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Renormalisation

> Recipe for turning a classical system ]
into a quantum one: p+— —ihV :
(De Broglie, Schrédinger,
Heisenberg, ...) i

i

“No doubt about it, Ellington—we’ve mathematically
expressed the purpose of the universe. God, how | love the
thrrill of scientific discovery!”
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> Quantum electrodynamics (QED)
(Dirac, ..., Bethe, Tomonaga,
Schwinger, Feynman, Dyson)
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Renormalisation

> Recipe for turning a classical system
into a quantum one: p~ —ihV
(De Broglie, Schrédinger,
Heisenberg, ...)

> Quantum electrodynamics (QED)
(Dirac, ..., Bethe, Tomonaga,
Schwinger, Feynman, Dyson)

> Divergences: infrared/ultraviolet,
due to self-interaction
(can also occur classically)
— need for renormalisation
(Bogolyubov, Wilson, ...)
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Renormalisation

> Recipe for turning a classical system
into a quantum one: p~ —ihV
(De Broglie, Schrédinger,
Heisenberg, ...)

> Quantum electrodynamics (QED)
(Dirac, ..., Bethe, Tomonaga,
Schwinger, Feynman, Dyson)

> Divergences: infrared/ultraviolet,
due to self-interaction
(can also occur classically)
— need for renormalisation
(Bogolyubov, Wilson, ...)

> Bare vs observed parameters,
analogy with Archimedes force
(Connes, Kreimer)

Renormalisation of static and dynamic ¢‘: models

“No doubt about it, Ellington—we’ve mathematically
expressed the purpose of the universe. God, how | love the

thrill of scientific discovery!”

12 June 2023
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The ¢ model
> Lattice system: Ay = (Z/NZ)9, y e RM

1 1 £
Vine(y) = 5N 30 (ri=y)*+ 2 U=() U:(€) = 56 + ¢
ijen ieN
li=jl=1
Gibbs measure fiy o (dy) = Zl e Vine(¥) gy
N,e
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The ¢% model
> Lattice system: Ay = (Z/NZ)9, y ¢ R

1 1 £
Vine(y) = 5N 30 (ri=y)*+ 2 U=() U:(€) = 56 + ¢
ijen ieN
li=jl=1
Gibbs measure fiy o (dy) = Zl e Vine(¥) gy
N,e

> Continuum limit: y; = ¢(i/N), N — oo,
V() = [ (BIV00IP + 300 + 50(x)* ) dx

where A = (R/Z)? = T¢
Definition of Gibbs measure?

a_n 1 - uy
pe(dg) == e g

£
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The ¢% model
> Lattice system: Ay = (Z/NZ)9, y ¢ R

1 1 £
Vine(y) = 5N 30 (ri=y)*+ 2 U=() U:(€) = 56 + ¢
ijen ieN
li=jl=1
Gibbs measure fiy o (dy) = Zl e Vine(¥) gy
N,e

> Continuum limit: y; = ¢(i/N), N — oo,
V() = [ (BIV00IP + 300 + 50(x)* ) dx
where A = (R/Z)9 = T4

Definition of Gibbs measure?

a_n 1 - uy
pe(dg) == e g

£

> Alternative: Spectral Galerkin approx. (Fourier modes with |k| < V)
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The case d=1
> 2= 0 Vo(@) = [ (3IT6001P +30(0?) dx = 36, (- + 1)g)

pto is Gaussian free field with covariance (-A +1)7!

(well-defined since (—A +1) " trace class: Ak = (27k)?, /\k1+1 < 00)
keZ
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The case d=1
> 2= 0 Vo(@) = [ (3IT6001P +30(0?) dx = 36, (- + 1)g)

pto is Gaussian free field with covariance (-A +1)7!

(well-defined since (~A +1)7! trace class: A = (27k)?, kZZ /\k1+1
€
> e>0:
dpte _ 2o [ve-vo] _ 20 5 [ 600" dx
dMO Za Za
where
Z(;‘ _§f 4d PP 1 —V _E y 4d
= O e 7/6 0(#)=5 [n#()* dx gy
Zo ZO
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The case d=1
> 2= 0 Vo(@) = [ (3IT6001P +30(0?) dx = 36, (- + 1)g)

pto is Gaussian free field with covariance (-A +1)7!

