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Renormalisation

▷ Recipe for turning a classical system
into a quantum one: p ↦ − i h̵∇
(De Broglie, Schrödinger,
Heisenberg, . . . )

▷ Quantum electrodynamics (QED)
(Dirac, . . . , Bethe, Tomonaga,
Schwinger, Feynman, Dyson)

▷ Divergences: infrared/ultraviolet,
due to self-interaction
(can also occur classically)
Ð→ need for renormalisation
(Bogolyubov, Wilson, . . . )

▷ Bare vs observed parameters,
analogy with Archimedes force
(Connes, Kreimer)
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The Φ4
d model

▷ Lattice system: ΛN = (Z/NZ)d , y ∈ RΛN

VN,ε(y) =
1

2
N2 ∑

i ,j∈Λ
∥i−j∥=1

(yi − yj)2 +∑
i∈Λ

Uε(yi) Uε(ξ) =
1

2
ξ2 + ε

4
ξ4

Gibbs measure νN,ε(dy) =
1

ZN,ε
e−VN,ε(y) dy

▷ Continuum limit: yi = ϕ(i/N), N →∞,

Vε(ϕ) = ∫
Λ
(12∥∇ϕ(x)∥

2 + 1
2ϕ(x)

2 + ε
4ϕ(x)

4)dx

where Λ = (R/Z)d =∶ Td

De�nition of Gibbs measure?

νε(dϕ) �=�
1

Zε
e−Vε(ϕ) �dϕ�

▷ Alternative: Spectral Galerkin approx. (Fourier modes with ∣k ∣ ⩽N)
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The case d = 1

▷ ε = 0: V0(ϕ) = ∫
Λ
(12∥∇ϕ(x)∥

2 + 1
2ϕ(x)

2)dx = 1
2⟨ϕ, (−∆ + 1)ϕ⟩

ν0 is Gaussian free �eld with covariance (−∆ + 1)−1 = G(x − y)
(well-de�ned since (−∆+ 1)−1 trace class: λk = (2πk)2, ∑

k∈Z

1
λk+1 < ∞)

▷ ε > 0:
dνε
dν0
= Z0
Zε

e−[Vε−V0] = Z0
Zε

e−
ε
4 ∫Λ ϕ(x)

4 dx

where
Zε

Z0
= Eν0[e−

ε
4 ∫Λ ϕ(x)

4 dx] �=�
1

Z0 ∫
e−V0(ϕ)− ε

4 ∫Λ ϕ(x)
4 dx dϕ

Fourier representation:

ϕGFF(x) = ∑
k∈Z

Zk√
λk + 1

ek(x), Zk ∼ N(0,1) iid

⇒ E[(∫
Λ
ϕGFF(x)4 dx)

n
] ≲ (∑

k∈Z

1
λk+1)

2n
< Cn

so that Zε

Z0 = 1 +O(ε)
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The case d = 2
▷ (−∆ + 1)−1 no longer trace class, since λk = (2π∥k∥)2, ∑

k∈Z2

1
λk+1 = ∞

▷ Truncated GFF:

ϕGFF,N(x) = ∑
k∈Z2,∣k ∣⩽N

Zk√
λk + 1

ek(x)

CN = ∫
Λ
E[ϕGFF,N(x)2]dx = ∑

∣k ∣⩽N

1

λk + 1
= Tr[(−∆N + 1)−1] ∼ logN

▷ Wick calculus: ∶ϕ(x)n∶ = Hn(ϕ(x);CN) where Hn Hermite polynomials
{Hn(ϕ,CN)}n⩾0 = {1, ϕ, ϕ

2 − CN , ϕ
3 − 3CNϕ, ϕ

4 − 6CNϕ
2 + 3C 2

N , . . .}

If (X ,Y ) centred jointly Gaussian rv, E[X 2] = C , E[Y 2] = C ′ then
E[Hn(X ;C)Hm(Y ;C ′)] = n!δnmE[XY ]n

Consequence: sup
N

E[(∫
Λ
∶ϕGFF,N(x)n∶dx)

2
] < ∞ ∀n

▷ Gibbs measure de�ned as in 1d case, with

Vε(ϕ) = ∫
Λ
(12∥∇ϕ(x)∥

2 + 1
2ϕ(x)

2 + ε
4 ∶ϕ(x)

4∶)dx
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The case d = 3

Theorem: Potential needs exactly 4 counterterms:

V (ϕ) = ∫
Λ
(12∥∇ϕ(x)∥

2 + 1
2
[1 − ε2C (2)N ]ϕ(x)

2

+ ε
4 ∶ϕ(x)

4∶
C
(1)
N

+ ε2C (3)N − ε3C (4)N )dx
where

C
(1)
N = GN(0) = Tr((−∆N + 1)−1) = O(N)

C
(2)
N = 3!∫Λ

GN(x)3 dx = O(logN)

C
(3)
N =

4!

