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Action potential [Dickson 00]

> Neurons communicate via patterns of spikes
in action potentials
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Neurons and action potentials

Myeln
sheath

i
t
Action potential [Dickson 00]

> Neurons communicate via patterns of spikes

in action potentials
> Question: effect of noise on interspike interval statistics?
> Poisson hypothesis: Exponential distribution

= Markov property
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Conduction-based models for action potential

> Hodgkin—-Huxley model (1952)
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Conduction-based models for action potential

> Hodgkin—Huxley model (1952)
dv

Cor = —gin'(V — Vi) — gnam’h(V — Vxa) — gu(V — V1)
dn Extracellular
97 (VY = n) = Ba(V
ddt (VYA =) (Vi J e |
TT = am(V)(L = m) = Bn(V)m . C 2%
& = (V)1 h) — BV Tk ot

Intraceliular

> FitzHugh—Nagumo model (1962)

CdV v _viiw
g dt
7'%3%? =a—-pV -—yw

> Morris—Lecar model (1982) 2d, more realistic eq for ¥

> Koper model (1995) 3d, generalizes FitzZHugh—Nagumo
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Deterministic FitzZHugh—Nagumo (FHN) model
Consider the FHN equations in the form
eEx=x—-x>+4y
y=a—x—by
> x o« membrane potential of neuron

> y o proportion of open ion channels (recovery variable)

v

g < 1 = fast—slow system

> b =0 in the following for simplicity (but results more general)
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Deterministic FitzZHugh—Nagumo (FHN) model
Consider the FHN equations in the form
eEx=x—-x>+4y
y=a—x—by
> x o« membrane potential of neuron

> y o proportion of open ion channels (recovery variable)

v

g < 1 = fast—slow system

> b =0 in the following for simplicity (but results more general)

Stationary point P = (a,a° — a)
o : Y I 2
Linearisation has eigenvalues %‘525 where § = 3-1

2
> § > 0: stable node (6 > /2 ) or focus (0 < & < /)
>0 =0: [Erneux & Mandel '86]

> 0 < 0: unstable focus (—+/z < § < 0) or node (§ < —/2)
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Deterministic FitzHugh—Nagumo (FHN) model

60> 0:
> P is asymptotically stable
> the system is excitable

> one can define a separatrix

0 <0:

P is unstable

3 asympt. stable periodic orbit
sensitive dependence on §:
canard (duck) phenomenon
[Callot, Diener, Diener '78,
Benoit '81, ...]
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Deterministic FitzHugh—Nagumo (FHN) model

60> 0:
> P is asymptotically stable
> the system is excitable

> one can define a separatrix

0 <0:

P is unstable

J asympt. stable periodic orbit

sensitive dependence on §:

canard (duck) phenomenon

[Callot, Diener, Diener '78,

Benoit '81, ...] (Link to simulation)
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https://youtu.be/za2KTvfK3DE

Deterministic FitzHugh—Nagumo (FHN) model

60> 0:
> P is asymptotically stable
> the system is excitable

> one can define a separatrix

0 <0:

P is unstable

J asympt. stable periodic orbit
sensitive dependence on §:
canard (duck) phenomenon
[Callot, Diener, Diener '78,
Benoit '81, ...]
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Stochastic FHN equation

1
dx; = g[xt —x; +yedt + %thu)

7

dy: = [a — x¢ — by:]dt + U2th(2)

> Again b = 0 for simplicity in this talk

> Wt(l), Wt(z): independent Wiener processes (white noise)

> 0<01,0’2<<1,0':\/0'%+0'§

e=0.1
6 =0.02
01 — 03 — 003
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Mixed-mode oscillations (MMOs)
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Random Poincaré map

nullclines
y
D
X
separatrix
P
Yo
Y1
>

Yo, Y1, ... substochastic Markov chain describing process killed on 0D
Number of small oscillations:

N=inf{n>1:Y,¢X}
Law of N7
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Random Poincaré maps

In appropriate coordinates
dpe = f(pe, xe) dt + o F (e, x¢) dW, peR (orR/Z)
dxe = g(pe, x¢) dt + oG (e, x¢) dW, xeEECX
> all functions periodic in ¢ (say period 1)
> f > ¢ > 0 and o small = ¢ likely to increase

