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The deterministic Koper model

et = f(x,y,2) =y—x° + 3z
J=g1(z,y,2) =kzx —2(y+ ) + 2
2= go(x,y,2) = p(A+y — 2)

>PO0<exK1
>k, A\, p e R: control parameters
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J=g1(z,y,2) =kzx —2(y+ ) + 2
2= go(x,y,2) = p(A+y — 2)

>PO0<exK1
>k, A\, p e R: control parameters

> Critical manifold: Co = {f = 0} = {y = 23 — 3z}
>Folds: L={f=0,0,f=0}={y=a23-3z,a =+1} = LTUL™
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The deterministic Koper model

et = f(x,y,2) =y—x° + 3z
J=g1(z,y,2) =kzx —2(y+ ) + 2
2= go(x,y,2) = p(A+y — 2)

>PO0<exK1
>k, A\, p e R: control parameters

> Critical manifold: Co = {f = 0} = {y = 23 — 3z}
> Reduced flow on Cy (Fenichel theory): eliminate y

,_k:c—2(:133—3:1:—|—)\)—|—z
T 3(x2 - 1)
i=p(AN+ 23 -3z —2)

x Generic fold points: x diverges as ¢+ — +1
X Folded node singularity: x finite,
(desingularized) system has a node



Folded node singularity

Normal form [Benoit, Lobry '82, Szmolyan, Wechselberger '01]:

ex =19y — 72
y=—(up+ 1z —=2 (4 higher-order terms)
.
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Folded node singularity

Normal form [Benoit, Lobry '82, Szmolyan, Wechselberger '01]:

ex =19y — 72
y=—(up+ 1z —=2 (4 higher-order terms)
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Folded node singularity

T heorem [Benoit, Lobry '82, Szmolyan, Wechselberger '01]:
For 2k 4+ 1 < /fl < 2k + 3, the system admits k£ canard solutions

The ;" canard makes (25 + 1)/2 oscillations
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Mixed-mode oscillations
(MMOs)
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> Canard orbits track unstable manifold (for some time)
> Typical orbits may jump earlier to stable manifold



Poincaré map c.f. e.g. [Guckenheimer, Chaos, 2008]

Fold

Stable critical

manifold e = Folded node

Fold

> Poincaré map Il : 2 — 2, invertible, 2-dimensional
> Due to contraction along Cjp, close to 1d, non-invertible map
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Poincaré map zp — 2,41
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The stochastic Koper model

1 o
daxy = —f (w4, yt, 2¢) dt + —F (x¢, y¢, 2¢) AWy
S VeE

dyr = g1(xt, yt, zt) dt + o' G1 (¢, y, 2¢) dW;
dzt = go(xt, yt, z¢) At + o' Go(xt, yt, 2t) AWy

> Wi k-dimensional Brownian motion

> o,o0’: small parameters (may depend on ¢)



The stochastic Koper model

1 o
daxy = —f (w4, yt, 2¢) dt + —F (x¢, y¢, 2¢) AWy
£ VeE

dyr = g1(xt, yt, zt) dt + o' G1 (¢, y, 2¢) dW;
dzt = go(xt, yt, z¢) At + o' Go(xt, yt, 2t) AWy

> Wi k-dimensional Brownian motion

> o,o0’: small parameters (may depend on ¢)

Random Poincaré map
In appropriate coordinates

dor = flpr, X¢) dt + 6F (@4, X3) dWy e € R
dX: = §(pr, Xt) dt + 6G (1, X¢) dW, XcECXT

> all functions periodic in ¢ (say period 1)
>f>c>0 and & small = ¢; likely to increase
> process may be killed when X leaves E



Random Poincaré map
A x

E X1

M e
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Xomwm

1 2

> Xg, X1,... form (substochastic) Markov chain

10



Random Poincaré map
A x

E X1

Xomwm

> Xg, X1,... form (substochastic) Markov chain

> 7. first-exit time of Z; = (¢, X;) from D= (—-M,1) x E
>y (A) =P4{Z, € A}: harmonic measure (wrt generator L)
> [Ben Arous, Kusuoka, Stroock '84]. under hypoellipticity cond,

1z admits (smooth) density h(Z,Y) wrt Lebesgue on 0D
> For B C E Borel set

PXo{X; € B} = K(Xp, B) := /B K (Xo,dy)

where K(x,dy) = h((0,x),(1,y))dy =: k(x,y) dy



Poincaré map zp — 2,41
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Poincaré map zp — 2,41
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Poincaré map zp — 2,41
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Poincaré map zp — 2,41
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Poincaré map zp — 2,41
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Poincaré map zp — 2,41
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Poincaré map zp — 2,41
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Random Poincaré map

Observations:

> Size of fluctuations depends on noise intensity

and canard number k: high order canards are more sensitive
> Saturation effect: constant distribution of z,41 for k > kc(o, 0’)
> Consequence: if kc < kget, number of SAOs increases
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Random Poincaré map

Observations:

> Size of fluctuations depends on noise intensity

and canard number k: high order canards are more sensitive
> Saturation effect: constant distribution of z,41 for k > kc(o, 0’)
> Consequence: if kc < k;jet, number of SAOs increases

Questions:

> Prove saturation effect

> How does kc depend on o,0'?

> How does size of fluctuations depend on o,0
and canard number k7

> In particular, size of fluctuations for k > kc?

