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∂tu = −(−∆)ρ/2u + F (u) + ξ
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Fractional Allen–Cahn-type SPDEs

∂tu = −(−∆)ρ/2u + F (u) + ξ

. u = u(t, x) ∈ R, (t, x) ∈ R+ × Td , d > 1

. −(−∆)ρ/2 =: ∆ρ/2: Fractional Laplacian

. F polynomial of degree N

. ξ space-time white noise: E[ξ(t, x)ξ(y , s)] = δ(x − y)δ(t − s)

〈ξ, ϕ〉 = Wϕ ∼ N (0, ‖ϕ‖2L2), E[WϕWϕ′ ] = 〈ϕ,ϕ′〉
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Fractional Allen–Cahn-type SPDEs

∂tu = −(−∆)ρ/2u + F (u) + ξ

. u = u(t, x) ∈ R, (t, x) ∈ R+ × Td , d > 1

. −(−∆)ρ/2 =: ∆ρ/2: Fractional Laplacian

. F polynomial of degree N

. ξ space-time white noise: E[ξ(t, x)ξ(y , s)] = δ(x − y)δ(t − s)

〈ξ, ϕ〉 = Wϕ ∼ N (0, ‖ϕ‖2L2), E[WϕWϕ′ ] = 〈ϕ,ϕ′〉

Motivations:
. Better understanding of local subcriticality
. FitzHugh–Nagumo equation [B, Kuehn, EJP 2016]

∂tu = ∆u + u − u3 + v + ξ

∂tv = a1u + a2v
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Fractional Allen–Cahn-type SPDEs

∂tu = −(−∆)ρ/2u + F (u) + ξ

. u = u(t, x) ∈ R, (t, x) ∈ R+ × Td , d > 1

. −(−∆)ρ/2 =: ∆ρ/2: Fractional Laplacian

. F polynomial of degree N

. ξ space-time white noise: E[ξ(t, x)ξ(y , s)] = δ(x − y)δ(t − s)

〈ξ, ϕ〉 = Wϕ ∼ N (0, ‖ϕ‖2L2), E[WϕWϕ′ ] = 〈ϕ,ϕ′〉

Motivations:
. Better understanding of local subcriticality
. FitzHugh–Nagumo equation [B, Kuehn, EJP 2016]

∂tu = ∆u + u − u3 + v + ξ

∂tv = δ∆v + a1u + a2v
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Fractional Allen–Cahn-type SPDEs

∂tu = −(−∆)ρ/2u + F (u) + ξ

. u = u(t, x) ∈ R, (t, x) ∈ R+ × Td , d > 1

. −(−∆)ρ/2 =: ∆ρ/2: Fractional Laplacian

. F polynomial of degree N

. ξ space-time white noise: E[ξ(t, x)ξ(y , s)] = δ(x − y)δ(t − s)

〈ξ, ϕ〉 = Wϕ ∼ N (0, ‖ϕ‖2L2), E[WϕWϕ′ ] = 〈ϕ,ϕ′〉

Motivations:
. Better understanding of local subcriticality
. FitzHugh–Nagumo equation [B, Kuehn, EJP 2016]

∂tu = ∆u + u − u3 + v + ξ

∂tv = ∆ρ/2v + a1u + a2v
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Case ρ = 2, N = 3

Φ4
d model: ∂tu = ∆u − u3 + ξ
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Case ρ = 2, N = 3

Φ4
d model: ∂tu = ∆u − u3 + ξ

Mollified noise: ξε = %ε ∗ ξ
with %ε(t, x) = 1

εd+2 %
( t
ε2
, x
ε

)
where % compact support, integral 1

Theorem
d ∈ {2, 3}. ∃ choice of renormalisation const C (ε), limε→0 C (ε) =∞,

∂tuε = ∆uε + C (ε)uε − (uε)3 + ξε

admits sequence uε of local solutions, converging in probability to a limit u
as ε→ 0.
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Case ρ = 2, N = 3

Φ4
d model: ∂tu = ∆u − u3 + ξ

Mollified noise: ξε = %ε ∗ ξ
with %ε(t, x) = 1

εd+2 %
( t
ε2
, x
ε

)
where % compact support, integral 1

Theorem
d ∈ {2, 3}. ∃ choice of renormalisation const C (ε), limε→0 C (ε) =∞,

∂tuε = ∆uε + C (ε)uε − (uε)3 + ξε

admits sequence uε of local solutions, converging in probability to a limit u
as ε→ 0.

