUG )P ds
=2 [ B - UGE)Eds 2 [ (), vUG ) ds
= % /OT"Y(S) - VU(v(s))||2ds+2[U(fy( T)) - U(fy(O))]

> If 4(0) is a potential minimum reachable from ~(T)

lim 7 (7) =2[U(x(T)) - U(x(0))]
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Large-deviation theory for gradient systems
Gradient SDE: dx; = -V U(x;) dt + /e W,

> Rate function:
S0 =3 [ )+ TUG(s) s
=2 [ - vUGE) Pds w2 [ (3(5), TUG(s)))ds
=2 [ () - TUG DI ds + 2L UG(T)) - U1 (0))]
> If 7(0) is a potential minimum reachable from ~(T)
lim 7 (7) =2[U((T)) - U(3(0))]

> Consequence: if [ is the set of paths leaving D in time T and D is
contained in a well of U

inf lim _7(y) = 2[ |nf U(x) - (’y(O))]

el T—o0
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Large-deviation theory and exit from a domain

> D with unique equilibrium x* and inward-pointing flow on 0D

> Quasipotential: For y € 9D
V(x*,y) =infinf{_7 (7):7(0) =x*,7(t) =y}
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Large-deviation theory and exit from a domain

> D with unique equilibrium x* and inward-pointing flow on 0D

> Quasipotential: For y € 9D
V(x*,y) =infinf{_7 (7):7(0) =x*,7(t) =y}
Theorem [Freidlin & Wentzell]
Let V = inf V(x*,y)
yed

For xg € D, I|m I|rr(1)5|0gIP’ < T ==V

—>00 E—>
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Large-deviation theory and exit from a domain

> D with unique equilibrium x* and inward-pointing flow on 0D
> Quasipotential: For y € 9D

V(x*,y) =infinf{_7 (7):7(0) =x*,7(t) =y}
Theorem [Freidlin & Wentzell]
Let V:ylen@fD V(x*,y)

For xo € D, lim Iirr(l)glogIP’XO{TD <T}= Y

|

T—>c0 -

Theorem [Freidlin & Wentzell]
> For any 1 > 0, liirg)]P’XO{e(v’”)/‘S <Tp < e(v“”/s} =1
> Arrhenius’ law: li_r)l?)elogEXO[Tp] =V

> For any closed N c 9D such that infyen V(x*,y) > %
Iirr(1)]P’X°{xTD eN}=0
E—>
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The potential-theoretic approach

dx; = -V V/(x;) dt + /2e dW;
> Generator: £ =cA-VV.-V=cefy.eVey
> Invariant probability: 7(dx) = %e_v(x)/a dx = Zir=0

> Reversible: (f, Zg)=(Zf,g) for (f,g) = Ad e VI F(x)g(x) dx
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The potential-theoretic approach

dx; = -V V/(x;) dt + /2e dW;
Generator: £ =cA-vVV-vV=cefyv.eViey
Invariant probability: 7(dx) = %e_v(x)/a dx = Zir=0

Reversible: (f, Zg) = (£f,g) for (f,g) = Ad e Ve £(x)g(x) dx

v

v

v

v

Dirichlet form: &(f) = (f,~Lf) =¢ fRd e VOLe |y £ (x)[2 dx
&(f,g) =(f,-Zeg)
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The potential-theoretic approach

dx; = -V V/(x;) dt + /2e dW;
Generator: £ =cA-vVV-vV=cefyv.eViey
Invariant probability: 7(dx) = %e_v(x)/a dx = Zir=0

Reversible: (f, Zg) = (£f,g) for (f,g) = .[;ed e Ve £(x)g(x) dx

v

v

v

v

Dirichlet form: &(f) = {f,~Lf) = ¢ fRd e VOLe |y £ (x)[2 dx
&(f,g) =(f,-Zeg)

> Committor: A, BcR" AnB=u
(Zhag)(x)=0 xe(AuB)©
hAB(X) = PX{TA < TB} satisfies hAB(X) =1 x€eA
hAB(X) =0 xeB
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The potential-theoretic approach

dx; = ~VV(x;) dt + /2 dW;
> Generator: £ =cA-VV.-V=cefy.eVey
> Invariant probability: 7(dx) = %e_v(x)/g dx = Zir=0