2!42 ∫Λ
GN(x)4 dx = O(N)

C
(4)
N =

23

3!43
(4
2
)
3

∫
Λ
∫
Λ
GN(x)2GN(y)2GN(x − y)2 dx dy = O(logN)

and GN(x) = ∑
∣k ∣⩽N

1

λk + 1
ek(x) is the Green function of ∆N
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Some literature

▷ Glimm & Ja�e (1968, 1973), Feldman (1974):
Combinatorics of Feynman diagrams

▷ Benfatto, Cassandro, Gallavotti, Nicolò & Olivieri (1978, 1980):
Renormalisation group (integrating out scales)

▷ Brydges, Fröhlich & Sokal (1983):
Generating function and skeleton inequalities

▷ Brydges, Dimock & Hurd (1995):
Polymer expansions

▷ Connes & Kreimer (2000, 2001):
Hopf algebras

▷ . . .

▷ Barashkov & Gubinelli (2020):
Boué�Dupuis formula
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Singular stochastic PDEs

∂tϕ(t, x) =∆ϕ(t, x) − ϕ(t, x)3 + ξ(t, x)
´¹¹¹¹¹¹¸¹¹¹¹¹¹¶

space-time white noise

▷ Parisi & Wu (1981):
Stochastic quantization

▷ Faris & Jona-Lasinio (1982), . . . :
1d case: Well-posed, large-deviation principle

▷ Da Prato & Debussche (2003):
2d case: Besov spaces, �xed-point argument for di�erence between ϕ
and stochastic convolution

▷ Hairer (2014):
3d case: regularity structures, Banach spaces of modeled distributions
Ad-hoc renormalisation for Φ4

3 and PAM (parabolic Anderson model)

▷ Bruned, Chandra, Chevyrev, Hairer, Zambotti (2016+):
Solution theory and renormalisation for general locally subcritical
(superrenormalisable) parabolic SPDEs, using BPHZ renormalisation
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Graphical notations

▷ Wick powers: X = = ∫
Λ
∶ϕ(x)4∶dx , Y = = ∫

Λ
∶ϕ(x)2∶dx

▷ Parameters: α = ε
4 , β =

1
2ε

2C
(2)
N , γ = ε2C (3)N − ε3C (4)N

Then
ZN,ε

ZN,0
= Eν0[e−αX−βY−γ] = e−γ Eν0[e−αX−βY ]

▷ Let Γ = (V ,E ) be a multigraph, G = span{Γ}. Its valuation is

ΠN(Γ) = ∫
ΛV
∏
e∈E

GN(xe+ − xe−)dx

For instance

C
(1)
N = ΠN

C
(2)
N = 3!ΠN

C
(3)
N = 4!

2!42
ΠN

C
(4)
N = 23

3!43
(4
2
)
3

ΠN
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Cumulant expansion

▷ Eν0[e−αX−βY ] = ∑
n⩾0

(−1)n

n!
µn

µn = (−1)nEν0[(α + β )
n
] = (−1)n

n

∑
m=0
(n
m
)αmβn−mAnm

where Anm = Eν0[
m n−m]

Examples: µ2 = α24!ΠN + β22!ΠN

µ3 = − α3(
4

2
)
3

23ΠN − 3α2β(42 ⋅ 2 ⋅ 3!)ΠN

− 3αβ24!ΠN − 8β3ΠN

▷ Cumulant expansion: (Leonov & Shiraev)

− logE[e−αX−βY−γ] = γ −
∞
∑
n=2

κn
n!