. d = 2: [Da Prato & Debussche 2004] C (ε) = C1 log(ε−1)

. d = 3: [Hairer 2014], also [Catellier & Chouk], [Kupiainen]
C (ε) = C1ε

−1 + C2 log(ε−1) + C3
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Mild solutions and Hölder spaces

. (∂t −∆)u = h ⇒ u = G ∗ h

. (∂t −∆)u = F (u) + ξ ⇒ u = G ∗ ξ + G ∗ F (u)

Which function space?
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Mild solutions and Hölder spaces

. (∂t −∆)u = h ⇒ u = G ∗ h

. (∂t −∆)u = F (u) + ξ ⇒ u = G ∗ ξ + G ∗ F (u)

Which function space?

Hölder spaces Cα for f : I → R, with I ⊂ R compact interval:

. 0 < α < 1: |f (x)− f (y)| 6 C |x − y |α ∀x 6= y

. α > 1: f ∈ Cbαc and f ′ ∈ Cα−1 6⇒ |f (x)− f (y)| 6 C |x − y |α

. α < 0: f distribution, |〈f , ηδx〉| 6 Cδα with ηδx(y) = 1
δη( x−y

δ )
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Mild solutions and Hölder spaces

. (∂t −∆)u = h ⇒ u = G ∗ h

. (∂t −∆)u = F (u) + ξ ⇒ u = G ∗ ξ + G ∗ F (u)

Which function space?

Hölder spaces Cα for f : I → R, with I ⊂ R compact interval:

. 0 < α < 1: |f (x)− f (y)| 6 C |x − y |α ∀x 6= y

. α > 1: f ∈ Cbαc and f ′ ∈ Cα−1 6⇒ |f (x)− f (y)| 6 C |x − y |α

. α < 0: f distribution, |〈f , ηδx〉| 6 Cδα with ηδx(y) = 1
δη( x−y

δ )

Parabolic scaling Cαs : |x − y | −→ |t − s|1/2 +
∑d

i=1|xi − yi |
Facts:
1. α /∈ Z, f ∈ Cαs ⇒ G ∗ f ∈ Cα+2

s (Schauder)
2. ξ ∈ Cαs a.s. ∀α < −d+2

2
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Mild solutions and Hölder spaces

. (∂t −∆)u = h ⇒ u = G ∗ h

. (∂t −∆)u = F (u) + ξ ⇒ u = G ∗ ξ + G ∗ F (u)

Which function space?

Hölder spaces Cα for f : I → R, with I ⊂ R compact interval:

. 0 < α < 1: |f (x)− f (y)| 6 C |x − y |α ∀x 6= y

. α > 1: f ∈ Cbαc and f ′ ∈ Cα−1 6⇒ |f (x)− f (y)| 6 C |x − y |α

. α < 0: f distribution, |〈f , ηδx〉| 6 Cδα with ηδx(y) = 1
δη( x−y

δ )

Parabolic scaling Cαs : |x − y | −→ |t − s|1/2 +
∑d

i=1|xi − yi |
Facts:
1. α /∈ Z, f ∈ Cαs ⇒ G ∗ f ∈ Cα+2

s (Schauder)
2. ξ ∈ Cαs a.s. ∀α < −d+2

2

Consequence: G ∗ ξ ∈ Cαs a.s. ∀α < 2−d
2 6 0 for d > 2
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Regularity structures
[Hairer, Inventiones Math. 198, 269–504, 2014]:

