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Examples of particle systems

Example 1 [B, Fernandez, Gentz, Nonlinearity 2007]

N particles on a circle Z/NZ @ @ @
Bistable local dynamics e e

Ferromagnetic nearest neighbour coupling

Independent noise on each site @ @ e

v Vv VvV V

dxg :[xé' - (X{)‘?’] dt + %[xé'*l - 2x{' + xéil] dt +V2¢ed Wti
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N particles on a circle Z/NZ @ @ @
Bistable local dynamics e e

Ferromagnetic nearest neighbour coupling

Independent noise on each site @ e e

v Vv VvV V

dx{l :[xé' - (Xé)3:| dt + g[xfl - 2x£ + xéil] dt +v2¢d Wt’

Gradient system dxt = —VV(x) dt + V2 d W,
potential V(x) =Y U(x') + % S (- x")? U(g) =2 - %52
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Examples of particle systems

Example 1 [B, Fernandez, Gentz, Nonlinearity 2007]

N particles on a circle Z/NZ @ @ @
Bistable local dynamics e e

Ferromagnetic nearest neighbour coupling

Independent noise on each site @ @ e

v Vv VvV V

dxg :[xé' - (X{)‘?’] dt + %[xé'*l - 2x{' + xéil] dt +v2¢d Wti

Gradient system dx; = =V V/(x) dt + /2 dW,;
potential V(x) =Y U(x') + % S (- x")? U(g) =2 - %52

1

Example 2 Replace circle by 2D torus (Z/NZ)?

Example 3 [B, Dutercq, J Stat Phys 2016]: Same V + constraint Y}, x' =0
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Coarsening dynamics with noise

(Link to simulation)
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http://youtu.be/d1eTOqHX8OQ

General gradient systems with noise

dXt =-V V(Xt) dt + \/zd Wt J

V :RN - R: confining potential, class C?
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General gradient systems with noise

dXt =-V V(Xt) dt + \/Ed Wt J

V :RN - R: confining potential, class C?
> Stationary points: X' = {x:VV(x) =0}
> Local minima: Xp = {x € X:all ev of Hessian V?V/(x) are >0}
> Saddles of Morse index 1: Xj = {x € X:V?V/(x) has 1 negative ev }
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General gradient systems with noise

dXt =-V V(Xt) dt + \/%d Wt J

V :RN - R: confining potential, class C?
> Stationary points: X' = {x:VV(x) =0}
> Local minima: &p = {x € X:all ev of Hessian V?V/(x) are >0}
> Saddles of Morse index 1: X; = {x € X:V?V(x) has 1 negative ev }

Dynamics ~ markovian jump process on G = (Xp,€), £ c Xy
[Ppeiignun & Bentuen' / Freidlin & Wentzell 1970], [Bovier et al 2004]

Rot  Rhétische Bshn
Griin ganzjahrig offen
Blau Wintersperre

Nr. Pass Land  Passhéhe (m.i.M.)
1 Fliela CH 2383
2 Albula CH 2312
3 Julier CH 2284
4 Maloja CH 1815
5 Spligen I-CH 2115
6 Reschen A-l 1507
7 Ofen CH 2149
8 Umbrail CH-1 2502
9 Stilfsarjoch | 2757
10 Foscagno | 2291
11 Bemina CH-1 2323
12 Fla.diLivigno | 2315
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Eyring—Kramers law

*

Definition: Communication height
H(x' %)= inf sup V(y:) = V(x")
:x’,*—>xj t

= V(z;) - V(x)

Definition: Metastable hierarchy

X{ <Xy <--<xy e 30>0: Vk

Hi = H(x, {x7 -, x4 })

< rln<lkn H(Xi*a{va”- 7XI'*—17XI+17“ '7X;}) -0
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Eyring—Kramers law

Definition: Communication height
H(x',x") = |nf sup V(ve) - V(x7)
vix

.I

= V(z )= V(x")

Definition: Metastable hierarchy
X{ <Xy <--<xy e 30>0: Vk

Hy = H(XZ,{xf,...,x;_l})
Sr}lipH(Xi*a{Xfw-'aXi*—l? i+l Xk}) 0

Theorem: Eyring—Kramers law [Bovier,Eckhoff,Gayrard,Klein 2004]

