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Fractional Allen—Cahn-type SPDEs

et = —(=A)Yu + F(u) + éJ
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Fractional Allen—Cahn-type SPDEs

e = —(—A)%u + Fu) + §J

> u=u(t,x) ER, (t,x) ER. xT9, d>1

—(—A)P/? =: AP/?: Fractional Laplacian

F polynomial of degree N

> & space-time white noise: E[¢(t, x)E(y, s)] = d(x — y)d(t — s)
(€ 0) = W ~ N (0, [l 72), EIW, W] = (0,¢)

v

v
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Fractional Allen—Cahn-type SPDEs

e = —(—A)%u + Fu) + §J

> u=u(t,x) ER, (t,x) ER. xT9, d>1

—(—A)P/? =: AP/?: Fractional Laplacian

F polynomial of degree N

> & space-time white noise: E[¢(t, x)E(y, s)] = d(x — y)d(t — s)
(€ 0) = W ~ N (0, [l 72), EIW, W] = (0,¢)

v

v

Motivations:
> Better understanding of local subcriticality
> FitzHugh—Nagumo equation [B, Kuehn, EJP 2016]
du=Au+u—wP+v+¢

Orv = aju + arv
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Fractional Allen—Cahn-type SPDEs

e = —(—A)%u + Fu) + §J

> u=u(t,x) ER, (t,x) ER. xT9, d>1

—(—A)P/? =: AP/?: Fractional Laplacian

F polynomial of degree N

> & space-time white noise: E[¢(t, x)E(y, s)] = d(x — y)d(t — s)
(€ 0) = W ~ N (0, [l 72), EIW, W] = (0,¢)

v

v

Motivations:
> Better understanding of local subcriticality
> FitzHugh—Nagumo equation [B, Kuehn, EJP 2016]
du=Au+u—ud+v+¢
Otv = 0Av + aju + arv
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Fractional Allen—Cahn-type SPDEs

e = —(—A)%u + Fu) + §J

> u=u(t,x) ER, (t,x) ER. xT9, d>1

—(—A)P/? =: AP/?: Fractional Laplacian

F polynomial of degree N

> & space-time white noise: E[¢(t, x)E(y, s)] = d(x — y)d(t — s)
(€ 0) = W ~ N (0, [l 72), EIW, W] = (0,¢)

v

v

Motivations:
> Better understanding of local subcriticality
> FitzHugh—Nagumo equation [B, Kuehn, EJP 2016]

du=Au+u—ud+v+¢
dev = NP2y + aju+ apv
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Case p=2, N=3

®% model:  dpu=Au— 1P +¢ J
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Case p=2, N=3

®% model:  dpu=Au— 1P +¢ J

Mollified noise: £° = p. * &

with o-(t,x) = ﬁg(a%, ) where o compact support, integral 1

Theorem
d € {2,3}. 3 choice of renormalisation const C(g), lim._ C(¢) = o0,
Ort = Auf 4 C(e)u® — (u°) +€°

admits sequence v of local solutions, converging in probability to a limit u
as ¢ — 0.
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Case p=2, N=3

®% model:  dpu=Au— 1P +¢ J

Mollified noise: £° = p. * &

with o-(t,x) = ﬁg(a%, ) where o compact support, integral 1

Theorem
d € {2,3}. 3 choice of renormalisation const C(g), lim._ C(¢) = o0,

Ort = Auf 4 C(e)u® — (u°) +€°

admits sequence v of local solutions, converging in probability to a limit u
as ¢ — 0.

V.

> d = 2: [Da Prato & Debussche 2004] C(c) = Ci log(s~1)

> d = 3: [Hairer 2014], also [Catellier & Chouk], [Kupiainen]
C(e) = Ce t+ G |Og(€_1) + G
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Mild solutions and Holder spaces

> (O —Au=h = u=G=xh
> (0 —DAu=F(u)+§ = u=Gx&+Gx*F(u)
Which function space?