M(u0,Z ε) UM

(u0, ξ
ε) uε

SM

MΨ RM

S̄M
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Regularity structures
[Hairer, Inventiones Math. 198, 269–504, 2014]:

M(u0,Z ε) UM

(u0, ξ
ε) uε

SM

MΨ RM

S̄M

u = G ∗ (ξε − u3) ⇒ U = I(Ξ− U3) + ϕ1 + polynomial terms

U0 = 0

U1 = I(Ξ) + ϕ1 + . . . U3
1 = I(Ξ)3 + 3ϕI(Ξ)2 + 3ϕ2I(Ξ) + ϕ31 + . . .

U2 = I(Ξ)− I(I(Ξ)3)− 3ϕI(I(Ξ)2)− 3ϕ2I(I(Ξ)) + ϕ1 + . . .
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Regularity structures
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Regularity structures
[Hairer, Inventiones Math. 198, 269–504, 2014]:

M(u0,Z ε) UM

(u0, ξ
ε) uε

SM

MΨ RM

S̄M

u = G ∗ (ξε − u3) ⇒ U = I(Ξ− U3) + ϕ1 + polynomial terms

U0 = 0

U1 = I(Ξ) + ϕ1 + . . . U3
1 = I(Ξ)3 + 3ϕI(Ξ)2 + 3ϕ2I(Ξ) + ϕ31 + . . .

U2 = I(Ξ)− I(I(Ξ)3)− 3ϕI(I(Ξ)2)− 3ϕ2I(I(Ξ)) + ϕ1 + . . .

=: − − 3ϕ − 3ϕ2 + ϕ1 + . . .
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Regularity structures
[Hairer, Inventiones Math. 198, 269–504, 2014]:

M(u0,Z ε) UM

(u0, ξ
ε) uε

SM

MΨ RM

S̄M

u = G ∗ (ξε − u3) ⇒ U = I(Ξ− U3) + ϕ1 + polynomial terms

U0 = 0

U1 = I(Ξ) + ϕ1 + . . . U3
1 = I(Ξ)3 + 3ϕI(Ξ)2 + 3ϕ2I(Ξ) + ϕ31 + . . .

U2 = I(Ξ)− I(I(Ξ)3)− 3ϕI(I(Ξ)2)− 3ϕ2I(I(Ξ)) + ϕ1 + . . .

=: − − 3ϕ − 3ϕ2 + ϕ1 + . . .

1− d
2 5− 3d

2 4−d 3− d
2 0

Locally subcritical: Hölder exponents are bdd below
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Case of fractional Laplacian
0 < ρ < 2, ∆ρ/2 := −(−∆)ρ/2 generator of a Lévy process with kernel

Gρ(t, x) =
1

(2π)d

∫
Rd

ei x ·ξ e−t‖ξ‖ρ dξ
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Case of fractional Laplacian
0 < ρ < 2, ∆ρ/2 := −(−∆)ρ/2 generator of a Lévy process with kernel

Gρ(t, x) =
1

(2π)d

∫
Rd

ei x ·ξ e−t‖ξ‖ρ dξ

Easy to check:
1. s = (ρ, 1, . . . , 1) ⇒ Gρ regularising of order ρ:

f ∈ Cαs , α + ρ /∈ Z ⇒ Gρ ∗ f ∈ Cα+ρ
s
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Case of fractional Laplacian
0 < ρ < 2, ∆ρ/2 := −(−∆)ρ/2 generator of a Lévy process with kernel

Gρ(t, x) =
1

(2π)d

∫
Rd

ei x ·ξ e−t‖ξ‖ρ dξ

Easy to check:
1. s = (ρ, 1, . . . , 1) ⇒ Gρ regularising of order ρ:

f ∈ Cαs , α + ρ /∈ Z ⇒ Gρ ∗ f ∈ Cα+ρ
s

2. ξ ∈ Cαs a.s. ∀α < −ρ+d
2
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Case of fractional Laplacian
0 < ρ < 2, ∆ρ/2 := −(−∆)ρ/2 generator of a Lévy process with kernel