7). = first-hitting time of nbh of {x',... ,x;} Ak = k™ ev of generator

27r ‘ det V2V (z)| 4
EXx K[+ 0.(1)] = M|
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Potential landscape for Example 1

V)= 3 U+ T Y (X U = bt - 18

ieZ/NZ. ieZ/NZ.

v=0: X ={-1,0,1}N, Ap = {-1, 1}V, &1 = {x € X:0ne x' = 0}
G = hypercube
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Potential landscape for Example 1

Ve = ¥ U +T B (T x)? U = -4 J

ieZ/NZ. ieZ/NZ.

v=0: X ={-1,0,1}N, Ap = {-1, 1}V, &1 = {x € X:0ne x' = 0}
G = hypercube

Theorem [BFG, Nonlinearity 2007] ++++++
: - —+++++
No bifurcation for 0 < v <~v*(N) 44—
where v*(N)>1 VN3>2 — 44— —
v (N) >z SR

- — 4+ - - —

Vy(2]) = Vo(z5 ) + (7 interfaces) + -
Ising-like dynamics
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Potential landscape for Example 1

ieZ/NZ. ieZ/NZ.

V)= 3 U +7 3 (=X ) = et -3¢ J

v=0: X ={-1,0,1}N, Ap = {-1, 1}V, &1 = {x € X:0ne x' = 0}
G = hypercube

Theorem [BFG, Nonlinearity 2007] ++++++
, , . —+

No bifurcation for 0 <y <y*(N) 44—

here v*(N) > 1 wN>2 -ttt -
where v*(N) > 7 R
Vy(2]) = Vo(z5 ) + (7 interfaces) + - __ -_i- ___
Ising-like dynamics

Theorem [BFG, Nonlinearity 2007]

v > m *N? & Xp={+(1,...,1)}, &1 = {0} < Synchronization }
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Limitations of the standard Eyring—Kramers law

> Question 1:
What happens when V is invariant under a group of symmetries?

Representation theory of finite groups — clustering of eigenvalues
[B, Dutercq, JoTP 2015]
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> Question 1:
What happens when V is invariant under a group of symmetries?

Representation theory of finite groups — clustering of eigenvalues
[B, Dutercq, JoTP 2015]

> Question 2:
What happens when V' has saddles with zero eigenvalues?
(det V2V/(z*) = 0 at bifurcations)

Eyring—Kramers law with e-dependent prefactor
[B, Gentz, MPRF 2010]
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Limitations of the standard Eyring—Kramers law
> Question 1:
What happens when V is invariant under a group of symmetries?
Representation theory of finite groups — clustering of eigenvalues
[B, Dutercq, JoTP 2015]

> Question 2:
What happens when V' has saddles with zero eigenvalues?
(det V2V/(z*) = 0 at bifurcations)

Eyring—Kramers law with e-dependent prefactor
[B, Gentz, MPRF 2010]

> Question 3:
What happens when v ~ N? and N - oo in Example 17?
One expects convergence to Allen—Cahn SPDE

deu(t, x) = ﬁAu(t,x) +u(t,x) - u(t,x)® + V22€(t, )

where ¢ is space-time white noise
Is there an Eyring—Kramers law for such SPDEs?
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Deterministic Allen—Cahn PDE
[Chafee & Infante 74, Allen & Cahn 75]
Oru(x, t) = Oxxu(x, t) + f(u(x,t)) ]

> x € [0, L], L: bifurcation parameter
> u(x,t)eR
> Either periodic or zero-flux Neumann boundary conditions

> In this talk: f(u) = u—u> (results more general)
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Deterministic Allen—Cahn PDE

[Chafee & Infante 74, Allen & Cahn 75]
Oru(x,t) = Oxxu(x,t) + f(u(x,t)) |

> x € [0, L], L: bifurcation parameter
> u(x,t)eR
> Either periodic or zero-flux Neumann boundary conditions

> In this talk: f(u) = u—u> (results more general)
Energy function:
V(u] = /L[lu'(x)2 - lu(x)2 + lu(x)“] dx — min
o L2 2 4
Scaling limit of particle system of Example 1 with v = 2’2’—22

Stationary solutions: uf (x) = —up(x) + up(x)3 critical points of V

Stability: Sturm—Liouville problem 9;v¢(x) = v{'(x) + [1 - 3up(x)?]vz(x)
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Stationary solutions
ug (x) = ~f(uo(x)) = ~uo(x) + uo(x)°

