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Renormalisation

▷ Recipe for turning a classical system
into a quantum one: p ↦ − i h̵∇
(De Broglie, Schrödinger,
Heisenberg, . . . )

▷ Quantum electrodynamics (QED)
(Dirac, . . . , Bethe, Tomonaga,
Schwinger, Feynman, Dyson)

▷ Divergences: infrared/ultraviolet,
due to self-interaction
(can also occur classically)
Ð→ need for renormalisation
(Bogolyubov, Wilson, . . . )

▷ Bare vs observed parameters,
analogy with Archimedes force
(Connes, Kreimer)
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The Φ4
d model

▷ Lattice system: ΛN = (Z/NZ)d , y ∈ RΛN

VN,ε(y) =
1

2
N2 ∑

i ,j∈Λ
∥i−j∥=1

(yi − yj)2 +∑
i∈Λ

Uε(yi) Uε(ξ) =
1

2
ξ2 + ε

4
ξ4

Gibbs measure µN,ε(dy) =
1

ZN,ε
e−VN,ε(y) dy

▷ Continuum limit: yi = ϕ(i/N), N →∞,

Vε(ϕ) = ∫
Λ
(12∥∇ϕ(x)∥

2 + 1
2ϕ(x)

2 + ε
4ϕ(x)

4)dx

where Λ = (R/Z)d =∶ Td

De�nition of Gibbs measure?

µε(dϕ) �=�
1

Zε
e−Vε(ϕ) �dϕ�

▷ Alternative: Spectral Galerkin approx. (Fourier modes with ∣k ∣ ⩽N)
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The case d = 1
▷ ε = 0: V0(ϕ) = ∫

Λ
(12∥∇ϕ(x)∥

2 + 1
2ϕ(x)

2)dx = 1
2⟨ϕ, (−∆ + 1)ϕ⟩

µ0 is Gaussian free �eld with covariance (−∆ + 1)−1

(well-de�ned since (−∆+ 1)−1 trace class: λk = (2πk)2, ∑
k∈Z

1
λk+1

<∞)

▷ ε > 0:
dµε

dµ0
= Z0
Zε

e−[Vε−V0] = Z0
Zε

e−
ε
4 ∫Λ ϕ(x)

4 dx

where
Zε

Z0
= Eµ0[e−

ε
4 ∫Λ ϕ(x)

4 dx] �=� 1

Z0
∫ e−V0(ϕ)−

ε
4 ∫Λ ϕ(x)

4 dx dϕ

Fourier representation:

ϕGFF(x) = ∑
k∈Z

Zk√
λk + 1

ek(x), Zk ∼ N (0,1) iid

⇒ E[∫
Λ
ϕGFF(x)2n dx] ≲ (∑

k∈Z

1
λk+1
)
n
< Cn

so that Zε

Z0
= 1 +O(ε)
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The case d = 2
▷ (−∆ + 1)−1 no longer trace class, since λk = (2π∥k∥)2, ∑

k∈Z2

1
λk+1

=∞

▷ Truncated GFF:

ϕGFF,N(x) = ∑
k∈Z2,∣k ∣⩽N

Zk√
λk + 1

ek(x)

CN = ∫
Λ
E[ϕGFF,N(x)2]dx = ∑

∣k ∣⩽N

1

λk + 1
= Tr[(−∆N + 1)−1] ∼ logN

▷ Wick calculus: ∶ϕ(x)n∶ = Hn(ϕ(x);CN) where Hn Hermite polynomials

If (X ,Y ) centred jointly Gaussian rv, E[X 2] = C , E[Y 2] = C ′ then
E[Hn(X ;C)Hm(Y ;C ′)] = n!δnmE[XY ]n

Consequence: sup
N

E[(∫
Λ
∶ϕGFF,N(x)n∶dx)

2

] <∞ ∀n

▷ Gibbs measure de�ned as in 1d case, with

Vε(ϕ) = ∫
Λ
(12∥∇ϕ(x)∥

2 + 1
2ϕ(x)

2 + ε
4 ∶ϕ(x)

4∶)dx
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The case d = 3
Theorem: Potential needs exactly 4 counterterms:

V (ϕ) = ∫
Λ
(12∥∇ϕ(x)∥

2 + 1
2
[1 − ε2C (2)N ]ϕ(x)

2

+ ε
4 ∶ϕ(x)

4∶
C
(1)
N

+ ε2C (3)N − ε3C (4)N )dx
where

C
(1)
N = GN(0) = Tr((−∆N + 1)−1) = O(N)

C
(2)
N = 3!∫Λ

GN(x)3 dx = O(logN)

C
(3)
N =

4!

