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Metastability

A metastable system: supercooled water

(Source: https://youtu.be/fSPzMva9_CE)
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Metastability for finite-dimensional SDEs
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when starting in x
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Metastability for finite-dimensional SDEs

Mont
Puget

dx; = ~VV(xt) dt + /2 dW,; )

~-.-\_Col de Sugiton

V :R? - R confining potential

7 =inf{t>0:x; € B-(y)}
first-hitting time of small ball B.(y),

when starting in x
Arrhenius’ law (1889): E[T;f] v elV(2)-V(9)]/e

Eyring—Kramers law (1935, 1940):
Eigenvalues of Hessian of V' at minimum x: 0 <v; <1p <+~ <1y
Eigenvalues of Hessian of V atsaddle z: A1 <0< Xy <+ < Ay

E[ry] = 2m\ [ oA e VOV 1 4 o (1)]

Lu?iny %/ Calanque de Sugiton
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Metastability for finite-dimensional SDEs

Mont
Puget

dx; = ~VV(xt) dt + /2 dW,; )

—.-\_Col de Sugiton

V :R? - R confining potential
7 =inf{t>0:x; € B-(y)}
first-hitting time of small ball B.(y),

when starting in x
Arrhenius’ law (1889): E[T;] v elV(2)-V(9)]/e

Eyring—Kramers law (1935, 1940):
Eigenvalues of Hessian of V' at minimum x: 0 <v; <1p <+~ <1y
< Ay

E[ry] = 2m\ [ oA e VOV 1 4 o (1)]

Arrhenius’ law: proved by Freidlin, Wentzell (1979) using large deviations

Lu?iny %/ Calanque de Sugiton

Eigenvalues of Hessian of V at saddle z: A\ <0< Xy <+

Eyring—Kramers law: Bovier, Eckhoff, Gayrard, Klein (2004) using potential theory,
Helffer, Klein, Nier (2004) using Witten Laplacian, . ..
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Potential-theoretic proof

“Magic” formula: for A, B c RY disjoint sets,

1 v
EVA8 =— h /e ¢
(78] aa(B) Jo- as(y)e y

> Equilibrium measure: v4 g proba measure concentrated on JA

> Committor function: ha g(y) = P¥{7a < 78}
> Capacity: caps(B) :s[ ||VhA,B(y)||2e_V(y)/€ dy

(AuB)¢<
Property: capa(B) = nf h(y)|?e V0= d
roperty: cap,(B) o™ oo (AuB)CHV e y
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Potential-theoretic proof

“Magic” formula: for A, B c RY disjoint sets,

EvAB _ / Vy)/e ¢4
(78] = capA(B) . s(y)e y

> Equilibrium measure: v4 g proba measure concentrated on JA

> Committor function: ha g(y) = P¥{7a < 78}

> Capacity: caps(B) :5/ ||VhA,B(y)||2e_V(y)/€ dy
(AuB)¢

P ty: B) = inf [ h 2-VWle g
operty: apa(B) =<, inf [ a0 gy

Proving Eyring—Kramers formula: A and B small sets around x and y
iati : ooy /Il f@re)t v
> Variational arguments: cap,(B) ~e\/37\/ 5, 5 € ()/e

> Laplace asymptotics: [z hag(y)e VO dy =~/ % e V/e

> Use Harnack inequalities to show that E¥48[7g] ~ EX[75]
Alternative: coupling argument by [Martinelli, Olivieri & Scoppola]
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Deterministic Allen—-Cahn PDE
[Chafee & Infante 74, Allen & Cahn 75]
Oru(x,t) = Oxuet(x,t) + F(u(x, t)) J

> x €[0,L], L: bifurcation parameter
> u(x,t)eR
> Either periodic or zero-flux Neumann boundary conditions

> In this talk: f(u) = u— u® (results more general)
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Deterministic Allen—Cahn PDE

[Chafee & Infante 74, Allen & Cahn 75]
Oru(x,t) = Oxuet(x,t) + F(u(x, t)) |

> x €[0,L], L: bifurcation parameter
> u(x,t)eR
> Either periodic or zero-flux Neumann boundary conditions