(well-defined since (—A +1) " trace class: Ak = (27k)?,
keZ

1
Ak+1
> e>0:

dite _ 20 (ve-vol _ 20 o5 [y 00" dx

dMO Za Za

where

% _ EHo [e—im(x)“dx] =zl0 / e Vo(@)=5 [y o()* dx 4
Fourier representatlon

¢GFF(X ,;Z \/)\k—‘l‘

= f¢GFF(X) dx] ( /\k+1) <

so that % =1+0(e)

e(x),  Zk~N(0,1) iid
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The case d =2

> (=A+1)7! no longer trace class, since A = (27| k)2, > Ak1+1 =00
keZ?
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The case d =2

> (=A+1)7! no longer trace class, since A = (27| k)2, > Ak1+1 =00
keZ?

> Truncated GFF:

Z
dGrF,N(X) = ——ex(x
kezg;qu VA+1

CN=[AE[¢GFF,N(X)2]dX: >

KI<N

)

1
)\k+1

- Tr[(—AN + 1)_1] ~log N
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The case d =2

> (-=A+1)"! no longer trace class, since A = (27[k[)?, . Ak1+1 =00

keZ?

> Truncated GFF: 2
pGrrn(X) = -

kezg\;qu VA+1

Cn = [E[¢GFF,N(X)2] dx= >’

A k<N

> Wick calculus: :¢(x)™: = Hp(¢(x); Cy) where H, Hermite polynomials
If (X, Y) centred jointly Gaussian rv, E[X?] = C, E[Y?] = C’ then

E[Ho(X; C)Hm(Y; C)] = n13nmE[XY]"

ex(x)

1
)\k+1

- Tr[(—AN + 1)_1] ~log N

2
Consequence: supE[(/A:qﬁGFF’N(x)”:dx) ]< 00 Vn
N
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The case d =2

> (-=A+1)"! no longer trace class, since A = (27[k[)?, . )\:ﬂ =00

keZ?

> Truncated GFF:

Zy
dGFF,N(X) =
kezzz,\;qu VA+1

CN=[AE[¢GFF,N(X)2]dX: >

KI<N

ex(x)

1
)\k-l-l

- Tr[(—AN + 1)_1] ~log N

> Wick calculus: :¢(x)™: = Hp(¢(x); Cy) where H, Hermite polynomials

If (X, Y) centred jointly Gaussian rv, E[X?] = C, E[Y?] = C’ then
E[H,(X; C)Hm(Y; C)] = nl6nmE[XY]"

2
Consequence: supE[(/A:qﬁGFF’N(x)”:dx) ]< 00 Vn
N
> Gibbs measure defined as in 1d case, with

V(8) = [ (SI90() I + 300 + 5:0(x)") dx
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The case d =3

Theorem: Potential needs exactly 4 counterterms:

V()= [ (3IV60I + 3[1 - 2CP Jo(x)?

+ 5000w + Gy -G ) dx
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The case d =3

Theorem: Potential needs exactly 4 counterterms:
V()= [ (3IV60I + 3[1 - 2CP Jo(x)?
+ 5000w + Gy -G ) dx
where
c\= Gn(0) = Tr((-An + 1)) = O(N)
cD_3 f G (x)% dx = O(log )

= oo [ Gu0*ax= (W)

2!42
23
= 25(2) [ [ G002 Guly)? Gt -y dxdy = O(1og )
and Gy(x) = > ex(x) if the Green function of Ay
|k[<N )\k +1
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Some literature

> Glimm & Jaffe (1968, 1973), Feldman (1974):
Combinatorics of Feynman diagrams

> Benfatto, Cassandro, Gallavotti, Nicolo & Olivieri (1978, 1980):
Renormalisation group (integrating out scales)

> Brydges, Frohlich & Sokal (1983):
Generating function and skeleton inequalities

> Brydges, Dimock & Hurd (1995):
Polymer expansions

> Connes & Kreimer (2000, 2001):
Hopf algebras

> Barashkov & Gubinelli (2020):
Boué—Dupuis formula
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Graphical notations
> Wick powers: X = > = [\:qﬁ(x)“:dx, Y= —— = f/\:qj(x)zzdx

B _ %62(?,2/2), = 52 CIEI?,) _ 63CI§I4)

€
4,
Then S ~ rafe-e-777] -7t o777
N,0

> Parameters: o =
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Graphical notations
> Wick powers: X = > = [\:qﬁ(x)“:dx, Y= —— = f/\:qj(x)z:dx

B _ %62(?,2/2), = 52 CIEI?,) _ 63(:‘/214)

> Parameters a=7,
Then Euo[ —oaX—ﬁY—’y] = e YV EHo [e—aX—,BY]