2!42 ∫Λ
GN(x)4 dx = O(N)

C
(4)
N =

23

3!43
(4
2
)
3

∫
Λ
∫
Λ
GN(x)2GN(y)2GN(x − y)2 dx dy = O(logN)

and GN(x) = ∑
∣k ∣⩽N

1

λk + 1
ek(x) if the Green function of ∆N
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Some literature

▷ Glimm & Ja�e (1968, 1973), Feldman (1974):
Combinatorics of Feynman diagrams

▷ Benfatto, Cassandro, Gallavotti, Nicolò & Olivieri (1978, 1980):
Renormalisation group (integrating out scales)

▷ Brydges, Fröhlich & Sokal (1983):
Generating function and skeleton inequalities

▷ Brydges, Dimock & Hurd (1995):
Polymer expansions

▷ Connes & Kreimer (2000, 2001):
Hopf algebras

▷ . . .

▷ Barashkov & Gubinelli (2020):
Boué�Dupuis formula
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Graphical notations

▷ Wick powers: X = = ∫
Λ
∶ϕ(x)4∶dx , Y = = ∫

Λ
∶ϕ(x)2∶dx

▷ Parameters: α = ε
4 , β =

1
2ε

2C
(2)
N , γ = ε2C (3)N − ε3C (4)N

Then
ZN,ε

ZN,0
= Eµ0[e−αX−βY−γ] = e−γ Eµ0[e−αX−βY ]

▷ Let Γ = (V ,E ) be a multigraph, G = span{Γ}. Its valuation is

ΠN(Γ) = ∫
ΛV
∏
e∈E

GN(xe+ − xe−)dx

For instance

C
(1)
N = ΠN

C
(2)
N = 3!ΠN

C
(3)
N = 4!

2!42
ΠN

C
(4)
N = 23

3!43
(4
2
)
3

ΠN
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Cumulant expansion

▷ µn = (−1)nEµ0[(α + β )
n
] = (−1)n

n

∑
m=0

(n
m
)αmβn−mAnm

where Anm = Eµ0[
m n−m]

Examples:

µ2 = α24!ΠN + β22!ΠN

µ3 = − α3(4
2
)
3

23ΠN − 3α2β(42 ⋅ 2 ⋅ 3!)ΠN

− 3αβ24!ΠN − 8β3ΠN

▷ Cumulant expansion: (Leonov & Shiraev)

− logE[e−αX−βY−γ] = γ −
∞

∑
n=2

κn
n!

κn = µn −
n−2

∑
m=2

(n − 1
m
)κmµn−m

▷ Linked Cluster Theorem: κn projection of µn on connected graphs

Proof: for instance Peccati & Taqqu (2011)
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Divergences and subdivergences

▷ Degree of Γ: deg(Γ) = 3(∣V ∣ − 1) − ∣E ∣. Γ divergent if deg(Γ) ⩽ 0.
▷ Examples:

deg( ) = 0 ΠN( ) = O(logN)
deg( ) = −1 ΠN( ) = O(N)

deg( ) = 0 ΠN( ) = O(logN)

▷ It looks like ΠN(Γ) =
⎧⎪⎪⎨⎪⎪⎩

O(N−deg(Γ)) if deg(Γ) < 0
O(logN) if deg(Γ) = 0

However, deg( ) = 1, while ΠN( ) = O(logN) `
because it contains a subdivergence

Theorem: [Dyson]

If deg Γ̄ > 0 for all subgraphs Γ̄ ⊂ Γ, then ΠN(Γ) is bounded unif in N
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Hopf algebras and renormalisation

▷ Connes�Kreimer extraction�contraction coproduct: ∆ ∶ G → G ⊗ G
∆(Γ) = Γ⊗ 11 + 11⊗ Γ + ∑

11≠Γ⊊Γ

deg(Γ)⩽0

Γ⊗ (Γ/Γ) (11: empty graph)

Example: ∆( ) = ⊗ 11 + 11⊗ + ⊗

▷ (Twisted) antipode: A ∶ G → G , A (Γ) = −Γ − ∑
11≠Γ⊊Γ

deg(Γ)⩽0

A (Γ) ⋅ (Γ/Γ)

