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Chapter

Stochastic Differential Equations and
Partial Differential Equations

1.1 Brownian motion

The fundamental building block of the theory of stochastic differential equations is a math-
ematical object called Wiener process, or Brownian motion. This should not be confused with
the physical phenomenon of Brownian motion, describing for instance the erratic movements
of a small particle in a fluid, though the mathematical model has of course been introduced
as a simplified description of the physical process. There is a huge literature on properties of
Brownian motion. In what follows, we will focus on only a few of these properties that will be
important for links between stochastic and partial differential equations.

1.1.1 Construction of Brownian motion

Heuristically, Brownian motion can be defined as a scaling limit of a random walk. Let {X,,},>0
be a symmetric random walk on Z, defined as

X, = iéi ,
i—1

where the &; are i.i.d. (independent and identically distributed) random variables, taking val-
ues +1 with probability 3. The following properties are easy to check:
1. X, has zero expectation: E[X,,] = 0 for all #;
2. The variance of X,, satisfies Var(X,,) = n;
3. X, takes valuesin {-n,-n+2,...,n—2,n}, with
P(X, =k = o
=80~ 2 g ot

4. Independent increments: for all n>m >0, X,, — X,,, is independent of X;,..., X,,;

5. Stationary increments: for all n >m > 0, X,, — X,,, has the same distribution as X,,_,,.
Consider now the sequence of processes
1

= — X1,

N Lnt]

At stage n, space has been compressed by a factor n, while time has been sped up by a factor

vn (Figure 1.1).

w" teR,, neN.
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Figure 1.1 — Two realisations (one in red, the other one in blue) of a symmetric random walk on Z,
seen at different scales. From one picture to the next, the horizontal scale is compressed by a factor
5, while the vertical scale is compressed by a factor V5.

Formally, as n — oo, the processes {Wt(")}t>0 should converge to a stochastic process {W,},>
satisfying the following properties.
1. E[W;]=0forall t > 0;
2. The variance of W, satisfies

2
Var(W;) = nh_r)&(%) nt]=t.
3. By the central limit theorem, XLntJ/M converges in distribution to a standard normal
random variable. Therefore, for each ¢, W, follows a normal law #7(0, ).
4. Independent increments: for all t > s >0, W, — W; est independent of {W, }y<;<s;
5. Stationary increments: for all t >s >0, W; — W, has the same distribution as W;_g.
This motivates the following definition.

Definition 1.1.1: Brownian motion

Standard Brownian motion (also called the standard Wiener process) is the stochastic process
{Wi}>0 satisfying:

1. W, = 0;

2. Independent increments: for all ¢ > s> 0, W, — W; est independent of {W,,},,<.;

3. Stationary increments: for all t > s >0, W, — W, follows a normal law #(0,t —s).

Theorem 1.1.2: Existence of Brownian motion

There exists a stochastic process {W;};> satisfying Definition 1.1.1, and whose trajectories
t — B;(w) are continuous.

Proor:
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X1/4 ¢

Figure 1.2 — Construction of Brownian motion by interpolation.

1. We start by constructing {W,}o<;<; from a collection of independent Gaussian random vari-

ables Vi, V1,2, Vi, V3/4, Viys, ..., all with zero mean, where V; and V;,, have variance 1 and
each Vj,-» has variance 27"~V (k < 2" odd).
We first show that if X; et X; are two random variables such that X; — X; is centred, Gaussian
with variance t —s, then there exists a random variable X(;,,)/, such that the random vari-
ables X; — X(115)2 and X(15)/2 — X; are i.i.d. with law #°(0,(t -s)/2). If U = X; - X and V is
independent of U, with the same distribution, il suffices to define X(;,)» by

U+V
X = X(tes)2 = —
Uu-v
X(t+s)/2_Xs:T- (1.1.1)

Indeed, it is easy to check that these variables have the required distributions, and that they
are independent, since E[(U + V)(U - V)] = E[U?]-E[V?] = 0, and normal random variables
are independent if and only if they are uncorrelated.

Let us set Xy = 0, X; = Vj, and construct X;,, with the above procedure, taking V = V;,.
Then we construct X;,4 with the help of X, X;,, and Vj,4, and so on, to obtain a family of
variables {X;};—x2-n >1 k<on such that for t > s, X; — X; is independent of X, and has distribu-
tion #(0,t—s).

2. For n >0, let {Wt(n)}ogtgl be the stochastic process with piecewise linear trajectories on in-
tervals [k27", (k+1)27"], k < 2", and such that W), = X, (Figure 1.2). We want to show
that the sequence W™ (w) converges uniformly on [0, 1] for any realisation w of the V;. We
thus have to estimate

A(w) = sup [W" (@) - W ()|
0<t<1
(n+1) (n)
= max max |Wt (w)—-W; (a))|

0<k<2m 1 k2 << (k+1)2"

= max
0<k<2n-1

1
X(2k+1)2-0 (@) = E(XkZ‘"(‘”) + X(k+1)2-”(w))|

(see Figure 1.3). The term in the absolute value is %V(zkﬂ)zf(,m) by construction, c.f. (1.1.1),
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Figure 1.3 — Computation of A",

which is Gaussian with variance 27". Therefore,

P{A > n2—”}:lP’{ max | Viog 1)p-tr1)

0kt 2 nZ—”}

2vVn2-" V22"

0 dx
= 2-2”f e /2 =1 <const2"e ",
24/n V27

and thus

ZIP’{A(”) > Vn2="} < const Z(Ze_2)” <oo.

n=0 n=0

The Borel-Cantelli lemma shows that with probability 1, there exist only finitely many n
for which A" > /n2-. 1t follows that

]P’{ZA(”) <oo}: 1.

n=0

The sequence {Wt(n)}ogt@ is thus a Cauchy sequence for the sup norm with probability 1,
and therefore converges uniformly. For ¢ € [0, 1] we set

(n)

WO = {limnHoo W, if the sequence converges uniformly

0 otherwise (with probability 0).

It is easy to check that B? satisfies the three properties of the definition.
. To extend the process to all times, we build independent copies {Wi}i>0 and set

wp 0<t<1
WP+ Wl 1<t<2
WP+ W)+ W2, 2<t<3

P =

This concludes the proof. O]
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Remark 1.1.3: n-dimensional Brownian motion

For any n € N, one can define n-dimensional Brownian motion in the same way as in Defini-
tion 1.1.1, except that the normal laws are n-dimensional. Its components are then simply
independent 1-dimensional Brownian motions.

1.1.2 Basic properties of Brownian motion

The following basic properties of Brownian motion follow more or less immediately from Def-
inition 1.1.1.
1. Markov property: For any Borel set A CR,

P{Wt+s €A ‘ W, :x} = Lp(t+s,y|t,x)dy,

independently of {W,},;, with Gaussian transition probabilities
o~ (v—x)*/2s
V2ms '

The proof follows directly from the decomposition W;,; = W;+(W,,;—W;), where the second
term is independent of the first one, with distribution /#'(0,s). In particular, one checks the
Chapman-Kolmogorov equation: For t > u >,

p(t+sylt,x) = (1.1.2)

p(t,yls, x) = f p(t,vlu,z)p(u,zls,x)du . (1.1.3)
R

2. Differential property: For all t >0, {W;,s—W,}s>¢ is a standard Brownian motion, independent
of {Wy}u<t-

3. Scaling proprerty: For all ¢ > 0, {cW}/2}s>¢ is a standard Brownian motion.

4. Symmetry: (=W} is a standard Brownian motion.

5. Gaussian process : The Wiener process is Gaussian with zero mean (meaning that its finite-
dimensional joint distributions P{W; < x,...,W, <x,} are centred normal), and charac-
terised by its covariance

Cov{W,, W} = E[W,W,] =s At (1.1.4)

(where s At denotes the minimum of s and t).

Proor: For s < t, we have
E[W, W] = E[W(W; + W, = Wy)] = E[WS’] + E[W,(W, - Wy)] =5,
since the second term vanishes by the independent increments property. O]

In fact, one can show that a centred Gaussian process whose covariance satisfies (1.1.4) is a

standard Wiener process.

One important consequence of the scaling and independent increments properties is then
the following.

Theorem 1.1.4: Non-differentiability of Brownian paths

The paths t — W;(w) are almost surely nowhere Lipschitzian, and thus nowhere differen-
tiable.
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Proor: Fix C < oo and introduce, for n > 1, the event
3
A, = {w: ds € [0,1] s.t. [Wy(w) — Wy(w)| < Clt —s| if |t —s| < ;} .

We have to show that P(A,,) = 0 for all n. Observe that if n increases, the condition gets weaker,
sothat A, C A, 1. Forn>3and 1 <k<n-2,define

Yin(w) = %axz{'wkﬂ/n( ) = Wiksj-1y/m(@)

n-2
B {w Y; < E}
" g% k(@) < =
The triangular inequality implies A,, C B,. Indeed, let w € A,,. If for instance s = 1, then for
k =n-2, one has
3 2

|W(n—3)/n( ) - W(n 2)/n | |Wn 3/n( ) - Wi (w | IWl W(n—2)/n(w)|<c(z+z)

and thus w € B,,. It follows from the independent increments and scaling properties that

3
5C 5C 10C
P(A,) <P(B,) <nPl|W;,,|<—| =nP[|W <n .
Therefore P(A,)) — 0 for all n — co. But since P(A,) <P(A,,) for all n, this implies P(A,) =0
for all n. 0

Remark 1.1.5: Holder regularity of Brownian paths

Even though paths of Brownian motion are nowhere differentiable, one can show that they
do have a regularity that is better than continuity: namely, the paths are almost surely
(locally) Hélder continuous of exponent a for any a < 3. This can be shown by applying
the Kolmogorov—Centsov continuity criterion.

1.1.3 Brownian motion and heat equation

Observe that the Gaussian transition probabilities (1.1.3) of the Wiener process are, up to a
scaling, equal to the heat kernel. In particular, p(t,x|0,0) satisfies the heat equation

0 1
gp(t,xI0,0) = EAp(t,xIO,O)

p(0,x10,0) = 8(x),

where we write A for the second derivative with respect to x. This reflects the fact that paths
of Brownian motion have the same diffusive behaviour as solutions of the heat equation.
Similarly, transition probabilities of n-dimensional Brownian motion are given by

olly=l/2s

p(t+s,9lt,x) = “2ms) 2

and satisfy therefore the n-dimensional heat equation.

It is, however, important to realise that Brownian motion contains much more information
than the solutions of the heat equation, since it gives a probability distribution on paths t -
W;(w), rather than just a collection of probability distributions for the W;(w) with t > 0. To
illustrate the difference, we discuss two examples of modifications of Brownian motion.
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Figure 1.4 - Brownian motion reflected at level H.

Y

Example 1.1.6: Reflected Brownian motion

Denote by W/ Brownian motion reflected on the line x = H in (¢, x)-space, for a constant
H > 0. For any x < H we can write

P{W} <x} =P{W; <x}+P{W, >2H —x}.

Indeed, at least heuristically, if W;(w) < x, then one obtains a reflected path of Brownian
motion from an original path simply by reflecting all parts of the path that lie above the
line x = H. If Wy(w) > 2H —x, reflecting again all parts above the line also yields a reflected
path ending up below H. We thus have

P{Wf<x|:®(%)+cb(x_2H),

vt

where

1 x 2
D(x) = — e ¥/24
(x) @fo y

denotes the distribution function of the standard normal law. Note in particular that since
®(—x) =1 -D(x), one has P{W] < H} =1 for all ¢ > 0, as it should be. Taking the derivative
with respect to x, we obtain the density

pr(t’x) — (e_x2/(2t) +e_(2H—x)2/(2t)) ’

1
V27t
which solves

8 I ]' I

— = _ <
8tp (t,x) 2Ap (t,x) x<H,
Vp(t,H)=0,

that is, the heat equation with Neumann boundary conditions.

To discuss our second example, we will need the so-called reflection principle, which we give
here without proof.
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Y

Figure 1.5 — Reflection principle.

Proposition 1.1.7: Andre’s reflection principle
For any H > 0 and setting 7 = inf{t > 0: W, > H}, the process

. {Wt ift<t
=

“\2H-w, ift>t

is a standard Brownian motion.

Example 1.1.8: Brownian motion killed upon reaching level H
Denote by WX Brownian motion killed at level H > 0, which is defined by
P{WK < x} =P{W, <x,7 >t}

for any x < H. Note that Wk is an improper random variable for any ¢ > 0, in the sense
that the total probability is strictly smaller than 1. Since paths of Brownian motion are
continuous, we can write for any y > H

P{W,; >y} =P{W, >y, T < t}
=P{2H-W,;<2H -y, T < t}
=P{W; <2H -y, 7 < t)
=P{W,;<2H -y, t<t}.

Setting y = 2H — x, this provides us with an expression for P{W, < x, 7 < t} that yields

P{WK < x} = P{W, < x} - P{W, <x, 7 < 1)
:P{Wt <x}—P{Wt >2H—x}

This gives the density

K(t,x) = L(e—x%zt) _eeHian)

4 V27t

4
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which solves

1
;Pk(tﬂ:EAPk(t,x) x<H,
p(t,H)=0,

that is, the heat equation with Dirichlet boundary conditions.

Exercise 1.1.9: 2-dimensional Brownian motion hitting a straight line

Let W; = (Wt(l), Wt(z)) be a standard 2-dimensional Brownian motion, and let

)

r=inf{t>0: W) =1}

be the first-hitting time of the line {x = 1}. Determine the density of 7, and use it to
compute the distribution of WT(Z).

1.2 Ito calculus

While Brownian motion is a useful model with many interesting properties, one may have
to deal with more general processes, such as functions of Brownian motion. The question
then arises, what kinds of stochastic or partial differential equations are associated with these
processes.

Example 1.2.1: Brownian motion squared

Consider Brownian motion squared. Since

PWZ <x} = PlIWi| < V&) = @(ﬁ)—@(— §),
we obtain that the density of W2 is given by

2iq>( f) L ey

ox t V27ctx

This function should solve some PDE, which, however, is not straightforward to guess. In
this section, we will develop methods that will ultimately allow to determine associated
PDEs quite easily.

1.2.1 Ito’s integral

The key notion of stochastic calculus is the Ito integral, which allows to give a meaning to the

quantity
t
L f(s)dWs

for suitable, possibly random functions f. Since the Wiener process is not Lipschitzian, it
does not have bounded variation, so that the above integral cannot be defined as a Riemann—
Stieltjes integral. There are nowadays several (essentially equivalent) ways of defining the
above integral, the oldest one going back to Kiyoshi Ito.
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Fix a Brownian motion {W;};>o. The random variables {W;}o<;<; define an increasing se-
quence o-algebras {#};>( (called a filtration) that will play a key role in what follows. In par-
ticular, we will use the notion of random variables that are measurable with respect to a given
;. Intuitively, these are exactly the random variables that depend only on the behaviour of
the Wiener process up to time .

Definition 1.2.2: Ito integral of elementary functions

Fix a time interval [0, T]. A random function {e;};c[o 7] is called simple or elementary if there
exists a partition 0 =ty <t; <--- <ty =T of [0, T] such that

N
er= ) e L pa(0).
k=1

It is called adapted to the filtration {Z]}; if each ¢,  is a random variable measurable
with respect to &, . For such an elementary function, Ito’s integral is defined as

t m
J edeS = Zetk_l[wtk—Wtk_1]+€tm[wt—wtm] (12.1)
g k=1

for any t € [0, T], where m is such that t € [t,,, 1)

One easily sees that this integral is a linear functional of the integrand, and is additive with
respect to time intervals. Furthermore, since each increment [W, — W, _ ] is independent of
e, ,, the integral has zero expectation. The key property is then the following.

Lemma 1.2.3: Ito isometry

t
If-f E[e?]ds < oo, then
0

E[(Lt esdws)Z] = JOtIE[eSz]ds. (1.2.2)

Proor: Set t,,.; =t. Then

E[( [ t eSdWs)z] - E[mzl en 21, (W, = Wi (Wi - wm)]

k1=1

= mZH,E[etzkl] E[(Wtk - Wi, )2] = JOtE[eSZ] ds.
k=1

te—tk-1

We have used the property of independent increments to eliminate the terms k = [ from the
double sum, and the fact that each ¢, is measurable with respect to &. O

Ito’s isometry is an isometry between the Hilbert space Lid([O, T]xQ,P) of adapted square-
integrable processes and the Hilbert space L?(Q), P) of square-integrable random variables. For
a general square-integrable adapted process (X;);>¢, one can find a sequence of elementary e,

such that
T

lim E[(X; - eﬁ”))z] ds=0.

—>00
n 0
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The isometry (1.2.2) then shows that for any ¢ € [0, T], the following limit exists in L?(PP):

t t
lim egn)dWS ::J X, dW;.
0

—00
n 0

This is by definition the Ito integral of X; against W;. This integral has the same linearity and
additivity properties as integrals of elementary functions, and also satifies Ito’s isometry

E[(thsdws)z] = LtIE[XSZ]ds.

Ito’s formula gives a simple answer to a question we have been asking above, namely what kind
of differential relation governs functions of Brownian motion. We start by a simple example,
which however contains all the essential ideas of the general case.

1.2.2 Ito’s formula

Example 1.2.4

Let us show that ,
1 t
j W, dW, = W2 - =
0 2

> (1.2.3)

Define the sequence of elementary functions ein) = Wo-n|an). It is then sufficient to check

that

t
: (n) _lom €
r}l_)ngo . es dW, = 2Wt 5

Write t;, = k27" for k <m =|2"t] and t,,,; = t. The definition (1.2.1) implies

t m+1
2J e dW,=2) W, (W, -W, )
0 k=1
m+1
2
= I:Wti - Wti,l - (Wtk - Wtk,l) ]
k=1
m+1
2
= Wtz - Z( Wtk - Wtk,l) :
k=1
Consider now the random variable
) m+1 m+1
n 2 2
Mt = Z(Wtk_wtk—l) —t= Z[(Wtk_wtk—l) _(tk_tkfl)] . (12'4)
k=1 k=1




12 Chapter 1. Stochastic Differential Equations and Partial Differential Equations

Since all terms of the sum are independent and have zero expectation, we obtain

m+1

E[(M")]= Y E[[(W, - Wi, )= (6= tx1)]]

k=1

< (m+ DE[[(W,, - W, )? = (t, — to)]’]
< const2”IE1[[(W24«)2 - 2_n]2]

= const 27"E[[(W; )2 = 1]2]

<const2™",

owing to the scaling property. Therefore, MEH) converges to zero in L?, proving (1.2.3).