> In this talk: f(u) = u— u® (results more general)

Energy function:

Viu] = /OL[%U'(X)2 - %U(X)Z + l—llu(x)4] dx - min

Scaling limit of particle system with potential
2 N N
V(y) = 2I\£2 Yitg (Vis1 —)/i)2 + Z;=1[—%Y,'2 + %yf]

Stationary solutions: uf(x) = —up(x) + up(x)3 critical points of V
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Stationary solutions

ug (x) = ~f (uo(x)) = —tio(x) + uo(x)°

H:%(u’)2+%u27%u4 u'

> ou(x) =+l

> up(x) =0
> Nonconstant solutions satisfying b.c.
(expressible in terms of Jacobi elliptic fcts)
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Stationary solutions

ug (x) = ~f (uo(x)) = —tio(x) + uo(x)°

> ou(x) =+l

H= %(u’)2 ) %u2 = %u"

> up(x) =0
> Nonconstant solutions satisfying b.c.

(expressible in terms of Jacobi elliptic fcts)

> Neumann b.c: 2k nonconstant solutions when L > km

o
3
N
3
w
3
S
i

\
WS eS¢/

> Periodic b.c: k families when L > 2km
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Stability of stationary solutions
ug (x) = —uo(x) + uo(x)°
Variational eq around wp: 9:vi(x) = v{'(x) + [1 - 3ug(x)?]ve(x)
Sturm—Liouville spectrum of RHS determines stability of wg
> u, = +1: always stable (global minima of V)

. 2
> ug = 0: always unstable, eigenvalues -\, =1 - (6#)
(Neumann b.c.: =1, periodic b.c.: §=2)

Neumann b.c.:

Number of positive .
eigenvalues 0

(= unstable directions)

Transition state

3
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Coarsening dynamics
[Carr & Pego 89, Chen 04] (Link to simulation)
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http://youtu.be/NDQHepkSeS8

Stochastic partial differential equations

(%) = Aug(x) + Fue(x)) +v/2e Wiy (A =0, f(u) = u—0P) |

W,y space—time white noise (formal derivative of Brownian sheet)
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Stochastic partial differential equations

(%) = Aug(x) + Fue(x)) +v/2e Wiy (A =0, f(u) = u—0P) |

Wi space—time white noise (formal derivative of Brownian sheet)
Construction of mild solution via Duhamel formula:
> i = Aug = up = €At )

where 2% cos(47%) = e~ (km/L)%t cos( 47x)
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Stochastic partial differential equations

(%) = Aug(x) + Fue(x)) +v/2e Wiy (A =0, f(u) = u—0P) |

Wi space—time white noise (formal derivative of Brownian sheet)
Construction of mild solution via Duhamel formula:
> i = Aug = up = €At )

where eAtcos(kiLX) = e~ (km/L)%t cos(k%x)

.. t .
> I:It = Aut + V 25 th = ug = eAt up + \/?EA eA(th) WX(dS)

=:w(x)

t
we(x) =" fo e~ (km/L)*(t=5) gy (0) cos(k—zrx) eH NC*Vs,a< %
k
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Stochastic partial differential equations

(%) = Aug(x) + Fue(x)) +v/2e Wiy (A =0, F(u) = u—0?) |

Wi space—time white noise (formal derivative of Brownian sheet)
Construction of mild solution via Duhamel formula:
> i = Aug = up = €At )

where eAtcos(kiLX) = e~ (km/L)%t cos(k%x)

.. t .
> I:It = Aut + V 25 th = ug = eAt up + \/?EA eA(tis) WX(dS)

=:w(x)

t
we(x) =" fo e (km/L)*(t9) gy (F) cos(k—zrx) e H N C* Vs, < 3
k

> l:lt = Aut +V/2¢e th + f(Ut)
t
= e = 2 g +/2e Wt+/0- eA9) £(ug) ds = Fy[u]
= Existence and a.s. uniqueness [Faris & Jona-Lasinio 1982]
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Stochastic partial differential equations

(%) = Aug(x) + Fue(x)) +v/2e Wiy (A =0, f(u) = u—0P) |

oo

1 imkx/L
— Zk(t) e
\/Z kzz—:oo

1
= dze=-Mzdt-= Y zuzz, dt +/2ed W)
k]_+k2+k3:k

Fourier variables: u;(x) =

Ito SDE, th(k): independent Wiener processes
A =—1+(mk/L)?

