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The Deterministic Model

Quantum system S

® Finite dimensional system, driven by Hamiltonian Hs on $s
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The Deterministic Model

Quantum system S

® Finite dimensional system, driven by Hamiltonian Hs on $s

Chain C of quantum sub-systems &, , k=1,2,---:

C=&+E+E+E+---

@® FEach & is driven by its Hamiltonian Hgj, on $g, , dim Hg, < oo

® The chain C isdrivenby He = Heq + Heg + - - -
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The Deterministic Model

Quantum system S

® Finite dimensional system, driven by Hamiltonian Hs on $s

Chain C of quantum sub-systems &, , k=1,2,---:

C=&+E+E+E+---

@® FEach & is driven by its Hamiltonian Hgj, on $g, , dim Hg, < oo

® The chain C isdrivenby He = Heq + Heg + - - -
on Hc = Ne, ®Ne, @ -+, With [He,, Hey] =0, Vi, k.

Interaction

® 1V, operatoron Hs® He, , k> 1.
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Repeated Interactions Quantum Systems

Evolution Let {7%}ren=, with infy 7, > 0 be a set of durations.

Fort=m1+mn+ - 4+7Tm-1+s, 0<s<1m,
® S and &, aredrivenby Hs + He,, + Wy,
® £, evolvefreely VE#m
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Questions about Open Quantum Systems

Large times asymptotics

Let A= As ®Ic € B(Hs ® Hc) be an observable on acting on S only
Let 7/(A) be its Heisenberg evolution, attime t =7 + 72 + -+ - + ™m
Let p: B(Hs @ Hc) — C be a state (“density matrix”) on observables of S + C
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Questions about Open Quantum Systems

Large times asymptotics

Let A= As ®Ic € B(Hs ® Hc) be an observable on acting on S only
Let 7/(A) be its Heisenberg evolution, attime t =7 + 72 + -+ - + ™m
Let p: B(Hs @ Hc) — C be a state (“density matrix”) on observables of S + C

@ Existence of asymptotic behavior of lim; .., po 7/(A) ?

® |f Alim; .. poT7’(A), what about a random set up ?
Random interactions, time durations, elements £, and/or initial state p ?

@® ( initially at thermal equilibrium = thermalization ?
More general observables actingon S and C

® Non trivial entropy production and energy variation ?

@ Asymptotic 2"¢ law of thermodynamics ?

® Non-trivial examples ?
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Motivations

Experimental reality

One-atom maser Walther et al '85, Haroche et al '92

e e Qﬁ
& I NG
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® S : one mode of E-M field in a cavity
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@® ( : sequence of atoms passing through the cavity
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Motivations

Experimental reality

One-atom maser Walther et al '85, Haroche et al '92

e e O. . Qﬁ
& I NG

® S : one mode of E-M field in a cavity
® ¢, : atom #k interacting with the mode

@® ( : sequence of atoms passing through the cavity

ldeal RIQS used as models Vogel et al '93, Wellens et al ‘00

= Random RIQS model fluctuations w.r.t. ideal situation

Orléans, “Systémes ouverts et hors équilibre”, February 21 — 22" 2008 - p.5/22



Mathematical Framework

GNS representation
Let p € B1($H) be a density matrix on $

0<p=> Xlpj)p;| and Trp=1
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Mathematical Framework

GNS representation
Let p € B1($H) be a density matrix on $

0<p=> X\lej){ps| and Trp=1

GNS:
p — pure state |¥,)(¥,| on enlarged Hilbert space

® H-H=HR9
@ peBi(H) =V, =3V Np;®p; €H
@ AcBH) —TI(A) =Axl, € B(H)

=Tre (pA) = (V| A® Is U,p)p = Trag(|,) (F,|TI(A))
® [, ® B e B(H) don't play any role

® [or gases with oo -ly many particles, GNS is required and non-trivial
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Liouvillean

Evolution of observables and sates
(A) = " A € B(§)
Evolution of states
pEBLH) — por’ =e M pe'™ € Bi(H)

Invariant states
Tr(e """ pe™ A) = Tr(pA), VA € B(§)
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Liouvillean