> Reversible: (f, Zg)=(Zf,g) for (f,g) = .[l;d e VI F(x)g(x) dx

> Dirichlet form: g(f):(f,—.zf):ngd e VOLe |y £ (x)[2 dx
&(f,g) =(f,-Zeg)

> Committor: A, BcR" AnB=u
(Zhag)(x)=0 xe(AuB)©

hAB(X) = PX{TA < TB} satisfies hAB(X) =1 x€eA
hAB(X) =0 xeB

> Equilibrium measure: eag(dx) = (- Zhapg)(dx) measure on x € DA

= hag(0) = [ Galxy)eas(dy) — Gg= 25!
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Potential-theoretic approach: capacity
Capacity: cap(A,B) = /8A e Ve ep5(dx) = &(hag)

= vag(dx) = m e V)/e gpp(dx) is a probability measure on HA
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Potential-theoretic approach: capacity
Capacity: cap(A,B) = /aA e Ve ep5(dx) = &(hag)

= vag(dx) = m e V)/e gpp(dx) is a probability measure on HA
Theorem (“Magic” formula):

v X 1 -V(x)/e
AB = E dx)= ———— h d
7 [7e] .[8A 78]V a5 () cap(A, B) Be© ag (x) dx
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Potential-theoretic approach: capacity
Capacity: cap(A,B) = /aA e Ve ep5(dx) = &(hag)

= vag(dx) = m e V)/e gpp(dx) is a probability measure on HA
Theorem (“Magic” formula):

E¥48[rg] = fa B [75]vas(dx) = L

- - -V(x)/e p d
cap(A, B) Be AB(x) dx

Theorem: Dirichlet principle

Let Hapg = {h:R? - [0,1]:h|a =1, h|z =0}. Then
cap(A,B) = inf &(h) =& (hag)
heHap
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Potential-theoretic approach: capacity
Capacity: cap(A,B) = /aA e VI/E eap(dx) = &(hag)

= vag(dx) = m e V)/e gpp(dx) is a probability measure on HA
Theorem (“Magic” formula):

E¥48[rg] = fa B [75]vas(dx) = 1

- - -V(x)/e p d
cap(A, B) Be AB(x) dx

Theorem: Dirichlet principle
Let Hapg = {h:R? - [0,1]:h|a =1, h|z =0}. Then
cap(A,B) = inf &(h)=&(hag)
heH ap

Theorem: Thomson principle [Landim, Mariani, Seo 2018]
Let Unp = {f:V - fliaus)e = 0, [ya F(x) - na(x)o(dx) = 1}. Then

1 1
cap(A,B) = su =
A et 2(F) ~ D(fag)
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Proving the Eyring—Kramers law

dx; = -V V/(x;) dt + /2e dW;

> A, B small balls around x, y

Introduction to stochastic calculus 13-15 February, 2023 31/56



Proving the Eyring—Kramers law

dx; = -V V/(x;) dt + /2e dW;

> A, B small balls around x, y

> Laplace asymptotics: fB hag(y) e VWE gy~ / % e V(/e
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Proving the Eyring—Kramers law

dx; = -V V/(x;) dt + /2e dW;

> A, B small balls around x, y

> Laplace asymptotics: [ hag(y)e VOE dy ~ 4/ % e Ve

> Variational arguments: cap(A, B) ~ =/ 21l M e V(e

2me Ad

Test function for Dirichlet principle: 1d commlttor

)= [ eOteae] [Tereolige] |5 oerogte )
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Proving the Eyring—Kramers law

dx; = -V V/(x;) dt + /2e dW;

> A, B small balls around x, y

> Laplace asymptotics: [ hag(y) e Ve gy~ / % e~ V(x)/e
> Variational arguments: cap(A, B) ~ =/ 21l M e V(e

2me Ad
Test function for Dirichlet principle: 1d commlttor

)= [ eOteae] [Tereolige] |5 oerogte )

