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What is the general physical question?

e one confined sample § coupled to several extended reservoirs Rj

T, T

Examplej = 1,2 with temperatures 77 and 1%

e initially, reservoirs in thermal equilibrium at different temperatures

other intensive parameters, e.g. chemical potentials

e for large times, coupled system approaches a nonequilibrium steady
state carrying nontrivial currents driven by the thermodynamic forces

How do these currents relate to the underlying scattering process?
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1. Model

e general interacting system too complicated
= study simplified system of independent fermions

Remark current for interacting fermions in general not expressible by scattering data

1.1 Setting [A, Jaksi¢, Pautrat, Pillet 07]

observables
e C*-algebra A(h) over one-particle Hilbert space h with CAR

{a(f),a™ ()} = (f,9) and {a™(f),a"(9)} = {a(f),alg)} =0

Remark identify generators with a?(f) € £(F(H)) in Fock representation

e Write one-particle Hilbert space as direct sum

h=bhs® (®;h;)
N
br
Example chain with sample Zs and reservoirs Zi, Z>: (2(ZsUZ1 U 7o) = (2(Zs) & (2(Z1) & 2(Z>)
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states
e normalized w(1) =1, positive w(4*4) >0 linear functionals w on A(h)

Remark set of states is convex subset of Banach space dual of A(h), and weak-x compact with

neighborhood U(w; A1,...,An;e) = {w' : |W'(Ax) —w(Ag)| < e for all k}

e two-point function defines density p with 0 < p <1

w(a*(g)a(f)) = (f,09)

(anti)-linearity, positivity

e a state is quasi-free iff

w(a®(gn)...a*(g1)a(f1)-.a(fm)) = énm det{(fi, 09;)}

Example o= o(h): free Fermi gas with energy density o(¢)



dynamics
e described by uncoupled and coupled Hamiltonians hg and h
e Bogoliubov x-automorphism groups

(a(f)) = a(e0f), '(a(f)) = a(e"f)

Remarks (1) the pair (A(h), ") is C*-dynamical system, i.e. dynamics is strongly continuous

(2) free bosons: W*-dynamical system, i.e. W*-algebra with o-weakly continuous dynamics only

Assumptions on the Hamiltonians hg and h
(H1) hg,h > —Ej

(H2) h—hg e £l

(H3) O'sc(h) —_ @

e for the case of partitioning hg = hs @ (®; h;)
———
(H4) O'ess(hg) — (Z) hR

L' trace class operators, more general couplings (H2') in 3.2 below



Example XY chain [A, Pillet 03]

e coupled Hamiltonian with anisotropy v and magnetic field A

1
H = —2 Z [(1 -+ ’y)agx)agx_'_l) + (1 — 'y)agx)agc_H) -+ 2)\0§x)
€L
quasi-local UHF spin algebra over finite subsets of Z

e Unhcoupled Hamiltonian by removing bonds at sites —M and M

A Ls Lo

e Araki-Jordan-Wigner transformation
=  free fermions with h = (cosé—A)®o3+~vsiné®oo and hg = h—w

Remark self-dual CAR setting: B(f) = a*(f1) + a(f2) for f € h92 with h = ¢2(Z) and v € £O, cf. 3.3

= (H1)-(H4) satisfied



1.2 Nonequilibrium steady states (NESS)

o [Ruelle 01] NESS wy w.r.t. wg is weak-* limit point of net

1 T "
—/ dt wgort, T >0
T JO

wo reference state

e we use Ruelle’'s scattering approach to NESS

Remark spectral approach [Jak3i¢, Pillet 02]: NESS as resonances of C-Liouvillian

Proposition Assume (H1)—(H3), and let the reference state wg be
(a) quasi-free with density gq,
(b) 7g-invariant.