Evolution of observables and sates
(A) = " A € B(§)
Evolution of states
pEBLH) — por’ =e M pe'™ € Bi(H)

Invariant states
Tr(e """ pe™ A) = Tr(pA), VA € B(§)

Liouville operator

Given p invariant, 9 a unique self-adjoint L on H = $H ® $H S.t.
[(r'(A) = e I(Ae " cH
LY, = 0

Simple setup

L=H®I; -1y ® H
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Formalization

After GNS (writing A for TI(A))

® Hilbert spaces Hs, He,, and He = He, @ Hey, @ Hey ® - - -

@® Algebras of observables Ms C B(Hs), Me, C B(He,, ) and Me C B(He)
® Stateson S, &, C are density matrices on Hs, He,, Hec
o

Evolution of observables As — 75(As), As, — T£(Ag,) + tech. hyp.

Assumption: 3 invariant states (cyclic and separating)

Vs € Hs and Ve, € Hg, St

7'712& (A#) — eitL#A#e_itL#v and LyWy =0, where # = & or &y

Orléans, “Systémes ouverts et hors équilibre”, February 21 — 22" 2008 - p.8/22



Formalization

After GNS (writing A for TI(A))

® Hilbert spaces Hs, He,, and He = He, @ Hey, @ Hey ® - - -

@® Algebras of observables Ms C B(Hs), Me, C B(He,, ) and Me C B(He)
® Stateson S, &, C are density matrices on Hs, He,, Hec
o

Evolution of observables As — 75(As), As, — T£(Ag,) + tech. hyp.

Assumption: 3 invariant states (cyclic and separating)

Vs € Hs and Ve, € Hg, St
T;(A#) — eitL#A#e_itL#v and LyWy =0, where # = & or &y

Entire system

S+ConH="Hs®@Hc,drivenby L¢ee = Ls + ), Le,
Interaction

Vie € Ms @ Mg, , the GNS repres. of W;, + tech. hyp.
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Dynamics

Repeated interaction Schrédinger dynamics

Forany meN,ift=m+7m+---+7, and v € H,

U(m) = e Fme tm-1... g7 1y

where the generator for the duration 7, is

Em — 7-771[1771 + Tm Z LS,k
k#£m

with L, = Ls+Ls, +Vy On Hs ®He,  coupled
Le i on He, free
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Dynamics

Repeated interaction Schrédinger dynamics

Forany meN,ift=m+7m+---+7, and v € H,

where the generator for the duration 7, is

Em — 7-771[1771 + Tm Z LS,k
k#£m

with L, = Ls+Ls, +Vy On Hs ®He,  coupled
Leg 1. on He, free

To be studied

Let o € B1(H) be a state on H and As € 9t an observable on S

m — o(U"(m)AsU(m)) = o(a(As)), as m — oo
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Reduction to a Product of Matrices

Special state

Q0:<\110’°\110> where
Vg =Vs® Ve and Ue =g, QWVge, ®--- € Hc

P =1x, ® |Wc)(Pc| isthe projectoron Hs ® C¥¢ ~ Hs
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Reduction to a Product of Matrices

Special state

Q0:<\D0’°\Ifo> where
Vg =Vs® Ve and Ue =g, QWVge, ®--- € Hc

P =1x, ® |Wc)(Pc| isthe projectoron Hs ® C¥¢ ~ Hs
C'— Liouvillean Given Ls, Lg,, and V,, € Ms @ Mg, ,

etlm fe—ilm — oiKm fo—iKm 4 € Ms Q Mec
4 K,, S.t.
K,Ws® Ve = 0.

K., is not self-adjoint, not even normal ! Jaksic, Pillet '02
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Reduction to a Product of Matrices

Special state

Q0:<\D0’°\Ifo> where
Vg =Vs® Ve and Ue =g, QWVge, ®--- € Hc

P =1x, ® |Wc)(Pc| isthe projectoron Hs ® C¥¢ ~ Hs
C'— Liouvillean Given Ls, Lg,, and V,, € Ms @ Mg, ,

etlm fe—ilm — oiKm fo—iKm 4 € Ms Q Mec
4 K,, S.t.
K,Ws® Ve = 0.