Energy functional:

1 & 1
Vil == > Mz + il > Zky Ziey Zky Zky
2 k=—o00 4 k1+k2+k3+k4=0

= dz; = -V V(z)dt + V2= dW,;
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Coarsening dynamics with noise

(Link to simulation)
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http://youtu.be/d1eTOqHX8OQ

Eyring—Kramers law for 1D SPDEs: heuristics

Ue(x) = Aug(x) + F(ue(x)) +v/2e Wiy (A =0, f(u)=u-u )J

Initial condition: uy, near u_ = -1 with eigenvalues vy

Target: vy =1, 7 =inf{t > 0:||us — vy~ < p}

Transition state: (8 =1 for Neumann b.c., 5 =2 for periodic b.c.)
_Juo(x) =0 if L<Bm with ev \=(27)2-1

ths(x) = {ul (x) B-kink stationary sol. if L> 87 withev A,
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Eyring—Kramers law for 1D SPDEs: heuristics

i (x) = Aug(x) + F(up(x)) +v/2e Wi (A =0, f(u) =u~- u3)J

Initial condition: uy, near u_ = -1 with eigenvalues vy
Target: vy =1, 7 =inf{t > 0:||us — vy~ < p}
Transition state: (5 =1 for Neumann b.c., 8 = 2 for periodic b.c.)

e () = up(x)=0 if L<Bm with ev \=(27)2-1
i u1(x) p-kink stationary sol. if L > 87  with ev X,

[Faris & Jona-Lasinio 82]: large-deviation principle
= Arrhenius law: Etn[7,] ~ e(VIts]-V]u-1)/e

[Maier & Stein 01]: formal computation; for Neumann b.c.

N [7'+] ~ 2774 /ﬁ Hiol i: e(Vlus]-V[u-1)/e
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Eyring—Kramers law for 1D SPDEs: heuristics

i (x) = Aug(x) + F(up(x)) +v/2e Wi (A =0, f(u) =u~- u3)J

Initial condition: uy, near u_ = -1 with eigenvalues vy

Target: vy =1, 7 =inf{t > 0:||us — vy~ < p}

Transition state: (5 =1 for Neumann b.c., 8 = 2 for periodic b.c.)
_Juo(x) =0 if L<Bm with ev \=(27)2-1

ths(x) = {ul (x) B-kink stationary sol. if L> 87 withev A,

[Faris & Jona-Lasinio 82]: large-deviation principle
= Arrhenius law: Etn[7,] ~ e(VIts]-V]u-1)/e

[Maier & Stein 01]: formal computation; for Neumann b.c.

N [7'+] ~ 2774 /ﬁ Hiol i: e(Vlus]-V[u-1)/e

> Rigorous proof?
> What happens when L — 7 as then A\; - 07
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Eyring—Kramers law for 1D SPDEs: main result

Theorem: Neumann b.c. [B & Gentz, Elec J Proba 2013]
> If L <7 —c with ¢ >0, then

Ebn[r,] = 27 |A1| M ((VInd-VIDIE 1 4 O(2]logefP/?) ]
010 =1 Vk

> If L >+ ¢, then same formula with extra factor % (since 2 saddles)
and \} instead of A,
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Eyring—Kramers law for 1D SPDEs: main result

Theorem: Neumann b.c. [B & Gentz, Elec J Proba 2013]
> If L<m—c with ¢ >0, then

1 =\

E“n[7,] =27
[Nolvo i1 vk

VIl -VI-DIE[1 1 0(H2)l0g 22)]

> If L > 7+ c, then same formula with extra factor % (since 2 saddles)
and \} instead of A,