Remark 1.2.5

Using more sophisticated tools from stochastic analysis, it is possible to prove a stronger
type of convergence. Indeed, M;n) is what is known as a submartingale, for which Doob’s
inequality yields

P{ sup (Mgn))2 > n22_”} < 2"n_2E[(M§n))2] <constn™2 .

0<s<t

The Borel-Cantelli lemma then shows that

IP’{ sup |Ms(n)| <n2™?n— oo} =1,

0<s<t

proving almost sure convergence.

Consider now a stochastic integral of the form

t t
Xt:X0+j ﬁds+f gsdWg, te[0,T] (1.2.5)
0 0

where X, is a random variable independent of the Brownian motion, and f and g are two

adapted processes satisfying
T
IP’{J Iflds < oo} 1
0

T
IP’{J gszds<oo}:1.
0

The process (1.2.5) can also be written in differential form as
dX; = fidt+ g dW;.
For instance, Relation (1.2.3) is equivalent to
d(W?) =dt+2W,dW, . (1.2.6)

Ito’s formula allows to determine the effect of a change of variables on the stochastic inte-
gral (1.2.5) in a general way.
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Lemma 1.2.6: Ito’s formula

Let u : [0,00) xR — R, (t,x) > u(t,x) be continuously differentiable with respect to ¢ and
twice continuously differentiable with respect to x. Then the stochastic process Y; = u(t, X;)
satisfies the equation

P ou tou tou
Y, = Y0+J‘0 E(S,Xs)ds+J‘0 x(s,Xs)fsds+j0 g(s,Xs)ngWS

1 (" 0%u 2
+§J-O ﬁ(s,Xs)gs ds.

Proor: It suffices to prove the result for elementary integrands, and by additivity of the inte-
grals, one can reduce the problem to the case of constant integrands. In that case, X; = fot+goW;
and Y; = u(t, fot + goW;) can be expressed as functions of (t, W;). It suffices thus to consider the
case X; = W;. Now for a partition 0 =5 <t; <---<t, =t, one has

u(t, Wy) - 4(0,0) = Z[u e Wy,) = 1(t1, W )]+ [1(t1, Wa) = (b1, W, )]

n
du du
= E(tk—lf Wi ) (b —ti—1) + a(tk—lr Wy )W, =W, )
k=1
19%u ) )
5o (e, Wi )Wy =W ) +o(tk —tiq ) +O((Wy = Wy, ,)?)
tou tou L o0%u
:JO at(s W)ds+J 8x(s W)dW+ axz(s W) ds
n 2
10°u )
PP z(tk bW MWy, =Wy )7 = (B —tor)] +0(1)
k=1
The sum can be dealt with as M;n) in the above example when t; —t,_; — 0, c.f. (1.2.4). O

Remark 1.2.7

1. Tto’s formula can be written in differential form as

Ju Ju 10%u
= Xt)dt+a (LX) frdt + g W]+ 5 5 2

2. A mnemotechnic way to recover the formula is to write it in the form

dYt t Xt)gt dt

2
dYt:%d ngt L% 4x2,

where dX? can be computed using the rules
dt* =dtdw, =0, dw?=dt.

3. The formula can be generalised to functions u(t, Xil),. . .,X;n)), depending on n processes
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defined by dX ft Vdt+ gt th, to

xDaxW,

o1
dYt:%dH —dX EZ
L]

where dX( )dX( - gt(i)g,fj)dt.

Example 1.2.8

1. If X; = W; and u( ) = x2, one recovers Relation (1.2.6).
2. IfdX, =g dW, - gt 2dt and u(x) = e*, one obtains

d(eXr) = gteX’ dw; .
Therefore, M; = exp{y W; — 7%} solves the equation

th = YMtth .

Exercise 1.2.9: Ornstein—-Uhlenbeck process

Consider the two stochastic processes
t
Xt:j eSdWS, Yt:e_tXt.
0

1. Determine E[X;], Var(X;), E[Y;] and Var(Y;).

2. Specify the law of X; and Y;.

3. Show that Y; converges in distribution to a random variable Y, as t — oo, and specify
its law.

4. Express dY; as a function of Y; and W,.

Exercise 1.2.10: Stratonovich integral

Let {W;}c[o,7) be a standard Brownian motion. Let 0 = ¢y <#; <--- <ty =T be a partition

of [0, T], and let
N
5 = Zetk—l ]]'[tk—lrtk)(t)
k=1

be an elementary function, adapted to the canonical filtration of Brownian motion. The
Stratonovich integral of e, is defined by

T N
ey +e
J etoth:E S _TELAW,  where AWi =W, - W, .
0 2

k=1
The Stratonovich integral
T
J‘ Xt o th
0
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of an adapted process X; is defined as the limit of the sequence

T
J egn) o th ,
0

where e is a sequence of elementary functions converging to X, in L. Assume that this
limit exists and is independent of the sequence (™.

T
j WtOth'
0

2. Let g: R — R be a €2 function, and let X; be an adapted process satisfying

1. Compute

t
X, :J g(X)odW,  Vte[0,T].
0

Let Y; be the Ito integral
t
Y = J; g(Xs)dW;.

Show that
1

t
X,—Y, = EJ; ¢ (X)g(X)ds  Vtelo,T].

1.2.3 Stochastic differential equations
A stochastic differential equation (SDE) is an equation of the form
dXt :f(Xt't)dt+g(Xt’ t)dwtr (127)

where f,¢: Rx[0,T] — R are deterministic measurable functions. A strong solution if this
equation is by definition an adapted process satisfying

t t
Xt:X0+J f(Xs,s)ds+f (X, s)dW; (1.2.8)
0 0

almost surely for all t € [0, T], as well as the regularity conditions

T T
P{L If (Xs,5)|ds < oo} = ]P’{L g(Xs,5)%ds < oo} =1.

Here are two important examples of solvable SDEs.

Example 1.2.11: Linear SDE with additive noise
Consider the linear SDE with additive noise
dXt :a(t)Xtdt+U(t)th, (12.9)

where a and o are deterministic functions. In the particular case o = 0, the solution can be
simply written

t
X, =e*¥X,, a(t) = J a(s)ds.
0

This suggest applying the method of variation of the constant, that is, looking for a solution
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of the form X, = e Y,. Ito’s formula applied to Y; = u(X,, t) = e ") X, gives us
dY; = —a(t)e WX, dt +e ¥V dX, =e W o (t) dW,,

so that integrating and using Y, = X, one gets
t
Y, = X + J e ) g (s) dW .
0

This finally gives the strong solution of equation (1.2.9)

t
X, = Xpe®) +J e®(H=96) 5 (s) d W .
0
One checks that this process indeed solves (1.2.8) by applying Ito’s formula once again.
Note in particular that if the initial condition X is deterministic, then X; follows a normal
law, with expectation E[X,] = X,e*®") and variance

t
Var(X;) = J e2@t)-als) 5(5)2 s,
0

as a consequence of Ito’s isometry.

Example 1.2.12: Linear SDE with multiplicative noise

Consider the linear SDE with multiplicative noise
dXt = a(t)Xt dt A G(t)Xt th ,
with again 4 and o deterministic functions. We can then write

dx,

X, =andi+o(dw,.

Integrating the left-hand side, one should get log(X;), but is this compatible with Ito cal-
culus? To check this, set Y; = u(X;) =log(X;). Then Ito’s formula gives
1

1
dY, = — dX, -
t Xt t Zth

dx?

=a(t)dt+o(t)dW, — %a(t)Zdt .

Integrating and taking the exponential, one obtains the strong solution

X =Xp exp{J
0

In particular, if a = 0 and o = y, one recovers X; = X, exp{y W, — y*t/2}, which is called the
geometric (or exponential) Brownian motion.

t t

[a(s) - %a(s)z] ds + J

0 a(s)dWs}.
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We now state an existence and uniqueness result of solutions for a class of SDEs.

Theorem 1.2.13: Existence and uniqueness of a strong solution

Assume the functions f and g satisfy the following two conditions:
1. Global Lipschitz condition: there exists a constant K such that

|f (x,8) = £ (2, D)l +18(x, 1) - g(p, 1) < K|x — 9]

forall x,yeRand t€[0,T].
2. Bounded growth condition: there exists a constant L such that

|f (e, )] + 19 (e, )] < L(1 + [x])

forallxe Rand t€[0,T].
Then the SDE (1.2.7) admits, for any square-integrable initial condition Xy, a strong solu-
tion {X;}c[o,7), which is almost surely continuous. This solution is unique in the sense that
if {X;}1e0,7) and {Y4}se[o,7) are two almost surely continuous solutions, then

IP’{ sup |Xt—Yt|>0}:0.

0<t<T

We will omit the details of the proof of this result, which is very similar to corresponding
proofs in the deterministic case. Uniqueness follows by estimating the derivative of the ex-
pected difference E[|X; - Y;|*] and applying Gronwall’s lemma, while existence is obtained by
applying a fixed-point argument, or more precisely by showing that the sequence of functions

t t
xﬁ”:%+Lmeﬁw+Lgmﬁﬁdm

converges to a limit which solves the SDE.

Remark 1.2.14: Weaker conditions on drift and diffusion coefficients

The conditions on f and g in the above result can be relaxed to the following ones:
1. Local Lipschitz condition: For any compact # € R, there exists a constant K = K(%#) such
that
If (e t) = f (3 Ol +1g(x, 1) = 8(3, )] < Klx ~ |

forall x,y € Z and t € [0, T].
2. Bounded growth condition: There exists a constant L such that

xf(x,t)+g(x 1) <L*(1 +x?)

for all x, t.
Indeed, one can show that under the local Lipschitz condition, any solution path X;(w)
either exists up to time T, or leaves any compact # at a time 7(w) < T. Therefore, there
exists a random blow-up time 7, such that either 7(w) = +oc0 and then X;(w) exists up to
time T, or T(w) < T, and then X;(w) — *oo0 as t — t(w).

Under the bounded growth condition, one shows that solution paths X;(w) cannot blow
up (because the drift term does not grow fast enough, or pulls paths back towards the
origin if xf (x, t) is negative).
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Exercise 1.2.15

Solve the SDE .
dXx, = —EXtdt+ 1-X2dW,, Xy=0

using the change of variables Y = Arcsin(X).

Exercise 1.2.16

Fix r,a € R. Solve the SDE
dYt:rdt+aYtth, Y():l

1.2
—aWi+5act

by using the “integrating factor” F; = e , and considering X; = F;Y;.

1.3 Diffusions

A diffusion is a stochastic process solving an SDE of the form
dX; = f(Xy)dt+g(X;)dW;,

with a drift coefficient f (modelling a deterministic force), and a diffusion coefficient g (mod-
elling a random effect such as collisions with particles of a fluid). When speaking of diffusions,
we focus on the dependence of solutions on the initial condition Xy, = x, which is one of the
main mechanisms creating links between SDEs and PDEs.

Definition 1.3.1: Ito diffusion

A time-homogeneous Ito diffusion is a stochastic process {X;(w)};> satisfying an SDE of the

form
dX; = f(X;)dt + g(X;)dW;,  t>s5>0, X,=x, (1.3.1)

where W, is a standard Brownian motion of dimension m, and the drift coefficient f : R" —
R" and diffusion coefficient g : R" — R are such that the SDE (1.3.1) admits a unique
solution for all times.

We will denote the solution of (1.3.1) X;"".

1.3.1 The Markov property

Time homogeneity, that is, the fact that f and g do not depend on time, has the following
important consequence.

Lemma 1.3.2: Time homogeneity of the law

The processes {X, };>0 and {X}?’x};go have the same distribution.

Prook: By definition, X;Z)’x satisfies the integral equation

h h
X0 :“J f(XS'x)dv+J g(X%%)dw, . (1.3.2)
0 0
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Furthermore, X', satisfies the equation

s+h
h—x+j F(X) du+j g(Xy*)dw,

—x+f X dv+f g(X3)dwW, (1.3.3)

where we have used the change of variables u = s + v, and W, = W,,, — W,. By the differen-
tial property, W, is a standard Brownian motion, so that by uniqueness of solutions of the
SDE (1.3.1), the integrals (1.3.3) and (1.3.2) have the same distribution. O

We will denote P* the probability measure on the o-algebra generated by all random vari-
ables X", t >0, x € R", defined by

P*{X,, € Ar,..., Xy, € A} =P{X) € Ay, X € Ag)

for any choice of times 0 <t; <t; <:-- < t; and Borel sets Ay,..., Ay C R". Expectations with
respect to P* will be denoted E*.

Theorem 1.3.3: Markov propery for Ito diffusions

For any bounded measurable function ¢ : R" — R,

EX[@(Xih) | (@) = EX (X)), (1.3.4)

where the right-hand side denotes the function E¥[¢(X})] evaluated at y = X;(w).

Proor: Consider for y € R” and s > t the function

S
F(y,t,5,) = y+f FXu@Ndus | glX, (@) dW, (@)
t
Note that F is independent of &. By uniqueness of solutions of the SDE (1.3.1), we have
Xs(w) = F(X;(w), t,5,w) .

Let g(y,w) = @ o F(y,t,t+h,w). One can check that this function is measurable. Relation (1.3.4)
is thus equivalent to

E[g(X;, w |7 (poF(y,Ohw)]|

y=X(w)

We have
E[¢(X, @) | F] =E[g(y, w) | %]L:X ”

Indeed, this relation is true for functions of the form g(y, w) = ¢(v)¢(w), since
E[p(X)p(w) | 7] = pXOE[Y(@) | F] =Elpwip() | T .

It can thus be extended to any bounded measurable function, by approximating it by a se-

quence of linear combinations of functions as above. It follows from the independence of F
and % that

E[g(y, @) | Z] =Elgv, w)]
=E[poF(y,t,t+h w)]
=E[poF(y,0,hw)],

where the last equality follows from Lemma 1.3.2. The result then follows by evaluating the
last inequality at y = X;. O
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There exists an important generalisation of the Markov property to so-called stopping
times. We have already encountered such a time in André’s reflection principle, see Propo-
sition 1.1.7, with the random time 7 = inf{t > 0: W, > H}. The general definition of a stopping
time is as follows.

Definition 1.3.4: Stopping time

A stopping time is a random variable 7 : () — [0, 00] such that {t < t} € & for all t > 0. For
such a stopping time, the pre-t sigma algebra is defined by

F={AcF : An{t<t}e FHVt >0}

In what follows, it will be sufficient to know that first-exit times
T =inf{t > 0: X; ¢ A}
of an open or closed set A are stopping times. The pre-t sigma algebra is in this case the set of

all events that only depend on the behaviour of the process as long as it stays in A.
The generalisation of the Markov property to stopping times reads as follows.

Theorem 1.3.5: Strong Markov property for Ito diffusions

For any bounded, measurable function ¢ : R” — R and almost surely finite stopping time
T,

E*[@(Xesn) | F](@) = EX“op(X;)] -

Proor: The proof is a relatively direct adaptation of the previous proof. See for instance
[Dks03, Theorem 7.2.4]. O

1.3.2 Semigroups and generators

Definition 1.3.6: Markov semi-group

To any bounded measurable function ¢ : R” — R, one associates for all t > 0 the function
P, defined by

(Pp)(x) = E*[@(X,)] -

The linear operator P, is called the Markov semi-group of the diffusion.

For instance, if ¢(x) = 14(x) denotes the indicator function of a Borel set A C R”, one has
(P1a)(x) =P*{X; € A}.

The name semi-group is justified by the following result.

Lemma 1.3.7: Semi-group property

For any t,h > 0, one has

Pyob =Py
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Proor: We have

(B o B)(@)(x) = (Py(Prp))(x)
=E*[(Pp)(Xp)]
= E* [ [p(X,)]]
= E"[E*[9(X;11) | ]
= Ex[@(XHh)]
= (Pne)(x),

where we have used the Markov property to go from the third to the fourth line. O

The following properties are easy to check:
1. P, preserves constant functions: P;(clgn) = clgn;
2. P, preserves non-negative functions: ¢@(x) >0 Vx = (Pp)(x) > 0 Vx;
3. P, is contracting (in the non-strict sense) in the L*-norm:

sup|(Pp)(x |—sup|E [p(X1)]| < supl@ )|sup E* [1]—SUP|<P )|
xeR" xeR"

The Markov semigroup is thus a positive, linear operator, which is bounded in L*-norm (in
fact, it has operator norm 1).

The semi-group property implies that the behaviour of P; on any interval [0, €], with € > 0
arbitrarily small, determines its behaviour for any ¢t > 0. It is thus natural to consider the
derivative of P, in t = 0.

Definition 1.3.8: Infinitesimal generator of an Ito diffusion

The infinitesimal generator & of an Ito diffusion is defined by its action on test functions ¢
via
P —
(ZLo)(x) = lim P = @) (1.3.5)
h—0, h
The domain of £ is by definition the set of functions ¢ for which the limit (1.3.5) exists
for all x e R™.

Remark 1.3.9
Formally, Relation (1.3.5) can be written

dp,

3_dtt0

By the Markov property, this relation generalises to

p,-id

= it ¢ P =<%P,
dt h—0, h h—0, h ! =z !

and the semigroup can thus by formally written

Pt:etg 0
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Proposition 1.3.10
The generator of the Ito diffusion (1.3.1) is the differential operator
n n
o 1 i 0?
Z = ;fi(x)a_xi + Ei;(gg )"f(x)—ax,.axj :

The domain of £ contains the set of twice continuously differentiable functions of com-
pact support.

Proor: Consider the case n=m = 1. Let ¢ be a twice continuously differentiable function of
compact support, and let Y; = ¢(X;). By Ito’s formula,

h h h
’ ] 1 7’
V= oo+ [ @ XIfXadss | gaan.+ 3 [ o (Xaglx ) ds.
Taking the expectation, as the expectation of the Ito integral vanishes, one gets
Bl = g0+ B [ psods s [Cpogera), e
0 0
so that
Ep(Xn)] =) _ 1 ("osr ) L (Mg
WENZ0W _ L (e xaf(xolds+ 2= [ g (Xg(x,)?]ds
h h ) 2h J,

Taking the limit h — 0., we get

(Le)(x) = @"(X)f (x) + 5" (x)g(x)* .

The cases n > 2 or m > 2 are treated similarly, using the multidimensional Ito formula. O

Example 1.3.11: Generator of Brownian motion

Let W; be an m-dimensional Brownian motion. This is a particular case of diffusion, with
f =0and g = 1. Its generator is thus given by

— 02 1
32 ;’a—x?:EA

N =

1.3.3 Dynkin’s formula

Dynkin’s formula is essentially a generalisation of the expression (1.3.6) to stopping times. It
will yield a first important class of links between SDEs and PDEs.