Thermodynamic characterization of regularity structures July 24, 2017 3/11



Mild solutions and Holder spaces

> (O —Au=h = u=G=xh
> (0 —DAu=F(u)+§ = u=Gx&+Gx*F(u)
Which function space?

Holder spaces C* for f : | — R, with | C R compact interval:
pO0<a<li|f(x)—f(y)|<Clx—y|® Vx#y
> a>1: fecland f e Col 4 |f(x) — f(y)| < Clx — y|*
> a < 0: f distribution, |(f,n2)| < C6% with n3(y) = $n(>5%)
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Mild solutions and Holder spaces

> (O —Au=h = u=G=xh

> (0 —DAu=F(u)+§ = u=Gx&+Gx*F(u)
Which function space?

Holder spaces C* for f : | — R, with | C R compact interval:
pO0<a<li|f(x)—f(y)|<Clx—y|® Vx#y
> a>1: fecland f e Col 4 |f(x) — f(y)| < Clx — y|*
> a < 0: f distribution, |(f,n2)| < C6% with n3(y) = $n(>5%)

Parabolic scaling C&: |x — y| — |t — s|Y/? + 27:1’)(’. —yil
Facts:

lL.ag¢Z, feCs = GxfecCx? (Schauder)

2. £eC¥as Va< — d+2
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Mild solutions and Holder spaces

> (O —Au=h = u=G=xh

> (0 —DAu=F(u)+§ = u=Gx&+Gx*F(u)
Which function space?

Holder spaces C* for f : | — R, with /| € R compact interval:
pO0<a<li|f(x)—f(y)|<Clx—y|® Vx#y
> a>1: fecland f e Col 4 |f(x) — f(y)| < Clx — y|*
> a < 0: f distribution, |(f,n2)| < C6% with n3(y) = $n(>5%)

Parabolic scaling C&: |x —y| — |t —s|Y2 + 329, |xi — yi]
Facts:

lL.ag¢Z, feCs = GxfecCx? (Schauder)

2. £€Cyas YVa< — d+2
Consequence: G *§ € C a.s. Va < % <0ford>2
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Regularity structures
[Hairer, Inventiones Math. 198, 269-504, 2014]:

S
(vo, Z8) ——— U

v] Ik

(Uo, ge) }S_—’ uc
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Regularity structures
[Hairer, Inventiones Math. 198, 269-504, 2014]:

(up, Z°) ——— U

v] I

(U()7 56) T’ uc

u=Gx* (& —ud) = U=TI(=Z— U3 + o1 + polynomial terms

Up=0
UW=ZE)+¢l+... U;=Z(2) +3¢Z(Z)* +3p*Z(Z) + 1 + ...
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Regularity structures
[Hairer, Inventiones Math. 198, 269-504, 2014]:

(up, Z°) ——— U

v] I

(UO, és) T’ uc

u=Gx* (& —ud) = U=TI(=Z— U3 + o1 + polynomial terms

Up =0
UW=ZE)+¢l+... U;=Z(2) +3¢Z(Z)* +3p*Z(Z) + 1 + ...
Uy = Z(2) — Z(Z(Z)?) — 39Z(Z(Z)?) — 39°Z(Z(Z)) + ol + ...
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Regularity structures
[Hairer, Inventiones Math. 198, 269-504, 2014]:

S
(UO7 ZE) — U

v] I

(UO, és) T’ uc

u=Gx* (& —ud) = U=TI(=Z— U3 + o1 + polynomial terms

Up=0
UW=ZE)+¢l+... U;=Z(2) +3¢Z(Z)* +3p*Z(Z) + 1 + ...
Uz = I(Z) — I(Z(Z)°) — 3¢Z(Z(Z)*) = 3¢°Z(Z(Z)) +¢l+...

