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> Near first-order phase transition
> Nucleation implies crossing energy barrier

A Freeenergy

A

R
>

Order parameter
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Metastability in stochastic lattice models

> Lattice: A cc z4

> Configuration space: X = S/, S finite set (e.g. {—1,1})

> Hamiltonian: H : X — R (e.g. Ising or lattice gas)

> Gibbs measure: ug(z) = e—PBH(z) /Z3

> Dynamics: Markov chain with invariant measure pug
(e.g. Metropolis: Glauber or Kawasaki)
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> Gibbs measure: ug(z) = e—PBH(z) /Z3

> Dynamics: Markov chain with invariant measure pug
(e.g. Metropolis: Glauber or Kawasaki)

Results (for 8> 1) on g =
e Transition time between 4+ and — -
or empty and full configuration - =
" m
e [ransition path -
e Shape of critical droplet - -

> Frank den Hollander, Metastability under stochastic dynamics, Stochastic
Process. Appl. 114 (2004), 1-26.

> Enzo Olivieri and Maria Eulalia Vares, Large deviations and metastability,
Cambridge University Press, Cambridge, 2005.



Metastability in reversible diffusions

dz?(t) = —VV (2°(t)) dt + o dB(¢)

>V :R9 - R: potential, growing at infinity
> dB(t): d-dim Brownian motion on (€2, F,P)

Invariant measure:
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7. transition time between potential wells (first-hitting time)

e Large deviations (Wentzell & Freidlin): lim,_qo?log(E{r})
e Analytic (Miclo, Mathieu, Kolokoltsov): spectrum of generator
e VVariational (Bovier el al): spectrum and distribution of 7



Metastability in reversible diffusions

> Stationary pts: § = {x: VV(x) = 0}

> Saddles of index k: S = {x € §S: HessV (z) has k ev < 0}
> Graph G = (850,&), © < y if x,y € unst. manif. of s € Sy
> x¢ ~ Mmarkovian jump process on G
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e Local bistable potential U(z) = za* — 32°

e Coupling between sites: discretised Laplacian, intensity ~
e Independent white noise on each site

dai(t) = f(@i(D) dt + L [ai41(8) = 22i() +ai-1.(D)] dt + VN dBi(1)
f(x) =-U'(x) =2 — 23

> Interacting diffusions (Dawson, Gartner, Deuschel, Cox, Greven, Shiga,
Klenke, Fleischmann; Méléard; Kondratiev, Rockner, Carmona, Xu ...)

Gradient System: dz?(t) = —VV4(29(¢)) dt + vV No dB(t)

Potential: Vy(z) = ) U(z;) + g > (2iq1 — z;)°
: 4 :
1eN 1EN
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Weak coupling

> y=0: S={-1,0,1}, Sog = {-1,1}, G = hypercube.

Theorem: VN, 34v*(N) > 0 s.t. points of each Si(v) continuous in
v for 0 < v <~v*(NV)
L <infaso " (V) <4*(3) = 4(y/3 +2v3 — v3) = 0.2701...

> 0 <y <K 1:

Vy(a* (1) = Vo(@*(0) + 5 3 (af11(0) — 2}(0))° + 0(77)
1EN
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Strong coupling: Synchronisation

Remarks: e [T = +(1,1,...1) € Sy Vv
e O=(0,0,...0) € S 7

1 2 _
1 — cos(2n/N) (: QN—WQ[l - OWw 2)D

Let v; =

T heorem:
e S={I",IT,0}&v>m
eS51 ={0} = v>m

Proof:
1—vy v/2 v/2
= Az — F(x), A=<7/2." ), Fi(z) = 23
v/2 v/2 1=y
Lyapunov function: Wi(x) = % Z(wz — x,H_l)Q = %H:I: — R:B||2
1EN
Rx = ($27"°737N7x1)

dV[égx) = (:c—R:I:,d—Ci(a:—R:c» <{x— Rz, A(x— Rx)) < (1_%)||33—R$||2
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Strong coupling: Synchronisation