Proposition 1.3.12: Dynkin’s formula

Let {X;};>¢ be a diffusion with generator Z. Fix x € R", a stopping time 7 such that E*[r] <
o0, and a compactly supported, twice continuously differentiable function ¢ : R" — R.
Then

E*[@(X,)] = ¢(x) +EXU0 (3¢)(Xs)ds] :
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Proor: Consider the case n = m =1, m being the dimension of Brownian motion. Proceeding
as in the proof of Proposition 1.3.10, we obtain

E*[@(X)] = @(x) +E*

f (ip(P)(Xs)dS]JrEx[J g(Xs)<P'(Xs)dWs]. (1.3.7)
0 0

It thus suffices to show that the expectation of the stochastic integral vanishes. For any function
h bounded by M and any N € N, one has

TAN N
E UO h(xs>dws]=E UO msq}h(Xs)dws]:

owing to the &-measurability of 1,.,j and h(X;). Moreover,

o ([soan- [ |-{[] ord

<M?’E*[t-TAN],

which goes to 0 as N — oo, owing to the assumption E*[t] < oo, by Lebesgues’ dominated
convergence theorem. One can thus write

TAN T
0= lim IE:"U h(XS)dWS] =E"U h(Xs)dWs], (1.3.8)
0 0

N—o0

which finishes the proof, after plugging (1.3.8) into (1.3.7). The proof of the general case is
analogous. O

Consider now the particular case where the stopping time 7 is the first-exit time from an
open bounded set D C R". Assume the boundary value problem

(Lu)(x) = 0(x) x€D
u(x) = P(x) x € dD (1.3.9)

admits a unique solution. This is the case if D, 6 and ¢ are sufficiently regular. Replacing ¢ by
u in Dynkin’s formula, we get the relation

u(x) =Ex[4)<x,>—f

0

T

Q(Xs)ds] . (1.3.10)

For ip = 0 and 6 = -1, u(x) is equal to the expectation of 7, starting form x. For 6 = 0 and ¢
the indicator of a subset A of the boundary dD, u(x) is the probability of leaving D though A.
Hence, if one can solve the problem (1.3.9), one obtains information on the first-exit time and
location from D. Conversely, simulating the expression (1.3.10) by a Monte-Carlo method, one
gets a numerical approximation of the solution of the boundary value problem (1.3.9).

Example 1.3.13: Mean exit time of Brownian motion from a ball

Let K = {x € R": ||x|| < R} be the ball of radius R centred at the origin. Given a point x € K,
let
tx =inf{t > 0: x + W; ¢ K}

and let
T(N)=1x AN.

The function ¢(x) = ||x||2]l{||x||<R} is compactly supported and satisfies A@(x) = 2n for all
x € K. One can furthermore extend it outsite K in a smooth and compactly supported way.
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Plugging into Dynkin’s formula, one gets

. - 5 . ©(N) q
[llx + Weanll“] = lIxI|* + E . ENP(Ws)dS

= |Ix? + nE*[(N)]
Since ||x + Wy\)ll < R, letting N go to infinity, one obtains by dominated convergence

R? —lx|I?

E*[tx] = ”

(1.3.11)

Example 1.3.14: Recurrence/transience of Brownian motion

Let again K = {x € R": ||x|| < R}. We now consider the case where x ¢ K, and we want to
determine if Brownian motion starting in x hits K almost surely, in which case it is called
recurrent, or if it hits K with a probability strictly less than 1, in which case it is called
transient. As for random walks, the answer depends on the dimension 7 of space.
We define
Tx =inf{t > 0: x+ W; € K} .

For N €N, let Ay be the ring
Ay = {x€R": R<||x|| < 2VR},
and let T be the first-exit time of x + W, from Apy. We thus have
t=tx AT, T =inf{t>0: ||x+ W,| = 2VR}.
Finally, let
p =P (g <t} =P {|lx+ Well = R} = 1 = P*{||lx + Wc[| = 2VR}.
The spherically symmetric solutions of Ap = 0 are of the form

|| ifn=1,
p(x)={-log|lx|| ifn=2,
" ifn>2.

For such a ¢, Dynkin’s formula yields

EX[p(x+ W)] = p(x) .
On the other hand,
E*[@(x+ Wy)] = @(R)p + p(2NR)(1 - p).
Solving with respect to p, one gets

?(x) - 9(2VR)

P oR—p(2VR)
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As N — oo, one has 7/ — o0, so that

Consider now separately the casesn=1,n=2and n > 2.
1. For n =1, one has
2NR x|
P*{tg < oo} = lim ——=" =
{ K } Noc 2NR—-R
showing that Brownian motion is recurrent in dimension 1.
2. For n =2, one has

s

IP’x{TK < oo} = lim log||x||+ N log2 —log R _

L,
N—oo Nlog?2

showing that Brownian motion is also recurrent in dimension 2.
3. For n> 2, one has

) (2NR)2—n + “x”Z—n R n-2
Pty <ool= 1 = (—) <1
{7k < oo} Pl (2NR)2-1 1 RZ-™ T

Brownian motion is thus transient in dimension n > 2.

Exercise 1.3.15: First-exit time of geometric Brownian motion

Consider the diffusion defined by the equation
dXt = Xt th .

1. Determine its generator £

2. Find the general solution of the equation Zu = 0.

3. Determine P*{7, < 75}, where 7, denotes the first-passage time of X; in a.
Hint: This amounts to computing E*[(X,)], where 7 is the first-exit time from [a, b],
and (a) =1, P(b) = 0.

Exercise 1.3.16: First-exit time of geometric Brownian motion with linear drift

Consider more generally the diffusion defined by the equation
dXt:rXtdt‘f'Xtth, relR.

1. Compute its generator £.
2. Show that if r = %, the general solution of the equation Zu = 0 is given by

u(x)=cy1x’ +c,,

where y is a function of r to be determined.

3. Assume r < 1/2. Compute P*{7, < 7,} for 0 <a < x < b, and then P*{t;, < 7¢} by letting a
go to 0. Note that if X; =0, then X; = 0 for all t > ;. Therefore, if 7y < 73, then X, will
never reach b. What is the probability that this happens?

4. Assume now r > 1/2.
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(a) Compute P*{t, < 1} for 0 < a < x < b, and show that this probability goes to 0 as
a — 0, for all x €]a,b[. Conclude that almost surely, X; will never reach 0 in this
situation.

(b) Find a and B such that u(x) = alogx + f8 satisfies the problem

(Lu)(x)=-1 if0<x<b,
u(x)=0 ifx=5b.

(c) Use this to compute E¥[1;].

1.3.4 Kolmogorov’s equations

A second class of links between SDEs and PDE:s is given by Kolmogorov’s equations, which are
initial value problems.

Observe that by taking the derivative of Dynkin’s formula with respect to t, in the particu-
liar case T = t, one gets

d d

E(Pt(P)(x) ==

B (X)) =E*[(ZL9)(X))] = (RL9)(x),

which can be written in compact form as

d

—P=PR%Z.

qrt o

We have seen in Remark 1.3.9 that one can also formally write %Pi = ZP,. Therefore, the op-
erators Z et P, commute, at least formally. The next theorem makes this observation rigorous.

Theorem 1.3.17: Backward Kolmogorov equation

Let ¢ : R” — R be a compactly supported, twice continuously differentiable function.
1. The function

u(t,x) = (P)(x) =E*[@(X,)]

satisfies the initial value problem

1) = (e, ), t>0, xeR",
u(0,x) = @(x), xeR". (1.3.12)

2. If w(t,x) is a bounded function, which is continuously differentiable in # and twice con-
tinuously differentiable in x, satisfying the initial value problem (1.3.12), then w(t,x) =

(Pep)(x).

Proor:

1. One has u(0,x) = (Py@)(x) = ¢(x) and

(ZLu)(t,x) = lim (By 0 Pt<r)><>;> — (P)(x)
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2. If w(t, x) satisfies (1.3.12), then one has

Pw=0 where §w:—%+$w.

Fix (s,x) € R, xR". The process Y; = (s —t, X?’x) admits Z as generator. Let
tr =inf{t > 0: || X;|]| > R}.

Dynkin’s formula shows that

B [w(Yig,)] = wls, x) + Es’x[Lmrk(gw)(Yu)du ~w(sx).

Letting R go to infinity, one obtains
w(s,x) = B [w(Y;)] Yt>0.
In particular, taking t = s, one has
w(s,x) = EV[w(Y,)] = E[w(0,X)] = E[p(X%¥)] = E'[p(X,)],

as claimed.
O

Note that in the case of Brownian motion, which has generator & = %A, Kolmogorov’s
backward equation (1.3.12) is nothing but the heat equation.

Since Kolmogorov’s backward equation is linear, it is sufficient to solve it for a complete
family of initial conditions ¢ to determine its solution for all initial conditions. A first impor-
tant case occurs when one knows all eigenfunctions and eigenvalues of .. Then the general
solution can be decomposed on a basis of eigenfunctions, with coefficients depending expo-
nentially on time.

Example 1.3.18: Brownian motion

. . 2 . . . .
Eigenfunctions of the generator & = %A = %% of one-dimensional Brownian motion are

of the form e'*¥*. Decomposing the solution on this basis of eigenfunctions amounts to
solving the heat equation by Fourier transform. One knows that the solution can be written
as

u(t,x) = K2 5 (k) etk dk, (1.3.13)

s

where ¢(k) is the Fourier transform of the initial condition.

A second important case occurs when formally decomposing the initial condition on a “ba-
sis” of Dirac distributions. In practice, this amounts to using the notion of transition density.

Definition 1.3.19: Transition density

The diffusion {X;}; is said to admit the transition density p;(x,v), also written p(y, t|x,0), if

E*[¢(X))] = JR P()pi(x,y)dy

for all bounded measurable functions ¢ : R” — R.

By linearity, if the transition density exists and is smooth, it satisfies Kolmogorov’s back-
ward equation (the generator £ acting on the variable x), with initial condition py(x,y) =

o(x—v).
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Example 1.3.20: Brownian motion and heat kernel

In the case of one-dimensional Brownian motion, we have seen (c.f. (1.1.2)) that the tran-
sition density is given by the heat kernel

2
e—(x—;u) /2t )

1
Ltlx, 0) =
p(v,tlx,0) o=

This is also the value of the integral (1.3.13) with ¢(k) = e"'%¥ /v/27t, which is indeed the
Fourier transform of ¢(x) = 6(x — ).

The adjoint of the generator .Z is by definition the linear operator #* such that

(Lo, ) =(p, L) (1.3.14)

for any choice of twice continuously differentiable functions ¢, : R" — R, with ¢ compactly
supported, where (-,-) denotes the usual inner product in L2. Integrating (Z¢,1) by parts
twice, one obtains

o,
) Z 9v; ay ")) - Za—y,(ﬁ'#’)(y)
! i=1 7!

Theorem 1.3.21: Forward Kolmogorov equation

If X; admits a smooth transition density p;(x, ), then it satisfies the equation

0
= Prxy) =Zlpxy), (1.3.15)

where the notation 5,”; means that Z acts on the variable y.

Proor: Dynkin’s formula with 7 =t implies
| ewmtnndy =2 o)

- () + fo E'[(Z)(X,)]ds

+Ltﬁ,(g¢)(3/)ps(x,y)dy

Taking the derivative with respect to time, and using (1.3.14), we get

0
EJ;RHQO(P)Pt(X, )dy = J- (Ze)v)pi(x,v)dy = f Pt)( ,9)dy,

which implies the result. ]

Assume the distribution of X, admits a density p with respect to Lebesgue measure. Then
X; has the density

o(t,9) = (Qup)(y):= f pulxylple)ds.
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Applying Kolmogorov’s forward equation (1.3.15), one obtains the Fokker—Planck equation

J
509 =Zlo(ty),

which can also be formally written
d
aQt = 3+Qt :

The adjoint generator & is thus the generator of the adjoint semi-group Q;.

Corollary 1.3.22

If py(v) is the density of a probability measure satisfying #'p, = 0, then pj is a stationnary
measure of the diffusion. In other words, if the distribution of X, admits the density p,
then X; admits the density p, for all ¢ > 0.

Exercise 1.3.23: Invariant measure of the Ornstein-Uhlenbeck process

Consider the diffusion defined by the equation
dXt = —Xtdt ar th .

1. Give its generator .# and its adjoint Z*.

2. Let p(x) = /2 ex, Compute Z'p(x) and interpret the result.

1.3.5 The Feynman-Kac formula

So far, we have encountered elliptic boundary value problems of the form Zu = 6, as well as
parabolic evolution equations of the form d;u = Zu. The Feynman-Kac formula will show
that one can also link properties of diffusions with those of parabolic equations containing a
term linear in u. Adding a linear term to the generator can be interpreted as “killing” the
diffusion at certain rate. The simplest case is that of a constant rate. Let C be a random variable
of exponential distribution with parameter A, independent of W,. Set
~ X, ift<cC,
X, =10 C

A ift>C,
where A is a “cemetery state” that has been added to R”. One checks that owing to the ex-

ponential distribution of ¢, X, is a Markov process on R U{A}. If ¢ : R" — R is a bounded
measurable test function, one has (setting ¢(A) = 0)

E*[@(X,)] = E*[@(X,)11<q)] = P{C > HE [@(X;)] = e M E [p(X,)] -
It follows that

lim E*[p(Xp)] - p(x) _
h—0 h

—Ap(x) +(Z)(x),
which shows that the infinitesimal generator of X is the differential operator

FP=F-1.
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More generally, if g : R” — R is a continuous function bounded from below, one can construct
a random variable C such that

E*[p(X)] = E*| p(x) e haxss|.

In this case, the generator of )~(t is

F=L—q,
that is, (Z¢)(x) = (L@)(x) - q(x)g(x).

Theorem 1.3.24: Feynman-Kac formula

Let ¢ : R" — R be a compactly supported, twice continuously differentiable function, and
let g : R" — R be a continuous function bounded from below.
1. The function

v(t,x) :Ex[efjéq(xs)ds(p(Xt)] (1.3.16)

solves the initial value problem

D0 = (0D -gen(x), >0, xeR",
v(0,x) = @(x), x eR". (1.3.17)

2. If w(t,x) is continuously differentiable in ¢ and twice continuously differentiable in x,
bounded for x in a compact set, and satisfies (1.3.17), then w(t, x) is equal to the right-
hand side of (1.3.16).

Proor:
1. Set Y; = ¢(X;) and Z; = e_IO 9(X)ds and let v(t,x) be given by (1.3.16). Then for h > 0,

%[Ex[v(tth)] —v(t,x)] = %[EX[EXh[YtZt]] _Ex[YtZt]]
= %[EX[Ex[Yt+h e_f"t 4(Xssp)ds M Ytzt]]
= %Ex[yuhzwh ejoh A(X:)ds _Ytzt]
= %Ex[yuhzwh - Ytzt]
- %Ex[YtJthHh[eJohq(Xs)ds -1]].
As h goes to 0, the first term in the last expression converges to d;v(t,x), while the second

one converges to q(x)v(t,x).
2. If w(t,x) satisfies (1.3.17), then

Pw=0  where §w:—aa—1f+3w—qw.

Fix (s,x,z) € R, x R" x R" and set Z, = z + fotq(Xs)ds. The process Y, = (s —t, X", Z,) is a
diffusion with generator

—_—

d d
3__£+$+q$'
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Let ¢(s,x,2z) = e ?w(s,x). Then §¢) = 0, and Dynkin’s formula shows that if 7y is the first-
exit time from a ball of radius R, then

E* [d(Yipr)] = d(s,%,2)
It follows that
,x,0
w(s, x) = P(s,%,0) = E*[P(Yin, )]
= EX[CP S—tA rR,X?;\"TR,ZMTR)]

f/\TR
=E [ (X, )d”w(s—t/\TR,X?/’\};R)],

t
which converges to the expectation of e Joa(Xu) du w(s—t, Xto’x) as R goes to infinity. In partic-
ular, for t = s one obtains
x) = E[e” b atXdu 0, x07)],
which is indeed equal to the function v(t,x) defined in (1.3.16). O

In combination with Dynkin’s formula, the Feynman-Kac formula can be generalised to
stopping times. If for instance D C R” is a regular domain, and 7 denotes the first-exit time
from D, then under some regularity conditions on the functions q,¢,0 : D — R, the quantity

tAT tAT
R e O R AT
0
satisfies the initial value problem with boundary conditions

dv
at( x) = (Lv)(t,x)—q(x)v(t,x)— O(x), t>0, xe€D,

v(0,x) = @(x), xeD,

v(t,x) = p(x), x€adD.

In particular, if 7 is almost surely finite, taking the limit t — oo, one obtains that

v(x) = B*|e 0 1098 ox ) — j “Jraadu gx ) ds
0

satisfies

(Lv)(x) =q(x)v(x)+6O(x), xeD,
v(x) = @(x), x€adD.

Note that in the case g = 0, one recovers Relations (1.3.9) and (1.3.10).

Example 1.3.25

Let D =] —a,a[ and X, = x + W,. Then v(x) = E*[e~*7] satisfies

v”(x) = Av(x), xeD,

The general solution of the first equation is of the form v(x) = ¢; eV2ix ) eV2x The
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integration constants c¢; and c; are determined by the boundary conditions, and one finds

_ cosh(V2A x)

E*[e~" :
=] cosh(V21a)

(1.3.18)

Evaluating the derivative in A = 0, one obtains
E*[r] =a® - x%,

which is a particular case of (1.3.11), but (1.3.18) also determines all other moments of 7,
as well as its density.
Solving the equation with boundary conditions v(—a) = 0 and v(a) = 1 one obtains

Ex[e‘/\T L e ] = sinh(V2A (x + a)) .
o sinh(V22 - 2a)

In particular, for A =0, we find

X+a
Pt <t ) =",
{ta <7l 2a

which can also be obtained directly from Dynkin’s formula. However, taking derivatives
at A =0, we also obtain

(a®> —x?)(3a+x)
6a

(a—x)(3a+x)

—3

E*[tlig,<r,)] =

s

E*[t | T, <T_,]=

Remark 1.3.26: Cover image

The cover image shows a numerical solution of the heat equation, with constant temper-
atures (say 1 and 0) inside the Mandelbrot set, and outside the ellipse, after a time long
enough for the solution to be close to a stationary state. The colour code represents the
norm of the gradient of the solution u(t,x). By the above results (assuming regularity of
the Mandelbrot set does not pose any problem), u(x) = lim;_,, u(t,x) is the solution of
Au = 0 in the domain, with boundary conditions 1 on the Mandelbrot set, and 0 on the
ellipse. Therefore, u(x) gives the probability, starting at x, to hit the Mandelbrot set before
the ellipse. It also represents the electric potential in a capacitor formed by two conduc-
tors shaped like the boundary sets, while the colours represent the intensity of the electric
field. One can observe a “knife edge effect”: the electric field is stronger near the sharp
tips of the Mandelbrot set. A video of the convergence towards the equilibrium field can
be found on the page https://www.youtube.com/c/NilsBerglund.