> Let [ = (“//,(o@) be a multigraph, & = span{['}. Its valuation is

Mp(T) = [ TT G (e, - xe.) dx
ee&
For instance

¢ =nyQ

P =3y

3 _ 4
CN 2|42HN@

3 3
4 _ 2 (4
Cn = 3!43(2) n,\,@
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Cumulant expansion
> o= (70> + i) (0 3 (7)o
where A, = E#0[>< mo n—m:I

Examples:

2= 024N + 2y >

p3 = —a3(g)323ﬂ,\,@ _30‘25(42‘2'3!)”N@

~ 305241 My <X -85 /\,
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Cumulant expansion
> o= (70> + i) (0 3 (7)o
where A, = E#0[>< mo n—m:I

Examples:

pi2 = 4NN + 221Ny <>
3
1 = —a3(2) 23n,\,@ —30425(42-2'3!)“/\/@
~ 308241 Ny <> - 883Ny [\,

> Cumulant expansion: (Leonov & Shiraev)

—aX-BY -~ =\ Kn =2 n-1
~logE[e J=7- - Knp=fn— Z m Kmln-m

m=2
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Cumulant expansion
> o= (70> + i) (0 3 (7)o
where A, = E#0[>< mo n—m:I

Examples:

pi2 = 4NN + 221Ny <>

a3
1 = —a3(2) 23HN@ —30425(42-2'3!)“/\/@
- 308241 My OO - 85N /\,
> Cumulant expansion: (Leonov & Shiraev)

—aX-BY -~ =\ Kn =2 n-1
~logE[e J=7- - Knp=fn— Z Kmln-m
n=2 m=2 m

> Linked Cluster Theorem: &, projection of 11, on connected graphs
Proof: for instance Peccati & Taqqu (2011)
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Divergences and subdivergences
> Degree of I': deg(') =3(|¥|-1) —|&|. T divergent if deg(I') <0.
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Divergences and subdivergences
> Degree of I': deg(') =3(|¥|-1) —|&|. T divergent if deg(I') <0.

> Examples:

deg(<>) =0 My(€>) = O(logN)
deg(3) = -1 My(&) = O0(N)

deg(N) =0 () = 0(log V)
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Divergences and subdivergences
> Degree of I': deg(') =3(|¥|-1) —|&|. T divergent if deg(I') <0.

> Examples:

deg(<>) =0 My (<) = O(logN)
deg(3) = -1 My(&) = O0(N)

deg(N) =0 () = 0(log V)

O(N-9e()) if deg(I') <0
O(log N) if deg(') =0

However, deg(@) =1, while HN(@) =O(logN)

because it contains a subdivergence <=

> It looks like My (") :{
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Divergences and subdivergences
> Degree of I': deg(') =3(|¥|-1) —|&|. T divergent if deg(I') <0.

> Examples:

deg(<>) =0 My (<) = O(logN)
deg(3) = -1 My(&) = O0(N)

deg(N) =0 () = 0(log V)

O(N-9e()) if deg(I') <0
O(log N) if deg(') =0

However, deg(@) =1, while HN(@) =O(logN)

because it contains a subdivergence <=

> It looks like My () = {

Theorem: [Dyson]
If degT > 0 for all subgraphs ' c T, then My(T) is bounded unif in N
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Hopf algebras and renormalisation

> Connes—Kreimer extraction—contraction coproduct: A:¥ -9 ® ¢
AN =Tel+l1al+ > T&(/T) (1: empty graph)
1+Tgr
deg(T)<0

Example: A(@):@®1+1®@+6®O
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Hopf algebras and renormalisation

> Connes—Kreimer extraction—contraction coproduct: A:¥ -9 ® ¢
AN =Tel+l1al+ > T&(/T) (1: empty graph)
1+Tgr
deg(T)<0

Example: A(@):@®1+1®@+6®O

> (Twisted) antipode: & : ¢ - ¥, /(') =-T- Z o/ (T) - (F/T)

12Fgl
Example: d(@) =—@ + & O

deg(T)<0
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Hopf algebras and renormalisation

> Connes—Kreimer extraction—contraction coproduct: A:¥ -9 ® ¢
AN =Tel+l1al+ > T&(/T) (1: empty graph)
1+Tgr
deg(T)<0

Example: A(@):@®1+1®@+6®O

> (Twisted) antipode: & : ¢ - ¥, /(') =-T- Z o/ (T) - (F/T)

12Fgl
Example: d(@) =—@ + & O

deg(T)<0
> Character: linear form g : % — R such that (g,l'1-2) = (g,1)(g.2)
Renormalisation map: M8 : 9 - ¢, M8(T) := (g ® id)Al'
Property: If (fog, ) =(f®g,Al') and (&7*(f),I') = (f, /(')
then M&°" = MEM" and (M&)~! = M“"(8) = group structure
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BPHZ renormalisation
> BPHZ character: (gBPH2 ) = My (M) 1ldegr<o
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BPHZ renormalisation

