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Stochastic differential equation
a.k.a. (overdamped) Langevin equation

dzy = —VV () dt + v/ 2e dW;

>V :R? — R: potential, growing at infinity
> Wi d-dim Brownian motion

Equivalent notation :

= -VV(z)+ V2§
> & Gaussian white noise, (&) = 0, (&&s) = d(t — s)



Stochastic differential equation
a.k.a. (overdamped) Langevin equation

dzy = —VV (z4) dt + /2 dW;

>V :R? — R: potential, growing at infinity
> Wi d-dim Brownian motion

Equivalent notation :
T =—-VV(z)+ V2

> & Gaussian white noise, (&) = 0, (&&s) = d(t — s)
Some properties :

> Invariant probability measure : u(dz) = £ e~V (@)/cdy
> System is reversible w.r.t. u (detailed balance)
p(y,tlz,0) eV @)/e = p(z,tly,0) e~V W)/
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Main question

Assume V(z) has several (= at least
two) local minima.

How long does the system need on
average to go from one minimum to
another one (for e < 1)7?




Main question

Assume V(z) has several (= at least
two) local minima.

How long does the system need on
average to go from one minimum to
another one (for e < 1)7?

7y - first-hitting time of small ball B:(y), starting in x
“Arrhenius law" (van 't Hoff 1885, Arrhenius 1889)
E[rZ] ~ const elV(2)=V(@)l/e
“(Eyring—)Kramers law"” (Eyring 1935, Kramers 1940)
e Dim 1: E[r}] =~ 2 elV(z)—V(x)]/e

VV(@)[V"(2)]

- : ] ~ 2T [det(V2V ()| A[V(2) -V (z
e Dim> 2: E[Ty] ~ T\ et (V2 () elV(2)=V(z)]/e




Plan

Proof(s) of Kramers' law

> T heory of large deviations [Freidlin, Wentzell]

> Analytic approaches
— WKB theory
— Potential theory [Bovier, Eckhoff, Gayrard, Klein]
— Witten Laplacian [Helffer, Klein, Nier]

Generalizations and limits

> Non-quadratic saddles
> SPDES
> Non-gradient systems : cycling



Theory of large deviations (I/III) [Freidlin, Wentzell, '69]

dzy = f(x¢) dt 4+ v2e dW;

Large-deviation principle (LDP) :

P{z; ~ ¢(t),0 <t < T} ~ e 1(¥)/2e

More precisely, for any set [ of continuous paths on [0, T]

— ilgfl < lim icr)1f2<s|og P{(xz¢) e '} <limsup2elogP{(x) e '} < —infl
° e— e—0 r

Infinite-dimensional Laplace (saddle point) method [ e w(®)/2e dy ~ e~ infrw/2e



Theory of large deviations (I/III) [Freidlin, Wentzell, '69]

dzy = f(x¢) dt 4+ v2e dW;

Large-deviation principle (LDP) :

P{zs ~ p(t),0 <t < T} ~ e—1(p)/2e

More precisely, for any set I' of continuous paths on [0, T]

— ilgfl < lim ingeIog P{(xz¢) e '} <limsup2elogP{(x) e '} < —infl
° e— e—0 r

Infinite-dimensional Laplace (saddle point) method [ e w(®)/2e dy ~ e~ infrw/2e

LDP is known to hold with the rate function
1 /T >
1(9) =5 | () = Flp@)]? at

> Case f = 0 : Schilder’s theorem (1966)
Proof uses Cameron-Martin-Girsanov formula
> General f : Freidlin and Wentzell (1969)
Proof uses contraction principle and Euler approximation



Theory of large deviations (II/III) - exit problem
First exit time from D CR?: r = inf{t > 0: z; & D}
Assume D C basin of attraction of stable equilibrium point x* € D

Quasipotential : V = inf inf inf I(p)
2€0D T>0 o: p(0)=z*,p(T)=z2

Theorem [Freidlin, Wentzell, '69] : Vxqg € D, Iin% 2¢log E*0[r] =V
E—>

Proof :

> For any zg € D, x: is likely to hit small nbh of x* in finite time

> LDP = probability of leaving D in time T close to p = e V/2e
> By Markov property, attempts of leaving D almost independent = E[r] ~ 1/p