Exercise 1.3.27: The arcsine law

Let {W,;};~( be a standard Brownian motion in R. Consider the process

1 t
X = ? H{WS>0}dS, t>0.
0



https://www.youtube.com/c/NilsBerglund
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The aim of this exercise is to prove the arcsine law :
2 .
P{Xt<u}:%Arcsm(\/ﬂ), O0<u<l. (1.3.19)

1. What does the variable X; represent?
2. Show that X; is equal in distribution to X; for all ¢ > 0.
3. Fix A > 0. For t > 0 and x € R, one defines

V(t,x) = ]E[ef/\Jof ﬂ(x+ws>0}ds]
and its Laplace transform
gp(x):f 'l/(t,x)e_Ptdt’ p>0
0

Show that

=2l

4. Compute %(t,x) using the Feynman-Kac formula.
5. Compute gé’(x). Conclude that g,(x) satisfies a second-order ODE with piecewise con-
stant coefficients. Show that its general solution is given by

go(x) = AL +Bye’** +C, e+

with constants A, B,,C.,y. depending on the sign of x.

6. Determine these constants by using the fact that g, should be bounded, continuous in
0, and that gé should be continuous in 0. Conclude that g,(0) = 1/4/p(A + p).

7. Prove (1.3.19) by using the identity

n

1 - 1 (Y «x
=) )= | ———dx.
1+ ;( H ”Jo Vx(1—x) *

n

=
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Chapter

Invariant measures for SDEs

We consider in this chapter SDEs in R" of the form

where the drift coefficient f and the diffusion coefficient g are such that there exists a unique

strong solution, which is global in time. Then it is natural to ask the following questions:

1. Does the diffusion (2.0.1) admit an invariant probability measure?

2. If so, is this measure unique?

3. If so, does any initial distribution converge to the invariant measure?

4. If so, how fast does this convergence occur? For which distance? Can one obtain explicit
bounds on the speed of convergence?

Various methods have been derived to answer these questions, each one having its advan-
tages and drawbacks. Some methods are easier to use and provide, for instance, convergence
to an invariant distribution, but without any bound on the speed of convergence, while oth-
ers may provide sharp bounds, but are limited to specific sets of initial distributions. In what
follows, we are going to present a few selected examples of these methods, which have been
chosen because they proved useful in particular applications. But one should keep in mind
that there exist many more approaches.

In what follows, it will by useful to employ the notation

Pi(x,A) = (P14)(x) =P*{X; € A}

for the Markov semigroup, where A is any Borel set in R”. Given a probability measure y, we
write

WA= [ pldom

instead of (Q;p)(A) for the action of the adjoint semigroup, because it is reminiscent of matrix
multiplication used for Markov chains on finite sets. A measure is invariant if it satisfies

(uP)(A) = u(A)
for all t > 0 and all Borel sets A c R".

Definition 2.0.1: Feller property

A semigroup (P;);> is said to heave the Feller property if P,f is bounded and continuous
whenever f is bounded and continuous.

A useful standard result in our situation is then the following.

35
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Proposition 2.0.2: Condition for Feller property

Any diffusion (X;);>o solving an SDE with globally Lipschitz coefficients has the Feller
property.

For a proof, see for instance [Qks03, Lemma 8.1.4], or [RY99, Theorem IX.2.5]. The global
Lipschitz condition can often be relaxed to a local condition by working with appropriate stop-
ping times (that is, by considering the diffusion up to its first exit from a sequence of balls of
growing radius).

Remark 2.0.3: Strong Feller property

The semigroup P, is said to have the strong Feller property if P, f is bounded and continuous
whenever f is bounded and measurable, but not necessarily continuous. A sufficient con-
dition for a diffusion to satisfy the strong Feller property is the ellipticity condition on the
drift coefficient

(&,8(x)g(x)TEY > cllE?|  VEeR?.

This condition can be relaxed to hypoellipticity (Hormander condition).

2.1 Existence of invariant probability measures

2.1.1 Some basic examples

Corollary 1.3.22 shows that the density p of an invariant probability measure should satisfy
ZF*p =0, where Z1 is the adjoint generator. Cases where this equation can be solved are rare,
but one important example is given by gradient SDEs.

Example 2.1.1: Gradient system

Consider the SDE
dX, = -VV(X,)dt + V2dw,, (2.1.1)

where V : R” — R is bounded below, and satisfies

J e VWdy < 0.

The generator of the diffusion can be written in the two equivalent ways
F=A-VV-V=e"V.e"V

(the factor V2 in (2.1.1) avoids a factor % in front of the Laplacian). Integrating by parts
twice, we find

f, Lg) = —je‘”") V(f(x)e"™)- Ve(x)dx = (L' f.g).

with the adjoint generator given by

Lf=v-(e"V(E'f)).
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In view of Corollary 1.3.22, this shows that
1
p(x) = §e_v(x) , Z7 = fe_v(x) dx

is the density of an invariant probability measure of the diffusion (2.1.1), since it satisfies

Fto=0.

Next, we discuss two very simple examples for which existence or uniqueness of an invari-
ant probability measure fails.

Example 2.1.2: Brownian motion

The transition density of Brownian motion in R" is a Gaussian of variance ¢, as we have
seen for instance in Section 1.1.3. Therefore, for any fixed x € R”, we have

lim p(t,x/0,0)=0,
n—o00

which is not a normalisable measure. Therefore, Brownian motion in R"” does not admit an
invariant probability measure (though it does admit invariant measures, which are simply
all multiples of Lebesgue measure).

Example 2.1.3: Non-irreducible SDE
Consider the SDE in R?

dXt = _Xt dt aF th
dY, = (Y,-Y;)3dt.

The diffusion admits three extremal invariant measures, given by

1 2
n_(dx,dy) = —e™* dxo_;(dy),
Vi
g(dx, dy) = %e-xz dxS(dy),
7, (dx,dy) = gl 51(dy).

Vi

This is because the x- and y-components do not interact with each other, and the process
X; is an Ornstein—Uhlenbeck process with Gaussian invariant measure, while Y; is deter-
ministic, with three invariant points located at +£1 and 0. Note that in addition, any convex
combination of 7_, 7ty and 7, is also an invariant probability measure (7_, 77y and 7, are
called extremal because they do not admit a nontrivial decomposition).

The two last examples illustrate a general fact about invariant probability measures of

Markov processes, namely that their existence requires two properties to hold:

1. There should be a mechanism preventing all the probability mass of going to infinity. More
precisely, a positive recurrence property is required to hold, that is, the return time to some
bounded set should have finite expectation.

2. There should be a mechanism making the diffusion irreducible, that is, there should not be
any non-trivial invariant sets.
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These two conditions are analogous to those that one finds for Markov chains on a count-
able space. The main difference is that discrete-time Markov chains require an aperiodicity
condition to hold in addition. However, this is specific to discrete time, and no such condition
is necessary as soon as transition times between different points are sufficiently random.

2.1.2 The Krylov-Bogoliubov criterion

A general criterion for existence of invariant measures, going back to Krylov and Bogoliubov,
is based on the notion of ergodic averages (or Cesaro means). Given an initial point X, € R",
consider the family of measures

1

{?LTPt(XO,-)dt: T>1}. (2.1.2)

In a similar way as for Markov chains, if these ergodic averages converge to a limiting probabil-
ity measure, then this limit should be invariant. A convergence criterion is given by thightness.

Definition 2.1.4: Tightness

A family {y,} of probability measures on R" is tight if for any 6 > 0, there exists a compact
set K C R" such that y;(K)>1-6 for all ¢.

Then one has the following existence result, see for instance [DPZ96, Corollary 3.1.2].

Proposition 2.1.5: Existence of an invariant probability measure

If the family of measures (2.1.2) is tight, then there exists an invariant probability measure.

While this criterion may be used to obtain abstract existence results for invariant proba-
bility measures, it is not so easy to apply because it requires some a priori knowledge on the
semi-group P;. Therefore, in what follows, we will rather discuss more practical criteria for
analysing invariant measure.

2.2 The Lyapunov function approach by Meyn and Tweedie

We present here some results of the approach based on Lyapunov functions, as developed
in [MT93c] for continuous-time Markov processes. This approach provides a relatively easy
way of proving global existence of solution, existence of an invariant measure, and some con-
vergence results, provided one can guess an appropriate Lyapunov function.

Definition 2.2.1: Norm-like function

A function V : R" — R, is called norm-like if

V(x) = +c0.
llxll—o0

This means that the level sets {x € R": V(x) < h} are precompact for any h > 0.

In the case of ordinary differential equations, Lyapunov functions are norm-like functions
that decrease along orbits of the dynamical system, at least when starting far away from the ori-
gin. The application to SDEs uses quite similar ideas, where the time derivative along orbits is
replaced by the action of the generator. In the following, we will present several of these results,
without giving detailed proofs. A detailed proof of a quite general existence and convergence
result, due to Martin Hairer and Jonathan Mattingly, will be discussed in Section 2.2.4.
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2.2.1 Non-explosion and Harris recurrence criteria

A first application of Lyapunov functions is a relatively easy criterion for existence of global in
time solutions.

Theorem 2.2.2: Non-explosion criterion

Assume that there exist a norm-like function V and constants ¢,d > 0 such that
(ZV)(x)<cV(x)+d (2.2.1)

for all x e R". Then
1. The SDE (2.0.1) admits global in time solutions for any starting point x € R".
2. There exists an almost surely finite random variable D such that

V(X;) < De“ Vi>0.

The random variable D satisfies the bound
Ya>0, VYxeR". (2.2.2)

3. The expectation E*[V(X,)] is finite for all x € R"” and all t > 0, and satisfies

E[V(X)]<e“ V(x). (2.2.3)

SkercH oF PROOF: Consider first the case ¢ =d = 0. Then Ito’s formula (cf. Lemma 1.2.6) yields

t
BV =V + 2 [ (@ Vi
<Vi(x).

This proves (2.2.3), as well as global existence of the solution. The bound (2.2.2) follows from
a slightly more sophisticated stochastic analysis argument, using the fact that e " V(X;) is a
supermartingale.

The case ¢ > 0 and d = 0 follows in a similar way from the Feynman-Kac formula (see
Theorem 1.3.24), while the other cases can be reduced to already treated cases by changing the
Lyapunov function. O

Remark 2.2.3: Stopping times

To rule out the possibility of finite-time blow-up, the actual argument given in [MT93c,
Theorem 2.1] uses a more careful computation based on the process killed when leaving a
large ball, whose radius is then sent to infinity. This requires in particular using Dynkin’s
formula instead of Ito’s formula.

The following result gives a condition under which solutions remain bounded almost surely
(a property called non-evanescence in [MT93c]), which is slightly stronger than (2.2.1). For a
proof, see [MT93c, Theorem 3.1].
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Theorem 2.2.4: Non-evanescence condition

Assume there exist a compact set C C R”, a constant 4 > 0, and a norm-like function V
such that
(ZLV)(x)<dlc(x) (2.2.4)
for all x e R". Then
]P’{tlim X, = oo} 0.

A discussed above, in order to obtain existence of an invariant measure, we will need some
stronger form of recurrence condition. Recall that a discrete-space Markov chain is said to
be recurrent if it almost surely returns to its starting point, and thus visits this point infinitely
often. Such a property cannot hold for continuous-space processes, since sets of measure 0 may
never be hit. The relevant concept is given by Harris recurrence.

Definition 2.2.5: Harris recurrence

The diffusion (X;);> is called Harris recurrent if there exists a o-finite measure y such that
whenever y(A) > 0, one has for all x € R"

P14 < oo} =1 where 74 = inf{t > 0: X, € A}.

Equivalently, the diffusion is Harris recurrent if there exists a o-finite measure v such that
whenever v(A) > 0, one has for all x € R"

P*{5p = oo} =1 where 17A:J; Ix,ecadt.

The equivalence of the two definitions is well-known for Markov chains on countable
spaces, and a proof in the general case can be found for instance in [MT93a, Theorem 1.1].
The interest of this definition is the following classical result [ADR69, Get80].

Proposition 2.2.6: Existence of an invariant measure

If (X;);>0 is Harris recurrent, then it admits an (essentially unique) invariant measure 7.

One way of showing Harris recurrence is to use the (somewhat tricky) notion of petite sets.

Definition 2.2.7: Petite set

Let a be a probability distribution on R, and define a Markov kernel K, by

K (x,A) = J:o Pi(x, A)a(dt)

for any Borel set A C R". Let ¢, be a nontrivial measure on R". Then a non-empty Borel
set C € R" is called ¢,-petite if K,(x,A) > ¢,(A) for all x € C.

The intuition behind this definition is as follows. If we choose, say, a = 01, then K,(x,A) =
Py (x,A). The condition K,(x,A) > ¢,(A) then requires that the probability of being in the set A
at time 1 is bounded below by a measure ¢,(A) independent of the starting point x in the petite
set (the measure ¢, need not be a probability mesure). This would be quite restrictive, but the
definition allows to replace P;(x, A) by an average of P;(x, A) over all times ¢ >0, a much weaker
requirement. Petite sets allow us to give a first condition for a diffusion to be Harris recurrent.
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Theorem 2.2.8: Harris recurrence condition

If all compact subsets of R" are petite and (2.2.4) holds for a compact set C c R", a con-
stant d > 0, and a norm-like function V, then the process (X;);( is Harris recurrent, and
therefore admits an essentially unique invariant measure 7.

This result follows from Theorem 2.2.4, combined with [MT93b, Theorem 5.1], which gives
an analogous statement in the discrete-time case.

2.2.2 Positive Harris recurrence and existence of an invariant probability

Combining Theorem 2.2.8 with Proposition 2.2.6, we obtain a condition for the existence of an
invariant measure. This measure need not have finite mass, preventing it from being normal-
isable to yield an invariant probability measure. This motivates the following definition.

Definition 2.2.9: Positive Harris recurrence

Let (X;);>0 be a Harris recurrent diffusion, with invariant measure 7. If 7(R") < o, then
(X¢)i=0 is said to be positive Harris recurrent.

Remark 2.2.10: Link with expected return times

A diffusion satisfying E*[74] < co for any x € R" and any Borel set A such that u(A) > 0 for
a o-finite measure y is positive Harris recurrent. Indeed, in this case, 74 is almost surely
finite, so that the chain is Harris recurrent. Furthermore, given x € R” and A with p(A) > 0,

the probability measure 7t4(x, ) given by
TA
J\ ]]-XtEB dt]
0

for any Borel set B C R"” can easily be shown to be invariant. By essential uniqueness, any
invariant measure is thus normalisable.

1

X—Ex
E" 4]

T(A(X,B) =

A sufficient condition for the process (X;);> to be positive Harris recurrent will thus auto-
matically be a sufficient condition for the existence of an invariant probability measure. A first
such condition is provided by the following result, which is [MT93c, Theorem 4.2].

Theorem 2.2.11: Positive Harris recurrence condition

Assume there exist constants ¢,d > 0, a function f : R” — [1,0), a closed petite set C C R",
and a positive function V such that

(FV)(x) < —cf(x) +dLc(x) (2.2.5)

for all x € R". Assume furthermore that V is bounded on C. Then the process (X;);¢ is
positive Harris recurrent, and therefore admits an invariant probability measure 7. Fur-
thermore,

(. fy=E"[f]= | flrim(ds) <co.

While Condition (2.2.5) is usually easy to check for a given f and V, the requirement that C
be petite may be harder to verify. Fortunately, for Feller diffusions, there exists an alternative
criterion for the existence of an invariant measure, which avoids having to check that C is
petite. The following result is [MT93c, Theorem 4.5].
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Theorem 2.2.12: Existence of invariant probability measures for Feller diffusions

Assume that the diffusion (X;);>( has the Feller property, and that (2.2.5) holds for a com-
pact C C R". Then the diffusion admits an invariant probability measure 7t. Furthermore,
any invariant probability 7 satisfies (7, f) <d/c.

2.2.3 Convergence to the invariant probability measure

Once the existence of an invariant probability measure 7 is established, the next natural ques-
tion is whether the distribution of (X;),>( will converge to 7, at least under some conditions on
the law of Xy. There are many choices of norms quantifying such a convergence, and results
exist for several of them. Here we consider the following weighted norm on signed measures.

Definition 2.2.13: f-norm of a signed measure

Let y be a signed measure on (R", %), and let f : R” — [1,c0) be a measurable function.
Then we define the f-norm of u by

llully = sup [(p,g)
glgl<f

;o {wg)=EF [g]=f g(x)u(dx),

n

where the supremum runs over all measurable functions such that |g(x)| < f(x) for all
x e R".

Definition 2.2.14: Exponential ergodicity

Given a measurable function f : R” — [0,00), a diffusion process (X;);~o admitting an
invariant probability measure 7 is called f-exponentially ergodic if there exist > 0 and a
function B: R" — R, such that

|IPy(x,) = 7ll ¢ < B(x)e P!

for any x e R” and t > 0.

The following result, which is [MT93c, Theorem 6.1], provides a condition on Lyapunov
functions that guarantees exponential ergodicity.

Theorem 2.2.15: Condition for exponential ergodicity

Assume there exist a norm-like function V, and constants ¢ > 0, d € R such that the diffu-
sion (X;);> satisfies the condition

(LV)(x)<—cV(x)+d (2.2.6)

for all x € R". Assume further that all compact K ¢ R" are petite for some discrete-time
Markov chain (X, ),>0. Then the diffusion is exponentially ergodic. More precisely, there
exist constants ,b > 0 such that

1Py (x,) — el oy < b(1+ V(x))e P!

for any x e R" and t > 0.
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] Criterion \ Property
(ZV)x)<cV(x)+d Non-explosion
(ZV)(x)<dlc(x)

C compact Non-evanescence

C compact, all compact K petite | Harris recurrence, existence of invariant measure
(ZV)(x) < —cf (x) +dlc(x)

C closed petite Positive Harris recurrence

or C compact and diffusion Feller | and existence of invariant probability measure
(ZLV)(x)<—cV(x)+d

all compact K petite for (X,5),>0 | Exponential ergodicity

Table 2.1 — Summary of the main results of the Meyn-Tweedie theory for diffusions. Here V is a
norm-like function, ¢ and d are positive constants, and C and K are subsets of R".