> BPHZ character: (gBPH2 ) = My (M) 1ldegr<o
> Renormalised valuation:

g R
MBPHZ () — 1y M (1) - \
= (g®"7 e My)Ar M ey g og W3 R
= (M ® My)AT nmJ /
A () = () ldegreo g
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BPHZ renormalisation

> BPHZ character: (gBPH2 ) = My (M) 1ldegr<o
> Renormalised valuation:

g —— R
BPHZ
H/I%/PHZ(F) = I_INI\/Ig (r) (yi@id)Al wz
_ (gBPHZ ® I—IN)AF M1 Faid) A G o M R
= (HN«J(@ My)AT I'I,midJ /

‘Q{N(r) :%(r)ldegrso 4
Theorem: [Bogolyubov, Parasiuk, Hepp, Zimmermann]
If deg > 0 then MEPHZ() bdd uniformly in N
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BPHZ renormalisation

> BPHZ character: (gB”H2,T) = NMy.o7 () 1gegro

> Renormalised valuation:
My
4 ———— R

MBPHZ (1) = 11y ME™™ (1) cmidml \
= (g®"7 e My)Ar MEPE_ (1, eid)A g oy Wev 3
= (M ® My)AT nm.{ /

A (T) = (M) laegr<o g

Theorem: [Bogolyubov, Parasiuk, Hepp, Zimmermann]
If deg > 0 then MEPHZ() bdd uniformly in N

Theorem: [B & Klose]
Write Kn :( 1)”2” ( ) meTM Y b (k)nN(rglr(r?) Then

o Z ( a)pr(k)I'IBPHZ(F(k)) deglly) = p-3
n=2 N
Consequence. aII terms in cumulant expansion bounded uniformly in N
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Commutative diagram

p —)P
e—aX z , Z( Oé) r@()<p)
» P
X MgBPHZ]: HEPHZ
e X BV Ly 3 LI (XY ) s log E[e X FY ]
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Commutative diagram

p —)P
e—aX z , Z( Oé) r@()<p)
» P
X MgBPHZ]: n?’PHZ
e X BV Ly 3 LI (XY ) s log E[e X FY ]

> P = I_Iconnected(Zpairings)
b e X e XY e 4= span{X" P ne Nz} XM= XMmym
> Construction of x inspired by Ebrahimi-Fard et al
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Commutative diagram

—-aX | Z \ (_a)p p
(S t 7 Z pl <@(X )
b !
X BPHZI L
ME
—aX-— 2R —a)m(=B)"" - n —aX—
e XY > ( f;)!(,(ki))! P(XTY") ——— logE[e X Y]
n,m

> P = I_Iconnected(Zpairings)
b e X e XY e = span{X" tne Nz} XM= Xmym
> Construction of x inspired by Ebrahimi-Fard et al

Lemma: [B & Kilose]

> X(e—aX) — g—aX-BY
BPHZ

D@ox:Mg o X

Proof of commutativity based on Zimmermann's forest formula for &7
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Singular stochastic PDEs
8t¢(t,X) = A(z)(tax) - ¢(tax)3 + f(t,X)

N——
space-time white noise

> Parisi & Wu (1981):
Stochastic quantization
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Singular stochastic PDEs
0e(t,x) = Ag(t,x) ~ 6(£,x)° + £(t,x)

N——
space-time white noise

> Parisi & Wu (1981):
Stochastic quantization

> Faris & Jona-Lasinio (1982), ...:
1d case: Well-posed, large-deviation principle
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Singular stochastic PDEs
0e(t,x) = Ag(t,x) ~ 6(£,x)° + £(t,x)

—
space-time white noise
> Parisi & Wu (1981):
Stochastic quantization
> Faris & Jona-Lasinio (1982), ...:
1d case: Well-posed, large-deviation principle
> Da Prato & Debussche (2003):
2d case: Besov spaces, fixed-point argument for difference between ¢
and stochastic convolution
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Singular stochastic PDEs
0e(t,x) = Ag(t,x) ~ 6(£,x)° + £(t,x)