> If m—c < L<m, then

A1 ++/3¢/2L =2 (V[ws]-VIu-D/e
B [r,] =27f\} RaVED)| Ak e [1+R(e)]
Nolvovt  kop vk W, (\1/\/3e/2L)

where W explicit, involves Bessel function Ki s, lima-e V,(a)=1

> If m < L <7+ c, then same formula, with another function V_,
involving Bessel functions /.1, limg—o V() =2
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Eyring—Kramers law for 1D SPDEs: comments

> Periodic b.c.: similar result [B & Gentz, Elec J Proba 2013]
For L > 27: extra factor \/c because saddle is a whole curve

> Proof: relies on spectral Galerkin approximation

> Similar results by F. Barret [Annales IHP, 2015]
using different method (no bifurcation points, f more general)
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Eyring—Kramers law for 1D SPDEs: comments

>

Periodic b.c.: similar result [B & Gentz, Elec J Proba 2013]
For L > 27: extra factor \/c because saddle is a whole curve

Proof: relies on spectral Galerkin approximation

Similar results by F. Barret [Annales IHP, 2015]
using different method (no bifurcation points, f more general)

For Neumann b.c. and L < 7 spectral determinant in prefactor is
explicitly computable (Euler product formulas)

1o 1 () -1 )—1 1m0 s
[Aolro g vk 2% H 1(km)2 2 2 H +2(;£)* V2sinh(v/2L)

Similar expression for periodic b.c. and L <27

For larger L, techniques for Feynman path integrals allow to compute
the spectral determinants in prefactors [Maier & Stein]
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Sketch of proof: Spectral Galerkin approximation
ul? (x) = L0 gzt d™h = dz = -V V(z)dt+ V22 dW,
Theorem [Blomker & Jentzen 13]

For all ~ € (0, %) there exists an a.s. finite rv. Z: Q > R, s.it. YweQ
sup |lur(w) - ugd)(w)ﬂl_w <Z(w)d™ VdeN
T

0<t<

Metastability of stochastic Allen-Cahn PDEs 10 May 2016 14/21



Sketch of proof: Spectral Galerkin approximation
ul? (x) = L0 gzt d™h = dz = -V V(z)dt+ V22 dW,
Theorem [Blomker & Jentzen 13]

For all ~ € (0, %) there exists an a.s. finite rv. Z: Q > R, s.it. YweQ
sup |lur(w) - ugd)(w)ﬂl_w <Z(w)d™ VdeN

0<t<

Proposition (using potential theory)
Jeg > 0:Ve < g dp(€) < 00:Vd = dy vy proba measure on 9B, (u-)

[ B0 Tr(dw) = C(d,e) D14 R(e))]
OB (u-)
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Sketch of proof: Spectral Galerkin approximation
ul? (x) = L0 gzt d™h = dz = -V V(z)dt+ V22 dW,
Theorem [Blomker & Jentzen 13]

For all ~ € (0, %) there exists an a.s. finite rv. Z: Q > R, s.it. YweQ
sup Jue(w) — ! (W)~ < Z(w)d?  VdeN
T

0<t<

Proposition (using potential theory)
Jeg > 0:Ve < g dp(€) < 00:Vd = dy vy proba measure on 9B, (u-)

[ B0 Tr(dw) = C(d,e) D14 R(e))]
OB (u-)

Proposition (using large deviations and lots of other stuff)
Ho := V[us] - V[u_]. V>0 3eg, T1,H1: Ve <ep Idp < o0 s.t. Vd > dy

sup E%[r2] < T22Horm/e qup  sup ]EVO[(TJEd))Z] < T2eP/e
voeBr(u-) d>do voeBBr(u-)
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Main step of the proof
Set Tk, = C(o0,¢) eho/e
Let B = B,(u.) and define nested sets B_ c B c B, at L*-distance 0