Table 2.1 summarises the main results on invariant measures stated in this section. Again,
while condition (2.2.6) is usually easy to check for a given Lyapunov function V, the require-
ment that all compact subsets be petite is often more difficult to verify. This is why we present
in the next section an alternative approach, due to Martin Hairer and Jonathan Mattingly, that
provides an exponential ergodicity criterion in a slightly different norm, and avoids any con-
dition on sets being petite.

Exercise 2.2.16: One-dimensional diffusion

Consider a one-dimensional diffusion of the form dX, = -V’(X,)dt + V2dW, (cf. Exam-
ple 2.1.1). Assume that V(x) behaves like x% for some a > 0 for x large. Taking V as a
Lyapunov function, discuss what one can say on convergence to the invariant probability
measure depending on the value of a.

2.2.4 A simplified proof by Hairer and Mattingly

We present here a convergence criterion from [HM11], which applies to discrete-time Markov
processes. This is, however, not really a restriction, because if P, is the semi-group of a diffusion
(X¢)t=0, then for any 6 > 0, Ps generates the embedded discrete-time Markov chain (X;,,) e ob-
tained by restricting f to integer multiples of 6. An invariant measure 7 of the diffusion is
clearly also invariant for the discrete-time Markov chain, and it is not difficult to convert a
convergence result in discrete time to a convergence result in continuous time. To avoid con-
fusion, we will denote the discrete semi-group by 9, and its actions on bounded measurable
functions f and signed measures y by

(PN =E )= [ Fo1P5dy),

(uP)A) =PF|{Xs € A} := Ny P(x,A)pu(dx) .

The convergence result of [HM11] requires two rather simple conditions on 2. The first one is
a discrete-time analogue of (2.2.6), which guarantees that the Markov process does not escape
to infinity.
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Assumption 2.2.17: Geometric drift condition

There exist a function V : R” — [0,00) and constants d > 0 and y € (0, 1) such that

(PV)x)<yV(x)+d (2.2.7)

for all x € R".

Note that y is the discrete-time analogue of e~°¢ in continuous time, so that (2.2.7) is indeed
the discrete anlogue of (2.2.6). The second condition is a form of irreducibility condition, which
is analogous to the conditions on sets being petite that we encountered above, but simpler to
verify. It is also similar to what is known as Doeblin condition in the Markov chain literature.

Assumption 2.2.18: Minorisation condition

Let C = {x € R": V(x) < R} for some R > 2d(1 — y)~!. Then there exists & € (0,1) and a
probability measure v such that

inf P(x,A) > av(A) (2.2.8)

xeC

holds for all Borel sets A c R”.

Under these two conditions, the main result of [HM11] is the following statement, which
provides both existence of a unique invariant measure and convergence to this measure. Con-
vergence takes place in the weighted supremum norm defined by

|f (x)]

Iflli+v = sup ———.
Hhev =580 TV

Theorem 2.2.19: Exponential ergodicity in discrete time

If Assumptions 2.2.17 and 2.2.18 hold, then 9% admits a unique invariant probability mea-
sure 1t. Furthermore, there exist constants M > 0 and y € (0, 1) such that

1P f = ey SMY"If = ey (2.2.9)

holds for all measurable functions f : R” — R such that ||f|; .y < oo.

Since the proof of this result is rather elementary (and also quite elegant), we will provide
the details of it in the remainder of this section. Our presentation follows closely the arti-
cle [HM11]. We first recall the definition of the total variation distance between probability
measures.

Definition 2.2.20: Total variation distance

Let p and v be two probability measures on a measure space (¥, % ). The total variation
distance between y and v is defined as

I =vliry = 2sup{|u(A) - v(A): Ae F}.

It is known that the total variation distance between y and v coincides with the L!-distance:
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Lemma 2.2.21

For any probability measures p and v on (¥, %), one has

= vliry :j = vl(dx).
X

Proor: Consider the case where the measures have densities with respect to Lebesgue measure,
and let B = {x e R": pu(x) > v(x)}. Note that since y and v are probability measures, we have

0< u(B)=v(B) =1-p(B) - [1-v(B°)] = v(B) - u(B°),
which implies

f%w —vi(dx) = (= v)(B)+ (v — )(B) = 2(u— v)(B). (2.2.10)

For any Borel set A € &, we can write

H(A)—v(A) <f

ANB

(1 -v)(dx) < L(u — v)(dx) = pu(B) - v(B),

since y— v is negative on AN B¢, and positive on A° N B. A similar argument yields

V(A)~ (A) <f (v - j)(dx) = v(BF) — ju(B) = u(B) — v(B).

c

We have thus shown the |[u(A) — v(A)| < (4 — v)(B), where equality holds whenever A = B or
A = B°. The result thus follows from (2.2.10). O

The main idea of the proof of Theorem 2.2.19 is to work with a whole family of equivalent
norms. Instead of just ||f]l;;v, we thus consider the norms [|f[[;;3y where g > 0 is a scale
parameter. We also consider the dual metric on probability measures given by

P = sup [ fxle- v

fillfllipr<t

1
= sup

gy g 2N, (2.2.11)
Fiflhgy=0 I lepy Jre

which is in fact equivalent to the weighted total variation distance given by

pptn) = | (14 BV G0N ).

In particular, for g = 0, we have po(y, v) = || — v|lrv. The supremum in (2.2.11) is attained for
f(x)=[1+BV(x)][1p(x)— Lpc(x)], with B as in the proof of the above lemma.
The key result for the distance pg is the following.

Proposition 2.2.22: Contraction estimate in pg distance

If Assumptions 2.2.17 and 2.2.18 hold, then there exist @ € (0,1) and > 0 such that

pp(UP,vP) < apg(p, v)

holds for all probability measures y, v on R". More precisely, for any a € (0, @) and any
Yo € (y +2dR71, 1), one can choose

2 +Rﬁ')/0

ﬁzg, d:(l—(a—ag))v 2+ RB
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To prove this result, we introduce an alternative definition of pg. Consider first the function
0 ifx=yp,
dg(x,y) = . i’
2+ BV(x)+BV(y) ifx=vp,
which can easily be checked to be a metric on R". This metric induces the Lipschitz seminorm

Il = sup LS (2.2.12)

x#Y dﬁ(xl v)

and a dual metric on probability measures given by

pp(pv)= sup fX)(p=v)(dx).
fiflp<t IR

Note that the supremum is taken on a different set of functions than in (2.2.11).

Lemma 2.2.23: Equivalence of norms

We have
= infl||f + .
"|f"|ﬁ ig ”f C”1+ﬁ\/

In particular, p} = pg-

Proor: We first note that since |f(x)| <||f[l14pv (1 + BV (x)) for all x € R", we have

F-fOI V@Ifol
2+ V() +BV(y) ~2+BV(x)+pV(y) Y

for all x,y € R", so that [|fllg <||fll14pv- It follows from the definition (2.2.12) of ||f]|g that this
seminorm is invariant under addition of a constant to f, so that

<inf .
£l <ing If +clypy

To prove the reverse inequality, it suffices by homogeneity of the norm to show that if holds for
f with [Ifllg = 1. We set

¢ = inf(1+ﬁV(x)—f(x)).

xeR"

For any x,y € R", we have

fFEO<IfFI+Ifx) - f@I<If@)+2+BV(x)+ BV (),
which implies
1+BV(x)-f(x)2-1-BV(y)-If ).
Since V(p) is finite at one point at least, ¢* is bounded below, and hence |c*| < co. Now we
observe that on one hand,

f)+c"<f(x)+1+pV(x)—f(x)=1+BV(x),

while on the other hand,

fx)+ = inf (f()+ 1+ BV ()~ 1)

yeRﬂ
> i -
> inf (1+ 5V () -1 ()

z-1-pV(x),
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where we have used the fact that ||f]lg = 1. Hence |f (x) + ¢*| <1+ BV(x), and thus
inf If + cllepy <IF+ gy <1 =171p

proving the reverse inequality. The equality of p;; and pg follows from the fact that the unit
balls {f: ||f||1+lgv} <1and {f: |||f|||lg < 1} only differ by additive constants, and homogeneity of
the norms. O

Proor or ProrosiTiOoN 2.2.22. We prove that under Assumptions 2.2.17 and 2.2.18, one has

19l < alfllg - (2.2.13)

Fix a test function f with [|f[l<1. By Lemma 2.2.23 we can assume, without loss of generality,
that one also has ||f||;4pv < 1. By homogeneity, it then suffices to show that

(1)) (Pf) )| < adg(x,p) .

Since the claim is true for x = y, we consider the case x # y. We treat separately the cases
V(x)+V(y)>Rand V(x)+ V(y) <R.
* If V(x)+ V(y) > R, we note that

(PP <flgy [ (1+pVONPE N <Tp@VID. (2214
Therefore, the geometric drift condition (2.2.7) yields
(P2~ (PH@) <2+ B(PV)(x)+ B(PV ()
<2+ ByVix)+ByViy)+2pd
<2+ ByoV(x)+ByoV (),

where we have set ¥y = y + 2dR™! and used V(x)+ V(y) > R. We now set

_2+BRyp
M=50BR

One readily checks that 2(1 — ;) = BR(y1 — ¥0) < B(y1 — v0)(V(x) + V(p)), so that
(PF)x) = (PLYD)| <1 (2+ BV )+ BV (3)) = 71dp(x3) . (2.2.15)

o If V(x)+ V(y) <R, then x,y € C. We introduce the Markov kernel P defined by

P(x,A) = %@(x,A) - V(A).

- l-«a

Note that @J(x,]R”) = 1, while the minorisation condition (2.2.8) implies that ﬁ(x,A) is al-
ways positive, as required. Then we have

(PHE =01 -a P +a | fHvidy)

showing that

(Pf)x)—(PF)| = (1-a)|(PS)x) - (Pfw)
<(1-a)2+B(PV)(x)+B(PV)(y)]
<2(1-a)+B(PV)(x) +B(PV)()
<2(1-a)+ypLV(x)+ V(y)] +28d.
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Here, to obtain the second line, we have used a similar argument as in (2.2.14), while the
third line uses the fact that

(PV)) < 1= (PV)()

1—
since V is non-negative. It follows that setting

ﬁ=%, y2=7V(1-(a-ao))

for some a € (0, a), one obtains
(P12~ (PF)@)| < y2dp(x,9). (2.2.16)
It follows from (2.2.15) and (2.2.16) that
(P~ (P <adgxp),  a=p V.

Since y; >y, this implies (2.2.13). The result then follows from the fact that dj is the norm
dual to |- 3. Indeed, we have

Fillfllz=0 f B f Ifllg=0 f B
< sup —m(u-v,fy=apj(py),
Fiafug=o If llg
and we obtain the conclusion since Pp = p;. O

To conclude the proof of Theorem 2.2.19, it remains to prove existence of the invariant
measure, which can be done by a contraction argument.

Proor or THEOREM 2.2.19. We fix some x € R"”, and define for any n € N the measure p;; =
0,F". Then by Proposition 2.2.22, we have

Pp(Hur1r ) < @"pp(py, 0x) (2.2.17)

for some @ € (0,1) and g > 0. Therefore, (y;), is a Cauchy sequence. It is known that the
total variation distance is complete for the space of measures with finite mass, implying that
pp is complete for the space of probability measures integrating V. Therefore, there exists a
probability measure 7t = p, such that pg(y;, poo) — 0 as n — co. This implies that yj; converges
to M. in total variation. Since &P is a contraction in total variation, it follows that y 2 =
lim,,_, oo i P =1lim,,_, o, ;.| = Yoo In order to show (2.2.9), we observe that

(P )x) = (0, f) =(ox =0, P f) = (0xP" =70, ) = (i =70, f) -
Therefore, by the definition (2.2.11) of pg, we have for any >0,
n _ |<.un U9 f>| Pﬁ(#ﬁ:ﬂ)
|P"f =<1, Filhspv = SUP T V) S ||f||1+ﬁvj:]£‘ T+pV )

Now it follows from (2.2.17) and a telescopic sum argument that for g as in Proposition 2.2.22,
one has pg(py, ) < M(x)a", where M(x) is proportional to

(2.2.18)

P00 = [ (1 VDI =0.lidy) <G 1+ V) + 1+ 6V ().

Since (u}, V) = (PV)(x) < yV(x) + d by the geometric drift condition (2.2.7), the supremum
in (2.2.18) has order @", proving the result for this particular f. However, all ||-||;,gy-norms
are equivalent, so that the result holds in particular for g = 1. O
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2.3 Garrett Birkhoff’s approach

The aim of this section is to present a slightly different approach to estimating the rate of
convergence to an invariant probability distribution, due to Garret Birkhoff [Bir57]. Compared
to the approaches we have discussed so far, it has the following advantages:

1. The proof has a more transparent geometric interpretation, that helps understand the mi-
norisation condition (2.2.8) we have seen in the last section.

2. As Theorem 2.2.19, the result provides explicit bounds on the rate of convergence to the
invariant probability.

3. The result also works for submarkovian processes, that is, processes in which the total prob-
ability decreases. In that case, it provides information on the principal eigenvalue of the
process, as well as on the spectral gap to the next-to-leading eigenvalue.

As in the last subsection, the approach applies to discrete-time Markov chains. For simplic-
ity, we are going to assume that the transition kernel 9 has a density p(x,v) defined on & x &
for a domain & C R" (or possibly on a more general Banach space). The transition kernel thus
acts on bounded measurable functions f and on signed measures y according to

(PF)(x) = J%p(x,y)f(wdy ~EF(X))],
(1 P)(dy) = f% H(dx)p(x, ) dy = PHX, € dy). (2.3.1)

The main property that will guarantee convergence to an invariant probability distribution
(or to a so-called quasistationary distribution in the submarkovian case) is the following. Note
the similarity of the lower bound with the minorisation condition (2.2.8).

Definition 2.3.1: Uniform positivity

The transformation 2 is called uniformly positive if there exist strictly positive functions
s,m: & — (0,+00) and a constant L such that

s(x)m(y) < p(x,v) < Ls(x)m(y) Vx,ye&Z . (2.3.2)

The main results we are going to prove are as follows. The first one is an existence result for
an invariant probability measure, or for its equivalent if the chain is submarkovian. It is thus a
generalisation to integral operators of the well-known Perron-Frobenius theorem, which was
first obtained by Jentzsch [Jen12].

Theorem 2.3.2: Perron-Frobenius—Jentzsch theorem

If P is uniformly positive, there exist Ay > 0, a bounded measurable function hy: & — R,,
and a probability measure 77y on & such that

(Phy)(x) = Aghg(x),

(10 P)(A) = Agmo(A)

for all x € & and all Borel sets A C Z. In particular, in the Markovian case 2(x,&") = 1 for
all xe &, one has Ap =1 and hg(x) =1 for all x e Z.

The number A is called the principal eigenvalue of the Markov process, the function h
is called the principal eigenfunction, while m is called the quasistationary distribution (in the
submarkovian case, when 1 < 1), and is equal to the stationary distribution in the Markovian
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case, when 1y = 1. The main interest of the uniform positivity condition is the following result
on speed of convergence towards the principal eigenfunction h,.

Theorem 2.3.3: Spectral gap estimate

If & is uniformly positive, then for any bounded measurable f : & — R,, there exist finite
constants M (f), M,(f) such that

n

! ) ho(x) (2.3.3)

[ £ (3) = AG My (o ()| <M2<f)A3(1 -

for all x € Z. In particular,

_ Ao, f)
Ml (f) - <T(0, h0> ’

which reduces in the Markovian case to M;(f) = (mg, f)-

Note that in the Markovian case Ay = 1, the bound (2.3.3) is equivalent to the exponen-
tial ergodicity result (2.2.9) of Theorem 2.2.19, but with an explicit value of the contraction
constant y given by 1 — L2

In what follows, we are going to provide a detailed proof of Theorem 2.3.2, starting with
some simpler situations in order to build the intuition.

2.3.1 Two-dimensional case

The simplest case occurs when & is a discrete set of cardinality 2. Then 2 is a linear operator
on & = R?, that is, a 2 x 2 matrix
a b
7=( 4

with strictly positive entries. Therefore 97 maps the cone &* = R, x R, strictly into itself.
Iterating &, the image of & becomes thinner and thinner, and concentrates on the eigenvector
of P for the largest eigenvalue (Figure 2.1). However, unless the principal eigenvalue Ay of &
is 1, iterates of a vector in &* will not converge to an eigenvector: they will shrink to 0if 15 <1
and diverge if 15 > 1.

To avoid this, one can identify all vectors f,g such that f = Ag for some A > 0. In other
words, this amounts to working on the projective line. Iterates of a projective line in &* will
converge to the eigenspace associated with Ay.

Birkhoff introduces Hilbert’s projective metric by defining, for f = (f1, f,) and g = (g1,%2) €

&, the distance
p¥s)
lo (—)
& f18

0(f,g) =

Note that this distance is infinite if f or g belongs to a coordinate axis; in fact, it induces a
hyperbolic geometry. Also note that by definition,

O(Af,ug)=0(f,g) Yo u>0. (2.3.4)
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PE")

Figure 2.1 — Geometrical explanation for the convergence of iterates of a two-dimensional positive
operator 9P. The positive cone &+ = R, x R, is mapped to a smaller cone (&™), strictly con-
tained in &, . Each iterate 7"*(£™") has a strictly smaller diameter, and the sequence of these iterates
converges to a half line.

Lemma 2.3.4: Projective operator norm of 9

The operator norm of & in the projective metric is given by

sup 87/, %2) = tanh(%) , (2.3.5)

P STy

where A = |log(ad/bc)| is the diameter, in the projective norm, of (£™).

Proor: We may assume, without limitation of generality, that ad > bc (note that in the case
ad = bc, the cone &* is projected to a half line by &, so that the operator norm of & is zero).
Let f =(1,x) be a point in &*. Then

Pf =(a+bx,c+dx)=A1,¢p(x)),
where A = a+ bx, and ¢ denotes the homographic transformation

c+dx

xH(p(x)_a+bx'

The projective distance between two infinitesimally close points f = (1,x) and (1, x+dx) is given
by dO(x) = |log(x/(x + dx))| = |dx|/x. Therefore, we obtain

do(p(x)) _ x¢'(x) _  x(ad-b)

do(x) p(x)  (a+bx)(c+dx)’

It is straightforward to check that this expression is maximal in x = y/ac/(bd), where it has value

ad —be 3 ed -1 — tanh _)
ad +bc+2Vabed 1+ed+2eM2 4/

Since this value gives the smallest rate of contraction, the claim follows. O]
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8p ¢ A(EN&™)

O

far

Figure 2.2 — Construction of the map A via the points f,- and gg-. The points f,g,... should be
viewed as equivalence classes represented by violet half-lines.