/

12-a



Size of noise-induced fluctuations

det , det _det
t 7Zt )

Ct = (x,yt, 2¢) — (@F°Y, vy

1 o 1
dé; = EA(t)Ct dt + 75}_(@, t) dWy + - 60(872?2) dt
— t

o [t 1 rt
gt_7g/0 U(t, s)}"(CS,s)dWS—I—g/O U(t, s)b(Cs, s) ds

where U(t, s) principal solution of e = A(%)C.
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Size of noise-induced fluctuations

(x?et det ?et)

Gt = (xt, yt, 2t) — , Yy

1 o 1
dé; = EA(t)Ct dt + 75}_(@, t) dWy + - 60(87215'?2) dt
— t

o [t 1 rt
G = 75/0 U(t, 8)F(Cs, s) dWs +g/0 U(t, $)b(Cs, 5) ds
where U(t, s) principal solution of e = A(%)C.

Lemma (Bernstein-type estimate):

e oo >} <2l -5e)

where / G(Cus10)G(Cus )T du < V(s) and n = 3



Size of noise-induced fluctuations

Gt = (w4, y, 2¢) — (88 ydet dety

1 o 1
dé; = EA(t)Ct dt + 757:(@, t) dWy + - 190(8115'?2) dt
— t

o [t 1 rt
G = 75/0 U(t, 8)F(Cs, s) dWs +g/0 U(t, $)b(Cs, 5) ds
where U(t, s) principal solution of e = A(%)C.

Lemma (Bernstein-type estimate):

e oo >} <2l -5e)

where / G(Cus10)G(Cus )T du < V(s) and n = 3

Remark: more precise results using ODE for covariance matrix of

o_ o [t
P =" /O U(t, 5)F (0, s) dWs
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X5

X6

X3
- ﬁ\\"‘_:ﬁ = : Folded node
S
Transition Ax Ay Az
20— 23 o ove+ o
>3 —= 224 o ove+ o’
o o’
Z4—>ZQ|_ m—l_gl/:'} O‘\/8||Ogc€|+0'/
>, — 35 o+ oel/® | oe+o'cl/°
Z5 — Z6 o 0-\/g + o’
26— 21 o U\/g + o’
>1— X (o + o')el/ o’
> — (o + o) (e/m)t/* o'(e/p)t/*
if 2= O(/1)
> =3 (o 4+ o')el/ (o 4+ o')el/4
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Example: Analysis near the regular fold

Proposition: For hi = O(£2/3),

P{l|(y7'z5az7'25) T (y*7Z*)|| > hl}

H)hz KE
< Clloge|| exp{ — ; &P
| g€|< p{ 0'28 n (O")2€1/3} + p{ o2 -+ (0‘/)28}>
Useful if 0,0’ < /¢
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Local analysis near the folded node [B, Gentz, Kuehn, JDE 2012]

xr z

—~

JEe—¢(k+1)%1 from primary canard VE

e

A
\/V

e—c(2k+1)2p
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Local analysis near the folded node [B, Gentz, Kuehn, JDE 2012]

Thm 1: (Canard spacing)
For z = 0O, the kth canard lies at dist. kpy/e
\/Ee_c(2k+1)2” from primary canard

A x (+=2)
NG

Thm 2: Size of fluctuations
(o0 4 o")(e/u)t/* up to z = \/en
(o 4 o')(e/p)1/*e**/CEm for 2 > \Jen




Local analysis near the folded node [B, Gentz, Kuehn, JDE 2012]

Thm 1: (Canard spacing)
For z = 0O, the kth canard lies at dist. kpy/e
\/Ee_c(2k+1)zﬂ from primary canard

AIB(+%)
NG

Thm 2: Size of fluctuations

(o0 4 o")(e/u)t/* up to z = \/ep

(o 4+ o) (e/w) /4 2/ for » > Jep
Thm 3: (Early escape)

Prob. to stay near det. solution
< Cllog(o 4 o')[¥ e=r=?/(eullog(o+a))
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Local analysis near the folded node [B, Gentz, Kuehn, JDE 2012]

Thm 1: (Canard spacing)
For z = 0O, the kth canard lies at dist. kpy/e
JEe—¢(k+1)%1 from primary canard

A x (+2)
NG

Thm 2: Size of fluctuations
(0 +0")(e/p)t/* up to z = \/em
(o + o) (e/p)t/* e?*/ (1) for - > e

Thm 3: (Early escape)
Prob. to stay near det. solution
< Ollog(o + o) e=#2°/(enllog(o+a')])

Consequence: Dichotomy
> Canards with k < /1/u: Az =<o(e/p)/* 4+ o' (assuming e < p)
> Canards with k > \/[log(c 4 o/)|/p: Az < O(y/epllog(c + )] )




Summary

>/1/p < ke < \/|Iog(a + o)/

> For k < \/1/7 dispersion
Azxg(a/u)1/4—|—0’

> For k > \/||09(0—|-0/)|/,u
Az < (’)<\/€,u|log(a—|—a’)|)

> If the deterministic system has
MMO with £* SAOs and k* < k¢

then noise increases number of
SAQOs
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Summary

>/1/p < ke < \/|Iog(a + o)/

> For k < \/m dispersion
Az xg(a/u)1/4—|—0/

> For k > \/||Og(0—|-0/)|/,u
Az < (/)<\/€,u|log(a—|—a’)|)

> If the deterministic system has
MMO with £* SAOs and k* < k¢

then noise increases number of
SAQOs

Further ways to analyse random Poincaré map

> T heory of singularly perturbed Markov chains

> For coexisting stable periodic orbits: Metastable transitions
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Thanks for your attention — Further reading

N.B. and Barbara Gentz, Noise-induced phe-
nomena in slow-fast dynamical systems, A
sample-paths approach, Springer, Probability and Barbara Gents
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