> Use Harnack inequalities to show that E"48[75] ~ EX[75]
Alternative: coupling argument by [Martinelli, Olivieri & Scoppola]

Eyring—Kramers law:

EX[rg] = 2my/ —|)‘/}|2V1 o elV(2)- V(X)]/E[l + (9(51/2 log(e™ 1)3/2)]

Introduction to stochastic calculus 13-15 February, 2023 31/56



Potential-theoretic approach: non-reversible case

[Landim, Mariani & Seo 2019]:
> EDS dx; = f(x¢) dt +/2eg(x;) dW; with generator .

-V(x;e)/e

> Invariant measure d7 =€ dx, V sat. Hamilton—Jacobi eq.
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Potential-theoretic approach: non-reversible case
[Landim, Mariani & Seo 2019]:
> EDS dx; = f(x¢) dt +/2eg(x;) dW; with generator .

> Invariant measure drr = e V(xi€)/e

> Decompose .¥ = % + %, where
o L=elfy.DeVIEy, where D = gg T, is self-adjoint wrt
o % =c-V (c explicitly known) is skew-symmetric: .Zf = —.%,

dx, V sat. Hamilton—Jacobi eq.
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Potential-theoretic approach: non-reversible case

[Landim, Mariani & Seo 2019]:
> EDS dx; = f(x¢) dt +/2eg(x;) dW; with generator .

> Invariant measure drr = e V(xi€)/e

> Decompose .¥ = % + %, where
o L=elfy.DeVIEy, where D = gg T, is self-adjoint wrt
o % =c-V (c explicitly known) is skew-symmetric: .Zf = —.%,
> Adjoint system: generator X" = £, - %,

dx, V sat. Hamilton—Jacobi eq.
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Potential-theoretic approach: non-reversible case

[Landim, Mariani & Seo 2019]:
> EDS dx; = f(x;)dt + /2cg(x:) dW; with generator .

> Invariant measure dr = eV (Xi9)/2 dx, V sat. Hamilton—Jacobi eq.

> Decompose .¥ = % + %, where
o L=elfy.DeVIEy, where D = gg T, is self-adjoint wrt
o % =c-V (c explicitly known) is skew-symmetric: .Zf = —.%,
> Adjoint system: generator X" = £, - %,

Theorem: [LMS 2019] For any A,BcR", AnB=9
1
EX d = hs d
.[aA [TB] vAB cap(A,B) JBe Ag(x) dm
> dvap probability measure on A

> cap(A, B): capacity, satisfies Dirichlet and Thomson principles

> hag(x) =P**{74 < 78} committor for adjoint dynamics
Main difficulty: Compute/estimate invariant measure dr
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PART I

Slow—fast SDEs
and applications
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A motivating example: Stochastic resonance

dxe = [-x2 +x; + Acos(et)] dt+odW, youtu.be/HbJ I3xbINg

[ —

4_1y2_ £
x4=35x Axcos(;t)]‘“
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https://youtu.be/HbJ_I3xbIMg

Stochastic resonance in an SDE

dxt = [-x2 +x; + Acos(et)] dt +odW,;

__90rl.,a_ 1.2
=—g:[zx*-3x 7Axcos(st)]‘Xt

> lce Ages: deterministically bistable climate [Croll, Milankovitch]

> random perturbations due to weather
[Benzi-Sutera-Vulpiani, Nicolis-Nicolis]

Sample paths {x;}; for ¢ = 0.001:

L O i
-

A=0,0=03 A=0.24,0=0.2

A=0.1,0=027 A=0.35 0=0.2
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Descriptions of stochastic resonance

> Fokker—Planck equation: [Caroli, Caroli, Roulet & Saint-James '81]

> Two-state Markov chain: [Eckmann & Thomas '82],
[Imkeller & Pavljukevich '02], [Herrmann & Imkeller '02]

> Signal-to-noise ratio: [Gammaitoni, Menichella-Saetta & ...'89],
[Fox "89], [Jung& Hanggi '89], [McNamara & Wiesenfeld '89]

> Slow forcing: [Jung & Hanggi '91], [Talkner '99], [Talkner & tuczka '04]
> Large deviations: [Freidlin '00, Freidlin '01]

> Residence-time distributions: [Zhou, Moss & Jung '90],
[Choi, Fox & Jung '98], ...