Example: A ( ) = − + ⋅

▷ Character: linear form g ∶ G → R such that ⟨g ,Γ1 ⋅ Γ2⟩ = ⟨g ,Γ1⟩⟨g ,Γ2⟩

Renormalisation map: Mg ∶ G → G , Mg(Γ) ∶= (g ⊗ id)∆Γ

Property: If ⟨f ○ g ,Γ⟩ = ⟨f ⊗ g ,∆Γ⟩ and ⟨A ∗(f ),Γ⟩ = ⟨f ,A (Γ)⟩
then Mg○h =MgMh and (Mg)−1 =MA ∗(g) ⇒ group structure
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BPHZ renormalisation
▷ BPHZ character: ⟨gBPHZ,Γ⟩ = ΠNA (Γ)11deg Γ⩽0
▷ Renormalised valuation:

ΠBPHZ
N (Γ) = ΠNM

gBPHZ(Γ)
= (gBPHZ ⊗ΠN)∆Γ

= (ΠNÃ ⊗ΠN)∆Γ

Ã (Γ) = A (Γ)1deg Γ⩽0

G R

G ⊗ G R

G

ΠN

(Ã ⊗id)∆
ΠBPHZ

N

MgBPHZ=(ΠN Ã ⊗id)∆
ΠN⊗ΠN

ΠN⊗id
ΠN

Theorem: [Bogolyubov, Parasiuk, Hepp, Zimmermann]

If deg Γ > 0 then ΠBPHZ
N (Γ) bdd uniformly in N

Theorem: [B & Klose]

Write κn = (−1)n∑n
m=0 (

n
m
)αmβn−m∑k b

(k)
nmΠN(Γ

(k)
nm ) Then

∞

∑
n=2

κn
n!
= −

∞

∑
p=2

1

p!
(−α)p∑

k

b
(k)
pp ΠBPHZ

N (Γ(k)pp ) deg Γ
(k)
pp = p − 3

Consequence: all terms in cumulant expansion bounded uniformly in N
Renormalisation of static and dynamic Φ4d models 12 June 2023 11/20 (23)



BPHZ renormalisation
▷ BPHZ character: ⟨gBPHZ,Γ⟩ = ΠNA (Γ)11deg Γ⩽0
▷ Renormalised valuation:

ΠBPHZ
N (Γ) = ΠNM

gBPHZ(Γ)
= (gBPHZ ⊗ΠN)∆Γ
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Commutative diagram

e−αX ∑
p

(−α)p

p!
P(X p)

e−αX−βY ∑
n,m

(−α)m(−β)n−m

m!(n−m)! P(XmY n−m) logE[e−αX−βY ]

χ

P

MgBPHZ
ΠBPHZ
N

P ΠN

▷ P = Πconnected(∑pairings)
▷ e−αX , e−αX−βY ∈ H = span{Xn ∶ n ∈ N2} Xn ∶= X n1Y n2

▷ Construction of χ inspired by Ebrahimi-Fard et al

Lemma: [B & Klose]

▷ χ(e−αX ) = e−αX−βY

▷ P ○ χ =MgBPHZ ○P

Proof of commutativity based on Zimmermann's forest formula for A
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Singular stochastic PDEs

∂tϕ(t, x) =∆ϕ(t, x) − ϕ(t, x)3 + ξ(t, x)
´¹¹¹¹¹¹¸¹¹¹¹¹¹¶

space-time white noise

▷ Parisi & Wu (1981):
Stochastic quantization

▷ Faris & Jona-Lasinio (1982), . . . :
1d case: Well-posed, large-deviation principle

▷ Da Prato & Debussche (2003):
2d case: Besov spaces, �xed-point argument for di�erence between ϕ
and stochastic convolution

▷ Hairer (2014):
3d case: regularity structures, Banach spaces of modeled distributions
Ad-hoc renormalisation for Φ4

3 and PAM (parabolic Anderson model)

▷ Bruned, Chandra, Chevyrev, Hairer, Zambotti (2016+):
Solution theory and renormalisation for general locally subcritical
(superrenormalisable) parabolic SPDEs, using BPHZ renormalisation
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Mild solutions and Hölder�Besov spaces
▷ (∂t −∆)ϕ = h ⇒ ϕ = G ∗ h where G heat kernel

▷ (∂t −∆)ϕ = F (ϕ) + ξ ⇒ ϕ = G ∗ ξ +G ∗ F (ϕ)
Use Banach's �xed point theorem, but on which function space?