Theory of large deviations (II/III) - exit problem
First exit time from D CR?: r = inf{t > 0: z; & D}
Assume D C basin of attraction of stable equilibrium point x* € D

Quasipotential : V = inf inf inf I(p)
2€0D T>0 o: p(0)=z*,p(T)=z2
Theorem [Freidlin, Wentzell, '69] : Vxqg € D, Iin% 2¢log E*0[r] =V
E—>

Proof :

> For any zg € D, x: is likely to hit small nbh of x* in finite time

> LDP = probability of leaving D in time T close to p = e V/2e
> By Markov property, attempts of leaving D almost independent = E[r] ~ 1/p

Gradient case . f = -VV

1 T T
o) =7 /0 16—V (o(8))| dt + 2 /O ((8), VV ((1))) dt

7

=V (o(T)) -V (2(0))

First term can be made arbitrarily small = V = 2[ian11;V — V(zM)]
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Theory of large deviations (III/III) - conclusion

Corollary : For double-well potential

im ¢ log E“/‘[T&(y)] =V(z) - V(x)

e—0

(Arrhenius law)

Remarks

> LDP also yields information on exit location and optimal path
> Multiwell case described by hierarchy of ‘“cycles”

> Nongradient case . described by solving variational problem

> Prefactor cannot be obtained by this approach



Analytic approaches (I1/V)

172 172

Symmetric random walk on Z R TN TN B

O
=0
O
O
O

> Prob of hitting A before B starting in x :
hap(x) =Pty < 7B}
=Py <71|X1 =12 — 1}% + Py < 8| X1 =2+ 1}%
= Sha p(z — 1) 4+ 5hy gz + 1)
= Ahy p =0, A discrete Laplacian (= ha p is harmonic)



Analytic approaches (I1/V)

172 172

Symmetric random walk on Z - o

O
=0
O
O
O

> Prob of hitting A before B starting in x :

hap(x) =P{14 <7p}
=Py < 7plX1 =2~ 1}5 + P <7p|X1 =z +1}3
= %hA,B(QU — 1)+ %hA,B(x +1)

= Ahy p =0, A discrete Laplacian (= ha p is harmonic)

> Expected first-hitting time of A starting in x :
wy(z) =) kP {r4 =k}
k
= Zk[%l@x_l{TA =k—1}+ %Px_l_l{TA =k — 1}}
k
= (k+ 1)[3P" Hra =k} + 3P" T {74 = k}]
k

= %wA(a:— 1) —I—%wA(a:—I— 1)+1
— AwA = -2



Analytic approaches (I1/V)

Brownian motion in R< :
> hy g(x) = P*{T4 < 7} satisfies
SAhy p(z) =0
hap(z) =1
hap(x) =0

>wy(x) = E¥[14] satisfies

%AwA(:B) = —1

w(T) =

0

x € (AU B)°
r e A
r € B

x e A°
r e A



Analytic approaches (I1/V)
Brownian motion in R¢ :
> hy g(x) = P*{T4 < 7} satisfies

2Ahyp(x) =0 z € (AU B)¢
hA,B(SC)Zl x e A
hA’B(a?):O rEB

>wy(x) = E¥[14] satisfies

SAwp(z) =-1  z €A
wyp(zx) = O x e A

Reversible diffusion dzy = —VV () dt + v/2e dW;

Same PDEs hold with 3A replaced by L = A — VV(z) -V
[Dynkin, 1965]
Generator of diffusion L is adjoint of Fokker—Planck operator



Analytic approaches (II/V) : one-dimensional case
(Lu)(z) = euv’(z) — V(2)u/'(2)

> A= (—c0,a),B=1(b00),a<x<b

P14 <t} = xb ~exp—|supV —supV
/ eV W)/ gy € L[x,b] [a,b]
a

—close to 1 if £ in basin of attraction of a
— exponentially small otherwise



Analytic approaches (II/V) : one-dimensional case
(Lu)(z) = euv’(z) — V(2)u/'(2)