2.3.2 General vector space

Let now & be a general vector space, of finite or infinite dimension. Again, let &* be the cone
of elements whose components are all non-negative.

Definition 2.3.5: Projective metric

Let f,g € &". Consider the two-dimensional vector space E spanned by f and g. The
intersection C = EN&™* is a cone (it is invariant under multiplication by positive constants).
There exists a linear map A, mapping C to R, xR,. We define

0(f,&:&")=0(Af,Ag).

The definition does not depend on the choice of the map A (this follows from (2.3.4)). 6 is
called the projective metric associated with &*.

To understand this definition better, consider the line {f, = f —ag, a e R}. If @ <0, then f,,
being the sum of two positive elements, is in &*. When a > 0, however, the components of f,
decrease with increasing «, and change sign at some point. Let

a* =sup{la>0: f—age&*} (2.3.6)

(see Figure 2.2). Similarly, we define

B =sup{f>0:g-Bf e&"}. (2.3.7)
Then the linear map of matrix (in the basis (f,g))
(1 F
A=l 4

maps f,+ to a multiple of (1,0) and fg. to a multiple of (0,1). It thus satisfies the definition.
Furthermore we have Af = (1,a") and Ag = (B*, 1), so that

0(f,$&") = 0(Af, Ag) = |log(a’B")

. (2.3.8)
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Proposition 2.3.6: Operator norm of &

Let P : &+ — & be a linear map. If (£ 7) has finite diameter A, then the operator norm
of P is given by

0(Pf, Pg;E") (A)
= h{—].
T o gEY) i

Proor: If O(f,g;&") < oo, let a,b be the endpoints of the intersection of &* with the line
through f and g. By definition of A, 8(%Pa, PPb;&*) < A. Thus the operator norm is bounded by
tanh(A/4) as a consequence of (2.3.5). To show equality, one uses an approximation argument
for a sequence of (f,, g,,) of growing projective distance. O]

Theorem 2.3.7: Convergence of iterates in projective space

If A(&*) has finite diameter A and the cone &* is complete with respect to the distance 0,
then there is a unique ray 4 in &* to which 97" f converges for all f € &*.

The proof is a standard contraction argument. A proof of completeness will be given in
Corollary 2.3.12 below.

2.3.3 Integral transformations and Jentzsch’s theorem

We now return to the situation described at the beginning of this section, where & is a Borel
set of R”, and & is the Banach space of continuous functions f : & — R, equipped with the
supremum norm. Let &* denote the cone of positive functions f : & — R,. Consider the
integral operator 2 : &+ — & defined by (2.3.1).

Proposition 2.3.8: Bound on the projective diameter
If 9 satisfies the uniform positivity condition (2.3.2), then the diameter of Z(&™*) satisfies

A<2logL.

Proor: Let f,g € &*. Without limiting the generality, we may assume

f f(y)m(y)dy=j ¢(y)m(y)dy =1
x x
This implies
s(x) <(PSf)(x), (PQ)(x)<Ls(x) VxeZ.

It follows that (@f)—%(@g)} 0 and (@g)—%(@f) >0. Thus a*, f* defined in (2.3.6) and (2.3.7)
are greater or equal than 1/L, that is 1/a*,1/* < L and the result follows from (2.3.8). O

Applying Theorem 2.3.7, we recover Jentzsch’s generalisation of the Perron-Frobenius the-
orem to integral operators [Jen12]:

Theorem 2.3.9: Perron-Frobenius theorem for integral operators

If & is uniformly positive, then there exists a strictly positive hy € &* and A( > 0 such that
Phy = Aghy. Moreover, for any f € &*, the sequence of lines spanned by 9" f converges
to the line spanned by h,.
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Remark 2.3.10: Dual picture

The dual map 9" given by

(P)p) = (VP () = j%v<x>p<x,y)dx

satisfies (v, f) = (x, Pf ), where (-, -) denotes the usual inner product. Jentzsch’s theorem
shows the existence of a strictly positive function py such that 2?*p, = Agpy, with a similar
convergence property. The eigenvalue A is the same, since

Ao{po, ho) = (po, Pho) = (P po, ho)

and (pg, ho) > 0. Furthermore, we have for any f € &* that

Aolpo, £) = ((F)"po, ) = {po, P f)

which implies that

. Pf _ {po. f)
r}gr.}o T =c(f)hy where c(f)—<p0’h0>.

2.3.4 Banach lattices and spectral gap

Birkhoff extends the theory to Banach lattices, that is, Banach spaces & with a (partial) order

in which every pair of elements f, g admits an infimum f A g and a supremum f V g. Examples

of vector lattices include

1. the space of continuous functions f : & — R, equipped with the supremum norm, with
pointwise order given by

f<g o  fl<gk) Vxe,

and
(fAgx)=f(x)Ag(x) and  (fVg)x)=f(x)Vgx);

2. the space of bounded measurable functions f : & — R, with the same norm;

3. the space of finite signed measures p on &, equipped with the L!-norm.

The last two examples are associated with Markov kernels 9%(x,A) and the (dual) maps in-
troduced in (2.3.1). As in Definition 2.3.1, the Markov kernel is called uniformly positive if
there exist a positive function f, a measure v (absolutely continuous with respect to Lebesgue
measure, with strictly positive density!) and a constant L such that

s(x)v(A) < P(x,A) < Ls(x)v(A) VxeZX VACX .

A similar computation as above shows that 22(€") has projective diameter A < 2logL. Then
similar arguments as before show that 92 admits a unique principal eigenvalue 1, a measure
1y such that 7y9P = Ayny, called the quasistationary distribution, and a positive function h
such that Phy = Aghy.

We now examine the speed of convergence of iterates of a positive map 2 for a general
Banach lattice. The following proposition is a key result.

IFor results on more general measures, see [Num84, Ore71].
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Proposition 2.3.11: Strong comparability

Any f,g € &" are strongly comparable, in the sense that there exist strictly positive con-
stants «, 8, R such that

af <g<Raf,
Bg<f<Rpg. (2.3.9)

The optimal constant is R = e?(f:8:&"),

Proor: Let A be the linear map of Definition 2.3.5, and write Af = (f1, f2), Ag = (g1, £2).- Assume
without limiting the generality that f; g, > f,4;. Then

fi(Ag)—81(Af)=(0, fig2 - &1/2) € Ry xR,

and thus fig— g f € &". Similarly, we have g, f — f,g € &*. This shows that

81 82 . o(f.g&") 81
v g g -] =€ - J
flf g fzf flf

and thus (2.3.9) holds with a = g/f;. The proof of the second inequality is analogous. O

A first consequence of this result is that we can prove completeness.

Corollary 2.3.12: Completeness of the metric

I£11f11 = lgll = 1, then +
If - gll < V&5 -1

As a consequence, in the metric defined by 6, any 0-connected component of the unit
sphere is a complete metric space.

Proor: If ||f]| = lgll = 1, then (2.3.9) holds with @ <1 < Ra and R = e?/8%") Thus

If =gl =llf vg—-f Agli<lRaf -afll=(R-1allf[<R-1,
as claimed. 0

It follows that Theorem 2.3.7 indeed applies in this setting. Let us finally derive a spectral-gap
estimate.

Proor or THEOREM 2.3.3. Denote 2" f by f,. For any #n let a;, and f,, be the optimal constants
for which

= < Puhy -

/\61 ﬁn 0

Such constants exist and are positive for n = 1 because f;, hy belong to a cone with diameter A.
Assuming by induction that the above inequality holds for some 1, and applying 9, we obtain
that it holds for n + 1 with

anhO <

ay < A+l < /571+1 < ,Bn .

Define

Ty :fn—anASho €%+,
Sn=Pudlhy—fe&*. (2.3.10)
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We have

Ty +8, = (ﬁn - an)/\gho ’
Pry+Ps, = (B — an)/\g“ho .

By Proposition 2.3.11, there exist positive constants a,, b, and R < e” such that

a,hg < Pr, <Ra,hy,
b,hy < Ps,, <Rb,hyg .

On one hand it follows that
(@ +by)hg < Pry + Ps,, = (B — ay) AT hg < R(ay, + by)hg . (2.3.11)
On the other hand, we conclude by applying & to (2.3.10) that

(%/‘3“ + an)hO < @fn = fn+1 < (ﬁn/\(r)lH - bn)hO ’

This yields
> il < by
an+1/05n+w, lgn+1\ﬁn_ﬁ-
Using (2.3.11) it follows that
a,+b 1
(Bua1 = Wna1) < (B — ) = = n+1n < (1 - E)(ﬂn —ay).
Ao

This shows that the sequences «, and 8, converge to a common limit M;(f), and thus that
fu/ Ay converges to M, (f)hy at rate (1 —R) = (1-e2)".

Finally, the uniform positivity condition (2.3.2) implies that e is bounded below by 1/L?,
which concludes the proof. O]

Remark 2.3.13: Dual picture

As in Remark 2.3.10, we have

AodTeo, f) = (1o P, f) = (10, P" f)

for all n, which shows that
_ (10, f)

M (f) = Tl

2.3.5 From discrete time to continuous time

We provide here a simple illustration of how the discrete-time results presented in this section
(and in Section 2.2.4) can be applied to continuous-time SDEs. Consider the SDE

dXt:f(Xt)dt+Gth, (2.3.12)

where ¢ > 0 is a small parameter, and f has a stable equilibrium point at the origin, that is
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and all the eigenvalues of the Jacobian matrix

W

=5;0)

are strictly negative. The approaches we just introduced require upper and lower bounds on
the transition density p;(x,y) for some ¢t > 0, say t = 1. A general approach for obtaining such
bounds is based on Malliavin calculus, but it is also possible to obtain the required information
by less elaborate methods. The approach we outline here is a simplification of the method used
in [BG14, BB17].

A first point is that one can use Harnack inequalities for &-harmonic functions (see [GTO01,
Corollaries 9.24 and 9.25]) to show that the transition density at time 1, p;(x,v), satisfies the
following two regularity estimates on small balls. For x € R” and r > 0, we let 93,(x) denote the
ball of radius r centred in x.

Lemma 2.3.14: Harnack-type bounds on the transition density

1. Fix xo,y € R". There exists a constant Cy, independent of x; and o, such that

sup pi(x,y)<Co inf pi(xp). (2.3.13)
xePB,2(xp) x€%B,2(xo)

2. Fix xg,y € R and ry > 0, and let Ry = ryo>. Then there exist constants C; > 1 and & > 0,
independent of o, such that for any R < R, one has

o

. R

0SC,(x,)P1:= sup pi(x,y)— inf pl(x,y)gCl(—) 0SC gy (xy) P1 - (2.3.14)
xeBr(xo) XERBR(xq) Ry

Using (2.3.13), one can then show (cf. [BG14, Lemma 5.7]) that for y in a compact set D,
one has the rough a priori bound

supp1(x,y)
xeD <eC/O'2

;glgpl(x,y)

for a constant C, depending on D, but not on ¢. Furthermore, combining (2.3.14) with (2.3.13),
one obtains (cf. [BG14, Lemma 5.8]) that for x(,y in D and any 7 > 0, there exists r = r(y, 1) > 0,
independent of o, such that

sup pi(xy)<(1+7n) inf pi(xp).

x€RB, 2(xp) x€B,;2(xg)

This result can now be extended to larger balls by using a coupling argument. Let X denote
the solution of (2.3.12) with initial condition x, conditionned to stay in D up to time t. For
x1,%2,9 €D, let

N(x1,x) = inf{n >1: X7 - X' < r(q,y)02} .

If p? denotes the transition density at time n of the process conditioned to stay in D, one
obtains [BG14, Proposition 5.9] that for all n > 2, one has

suppy, (x,9) 2
xeD <147+ sup PN(x;,xp)>n—1}e” (2.3.15)

inf p2(x,v) x1,%,€D
xeD
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for a constant C independent of ¢ and y € D. Controlling the tails of N(xy,x;) thus amounts
to a coupling argument, with an error of size ro?. To do this, we observe that the difference
Y, = X;' - X;? satisfies the equation

dYt = AYtdt + b(t, Yt)dt ,

where b(t,y) = O(y?) for small y. Using the integral representation

t ot
Y, = (x5 —x;) et +J J e p(s, Y,)ds,
0 Jo
one can prove an estimate of the form
_ 2
P{IX;" = X711 > pllxo - x|} <e ™0

uniformly over x;,x, € D, for some p € (0,1) and x > 0. Using the Markov property?, one

arrives at )
}P’{N(xl,xz) > n} Le /0"

so that by choosing n large enough, one can make the right-hand side of (2.3.15) smaller than
1 + 2n. We thus obtain a bound on the variation of the map x — p(x,y) inside D, yielding a
uniform positivity property of the form (2.3.2) with m(y) =1 and L close to 1.

2We simplified the argument somewhat, because one has to account for the difference between the initial process,
and the process conditioned on staying in D. See [BG14, Proposition 6.13] for the precise argument.



Chapter

Large deviations for stochastic
differential equations

The theory of large deviations is a very powerful tool to analyse sequences (X;),>¢ or (X;):0
of random variables that obey some scaling behaviour as n — co or ¢ — 0. Standard textbooks
on that theory are [DZ98] and [DS89]. In the particular case of scaled Brownian motion veW;,,
Schilder’s theorem provides a large-deviation principle, which can be transferred to SDEs us-
ing the so-called contraction principle. This is the starting point of the theory developed by
Freidlin and Wentzell in the monograph [FW98].

In this chapter, we will first provide a general introduction to large-deviation principles,
before specialising it to the case of SDEs, and giving some applications to the exit problem of a
diffusion from a domain.

3.1 Large-deviation principles

3.1.1 A simple example

Let S, be the number of heads obtained when throwing a fair coin n times. Then §,, follows
a binomial distribution with parameters (n,%), and thus has expectation 5 and variance %.

Therefore, the law of large numbers shows that

lim IP’{
n—oo

for any o > 0, that is, % converges to % in probability. The strong law of large numbers states
that this convergence also holds almost surely. The central limit theorem states that the vari-
able

S, 1
——=[=26;=0
n 2‘ }

5= 3

n

1
converges in distribution to a standard normal law as n — oco. This indicates that for large #,
Sy is likely to belong to an interval of order /i around 5.

One may be interested in more precise estimates on the probability of S, being very far
from its expected value. One way of estimating this probability is via the Bienaymé—Chebyshev
inequality, which yields

|

s, 1]_ ) _1 S, 1
. 26 g_v — = —. 3.1.1
n 2‘ } 52 ar( n ) 4ns? ( )

59
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However, while this upper bound is rigorous, it may be too pessimistic for certain values of n
and 6.

Example 3.1.1

For n=1000 and 6 = 0.1, (3.1.1) yields

|

However, one would expect this probability to be much smaller. For instance, one might
be tempted to infer from the central limit theorem the bound

S, 1 _ n - n
[P{ 7_5‘ >5} _]P’{ sn—z‘ >n5} _P{IZI > \/;né}@P{IZI) 1581},

where Z follows a standard normal law. However, nothing guarantees that we are allowed
to apply the central-limit theorem in this n-dependent way!

S1000 1' 1
21000 ~f> 54— pls, 100 € [400,600]} < — = 0.025.
1000 2 { 1000 | ]} 40

The Bienaymé-Chebychev inequality can be improved by using the so-called Chernoff
bound. For any t > 0, one has

1
—E[e"S2)]. (3.1.2)

o) o t(S,-n/2) < Ltnd
}P’{S,1 2>nb}—IP’{e >e }gem

We can write .
Sn = ZXi
i=1

where the X; are independent, identically distributed, taking values 0 or 1 with probability %

Setting Z; = e"Xi~1/2)we obtain
t
E[Z;]=e?P(X; = 0} + 2 P{X; = 1} = cosh(z).
Since e!(5"=2) = T]"_, Z;, independence of the Z; implies

—n/2 n
E[e!l “—IZ] ]—IE | = cosh (2)
This last expression can be written as exp[nlogcosh(%)]. Inequality (3.1.2) thus becomes

P{Sn—g2116}<exp{—n[t6—logcosh(%)]}. (3.1.3)

Consider the function )
fit—>to —1ogcosh(§)

which is maximal for tanh(%) = 26, that is, for t = t* = log %f%g Let us set

, . 1426 1-25
F(0)=f(t )zélogl_zé—log( 1+25)

:(%—i—é)log(l+26)+(%—6)10g(1—26). (3.1.4)
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Y

Figure 3.1 - Plot of the rate function 6 — _#(9).

Using (3.1.3) for t = t*, and the same estimate for P(S,, — 5 < -n6}, we get

i

This is a particular case of large-deviation estimate, and ¥ (0) is called the rate function, see Fig-
ure 3.1. The fact that (3.1.4) is reminiscent of entropy is no coincidence.

ﬁ_l‘gé}gze—”ﬂb) ) (3.1.5)
n 2

Example 3.1.2

Continuing with Example 3.1.1, since I(0.1) ~ 0.02, we get the much smaller bound

P{S1000 € [400,600]} < 27100010 ~3.6.107.

In fact, the estimate (3.1.5) is related to a particular case of Cramér’s theorem.

Theorem 3.1.3: Cramér’s theorem

Let (X,,),>0 be a sequence of independent, identically distributed random variables, such
that the logarithmic moment generating function A(t) = log[E[e/*1] is finite for all ¢ € R.

Then ;
.1 .
i ;logﬂ”{ ;1 X; > nx} = —A"(x)

for all x > E[X; ], where

A (x) =sup(tx — A(t))
teR

is the Legendre transform of A.

Exercise 3.1.4

Compute A*(x) for a Gaussian random variable, and for an exponential random variable.
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3.1.2 Definition of large-deviation principles

Definition 3.1.5: Large-deviation principle

Let (S,d) be a separable metric space. We say that a family {y,.}.~( of probability measures
on S satisfies a large deviation principle with rate ¢ and rate function _¥ if
1. #:S —[0,+00] is lower semicontinuous, has compact sublevel sets and is not identical
to +oo.
2. For every closed set C C S one has
limsup elog p.(C) < —inf #(s) . (3.1.6)

e—0 seC
3. For every open set O C S one has

liminfelog u.(O) > —inf #(s) . (3.1.7)

e—0 seO

Roughly speaking, the large-deviation principle says that for any sufficiently nice setI' C S,
we have

‘M&(r) ~ e—infrj/é:

in the sense of logarithmic equivalence.