> Overview articles:
[Moss, Pierson & O'Gorman '94], [Wiesenfeld & Moss '95],
[McNamara & Wiesenfeld '95], [Wiesenfeld & Jaramillo '98],
[Gammaitoni, Hanggi, Jung & Marchesoni '98], [Hanggi '02],
[Wellens, Shatokhin & Buchleitner '04], ...

> Monograph: [Herrmann, Imkeller, Pavlyukevich & Peithmann '14]
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The synchronisation regime
A = v A=A.-0,0< 9« 1. Critical noise intensity: o, = max{5,£}3/4

o< UC: \/’\/'\/—\/

transitions unlikely

o> 0¢:
synchronisation

Theorem [B & Gentz, Annals App. Proba 2002]

> Away from (avoided) bifurcations, sample paths concentrated in
o-neighbourhood of deterministic stable periodic solutions

.. - . 2,2
> o << 0: transition probability per period < e 7¢/7
> o > 0. transition probability per period >1 - e=co**/(clloga))
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One-dimensional time-dependent equations

On the slow time scale ¢t:

o _
dt

> Equilibrium branch: {x =x*(t)} where f(x*(t),t) =0 for all ¢
> Stable if a*(t) = Oxf (x*(t),t) <—ap <0 for all ¢

€ f(x,t)

Then [Tikhonov '52, Fenichel '79]:

> There exists particular solution < (¢)
%(t) = x*(t) + O(e) %

> X attracts nearby orbits exp. fast

> X admits asymptotic series in

Introduction to stochastic calculus 13-15 February, 2023 38/56



Slow—fast systems with noise
Stochastic perturbation:

1
dxe = —F(xe, t) dt + —— dW,
g 3

NG

Write x; = x(t) + & and Taylor-expand:

dte = 2[a(t)6 + &, 1)) dit + T
=0(€2)

where a(t) = 0xf(x(t),t) =a*(t) + O(e)

Introduction to stochastic calculus 13-15 February, 2023

39/56



Slow—fast systems with noise
Stochastic perturbation:

1 o
dxy = —f t) dt + — dW,
Xt - (Xt’ ) \/5 t

Write x; = x(t) + & and Taylor-expand:
1._ o
dét = g[a(t)ft + b(&t, t)] dt + NG dW;

~—— \/_
=0(&7)

where a(t) = 0xf(x(t),t) =a*(t) + O(e)

Variations of constants (Duhamel formula), if £ = 0:

o t_ 1 t_
-7 a(ts)le gy, + = / a(69)/= p(e. s)d
& \/Efo e 2, e (&,s)ds

£9: sol of linearised system treat as a perturbation

where a(t,s) = [ a(u)du
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Slow—fast systems with noise

o [t -
Properties of £ = — f e2(t9)e gy,
Ve Jo

> Gaussian process, E[é?] =0, Var(g(t)) - 0'?2 [ot Q2a(t,5)/z §s

> Confidence interval: IP’{|£?| > gx/Var(ﬁg)} = O(e‘h2/2"2)
> o 2Var(¢9) satisfies ODE  ev =23(t)v + 1
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Slow—fast systems with noise

o t
Properties of ¢0= — / 2B gy,
Ve Jo

> Gaussian process, E[ﬁ?] =0, Var(g?) - %2 /ot o26(t,5)/2 s

> Confidence interval: P{|£?| > gx/Var(gg)} = O(e—h2/202)
> o 2Var(¢9) satisfies ODE  ev =23(t)v + 1

Lemma [B & Gentz, Proba. Theory Relat. Fields 2002]
v(t) solution of ODE bounded away from 0:  v(t) = f(t) +0(e)

