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Stochastic resonance: typical example

dzy = |z¢ — o7 + Acoset| dt + o dW;

0
= ——V (x4, 1
5 (¢, 1)

1 1
Potential: V(z,t) = Zm4 — §x2 — Az coset.




Sample paths {x:}+ e = 0.001
‘ |

A=0, c=0.3

A=0.1, 0 =0.27

Qualitative measures:

e Power spectrum, signal-to-noise ratio.
e Residence-time distribution: law of interwell transition times.



Theory of large deviations [Freidlin, Wentzell]

dzy = f(xt) dt + o dW;

1 /T 5
Rate function: Ijg p1(y) = 5/0 ot — f(pe)||“dt  for o € Hy
o0 otherwise

Probability of staying close to ¢ ~ e~ 1(¥)/o%,
LLarge-deviation principle: for [ set of paths,

P{(mt)ogtg’f € I‘} ~ e~ Infr I/o? as o — 0.

Meaning:
—inf I <liminfo®logP{(z:); € '}
< limsupo®logP{(z;); € T} < —infI
oc—0 r



Gradient case (reversible)

dzy = —VV (x¢) dt + o dW;

e /() minimized on paths with ¢ = —f ().
e Cost of leaving potential well
inf{I(y): g = bottom, Tt : ¢ € well} = 2H.
e Expected time to leave well: E(7) ~ e2H/0?
[Eyring, Kramers, Freidlin, Wentzell, .. .]
e Law of 7/E(7) — Exp(l) as o — 0 [Day]
e Subexponential behaviour known, related to small
eigenvalues of generator of diffusion
[Bovier, Eckhoff, Gayrard, Klein], [Helffer, Klein, Nier]



Stochastic resonance: quasistatic regime

dxy = [a:t — :1:? + Acos 5t] dt + o dW}; (for simplicity)
Take ¢ = , T(o) ~eMe

T(0o)
T; Crosses barrier whenever T(o) > e2H®)/0?

H(t) = instantaneous barrier height

o(t,\): deterministic function, switches to deeper well whenever
2H(t) < A. (= possibility of hysteresis.)

Theorem: [Freidlin, 2000]
For S,p,é6 > 0O,

S
lim P{/
o—0 0

21y~ S(T(@), V)| ds > 5| =o.




What about non-quasistatic regime?

z; — 77 + AcosQyy| dt + o dW;
dt

dxy
dyy

Irreversible (degenerate) diffusion process.

Interwell transition — crossing unstable periodic orbit tracking the
saddle. Distribution of transition locations?
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Exit problem
dzy = f(x) dt + o dW;
xo € D, open, bdd set, 9D smooth.

First-exit time: = =inf{t > 0: x; ¢ D}.
First-exit location: x, € O0D.

Case 1: D C basin of attraction of asympt. stable equil. point z*

Quasipotential V(iz*,y) = ggg{l(gp): oo =, pr = y}.
V = inf V(2™ vy).
ot (=", y)

o E(r) ~ eV/o* B
e lim P{e<v—5)/02 <7< e(V+5)/02} = 1.

oc—0
o If y — V(2*,y) has non-degenerate global minimum in xq € 9D,

lim IP{HxT —x1|| > 5} = 0. [Freidlin, Wentzell]
oc—0
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Exit problem

oD

Case 2: 0D is unstable periodic orbit (characteristic boundary)

e Quasipotential V(z*,y) = V is constant on 0D.
= NO concentration of exit location?

e E(r) ~ e¥/” still holds. [Day]

e As 0 — 0, density of =, is translated along 9D proportionally
to |logol: cycling. [Day]



How to compute law of exit location
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If exit occurs in I, = [y,y + A] C [nT,(n+ 1)T]:
Rate function has n minimizers of comparable value.

PO’O{yT c In} ~
14

n EP)(S,Jg{yT c In}JEP)O,O{yT’ c JZ}/
T Qo) Py

1

Py ~ const e ‘€ exp{—%(l — e—Q”T) }, e=Te V/0°

Qr(y) ~C(y)e” 2’“/\Texp{ VQ( —c(y) e—Qk/\T)}

A = Lyapunov exponent of unstable orbit.



T heorem:
OD: unstable periodic orbit, Lyapunov exponent \.

0(y): “natural’ parametrization of boundary, 6(y+71) = 6(y)+\T.

VA > ol/2

_ 01+A
PO 1(90){9(3/77)) S [91791 + A]} — /@ 1 p(9|90) dé [1 + 0(01/2)]

1

e—(0—00)/ ATk

1
p(0100) = - firans(0,00) " —— Par(6 ~[log o))

e firans(@,0p) grows from O to 1 for 6 — Oy of order |log o|.
C —

o T =Tk(o) = —eV/UQ, Kramers time.
O

e Pup(z) = S Alw — kAT) A(z) = %e_QZ exp{—— e—22}.

k=—00
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First-passage-time distributions
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Application to residence-time distribution

x; crosses zP€'(¢) at time s.
7. time of first crossing back after s.

e First-passage-time density:
p(tls) = PO <),
ot

e Asymptotic transition-phase density:

o) = [ pltls)v(s — T/2)ds = b(t + ).

e Residence-time distribution:

T
a(t) = /O p(s + t|s)p(s — T/2) ds.
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Computation of residence-time distribution
Without forcing (A =0):
p(t|s) ~ exponential, ¥ (t) uniform = q(t) ~ exponential.

With forcing (A >> ¢?):  time change t — 6(t)/\

e—(t_s)/TK

1
p(t]s) = L firans(t, )= ——Par (Mt 109 o)

¥(s) = —PxrOvt — llog o)) 1+ O(T/Ti0)

—t/TK T o0 1
Tk 2 2 2 -
K cosh<(A(t+T/2 — kT))

k=—o0

q(t) ~ J?tra ns(t) ©
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Residence-time distributions V=05 \=1
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