κn = µn −
n−2
∑
m=2
(n − 1

m
)κmµn−m

▷ Linked Cluster Theorem: κn projection of µn on connected graphs

Proof: for instance Peccati & Taqqu (2011)
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Cumulant expansion

▷ Eν0[e−αX−βY ] = ∑
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(−1)n
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µn
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n
] = (−1)n

n

∑
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(n
m
)αmβn−mAnm
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m n−m]
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2
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Divergences and subdivergences

▷ Degree of Γ: deg(Γ) = 3(∣V ∣ − 1) − ∣E ∣. Γ divergent if deg(Γ) ⩽ 0.
▷ Examples:

deg( ) = 0 ΠN( ) = O(logN)
deg( ) = −1 ΠN( ) = O(N)

deg( ) = 0 ΠN( ) = O(logN)

▷ It looks like ΠN(Γ) =
⎧⎪⎪⎨⎪⎪⎩

O(N−deg(Γ)) if deg(Γ) < 0
O(logN) if deg(Γ) = 0

However, deg( ) = 1, while ΠN( ) = O(logN)
because it contains a subdivergence

Theorem: [Dyson]

If deg Γ̄ > 0 for all subgraphs Γ̄ ⊂ Γ, then ΠN(Γ) is bounded unif in N
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Hopf algebras and renormalisation

▷ Connes�Kreimer extraction�contraction coproduct: ∆ ∶ G → G ⊗ G
∆(Γ) = Γ⊗ 11 + 11⊗ Γ + ∑

11≠Γ⊊Γ
deg(Γ)⩽0

Γ⊗ (Γ/Γ) (11: empty graph)

Example: ∆( ) = ⊗ 11 + 11⊗ + ⊗

▷ (Antipode: A ∶ G → G , A (Γ) = −Γ − ∑
11≠Γ⊊Γ

deg(Γ)⩽0

A (Γ) ⋅ (Γ/Γ)

Example: A ( ) = − + ⋅

▷ Character: linear form g ∶ G → R such that ⟨g ,Γ1 ⋅ Γ2⟩ = ⟨g ,Γ1⟩⟨g ,Γ2⟩

Renormalisation map: Mg ∶ G → G , Mg(Γ) ∶= (g ⊗ id)∆Γ

Property: If ⟨f ○ g ,Γ⟩ = ⟨f ⊗ g ,∆Γ⟩ and ⟨A ∗(f ),Γ⟩ = ⟨f ,A (Γ)⟩
then Mg○h =MgMh and (Mg)−1 =MA ∗(g) ⇒ group structure
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BPHZ renormalisation
▷ BPHZ character: ⟨gBPHZ,Γ⟩ = ΠNA (Γ)11deg Γ⩽0
▷ Renormalised valuation:

ΠBPHZ
N (Γ) = ΠNM

gBPHZ(Γ)
= (gBPHZ ⊗ΠN)∆Γ

= (ΠNÃ ⊗ΠN)∆Γ

Ã (Γ) = A (Γ)1deg Γ⩽0

G R

G ⊗ G R

G

ΠN

(Ã ⊗id)∆
ΠBPHZ

N

MgBPHZ=(ΠN Ã ⊗id)∆
ΠN⊗ΠN

ΠN⊗id
ΠN

Theorem: [Bogolyubov, Parasiuk, Hepp, Zimmermann]

If deg Γ > 0 then ΠBPHZ
N (Γ) bdd uniformly in N

Theorem: [B & Klose]

Write κn = (−1)n∑n
m=0 (

n
m
)αmβn−m∑k b

(k)
nmΠN(Γ

(k)
nm ) Then

∞
∑
n=2

κn
n!
= −

∞
∑
p=2

1

p!
(−α)p∑

k

b
(k)
pp ΠBPHZ

N (Γ(k)pp ) deg Γ
(k)
pp = p − 3

Consequence: all terms in cumulant expansion bounded uniformly in N
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= (ΠNÃ ⊗ΠN)∆Γ
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Commutative diagram

e−αX ∑
p

(−α)p

p!
P(X p)

e−αX−βY ∑
n,m

(−α)m(−β)n−m
m!(n−m)! P(XmY n−m) logE[e−αX−βY ]

W

P

MgBPHZ
ΠBPHZ
N

P ΠN

▷ P = Πconnected(∑pairings)
▷ e−αX , e−αX−βY ∈ H = span{X nYm}
▷ Construction of W inspired by [Ebrahimi-Fard, Patras, Tapia & Zambotti]

Lemma: [B, Klose & Tapia]