=1 Y —3pY — 32" +el+...
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Regularity structures
[Hairer, Inventiones Math. 198, 269-504, 2014]:

S
(UO7 ZE) — U

v] I

(uo, &%) T’ u®

u=Gx* (& —ud) = U=TI(=Z— U3 + o1 + polynomial terms

Up =0
UW=ZE)+¢l+... U;=Z(2) +3¢Z(Z)* +3p*Z(Z) + 1 + ...
Uy = Z(2) — Z(Z(Z)?) — 39Z(Z(Z)?) — 39°Z(Z(Z)) + ol + ...
=1 Y —3pY — 32" +el+...
1-4 5-3d 4—d 3-4¢ 0

Locally subcritical: Holder exponents are bdd below
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Case of fractional Laplacian

0 < p<2, AP/2:= —(—A)P/? generator of a Lévy process with kernel

1 ix§& — P
6o(£:X) = v /Rde € ~tléll” ge
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Case of fractional Laplacian

0 < p<2, AP/2:= —(—A)P/? generator of a Lévy process with kernel

1 ix§& — P
6o(£:X) = v /Rde € ~tléll” ge

Easy to check:
1. s=(p,1,...,1) = G, regularising of order p:
feClatpgdZ = G,xfecCitr

5 1
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Case of fractional Laplacian

0 < p<2, AP/2:= —(—A)P/? generator of a Lévy process with kernel

1 ix§& — P
6o(£:X) = v /Lde € ~tléll” ge

Easy to check:
1. s=(p,1,...,1) = G, regularising of order p:
feClatpgdZ = G,xfecCitr

5 1

d
2. £€Cas. Vo< —Ld
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Case of fractional Laplacian
0 < p<2, AP/2:= —(—A)P/? generator of a Lévy process with kernel

1 ix§& — P
6o(£:X) = v /Rde € ~tléll” ge

Easy to check:
1. s=(p,1,...,1) = G, regularising of order p:
feClatpgdZ = G,xfecCitr
2. £€Cas. Ya < &4
3. Oiu= APPu+ F(u) + € loc. subcritical & p > po = dN=1

N-+1
——
degree N
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Case of fractional Laplacian
0 < p<2, AP/2:= —(—A)P/? generator of a Lévy process with kernel

1 ix§& — P
6o(£:X) = v /Rde € ~tléll” ge

Easy to check:
1. s=(p,1,...,1) = G, regularising of order p:
feC, at+pdZ = G,xfecCetr
d
2. £€CYas. Vo< -3¢

3. Oiu= APPu+ F(u) + € loc. subcritical & p > po = dN=1

N+1
——
degree N
Idea: Fixed point equ U =Z(=+ F(U)) + o1 +...
I=]s = f”;—d — K =:!ag

T(Z)"]. = N(ao +p) = (o — d) — N
IZE)s > =] & p > pe
then induction on fixed point application
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Model space
U=T(E+ FU)+ ¢l +...

> UFr: symbols representing solution U

> FF D UF: symbols representing equation (i.e. =+ F(U))
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Model space
U=Z(Z+ F(U))+ ol +...
> UFr: symbols representing solution U
> Fr D UF: symbols representing equation (i.e. =+ F(U))
given by induction Wy = Uy = @ and
Wm =Wm-1 UlUm_1U---UUN [ U{Z}
Un =I(Wn) U {X*}
with AB := {r7": 7 € A, 7' € B}
Then Ur = | Unm,  Fr=|J WnUln)

m=>=0 m=0
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Model space
U=Z(Z+ F(U))+ ol +...
> UFr: symbols representing solution U
> Fr D UF: symbols representing equation (i.e. =+ F(U))
given by induction Wy = Uy = @ and
Wm =Wm-1 UlUm_1U---UUN [ U{Z}
Un =I(Wn) U {X*}
with AB := {r7": 7 € A, 7' € B}
Then Ur = | Unm,  Fr=|J WnUln)

m=0 m=0
Questions: Let Af = {|7]s: T € Fr}

1. Estimate hg = #(Ar UR_) (number of negative Holder exponents)
2. Estimate ¢ = #{7 € Fr: |7|s < 0} (number of singular symbols)
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Number of negative Holder exponents
he = #(AF UR-)

Theorem 1
p+d 1 </7F<1_|_(,414rd)dN 1
N+1p—pe N+1 p—pe
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Number of negative Holder exponents
he = #(AF UR-)

Theorem 1
p+d 1 <thH_(p%—d)dN 1
N+1p—pe N+1 p—pe

I7ls = —252p(7) + a(T)p + | Kls(7) — O()
p=#=, g=#I, 0 < |k|s = polynomial exp.