0
IP’{ sup L > h} = Co(t,e) e °/2°

oss<t \/V(s)
where Cy(t,e) = \/gég‘/:é(s) ds‘[l +O(e+ £e7h2/0'2):|

Proof based on Doob's submartingale inequality and partition of [0, t]
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Slow—fast systems with noise

Nonlinear equation: d¢&; = 1[5(1‘)& + b(&t, t)] dt + 2 dW;
2 VE
Confidence strip: B(h) = {|¢| < h\/¥(t) Vt} = {|x - x(t)| < h\/¥(t) Vt}

x*(t)

x(t)
B(h)

Theorem [B & Gentz, Proba. Theory Relat. Fields 2002]
C(t,e) el S]P){Ieaving B(h) before time t} < C(t,e) b2
where ky =1 F O(h) and C(t,e) = Co(t,s)[l + O(h)] (requires h < ho)
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Avoided transcritical bifurcation

1
dx = =[2+6-x2+...] dt+ — dW,
e 9

NG
Equil. curve: x*(t) ~Vt2+40
Slow sol.: x(t) = x*(t) + (’)(min{ﬁ7 \/ﬁ})

Confidence strip B(h): width < h/\/|a(t)|
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Avoided transcritical bifurcation

1
dx = =[2+6-x2+...] dt+ — dW, .
e 9

NG

Equil. curve: x*(t) ~Vt?+¢

Slow sol.: x(t) =x*(t) + (’)(min{ﬁ, \/ﬁ})
N _ _ -t |t|>Vd+e
a(t) = 0xf(t,x(t)) = {_\/m it <V/ETe

X ()
%(t)
B(h)

Confidence strip B(h): width < h/+/|a(t)]
Theorem [B & Gentz, AAP 2002]

]P’{Ieaving B(h) before time t} <C(t,e) o207

where x = 1 - O(sup,, h|a(s)[3/?) - O(e) = requires h < hyinfsc:|a(s)*/?

> o < 0. =max{d,e}3/*: result applies V t, P{trans} = O(e‘”ag/az)

> o>0.= max{5,€}3/4: result applies up to t x —g2/3
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Above threshold

What happens for ¢ > 0. and t > —o2/37
General principle: partition tg = sy <51 <sp <---<s, =t of [tp, t]

Lemma Let P, = P{making no transition during (sx_1,5x|}. Then

n
]P’{making no transition during [to, t]} < H Py
k=1

Choose partition s.t. each P, < g <1 = P{no transition} < e 89
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Above threshold

What happens for ¢ > 0. and t > —o2/37
General principle: partition tg = sy <51 <sp <---<s, =t of [tp, t]

Lemma Let P, = P{making no transition during (sx_1,5x|}. Then

n
]P’{making no transition during [to, t]} < H Py
k=1

Choose partition s.t. each P, < g <1 = P{no transition} < e 89

Define partition such that

Sk 2
f |a(s)|ds = cellogo| = Pr<=
Sk-1 3

Thm [B & Gentz, AAP 2002]

L)

Transition probability >1 —e
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Rising variance near tipping points

. . 1 o
Saddle—node (fold) bifurcation: dx; = g[—xf ~t]de+ AW

ddd™

. , o -
> Fluctuations grow like SO = ma( () 21e)
1/2 4/3

> Early transitions occur if o > £%/< at time x —¢
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Rising variance near tipping points

1
Saddle-node (fold) bifurcation: dx; = =[—x? — t| dt + - dW¥

B(h)

ddd™

X
- . o o g
> Fluctuations grow like SO = max( ()21

1/2 4/3

> Early transitions occur if 0 > %/ at time < —¢

Theorem [B & Gentz, Nonlinearity 2002]
> o < &l/2; transition probability before fold e/’

> o > e'2: probability of early transition >1 — e=co?/(cllog o)

[Carpenter, Brock, Rising variance: a leading indicator of ecological transition,
Ecology Letters 9, 311-318 (2006)]
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Stommel’s box model

