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Metastability in physics

Examples:

e Supercooled liquid
e Supersaturated gas
e Wrongly magnetised ferromagnet

> Near first-order phase transition
> Nucleation implies crossing energy barrier

A Freeenergy

A

R
>

Order parameter




Metastability in stochastic lattice models

> Lattice: A cc Z¢

> Configuration space: X = S/, S finite set (e.g. {—1,1})

> Hamiltonian: H : X — R (e.g. Ising or lattice gas)

> Gibbs measure: pug(z) = e—PH(z) /Z3

> Dynamics: Markov chain with invariant measure ug
(e.g. Metropolis: Glauber or Kawasaki)

Results (for > 1) on g T
e Transition time between 4+ and — "
or empty and full configuration - .
" ]
e [ransition path -
e Shape of critical droplet . -

> Frank den Hollander, Metastability under stochastic dynamics, Stochastic
Process. Appl. 114 (2004), 1-26.

> Enzo Olivieri and Maria Eulalia Vares, Large deviations and metastability,
Cambridge University Press, Cambridge, 2005.



Reversible diffusion

dry = —VV (xp) dt + 2 dW;

>V R4 — R: potential, growing at infinity
> Wy d-dim Brownian motion on (€2, F,P)

Reversible w.r.t.
invariant measure:

e—V(a:)/E
ue(dx) = 7 dx

(detailed balance)



Reversible diffusion

dry = —VV (xp) dt + 2 dW;

>V :R% - R: potential, growing at infinity
> Wy d-dim Brownian motion on (€2, F,P)

Reversible w.r.t.
invariant measure:

e_V(m)/S
ue(dx) = 7 dx

(detailed balance)

Ty - first-hitting time of small ball B:(y), starting in x

“Eyring—Kramers law” (Eyring 1935, Kramers 1940)

o Dim 1: E[rj] ~ — (E)TV”(ZNe[V(z)—V(a:)]/s

: : Tl ~ 2T [det(V2V(2))| o[V (2)=V (2)]/e
e Dim> 2: Efrg] = [ 2y [[9UTV Dl IV () -V (@)l




Towards a proof of Kramers' law

e | arge deviations (Wentzell & Freidlin 1969):

lime log(E[7,]) = V(2) — V(z)

e Analytic (Helffer, Sjostrand 85, Miclo 95, Mathieu 95, Kolokoltsov 96,. . .):
low-lying spectrum of generator
e Potential theory/variational (Bovier, Eckhoff, Gayrard, Klein 2004):

x] — 27 det(V2V(2)) 2)—V(x
Elmyl = =6 |det(V2V(x))‘ elV)=V@I/e 1 4 0(1/2|loge[1/2)

and similar asymptotics for eigenvalues of generator
o Witten complex (Helffer, Klein, Nier 2004):

full asymptotic expansion of prefactor
e Distribution of 7':33 (Day 1983, Bovier et al 2005):

: x x — At
;I_% P{Ty > tE[Ty]} —=e
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Why do we care?

Dependence on parameter = Bifurcations

Example: Vy(z1,22) = U(z1) + U(z2) + 3(z1 — 22)?
U(x) = %334 — %372

. o 1-2
Rotation by n/4: V,(y1,y2) = —%y% — Tvyg + %(y? + 6y%y§ + yé‘)

det V2V,(0,0) = 1527 Pitchfork bifurcation at v = 3

1
7> 3

<




More examples

e V particles on a circle: i e AN=7Z/NZ

Vi(e) = Y Ue) + 5 3 (i1 — )

1EN 1EN
N.B., B. Gentz and B. Fernandez, Metastability in interacting nonlinear
stochastic differential equations I, II, Nonlinearity 20 (2007), 2551 & 2583



More examples

e N particles on a circle: 1 e N=7Z/NZ

Vi(e) = Y Ue) + 5 3 (i1 — )

1EN 1EN
N.B., B. Gentz and B. Fernandez, Metastability in interacting nonlinear
stochastic differential equations I, II, Nonlinearity 20 (2007), 2551 & 2583

e Ginzburg-Landau SPDE: z € [0, L], various b.c.
thb(w, t) — (%g;gb(az, t) + ¢($7 t) o ¢($7 t)3 _I_ \/2_€€($7 t)

L
Vi(@) = [|U(@@) +3¢/(2)2| do
Pitchfork bif. at L = 27 (periodic b.c.) or L = 7 (Neumann b.c.)