Gρ(t, x) =
1

(2π)d

∫
Rd

ei x ·ξ e−t‖ξ‖ρ dξ

Easy to check:
1. s = (ρ, 1, . . . , 1) ⇒ Gρ regularising of order ρ:

f ∈ Cαs , α + ρ /∈ Z ⇒ Gρ ∗ f ∈ Cα+ρ
s

2. ξ ∈ Cαs a.s. ∀α < −ρ+d
2

3. ∂tu = ∆ρ/2u + F (u)
±

degree N

+ ξ loc. subcritical ⇔ ρ > ρc = d N−1
N+1
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Case of fractional Laplacian
0 < ρ < 2, ∆ρ/2 := −(−∆)ρ/2 generator of a Lévy process with kernel

Gρ(t, x) =
1

(2π)d

∫
Rd

ei x ·ξ e−t‖ξ‖ρ dξ

Easy to check:
1. s = (ρ, 1, . . . , 1) ⇒ Gρ regularising of order ρ:

f ∈ Cαs , α + ρ /∈ Z ⇒ Gρ ∗ f ∈ Cα+ρ
s

2. ξ ∈ Cαs a.s. ∀α < −ρ+d
2

3. ∂tu = ∆ρ/2u + F (u)
±

degree N

+ ξ loc. subcritical ⇔ ρ > ρc = d N−1
N+1

Idea: Fixed point equ U = I(Ξ + F (U)) + ϕ1 + . . .
Idea: |Ξ|s = −ρ+d

2 − κ =: α0

Idea: |I(Ξ)N |s = N(α0 + ρ) = N
2 (ρ− d)− Nκ

Idea: |I(Ξ)N |s > |Ξ|s ⇔ ρ > ρc

Idea: then induction on fixed point application
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Model space
U = I(Ξ + F (U)) + ϕ1 + . . .

. UF : symbols representing solution U

. FF ⊃ UF : symbols representing equation (i.e. Ξ + F (U))
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Model space
U = I(Ξ + F (U)) + ϕ1 + . . .

. UF : symbols representing solution U

. FF ⊃ UF : symbols representing equation (i.e. Ξ + F (U))

given by induction W0 = U0 = ∅ and

Wm =Wm−1 ∪ Um−1 ∪ · · · ∪ UN
m−1 ∪ {Ξ}

Um = I(Wm) ∪ {X k}

with AB := {ττ ′ : τ ∈ A, τ ′ ∈ B}
Then UF =

⋃
m>0

Um, FF =
⋃
m>0

(Wm ∪ Um)
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Model space
U = I(Ξ + F (U)) + ϕ1 + . . .

. UF : symbols representing solution U

. FF ⊃ UF : symbols representing equation (i.e. Ξ + F (U))

given by induction W0 = U0 = ∅ and

Wm =Wm−1 ∪ Um−1 ∪ · · · ∪ UN
m−1 ∪ {Ξ}

Um = I(Wm) ∪ {X k}

with AB := {ττ ′ : τ ∈ A, τ ′ ∈ B}
Then UF =

⋃
m>0

Um, FF =
⋃
m>0

(Wm ∪ Um)

Questions: Let AF = {|τ |s : τ ∈ FF}

1. Estimate hF = #(AF ∪ R−) (number of negative Hölder exponents)

2. Estimate cF = #{τ ∈ FF : |τ |s < 0} (number of singular symbols)
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Number of negative Hölder exponents
hF = #(AF ∪ R−)

Theorem 1
ρ+ d
N + 1

1
ρ− ρc

6 hF 6 1 +
(ρ+ d)dN

N + 1
1

ρ− ρc
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Number of negative Hölder exponents
hF = #(AF ∪ R−)

Theorem 1
ρ+ d
N + 1

1
ρ− ρc

6 hF 6 1 +
(ρ+ d)dN

N + 1
1

ρ− ρc

Proof:
|τ |s = −ρ+d

2 p(τ) + q(τ)ρ+ |k |s(τ)−O(κ)
p = #Ξ, q = #I, 0 6 |k |s = polynomial exp.

