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1 IntroductionConsider the nonlinear control systemdxdt = f(x; u; �); (1)with state x 2 R n and control u 2 R k , which depends on some parameter � 2 R p . Assumethat the uncontrolled system dxdt = f(x; 0; �) � f0(x; �) (2)changes its qualitative behavior when � passes �0, i.e., � = �0 is a bifurcation point for(2). We are interested in bifurcations involving an exchange of stabilities between a familyx?(�) of \nominal" equilibria of (2) and another family of attractors. These attractors areeither other equilibria or periodic orbits (Poincar�e{Andronov{Hopf bifurcation).The motivation to study control systems whose state is close to a bifurcation pointcomes from the well-known fact that the performance of a control system can be improvedif it is maintained to operate at high loading levels, that is, near a stability boundary (seefor example [Ab1, VSZ]).The existence of a bifurcation in the uncontrolled system (2) raises the following ques-tions:1. How does this bifurcation in
uence the controllability of (1)?2. How can we control an exchange of stabilities?The �rst problem has been investigated by the means of control sets, see e.g. [CK] forone-dimensional systems, [CHK] for Hopf bifurcations and [HS] for a Takens{Bogdanovsingularity (i.e., when a Hopf and a saddle{node bifurcation curve intersect).The second question is related to the problem of controlling the direction of the bifur-cation. In order to avoid escaping trajectories, one usually tries to render the bifurcationsupercritical, that is, a stable equilibrium or limit cycle should exist for � > �0, whichattracts the orbits departing from the nominal equilibrium x?(�). To do this, one has to�nd a control stabilizing the critical steady state of (2) for � = �0. This problem has beensolved by using a smooth state feedback, see [Ae, AF, Ab2] for the continuous-time caseand [MS] for the discrete-time case.In what follows, we are concerned with the problem of dynamic exchange of stabilities.In contrast with static bifurcation theory, the theory of dynamic bifurcations considers aprocess in which the parameter � depends on time, where one usually assumes that thisdependence is slow [Ben]. Such a situation occurs for instance if the device modelled bythe equation is ageing, so that its characteristics are slowly modi�ed.Instead of (2), we thus consider an uncontrolled system of the formdxdt = f0(x; "t); 0 < "� 1: (3)Basically, an exchange of stability in the static system (2) may result in two types ofbehaviour for (3): immediate exchange or delayed exchange. In the �rst case, the solutionof (3) tracks the stable branch emerging from the bifurcation point immediately after thebifurcation [LS1, LS2, NS2, B1]. In the second case, the solution tracks the unstable branchfor some time before jumping on the stable equilibrium (see [Sh, Ne1, Ne2, BER, Ben, HE]1



for the Hopf bifurcation and [Hab, EM, BK1, BK2, NS1] for pitchfork and transcriticalbifurcations). Since a jump of a state variable may have catastrophic consequences for thedevice, our goal is to construct a control ensuring an immediate exchange of stabilities.Note that this feature may be used to detect the bifurcation point. We restrict our analysisto a�ne scalar feedback controls of the formdxdt = f0(x; "t) + b u(x; "t); (4)where b is a �xed vector in R n , and u is a scalar function.This paper is organized as follows. In Section 2, we present a few elements of thetheory of dynamic bifurcations, and show how the center manifold theorem can be used toreduce the dimension of the system. In Section 3, we consider one-dimensional cases suchas the transcritical and pitchfork bifurcation, which are relatively easy to control. Section4 is devoted to two-dimensional bifurcations. We �rst discuss the Hopf bifurcation, whichdisplays a delay which is more robust than for one-dimensional bifurcations. To suppressthis delay, we have to shift the eigenvalues' imaginary parts in order to produce a doublezero eigenvalue, for which we present a result on immediate