Example 3.1.6: Cramér’s theorem as a large-deviation principle

Setting n = |¢7! |, Theorem 3.1.3 shows that S, = Y /", X; satisfies a large-deviation princi-
ple with rate function

F(s)=A(s).

3.1.3 The contraction principle

The contraction principle is a powerful method to generate new large-deviation principles
from already known ones. The following version of this principle follows directly from [DS89,
Lemma 2.1.4], see also [HW15, Lemma 3.3].

Lemma 3.1.7: Contraction principle

Let {y.}e>0 be a family of probability measures on a separable metric space (S,d), and

let ¥ : S — [0,00] satisfy the first condition of Definition 3.1.5. Let (S’,d’) be another

separable metric space, and let {\W.: ¢ > 0} be a family of maps from S to S’ which are

continuous on a neighbourhood of {s € S: _#(s) < co}. We assume that

1. The probability measures {y,}.~( satisfy a large-deviation principle on S with rate func-
tion 7.

2. For every c € R, there exists a neighbourhood O, of {s € S: _#(s) <} such that the maps
W, converge uniformly on O, to Y.

Then the image measures y, o W ! satisfy a large-deviation principle on S’ with rate func-

tion

F'(s") =inf{F(s): s € S, Y(s) =5},

with the convention that the infimum equals +co if the set is empty.
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3.2 Large deviations for SDEs

3.2.1 Schilder’s theorem

We consider in this section scaled Brownian motion in R or R"” defined for any ¢ > 0 by

:\/Ewt

Our aim is to obtain a large-deviation principle on sample-paths of W/, meaning that it should
apply to the random functions {W/}o<;<7 for some fixed time horizon T > 0. Let us first con-
sider some particular cases of subsets of sample paths.

Example 3.2.1: Brownian motion at a fixed time

Fix a time T > 0 and an open set A € R". Since

P{W; € A} = e /2D gy,

1
L V(2meT)"

applying the Laplace method shows that

JxI>
hn})slog]P’{WTeA} 2x2.£ - (3.2.1)

Example 3.2.2: 1d scaled Brownian motion staying below level h

The reflection principle implies

i i h 0 o=x?/2
P sup WE>hpy =2P{WE>hl=2PS Wr > — :2-[ dx,
{ostET t } (Wr > k) { ! \/5} h/\e V21te

which yields

: h?
limelogP{ sup Wi>hp=—-——. (3.2.2)
e—0 g {Ogth t } 2T

In both cases, we would like to write the right-hand side of (3.2.1) and (3.2.2) as the infimum
of some rate function over all sample paths fulfilling the property defining the event. It turns
out that such a rate function is provided by the following theorem.

Theorem 3.2.3: Schilder’s theorem

Let 6, be the space of continuous functions ¢ : [0,T] — R” such that ¢(0) = 0. Scaled
Brownian motion on [0, T] satisfies a large-deviation principle on 6 with rate function

1 1 (T :
ol =3 [ IoIPds if g et and p(0) -
So,1)(p) = 0

+00 otherwise .

Before giving a proof of this result, let us look at some of its consequences. Let ¢ : [0, T] —
R" be a path vanishing at times 0 and T. Then the Gateaux derivative of the rate function in
the direction 1 is given by

 Sor(p )], J ((s), p(s))ds = - J () p(s))ds (3.23)
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Stationary points of the rate function are thus straight lines of the form ¢(s) = sv for some
v € R". This is nothing but the Euler-Lagrange variational principle applied to the Lagrangian
of a free particle. In Example 3.2.1, we can apply the large-deviation principle to the set of
paths ¢ such that ¢(T) € A. The infimum of the rate function is achieved by the path

S

(P(S) = TxO ’ Xo = arginfxeAHx” »

and one has indeed Sy r)(¢) = %llxoﬂz. A similar argument applies to Example 3.2.2, with
@(s) = h.

Let us now outline a proof of Schilder’s theorem. Its main ingredient is the Cameron-
Martin-Girsanov formula, which states that any drifted Brownian motion is equivalent to stan-
dard Brownian motion under a change of measure.

Lemma 3.2.4: Cameron-Martin—Girsanov formula

Let (W;);>o be a standard 1-dimensional Brownian motion on (Q,%,P). Then for any
h € L?, the process defined by

t
W, =W, —J- h(s)ds
0

is a standard Brownian motion on (Q, %,Q), where Q is defined via its Radon-Nikodym
derivative t t
4o = exp J h(s)dWS—lJ h(s)®ds} . (3.2.4)

SkeTcH OF PROOF: For h € L? and y > 0, the processes

X, = exp{Jth(s)dWS - % ft h(s)? ds} ,
0 0

t t
Y, = eXp{fO (y +h(s)) dW; - %JO (y+ h(s))zds} =X, eXp{VWt - %Vzt}

are exponential martingales (similar to exponential Brownian motion) with respect to P. This
means that E[X; | ] =X, and E[Y; | %] = Y, whenever t > s. For any %,-measurable random
variable Z, one has

IEQ[Z ey(Wt_Wg] _ EIP’[ZXt ey(Wt—VA\ls)]
= Ep[Ze 7™ v,e37"]
= Ep[Ze‘VWﬁlﬁztEp[Yt | %]]
- EIP’[Z e Y Wt 3yt Ys]
= Ep[zxse%yz(tfs)]
- EQ[z]e%ﬂt—s),

where the third line follows from the tower property of conditional expectations, and the
fourth line from the martingale property. Since W, - W; is Q-independent of %, the increments
if W, are independent. The above computation shows that these increments are Gaussian of
variance t —s, proving that indeed W, is a Brownian motion with respect to the measure Q. [J
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Proor or THEOREM 3.2.3. Assume for simplicity we are in dimension n = 1. We start by proving
the lower bound (3.1.7). We thus have to prove that for any open set O C 6, one has

liminfelogP{W* € O} > — inf o 1(¢p) .
e—0 @e0

For this, it is in fact sufficient to prove that

1imi§lf€lOgP{W€ € Bs(p)} = ~So,1)(9) (3.2.5)
E—

holds for all ¢ € €; such that S, 71(¢) < oo and all 6 > 0, where B;(¢p) denotes the ball of
radius ¢ in the sup norm, centred in ¢.
If we set W, = W, — \/Lg(pt and define dQ by (3.2.4), we have

‘ _ 5
P{IIW‘—¢IIW<6}=P{HWHW<—}:ﬁ dp
Ve WeB;y:(0)
1 T
= exp{
JWEQ&%/( \/_

— e_fio,T](@/é‘J\ exp{
WE\%()/\/’ \/_

.~ 1 (T
(pde5+7j (p_fds}dQ
€Jo

T —_—
qbdes}dQ.

Jensen’s inequality yields

1 f { 1 J’T. _
— R expyi——— (pdeS}dQ
QW € B/ (0)} JWey e (0) Ve Jo

1 T _
> - — O )dWsdQ}-
exp{ \/EQ{W € %@/\E(O)} J\WE%M\E(O)L P

It thus follows from the Cameron—Martin—-Girsanov formula that

P{IW® - ¢llo < 6}

i . 1 iy
L T e e e NP UL,
e S5/\E

— e~om(@)/e [P’{W € \@5/\/5(0)} .

Noting that the probability in the last expression goes to 1 as ¢ decreases to 0, we obtain indeed
the required lower bound (3.2.5).
Regarding the upper bound (3.1.6), we have to show that for any closed set C C 6, one has

limsup elogP{W*® € O} > - inf Sy 1(¢) .
peC

e—0

To do this, given m € N we introduce a polygonal approximation W of the Brownian path
WE, joining the m + 1 points (0,0), (T/m, Wf/m), ..., (T,Wz). For any 6 > 0, one can find a set
C® whose boundary is at distance 6 from the boundary of C, and such that

P{W¢ € C} <P{W™¢ € CO)+ P{|[WE - W™¢|| >0} (3.2.6)
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We first show that the second term on the right-hand side is negligible. Indeed, by the station-
ary increments property of Brownian motion, we have

P{|WE - W™ =0} <mP{ sup |[[WE-W/"|o=0
p S S
0<s<T/m

<mb{ sup el 3]

0<s<T/m 2
—m]P{ sup ||Wil| > 0 }
0<s<T/m o 2\/E

< 2me—m52/(8£T)

where the last bound is a standard bound for Brownian motion, that can be deduced from
Doob’s submartingale inequality. It follows that for any 6 > 0, one has

limsuplimsup P{||W* - W™, > 6} = —c0.

m—o0 e—0

We now deal with the first term on the right-hand side of (3.2.6). Note that

B € CO)<B{Sor(W™) > inf Fori(p)]

Since W""¢ is a random polygon, we have

1T \m : £\
or W) =5 Y L W= Wil =5 Z
k=1

where the & are independent, with standard normal distribution. Therefore, Markov’s in-
equality yields for any y < % and ¢ > 0 the bound

=2yl/¢
m,e =2yl/e v\ e
P{XO,T](W )>€}<e (E[e 1]) S (1 _zy)m/z ’
Since y < 1 is arbitrary, it follows that

limsup hm sup € logP{ﬁo 1(W™4) > inf Fo1)( } <- incfb So,11(®),
Ppe

m—o0 peC?

and the result follows by taking the limit 6 ™\ 0. O

Remark 3.2.5

The proof we have given here is essentially the one found in [FW98, Chapter 3, Theo-
rem 2.2]. There exist other proofs, however, for instance a proof based on the Wiener
isometry can be found in [HW15].

3.2.2 The Freidlin-Wentzell large-deviation principle

We consider from now on SDEs of the form

dX¢ = f(XF)dt +Veg(XE)dw,, (3.2.7)
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where W, denotes k-dimensional Brownian motion, X; is n-dimensional, f : R” — R" is a drift
coefficient, and g : R” — R is a matrix-valued diffusion coefficient. We assume that f and g
satisfy the Lipshitz and bounded-growth conditions seen in Section 1.2.3. Assume furthermore
an ellipticity condition on the diffusion matrix D(x) = g(x)g(x)T, requiring that

(&,D(x)E) = cl|E|  VEeR? (3.2.8)
holds for some ¢ > 0. Note that this is only possible if k > n, since otherwise, D(x) cannot have
full rank.

Recall that the solution of (3.2.7) with initial condition X{ = x is defined as the fixed point
of the integral equation

t t
Xi=xo+ [ s | gxeaws, (3.2.9)
0 0

where Wf = \/eW; denotes scaled Brownian motion. We view the right-hand side as a map ¥
from realisations of (W );[o,] to sample paths (X});e(o,1)-

Consider first the case where g is the 1dent1ty matrix. Then the contraction principle,
cf. Lemma 3.1.7, suggests that X¢ satisfies a large-deviation principle with rate function

Ho,11(¢) = inf{Ho 7)(¢): V() =

—mf{ f i (s)||> ds: x0+J fle ds+j (s) P(t) Vte[O,T]}.

Taking the time-derivative of the condition suggests that one should take 1) (t) = ¢(t) - f(¢(t)),
yielding

For(p f ()~ F ()P ds.

Consider next the case where f = 0, while g is a general matrix satisfying the ellipticity condi-
tion (3.2.8). Then (3.2.9) suggests choosing 1 in such a way that g(¢)i) = ¢». However, since g
is not a square matrix in general, some care is required when solving the variational problem.

Lemma 3.2.6

The minimum of [|)]|> under the constraint g(¢) = ¢ is achieved for ¥ = ()T D(p) L ¢,

and has the value ¢"D™1¢ = (¢, D71 ¢).

Proor: The problem amounts to minimising p(v) = |[y||* over y € R¥ under the constraint q(y) =
2(@)y — ¢ = 0. By the Lagrange multiplier theorem, there exists a vector A € R” such that

ap aqz .
2= 5,0 = Z ZAzgu jell k),
This amounts to setting 2y = g(¢)” A, and the constraint g(y) = 0 yields g(¢)g(¢)T A = 2¢, or
A =2D(¢) ' ¢. Therefore, y = g(¢)T D(¢) !¢, and taking the norm gives the result. O]

It follows that for f = 0, one has

L Y
For(@)=3 | @)Dl glends.

Combining these two special cases yields the following result. Its proof is somewhat more
complicated than a direct application of the contraction principle, because of the continuity
properties that need to be verified. However, one can work with Euler approximations of the
solutions, obtained by a time-discretisation.



68 Chapter 3. Large deviations for stochastic differential equations

Theorem 3.2.7: Large-deviation principle for SDEs

The processes (X} ).>o satisfy a large-deviation principle with rate function

T

%f (@(s) = f((s), D(@) (¢(s) - f(q(s))ds if @ € H! and @(0) = x,,
Ao,1i(p) = 0
+00

otherwise .

Remark 3.2.8

If D(x) is only positive semi-definite, the large-deviation principle remains valid with

t t
Ho11(®) =inf{f(§0)i peH, @(t) =xO+L f((P(S))dHJ; D(¢(s))*p(s)ds Ve [O;T]}-

Example 3.2.9: Interpretation of the rate function

Fix a continuous path ¢ : [0, T] — R", and define for 6 > 0 the set

L={ecCUOTLR): sup llp(t)-poltll >3},
t€[0,T]

which one can check is open in the topology induced by the supremum norm. Then we
have P{[s} = P{t(0) < T}, where 7(5) denotes the first-exit time from a 6-neighbourhood of
the path ¢q. The large-deviation principle yields

— inf %o 71(¢) <liminfelogP{r(0) < T} <limsupelogP{7() < T} < - inf Ao 1)()-
el e—0 £—0 @el's

Taking the limit 6 — 0, we obtain

Ho,1)(®0) = —éin(l)lirr(l)elogIP’{T(é) <T}.
—0e—

Therefore, %o 1)(¢0) can be interpreted as the cost of following the path ¢,.

Let us also mention Varadhan’s lemma, which applies to general random variables satisfy-
ing a large-deviation principle. The lemma allows to obtain results on “tilted” processes, in
which unlikely outcomes are made likely by changing the probability measure.

Theorem 3.2.10: Varadhan’s lemma

Let € denote the set of continuous functions ¢ : [0,T] —» R, and let ¢ : € — R be a
continuous map. Assume the tail condition

lim limsupe logf e?XVeqp = —oo
{p(X*)>L}

Loeco ¢ 50

Then

lim elog j e?XVedp = sup [¢(<P) - f[o,T]((P)] :
e—0 QEE
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3.3 Application to the stochastic exit problem

One of the many applications of the large-deviation principle for SDEs is the stochastic exit
problem, that we have already encountered in Section 1.3. In particular, the large-deviation
principle gives information on the probability to leave a given set in finite time, on the expected
time required to leave the set, and on the most probable path the process takes to do so. The
approach is in fact quite similar to the geometric optics limit of the wave equation, where
waves are replaced by light rays moving in straight lines. It can also be viewed as a version of
Richard Feynman’s path-integral approach to quantum mechanics.

3.3.1 The Ornstein-Uhlenbeck process

As a relatively simple warm-up example, let us consider an Ornstein—Uhlenbeck process in R,
defined by the SDE
dXf =-Xfdt+VedW,. (3.3.1)

Let us fix an initial value xy > 0 and a level h > x, and ask the question of how likely it is that
X; reaches the level h at or before time T, when ¢ is very small. For that, we define the set

I= {(p €6 ([0,T],R): ¢(0)=xq, sup ¢(t)> h} :
0<t<T

One checks that I' is open in the topology induced by the supremum norm, and that its closure
is obtained by replacing the condition ¢(t) > h by ¢(t) > h.
We have to compute the infimum over I of the rate function

T
HAor(p) = %L [@(s) + p(s)] ds.

Proceeding as in (3.2.3), we find that the Gateaux derivative of the rate function in the direction
1, where 1(0) = (T) = 0, is given by

d T ) T
GAonte )| = [ 00+ @@llie + plds = | 19+ ds.

0

Stationary points of the rate function thus solve the linear differential equation

@(s) = p(s), (3.3.2)

the general solution of which has the form ¢(s) = Ae®*+Be™. We still have to deal with the
boundary conditions. For that, we fix any time ¢ € (0, T), and define ¢, by

h—xpe™t t_n
'xoe e’ + xO'e e’ for0<s<t,
@¢(s) =1 2sinh(t) ~  2sinh(t)
he (s71) fort<s<T.
One readily checks (see Figure 3.2) that
* @, is continuous, satisfies the equation (3.3.2) on [0,t), the deterministic limit ¢ = —¢

of (3.3.1) on (¢, T], and ¢;(0) = xo while @,(t) = h;

o if cosh(t) < h/xg, then ¢;(s) is increasing in s on [0, t];

o if cosh(t) > h/x, then ¢,(s) is first decreasing and then increasing in s on [0, ], with a positive
minimal value.
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Figure 3.2 — Several paths used to minimise the rate function for the Ornstein-Uhlenbeck process.
The infimum is attained on the path @r.

In particular, ¢, is an element of T, reaching its maximal value & at time ¢. Furthermore,

t
For (@0 = o) + (e = 3 [ 106+ (o ds+0

_ (het/Z —X e—t/2)2 _ h2 .\ x2 .
2sinh(t) 0

h? —x} hx
tanh(t) * sinh(f)

(3.3.3)

Clearly, any modification of ¢; on the interval (¢, T] can only increase the value of the rate
function. The same is true for modifications on the interval [0, ). One way of seeing this is to
compute the second variation of the rate function, which is given by the bilinear form

T .
(1, 12) > fo (=51 (5) + 1 (5)a(s)ds

The associated quadratic form is positive definite, because the eigenvalues of the second deriva-
tive (with Dirichlet boundary conditions on [0, T]) are negative. Since (3.3.3) is a decreasing
function of ¢, we have thus obtained

(h eT/2 —xg e—T/Z)Z

;rgf[o,ﬂ(?/) = Sor)(y7) = 25inh(T)

Making the same argument with h; > h, and letting h; decrease to h shows that this infimum
coincides with the infimum over the open set I itself. By Theorem 3.2.7, we conclude that the
first-passage time 7 = inf{t € [0, T|: X[ > h} satisfies

(h eT/2 X e—T/2)2
2sinh(T)

limelogP{t < T} =-
e—0

In particular, we have
lim lim elogP{t < T} = ~h?, (3.3.4)

T—o00e—0
showing that for large T, the probability of reaching level h before time T behaves roughly like

e e, independently of x( € [0, h).