Remark: V(O) - V({7 )=V(0)—-V{IT)=N/4

Corollary: VN, Vy > v1(N), VO<r < R < % Vg € B(I~,r):
o Let 7y =7"Y(B(IT,7)). Then V¥§ > 0,

im Profe(t/2-0/0% 7, < e(1/240)/0%) = 1
oc—0
1

lim o2 log E%0 = —
0—>Og J {T_l_} 2

olet 7= Thit(B(O,r}),
and 7— = inf{t > XY B, R)): z: € BI~,r)}. Then

lim IP”CO{TO < T4 ‘ T4 < 7'_} =1

oc—0




Symmetry groups

Potential V4 invariant by

.R(xlw")x]\f) — ($2,...,33N,a?1)
¢ S(x1,...,zN) = (TN, TN-1,- -, T1)
e C(x1,...,zN) = —(T1,...,TN)

= V4 invariant by group G = Dy X Z o generated by R, S,C



Symmetry groups

Potential V4 invariant by

.R(xlw")aj]\]) — (HZQ,...,QZ‘N,Q?]_)
¢ S(x1,...,zN) = (N, TN-1,---,T1)
e C(x1,...,zN) = —(T1,...,TN)

= V4 invariant by group G = Dy X Z, generated by R, S,C
G acts as group of transformations on &X', §, &, Vk

e Orbit of x € X: Op ={gz: g € G}
e Isotropy group of z € X: Cr={g9€ G: gr =z} <G
e Fixed-point space of H<G: Fix(H) ={z € X: hr=xVh e H}

Properties:

Cz||Oz| = |G]
Cgz = gCrg~t

Fix(gHg—1) = g Fix(H)



N =2

z* OZ* CZ* FIX(CZ*)

(0,0) | {(0,0)} G {(0,0)}

(171) {(171)7(_17_1)} D2: {Id,S} {(x7x)}$€R =D
(17_1) {(17_1)7(_17 1)} {Id,CS} {($7_x)}w€R
(1,0) | {=(1,0),£(0,1)} | {id} (&, 9)} o yer =X
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z* Oz* Cz* FIX(CZ*)
(0,0) | {(0,0)} G {(0,0)}
(171) {(171)7(_17_1)} D2: {Id,S} {(x7x)}$€R =D
(17__1) {(17__1)7(__171)} {jd7CLS} {(x7_ﬂt)}w€R.
(1,0) | {#(1,0),+(0,1)} | {id} [, 0)} o yer = X
0 1/3 1/2
} >
(x2]  (1,1) ¢ (=, 7) I
[xl] (07()) e S PP _? ______________ (9’9) ______ -0
‘ (x,—x) ’//A
[x2] (1,-1) ¢ ==
x //Aa
[x4] (1,0) o_._._._.i.’_@_./
It It It
Aa
QA Q 0
Aa
I~ I~ I~
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(1,1,1) o

(0,0,0) ¢
(0,0,1) ¢

(1,—1,0) ¢

(1,1,-1) ¢

11
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Desynchronisation

Theorem: ¥V even N, 36(N) > 0 s.t. for v1 — (V) <~ < 71,
|S| = 2N + 3, and can be decomposed as

So=O0,4={IT,17}
S1=04={ARA,...,RN"14)
Sy =0 ={B,RB,...,RN"1B}
S3 = 0p = {0}
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Desynchronisation

Theorem: ¥V even N, 36(N) > 0 s.t. for v1 — (V) <~ < 71,
|S| = 2N + 3, and can be decomposed as

So=O0,4={IT,17}
S1=04={ARA,...,RN"14)
Sy =0 ={B,RB,...,RN"1B}
S3 = Op = {0}

> N odd: similar result, |S| > 4N + 3
> Similar corollary 7, with 7 — 144
> A and B have particular symmetries