—
space-time white noise
> Parisi & Wu (1981):
Stochastic quantization
> Faris & Jona-Lasinio (1982), ...:
1d case: Well-posed, large-deviation principle
> Da Prato & Debussche (2003):
2d case: Besov spaces, fixed-point argument for difference between ¢
and stochastic convolution
> Hairer (2014):
3d case: regularity structures, Banach spaces of modeled distributions
Ad-hoc renormalisation for ®5 and PAM (parabolic Anderson model)
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Singular stochastic PDEs
0e(t,x) = Ag(t,x) ~ 6(£,x)° + £(t,x)

—
space-time white noise
> Parisi & Wu (1981):
Stochastic quantization
> Faris & Jona-Lasinio (1982), ...:
1d case: Well-posed, large-deviation principle
> Da Prato & Debussche (2003):
2d case: Besov spaces, fixed-point argument for difference between ¢
and stochastic convolution
> Hairer (2014):
3d case: regularity structures, Banach spaces of modeled distributions
Ad-hoc renormalisation for ®5 and PAM (parabolic Anderson model)
> Bruned, Chandra, Chevyrev, Hairer, Zambotti (2016+):
Solution theory and renormalisation for general locally subcritical
(superrenormalisable) parabolic SPDEs, using BPHZ renormalisation
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Mild solutions and Holder—Besov spaces
> (0r—A)p=h = ¢=G=»h where G heat kernel

> (O-D)p=F(p)+& = ¢=G6*E{+GxF(9)

Use Banach’s fixed point theorem, but on which function space?
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Mild solutions and Holder—Besov spaces
> (0r-A)p=h = ¢=G=*h where G heat kernel
> (0 -D)p=F(p)+{ = ¢=G+{+G+F(9)

Use Banach’s fixed point theorem, but on which function space?

Definition: Hoélder—Besov spaces C
For f: | — R, with / ¢ R compact interval:

> O0<a<l |f(x)-f(y)|<Clx-y|* VYxzy

> a>1: feCl®and fec  (|f(x)-Ff(y)| < Clx - y|¥)
, (F )l < €6 with 13(y) = 5n(5F%)
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Mild solutions and Holder—Besov spaces
> (0r-A)p=h = ¢=G=*h where G heat kernel
> (0 -D)p=F(p)+{ = ¢=G+{+G+F(9)

Use Banach’s fixed point theorem, but on which function space?

Definition: Hoélder—Besov spaces C
For f: | — R, with / ¢ R compact interval:

> O0<a<l |f(x)-f(y)|<Clx-y|* VYxzy

> a>1: feCl®and fec  (|f(x)-Ff(y)| < Clx - y|¥)
, (F )l < €6 with 13(y) = 5n(5F%)

Parabolic scaling C&: |x — y| — |t = s|'2 + 2 | - yil
Facts:

1. a¢Z, feC® = Gx*feC¥? (Schauder)

2. £eCas. Va<-92
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Mild solutions and Holder—Besov spaces
> (0r-A)p=h = ¢=G=*h where G heat kernel
> (0 -D)p=F(p)+{ = ¢=G+{+G+F(9)

Use Banach’s fixed point theorem, but on which function space?

Definition: Hoélder—Besov spaces C
For f: | — R, with / ¢ R compact interval:

> O0<a<l |f(x)-f(y)|<Clx-y|* VYxzy

> a>1: feCl®and fec  (|f(x)-Ff(y)| < Clx - y|¥)
, (F )l < €6 with 13(y) = 5n(5F%)

Parabolic scaling C&: |x — y| — |t = s|'2 + 2 | - yil
Facts:
1. a¢Z, feC® = Gx*feC¥? (Schauder)

2. £eCas. Va<-92

Consequence: G *{ eCf a.s. Vo< % <0 ford>2
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Regularity structures
Oep = Np— 3 +£° €9 = 0% + £ mollified noise, 0°(t,x) = ls (5%,

SEIbN
~

(60, 2) —> o

g

(0, €°) T’ ¢°

p=G* (-4 o &=TI(Z-3) +¢l+polynomial terms
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Regularity structures

Oep = Np— 3 +£° €9 = 0% + £ mollified noise, 0°(t,x) = ls (#,%)
S
(¢0,2°) —> @
A e
5 s
(¢0,&°) —5 ¢
p=G* (-4 o &=TI(Z-3) +¢l+polynomial terms
=0
O =Z(Z)+pl+... OI=T(Z)® +30Z(Z)>+30°Z(Z) + p°1 +
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Regularity structures

Oep = Np— 3 +£° €9 = 0% + £ mollified noise, 0°(t,x) = ls (#,%)
S
(¢0,2°) —> @
A e
5 s
(¢0,&°) —5 ¢
p=G* (-4 o &=TI(Z-3) +¢l+polynomial terms
=0
O =Z(Z)+pl+... OI=T(Z)® +30Z(Z)>+30°Z(Z) + p°1 +