R.S. Maier and D.L. Stein, Droplet nucleation and domain wall motion
in a bounded interval, Phys. Rev. Lett. 87 (2001), 270601-1
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Definition of saddles

> Communication height V(z,y) = inf sup V(y(t))
7Y [0, Y]]

>For A, BCR% V(A,B)= inf V(x,y)
r€A,yeEB

S\

CV(x). ; CV(x) .
OV(x)" ‘ ‘ OV(x)

CV(x)
OV(x)'

> Closed valley: CV(z) ={y e R%: V(z,y) = V(x)}
> Open valley: OV(x) ={y e CV(x): V(y) < V(x)}



Definition of saddles

Definition: z is a saddle if

1. OV(2) non-empty and not path-connected
2. (OV(2) ) U {2z} path-connected
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Definition of saddles

Definition: z is a saddle if de > O s.t.

1. OV(z) N B:(z) non-empty and not path-connected
2. (OV(z) N B:(z)) U {z} path-connected

Saddles can act as gates between components of their open valleys
Gate: any minimal subset of G(A,B) = {z: V(z) = V(A, B)}

that cannot be avoided by minimal paths from A to B

(a) (b)

gate(A, B) = {z} gate(A, B) = {z1, 22} gate(A, B) = {z1} or {2}



Classification of saddles

Let z be a saddle. Then

>Vecl = vVvVV(z)=0
>V €C?2 = V2V (z2) has at least 1 ev <0 and at most 1 ev < 0
>V €C2,VV(2) =0,det V2V (2) # 0

= z saddle iff V2V (z) has exactly 1 ev < 0



Classification of saddles

Let z be a saddle. Then

>Vecl = vVvVV(z)=0
>V €C?2 = V2V (z2) has at least 1 ev <0 and at most 1 ev < 0
>V €C2,VV(2) =0,det V2V (2) # 0

= z saddle iff V2V (z) has exactly 1 ev < 0

Nonguadratic saddle: det V2V (z) =0
Most generic cases:

e V2V (z) hasev A\ <0 =Xy < A3 < --- < Ny
e V2V (z) hasev 0 = A1 < Ao < --- < Ny



Classification of nonquadratic saddles

Assume V € C* and V2V (0) has ev A1 <0 =Xp < A3 < --- < Ny

d
1 1
J=3 1<i<j<k<d
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Classification of nonquadratic saddles

Assume V € C* and V2V (0) has ev A1 <0 =Xp < A3 < --- < Ny

d
1 1
j=3 1<i<j<h<d

Normal form: There exists polynomial g(y) = O(||ly||?) s.t.

1 1 @
V(y+9) = —§|)\1|y% + ) > Ajy]? + C'3y§ + C’4y§L 4+ ...
J=3

(C3 = V711, C4 explicitly known)

Proposition:

e(3#=00r Cys <0 = z=0 is not a saddle
e (C3=0and C4 >0 = z=0 is a saddle
e ('3 =C4 =0 = depends on higher-order terms



Potential theory

Consider first Brownian motion W =z + W;
Let 7% = inf{t > 0: WF € A}, ACRY
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Potential theory

Fact 2: hy g(z) = P[r}] < 7§] satisfies

Ahyp(z) =0  z€(AUB)E
hA7B(CB)=1 x e A
hA’B(CIJ)ZO x € B

= hap(x) = [ Gpe(z,y) pa,p(dy)

0A

12



Potential theory

Fact 2: hy g(z) = P[r}] < 7§] satisfies

Ahyp(z) =0  z€(AUB)
hA’B(CB):l x €A
hA,B(CIJ):O x € B

= ha p(x) = o1 Gpe(z,y) pa,p(dy)
pA,.B: 'surface charge density” on 90A

@




Potential theory

Capacity: capy(B) =

0A

pa,B(dy)