> oug(x) ==+l

H=

%(u’)2 + %uz - %u‘

> up(x) =0
> Nonconstant solutions satisfying b.c.
(expressible in terms of Jacobi elliptic fcts)
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Stationary solutions

ug (x) = =f(uo(x)) = —uo(x) + o (x)°

> oug(x) ==+l

H=3()?+ 32 -tut

= T

> up(x) =0
> Nonconstant solutions satisfying b.c.
(expressible in terms of Jacobi elliptic fcts)

> Neumann b.c: 2k nonconstant solutions when L > km

lah\
S

0
Number of positive
eigenvalues 1
(= unstable directions) 0 " 2n 3t
Transition state 1 2

0

;
W3 &</

> Periodic b.c: k families when L > 2kr
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Eyring—Kramers law for 1D SPDEs: heuristics
e (x) = Bue(x) + Fue(x)) +V2e&(t,x)  (A=0u.f(u)=u-0?) |

Initial condition: wu;, near u_ = -1 with eigenvalues vy = (#)2 +2
Target: uy =1, 7o =inf{t > 0: |ur — uy |1~ < p}
Transition state: (8 =1 for Neumann b.c., 8 =2 for periodic b.c.)

s () = up(x)=0 if L< A1 withev )\k:(#)z—l
ts u1(x) p-kink stationary sol. if L > 7  with ev X,
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Eyring—Kramers law for 1D SPDEs: heuristics
e (x) = Bue(x) + Fue(x)) +V2e&(t,x)  (A=0u.f(u)=u-0?) |

Initial condition: wu;, near u_ = -1 with eigenvalues vy = (’3 )2 +2
Target: uy =1, 7o =inf{t > 0: |ur — uy |1~ < p}
Transition state: (8 =1 for Neumann b.c., 8 =2 for periodic b.c.)

up(x) =0 if L<Bm  with ev A=(25%)2-1
ugs(x) = { -

u1(x) p-kink stationary sol. if L > 7  with ev X,

[Faris & Jona-Lasinio 82]: large-deviation principle
= Arrhenius law: EYn[7,] ~ e(Vus]-V[u-1)/e

[Maier & Stein 01]: formal computation; for Neumann b.c.

]Euln[ ] 27-[- [~ ‘)\olyo Hiol 1):: e(V[utS] [Uf])/E
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Eyring—Kramers law for 1D SPDEs: main result

Theorem: Neumann b.c. [B & Gentz, Elec J Proba 2013]
> If L<7—c with ¢ >0, then

[ tin [7.+] =21 |)\1| H ﬂ e(V[Uts]—V[U-])/é[l 4 0(61/2||Og6|3/2)]
\l 0lv0 i3 Vk

> If L> 7+ c, then same formula with extra factor % (since 2 saddles)
and )] instead of Ag
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> If L<7—c with ¢ >0, then

[ tin [7.+] =21 |)\1| H ﬂ e(V[Uts]—V[U-])/E[l 4 0(61/2“0g6|3/2)]
\l 0lv0 i3 Vk

> If L> 7+ c, then same formula with extra factor % (since 2 saddles)
and )] instead of Ag

> Results also for L near m and periodic b.c.
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Eyring—Kramers law for 1D SPDEs: main result

Theorem: Neumann b.c. [B & Gentz, Elec J Proba 2013]
> If L<7—c with ¢ >0, then

[ tin [7.+] =21 |)\1| H ﬁ e(V[Uts]—V[U-])/E[l 4 0(61/2“0g6|3/2)]
\l 0lv0 i3 Vk

> If L> 7+ c, then same formula with extra factor % (since 2 saddles)
and )] instead of Ag

> Results also for L near m and periodic b.c.

> Prefactor involves a Fredholm determinant:

H ﬂ = det[(_AJ_ -1)(-A, + 2)_1] = det[l -3(-A, + 2)_1]
k=1 Vk .
converges because (-A, +2)7! is trace class (limit = —sﬁ?\r}(ﬁ%)
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Eyring—Kramers law for 1D SPDEs: main result

Theorem: Neumann b.c. [B & Gentz, Elec J Proba 2013]
> If L<7—c with ¢ >0, then

[ tin [7.+] =21 |)\1| H ﬂ e(V[Uts]—V[U-])/E[l 4 0(61/2“0g6|3/2)]
\l 0lv0 i3 Vk

> If L> 7+ c, then same formula with extra factor % (since 2 saddles)
and )] instead of Ag

> Results also for L near m and periodic b.c.