Oy = Z(Z) - Z(Z(Z)?) - 30Z(Z(Z)?) - 3¢°Z(Z(Z)) + o1 + ...
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Regularity structures

Orp=App— >+ & ¢ = 0° + & mollified noise, 0°(t,x) = 550(55, %)
(60, 2%) —— &
J
(¢0,£°) T’ ¢°
p=G* (-4 o &=TI(Z-3) +¢l+polynomial terms
®g =0
O =Z(Z)+pl+... 3=2(3)% +30Z(Z)2+30°Z(Z) + L1 +
Oy = Z(Z) - Z(Z(Z)?) - 30Z(Z(Z)?) - 3¢°Z(Z(Z)) + o1 + ...
=1 -7 -3 -3¢%Y +l+...
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Regularity structures

Oep = Np— 3 +£° €9 = 0% + £ mollified noise, 0°(t,x) = ls (%,%)
S
(¢0,2°) —> @
N
(¢0,£°) T’ ¢°
p=G* (-4 o &=TI(Z-3) +¢l+polynomial terms
®o=0
O1=Z(Z)+pl+... &}=I(2) +3¢pZ(2)* +3¢°Z(Z) +p°1 +
Oy = Z(Z) - Z(Z(Z)?) - 30Z(Z(Z)?) - 3¢°Z(Z(Z)) + o1 + ...
=1 -7 ~3p% ~ 32" ol 4.
degree  1-¢ 5-3d 4—d 3-¢ 0

Locally subcritical: Holder exponents are bdd below
Renormalisation of static and dynamic CD: models 12 June 2023 15/20 (23)



Renormalisation

(b9, MEZD) —S &y,

Mmée OW{ l%g

(¢0,8°) ————¢°
T

> ME8Z°: renormalised model, compatible with M&7 = (g ® id)Ar
g BPHZ character
(g, V) ==V =067, (g, W) = =[P = O(log(57"))
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Renormalisation

(b9, MEZD) —S &y,

Mmée o\U{ lt@g

(¢0,&°) ———— ¢°
T

> ME8Z°: renormalised model, compatible with M&7 = (g ® id)Ar
g BPHZ character
(g, V) ==V =057, (g, W) = =[P = O(log(57"))

> Sy: solution map of renormalised SPDE

0:¢° = Ag — (¢°)% + [3CY ~ 9P ¢ + ¢
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Renormalisation

(b9, MEZD) —S &y,

Me o\u{ l%g

(¢0,&°) ———— ¢°
T

> ME8Z°: renormalised model, compatible with M&7 = (g ® id)Ar
g BPHZ character
(g.v) = -GV =0(67), (g, ) = -G = O(log(57))

> Sy: solution map of renormalised SPDE

0:0° = 0° - (°)* + 3¢ — 9P ]g? + &0

Theorem [Hairer 2014]:

For initial conditions in C" with 7 > —%, the sequence of (local in time) ¢’
converges in probability to a limit as § — 0
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Allen—Cahn equation on T?
Bep(t,x) = v(et) Ap(t, x) + ¢(t, x) - ¢(t,x)°

(Online: https://youtu.be/yX0EAxZHNCQ)
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Metastability in gradient SDEs

dx; = ~VV(x;) dt + /2 dW,;

V :R? - R confining potential

T;f =inf{t>0:x; € B-(y)}
first-hitting time of small ball B.(y)
when starting in x
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Metastability in gradient SDEs

Mont

dx; = ~VV(x;) dt + /2 dW,;

~—.-\_Col de Sugiton

V :R? - R confining potential

=inf{t>0:x; € B-(y)}
first-hitting time of small ball B.(y)
when starting in x

Arrhenius’ law (1889): ]E[T;j] ~ el V(2)-V(x)]/e
Eyring—Kramers law (1935, 1940):

Eigenvalues of Hessian of V' at minimum x: 0 < vy <vo <--- < vy

LUI;C“")' %/ Calanque de Sugiton

Eigenvalues of Hessian of V at saddle z: \; <0< Ay << Ay

Blry) = 2m /ity o OV L o)
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Metastability in gradient SDEs

Mont

dx; = ~VV(x;) dt + /2 dW,;

—.-\_Col de Sugiton

V :R? - R confining potential

=inf{t>0:x; € B-(y)}
first-hitting time of small ball B.(y)
when starting in x

Arrhenius’ law (1889): ]E[T;j] ~ el V(2)-V(x)]/e
Eyring—Kramers law (1935, 1940):