> T;: temperatures —\C‘)/—

> S;: salinities an

> F: freshwater flux 7

> Q(Ap): mass exchange 7,5

> Ap=asAS-arAT low latitudes | Q(Ap)
> AT=T;-T, 10°N — 35°N

> AS = 51 - 52
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Stommel’s box model

> T;: temperatures \C‘)/
> S;: salinities an
> F: freshwater flux 7
> Q(Ap): mass exchange 7,5
> Ap=asAS-arAT low latitudes | Q(Ap)
> AT: T]_—T2 100N_350N
> AS = 51 - 52
d

AT LaT-0)-qap)aT
dt T,

d So
—AS=2F-Q(Ap)A
A5 = F-QAn)AS

1
Model for Q [Cessil: Q(Ap) = — + L Ap?.
T4 V
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Stommel’s box model

Scaling: x=4L, y= Aasoés, t e Tyt

Separation of time scales: 7, < 7y, e =7, [T9 < 1
ex=—-(x-1)- 5x[1 + 12 (x - y)z]
y=p-y[l+n(x-y)?]
where 1 = 74(a70)?Z, ju= 0;553:;’ F

Slow manifold [Fenichel '79]: x =1+ O(e) = ex =0.

AS, Q(Ap)

F. Py flux F
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Stommel’s box model

ASasg

g y = AT _
Scaling: x = AR

t = T4t

Separation of time scales: 7, < 74, € = 7,/7qg < 1
ex=—-(x-1)- 5x[1 + 772(x —y)2]
v=n-y[l+n’(x-y)?]

asSoTy
aTGH

Slow manifold [Fenichel '79]: x =1+ O(e) = ex =0.

where 1* = 74 (a70)* L, 1=

Reduced equation on slow AS, Q(Ap)
manifold:

y=p-y[l+n?(1-y)*+0(e)]

One or two stable equilibria,

depending on p (and 7). il ) flux F
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Hysteresis

L]

[B & Gentz, Nonlinearity 2002]
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Hysteresis

L]

[B & Gentz, Nonlinearity 2002]

limite

limite
pluie-neige
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Generalisation to the multidimensional case

ex =f(x,y) x € R", fast variables

y=8(x,y) y € R™ | slow variables

> Critical manifold: f(x*(y),y) =0 (for all y in some domain)

> Stability: Eigenvalues of A(y) = 0f(x*(y),y) have negative real
parts

Theorem [Tihonov '52, Fenichel '79]
3 slow manifold x = X(y, ¢) s.t.
> X(y,¢e) is invariant

> X(y,e) attracts nearby
solutions

> X(y,e) =x"(y) + O(e)
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Generalisation to the multidimensional case

1

dxt = —=f(x¢,y:) dt + iF(X,:,yf) dW; (fast variables € R")
€ VE

dy: = g(x¢,yt) dt + o' G(xz, y:) AW, (slow variables € R™)

B(h): confidence set

defined by covariance
of linearised equation

for x —x(y,e)

R

y1
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Generalisation to the multidimensional case

1

dxt = —=f(x¢,y:) dt + iF(X,:,yf) dW; (fast variables € R")
€ VE

dy: = g(x¢,yt) dt + o' G(xz, y:) AW, (slow variables € R™)

B(h): confidence set

defined by covariance
of linearised equation

for x —x(y,e)

R

y1

Aly) = 0« (X(y,€),y)

X: covariance matrix of linearisation, solution of deterministic slow—fast ODE
eX = A(y)X + XA(y)" + F(%(y,e),y)F(%(y,€),y)"
y=g(x(y,€),y)
B(h) ::{(Xay): <[X - )‘((y,g)],)?(y)_l[x—)?(y,g)]) < hz}
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Generalisation to the multidimensional case

1

dx; = = f(x¢,y:) dt + iF(Xt,yf) dW; (fast variables € R")
€ VE

dy: = g(x¢,yt) dt + o' G(xz, y:) AW, (slow variables € R™)

B(h): confidence set

defined by covariance
of linearised equation

for x —x(y,e)

R

y1

A(y) = 0xf(x(y,2),¥)