> A= (—c0,a),B=1(b00),a<x<b

P14 <t} = f’?b ~exp—|supV —supV
/ eV W)/ gy € L[x,b] [a,b]
a

—close to 1 if £ in basin of attraction of a
— exponentially small otherwise

> A= (—-oc0,a),r > a
Eor,] = = /f“ /yooe[v<y>—v<z>]/sdzdy

g Ja

Assume = > c¢c > b > a, b local maximum, ¢ minimum of V
= Integrand maximal for (y,z) = (b, c)
Laplace method vields Kramers law



Analytic approaches (III/V) : link to semiclassical analysis

> L =cec¢A —VV(x)-V is self-adjoint in L2(R42, e~ V/¢dz)
Manifestly self-adoint form : L =ceV/ev.e Viey

10
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> L = e V/2¢ [,eV/2¢ s self-adjoint in L2(R<,dx)
In fact L =eA 4 1U(z) is a Schrodinger operator
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Analytic approaches (III/V) : link to semiclassical analysis

> L =cec¢A —VV(x)-V is self-adjoint in L2(R42, e~ V/¢dz)
Manifestly self-adoint form : L =ceV/ev.e Viey

> L = e V/2¢ [,eV/2¢ s self-adjoint in L2(R<,dx)
In fact L =eA 4 1U(z) is a Schrodinger operator
with potential U(z) = 2eAV (2) — 2| VV (2)]?

> Example :

V(x) = %5134 — %:132 = U(x) = —%xz(azz —1)° 4 %5(:132 — 1)
Tunelling through nonresonant wells requires hard methods

(microlocal analysis)
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Analytic approaches (III/V) : link to semiclassical analysis

> L =cec¢A —VV(x)-V is self-adjoint in L2(R42, e~ V/¢dz)
Manifestly self-adoint form : L =ceV/ev.e Viey

> L = e V/2¢ [,eV/2¢ s self-adjoint in L2(R<,dx)
In fact L =eA 4 1U(z) is a Schrodinger operator
with potential U(z) = 3eAV (z) — ||VV (2)||?

> Example :

Viz) = %584 — %:132 = U(x) = —%xz(azz —1)° 4 %5(:132 — 1)

Tunelling through nonresonant wells requires hard methods

(microlocal analysis)

> Results based on matched asymptotic expansions
e.g. Matkowsky and Schuss (1979), Buslov and Makarov (1988),
Kolokoltsov and Makarov (1996), Maier and Stein (1997)

> Rigorous bounds on eigenvalues of L
e.g. Holley, Kusuoka and Stroock (1989), Mathieu (1995), Miclo (1995)



Analytic approaches (IV/V) : Potential theory
[Bovier, Eckhoff, Gayrard, Klein, '04]

Consider again Brownian motion
First-hitting time 74 = inf{t > 0: W; € A}, A C R¢

Recall : wg(x) = E*[r4] satisfies

%AwA(:U) = -1 x e A°
wyplx) =0 x e A
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Analytic approaches (IV/V) : Potential theory
[Bovier, Eckhoff, Gayrard, Klein, '04]

Consider again Brownian motion
First-hitting time 74 = inf{t > 0: W; € A}, A C R¢

Recall : wg(x) = E*[r4] satisfies

%AwA(az) = -1 x e A°
wp(x) =0 x e A

G gc(z,y) Green's function = wy(x) = —/AC G pgc(x,y) dy

11-a



Analytic approaches (IV/V) : Potential theory
ha p(x) = P*{1y < Tp} satisfies

fAhyp(x) =0 z € (AU B)°
hA’B(CE):l x e A
hA,B(ZE)ZO r €D
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Analytic approaches (IV/V) : Potential theory
ha p(x) = P*{1y < Tp} satisfies

FAhyp(z) =0  z€(AUB)C
hA’B(CB):l x e A
hap(x) =0 x € B

= hap(e) = [ Gpe(z,y) pap(dy)
pa B . 'surface charge density” on 0A

@




Analytic approaches (IV/V) : Potential theory

Capacity: capy(B) = '/M PA,B(dy)‘

13



Analytic approaches (IV/V) : Potential theory
Capacity: capy(B) = '/(M PA,B(dy)‘

Key observation: let C = B:(x), then (using G(y,z) = G(z,v))

h g =// G ac(y, dz) d
/AC caly) dy= | [ Gaely,2)pc,a(dz) dy

= — /ac wA(2)pc,A(dz) = wy(z) capc(A)