> process may be killed when x leaves E

x — )
WA
577N
X2
El X) = x, 0
i -
Vat e
Xo
1 2 3 4 ®

Xo, X1, ... form (substochastic) Markov chain
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Harmonic measure

x

Xt

E

Xo

M | 1 ¢

> 7: first-exit time of z; = (¢¢, x¢) from D = (—M,1) x E

A C ID: py(A) =P?{z; € A} harmonic measure (wrt generator L)
[Ben Arous, Kusuoka, Stroock '84]: under hypoellipticity cond,

iz admits (smooth) density h(z,y) wrt arclength on 0D

Remark: L,h(z,y) = 0 (kernel is harmonic)

For B C E Borel set

v

v

v

v

PX{X; € B} = K(Xo, B) ::/ K(Xo,dy)
B

where K(x,dy) = h((0,x),(1,y))dy =: k(x,y)dy
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Fredholm theory

Consider integral operator K acting
> on L via f — (Kf)(x) = / k(x,y)f(y)dy = EX[f(X1)]
E

> on L! via m— (mK)(y) = /Em(x)k(x,y) dx =PH{X; e dy}

Thm [Fredholm 1903]:

If k € L2, then K has eigenvalues )\, of finite multiplicity
Right/left eigenfunctions: Kh, = A\ h,, hiK = A\, h%, form complete ON basis

Thm [Perron, Frobenius, Jentzsch 1912, Krein—-Rutman '50, Birkhoff '57]:
Principal eigenvalue A is real, simple, [A\,| < Ao Vn > 1, ho, h§ >0

Spectral decomp: k (x,y) = Agho(x)h§(y) + A h1(x)hi(y) + ...
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Fredholm theory

Consider integral operator K acting

> on L via f — (Kf)(x) = /Ek(x,y)f(y) dy = EX[f(X1)]

> on L! via m— (mK)(y) = /Em(x)k(x,y) dx =PH{X; e dy}

Thm [Fredholm 1903]:

If k € L2, then K has eigenvalues )\, of finite multiplicity
Right/left eigenfunctions: Kh, = A\ h,, hiK = A\, h%, form complete ON basis

Thm [Perron, Frobenius, Jentzsch 1912, Krein—-Rutman '50, Birkhoff '57]:
Principal eigenvalue A is real, simple, [A\,| < Ao Vn > 1, ho, h§ >0

Spectral decomp: k"(x,y) = Ajho(x)h§(y) + AThi(x)hi(y) + ...
= PX{X,, S dy‘Xn S E} = 7T0(dX) + O((|)\1|/)\0)n)

where mo = h§/ [ hg is quasistationary distribution (QSD)
[Yaglom '47, Bartlett '57, Vere-Jones '62, ...]
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Consequence for FitzHugh—Nagumo model
Theorem 1 [B & Landon, Nonlinearity 2012]

N is asymptotically geometric: lim P{N =n+1|N > n} =1— Ao
where \g € (0,1) if o > 0'is pri?l?i?)oﬂ eigenvalue of the chain
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Consequence for FitzHugh—Nagumo model

Theorem 1 [B & Landon, Nonlinearity 2012]

N is asymptotically geometric: lim P{N =n+1|N > n} =1— )Xo
n—o0

where A\g € (0,1) if 0 > 0 is principal eigenvalue of the chain

Proof:

h
> x* =argmaxhy = )\o:/k(x*,y) o) dy < K(x*,E) <1
E ho(x*)

by ellipticity (k bounded below)
> Prof{N > n} =Pro{X, € E} = [ po(dx)K"(x, E)

= Je ro(dx)Agho(X)[hg 11 [1 + O((1A1]/A0)")]

= Ag{t0, ho) [Ihg [11[1 + O((|A1]/X0)™)]
> Pro{N =n+1} = [¢ [z po(dx)K"(x,dy)[1 — K(y, E)]
= Ag(1 = Xo)(po, ho) A5 [|1[1 + O((|A1]/X0)")]

> Existence of spectral gap follows from positivity condition [Birkhoff '57]
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Histograms of distribution of N (1000 spikes)
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Weak-noise regime

Theorem B & Landon , Nonlinearity 2012

Assume ¢ and ¢/+/z sufficiently small
There exists x > 0 s.t. for 02 < (£1/456)?/ log(\/2/9)
> Principal eigenvalue:
1/45 2
1—)Xp < exp{—ng}
g
> Expected number of small oscillations:

BN > Clro)exp{nE) )

where C(po) = probability of starting on ¥ above separatrix

Proof:

> Construct A C X such that K(x, A) exponentially close to 1 for all x € A

> Xo / he(y) dy = / B (K (x, A dx > inf K (x, A) / K () dy
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Dynamics near the separatrix

Change of variables:
> Translate to Hopf bif. point
> Scale space and time
> Straighten nullcline x =0
= variables (¢, z) where nullcline: {z =1}

dé, = (% _z ) dt
dz; = (ﬁ+2£t2t ) dt
where 5
h= T
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Dynamics near the separatrix

Change of variables:
> Translate to Hopf bif. point
> Scale space and time
> Straighten nullcline x =0
= variables (¢, z) where nullcline: {z =1}

1 € N £
de, = (E—zt— Vg gf) dt + & dW

2 &.
dz = (,1+ 26z, + E{gf) dt — 261&, dWY + 5, dWP

where 5

. "D . g1 ~ 02
N*%*CH 0'1—*\/§€3ﬁ 02*\/§E3ﬁ
Upward drift dominates if ji2 > 62 + 53 = (61/45)2 > 02 + 03

Rotation around P: use that 2ze~22~2+1 is constant for ji = ¢ = 0
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From below to above threshold

Linear approximation:

dz0 = (fi+ t20) dt — &1t dWH + 5, d WP

~ X a—y?/2
= P{no small osc} ~ <D<—7r1/4 ~5+~2) d(x) :/ eﬁ dy
g1103 —00 ™
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From below to above threshold

Linear approximation:

dz0 = (fi + t20) dt — &1t dWH + 5, d WP
X e—y2/2

= P{no small osc} ~ ¢<—7r1/4\/%) d(x) = Noxs dy
g1103 —00 ™

«: P{no small osc}
+: 1/E[N]

or 1= A

curve: x — d(r1/4x)

i /4(5-022)
2

X T e Joitol
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Summary: Parameter regimes

g1 = 02!

PN =1} = ¢ (- (x22=0/a))

o

see also
[Muratov & Vanden Eijnden '08]

Regime I: rare isolated spikes

Theorem 2 applies (§ < £1/?)

Interspike interval ~ exponential

Regime Il: clusters of spikes

7+ interspike osc asympt geometric J ‘ MJ
o = (6e)'/?: geom(1/2)

Regime IlI: repeated spikes
Interspike interval ~ constant
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The Koper model

edx; = [yr — X2 + 3x;] dt +VeaF(xt, yt, zt) dW;
dyt = [kXt — 2(_y1_- —+ )\) -+ Zt] Clt —+ U/Gl(XnYt, Zt) th
dzt = [,0(>\+_yt _Zt)]dt +O—/G2(Xt,yt,zt)th

Folded-node singularity at P* induces mixed-mode oscillations
[Benoit, Lobry '82, Szmolyan, Wechselberger '01, .. .]
Poincaré map I : ¥ — X is almost 1d due to contraction in x-direction
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Poincaré map z, — z,.1

-8.5

-8.6

-8.7

-8.8

9.2 Jrrrrrriffehmirrrrir e e

. 93 9.2 9.1 -9.0 -8.9 -8.8 -8.7 -86 -85 -8.4 -8.3
k=—-10,A= —7.6,p = 0.7, = 0.01, 0 = ¢’ = 0 — c.f. [Guckenheimer, Chaos, 2008]
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Poincaré map z, — z,.1
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Poincaré map z, — z,.1

-8.5

-8.6

9.2 Jrrrrrriffrhmirrrirr i e

93 92 91 -90 -89 -88 -87 -86 -85 -84
k=-10A=—-76,p=07,e =001, 0 =0' =102

Modeles stochastiques de neurones et chaines de Markov a espace continu 12 mars 2015

18/21(29)



Size of fluctuations

5
Regular fold

Ty -- -

< 1: eigenvalue ratio
at folded node

Transition Ax ‘ Ay Az
Yo — Y3 o+o' ove+o
Y3 X4 o+o o\e+o
!