13
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Potential theory

Capacity: caps(B) = o1 pa,B(dy)

Key observation: let C = B:(x), then

h d :/ G 4e(y. dz) d
/AC c.A(y) dy e Joc 4c(y, 2)pc,a(dz) dy

- /ac wa(2)pc,a(dz) >~ wy(x) capc(A)

/AC hi.(2),.4(y) dy

= E[Tﬁ] = wA(x) ~ capy : )(A)

13-b



Potential theory

Capacity: caps(B) = anbLB(dy)

Key observation: let C = B:(x), then

h d ::/‘ G 4e(y. dz) d
/AC caly) dy= | | Gaely,2)pc,a(dz) dy

= /ac wA(2)pc,a(dz) = wa(z) capco(A)

/AC hi.(2),.4(y) dy
ca pBé_(l,)(A)

= E[r%] = wp(x) ~

Variational representation: Dirichlet form

Vh 2de = inf Vh(2)|? d
[Vha g(x)||“ dx Rt (AUBVH (z)||© dx

capa(8) = |

(AUB)¢

(Ha,p: set of sufficiently smooth functions satisfying b.c.)



Potential theory

General case: daxy = —VV (x;) dt 4+ /2 dW;
Generator: A +— A —-VV -V

Then
B /A his. (), aw) €V WE dy
[T74] = wa(x) ~ g ()
where
caps(B) =¢ inf IVh(z)||2e V(®)/e g

heH 4 p J(AUB)e

14



Potential theory

General case: daxy = —VV (x;) dt 4+ /2 dW;
Generator: A — A —-VV .-V

Then
E[T3] (2) /Ac hi.(2),AY) e~ V(W)/e gy
TAl = wWpA(T) = capBg(x)(A)
where
“@palB) =<, IVh(z)||2e V(®)/e g

heHa,pJ(AUB)*

Rough a priori bounds on h show that if x potential minimum,

271e)d/2 e~V (x)/e
/cth(x),A(y) e VW/e gy ~ (2me)4/ < e
\/det(VQV(aj))




Main result

Assume
e z = 0 saddle, A, B in different components of OV(z)

e Normal form V(y) = —uq1(y1) + us(yn) + 2 5 Z] _3 ]y] + ...

e Suitable growth conditions on uy, uo
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@)

e~ u2(¥2)/eqy, 4
2
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Main result

Assume
e z = 0 saddle, A, B in different components of OV(z)

e Normal form V(y) = —u1(y1) +ua(y2) + 3 X0 3 Ajm2 + . ..
e Suitable growth conditions on uy, uo

Theorem: For some known o > 0 depending on growth cond.

> a—ua(y2) /e dys d
2
capa(B) = e 2 H o == 1+ 0((elloge)™)]
/ e~ u1(W)/e gy, =3 \ Aj

Proof:

> Upper bound: Use h(y) = f(y1) in Dirichlet form, f solution of
ef"(y1) —ui(y1)f'(y1) = 0 with b.c.f(+6(¢)) = 0,1

> Lower bound: Bound Dirichlet form below by restricting domain, taking only
1st component of gradient and use for b.c. a priori bound on ha g

15-b



Applications

1. Quadratic case: V(y) =

1
—§|>\1|191

sz —5 Jy] 4+ ..
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Applications

1. Quadratic case: V(y) =

1
—5[A1lyf + QZ] =2 Jyj T

- Ad eV(w,y)/é‘[l + O((e|log 6|)1/2)]

E[Tx] = 277\/|>\1| det(

VQV(QS))

16-a



Applications

1. Quadratic case: V(y) = —4[\1[y? + QZ] o AYT A+

7Tl = o A2 ... Ag V(z,y)/e c 8 1/2
Blrf) = 2m |22 V@14 O((ellog )2

2. Quartic case: V(y) = —5|A1ly? + Cays + 5 295 NjyZ 4.
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Applications

1. Quadratic case: V(y) = —4[\1[y? + QZ] o AYT A+

Aoy
M| det(V2V (2))

2. Quartic case: V(y) = —5|A1ly? + Cays + 5 295 NjyZ 4.

E[ry] = 2n eV (@¥)/2[1 + O((ellog e)1/?)]

