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Allen—Cahn equation on T?
do(t,x) = [I/(Et)AqS(t., x) + ¢(t,x) - ¢(t,x)3] dt

(Online: https://youtu.be/yX0EAXZHNCQ)
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https://youtu.be/yX0EAxZHNCQ

Eyring—Kramers law for 1D SPDEs: heuristics
Deu(t,x) = Au(t,x) + f(u(t,x)) +V2e£(t,x) (f(u) =u-1u?)
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Eyring—Kramers law for 1D SPDEs: heuristics

Oeu(t,x) = Au(t,x) + f(u(t,x)) +V2e£(t,x) (f(u) =u-1u?)
Initial condition: w;, near u_=-1 with eigenvalues v = (’3—IZ7T)2 +2
Target: uy =1, 7 =inf{t > 0: |ur — uy| 1= < p}

Transition state: (8 =1 for Neumann b.c., 3 = 2 for periodic b.c.)

we(x) = uo(x) =0 if L<Am withev A\ = (27)2 -1
’ u(x) B-kink stationary sol. if L> 7 with ev A},
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Eyring—Kramers law for 1D SPDEs: heuristics
Oeu(t,x) = Au(t,x) + f(u(t,x)) +V2e£(t,x) (f(u) =u-1u?)

Initial condition: w;, near u_=-1 with eigenvalues v = (’Bk”) +2
Target: uy =1, 7 =inf{t > 0: |ur — uy| 1= < p}

Transition state: (8 =1 for Neumann b.c., 3 = 2 for periodic b.c.)

we(x) = uo(x) =0 if L<Am withev A\ = (27)2 -1
’ u(x) B-kink stationary sol. if L> 7 with ev A},

[Faris & Jona-Lasinio 82]: large-deviation principle
= Arrhenius law: Etn[7,] ~ e(VIss]-V]u-1)/e

[Maier & Stein 01]: formal computation; for Neumann b.c.

= B[] =21y [ TR o e(Vin]-Viw-Dre
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The two-dimensional case
> Large-deviation principle: [Hairer & Weber, 2015]

> Naive computation of prefactor fails:

1- ()’ 312
log ] %: > lOg(1_|k|27r2)

ke(N2)* 1 +2(ﬁ) ke(N2)*

312 312 foo rdr
- _— — = -0
ke(mrye |k[Pm? w2 J1 r?
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The two-dimensional case
> Large-deviation principle: [Hairer & Weber, 2015]

> Naive computation of prefactor fails:
2
1- (z) 312
| k|
log H — Z Iog(l— )
ket 1+2(k)” kel |k[2m2

ke(N2)*

~— =—00
k|?m? 2

2 3 o
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> In fact, the equation needs to be renormalised
Theorem: [Da Prato & Debussche 2003]
Let £ be a mollification on scale § of white noise. Then

Oru=Au+ [1 +35C(5)]u— ud +/2e€°

with C(6) ~ log(d~1) admits local solution converging as § — 0
(Global version: [Mourrat & Weber 2015])
[Mourrat & Weber 2014]: Renormalised eq = scaling limit of Ising—Kac model
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Renormalisation
t
Problem: Stoch. convolution w;(x) = [o e2(t7%) £(s, x) ds is distribution

> d-mollification should be equivalent to Galerkin approx. |k| <N =671

1. t

wn(x,t) = 3 a(t)7 e oy = / e k(=) gu ()
kI<N 0

e = (Qk)?  Q=pr/L

Metastable dynamics of 2d Allen—Cahn SPDEs 20 July 2023 4/8



Renormalisation
t
Problem: Stoch. convolution w;(x) = /(; e2(t7%) £(s, x) ds is distribution

> d-mollification should be equivalent to Galerkin approx. |k| <N =671

1. t

wn(x,t) = 3 a(t)7 e oy = f e k(=) gu ()
kI<N 0

e = (Qk)?  Q=pr/L

t
> lim . (A D(E=9) ¢ (s, x) ds = ¢y is a Gaussian free field, s.t.

t—o0

Tr(Py[-A+1]7!
L*Cy = PEgy = Elonlf = Y spiey = g ~ log(N)
|k|<N
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Renormalisation
t
Problem: Stoch. convolution w;(x) = [o e2(t7%) £(s, x) ds is distribution