> Do(U) = {(p(7),q(7)): T €U} C N3
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Number of negative Holder exponents
he = #(AF UR-)

Theorem 1
d 1 d)dN 1
pEa <he<1y et
N+1p— pe N+1 p—pe
Do(Ws) for N=d =3
p:2 o o i p:% i
%< ¢ o ; ° © i ° © o ° o ; ° ° o
ﬂ:% ° p:ﬂc:%
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Number of negative Holder exponents
he = #(AF UR-)

Theorem 1
p+d 1 <hF<1+(p+d)dN 1
N+1p—pe N+1 p—pe

[7ls = —=252p() + a(7)p + |Kls(r) — O(k)
p=#=, gq=#I, 0 < |k|s = polynomial exp.
> Do(U) = {(p(7),q(7)): T €U} C N3

Do(U™) = convex env. of nDo(Ud) N N3

limm— 00 Do(Um) = truncated cone

v

v

v

ITs <0=p=1+ L%qJ & T € triangle
> hg = number of lattice points in triangle

+d)N
> 4" = Wyt T O)

p
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Number of symbols
cr = #{r € Fr:|7|s <0}
Theorem 2

Cylp— pe)3/? ePnd/(p=pe) < of < Cii(p — pe)*? eBnd/(p=pc)
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Number of symbols
cr = #{r € Fr:|7|s <0}
Theorem 2
Cylp— pe)3/? ePnd/lo=re) o < Chi(p— pe)3/? ePnd/(p=pe)

Case N =2: 7 — trees of degree < 3, p leaves, g edges
d; := # vertices of degree |
dh+do+dz=qg+1
di + 2d>» + 3d3 = 2q T
di = p+ l{dego=1}
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Number of symbols
cr = #{r € Fr:|7|s <0}
Theorem 2
Cylp— pe)3/? ePnd/lo=re) o < Chi(p— pe)3/? ePnd/(p=pe)

Case N =2: 7 — trees of degree < 3, p leaves, g edges
d; := # vertices of degree |
dh+do+dz=qg+1
di + 2d>» + 3d3 = 2q T
di = p+ l{dego=1}

> g = 2n = binary tree with g + 1 vertices
> g = 2n+ 1 = binary tree with g + 2 vertices minus one edge
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Number of symbols
cr = #{r € Fr:|7|s <0}
Theorem 2

Cylp— pc)3/2 ePnd/(p=pe) < op < Cﬁ(p _ pc)3/2 eBnd/(p—pc)

Case N =2: 7 — trees of degree < 3, p leaves, g edges
d; := # vertices of degree |
dh+do+dz=qg+1
di + 2d>» + 3d3 = 2q T
di = p+ l{dego=1}

> g = 2n = binary tree with g + 1 vertices
> g = 2n+ 1 = binary tree with g + 2 vertices minus one edge

A\ One has to count trees up to homeomorphism

Wedderburn—Etherington numbers W,, ~ c(l/"'jgiff'")" [Otter 19438]
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Statistical properties
Q= {r € Fr:|r|s <0}, P uniform measure
Properties of random variables X : Q — R when p ™\ p.?
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Statistical properties
Q = {7 € Fr: |7]s <0}, P uniform measure
Properties of random variables X : Q — R when p ™\ p.?
Case X = Q = #1:
> E[Q/q*] =1+ O(p — pc) et Var[Q/q*] = O((p — pc)?)
> —p“\n;c(p —pc)logP{Q/q" < x} = fBnd(1—x)  Vx€[0,1]

> P{Q ¢ NN} < e v/(p=rc)
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Statistical properties

Q= {r € Fr:|r|s <0}, P uniform measure

Properties of random variables X : Q — R when p ™\ p.?