. D0(U) = {(p(τ), q(τ)) : τ ∈ U} ⊂ N2
0
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Number of negative Hölder exponents
hF = #(AF ∪ R−)

Theorem 1
ρ+ d
N + 1

1
ρ− ρc

6 hF 6 1 +
(ρ+ d)dN

N + 1
1

ρ− ρc

D0(W3) for N = d = 3
ρ = 2

Ξ

I
ρ = 21

11

ρ = 9
5 ρ = ρc = 3

2
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Number of negative Hölder exponents
hF = #(AF ∪ R−)

Theorem 1
ρ+ d
N + 1

1
ρ− ρc

6 hF 6 1 +
(ρ+ d)dN

N + 1
1

ρ− ρc

Proof:
|τ |s = −ρ+d

2 p(τ) + q(τ)ρ+ |k |s(τ)−O(κ)
p = #Ξ, q = #I, 0 6 |k |s = polynomial exp.

. D0(U) = {(p(τ), q(τ)) : τ ∈ U} ⊂ N2
0

. D0(Un) = convex env. of nD0(U) ∩ N2
0

. limm→∞D0(Um) = truncated cone

. |τ |s < 0 ⇒ p = 1 +
⌊

N−1
N q

⌋
& τ ∈ triangle

. hF = number of lattice points in triangle

. q? = (ρ+d)N
(N+1)(ρ−ρc) +O(κ) p

q

−ρ+d
2 p + qρ = 0

q = N
N−1(p − 1)

(p?, q?)
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Number of symbols
cF = #{τ ∈ FF : |τ |s < 0}

Theorem 2

C−N (ρ− ρc)3/2 eβNd/(ρ−ρc) 6 cF 6 C+
N (ρ− ρc)3/2 eβNd/(ρ−ρc)
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Number of symbols
cF = #{τ ∈ FF : |τ |s < 0}

Theorem 2

C−N (ρ− ρc)3/2 eβNd/(ρ−ρc) 6 cF 6 C+
N (ρ− ρc)3/2 eβNd/(ρ−ρc)

Case N = 2: τ → trees of degree 6 3, p leaves, q edges
di := # vertices of degree i

d1 + d2 + d3 = q + 1
d1 + 2d2 + 3d3 = 2q

d1 = p + 1{deg∅=1}
∅

Ξ

I
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Number of symbols
cF = #{τ ∈ FF : |τ |s < 0}

Theorem 2

C−N (ρ− ρc)3/2 eβNd/(ρ−ρc) 6 cF 6 C+
N (ρ− ρc)3/2 eβNd/(ρ−ρc)

Case N = 2: τ → trees of degree 6 3, p leaves, q edges
di := # vertices of degree i

d1 + d2 + d3 = q + 1
d1 + 2d2 + 3d3 = 2q

d1 = p + 1{deg∅=1}
∅

Ξ

I

. q = 2n ⇒ binary tree with q + 1 vertices

. q = 2n + 1 ⇒ binary tree with q + 2 vertices minus one edge
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Number of symbols
cF = #{τ ∈ FF : |τ |s < 0}

Theorem 2

C−N (ρ− ρc)3/2 eβNd/(ρ−ρc) 6 cF 6 C+
N (ρ− ρc)3/2 eβNd/(ρ−ρc)