— Ex[TA] = ’LUA(x) ~ CapB : )(A)

13-a



Analytic approaches (IV/V) : Potential theory
Capacity: capa(B) = '/(M PA,B(dy)‘
Key observation: let C = B:(x), then (using G(y,z) = G(z,v))

h dy=[ [ Gal, dz) d
/AC caly) dy= | [ Gaely,2)pc,a(dz) dy

= — /ac wA(2)pc,a(dz) = wa(z) capc(A)

[ . w)
cd pBe(x) (A)

= E*[14] = wa(x) ~

Variational representation: Dirichlet form

Vh 2dr = inf Vh(z)|? d
|Vha p(x)]|© d Rt 5 (AUB)CII (z)||© dx

capa(B) = |

(AUB)¢

(Hap : set of sufficiently smooth functions satisfying b.c.)
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Analytic approaches (IV/V) : Potential theory

General case : daxy = —VV (xy) dt + v/2e dW,
Generator : eA —-VV -V

Then
- [, ey, aw) V@ dy
[T4] = wa(z) ~ Cabp ) ()
where
capa(B) = e inf IVh(z)||2e”V(®)/e gz

h€Hy B J(AUB)®

Rough a priori bounds on h show that if x potential minimum,

2 d/2 e_v(iﬂ)/e
/cth(x),A(y) eV (W/e gy ~ (2me)
\/det(VQV(x))

14



Analytic approaches (IV/V) : Potential theory

Theorem [A. Bovier, M. Eckhoff, V. Gayrard, M. Klein 2004]
In the double-well situation :

o J [det(V2V (2))| e[V(z)—V(w)]/a[1_|_(’)(51/2|Iog 8|3/2)}

B 75, )] = A1 ()| det(V2V(x))

15



Analytic approaches (IV/V) : Potential theory

Theorem [A. Bovier, M. Eckhoff, V. Gayrard, M. Klein 2004]
In the double-well situation :

21 | |det(V2V(2))] e[V(z)—V(x)]/a[1+O(€1/2||Og€|3/2)}

Ex[TBs(y)] — \ d 2
[A1(2)]\ det(V=V(x))
Proof :
> Upper bound on capacity : use one-dimensional solution for h
> Lower bound on capacity : a-priori bounds on h near unstable manifold W,
Solve variational problem for fixed b.c. transversally to W,
Bound Dirichlet form below by retaining only derivatives along W,

15-a



Analytic approaches (IV/V) : Potential theory

Theorem [A. Bovier, M. Eckhoff, V. Gayrard, M. Klein 2004]
In the double-well situation :

o |det(V2V(z))|e[V(z)—V(w)]/e
X (2)|\ det(V2V(z))

E7 [, )] = 14+0(c/?Jloge[*/?))

Proof :

> Upper bound on capacity : use one-dimensional solution for h

> Lower bound on capacity : a-priori bounds on h near unstable manifold W,
Solve variational problem for fixed b.c. transversally to W,
Bound Dirichlet form below by retaining only derivatives along W,

More results by [BEGK] :

> Distribution of TB(y) is close to exponential (see also [Day, 1983])
> Multiwell case (metastable hierarchy)

> Sharp estimates for small eigenvalues of generator

> Eigenfunction of generator well-approximated by certain h 4 g
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Analytic approaches (IV/V) : Potential theory

Multiwell case : 4 order x1 < x> < --- < xp On local minima of V

Metastable hierarchy M = {x1,...x}

Then [BEGK] obtain Kramers formula for

E*k [Ta—nbh of /\/lk_l]
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Analytic approaches (IV/V) : Potential theory
Multiwell case : 4 order x1 < x> < --- < xp On local minima of V
Metastable hierarchy M = {z1,...x}

Then [BEGK] obtain Kramers formula for

E*k [Ta—nbh of /\/lk_l]