/ a g !
PV I VIRV o\/elloge| + o
Y, — s ovE+ o'el/o o\/E 4 o'et/0
Y5 — Y6 oc+0o o\e+o
Y6 — X1 oc+o ove+o
Y=Y (0 +0')et/* o’
vi — ¥ if z= O(yR) (0 +o)e/w"* | o'(e/m)*
Y — (0 +0')el/* o'el/*
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Main results
[B, Gentz, Kuehn, JDE 2012 & JDDE 2015]

. +
Theorem 1: canard spacing kpy/e )\(fi ?)
At z =0, k' canard lies at distance vk
VE e <@k from primary canard S—
N\ MRAW

\/ \

Jeem c(2k+1)%
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Main results
[B, Gentz, Kuehn, JDE 2012 & JDDE 2015]

x (+2z)

Theorem 1: canard spacing . knvE

At z =0, k' canard lies at distance
\/Ee_c(2k+1)2“ from primary canard

Theorem 2: size of fluctuations

(0 +0')(e/p)"* up to z = \/2i
(0 +0")(e/p)/* e/ for z > \fER

Theorem 3: early escape

Po € ¥ in sector with k > 1/, /i = first hitting of 35 at P; s.t.
PPo{z > z} < Cllog(o + o')[ e 2"/ (cnllog(o+a")])

Modeles stochastiques de neurones et chaines de Markov a espace continu 12 mars 2015 20/21(29)



Main results
[B, Gentz, Kuehn, JDE 2012 & JDDE 2015]

- +
Theorem 1: canard spacing %X( ?)

At z =0, k' canard lies at distance
\/Ee_c(2k+1)2“ from primary canard

v

Theorem 2: size of fluctuations

(0 +0')(e/p)"* up to z = \/2i
(0 +0")(e/p)/* e/ for z > \fER

Theorem 3: early escape

Po € ¥ in sector with k > 1/, /i = first hitting of 35 at P; s.t.
PPo{z > z} < Cllog(o + o')[ e 2"/ (cnllog(o+a")])

> Saturation effect occurs at k. ~ \/|log(c + o')|/p
> For k > k., behaviour indep. of k and Az < O(\/ep|log(o + o')])

Modeles stochastiques de neurones et chaines de Markov a espace continu 12 mars 2015 20/21(29)



Concluding remarks

> Noise can induce spikes that may have non-Poisson interval statistics
> Noise can increase the number of small-amplitude oscillations
> Important tools: random Poincaré maps and quasistationary distrib.
> Future work: more quantitative analysis of oscillation patterns, using
singularly perturbed Markov chains and spectral theory €I
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How to estimate the spectral gap

Various approaches: coupling, Poincaré/log-Sobolev inequalities, Lyapunov
functions, Laplace transform + Donsker—Varadhan, ...

Thm [Garett Birkhoff '57] Under uniform positivity condition
s(x)v(A) < K(x,A) < Ls(x)v(A) Vx e EVACE

one has [A1|/Ao <1 — L2
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How to estimate the spectral gap

Various approaches: coupling, Poincaré/log-Sobolev inequalities, Lyapunov
functions, Laplace transform + Donsker—Varadhan, ...

Thm [Garett Birkhoff '57] Under uniform positivity condition
s(x)v(A) < K(x,A) < Ls(x)v(A) Vx e EVACE

one has [A1|/Ao <1 — L2

Localised version: assume 3A C E and m: A — R such that
m(y) < k(x,y) < Lm(y) — Vx,y € A (1)
Then
M| <L—1+ O(sup K(x,E\ A)) + (’)(sup[l ~ K(x, E)])
x€E x€A
To prove the restricted positivity condition (1):

> Show that |Y,, — Xj,| likely to decrease exp for Xp, Yo € A
> Use Harnack inequalities once | Y, — X,| = O(c?)
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Estimating noise-induced fluctuations
, 7 o Wbk

0.5
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Estimating noise-induced fluctuations

(det det det)

Ct = (Xt,)’tyzt) ) Vi

d¢e = éA(t)Ctdt +2F

NG (Ce, t) dWe + — b(Ce, t) d

—O(I\Crll )

=2 [ UG5 W, + 1 / U(t.$)b(Ces) ds

where U(t, s) principal solution of ¢ = A(t)C.