Qg = { [SUP fve = Vt(d) 1o <0, T,(;) < KTKr}
te

0,KTk:]
Cauchy—
Evéd) [T(d)] Szﬁ\i/a{z M(&")
P(Qg 4) SP{Z>0d} + ———"— = limsupP(Q y) =
KTKr d—oo K
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Main step of the proof
Set Tk, = C(o0,¢) eho/e
Let B = B,(u.) and define nested sets B_ c B c B, at L*-distance 0

QK7d:{ [sup ||vt—vt )|| o 5,7",(3d)<KTKr}

te O,KTKr]
(d) (S:auchy—
chwarz
M
P(Q 4) <P{Z>6d7} + % = ||rdn_)solipIP’(Q J) = !(f)
On Q 4 one has T‘,(Bd) <78 < Tg_f)
Wi O d

=E 0 [ ( )1{QK d}] [TB]'{QK,d}] SE% [Téf)l{QK,d}]

=
EVéd) [ng)] _EVO [ (d)l{Qc }] < EVO[TB] < Evéd)[Té‘j)] +EVO[TB]-{Qf<)d}]
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Main step of the proof
Set Tk, = C(o0,¢) eho/e
Let B = B,(u.) and define nested sets B_ c B c B, at L*-distance 0

QK7d:{ [sup ||vt—vt )|| o 5,Téd)<KTKr}

te O,KTKr]
() (s:auchy—
|: 57 ] chwarz . M(&—)
P(Q, ;) <P{Z>6d7) + W = limsupP(Sg) = =
On Qy 4 one has T‘.(gd) <78 < 7'1(3(_1)
y D (d
= E 0 [ Y )1{QK d}] [TB]'{QK,d}] SE% [Téf)l{Qde}]

=
47 [0 - B4 1§01 gy y] <E*[re] <E%” 7] + E%[raling 1]

Integrate against vy and use Cauchy-Schwarz to bound error terms:
E*[rgliqc 3] < \/EVO[T,%]P(Q?( ), take d — oo and finally K large
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The two-dimensional case

(Link to simulation)
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http://youtu.be/TR2plL1HfgQ

The two-dimensional case
> Large-deviation principle: [Hairer & Weber, Ann. Fac. Sc. Toulouse, 2015]
> Naive computation of prefactor fails:

1- () 312
o Ity 5ol )

ke(W2)* 1+ 2(@) ke(N2)*

~ 3L 3L2/'°°rdr_
1

B Je— — = —-00
ke(N2)* |k|2m2 w2 r?
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The two-dimensional case
> Large-deviation principle: [Hairer & Weber, Ann. Fac. Sc. Toulouse, 2015]
> Naive computation of prefactor fails:

1- () 312
o Ity 5ol )

ke(W2)* 1+ 2(@) ke(N2)*

312 312 foo rdr
_— —_— = -0
reiys [k[272 72 J1 r

> In fact, the equation needs to be renormalised
Theorem: [Da Prato & Debussche 2003]

Let £ be a mollification on scale § of white noise. Then
Oru=Au+ [1 + 3€C(5)]u — B /20

with C(8) ~ log(671) admits local solution converging as § — 0
(Global version: [Mourrat & Weber 2015])
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Renormalisation

Problem: For d =2, stoch. convolution [ e2(t=*) W, (ds) is a distribution

> d-mollification should be equivalent to Galerkin approx. |k| < N =§71:

1 . t

wn(x,t) = 35 ak(t) 7 X gy = f e (=) g
IKI<N 0

pe = (Qk)? Q=pr/L
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Renormalisation

Problem: For d =2, stoch. convolution [ e2(t=*) W, (ds) is a distribution

> d-mollification should be equivalent to Galerkin approx. |k| < N =§71:

1 . t

wn(x,t) = 35 ak(t) 7 X gy = f e (=) g
IKI<N 0

pe = (Qk)? Q=pr/L

> iMoo fote(A’l)(t’s) Wx(ds) = ¢y is a Gaussian free field, s.t.