Example :
3<1<2

Ellrs] ~ Oy eh1/e
EQ[T{]_,?)}] ~ CQ ehz/s

However E2[r3] > C, eh2/¢
In fact, E2[r3] ~ C'efl/¢




Analytic approaches (V/V) : Witten complex [Helffer, Klein, Nier, '04]

> Hodge Laplacian or Laplace-de Rham operator :
Ay =dd*+d*d= (d+ d*)2 where d exterior derivative
A%) . A restricted to p-forms. A%?) — — usual Laplacian

ker A%’) ~ ker d(®) /Im d(®—1) (de Rham cohomology)
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Analytic approaches (V/V) : Witten complex [Helffer, Klein, Nier, '04]

> Hodge Laplacian or Laplace-de Rham operator :
Ay =dd*+d*d= (d+ d*)2 where d exterior derivative
A%’) . A restricted to p-forms. A%?) — — usual Laplacian

ker A%’) ~ ker d(®) /Im d(®—1) (de Rham cohomology)

> Witten Laplacian :
AV75 — dV,e’:“d*Vg _I_ d*VE dV,{:‘ Whel’e dV,€ p ge_v/5 dev/€

A = _2A 4 |VV|2 - AV



Analytic approaches (V/V) : Witten complex [Helffer, Klein, Nier, '04]

> Hodge Laplacian or Laplace-de Rham operator :
Ay =dd*+d*d= (d+ d*)2 where d exterior derivative
A%’) . A restricted to p-forms. A%?) — — usual Laplacian

ker A%’) ~ ker d(®) /Im d(®—1) (de Rham cohomology)

> Witten Laplacian :
Ay, =dy.dj, .+ dj,_dy,. where dy, = ce—V/egeV/e

A = _2A 4 VY2 —cav
> Intertwining relation : A%}S) dg/os) = dg/os)Ag/og)

Eigenfunctions of A&Q localised near critical points of index p
Can be studied with WKB theory
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Analytic approaches (V/V) : Witten complex [Helffer, Klein, Nier, '04]

> Hodge Laplacian or Laplace-de Rham operator :
Ay =dd*+d*d= (d+ d*)2 where d exterior derivative
A%’) . A restricted to p-forms. A%?) — — usual Laplacian

ker A%’) ~ kerd(®) /Im d(®—1) (de Rham cohomology)
> Witten Laplacian :
Ay =dydi,_ +di,_dy. where dy, =ce V/cde"/e
A = _2A 4 |VV|2 - AV
L n - AL 400) _ 4(0) A (O)
> Intertwining relation Av,s dv’8 = dVﬁAV’8
Eigenfunctions of A&Q localised near critical points of index p
Can be studied with WKB theory

> Results :

— Full asymptotic expansion of prefactor
[Helffer, Klein and Nier 2004]

— Case of manifold with boundary
[Helffer and Nier 2006]



Extension 1 : Non-quadratic saddles

What happens when det(V2V (z)) = 07
Occurs at bifurcations in parameter-dependent systems
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Extension 1 : Non-quadratic saddles

What happens when det(V2V (z)) = 07
Occurs at bifurcations in parameter-dependent systems

Normal form : V(y) = —u1(y1)+u2(ya,-- . yx)+3 Z] k1 A Y; 24
Theorem [B, Gentz, MPRF 2010] Under growth conditions on wuq, us

/R e w22 Uk)/E dys . dy,
i 2me |

1 11 [1_|_O(5O‘|Iogs|1 a)}
/OO e~ u1(W1)/e gyyy =kt A

— 00

Cap = ¢



Extension 1 : Non-quadratic saddles

What happens when det(V2V (z)) = 07
Occurs at bifurcations in parameter-dependent systems

Normal form : V(y) = —u1(y1)+ua(y2, - yp)+5 S0y Ajye+- .
Theorem [B, Gentz, MPRF 2010] Under growth conditions on wuq, us

/ e_u2(y2,...,yk)/€ dy2 ce dyk d
) 2
cap = e/RFTE 11 ig[l—l-(’?(saﬂog 5|1+0‘)}
/ e—Ul(yl)/€ dyl J=k+1 )\j
—00

Example : Pitchfork bifucation
w1 = 3A1ly3, uo = 3X293 + Cayl
Kramers law holds with prefactor 1

(Mo++/22C2) A3...\ A
2”\/ \ime&v‘évf’m»d‘“ ( - )

where W (o) = (/21T ga?/16 ¢, (22) . 2 % %2 & o f %2 § & ¢
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Extension 2 : SPDEs
Allen-Cahn with space-time white noise :

Oru(t,x) = Ozzu(t,z) + u(t, x) — u(t, 55)3 + V2eWyy
ueR, xe€[0,L], e.g. Neumann b.c.