207 | (2m)3)s.. . 0y

B = F 1 a)\ ) det(v2V (@)

S1/45V(x,y) /e [1 + O((e|log €|)1/4)]
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Applications

1. Quadratic case: V(y) = —4[\1[y? + QZ] o AYT A+

1 >‘d
w1 = 2”\/|/\1|det<v2v<a:>>

2. Quartic case: V(y) = — 5| \1|y? + Cavs + 3 ZJ 5 Jyj + ...

eV (zw)/e [1 + O((ellog €|)1/2)]

1/4 3 _
e 204 (27)A3. A4 174 _V(wy)/e 1/4
Elry) = =3 /4)\ WA 14 O((clloge))/h)]
3. Pitchfork bif: V(y) = —4|\1[y7+3Xy3+Cays +22 3/\jy]2+...
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Applications

1. Quadratic case: V(y) = —4[\1[y? + QZ] o AYT A+

Aoy
M| det(V2V (2))

2. Quartic case: V(y) = —5|A1ly? + Cays + 5 295 NjyZ 4.

E[ry] = 2n eV (@¥)/2[1 + O((ellog e)1/?)]

207 | (2m)3)s.. . 0y
r<1/4>\ IA1] det(V2V (z))

3. Pitchfork bif: V(y) = —5|A1|yf+3 003 +Cays+5 293 \w?+. ..

E[ x] — 9 ()\2 + v 2804)>\3 ... )‘d eV(az,y)/s
TN T A det(V2V (2) W (ho/v/2200)

Elr,

S1/45V(x,y) /e [1 + O((e|log €|)1/4)]

[1 + R(s)]

16-e



Applications
3. Pitchfork bif: V(y) = —3|A1ly?+32203+Cay3+5 503 \ju?+. .

E[r%] = 2 (Ao +/2eCq)N3... 0y eV(m,y)/s
e (A1]det(V2V(z)) Wi(\p/v/2eCh)

[1 + R(e)}

for A\» > 0, where 27

W (o) = a(1+o‘) e”/16 ¢, 1/4 (O‘—é>

Iima_>_|_oo \V_|_(Oz) =1

e =0.5

Similar expression for Ao < 0
Involving 1, q /4

17



Applications

4. Ginzburg—Landau equation:

O (w,t) = Opadp(z,t) + ¢(:B t) — ¢z, )3 + v2e&(x, 1)
Z b (1) o2mikx/L

Fourier series: ¢(x,t) =

1 f kel
[ k
dop = —Appp dt — T > Py PhoPhy At + V2¢ th( )
k1+ko+kz=k

A = —1 4+ (27k/L)?

18



Applications

4. Ginzburg—Landau equation:

Orp(w,t) = Orzgp(w,t) + ¢(w t) — ¢z, 1) 4+ v2e&(x,t)
Z b (1) o2mike/L

Fourier series: ¢(x,t) =

1 \F hez
[ k
dop = —Appp dt — T > Ply PhyPhy At + vV 2¢ th( )
k1+ko+k3=Fk

A = —1 4+ (27k/L)?

[N
N

Kramers rate (Maier & Stein)
1 —AW/s 1(1): Mo € =0.0003
W =[ ~ I_O e 9.
e.g. for L << o7 iy
- H 2+(2nk/L)? _ sinh(L/V2)
0= zw —14+(27k/L)2 — 2mwsin(L/2) 4
3_
For L — 277_: multiply by i: .
0 21

1 1 1 1 1 1T T 1 1 T T 1
03 04 05 06 0.7 08 09 10 11 12 13 14 15 16 17

47‘(‘2—L2 ( 47T2—L2 )
Ar2—124/3eL3/2 \/3eL3/2

18-a



Outlook

e Multiple zero eigenvalues (higher codimension bifurcations)
e T heory directly for SPDE
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