exchange of stability.Acknowledgments: NB was supported by the Nonlinear Control Network of the EuropeanCommunity, Grant ERB FMRXCT{970137.2 Dynamic BifurcationsConsider a one-parameter family of dynamical systemsdxdt = f(x; �); x 2 R n ; � 2 R : (5)In the theory of dynamic bifurcations, one is concerned with the slowly time-dependentsystem dxdt = f(x; "t); 0 < "� 1; (6)that one wants to study on the time scale "�1. It is convenient to introduce the slow time� = "t, in order to transform (6) into the singularly perturbed system"dxd� = f(x; �): (7)The basic idea is to use information on the bifurcation diagram of (5) in order to analysesolutions of (7).Assume �rst that for � 2 [a; b], (5) admits a family of asymptotically stable equilibriax?(�). That is, we require that f(x?(�); �) = 0 and that all eigenvalues of the Jacobianmatrix A(�) = @xf(x?(�); �) have real parts smaller than some K < 0, uniformly for� 2 [a; b]. It is known [PR, Fe, VBK, B2] that all solutions of (7) starting at � = a in asu�ciently small neighbourhood of x?(a) will reach an O("){neighbourhood of x?(�) aftera slow time of order "jln "j and remain there until � = b. Thus, a su�ciently slow drift ofthe parameter � will cause the system to track the nominal equilibrium x?(�) as closelyas desired. 2



A new situation arises when x?(�) undergoes a bifurcation. Assume that at � = 0, theJacobian matrix A(0) has m eigenvalues with zero real parts and n�m eigenvalues withnegative real parts. We can introduce coordinates (y; z) 2 R n�m � Rm such that (6) canbe written in the form dy=dt = A�y + g�(y; z; �)dz=dt = A0z + g0(y; z; �)d�=dt = "d"=dt = 0; (8)where all eigenvalues of A� have negative real parts, and all eigenvalues of A0 have zeroreal parts. The functions g� and g0 vanish at � = 0 together with their derivatives withrespect to y and z. Thus, at the bifurcation point z can be considered as a slow variableas well as � . By the center manifold theorem [Ca] there exists a locally invariant manifoldy = h(z; �; "), on which the dynamics is governed by the m-dimensional equation"dzd� = A0z + g0(h(z; �; "); z; �): (9)Moreover, trajectories starting close to this manifold are locally attracted by it with anexponential rate (see Lemma 1, p. 20 in [Ca]).This observation allows us to restrict the analysis of (7) near the bifurcation point tothe analysis of the lower-dimensional equation (9). Note, however, that we have to payattention to the following points:1. If we add a control to (7), we will modify the shape of the center manifold.2. The center manifold is not analytic in general.To simplify the discussion, we will only consider the low-dimensional systems on the centermanifold. The above remarks imply that some additional veri�cations are necessary beforeconclusions about the reduced equations can be carried over to the general ones.3 One-Dimensional Center ManifoldWe consider the scalar equation"dxd� = f0(x; �) + u(x; �); x 2 R : (10)3.1 Transcritical BifurcationAssume that the uncontrolled vector �eld f0(x; �) has two families of equilibria x = '1(�)and x = '2(�) intersecting at � = 0. The family '1(�) is stable for � < 0, while the family'2(�) is stable for � > 0. This kind of bifurcation is referred to as transcritical bifurcation.We introduce the so-called singular stable solution'(�) = ('1(�) if � < 0,'2(�) if � > 0. (11)Our goal is to �nd a control u such that the solution of (10) starting at �0 < 0 in the basinof attraction of '1(�) always stays in a small neighborhood of the singular stable solution'(�) for � > �0. It turns out that the dynamics depends essentially on the values of '01(0)and '02(0). We discuss three representative cases.3