Lemma (Bernstein-type estimate):

h2
{Oiligtn/ G(Cyyu)dW, || > h} 2nexp{ 2V(t)}

where / G(Cu, u1)G(Cy, u) " du < V(s) a.s. and n = 3 space dimension
0

Remark: more precise results using ODE for covariance matrix of
t
0 O
=— [ U(t,s)F(0,s)dW. a=D
¢ =7 [ ueaFo9aw,
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Example: analysis near the regular fold

Proposition: For h; = O(2/3)

P10 2me) = 7,2 > |

< Cll kh? Ke
< Cliogel{ exp 0%+ (o)1) TEP T + (0')%e

Useful if 0,0’ < /e
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Further ways to anayse random Poincaré maps

> Theory of singularly perturbed Markov chains

> For coexisting stable periodic orbits:
spectral-theoretic description of metastable transitions
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Laplace transforms
{Xs}n=0: Markov chain on E, cemetery state A, kernel K
Given ACE, BCEU{A}, AnNB=10, x€ E and u € C, define
Ta=inf{n>1: X, € A} Gap(x) = EX[e"™ 117, <1yl
oa=inf{n>0: X, € A} HiB(X) = EX[e"7" 1{6A<JB}]
> Gj g(x) is analytic for [e”| < [sup,c(aup) K(x, (AU B)C)]f1
> Gig=Hipin (AUB), Hig=1in Aand Hj 5 =0in B

Lemma: Feynman—Kac-type relation KHig=e¢"Gip J
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Laplace transforms

{Xs}n=0: Markov chain on E, cemetery state A, kernel K
Given ACE, BCEU{A}, ANB =1, x€ E and u € C, define
Ta=inf{n>1: X, € A} Gap(x) = EX[e"™ 117, <1yl
oa=inf{n>0: X, € A} HiB(X) = EX[e"7" 1{6A<JB}]
> Gj g(x) is analytic for [e”| < [sup,c(aup) K(x, (AU B)C)]f1

> Gig=Hipin (AUB), Hig=1in Aand Hj 5 =0in B

Lemma: Feynman—Kac-type relation KHipg=e"Gip J
Proof:
(KHA B =E~ [EXl o 1{0A<UB}]]
= E*[Loaem B [ Loscom] | +E*[LixenyEX [ Loy com]
X x [ u(ta—1
=E [1{1 TA<7'B}] +E [ . )1{1<TA<TB}]
=B [e"™ V1, )] =Y GRs(x)

= if G} g varies little in AU B, it is close to an eigenfunction
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Small eigenvalues: Heuristics
(inspired by [Bovier, Eckhoff, Gayrard, Klein '04])

> Stable periodic orbits in xq, ..., xy

> B; small ball around x;, B = UV, B;

> Eigenvalue equation (Kh)(x) = e " h(x)
> Assume h(x) ~ h; in B;
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Small eigenvalues: Heuristics
(inspired by [Bovier, Eckhoff, Gayrard, Klein '04])

> Stable periodic orbits in xq, ..., xy

> B; small ball around x;, B = UV, B;

> Eigenvalue equation (Kh)(x) = e " h(x)
> Assume h(x) ~ h; in B;

Ansatz: h(x ZhH 85 (x) +r(x)

> x € Bj: h(x )—h +r(x)
> x € B¢ eigenvalue equation is satisfied by h — r (Feynman—Kac)

> x = x;: eigenvalue equation yields by Feynman—Kac

N
h,' = Z hJM,J(u) MU(U) = GEJ,B\BJ-(XI') = Exi[eLITB 1{TB:TBj}]

= condition det(M — 1) = 0 = N eigenvalues exp close to 1
If P{7s > 1} < 1 then Mj(u) ~e"P*{rg = 75} =: " Pj and Ph~e " h
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Control of error term
The error term satisfies the boundary value problem
(Kr)(x) =e " r(x) x € B
r(x)=h(x)—h; x€B;
Lemma:
For u s.t. Gg g. exists, the unique solution of
(Ky)(x) =e™"9(x)  x€B°
P(x) = 0(x) x€eB

is given by ¥(x) = EX[e“" (X, )]

= r(x) = EX[e"™ §(X.,)] where 0(x) = Zj[h(x) — hj]lixeBy
To show that h(x) — h; is small in B;j: use Harnack inequalities
Consequence: Reduction to an N-state process in the sense that

N
P {X, € B} = Y AThi(x)hi (Bi) + O(|An1a]")

j=1
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