K., is not self-adjoint, not even normal !  Jaksic, Pillet '02

Km = Tm(Lfrege + Vi — Vin), Vi = JmAéLVmA;L% T, Tomita-Takesaki '57
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Reduction to a Product of Matrices

Evolution of pg

oo(a™(Ag)) = oletlt .. eilm Age=ilm .. e_iil\If()}

equl . _ez’Km Ase—z’Km . _e—iKl \Ifo>
Pef1 .. e Bm Ag P

o|(Pe' 1 P)(Pe' 2 P) ... (Pe'"m P)Ag W)

Us|Mi My My AsUs)

s e e
o O

<
<
=
<
<

where M; ~ Pe'*iP on Hs.
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Reduction to a Product of Matrices

Evolution of pg

oo(a™(As)) = (Yo eilt ... eilm pgeilm ... e_iil\If())
= (Wgle1 ... etftm AgemHm . eT 1Y)
= (Ug|Pe'1 ... em Ag PWy)
= (Up|(Pe*1P)(Pe2P) .- (Pe'"™ P)AsWy)
= (Us|MiMs-- M,As¥s)

where M; ~ Pe'*iP on Hs.

Reduced Dynamical Operators
{M; € L(Hs)};jen S.t. 3C < 0o and ¥s € Hs with

{ M;Us = Vs
| My, My, -+ My, || < C, V{Jji}ien
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Reduction to a Product of Matrices

Evolution of pg

oo(a™(As)) = (Yo eilt ... eilm pgeilm ... e_iil\If())
= (Wgle1 ... etftm AgemHm . eT 1Y)
= (Ug|Pe'1 ... em Ag PWy)
= (Up|(Pe*1P)(Pe2P) .- (Pe'"™ P)AsWy)
= (Us|MiMs-- M,As¥s)

where M; ~ Pe'*iP on Hs.

Reduced Dynamical Operators
{M; € L(Hs)};jen S.t. 3C < 0o and ¥s € Hs with

{ M;Us = Vs
| My, My, -+ My, || < C, V{Jji}ien

Facts: spec M; C {|z| <1} and 1€ spec M; VjeN,
In general, M;M- --- M, does not converge as n — oo!
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ldeal RIQS

Identical RDQO'’s
M; =M, VjeN

Assumption (E)

spec M NS' = {1}
1 is simple
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ldeal RIQS

Identical RDQO'’s
M; =M, VjeN

Assumption (E)

spec M NS' = {1}
1 is simple

Consequence

lim M™As — Pi.mAs = |Vs)(Y|As,

m— 0

where P, pr spect. proj. of M on1l
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ldeal RIQS

Identical RDQO'’s
M; =M, VjeN

Assumption (E)

spec M NS' = {1}
1 is simple

Consequence

lim M™As — P, mAs = |Vs)(yY|As, where Py spect. proj. of M onl

m— 0

Repeated Interaction Asymptotic State Bruneau, J., Merkli '06
Under (FE), for any state o on 91 and any observable As on S

lim o(a™(As)) = o+ (As), o+() = (¥| - Us), astate on Hs

m— o0
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Random Repeated Interaction Quantum Systems

Setup Let (0, F,dp) be a probability space

Let Q0 5 wo — M(wo) € 'H be an RDO valued random variable:

M(LU())\IJS = \Ifs, \V/u)() c Qo
IM(w1)M(w2) -+ M(wm)|| L C V(wi,wa, - ,wm) € 25", ¥Ym €N,
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Random Repeated Interaction Quantum Systems

Setup Let (0, F,dp) be a probability space

Let Q0 5 wo — M(wo) € 'H be an RDO valued random variable:

M(LU())\IJS = \Ifs, \V/u)() c Qo
IM(w1)M(w2) -+ M(wm)|| L C V(wi,wa, - ,wm) € 25", ¥Ym €N,

Product of i.1.d. random matrices
Let Q =Qy, dP =1l,5>:dp and w = (w1,w2,ws,...) € .

x(m,w) = M(w1)M(w2) -+ M(wm)As, as m — oo.
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Random Repeated Interaction Quantum Systems

Setup Let (0, F,dp) be a probability space

Let Q0 5 wo — M(wo) € 'H be an RDO valued random variable:

M(LU())\IJS = \Ifs, \V/u)() c Qo
IM(w1)M(w2) -+ M(wm)|| L C V(wi,wa, - ,wm) € 25", ¥Ym €N,

Product of i.1.d. random matrices
Let Q =Qy, dP =1l,5>:dp and w = (w1,w2,ws,...) € .