Theorem [B & Gentz, J. Diff. Equ. 2004] Norm. hyperbolic stable case:
C_(t,¢) o207 < IP’{Ieaving B(h) before time t} < Ci(t,e) o1 /207

where Kk =1-0O(h) - O(¢)
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Folded-node singularity in dim 3: The Koper model

edx; = [yr — X2 + 3x;] dt +VEoF(xt, yt, z) dW;
dye = [kxe = 2(ye + A) + z;] dt + U,GI(Xta)/ta z;) dW;
dz: = [p(A + y; — z¢)] dt +0' Go(xt, yr,ze) dW;

Folded-node singularity at P* induces mixed-mode oscillations
[Benoit, Lobry '82, Szmolyan, Wechselberger '01, .. .]

Poincaré map I1: X — ¥ is almost 1d due to contraction in x-direction
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Size of fluctuations

u << 1: eigenvalue ratio
at folded node

Regular fold

P

)

T3

SO

==""1 Folded node

Transition Ax Ay Az
22 - 23 o+o oe+a
Y324 o+o o/e+o'
7
o
! !

Y43, Ry ov\/¢elloge| + o
PI/RE oz +o'eM0 oz +o'eM0
Y5> 24 oc+o’ oe+o
26 -3 o+ O'/ O\/€ + 0'/
Y- Y] (o +0")et* o'

1~ if z=0(/n) (o+a)(e/m)" | o'(efp)*
PR P (o +0")et* o'etlt
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Fold for one fast and two slow variables
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Fold for one fast and two slow variables

Proposition [B, Gentz & Kuehn, JDDE 2015]:
For h= O(2/3),

B{|(yrey  2rey) ~ (127 > )

/<Lh2 RE
< C|Iog8|(eXP{_m} - eXp{_m})
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Main results
[B, Gentz, Kuehn, JDE 2012 & JDDE 2015]

Theorem 1: canard spacing - VE A g

At z =0, k*" canard lies at distance
2
ce K from primary canard VEeTH
VE primary N ! N\ 2

ﬁe—c(2k+l)2y
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Main results

[B, Gentz, Kuehn, JDE 2012 & JDDE 2015]

x (+2)

Theorem 1: canard spacing ,L\/E,

At z =0, k' canard lies at distance
2 a
/2 e €K1 from primary canard

Theorem 2: size of fluctuations

(o +0")(e/u)Y* up to z = \Jex
(o +0")(e/p)V* =M for 2> Jeq

Theorem 3: early escape

Po € X1 in sector with k > 1/, /i = first hitting of > at P, s.t.
PPO{ZZ >z} < Cllog(o + O—’)|W e_ﬁzz/(5“||og(g+ol)|)
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Main results

[B, Gentz, Kuehn, JDE 2012 & JDDE 2015]

x (+2)
Theorem 1: canard spacing ,L\/E,

At z =0, k' canard lies at distance
2 a
/2 e €K1 from primary canard

Theorem 2: size of fluctuations

(o +0")(e/u)Y* up to z = \Jex
(o +0")(e/p)V* =M for 2> Jeq

Theorem 3: early escape
Po € ¥ in sector with k > 1/, /i1 = first hitting of X5 at P> s.t.
PPo{z, > z} < Cllog(o + o )|7 e#2*/ (cullog(a+a")])

> Saturation effect occurs at k. ~+/|log(o + o”)|/u

> For k > k., behaviour indep. of k and Az<O(\/epllog(o +a”’)|)

Introduction to stochastic calculus 13-15 February, 2023 53/56



Poincaré map z, — z,,1

-8.5
-8.6
-8.7

-8.8

9.2 Jrrrrrriffehmirrrrirt e e

' -9.3 9.2 9.1 9.0 -8.9 -8.8 -8.7 -8.6 -8.5 -8.4 -8.3
k=-10,A=-7.6,p=0.7,6 =0.01, 0 = 0’ =0 — c.f. [Guckenheimer, Chaos, 2008]
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https://arxiv.org/abs/1901.07420 (2019)

> N.B, An Introduction to Singular Stochastic
PDEs, EMS Press (2022)

Part 3:
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