Symmetries N = 4L N = 4L +2 N=2L+1

A
B
N x | Fix(Cyg)
41 Al (21, . XXy ey Xy =Xy evey—LL,—LL,ee.,—TL1)
B|(x,...,2,...,21,0,—21,...,—21,...,—2x1,0)
AL+2 | A | (z1, ..., TL41,-+-+T1, —T1yee-y —TL41,---,—T1)
B | (x1,...,2,27...,21,0,—21,...,—2,—2Z[,...,—21,0)
2L—|—1 A (5131,...,:IZL,—ZIZL,...,—Ccl,O>
B (wla"'axlnxl}a"'awl)x())
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Case N large: bifurcation diagram (N=4L)

~ ~

0 3 Y2 1 5
| —— L7,
14§
O4L QO =——rrrsass _? .......... Qe — o —— _T_ ______
(3)/,
183 (—1)La1ls0(—1)Ls124(—1)E320 ¢ _B_,/:.I Il l
/ /; ._
O O e I Iy 4
(1E710(=1)E710)2 o —erei—ene — A1
AR ,///
1H(=1)5)2 0 —ee-e. - ) s
A (=1)")" ¢ B =5 7,
120710(=1)2L710 ¢ —ri i - /./
12L(—1)2L d —m— e 7 AD = A
IT It
A O
I oI_
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Case N large
Let ¥ = L = ~(1 — cos(2n/N)),

1 27w /N . 1
= e, (=1 +0(%))

Theorem: VM > 1, dNy; < ocos.t. for N > Nyyand ypr41 <75 < v,
S can be decomposed as

So=0,4 ={IT,I"}
Szm_1=OA(m) m=1,..., M
SQm:OB(m) m=1,..., M,
Sop4+1 = Op = {0}

m)x ~ k(m2y : ~
with A§ )(3) = a(m?27) sn (4 K( ](V 7))m<J _ %)7%(7’”27)) n O(%)

and x(¥), a(’y) implicitly defined by

=3 K(%(;))2(1+m(7)2) )
o(N? = Py




Case N large

Let ¥ = % = ~v(1 — cos(2n/N)),

~ __ 1l-—cos(2n/N) _ 1 1

TM = T—cos(2xM/N) <_ 2T O(W))

Theorem: VM > 1, dNy; < ocos.t. for N > Nyyand ypr41 <75 < v,
S can be decomposed as

So=0,+={I1,17}
Szm_1=OA(m) m=1,..., M
SQm:OB(m) m=1,..., M,
Sop4+1 = Op = {0}

m)x ~ k(m2y : ~
with A§ )(3) = a(m?27) sn (4 K( ](V 7))m<J _ %),m(m%)) n O(%)

=~

(@) | 4, (b) | A®)

16-a



Potential difference: %—V(A%V(Ii)
- V(A)-V({IE 5
H(’Y) — ( )N ( ) 0.2-E
1 1 [2+m2 B 2E(ﬁ)]
-4 3(12—|—f-£2) 1+4-k2 K(k) __
+0(%) ‘
k= k(%) |
. 0.0 0!] OI.2 0!3 0|.4 0!5 0!6 0|.7 0!8 0|.9 ll.() 1!] l|.2 ]{3 l|.4 1.5 ?
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Potential difference:

_v(rE
HGE) = V(A) NV(I )

_1_ 1 [2+,<,2 B QE(,{)}
4 3(12—|—/£2) 1+k2 K(k)
+0(%)
k= k()

Corollary: VO < ~¥ <1, dNg(®) s.t.

\V/O<’I°<R\

> Veg € B(I7,r):

V(A®)—v(IF)
1 N

02

0.1

0.0 -

VN > No(7%),

olet 7 = ht(B(rt+,r)). Then V5 > 0,

oc—0

lim o 1og E*0{r, } = 2H(7)
g—

olLet 74 = Thit(Ugeg B(gA,r)),

and 7 =

lim P*0
o—0

{TA<T_|_‘T_|_<T_}:1

inf{t > r<Y(B(I~,R)): = € B,

Iim ]P)azo{e(QH(i)—(S)/JQ <1y < e(zH(ﬁ)‘Hs)/UQ} =1

r)}. Then

L I
00 01 02 03 04 05 06 07 08 09 10 1.1 1.2 13 14 15 ")/



Ideas of the proof

res << f(wn)+%[$n+1—2$n+wn—1]=0

o {xn—l—l = xn + cwn — %sQf(:cn)
Wn g1 = wn — 5| f(@n) + [(@nq1)]

e =22
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Ideas of the proof

res << f(ivn)+%[$n+1—2$n+wn—1]=0

o {xn—l—l = xn + cwn — %52]"(:13”)