_ -1
L*Cy = LPEGy =Elonliz = Y s = TPEATIT) o fog ()

IKI<N
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Renormalisation

Problem: For d =2, stoch. convolution [ e2(t=*) W, (ds) is a distribution

> d-mollification should be equivalent to Galerkin approx. |k| < N =§71:

1 . t

wn(x,t) = 35 ak(t) 7 X gy = f e (=) g
IKI<N 0

pe = (Qk)? Q=pr/L

> iMoo fote(A’l)(t’s) Wx(ds) = ¢y is a Gaussian free field, s.t.

Py[-A+1]"
[2Cy = LPEGY = Elon2 = Y srigy = A < 1og (W)

|KI<N
> Wick powers
Ly = o — C
(o = oy — 3Cnon
(i = oy — 6Cnon +3Cx

have zero mean and uniformly bounded variance (when integrated)
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Computation of the prefactor
> Consider for simplicity L < 87 = transition state in 0

> Galerkin-truncated renormalised potential

V=2 [Tl - o) des & [ un()®ax
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Computation of the prefactor
> Consider for simplicity L < 87 = transition state in 0

> Galerkin-truncated renormalised potential

V=2 [Tl - o) des & [ un()®ax

> Using Nelson estimate: capy(B) ~\/ % I ‘/%8
0<lk|<N
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Computation of the prefactor
> Consider for simplicity L < 87 = transition state in 0

> Galerkin-truncated renormalised potential
1 1
Vi =3 fT2[|yqu(x)”2 - un()?]dx+ 7 fT Lun(x)* dx

> Using Nelson estimate: caps(B) = Pole 2re
0<lk|<N

> Symmetry argument:

V(2 1 V(2 1
ch hag(z)e W@ gz = Efe WD dz = ~Zp(e)

> Zn(e) =2 [] o /iije*VN(LvO)/E where —Vjy(L,0) = 212+ 312Cpe
|k|<N
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Computation of the prefactor
> Consider for simplicity L < 87 = transition state in 0

> Galerkin-truncated renormalised potential

1 2 2 1 4
ZEfTQ[”qu(X)H — up(x) ]dx+Zsz:uN(x) dx
Using Nelson estimate: capy(B) ~\/ @ls [T v& 2”5

0<lk|<N

v

v

Symmetry argument:

V(2 1 Vilz 1
ch hag(z)e W@ gz = Efe WD dz = ~Zp(e)

Zn(e) =2 [] 2= e WO where —Viy(L,0) = 12+ 317 Cne
[K|<N

A\

v

Prefactor proportional to (since v = Mg + 3)

M 3/Ax : A3/ Z o L
I e converges since  log| "4ze =O( 5

0<|k|<N
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Main result in dimension 2

Theorem: [B, Di Gest, Weber 2016]
For appropriate A>3 u_, B3 uy, upn probability measures on 0A:

V=X
limsup E#V[ 73] I Melk*ik\ke( Viksl=VIe-DIe[1 4 ¢, /2]
N— oo |)\O|\ ke72 Vi

Pl 5 VI Vin ey - ]
kez2 Vk

N—oo

I|m|nfE“"’ TB
|)\o|\
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Main result in dimension 2

Theorem: [B, Di Gest, Weber 2016]
For appropriate A>3 u_, B3 uy, upn probability measures on 0A:

V=X
limsup E#V[ 73] I Me T e(V[uts]—V[U—])/€[1+C+\/g]
N— oo |)\O|\ ke72 Vi
Al 235 (Viws]-v
liminf E#[ 7 VR TN eWVlus]=VIu-D/lery _ ¢ o
i () > 5| IL7: [1-c]

(Inverse of) prefactor involves Carleman—Fredholm determinant:
dety(Id + T) =det(Id+ T)e "

Defined whenever T is Hilbert—Schmidt, but not necessarily trace class

Applied here to T=[(-A+2) — (<A~ D)](|-A - 1))~ = 3(]-A - 1|)

Metastability of stochastic Allen-Cahn PDEs 10 May 2016 20/21



Outlook
> Dim d = 3: more difficult because 2 renormalisation constants needed
> Potentials with more than two wells: understood in d =1
> Potentials invariant under symmetry group: understood in R”
> More difficult: non-gradient systems
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