Then, there exists a unique NESS w, . Moreover, if c € £1,

w4 (dlM(c)) tr(oyc),

or = Q002"+ ) 1:(h)ople(h).
e€opp(h)



Proof [Kato-Birman theory] = wave operator

Q2 = s—lim e'thre™h01 4. (hg)

t—o0
exists and is complete
wo(r'(a*(f)alg))) = -
(e "ol [15c(h) + 1pp(h)]g, 0o € "0e™ [1ac(h) + 1pp(R)]f)

]

Example XY chain
e quasi-free reference state with reservoirs in thermal equilibrium

(KMS)
00 =(14+e " )1 ky=0&B1h1 ® Boho
e UsSing partial wave operators and asymptotic projections
04 = Qoo = +e )7L kL= (8-dsignV)h

B=(B1+ B2)/2, § = (51— B2)/2, and V asymptotic velocity



1.3 Flux observables
We describe fluxes of conserved extensive thermodynamic quantities entering the

sample § from the reservoirs R;.

e charge ¢* = q with eltho ge~—itho = 4

Example ¢ = h; energy (g not necessarily bounded) or ¢ = 1, particle number of reservoir R;
e extensive charge Q = dI(q)

e rate of change of extensive charge (formal)

b, = e &itdr () e=itdM (h) — g (45,)

_I[h7Q]

Pq

Example XY chain ¢, € £° with ¢ = hq
£9 finite rank operators
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Problem
in general, &, = dl(pq) with ¢4 = —ilh,q] is not observable
dri(p) € A(h) & p € L!

= regularization

e regularization
charge q is tempered iff

an =q1(_oop)(ho) € L forall AeR
L bounded operators

pgn = —i[h = hg,an] € clt = Py, = dlM(pgy) is Observable

el
additional regularization for (H2') in 3.2 below

e define NESS expectation of tempered charge flux by
P,) = Iim P
w4 (Pg) A_>OOW+( an)
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Lemma Assume g to be a tempered charge. Then,

w_|_(<l>q/\) = tI’(QOQ*goqAQ).

Proof

wi (Pgn) = tr(o4pgn) = tr(Qo0 pgr) + > tr(eole(h)pgple(h))
g€ opp(h)

the second term vanishes since the flux ¢, is a commutator

1e(h)pgple(h) = —ile(h)[h — ho,qalle(h) =0
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2. Landauer-Buttiker formulas

The Landauer-Blttiker theory expresses NESS currents by means of the scattering
matrix S = Qj_Q_ of the underlying scattering process on the one-particle space.

wave operators Q0 = s—limy_.o €"e "01,.(ho) and Q = Q4

We show that, for systems in the independent electrons approximation, the Landauer-
Blttiker theory derives from Ruelle's scattering approach to NESS.

2.1 General structure

Theorem [AJPPO0O7] Assume (H1)—(H3), and let
(a) wp be a mg-invariant, quasi-free reference state with density og,
(b) g be a tempered charge with esssup ., (n,)llco(@)[lllg(e) || < oo.

Then,

o (@)= [ T treo()la(e) — 5 (a()SE)).

O'ac(ho) 27'('
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Proof by stationary scattering theory for perturbations of trace class type

major ingredients only, can be made rigorous everywhere

e we first extract the kernel Dx(e)

tr(00S2"pqr$2)

itr(e0S2"[gn, B — ho]$2)

h —ho = z*y € L1 with z,y € £? Hilbert-Schmidt operators

= itr(eoR"[gaz™y — 2 yqnl$2)

U : bac(ho) — f%(ho)h(s) de, energy shell h(e)

itr(ooU UV [gpnz™y — = ygplQQU™U)

i tr(UooU™ [U(zgn$2)*(U(y2)*)* — U(x$2)*(U(ygn2)™)"])

Té-invariance elthoggetho = o
= i [ detr(oo(e)DA(),
oac(ho)
and, with Z(a,e)y = (Ua*)(e) for a € L?,

D/\(é) — Z(a:q/\Q,s)Z*(yQ,s) — Z(I‘Q,&“)Z*(yQAQ,&)

w4 (Pgp)
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e we compute Da(e) in four steps:
(1) relate Z(af2,¢) to the perturbed resolvent r(e —i§) (formal)

strong, weak, weak abelian wave operator = resolvent

Z(aQ.epp = lim s Ooodte—5t(Ue‘th0e—‘tha*¢)(e)
= Icillng i0(Ur(e —i8)a*y)(g)