Case N = 2: τ → trees of degree 6 3, p leaves, q edges
di := # vertices of degree i

d1 + d2 + d3 = q + 1
d1 + 2d2 + 3d3 = 2q

d1 = p + 1{deg∅=1}
∅

Ξ

I

. q = 2n ⇒ binary tree with q + 1 vertices

. q = 2n + 1 ⇒ binary tree with q + 2 vertices minus one edge

One has to count trees up to homeomorphism
Wedderburn–Etherington numbers Wn ' c (1/0.4072... )n

n3/2 [Otter 1948]
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Statistical properties
Ω = {τ ∈ FF : |τ |s < 0}, P uniform measure
Properties of random variables X : Ω→ R when ρ↘ ρc?
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Statistical properties
Ω = {τ ∈ FF : |τ |s < 0}, P uniform measure
Properties of random variables X : Ω→ R when ρ↘ ρc?
Case X = Q = #I:

. E[Q/q?] = 1 +O(ρ− ρc) et Var[Q/q?] = O((ρ− ρc)2)

. − lim
ρ↘ρc

(ρ− ρc) logP{Q/q? 6 x} = βNd(1− x) ∀x ∈ [0, 1]

. P{Q /∈ NN} 6 e−γ/(ρ−ρc)
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Statistical properties
Ω = {τ ∈ FF : |τ |s < 0}, P uniform measure
Properties of random variables X : Ω→ R when ρ↘ ρc?
Case X = Q = #I:

. E[Q/q?] = 1 +O(ρ− ρc) et Var[Q/q?] = O((ρ− ρc)2)

. − lim
ρ↘ρc

(ρ− ρc) logP{Q/q? 6 x} = βNd(1− x) ∀x ∈ [0, 1]

. P{Q /∈ NN} 6 e−γ/(ρ−ρc)

Other interesting random variables:
. Number P of Ξ: function of Q
. Hölder exponent: concentrated in 0−

. Degree distribution: close to
(N−1

N , 0, . . . , 0, 1
N )

. Height and diameter [Broutin & Flajolet]:
of order 1/

√
ρ− ρc

N = d = 3, ρ ∈ {1.8, 1.75, 1.7, 1.76, 1.6, 1.59}
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Renormalisation
∂tuε = ∆ρ/2uε + C (ε)uε − (uε)3 + ξε
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Renormalisation
∂tuε = ∆ρ/2uε + C (ε)uε − (uε)3 + ξε

BPHZ theory [Bruned, Hairer & Zambotti 2016, Chandra & Hairer 2016]:
We expect

C (ε) '
∑

τ∈FF : |τ |s<0

ε|τ |s (ε0− = log(ε−1))

Thermodynamic characterization of regularity structures July 24, 2017 10/11



Renormalisation
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BPHZ theory [Bruned, Hairer & Zambotti 2016, Chandra & Hairer 2016]:
We expect

C (ε) '
∑

τ∈FF : |τ |s<0

ε|τ |s (ε0− = log(ε−1))

= cFE[ε|τ |s ]
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Renormalisation
∂tuε = ∆ρ/2uε + C (ε)uε − (uε)3 + ξε

BPHZ theory [Bruned, Hairer & Zambotti 2016, Chandra & Hairer 2016]:
We expect

C (ε) '
∑

τ∈FF : |τ |s<0

ε|τ |s (ε0− = log(ε−1))

= cFE[ε|τ |s ]

P{|τ |s = −h} ∼ e−γNh/(ρ−ρc)

γN = N+1
N βN

−ρ+d
2 < −h < 0
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Renormalisation
∂tuε = ∆ρ/2uε + C (ε)uε − (uε)3 + ξε

BPHZ theory [Bruned, Hairer & Zambotti 2016, Chandra & Hairer 2016]:
We expect

C (ε) '
∑

τ∈FF : |τ |s<0

ε|τ |s (ε0− = log(ε−1))

= cFE[ε|τ |s ]

P{|τ |s = −h} ∼ e−γNh/(ρ−ρc)

γN = N+1
N βN

−ρ+d
2 < −h < 0
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⇒ C (ε) ∼


cF log(ε−1) if ε > e−γN/(ρ−ρc)

cF

(
ε

e−γN/(ρ−ρc)

)−(d−ρ)

if ε < e−γN/(ρ−ρc)
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