▷ W (e−αX ) = e−αX−βY

▷ P ○W =MgBPHZ ○P

Proof of commutativity based on Zimmermann's forest formula for A
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Ebrahimi-Fard et al type construction

e−αX ∑
p

(−α)p

p!
P(X p)

e−αX−βY ∑
n,m

(−α)m(−β)n−m
m!(n−m)! P(XmY n−m) logE[e−αX−βY ]

W

P

MgBPHZ
ΠBPHZ
N

P ΠN

▷ W (X n) = (µ−1 ⊗ id)∆ where ∆(X n) =
n

∑
k=0
(n
k
)X k ⊗X n−k

▷ µ = exp∗(κ), exp∗(φ) = ∑
n⩾0

1

n!
φ∗n, φ ∗ ψ =M(φ⊗ ψ)∆

▷ κ(X 2) = σ2Y , σ2 = 2β
α2 , κ(X n) = 0 for n ≠ 2

W (X) = X

W (X 2
) = X 2

− σ2Y

W (X 3
) = X 3

− 3σ2XY

W (X 4
) = X 4

− 6σ2X 2Y + 3σ4Y 2
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Zimmermann's forest formula

▷ Zimmermann forest formula: A (Γ) = −∑
F

(−1)∣F ∣CFΓ

where sum ranges over all forests F (set of subgraphs, pairwise
vertex-disjoint or included) and CF extracts all subgraphs in F

▷ Our case: A (Γ) = − ∑
S⊂{1,...,g}

(−1)∣S ∣ ∣S ∣CSΓ

where CS extracts all �bubbles� labelled by element of S ,
g is number of bubbles

Since ΠN( ) = β
3ε2
= β

48α2 we have

ΠBPHZ
N (Γ(k)pp ) = − ∑

S⊂{1,...,g}
(− β

48α2
)
∣S ∣

ΠN(CSΓ
(k)
pp )

Lemma: [B & Klose] The diagram commutes, that is,

P ○W = (ΠNÃ ⊗ id)∆ ○P
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Borel resummation: The Φ4
0 model

▷ V (ϕ) = 1
2ϕ

2 + ε
4ϕ

4

Z(ε) = ∫
∞

−∞
e−V (ϕ) dϕ = ∫

∞

−∞
e−ϕ

2/2 e−εϕ
4/4 dϕ

Z(ε) ≍
√
2π∑

n⩾0
(− ε

4
)n (4n−1)!!

n! = ∑
n⩾0

anε
n, an ∼ n!

▷ Borel transform:

Z(ε) ≍ ∑
n⩾0

anε
n Γ(n+1)

n! = ∑
n⩾0

anεn

n! ∫
∞

0
tn e−t dt

ZBorel(ε) = ∫
∞

0
e−t ∑

n⩾0

anεntn

n! dt = ∫
∞

0
e−t BZ(εt)dt

where BZ(t) = ∑n⩾0
an
n! t

n

Theorem (Watson 1912, Sokal 1980) DR = {ε∶Re ε−1 > R−1}

If Z analytic in DR and Z(ε) = ∑n
k=0 akε

k + Rn(ε) with ∣Rn(ε)∣ ⩽ Crnn!∣ε∣n

unif in n and ε, then BZ(t) cv for ∣t ∣ < 1
r and Z(ε) = ZBorel(ε) in DR
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Borel resummation: The Φ4
3 model

▷ Borel summability proved by Magnen and Sénéor (1977)

▷ Need to prove
♢ Analycity in DR : hard?
♢ Bound ∣Rn(ε)∣ ⩽ Crnn!∣ε∣n in DR : doable

▷ e−αX = P(X ) + F (X ), P(X ) =
3

∑
p=0

(−α)p

p!
X p

log e−αX−βY−γ = −γ − (ΠBPHZ
N ○P) e−αX = −(ΠBPHZ

N ○P)F (X )

▷ F (X ) = Sn + Rn, Sn =
n

∑
p=4

(−α)p

p!
X p, Rn =

∞
∑

p=n+1

(−α)p

p!
X p

(ΠBPHZ
N ○P)Sn ≍

n−1
∑
p=4

p!εp, Rn =
(−α)n

n!
X n e−αθX

▷ Control remainder by using
♢ Moment bound
♢ Sharp estimates on (ΠBPHZ

N ○P)Γ(k)pp (Hairer 2018, B & Bruned 2019)
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