De�nition: Hölder�Besov spaces Cα
For f ∶ I → R, with I ⊂ R compact interval:

▷ 0 < α < 1: ∣f (x) − f (y)∣ ⩽ C ∣x − y ∣α ∀x ≠ y
▷ α > 1: f ∈ C⌊α⌋ and f ′ ∈ Cα−1 ( /⇒ ∣f (x) − f (y)∣ ⩽ C ∣x − y ∣α)
▷ α < 0: f distribution, ∣⟨f , ηδx⟩∣ ⩽ Cδα with ηδx(y) = 1

δη(
x−y
δ )

Parabolic scaling Cαs : ∣x − y ∣ Ð→ ∣t − s ∣1/2 +∑d
i=1∣xi − yi ∣

Facts:

1. α ∉ Z, f ∈ Cαs ⇒ G ∗ f ∈ Cα+2s (Schauder)

2. ξ ∈ Cαs a.s. ∀α < −d+2
2

Consequence: G ∗ ξ ∈ Cαs a.s. ∀α < 2−d
2 ⩽ 0 for d ⩾ 2
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Regularity structures

∂tϕ =∆ϕ − ϕ3 + ξδ ξδ = ϱδ ∗ ξ molli�ed noise, ϱδ(t, x) = 1
δ5
ϱ( t

δ2
, xδ )

M(ϕ0,Z δ) ΦM

(ϕ0, ξδ) ϕδ

SM

MΨ RM

S̄M
ϕ = G ∗ (ξδ − ϕ3) ⇔ Φ = I(Ξ −Φ3) + φ11 + polynomial terms

Φ0 = 0
Φ1 = I(Ξ) + φ11 + . . . Φ3

1 = I(Ξ)3 + 3φI(Ξ)2 + 3φ2I(Ξ) + φ311 + . . .
Φ2 = I(Ξ) − I(I(Ξ)3) − 3φI(I(Ξ)2) − 3φ2I(I(Ξ)) + φ11 + . . .

=∶ − − 3φ − 3φ2 + φ11 + . . .
degree 1− d

2
5− 3d

2
4−d 3− d

2
0

Locally subcritical: Hölder exponents are bdd below
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Renormalisation

(ϕ0,MgZ δ) ΦM

(ϕ0, ξδ) ϕδ

S

Mg ○Ψ Rg

S̄Υ
▷ MgZ δ: renormalised model, compatible with Mgτ = (g ⊗ id)∆̂τ

g BPHZ character

⟨g , ⟩ = −C (1)δ = O(δ−1), ⟨g , ⟩ = −C (2)δ = O(log(δ−1))
▷ S̄Υ: solution map of renormalised SPDE

∂tϕ
δ =∆ϕδ − (ϕδ)3 + [3C (1)δ − 9C (2)δ ]ϕ

δ + ξδ

Theorem [Hairer 2014]:

For initial conditions in Cη with η > −23 , the sequence of (local in time) ϕδ

converges in probability to a limit as δ → 0
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(Stochastic) Allen�Cahn equation on T2

∂tϕ(t, x) = ν(εt)∆ϕ(t, x) + ϕ(t, x) − ϕ(t, x)3 + σξ(t, x)

(Online: https://youtu.be/yX0EAxZHNCQ)
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Metastability in gradient SDEs

dxt = −∇V (xt)dt +
√
2εdWt

V ∶ Rd → R con�ning potential

τ xy = inf{t > 0∶ xt ∈ Bε(y)}
�rst-hitting time of small ball Bε(y)
when starting in x

Luminy

Mont
Puget

Calanque de Sugiton
x

z

y

Col de Sugiton

Arrhenius' law (1889): E[τ xy ] ≃ e[V (z)−V (x)]/ε

Eyring�Kramers law (1935, 1940):
Eigenvalues of Hessian of V at minimum x : 0 < ν1 ⩽ ν2 ⩽ ⋅ ⋅ ⋅ ⩽ νd
Eigenvalues of Hessian of V at saddle z : λ1 < 0 < λ2 ⩽ ⋅ ⋅ ⋅ ⩽ λd

E[τ xy ] = 2π
√

λ2...λd
∣λ1∣ν1...νd

e[V (z)−V (x)]/ε[1 + Oε(1)]

Arrhenius' law: proved by [Freidlin, Wentzell, 1979] using large deviations

Eyring�Kramers law: [Bovier, Eckho�, Gayrard, Klein, 2004] using potential theory,
[Hel�er, Klein, Nier, 2004] using Witten Laplacian, . . .
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Eyring�Kramers law for 1D SPDEs