=
x(m,w) = M(w1)M(w2) -+ M(wm)As, as m — oo.

Simplification: The RRDO M (wy) satisfies (E) on € .

Thus
M(w;) = M; = [Vs){(¢;| + Mg,
where
P; = |Ws)(vy,| spectral projectoron1l, @Q; =({I— P;)
Mg, = Q;M;Q; s.t. specMg. C {|z] <1}.
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Main Results

Fluctuating + decaying parts

’

x(n,w) = |Vs)(On|As + Mq, --- Mg, As
< Hn = wn +M5n¢n—1 +M5nM5n—1wn_2 —|_ +M5n M52?7D1
\ = M;M;_i - Miv.
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Main Results

Fluctuating + decaying parts

’

x(n,w) = [¥s)(On|As + Mg, --- Mg, As
< Hn — wn‘i‘Ménwn—l+M5nM5n_1¢n—2+"’+M*n"'M5277D1
= MyMy_y--- M.

Rem: If (E) not satisfied, ; := Pl*,Mj\IJS Is OK.
Fluctuations = Ergodic/Cesaro limit
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Main Results

Fluctuating + decaying parts

’

x(n,w) = [¥s)(On|As + Mg, --- Mg, As
< Hn — wn‘i‘Ménwn—l+M5nM5n_1¢n—2+"’+M*n"'M5277D1
= MyMy_y--- M.

Rem: If (E) not satisfied, ; := Pl*,Mj\IJS Is OK.
Fluctuations = Ergodic/Cesaro limit

General hypothesis
p(M(wo) satisfies (F)) > 0.

Theorem (Decay) Bruneau, J., Merkli '07
dJa >0, C >0 s.t.

) [|[Mg, -+ Mg, || < Ce ", V¥n >mne(w), almostsurely
i) E(M) satisfies (E)

Orléans, “Systémes ouverts et hors équilibre”, February 21 — 22 2008 - p.14/22



Main Results

Theorem (Fluctuation)

Recall x(n,w) = M(w1)M (w2) -+ -+ M(wn)As

) limy—oo £ >0 x(n,w) = |¥s)(0|As, almost surely
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Theorem (Ergodic limit of RRIQS)

For any state p on 9t and any observable As on S,
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Main Results

Theorem (Fluctuation)

Recall x(n,w) = M(w1)M (w2) -+ -+ M(wn)As

) limy—oo £ >0 x(n,w) = |¥s)(0|As, almost surely

Theorem (Ergodic limit of RRIQS)

For any state p on 9t and any observable As on S,
lim, oo £ 37 0(al(As)) = (0]AsVUs), almost surely

Notes:

® Beck-Schwarz '57 Existence of erg. lim. of x(n,w), but no value

® Numerous results on pdts of random matrices (e.g. Guivarc’h, Kifer-Liu,... ),
but different focus, frameworks =- hypotheses don't fit.

® Fluctuations hard to study. 3 partial results only, De Saporta et.al ‘04

® ,, — o via cyclicity and separability of ¥
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Instantaneous Observables

Time-dependent observables

O = As ®5__, BY) where As € Ms, BY) € Me

m+j
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Instantaneous Observables

Time-dependent observables

O=As®__, BY) where As € Ms, BY) € Me

j=-1 m+j

Proposition

(Wo|a™(0)Wo) = (Ws|M; - - My—1—1 N (As, BV, -+ B Wg)

where
N (As, BS D, B = Pa™™ ' (As ®j=—1 BY))P
o™ evolution from time n to m.
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Instantaneous Observables

Time-dependent observables

O=As®__, BY) where As € Ms, BY) € Me

j=-1 m+j

Proposition

(Wo|a™(0)Wo) = (Ws|M; - - My—1—1 N (As, BV, -+ B Wg)

where
N (As, BS D, B = Pa™™ ' (As ®j=—1 BY))P
o™ evolution from time n to m.