> Area-preserving map

> Discretisation of z = —f(x)

> Almost conserved quantity: C(z,w) = 5(2? + w?) — Zz*
C(@pt1, Wnt1) = C(@n, wn) + O(e3)



Ideas of the proof

res << f(ivn)+%[$n+1—2$n+wn—1]=0

o {xn—l—l = xn + cwn — %52]"(:13”)
Wp 41 = Wy — %e f(@n) + f(Tng)

T
> Area-preserving map
> Discretisation of z = —f(x)

> Almost conserved quantity: C(z,w) = 5(2? + w?) — Zz*
C(xn—l—la wn—l—l) = C(xn,wn) + 0(53)

In action-angle variables (I,v):

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €) (mod 27)
In—l—l = In+ 53g(¢n, In,€)

I = h(C), and (¢,C) — (x,w) involves elliptic functions.

18-b



Ideas of the proof

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €)
Iny1 = In+39(¥n, In, €)

Q(I) monotonous in I = twist map.

(mod 27)
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Ideas of the proof

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €) (mod 27)
Iny1 = In+39(¥n, In, €)

Q(I) monotonous in I = twist map.
> “63 — "

wn = 7700 -+ nsQ(IO) (mod 27‘(‘)
In = I

Orbit of period N if NeQ(Ip) =2n«M, M € {1,2,...}.
v = M/N: rotation number, j— x; has 2M sign changes.
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Ideas of the proof

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €) (mod 27)
Iny1 = In+39(¥n, In, €)

Q(I) monotonous in I = twist map.
> “63 — "

wn = 7700 —|— nsQ(IO) (mod 27‘(‘)
Orbit of period N if NeQ(Ip) =2n«M, M € {1,2,...}.
v = M/N: rotation number, j— x; has 2M sign changes.

>e > 0: Poincaré—Birkhoff theorem: 4 at least two periodic orbits
for each v with 27v /e in range of Q.
Problem: Show that there are only two orbits for each v.

19-b



Ideas of the proof

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €) (mod 27)
Iny1 = In+39(¥n, In, €)

Generating function: (¢n,¥p41) — G(¥n, ¥,41) such that

01G(Yn, Ypy1) = —1In O2G (Yn, Yp41) = Iyt
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Ideas of the proof

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €) (mod 27)
Iny1 = In+39(¥n, In, €)

Generating function: (¢n,¥p41) — G(¥n, ¥,41) such that

01G(Yn, Ypy1) = —1In O2G (Yn, Yp41) = Iyt

Property: Orbits of period N are stationary points of

GN(Y1,...,¥N) = G(W1,92) + G(Yo,9¥3) + - - + G(¥N, Y1 + 27 Nv)
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Ideas of the proof

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €) (mod 27)
In—l—l — In —I_ 539(1%» ITL) 8)

Generating function: (¢n,¥n41) — G(¥n,¥,41) such that

01G(Yn, Yp41) = —1In 02G (Yn, Yp41) = Iniy1

Property: Orbits of period N are stationary points of

GN(w].a"'awN) — G(¢17¢2)+G(¢27¢3)++G(¢Na¢1 +27TNV>

In our case,

G(¢¥1,92) = eGo (W ; wl,é‘) +2e3 30 Gy <¢2 ; wlaé?) cos(p(1+12))

p=1

> N particles “connected by springs” in a periodic ext. potential.
> Stationary pts can be analysed by Fourier transf. for (¢1,...,%5).
20-b