Case X = Q = #1:

> E[Q/q*] =1+ O(p — pc) et Var[Q/q*] = O((p — pc)?)

> — lim
P \upe

> P{Q ¢ NN} < e v/(p=rc)

Other interesting random variables:

> Number P of =: function of @

> Holder exponent: concentrated in 0~

> Degree distribution: close to
(Nt,0,...,0, %)

> Height and diameter [Broutin & Flajolet]:

of order 1//p — pc

0.0

N=d=3, pc {1.8,1.751.7,1.76,1.6,1.50}

Thermodynamic characterization of regularity structures

(0= pc)logP{Q/q" < x} = Bnd(1 — x)

Degree Histogram

Vx € [0, 1]

0 1

July 24, 2017

L
Degree

3

4

9/11




Renormalisation
Ot = NP2 1P + Cle)u — (v°)3 4 ¢
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Renormalisation
Ot = NP2 1P + Cle)u — (v°)3 4 ¢

BPHZ theory [Bruned, Hairer & Zambotti 2016, Chandra & Hairer 2016]:
We expect

Cley= Y. el (6% =log(e™1))

TEFE: |T]s<0
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Renormalisation
Ot = NP2 1P + Cle)u — (v°)3 4 ¢

BPHZ theory [Bruned, Hairer & Zambotti 2016, Chandra & Hairer 2016]:

We expect

Cley= Y. el (6% =log(e™1))

TEFE: |T]s<0

= CFE[ng‘ﬁ]
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Renormalisation
Ot = NP2 1P + Cle)u — (v°)3 4 ¢

BPHZ theory [Bruned, Hairer & Zambotti 2016, Chandra & Hairer 2016]:
We expect

C(e)

12

> el (% =log(e ™))

TEFE: |T]s<0
= CFE[E'T‘S’]
P{|T|5 = —h} ~ e_’YNh/(p_pc)

rho=18 rho =175 tho =17

number of elements

%118 15 12 09 06 03 00 11515 -12 09 -06 03 0.0 ST 1515 -12 09 05 -03 0.0
homog

_ N+1 By T e o sy
YN = —N PN

§ 3
p d £ £30
3 32
—28 < —h<0 1
2 £ 51
£ 210
£ A
o o o

=31-18-15-120.9-06-0.3 00 =171 8-15-12-09-06-0.3 00 —31205-15-12-09-06-0.3 00

homogeneity nomogeneity Homogeneity
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Renormalisation
Ot = NP2 1P + Cle)u — (v°)3 4 ¢

BPHZ theory [Bruned, Hairer & Zambotti 2016, Chandra & Hairer 2016]:
We expect

C(e)

12

> el (% =log(e ™))

TEFE: |T]s<0
= CFE[E'T‘S’]

P{|T|5 = —h} ~ e 'YNh/(P pc) 2 27 210
: £ i
b 53 g4
R €2 €,
11815 -12 09 -06 83 0.0 11815 -12-09 -06 03 00 T -18-15 -12 =08 ~05 -03 0.0
_ N+1 8 st sy
IN = —N PN .
2 £
: :
pt+d h<0 i
-5 < —h< L px
° -2.1-1.8-15-1.2-0.9-0.6-0.3 0.0 ° -2.1-1.8-15-1.2-0.9-0.6-0.3 0.0 ° —2.1-1.8-1.5-1.2-0.9-0.6-0.3 0.0
et
-1 if =N/ (p—pe)
cr log(e™) if € > e”IN/(PPe

~ _(d_p)
= C(E) CF( € )) |f e < e_'\/N/(p_pC)

e—In/(pP—pc
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