Example 3.1 (Immediate exchange of stability).Assume that the uncontrolled system has the form"dxd� = (x+ �)(� � x): (12)Then we have '1(�) = �� , '2(�) = � and '(�) = j� j. It is shown in [LS1] that thesolutions starting above '2(�0) at �0 < 0 will track the singular stable solution '(�),so that no control is necessary. More precisely, it follows from [B1] that (12) admits aparticular solution x(�) satisfyingjx(�)� '(�)j 6 (M"j� j�1 if "1=2 6 j� j 6 T ,M"1=2 if j� j 6 "1=2, (13)for some positive M and T , which attracts nearby solutions exponentially fast (Fig. 1a).Moreover this exchange of stability is robust in the following sense: it is shown in [BK2]that there exists a constant c > 0 such that solutions still track the stable equilibriumcurve if we add a constant term u0 > �c" to (12) (Fig. 1b). The same is true for moregeneral bifurcations, for which '01(0) < 0 and '01(0) < '02(0).Example 3.2 (Delayed exchange of stability).The uncontrolled system "dxd� = x(� � x) (14)has the equilibria '1(�) = 0 and '2(�) = � . This happens to be an explicitly solvableBernoulli equation. The important fact is that the solution starting at �0 < 0 at somex0 > 0 remains close to the origin for �0 < � < ��0 as " ! 0, and jumps to the branch'2(�) near � = ��0 (Fig. 1c).Is is relatively easy to �nd a control which guarantees that the solution remains closeto '(�). This is due to the fact that the vector �eld �x2 is a codimension two singularitywith unfolding dxdt = x(�� x) + �: (15)If � is a positive constant, this equation has two families of equilibria which do not intersect.The family located in the half plane x > 0 is asymptotically stable and lies at a distanceof order �1=2 from x = '(�). This implies that the solution of the initial value problem"dxd� = x(� � x) + u0; x(�0) > �0; �0 < 0; u0 > 0 (16)stays near '(�) provided " is su�ciently small (Fig. 1d). More precisely, there exists acontinuous function �(") with lim"!0 �(") = 0 such that the solution will track the upperequilibrium if u0 > �("). Thus, the smaller the drift velocity ", the weaker the control hasto be. It is known [EM] that �(") goes to zero faster than any power law.Example 3.3 (Diverging solutions).For the equation "dxd� = (x� 2�)(� � x); (17)4



a c ex x x� � �
b d fx x x� � �
Figure 1. Exchange of stability for dynamic transcritical bifurcations. Light curves rep-resent solutions of the time-dependent equation, heavy curves represent stable (full) andunstable (broken) equilibria of the static system. (a) Solutions of (12) track the singularstable solution ' = j� j. (b) This behaviour subsists if we add a negative constant to (12),provided " is large enough. If " is too small, the solution slips through the gap. (c) Thesolution of (14) with initial condition x0 > 0 at �0 < 0 exhibits a jump at � = ��0. (d)This jump is suppressed if we add a small positive control. (e) The uncontrolled system(17) has diverging solutions. (f) A su�ciently large additive control suppresses this diver-gence.we have '1(�) = � and '2(�) = 2� . Solutions of this equation diverge for some � 6 0(Fig. 1e). This can be avoided by adding a control"dxd� = (x� 2�)(� � x) + u0; (18)which splits the equilibrium branches if u0 > 0 (Fig. 1f). In this case, we must haveu0 > �(") = ". Note that if u0 = ", the change of variables y = x� � transforms (18) into(14). The same qualitative features hold if '02(0) > '01(0) > 0.3.2 Pitchfork BifurcationSimilar results hold for the pitchfork bifurcation. Assume that the uncontrolled vector�eld f0(x; �) has a family of equilibria x = '0(�) which is stable for � < 0 and unstable for� > 0. For positive � , there exist two additional stable equilibria '�(�) = �cp� +O(�).Example 3.4 (Immediate exchange of stability).Assume that the uncontrolled system has the form"dxd� = (x� �)(� � x2): (19)5
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Figure 2. Exchange Of stability for pitchfork bifurcations. (a) Solutions of (19) trackthe lower stable equilibrium. (b) A su�ciently large positive control makes the systemfollow the upper equilibrium. (c) The same occurs for system (23).It is shown in [LS2] that the solutions will track the lower branch '�(�) after the bifur-cation (Fig. 2a). More precisely, let'(�) = ('0(�) if � < 0,'�(�) if � > 0. (20)In [B1] we obtained the existence of an attracting particular solution x(�) satisfyingjx(�) � '(�)j 6 8>>>><>>>>:M"j� j�1 if �T 6 � 6 � "1=2,M"1=2 if �"1=2 6 � 6 ",M�1=2 if " 6 � 6 "1=2,M"j� j�3=2 if "1=2 6 � 6 T , (21)for some positive M and T .One may wish to make the solution track the upper equilibrium '+(�) after the bifur-cation. This can be achieved by adding a constant control of the form"dxd� = (x� �)(� � x2) + u0; (22)with u0 > �(") = " (Fig. 2b).Example 3.5 (Delayed exchange of stability).The uncontrolled system "dxd� = �x� x3 (23)displays a bifurcation delay similar to Example 3.2. One can provoke an immediate ex-change of stability by adding a constant control u0; there exists a function �(") such thatsolutions track the upper equilibrium �1=2 if u0 > �(") (Fig. 2c) and the lower equilibrium��1=2 if u0 < ��("). The function �(") goes to zero faster than any power law [EM].3.3 Bifurcations with Identically Zero EquilibriumOne can encounter systems of the form (10) for which f(0; �) = 0 for all � . This happens,for instance, when f is symmetric under the transformation x ! �x. In such a case, we6



can write the uncontrolled system in the form"dxd� = a(�)x+ g(x; �); (24)where jg(x; �)j 6Mx2 for jxj 6 d. Assume that we start in the basin of attraction of theorigin at a time �0 at which a(�0) < 0. Then one can show [B1, NS1] thatx(�) = O(") for �0 +O("jln "j) 6 � 6 �(�0) +O("jln "j); (25)where �(�0) > �0 is the �rst time such thatZ �(�0)�0 a(�) d� = 0: (26)If, for instance, a(�) is negative for � < 0 and positive for � > 0, the delay time �(�0) isobtained by making equal the areas delimited by the � -axis, the curve a(�) and the times�0, 0 and �(�0), see Fig. 3a.The delay can be suppressed by adding a constant control as in Examples 3.2 and 3.5.If, however, one does not wish to destroy the equilibrium x = 0, it is possible to in
uencethe delay by a linear control u(x) = cx. The behaviour will strongly depend on the initialcondition.Example 3.6 (Pitchfork bifurcation).Consider again the equation of Example 3.5, but with a linear control"dxd� = �x� x3 + cx: (27)If we start at some distance of x = 0 at �0 < 0, the bifurcation is translated to the time�c, while the delay time is given by �(�0) = �2c � �0. The e�ect of the control is thustwice as large as expected from the static theory.Example 3.7 (Relaxation oscillations).If f0(x; �) depends periodically on time, the system may exhibit relaxation oscillations,which are periodic solutions with alternating slow and fast motions [MR]. This happensfor instance for the equation "dxd� = (A+ sin �)x� x3; (28)if 0 < A < 1. The oscillations may be suppressed by adding a linear control u(x) = �Ax,although from the static theory one would expect that a control u(x) = �(A + 1)x werenecessary.4 Two-Dimensional Center ManifoldWe consider now the two-dimensional version of (4). By an appropriate choice of variables,it can be written as "dxd� = f1(x; �)"dyd� = f2(x; �) + u(x; �): (29)7
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Figure 3. Determination of the bifurcation delay time. (a) In the case of the one-dimensional equation (24), the delay is simply obtained by making two areas the same.(b) In the case of a Hopf bifurcation, there is a maximal delay �+ given by the largest realtime which can be connected to the negative real axis by a path with constant Re	. Thispath must have certain properties described in [Ne3], in particular the equation should beanalytic in the shaded region.4.1 Hopf BifurcationWe assume that the static uncontrolled systemdxdt = f1(x; �)dydt = f2(x; �) (30)admits a family of equilibria such that the eigenvalues of the linearization are of the forma(�) � i!(�), with a(0) = 0, a0(0) > 0 and !(0) 6= 0. It is known that the systemcan in general be controlled by a smooth feedback in such a way that the bifurcation issupercritical, that is, a stable periodic orbit exists for positive � [Ae].When � = "t is made slowly time-dependent and the right-hand side of (30) is analytic,the bifurcation is delayed, as has been proved by Neishtadt [Ne1, Ne2] (Fig. 5a). Unlikein the case of pitchfork bifurcations, this delay also exists when the equilibrium dependson �, and is stable with respect to analytic deterministic perturbations.Example 4.1 (Hopf bifurcation).Consider the system"dxd� = �(x� �) + !0y � �(x� �)2 + y2�(x� �)"dyd� = �!0(x� �) + �y � �(x� �)2 + y2�y; (31)which admits the family of equilibria (�; 0). The linearization around them has eigenvalues� � i!0. The complex variable � = x� � + i y satis�es the equation"d�d� = (� � i!0)� � j�j2� � ": (32)The delay phenomenon can be understood by considering the linearization of (32), which8