∂tϕ =∆ϕ + ϕ − ϕ3 +
√
2ε ξ, x ∈ [0,L], τ+ = inf{t > 0∶ ∥ϕt − 1∥∞ < δ}

Ev at saddle ϕ = 0: λk = (kπL )
2 − 1, ev at minima ϕ = ±1: νk = (kπL )

2 + 2

Theorem: Neumann b.c. [B & Gentz, 2013]

▷ If L < π − c with c > 0, then

E−1[τ+] = 2π

¿
ÁÁÀ 1

∣λ0∣ν0

∞

∏
k=1

λk

νk
e(V [0]−V [−1])/ε[1 +O(ε1/2∣log ε∣3/2)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
error not optimal

]

▷ If L > π + c , then same formula with extra factor 1
2 (since 2 saddles)

and λ′k instead of λk . Results also for L near π and periodic b.c.

▷ Prefactor involves a Fredholm determinant:
∆⊥ Laplacian acting on mean zero functions

∞

∏
k=1

λk

νk
= det[(−∆⊥ − 1)(−∆⊥ + 2)−1] = det[11 − 3(−∆⊥ + 2)−1]

converges because log det = Tr log and (−∆⊥ + 2)−1 is trace class
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Metastability in the 2D Allen�Cahn equation

∂tϕ =∆ϕ + [1 + 3εCN]ϕ − PN(ϕ3) +
√
2εξN , CN = Tr[(−∆N + 1)−1]

▷ Large-deviation principle: [Hairer & Weber, 2015]

▷ Without renormalisation, naive computation of prefactor fails:

log ∏
k∈(N2)∗

1 − ( L
∣k ∣π )

2

1 + 2( L
∣k ∣π )

2
≃ ∑

k∈(N2)∗
log(1 − 3L2

∣k ∣2π2
) ≃ − ∑

k∈(N2)∗
3L2

∣k ∣2π2
= −∞

▷ With renormalisation, V (0) −V (−1) = 1
4L

2 + 3
2L

2CNε
Inverse of prefactor involves Carleman�Fredholm determinant:
det2(11 +T ) = det(11 +T )e−TrT with T = 3(−∆⊥ − 1)−1
det2 de�ned whenever T is only Hilbert�Schmidt (true for d ⩽ 3)

Theorem: [B, Di Gesù, Weber, 2017, Tsatsoulis & Weber 2018]

For L < π, Eyring�Kramers law holds with �nite prefactor given by
Carleman�Fredholm determinant

Remark: If CN = Tr[(−∆N + θ)−1], prefactor depends on θ
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Borel resummation: The Φ4
0 model

▷ V (ϕ) = 1
2ϕ

2 + ε
4ϕ

4

Z(ε) = ∫
∞

−∞
e−V (ϕ) dϕ = ∫

∞

−∞
e−ϕ

2/2 e−εϕ
4/4 dϕ

Z(ε) ≍
√
2π∑

n⩾0

(− ε
4
)n (4n−1)!!

n! = ∑
n⩾0

anε
n, an ∼ n!

▷ Borel transform:

Z(ε) ≍ ∑
n⩾0

anε
n Γ(n+1)

n! = ∑
n⩾0

anεn

n! ∫
∞

0
tn e−t dt

ZBorel(ε) = ∫
∞

0
e−t ∑

n⩾0

anεntn

n! dt = ∫
∞

0
e−t BZ(εt)dt

where BZ(t) = ∑n⩾0
an
n! t

n

Theorem (Watson 1912, Sokal 1980) DR = {ε∶Re ε−1 > R−1}

If Z analytic in DR and Z(ε) = ∑n
k=0 akε

k + Rn(ε) with ∣Rn(ε)∣ ⩽ Crnn!∣ε∣n

unif in n and ε, then BZ(t) cv for ∣t ∣ < 1
r and Z(ε) = ZBorel(ε) in DR
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Borel resummation: The Φ4
3 model

▷ Borel summability proved by Magnen and Sénéor (1977)

▷ Need to prove
♢ Analycity in DR : hard?
♢ Bound ∣Rn(ε)∣ ⩽ Crnn!∣ε∣n in DR : doable

▷ e−αX = P(X ) + F (X ), P(X ) =
3

∑
p=0

(−α)p

p!
X p
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