Eigenvalues of Hessian of V' at minimum x: 0 < vy <vo <--- < vy

& Calanque de Sugiton

Eigenvalues of Hessian of V at saddle z: \; <0< Ay << Ay

B[] = 2my [tz e e[ o)

Arrhenius’ law: proved by [Freidlin, Wentzell, 1979] using large deviations

Eyring—Kramers law: [Bovier, Eckhoff, Gayrard, Klein, 2004] using potential theory,
[Helffer, Klein, Nier, 2004] using Witten Laplacian, ...
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Eyring—Kramers law for 1D SPDEs

Orp=Dp+¢—¢>+V2e€, xe[0,L], 7 =inf{t>0: ]t — 1] oo < I}
Ev at saddle ¢ =0: A\, = (’%)2 -1, ev at minima ¢ = +1: vy = (’%)2 +2

Theorem: Neumann b.c. [B & Gentz, 2013]
> If L <7 —c with ¢ >0, then

E_l [T+] =27 ﬁ H ﬂ e(V[U]—V[—l])/E[l " 0(51/2||Og€|3/2)]
\l olv0 i1 vk .

error not optimal

> If L >+ c, then same formula with extra factor % (since 2 saddles)
and A instead of \,. Results also for L near 7 and periodic b.c.
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Eyring—Kramers law for 1D SPDEs
Orp =D+ — ¢ +2e€,  xe[0,L], 7y =inf{t>0:]ps — 1] o <5}

Ev at saddle ¢ =0: A\, = (’%)2 -1, ev at minima ¢ = +1: vy = (’%)2 +2

Theorem: Neumann b.c. [B & Gentz, 2013]

> If L <7 —c with ¢ >0, then

E_l [T+] =27 ﬁ H ﬂ e(V[U]—V[—l])/E[l " 0(51/2||Og€|3/2)]
\l olv0 i1 vk .

error not optimal

> If L >+ c, then same formula with extra factor % (since 2 saddles)
and A instead of \,. Results also for L near 7 and periodic b.c.

> Prefactor involves a Fredholm determinant:
A, Laplacian acting on mean zero functions

[T 2% = det[ (<A, ~ 1)(-4. +2)1] = det[1-3(-A, +2)]
Vi

k=1
converges because logdet = Trlog and (~A, +2)7! is trace class
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Metastability in the 2D Allen—Cahn equation
Orp=Ap+[1+3eCn]p - Pn(9®) +V2eén,  Cn=Tr[(-An+1)7]
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Metastability in the 2D Allen—Cahn equation

Orp=Ap+[1+3eCn]p - Pn(9®) +V2eén,  Cn=Tr[(-An+1)7]
> Large-deviation principle: [Hairer & Weber, 2015]
> Without renormalisation, naive computation of prefactor fails:

2
1~ () 312 312
e 1l iy log(1_|kl2w2):_ 2 kP

ke(t2)* 1+2( \k|7r)2 ke(N2)* ke(N2)*
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Metastability in the 2D Allen—Cahn equation

Orp=Ap+[1+3eCn]p - Pn(9®) +V2eén,  Cn=Tr[(-An+1)7]
> Large-deviation principle: [Hairer & Weber, 2015]

> Without renormalisation, naive computation of prefactor fails:

L 2
1- (iz) 312 ) 312
log — S = Iog(l— ~— S
ke(I;[z)* 1 +2(‘k|7r)2 ke(%;)* |k|?m2 ke(%;)* k|22
> With renormalisation, V(0) - V/(-1) = %Lz + %L2 Cne
Inverse of prefactor involves Carleman—Fredholm determinant:
dety(1+ T) =det(1+ T)e™ "7 with T =3(-A, - 1)1
dety defined whenever T is only Hilbert—=Schmidt (true for d < 3)
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Metastability in the 2D Allen—Cahn equation

Orp=Ap+[1+3eCn]p - Pn(9®) +V2eén,  Cn=Tr[(-An+1)7]
> Large-deviation principle: [Hairer & Weber, 2015]
> Without renormalisation, naive computation of prefactor fails:

L 2
1- (iz) 312 ) 312
log — S = Iog(l— ~— S
ke(I;[z)* 1 +2(‘k|7r)2 ke(%;)* |k|?m2 ke(%;)* k|22
> With renormalisation, V(0) - V/(-1) = %Lz + %L2 Cne
Inverse of prefactor involves Carleman—Fredholm determinant:
dety(1+ T) =det(1+ T)e™ "7 with T =3(-A, - 1)1
dety defined whenever T is only Hilbert—=Schmidt (true for d < 3)

Theorem: [B, Di Gesii, Weber, 2017, Tsatsoulis & Weber 2018]

For L < 7, Eyring—Kramers law holds with finite prefactor given by
Carleman—Fredholm determinant

Remark: If Cy = Tr[(-Apy +0)7!], prefactor depends on 6
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Thanks for your attention!