Probabilistic setting Forall m > 1

® o, — M(w;) as above replaces M;, j=1,2,--- ,m—1—1,
® N:Q 't - My(C) uniformly bounded

® i N(wm—i1,Wm—i+1, - ,wm+r) replaces Nm(AS,Bﬁrfl),--- ,Bq(qif))
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Modified Product of Random Matrices

To be considered as m — oo, with [, r fixed

x(m,w) = M(w1)M(w2) -+ M(wWm—1-1)N(Wm—1, Wm—14+1," " s Wm+r)-
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Modified Product of Random Matrices

To be considered as m — oo, with [, r fixed

x(m,w) = M(w1)M(w2) -+ M(wWm—1-1)N(Wm—1, Wm—14+1," " s Wm+r)-

Theorem (Ergodic limit of x(m,w))

) limy oo = >0 x(n,w) = |¥s)(A|E(N), almost surely
i) 6 = limp—.co E(6) = Pl g Us

Theorem (Ergodic limit of RRIQS)

For any state p on 9t and any random instantanous observable O given by
N(wi, Witr+1)

limy—oo = > v, 0(al(0)) = (|E(N)¥s), almost surely
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Energy

Instantaneous energy

~

The expression ™ (L,,) yields the “energy” for times t € [Tpm—1,7Tm )
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Energy

Instantaneous energy

~

The expression ™ (L,,) yields the “energy” for times t € [Tpm—1,7Tm )

Variation between 7,,+1 and 7, (dropping w’s),

j(m) = o™ (Lims1) — @™ (L) = @™ (Ving1 — Vin)
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Energy

Instantaneous energy

~

The expression ™ (L,,) yields the “energy” for times t € [Tpm—1,7Tm )
Variation between 7,,+1 and 7, (dropping w’s),

j(m) = o™ (Lims1) — @™ (L) = @™ (Ving1 — Vin)

Total variation of energy per unit time
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Energy

Instantaneous energy

~

The expression ™ (L,,) yields the “energy” for times t € [Tpm—1,7Tm )
Variation between 7,,+1 and 7, (dropping w’s),

j(m) = o™ (Lims1) — @™ (L) = @™ (Ving1 — Vin)

Total variation of energy per unit time

Asymptotic energy variation

V— 00 14

dE+ := lim p (AE(V)> = QIE(P(V —a" (V))P)¥s)
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Entropy

KMS states
Let s and ¥g, correspond to Gibbs states at temperatures 3s and e,

Relative entropy o and pg are states on I, generalization of

Ent(oloo) =Tr (p(Inp —1Inpg)) >0 Araki '75
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Entropy

KMS states

Let s and ¥g, correspond to Gibbs states at temperatures 3s and e,

Relative entropy o and pg are states on I, generalization of
Ent(oloo) =Tr (p(Inp —1Inpg)) >0 Araki '75
Variation of relative entropy Jaksic, Pillet '03

Let oo correspondto Vs ® We and o be any state,
AS(m) := Ent(goa™|eo) — Ent(o|oo)

= o(@™[BsLs+ Y Be;Lej] —BsLs + Y Pe;Les)
j=1 g=1
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Entropy

KMS states

Let s and ¥g, correspond to Gibbs states at temperatures 3s and e,

Relative entropy o and pg are states on I, generalization of
Ent(oloo) =Tr (p(Inp —1Inpg)) >0 Araki '75
Variation of relative entropy Jaksic, Pillet '03

Let oo correspondto Vs ® We and o be any state,
AS(m) := Ent(goa™|eo) — Ent(o|oo)

= o(@™[BsLs+ Y Be;Lej] —BsLs + Y Pe;Les)
j=1 g=1

Asymptotic entropy production

s, = lim 22

V— 00 1%

= (Q|E(BeP(Ls +V —a"(Ls + V))P)Us)
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Consequences

Average Second Law of Thermodynamics

dE; = (O|E(P(Ls+V —a"(Ls+V))P)¥s)
dS;y = (Q|E(BeP(Ls+V —a"(Ls+V))P)¥s)