L
Energy functional : V[u] = /O [%u’(w)Q — %u(m)Q + %u(ac)ﬂ dx

19



Extension 2 : SPDEs
Allen-Cahn with space-time white noise :
Oru(t, ) = Opau(t,z) 4+ u(t, ) — u(t, z)3 + V2eWy,
ueR, xe€[0,L], e.g. Neumann b.c.
Energy functional : V[u] = /OL [%u’(x)Q _ %u(m)Q 4+ %u(m)ﬂ dx

Global minima : ug(x) = %1

0 if L <
Saddle : ug(z) = {i 2mosn(A2 o 4 K(m),m) if L>m, 2y/mF IK(m) =L
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Extension 2 : SPDEs
Allen-Cahn with space-time white noise :

Oru(t,x) = Ozzu(t,z) + u(t, x) — u(t, 55)3 + V2eWyy
ueR, xe€[0,L], e.g. Neumann b.c.

L
Energy functional : V[u] = /O [%u’(m)Q — %u(m)Q + %u(ac)ﬂ dx

Global minima : ug(x) = %1

0 if L <
Saddle : ug(z) = {i 2mosn(A2 o 4 K(m),m) if L>m, 2y/mF IK(m) =L

> Faris & Jona-Lasinio '82 : LDP = Arrhenius law E[r] ~ e(Vlul-VIuw])/e
> Maier & Stein '2001 : formal computation of Kramers prefactor
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Extension 2 : SPDEs
Allen-Cahn with space-time white noise :

Oru(t,x) = Ozzu(t,z) + u(t, x) — u(t, 55)3 + V2eWyy
ueR, xe€[0,L], e.g. Neumann b.c.

L
Energy functional : V[u] = /O [%u’(m)Q — %u(m)Q + %u(ac)ﬂ dx

Global minima : ug(x) = %1

0 if L <
Saddle : ug(z) = {i 2mosn(A2 o 4 K(m),m) if L>m, 2y/mF IK(m) =L

> Faris & Jona-Lasinio '82 : LDP = Arrhenius law E[r] ~ e(Vlul-VIuw])/e
> Maier & Stein '2001 : formal computation of Kramers prefactor

> T heorem [Barret, B, Gentz, in progress]
The formal result is correct

Proof : Spectral Galerkin approximation
Dimension-independent control of error terms [Barret, Bovier, Méléard 2010]
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Limitation : Cycling
Planar vector field
D cR2, 9D unstable periodic orbit

e Not reversible
e Quasipotential V constant on 9D
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Planar vector field
D cR2, 9D unstable periodic orbit

e Not reversible
e Quasipotential V constant on 9D

> Day (1990) : Arrhenius law E[r] ~ eV/¢ still holds
However, exit location cycles along 0D by angle ~ loge
> Maier and Stein (1996) : WKB-like approximation



Limitation : Cycling
Planar vector field
D cR2, 9D unstable periodic orbit

e Not reversible
e Quasipotential V constant on 9D

> Day (1990) : Arrhenius law E[r] ~ eV/¢ still holds
However, exit location cycles along 0D by angle ~ loge
> Maier and Stein (1996) : WKB-like approximation

> T heorem [B, Gentz, J. Statist. Phys. 2004]
In explicit parametrization of 9D distribution of exit location is

e—(0—00) /AT

p(0) = ftransient(0) AT Py (0 — |09(€_1))

* T period, A L;@punov exponent
x Ty = Ce—1/2eV/e Kramers time

1l .—22
« Pyp(z) = S Az — kAT), A(z) =Le 2729 (Gumbel)
keZ
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