Slides available at https://www.idpoisson.fr/berglund/X_2023.pdf
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Borel resummation: The ¢; model
> V(¢) = 307 + 56
Z(E):f""e—vw)d(p: f°°e—¢2/2 e84 4
Z(e) = V2r S (-5) B S g6 g, ol

n=0 n>0
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Borel resummation: The ¢; model
> V(¢) = 307 + 56
Z(E):f""e—vw)d(p: f°°e—¢2/2 e84 4
Z(e) = V2r S (-5) B S g6 g, ol

n=0 n>0

> Borel transform:

Z(e) % Za,,a”—r(':fl) ""5 [ t"e td
) n>0

n=0

ZBoreI(E) = f e’ Z a,,a St dt = f e_tBZ(Et)dt

n=0

where BZ(t) = 50 25 t"
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Borel resummation: The ¢; model
> V(9) =307+ 50
Z(g):f""e—vw)dd,: /°°e—¢2/2 e84 4
Z(e) = V2r S (-5) B S g6 g, ol

n=0 n=0

> Borel transform:

Z(E)VZan ”r(':lrl) Z"’;?—E,"vfo t"e tdt

n=0 n>0

Zoowe(e) = [Tet Y mstde= [T et BZ(er) e

n=0 0
where BZ(t) = 50 25 t"

Theorem (Watson 1912, Sokal 1980) Dg = {e:Ree™* > R7!}
If Z analytic in Dg and Z(¢) = X7_o ake® + Ru(e) with [Ry(e)| < Cr'nlle|”
unif in n and ¢, then BZ(t) cv for |t] < % and Z(¢) = Zgorel(€) in Dg
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Borel resummation: The <D‘3‘ model

> Borel summability proved by Magnen and Sénéor (1977)
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Borel resummation: The <D‘3‘ model

> Borel summability proved by Magnen and Sénéor (1977)
> Need to prove

o Analycity in Dg: hard?

o Bound |R,(g)| < Cr"nlle]” in Dg: doable
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Borel resummation: The <D‘3‘ model

> Borel summability proved by Magnen and Sénéor (1977)
> Need to prove
o Analycity in Dg: hard?
o Bound |R,(g)| < Cr"nlle]” in Dg: doable
—aX & (_a)p
> e = P(X) + F(X), P(X):ZipI XP
p=0 :

loge X1 = = (MBFPHZ 0 ) &=oX = ~(NEPHZ o 2)F(X)

Renormalisation of static and dynamic CD: models 12 June 2023 23/20 (23)



Borel resummation: The ¢‘3‘ model

> Borel summability proved by Magnen and Sénéor (1977)
> Need to prove

o Analycity in Dg: hard?

o Bound |R,(g)| < Cr"nlle]” in DR' doable

o X pOX) + F(X), P(X)= 3 5‘)
p=0 :
|oge—o¢X—BY—'y = -y — (l—IBPHZ o ,@) e—aX — _(I—IBPHZ ° ,@)F(X)

> F(X) = S, + Ra, 5,,:2( ) xo, ,,_Z (LY

I [
p=4 p: p=n+1 p:
= (-a) 0X
(NRFH20 2)S, =< Y pleP, Ry = X"e ™
poa n!
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Borel resummation: The <D‘3‘ model

v

Borel summability proved by Magnen and Sénéor (1977)

v

Need to prove
o Analycity in Dg: hard?
o Bound |R,(g)| < Cr"nlle]” in Dg: doable

v

3 —a)P
e X = P(X)+F(X), P(X)= 2% (p!)xp

loge X1 = = (MBFPHZ 0 ) &=oX = ~(NEPHZ o 2)F(X)

v

n o(_\P o (AP
F(X):5n+Rn, SnZZﬂXP7 R, = Z ﬂxp
p=4 P! p=n+1 p!

n-1 _ AN
(NBPHZ o )5, < S pleP, R, = ( Oi) X amatX
p:4 n:

v

Control remainder by using

o Moment bound
o Sharp estimates on (M§7H% o ,@)F,(,’;) (Hairer 2018, B & Bruned 2019)

Renormalisation of static and dynamic CD: models 12 June 2023 23/20 (23)