admits the solution �(�) = e[	(�)�	(�0)]=" �(�0)� Z ��0 e[	(�)�	(s)]=" ds;	(�) = Z �0 (s� i!0) ds = 12�2 � i!0�: (33)The �rst term is small for �0 < � < ��0, as in the case of the pitchfork bifurcation. Acrucial role is played by the second term, which is due to the � -dependence of the equilibria.It can be evaluated using a deformation of the integration path into the complex plane.The function 	(�) can be extended to complex � and we haveRe	(�) = 12�(Re �)2 � (Im � � !0)2 + !20�: (34)The level lines of this function are hyperbolas centered at � = i!0. The integral in (33) issmall if we manage to connect �0 and � by a path on which Re	(s) > Re	(�), i.e., if wenever go uphill in the landscape of Re	(s). This is possible if� 6 �̂ = min���0; !0	: (35)The existence of the maximal delay � = !0 is a nonperturbative e�ect, entirely determinedby the linearization around the equilibria.The computation of the delay in the general case is discussed in [Ne3]. It is given bythe formula �̂ = min��(�0); �+	; (36)where �(�0) is de�ned by (26), and the maximal delay �+ can be determined by the levellines of Re	(�) (Fig. 3b).This shows in particular that the delay is robust, and the jump transition occurringat the delay time �̂ cannot be avoided by adding a small constant control, as in the caseof the pitchfork bifurcation. We may, of course, use a linear control which shifts the realpart of the eigenvalues of the linearization, in order to increase the delay as in Section 3.3.This, however, will only postpone the problem to some later time, if the real part of thelinearization is monotonically increasing.Here we propose a di�erent strategy to avoid a jump. We would like to provoke animmediate exchange of stability in order to detect the bifurcation point before it is toolate. Expression (36) for the delay time shows that this can only be done by decreasingthe bu�er time, which might be achieved by shifting the imaginary part of the eigenvalues.This will create a bifurcation with double zero eigenvalue, which we study below.4.2 Double Zero EigenvalueWe start by analysing the autonomous control systemdzdt = f(z; �) + b u(z; �); z 2 R 2 ; (37)where f(z; �) admits an equilibrium branch z?(�) such that the linearization @zf(z?(�); �)has eigenvalues a(�) � i!(�), with a(0) = 0, a0(0) > 0 and !(0) = 1 (this value of !(0)may be achieved by a rescaling of time). Let F (z; �) = f(z; �) + b u(z; �). The scalarfeedback u(z; �) is determined by two requirements:9



1. The matrix @zF (0; 0) should have a double zero eigenvalue.2. In analogy with works on stabilization of bifurcations [Ae], the origin should be astable equilibrium of (37) when � = 0.After a suitable a�ne transformation, we can write (37) asdxdt = a(�)x+ !(�)y + g1(x; y; �)dydt = �!(�)x+ a(�)y + g2(x; y; �) + ~u(x; y; �); (38)where g1 and g2 are of order x2+y2. We have used the fact that the linear part is rotationinvariant, so that we may take b = � 01 �.For � = 0, we propose the control~u(x; y; 0) = x+ v1x2 + v2xy + v3y2 + v4x3; (39)where the coe�cients v1; : : : ; v4 have yet to be determined. The system (38) takes theform dxdt = y + c1x2 + c2xy + c3y2 + c4x3 + � � �dydt = (d1 + v1)x2 + (d2 + v2)xy + (d3 + v3)y2 + (d4 + v4)x3 + � � � ; (40)where ci and di are the Taylor coe�cients of g1 and g2 at the origin, respectively. A normalform of (40) is dxdt = ydydt = 
x2 + �xy + �x2y + �x3 +O(kzk4); (41)where the coe�cients �, �, 
 and � are algebraic functions of ci, di and vi. This systemhas already been studied by Takens [Ta, GH]. If 
 6= 0 or � 6= 0, the origin is an unstableBogdanov{Takens singularity. We thus require that 