> Prefactor involves a Fredholm determinant:

H ﬂ = det[(_AJ_ -1)(-A, + 2)_1] = det[l -3(-A, + 2)_1]
k=1 Vk .
converges because (-A, +2)7! is trace class (limit = —Sﬁz'\r}%i)))

> Proof uses spectral Galerkin approx. and potential-theoretic formula
E8(1g] = gorgy Je PV {Ta <18} eV dy
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The two-dimensional case

(Link to simulation)
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http://youtu.be/TR2plL1HfgQ

The two-dimensional case

> Large-deviation principle: [Hairer & Weber, Ann. Fac. Sc. Toulouse, 2015]
> Naive computation of prefactor fails ((~A, +2)7! is not trace class):

Iogdet[1—3(—Al+2)71]: > Iog(l 3L° )

ke(NE)* |k|272
312 312 e rdr
~ N — = —00
Ke(NE)* |k[2m2 m J1 r?
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The two-dimensional case

> Large-deviation principle: [Hairer & Weber, Ann. Fac. Sc. Toulouse, 2015]
> Naive computation of prefactor fails ((~A, +2)7! is not trace class):

Iogdet[1—3(—Al+2)*1]: > Iog(l 3L° )

ke(NE)* |k|272
3/ 3% [ rdr
~ = N —— — = —00
ke(N2)* |k[2m? T Jior?

> In fact, the equation needs to be renormalised
Theorem: [Da Prato & Debussche 2003]
Let €2 be a mollification on scale § of white noise. Then
Oru=Au+ [1 + 35C((5)]u —u +/2e€°
with C(6) = Tr((=Ps-1A,)71) ~ log(671) admits local solution cv as § — 0

(Global version: [Mourrat & Weber 2015])
[Mourrat & Weber 2014]: Renormalised eq = scaling limit of Ising—Kac model
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Main result in dimension 2

Theorem: [B, Di Gesii, Weber, Elec J Proba 2016]
For L < 27, appropriate A> u_, B> u,, Iy probability measures on JA:

N—oco

limsup E#N [TB] < m\

Ml 57 (Viwe]-viul])/
H e Il gl Vitts u 5[1+c+\/5]
keZ?2 Vi

—> 00

liminf E#V [7‘3] > m\ H

[l e% e(v[““]_v[“‘])/e[l - ce]
kez2 Vk
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Main result in dimension 2

Theorem: [B, Di Gesii, Weber, Elec J Proba 2016]
For L < 27, appropriate A> u_, B> uy, Jup probability measures on JA:

i 27 | Ai| a2k
| EH#N < — R & TIN
imsup [TB] ol \ H e

VIl VI D[ 4, /2]
N—oo kez2 Vk

2r | 11 2 et vis ey g
kez2 Vk

> Prefactor involves Carleman—Fredholm determinant:
dety(Id + T) =det(Id+ T)e "7
Defined whenever T is only Hilbert—Schmidt
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Main result in dimension 2

Theorem: [B, Di Gesii, Weber, Elec J Proba 2016]
For L < 27, appropriate A> u_, B> uy, Jup probability measures on JA:

lim SUPE“N[TB] < 2_7T H Mel"l‘%k’\lk e(V[U¢s]—V[u_])/e[1+C+\/g]
N— oo |)\0|\ kez2 Vk
[N
liminf E#V[rg] > 27 Pl 55 Vimd-VIw Dy _ ¢ ]
- ol \[ kezz vk

> Prefactor involves Carleman—Fredholm determinant:
dety(Id + T) =det(Id+ T)e "7
Defined whenever T is only Hilbert—Schmidt

> Proof uses absolute continuity of e™V/¢ wrt Gaussian free field
and Nelson argument for Wick powers: if X € nt" Wiener chaos then

E[X2p]1/2p < Cn(2p _ 1)”/2E[X2]1/2
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Outlook

> Dim d =3 (in progress): because 2 renormalisation
constants needed, no Nelson argument (e~"/% singular wrt GFF)
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Outlook

> Dim d =3 (in progress): more difficult because 2 renormalisation
constants needed, no Nelson argument (e~V/¢ singular wrt GFF)
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