3.3.2 Lagrangian and Hamiltonian formulations

The minimisation problems we encountered for Brownian motion and for the Ornstein—Uhlen-
beck process are in fact well known in analytical mechanics. Indeed, the rate function is a
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Lagrangian action, of the form

T

o= | Loplds,
where L is a Lagrangian given by
L@.9) = 5(0 - f(@).D@) (¢~ f@). (335

Let us disregard for a moment the question of boundary conditions. The stationary points of

the action are known to satisfy the Euler-Lagrange equations
d( JL )_ JL P21
dt\deg; ] dp;’ S

Exercise 3.3.1

Write the Euler-Lagrange equations corresponding to Brownian motion, and those corre-
sponding to the Ornstein—-Uhlenbeck process. Check that their solutions are indeed of the
form discussed in the previous subsections.

It is often more convenient to use the Hamiltonian formalism. This is done by introducing
the conjugate momenta

oL
IP;

Yi
and the Hamiltonian

H(p, )= ) $igi—Lig,¢),
i=1

where ¢ has to be expressed in terms of the 1; on the right-hand side. The stationary points of
the action are then solutions of the Hamilton equations

dg; OH dy;  oH

a "op A g (336
For the Lagrangian (3.3.5), the Hamiltonian reads
1
H(p, )= S, D(@)) + ¥, f(#)) , (3.3.7)

and the rate function takes the value

1 T
Forf@9)=3 | @) Dp@psds.

One should note that while the first term in the Hamiltonian (3.3.7) can be interpreted as
a kinetic energy, the second term plays a different role from the usual potential energy in a
particle system.

The Hamilton equations (3.3.6) take the form

d d
LD flg), = SVl B DO Vil F )
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AW

Y

Figure 3.3 — Hamiltonian flow corresponding to the Ornstein—Uhlenbeck process. The purple curve
is the optimal trajectory allowing to reach level h starting from x; in a given time. It corresponds
to @7 in Figure 3.2.

Example 3.3.2: Ornstein—Uhlenbeck process

For the Ornstein—Uhlenbeck process (3.3.1), the Hamiltonian has the form

1
H(p,p)=S9° - ¢,
and the Hamilton equations read

do _ dp _
E—ED_(P’ dt_¢

In this one-dimensional situation, one can take advantage of the fact that the Hamiltonian
is a constant of motion, so that solutions of the Hamilton equations belong to level curves
of H, see Figure 3.3 (this remains true for more general processes). Note that as the time T
allowed to reach a given level h becomes large, the optimal path becomes closer and closer
to the stable and unstable manifolds of the origin, on which the Hamiltonian has value 0.
This also remains true in more generality.

3.3.3 The probability of exiting a domain in a time independent of ¢
Consider now a general diffusion of the form

dX{ = f(XF)dt +Veg(XE)dw,, (3.3.8)
with the usual assumptions on f and g guaranteeing existence and uniqueness of a strong

solution, and let & C R” be a bounded, open set with smooth boundary. Then the large-
deviation principle has the following consequence.
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Figure 3.4 — Exit of a diffusion (Xf);>¢ from a domain &. The vector n(y) is the unit outward
normal vector at y € dZ, and the vector field f(y) should satisfy (f(y),n(y)) <0 at any y € <.

Proposition 3.3.3

Fix a point xy € &, and define for any y ¢ & and ¢t > 0
V(xo,9;1) = inf{ fo,11(9): @ € ([0, £, R"), p(0) = x0, () = 3} .
Let 7¢ denote the first-exit time from & of the solution of (3.3.8) starting at xy. Then

lim elogP™{7¢ < T} = —inf{V(xO,y;t): te[0,T],y¢ 9]

e—0

holds for any T > 0.

The proof proceeds in the same way as in the examples we have seen so far, the main point
being to show that the upper and lower bound in the large-deviation principle coincide.

The main difficulty at this stage remains solving the variational problem. In general this
can be quite intricate, but one can say more under some additional assumptions. We assume
from now on (see Figure 3.4) that

* the deterministic equation x = f(x) has a unique equilibrium point in &, say at x* = 0;

« the closure & is contained in the basin of attraction of x* for the deterministic evolution,
meaning that for any initial condition x, € 9, the solution of % = f(x) starting from x,
converges to x* as time goes to infinity;

* the vector field f points inward on the boundary & of the domain, meaning that if n(y) de-
notes the unit outward normal vector at y, then (f(v), n(y)) < 0 for any y € d< (the boundary
09 is called non-characteristic).

Definition 3.3.4: Quasipotential

The quasipotential is the function defined for any y ¢ & by

V(x',p) = 1tr>1£V(x ,V5t) .
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Example 3.3.5: Gradient system

Consider a gradient SDE of the form
dX, = -VU(X;)dt + VedW,,

where U is a potential that admits a unique minimum in & at x*. For any T > 0, we have

~T
ori@)=3 [ 196+ VU@ ds
1 rT T
=3 [ 166 -VU@EIFds+2 [ (o vU@) s
JO 0
T
=5 || 1909~ VUt ds + 2[U () - Ulp(0],

Taking ¢(0) = x* and @(T) =y ¢ I, we see that V(x*,y;T) is bounded below by 2[U(y) -
U(x*)]. Our assumptions imply that we can make the integral on the right-hand side ar-
bitrarily small as T — oo, by choosing for ¢ a path connecting y and x* that follows the
reversed deterministic dynamics x = VU(x). It follows that the quasipotential is simply
given in this case by

V(x"y)=2[U(y)-U(x)]. (3.3.9)

Proposition 3.3.6

Under the above assumptions, we have for any initial condition xy € &

lim limelog]P’x"{T6 <T}= -V,

T—00 e—0

where V is the infimum of the quasipotential on the boundary:

V = inf V(x%7).
o (x)

Proor: We will prove a slightly more quantitative result, which will be useful later on.

1. The first step is to show that it is costly to remain outside a neighbourhood of x* for long.
Indeed, let ZBs(x*) be the ball of radius 6 > 0 around x*. One can show that there exist con-
stants ¢, Ty > 0 such that, for any path remaining in & \ %;s(x*) during a time interval [0, T],
one has #or)(¢) = ¢(T - Ty). This is due to the fact that ||f|| is bounded away from zero in
D\ PBs(x*), and that the only way to keep the rate function small is to follow the determinis-
tic dynamics that leads towards x* (cf. [FW98, Chapter 4, Lemma 2.2]). Therefore, we have
for any 6 >0

lim limsupslog[sup ]P’xo{Xf eT\ FBs(x")Vt €0, T]}] =-00. (3.3.10)

T—oo o0 XD
This justifies restricting the argument to starting points x; in the ball %s(x*) of radius o
centred in x".

2. The second step consists in showing that for any # > 0, there exists 6y > 0 such that, for any
0 < 9g, there is a Ty > 0 such that for any T > Ty, one has

liminfelog| inf Px“{rng}]>—(V+ ). (3.3.11)

e—0 X0EBs(x*)
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Figure 3.5 — Construction of the path ¢* in the proof of Proposition 3.3.6. The path is obtained by
taking a path ¢., minimising the rate function, removing its part inside a ball %;s(x*), and adding
a linear path connecting it to x.

In view of the lower bound (3.1.7) in the large-deviation principle, it is sufficient to con-
struct, for any xo € %Bs(x), a particular continuous path ¢*: [0, T] — R" such that ¢*(0) = x,
¢*(T) € 0L, and Ho 1)(¢") <V +1. To construct this path, let y* be a point on I where the
quasipotential reaches its minimum (which exists by a compactness argument), and let ¢,
be a path minimising the quasipotential in potentially infinite time. This path intersects the
boundary of %Bs(x*) at a point x; (Figure 3.5). We may assume that ¢, is parametrised in
such a way that ¢,(0) = y* and ¢,(—T;) = x; for some T; = T;(6) > 0. Then define for T > T;

t

. X+
P'(t) = T-
@m(t—T

T(XI—XO) fOI'Ogth—Tl,
1
) for T-T; <t<T.
The contribution of the first part of ¢* to the rate function goes to 0 with 6, while the
contribution of the second part is smaller than V. Therefore, for any 7 > 0, one has indeed
Ao,1)(¢") =V +n if o is small enough, as required.
. Next we argue that for any # > 0, there exists 0y > 0 such that, for any 6 < 6, thereisa Ty > 0
such that
limsupelog| sup IF’XO{T‘SgT}] <—(V-1n) (3.3.12)
e—0 X0€Bs(x*)
holds for any T > T. Indeed, assume that this is not the case. Then by the upper bound
(3.1.6) of the large-deviation principle, there would exist xy € %Bs(x*) and a continuous path
@ :[0,T] — R" such that ¢(0) = x and ¢(t) € & for some t € [0, T], satisfying o r)(¢) <
V - 1. Adding a linear piece from x* to xj to this path, one would obtain a path with rate
function smaller than V — % is 0 is small enough, contradicting the definition of V.
Since 71 > 0 was arbitrary, combining these three steps yields the claimed result. O

Remark 3.3.7

For the Ornstein—Uhlenbeck process, we can take V(x*,p) given by (3.3.9) with U(x) = %xz,
so that we recover the result (3.3.4).
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3.3.4 Mean exit times and exit locations

So far, we have described the exit problem on timescales independent of ¢. This is not quite
satisfactory, however, since really interesting new phenomena appear in these systems for times
that are exponentially large in €. One of the classical results in this context is the following one.

Theorem 3.3.8: Exit from the neighbourhood of a stable equilibrium point

Let & C R” be a bounded, open set with smooth boundary. Assume that the deterministic
equation x = f(x) has a unique equilibrium point x* € &, that the closure & is contained
in the deterministic basin of attraction of x*, and that (f(y), n(y)) < 0 for any y € 0, where
n(y) denotes the unit normal vector to the boundary at y. Then the following properties
hold for any initial condition xy € &.

1. For any # > 0, one has

lim }P’xo{e(‘?_”)/‘E <1< e(V+’7)/£} =1.

e—0
2. The mean first-exit time satisfies

lirr(l)slogExo[Tg] =V. (3.3.13)
&=
3. For any closed subset N C 09 satisfying inf n V(x7,y) > V, one has

limP"{X% eN}=0.

e—0

Let us briefly comment on the meaning of these assertions.

1. The first claim means that 7¢ concentrates around e"’¢, albeit in a rather weak sense, since

there remain exponentially large windows on either side of this value.

V/¢ in the sense of loga-

2. The second claim says that the mean first-exit time behaves like e
rithmic equivalence, a property known as Arrhenius’ law.
3. The third claim says that the diffusion is likely to exit & near those points on its boundary

where the quasipotential is the smallest.

SkeTCH OF PrROOF: We will give a proof of (3.3.13), which is the most intuitive part of the result.
It is based on the idea that the probabilities to exit during time intervals [mT,(m + 1)T] follow
approximately a geometric law with probability of success P* {t¢ < T}, which has expectation
(P¥{r¢ < T))~L.

Fix some T > 0. For any xy € & and any m € N, we have

P27 > (m+1)T} = B[ Lgespr P07 {1° > T}
<(sup P ¢ > T}) P*{t¢>mT}.
X €D
It thus follows by induction that for all m >0,

P*{t¢>mT} <p™, where p = sup P" {7 > T}.
Xleg
Therefore, integration by parts shows that

(o)

Xoe_ooxoe X0 (€ Oom_
E [T]_J; POt > }di<T ) P >mT)<T ) p"=-

m=0 m=0



3.3. Application to the stochastic exit problem 77

Figure 3.6 — Construction of the Markov chain (Z,);>0 = (X7, Jm>0 used in the proof of Theo-
rem 3.3.8.

Note that p is the complement of the probability described in Proposition 3.3.6. In particular,
(3.3.11) shows that for any 7 > 0, there exists ¢y > 0 such that for any ¢ < ¢, one has

elog(1-p)=—-(V+7)

if 6 is small enough. Since # > 0 is arbitrary, this proves the upper bound for (3.3.13).

This argument does not work directly for the lower bound on the expectation, because
P*{7¢ > T} is not bounded below uniformly in &. Instead, we introduce a discrete-time
Markov chain defined as follows. Set 7y = 0, and define an increasing sequence of stopping
times 19 <07 <71 <... by

oy =inf{t > 1,,: X{ € 0FBs(x")},
=inf{t > 0,,_1: X; € 0Bs/»(x") U T}
(Figure 3.6). The process (Z,),>0 defined by Z,, = X7 is a discrete-time Markov chain on the

set 0%Bs;»(x*)UIY, and we have ¢ = 1, where v =inf{m > 1: Z,, € dZ}. Now we note that for
llxg — x*|| < %, one has

—_

v—1 v—

E*[t°] = [Z Tinsl — ] Exo[ (T _Gm)]
=1

1

3
I

>E™[v] inf E'[7].

x€0RBs(x*)

The infimum is bounded below by a constant T; independent of ¢ thanks to (3.3.10). To esti-
mate E*°[v], we note that for any T > 0,

P*{v =1} =P"|7; = 7%}
Pt =7%,7 < T} + Pty = 75,71, > T} .

By (3.3.12), for any 7 > 0 the first term on the right-hand side can be bounded above by e~ (V-n)/e
if 6 is small enough and T is large enough. The second term can be made smaller than the first
one by taking T large enough, again thanks to (3.3.10). It follows that

[ee]

m
E*[z*]> T, Z(l— sup Pxo{v:l}) <TyeVre,
m=0 x0€Bs/2(x*)
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Figure 3.7 — Example of a two-dimensional vector field with two attractors (an equilibrium point
x* and a stable periodic orbit 9). Their basins of attraction are shaded in different colours. When
weak noise is added to the system, solutions spend long times in the neighourhood of attractors,
and make occasional transitions between attractors.

proving the lower bound for starting points in %;/,(x*). The result can be extended to general
starting points in & by using the lower bound

EX[t] > E[1g o B [t]] 2Pt > 1y} inf E"[¢]
‘ )

X1 €0RBs(x*
and the fact that P*{r, > 7;} has order 1. O

One major limitation of Theorem 3.3.8 is the condition that orbits starting on d< are at-
tracted by the equilibrium point x* (the condition on the vector field pointing inward on the
boundary of & is actually not essential for this result to hold). It is of great interest to extend
this result to situations with multiple attractors, as illustrated in Figure 3.7. Theorem 3.3.8
cannot be applied, for instance, to describe transitions from the stable equilibrium x* to the
stable periodic orbit &, or the other way, because this would mean leaving a set having the
saddle point z* on its boundary.

There exists a theory, discussed in [FW98, Chapter 6], dealing with such situations in great
generality, by approximating the dynamics with a suitable Markov chain. This theory is quite
involved, and here we will only outline the argument in a relatively simple bistable system, as
shown in Figure 3.7. In particular, one would like to show that the first-hitting time 7¢ of a
neighbourhood of & satisfies

lir%elogEx*[Tg] =V (3.3.14)
= %218 inf{j[O,T]((p): @ €6 ([0,t],R"),p(0) =x", (t) = z*} .

An estimate that turns out to be useful to show such a result is the following “three-set argu-
ment” from [BG13, Corrollary 5.8]. For sets A, B,C C R", we denote by

T =inf{t > 0: X} € A}

the first-hitting time of A, and we write
A
{

Pt <t} =supP*{ey <7f),  E[t}]=supE*[r}].
xX€A

xX€A

Then we have the following simple estimate.
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Lemma 3.3.9: Three-set argument

Let A, B,C C R" be pairwise disjoint sets with smooth boundary. If ]P’A{Tg <14} <1, then

A A aC
E [Tguc]HP’ {TEE<T§|E [T:;UB]

1-P{cf <1t}

E*[75] <

Proor: For any x ¢ (BU C), we have
E*[t3] = B [Mjrs ety T3] + B [ Lt <oy 5]
= E [y ]+ B Lgarp (7 + B [55])
=E'[t50c]+ Ex[]l{zg«g}EX% (7],

because 7 A {5 = 7} . Since sample paths are continuous, we have Xig € dC, so that

A A A aC
E [t SE [tf o]+ P {rl < JET ] . (3.3.15)

Exchanging the roles of A and JC, we get
ac ac ac A ac A
E7 [t SET [th ] + PO {h < 5 JE [r5 ] SE” [th ] + E" [15] . (3.3.16)

Substituting (3.3.16) in (3.3.15) and solving for EA[TE] gives the claimed result. O]

Let us outline how this result is useful to prove the upper bound in (3.3.14). Let A and B be
open sets containing respectively x* and 2, and let C be the complement of a sufficiently large
bounded set, containing both A and B. We further assume that there are no attractors for the
deterministic dynamics in C. Then the following holds.

1. The probability IP’A{TE < 13} can be shown to be smaller than, say, 3, if the quasipotential
on JdC is large enough. This follows from an argument of the same type as in the proof of
Theorem 3.3.8 (see [BG13, Proposition 5.14]).

2. The expectation EQC[TXUB] can be shown to be at most of order log(¢~!), by using the fact
that sample paths are likely to remain close to the deterministic orbit starting at the same
point. The logarithmic behaviour is due to the time possibly spent near the saddle point.

3. It follows that EA[TE] behaves like

A A Cce
E™ [tguc] =E" [tBucy] E™ [t3uc)] s

which can be estimated by a Markov chain agument, as in the proof of Theorem 3.3.8.

Remark 3.3.10

The assumption that C does not contain any attractor is important to control the value of
EaC[TzUB]. Otherwise, there are cases where C contains an attractor that is much more
stable than those in A and B, completely dominating the expectation of 75 ,; and 7.
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Remark 3.3.11: Eyring—Kramers law

In the gradient case
dXt = _VU(Xt)dt + \/Eth P

the bistable situation occurs when U has exactly two local minima x* and y*, separated by
a saddle point z*. As pointed out in Example 3.3.5, the mean transition time from x* to y*
obeys the Arrhenius law

li_r)%elogIEx [T:ggé(y*)] =2[U(z")-U(x")].

However, using more sophisticated techniques, such as potential theoretic-methods rely-
ing on the links between PDEs and exit times seen in Chapter 1, one can prove the so-called
Eyring-Kramers law

. 27 |detHess U(z*)| 21z -U(x*

Ex + RNE [U(z")-U(x*)]/e 1+0 ,
[Tu%(y )] [A_(z*)| \/ detHess U(x*) ¢ [ )]

where Hess U(x) denotes the Hessian matrix of U at x, and A_(z") denotes the unique neg-

ative eigenvalue of Hess U(z*). See for instance [Ber13] for an overview, and [BdH15] for a

comprehensive account of the potential-theoretic approach allowing to prove this result.

See [BR16, LMS19] for some extensions to non-gradient cases.
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