 = � = 0 (which amounts to imposingthat v1 = �d1, v2 = �d2 � 2c1). For the origin to be stable, we require moreover that�; � < 0, which imposes some inequalities on v3 and v4.For general values of �, we choose a control of the form~u(x; y; �) = (1 + C�)~u(x; y; 0): (42)After inserting this into (38), carrying out a linear transformation and computing thenormal form, we get the systemdxdt = ydydt = �(�)x+ 2a(�)y + 
(�)x2 + �(�)xy � x2y � x3 +O(kzk4); (43)where 
(0) = �(0) = 0, and �(�) = [C � !0(0)]� +O(�2) (44)10
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Figure 4. Schematic bifurcation diagram of equation (43) in the plane 
 = � = 0. Thetransition A-B is the original Hopf bifurcation. By moving the eigenvalues' imaginaryparts to 0, we change the function �(�) in such a way that �(0) = 0. This producesnew bifurcation lines. The transition A-F is a supercritical saddle-node bifurcation, thetransition C-B a subcritical one. D-C is a subcritical Hopf bifurcation, D-E a homoclinicbifurcation and E-F a saddle-node bifurcation of periodic orbits.can be in
uenced by the choice of C. This equation happens to be a codimension-fourunfolding of the singular vector �eld (y;�x2y � x3) which has been studied in detail, see[KKR, VT] and references therein. The bifurcation diagram in the section 
 = � = 0 hasalready been studied in [Ta], it is shown in Fig. 4.We now consider the time{dependent version of (37),"dzd� = f(z; �) + b u(z; �): (45)It can be shown that similar transformations as above yield the equation"dxd� = y"dyd� = �(�)x+ 2a(�)y + 
(�)x2 + �(�)xy � x2y � x3 +O(kzk4) + "R(x; y; �; "); (46)where R(0; 0; �; 0) is directly related to the drift dd� z?(�) of the nominal equilibrium.The dynamics of (46) depends essentially on the path ((a(�); �(�)) through the bifur-cation diagram of Fig. 4, the e�ect of 
(�) and �(�) is small in a neighbourhood of the11
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Figure 5. Solutions of equation (46) in the case 
 = � � 0, R � 1, a(�) = 2� anddi�erent functions �(�). (a) �(�) = �0:2: We traverse the bifurcation diagram of Fig. 4from region A to region B. The system undergoes a Hopf bifurcation, which results in thedelayed appearance of large amplitude oscillations. (b) �(�) = 0: The delay is suppressed,but we still have oscillations. (c) �(�) = a(�): We cross the bifurcation diagram fromregion A to region C. The trajectory starts by following the unstable focus, before beingattracted by the limit cycle. (d) �(�) = 2:5a(�): Theorem 4.2 applies, there is immediateexchange of stabilities between the nominal equilibrium and a stable focus.bifurcation point. Various typical solutions are shown in Fig. 5. If we go from region A toregion B, the Hopf bifurcation induces the usual delayed appearance of oscillations (Fig.5a). If we go into region C, the delay is suppressed, but we still have oscillations (Fig.5b,c). If, however, d�=da(0) is large enough to reach one of the regions D, E or F, thereis an immediate exchange of stabilities with a stable focus (Fig. 5d). In [B3] we prove thefollowing result on exchange of stabilities:Theorem 4.2. Assume that �0(0) > 0. There exist positive constants d, T , M , � and aneighbourhood M of the origin in R 2 with the following property. For every �0 2 [�T; 0),there is a constant c1 > 0 such that for su�ciently small ", any solution of (46) withinitial condition (x; y)(�0) 2M satis�esjx(�)j 6M "j� j ; jy(�)j 6M "j� j1=2 ; for �1(") 6 � 6 � � "d�2=3, (47)jx(�)j 6M"1=3; jy(�)j 6M"2=3; for �� "d�2=3 6 � 6 � "d�2=3; (48)
12



where �1(") = �0 + c1"jln "j. If, moreover, the relationsa0(0)�0(0) < 12 ; R(0; 0; 0; 0) 6= 0 (49)hold, then for ("=d)2=3 6 � 6 T we havejx(�) � x+(�)j 6Mh "� + "1=2�1=4 e���2="i;jy(�)j 6Mh "�1=2 + "1=2�1=4 e���2="i; (50)where x+(�) = (p�+O(�); if R(0; 0; 0; 0) > 0,�p�+O(�); if R(0; 0; 0; 0) < 0 (51)are equilibria of (43), i.e., the right-hand side of (43) vanishes when x = x+ and y = 0.The control that we have constructed is robust in the following sense. If the coe�cientsin the feedback (39) are not perfectly adjusted, the functions �(�), 
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