> d-mollification should be equivalent to Galerkin approx. |k| <N =671

1. t

wn(x,t) = 3 a(t)7 e oy = / e k(=) gu ()
kI<N 0

e = (Qk)?  Q=pr/L

t
> lim . (A D(E=9) ¢ (s, x) ds = ¢y is a Gaussian free field, s.t.

t—o0

Tr(Py[-A+1]7!
L*Cy = PEgy = Elonlf = Y spiey = g ~ log(N)
|k|<N

> Wick powers
‘= o - O

:On: = Oy~ 3Cnon
1 0: = d — 6CneR + 3Cy
have zero mean and uniformly bounded variance (when integrated)
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Nelson’s estimate

Lemma: For X random variable in nt" inhomogeneous Wiener chaos

E[X??]% < Cy(2p - 1)3E[X?]?
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Nelson’s estimate

Lemma: For X random variable in nt" inhomogeneous Wiener chaos

E[X??]% < Cy(2p - 1)3E[X?]?

Corollary:
E[exp{—% ./TZ :gb‘,‘v(x):dx}] <1+0(¢e)

> Integrand is bounded below by term of order —C3,
> Use Markov's ineq to bound tails of integral and integrate by parts
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Nelson’s estimate

Lemma: For X random variable in nt" inhomogeneous Wiener chaos
E[X??]% < Cy(2p - 1)3E[X?]?

Corollary:
E[exp{—% fTZ :gb‘,‘v(x):dx}] <1+0(¢e)

> Integrand is bounded below by term of order —C3,
> Use Markov's ineq to bound tails of integral and integrate by parts

A 2 = A .
Useful as cap(A, B) < |2(;T|€0<1:[<N TfE[exp{—Z ﬁyz'uN(X)'dX}]
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Computation of the prefactor
> Consider for simplicity L < 7 = transition state in 0

> Galerkin-truncated renormalised potential

Vi 2[||Vu/\/(x)|]2 — un(x)?] dx + E : un (x)*:dx

:E’]I‘ 4 Jr
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Computation of the prefactor
> Consider for simplicity L < 7 = transition state in 0

> Galerkin-truncated renormalised potential

Vi = % [||Vu/\/(x)|]2 - un(x) }dx + % tuy(x)*dx

> Using Nelson estimate: cap(A, B) ~ %
0<[k[<N

v

Symmetry argument:

fB hap(z)eW@/Edz = % f e W@eyz - %ZN(E)

> Zy(e)~2 ] \/2;;5 e W(LOE \where —Vy(L,0) = %LQCNe
k|<N
> Prefactor proportional to (since vy = Ag + 3)

A 3/ : i3] = o L
I i€ converges since  log| *4ze =0 s
0<|k|gN
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Main result in dimension 2

Theorem: [B, Di Gesu, Weber, 2017]
For L < 27, appropriate A>3 u_, B3 u,, up probability measures on 0A:

Al B3 (VIwa)-VIu-D)/
I|msupE“"’ 7- e W eWVitsImVIU-DiEfy 4 o e
Noo d |)\o|\ kIE—ZIz Vk [1+eve]

Akl 22k (] Vu])/e
H —e M e ts [l—c_e]
keze Yk

N—oco

I|m|nfE“"’ TB
|>\o|\
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Main result in dimension 2

Theorem: [B, Di Gesu, Weber, 2017]
For L < 27, appropriate A>3 u_, B3 u,, up probability measures on 0A:

el 4K (Vis]-VIw-1)/
I|msupE”"’ 7- e W eWVitsImVIU-DiEfy 4 o e
Noo d |)\o|\ kIE—ZIz Vk [1+eve]

Akl 22k (] Vu])/e
H —e M e ts [l—c_e]
keze Yk

I|m|nfE“"’ TB
|>\o|\

N—oco

> Inverse of prefactor involves Carleman—Fredholm determinant:
dety(1+T) = det(1+T)e 7T
with T=3(-A, - 1)1
det, defined whenever T is only Hilbert-Schmidt (true for d <3)
> [Tsatsoulis & Weber 2018]: Same result for E“[75]
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Thanks for your attention!

Slides available at https://www.idpoisson.fr/berglund/Seoul23b.pdf
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