(2) relate r(e —id) to the bordered free resolvent yro(e — id)x*

iterate resolvent identity with h — hg = z*y
_ * * _ * *
r = rog—rox y(ro —rz"yrg) =rg —roxr° (1 —yrz™) yro
(1+yroz*)~1=0Q

(3) compute boundary values of bordered resolvents (limiting absorption principle)

16(Ur(e —i6)a™p)(e) = (Ua™y)(e) — (Uz*Q(e — i6)yro(e — i6)a™)(e)

L2 —lims_garo(e £i8)b with a,b € £? exists for a.e. e € R

610 = Z(a2,e) = Z(a,e) — Z(x,e)Q(e —i0)yrg(e —i0)a”
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(4) relate Da(e) to the on-shell scattering matrix S(e)

Da(e) = Z(xqp2,e)Z"(y2,e) — Z(282,€) Z* (ygn$2, €)

plug in Z(af2,e) and use S(e) =1 —27i Z(z,e)Q(e +i0)Z*(y, )

= - [an(®) ~ S (©an()S()]
hence, the regularized mean flux becomes
op @) =[ S CICINOENOINOEIO))

e finally, we remove the reqularizing cut-off

d
wp @l < 2 S leo@lla@llT - SE)ll

use faac(ho) 2 11 =S|l < ||k — holl1
< sup |ea(e)llllale)l ||h — holl1

ETEO'ac(ho)

7
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2.2 Landauer-Buttiker formula

The Landauer-Buttiker formula is a corollary of the foregoing theorem under the
additional assumption (H4) ocess(hs) = 0.
h(e) = @, h;(e) channels

e total transmission probability

Tin(e) = tr(t(e)tjr(e))s,  Sjule) =6+ tjn(e)
——
transmission amplitude Ry — R;
Theorem [L-B] Assume also (H4), and let
(@) o0 = ®; fj(h;),
(b) ¢ =®;g;(h;).

Then,

wp(@) =3 | o T 1) — g )

j’k O'ac(hj)ﬂaac(hk) 27-(-

w4 (Py) = 0 if “same states” f; = fi
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2.3 Entropy production rate

We further specialize to the situation of heat and charge currents between reservoirs
R, in thermal equilibrium at different temperatures and chemical potentials.

Corollary [from L-B] Let
(a) fj(e’;‘) = (1+ eﬁj(s_'uj))_l Fermi-Dirac distribution,

(b) ¢5 =15, ¢ = hy.
Then,

v =Y/ °

],k O'ac(hj)m(fac(hk-) 27T

i (e) T (&) [F1(§5(e)) — F(&k(e))];
where &,(e) = Bi(e — u) and F(x) = (1 +€*)71, and the entropy production rate observable is

Z = —Zﬁ]((bqh — /L](quc)
; J
J
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e the channel j — k is open iff

{e € oac(hj)Noac(hy) [Tg;(e) # 0} > O

Theorem If there exists an open channel such that g; # G or
pj 7 p, then

w_|_(Z) > 0.

Proof Use unitarity of the S-matrix (Pauli) to derive a nonnegative
lower bound on w4 (X). Strict positivity follows from this bound. O

Remark if system is time reversal invariant, proof of lower bound much simpler

Example XY chain

2m df sh (5|h|) _
@ =3 [ N N P e G

where h=h®o and p = —i[h,z] = p Qo
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3. Remarks

3.1 Kinetic transport coefficients

similar expressions for Lz;’ = Oxv w_|_(d>qg) | x—0, where 8, = B—X" and B = Bu+X¢
J

3.2 Generalized couplings
(H2") 7P —r5 e Ll for some pe {-1}UN

e additional regularization for p € N

fo(z) =21 +n2)~PTD = ol = —i[f,(h) — fy(ho),an] € L1
c 1

e use Birman’'s invariance principle for f,(hg) and fy(h)

i.e. "Qui(h,ho) = QiL(fy(h), f(ho))"

3.3 Self-dual CAR
e generalized relations {B*(f),B(g)} = (f,g9) and B(Jf) = B*(f)
e quasi-free state: pfaffian instead of determinant

Example truly anisotropic XY chain
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Thank you for your attention!
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