If B¢, = Be is not random, then
dS_|_ — 6ng_|_
For ideal RIQS, d examples with

dS+ >0
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Consequences

Average Second Law of Thermodynamics

dE; = (O|E(P(Ls+V —a"(Ls+V))P)¥s)
dS;y = (Q|E(BeP(Ls+V —a"(Ls+V))P)¥s)

If B¢, = Be is not random, then
dS+ = BedE+
For ideal RIQS, d examples with
dS+ >0
For RRIQS, d examples with computable asymptotic state

(0] - Us)

In rigorous perturbation theory.
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Applications

Spin-spin
® S and &; spins with e.v. {0, Es}, resp. {0, E;}
® W;=M\as®aj+as® aj)

® U, tracial, Ve, ~ope; = e P, AR,
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Applications

Spin-spin
® S and &; spins with e.v. {0, Es}, resp. {0, E;}
® W, =M\as®aj+as® aj)

® U, tracial, Ve, ~ope; = e P, AR,

Explicit computations
M; s.t. (E) true & 1, #T57,

where T; = 27 /+/(Es — E;)? + 42
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Applications

Spin-spin
® S and &; spins with e.v. {0, Es}, resp. {0, E;}
® W;=M\as®aj+as® aj)
® U tracial, U, ~ gpc, = e e )7,

Explicit computations
M; s.t. (E) true & 1, #T57,

where T; = 27 /+/(Es — E;)? + 42

Random energies and durations
Let wo — (E(wo), 7(wo)), S.t. p(r(wo) # T(wo)Z) >0

Then, for any p and a.s.,

lim — Z o(c ~ 05 s(As), B explicit and complicated

N—>oo
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Applications

Spin-spin
® S and &; spins with e.v. {0, Es}, resp. {0, E;}
® W, =M\as®aj+as® aj)
® U tracial, U, ~ gpc, = e e )7,

Explicit computations
M; s.t. (E) true & 1, #T57,

where T; = 27 /+/(Es — E;)? + 42

Random energies and durations
Let wo — (E(wo), 7(wo)), S.t. p(r(wo) # T(wo)Z) >0

Then, for any p and a.s.,

Jim = Z o(c ~ 05 s(As), B explicit and complicated
Ideal RIQS 3 = BEs/Es i.e. nothermalization
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Applications

Spin-fermion Araki, Wyss 64
For £ a Fermi gas at temperature (3,

Hs =0,®1, Le =dl'(h) @1 —I®dl'(h), ha.c. mult. op. onh
eB9/2

aﬁ(g):a<\/mg)®ﬂ+(_l)]v®a*(\/m§)

on C? ® C* ® Fock_(h) ® Fock_(h) with linear coupling,

V=0, 01® (as(g) + as(g))
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Applications

Spin-fermion Araki, Wyss 64
For £ a Fermi gas at temperature (3,

Hs =0,®1, Le =dl'(h) @1 —I®dl'(h), ha.c. mult. op. onh
eB9/2

aﬁ(g):a<\/mg)®ﬂ+(_l)]v®a*(\/m§)

on C? ® C* ® Fock_(h) ® Fock_(h) with linear coupling,

V=0, 01® (as(g) + as(g))

Random interaction times:

wo — T(wo) = To + o(wo) With o(wo) € [—¢, ] and p(ro + o(w) & gN) > 0.
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Applications

Spin-fermion Araki, Wyss 64
For £ a Fermi gas at temperature (3,

Hs =0,®1, Le =dl'(h) @1 —I®dl'(h), ha.c. mult. op. onh
eB9/2

aﬁ(g):a<\/mg)®ﬂ+(_l)]v®a*(\/m§)

on C? ® C* ® Fock_(h) ® Fock_(h) with linear coupling,

V=0, ®1® (as(g) + az(g))
Random interaction times:

wo — T(wo) = To + o(wo) With o(wo) € [—¢, ] and p(ro + o(w) & gN) > 0.

Perturbative result: For 0 < |A| < Ao, the a.s. asympt. state o (As) is S.t.

0+(As) = o (T |As| 1) + (1 = go) (1 |As] |) + O(|| As|l(€’ + A?))
with explicit ¢g» = ¢-(E(0),E(0)?) = O(€?).
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