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Stochastic differential equations
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Phase portrait, e = 0, with basins of attraction:
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Stochastic differential equations

dzy = f(x) dt + v 2eg(xy) dW, rcR"”
Sample path, 0 < e <« 1:

Can jumps between attractors be described as a Markov process?
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Transition probability, generator, and Kolmogorov equations
dzy = f(x) dt + V2eg(xy) dWy reR"

> Transition probability density: pt(x,y)
> Markov semigroup 13: for ¢ € L°°,

(Teo) (@) = Elp(a)] = [ pi(e,y)e(y) dy

Generator: Ly = dtTt<p|t 0

(L) (z) = Z fi

‘|‘ € Z(QQT)ZQ (33)
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Transition probability, generator, and Kolmogorov equations
dzy = f(x) dt + V2eg(xy) dWy reR"

> Transition probability density: pt(x,y)
> Markov semigroup 13: for ¢ € L°°,

(Teo) (@) = Elp(a)] = [ pi(e,y)e(y) dy

Generator: Ly = dtTt<p|t 0

(L) (z) = Z fi

+ € Z(QQT)ZQ (33)

> Adjoint semigroup: for u € Ll,

(WTY) () = PPy = dy} = [ p(@)pi(e,y) do

with generator L* q
> Kolmogorov equations: &pt(a?,y) = Lapi(z,y)

d
&pt(:n y) = Lypi(z,y)  (Fokker—Planck)
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Stochastic exit problem

Given D C R"™, define first-exit time
p = inf{t>0: x &€ D}

First-exit location zr, € 9D
defines harmonic measure

W(A) = P*{ar, € A}




Stochastic exit problem

Given D C R"™, define first-exit time
p = inf{t>0: x &€ D}

First-exit location zr, € 9D
defines harmonic measure

n(A) =Pzr, € A}
Facts (following from Dynkin’'s formula):
> u(x) = E¥[rp] satisfies

Lu(zx) =—-1 z€D
u(x) =0 x € 0D

> For ¢ € L°°(0D,R), h(x) = E*[¢(zrp)] satisfies

Lh(x) =0 x €D
h(x) = ¢o(x) x€dD




Wentzell-Freidlin theory
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Wentzell-Freidlin theory

dzy = f(xp) dt + V2eg(xy) AWy reR"
l_arge-deviation principle with rate function
) =1 [ Go— 1GNP G~ S dt D= g
For a set I of paths v : [0,T] - R"
—infr1I/2¢

P{(xt)o<t<Tr €T} > €

Consider domain D contained in basin of attraction of attractor A

Quasipotential: V(y) =inf{I(y):~v:. A — y € 9D in arbitrary time}

> lim 2elogE[rp] =V = inf V(y) [Wentzell, Freidlin '69]
e—0 yeoD
> If inf reached at a single point y* € D then
Iir% P{||lxrp —y*|| >0} =0 Vé>0 [Wentzell, Freidlin '69]
E—r
> Exponential distr of mp: Iin%IP’{TD > sE[rp]} =¢e° [Day '83]
E—r
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Reversible case
dzy = —VV (xp) dt + vV2e dW; reR"

> L =eA-VV(z)V =ceV/ev.e"V/eV self-adjoint in L2(R™, e~ V/¢ dz)
> Reversibility (detailed balance): e~V (®@)/ep (x,y) = e VW /e p,(y, x)
> [ = e V/2e [,eV/2¢ self-adjoint in L2(R™, dx)

In fact, it is the Schrédinger operator L = eA + 1U(z)

where U(z) = 3eAV (z) — 2[|VV (2)]?

Results: Assume V has N local minima
>—L has N exp small ev O = Ag < --- < Any_1 + spectral gap
> Precise expressions of the \; (Kramers' law)
>>\;1,7j = 1,...,N — 1 are expected transition times between
neighbourhoods of minima (in specific order)

Methods: > Large deviations [Freidlin, Wentzell, Sugiura,. . .]
> Semiclassical analysis [Mathieu, Miclo, Kolokoltsov,. . .]
> Potential theory [Bovier, Gayrard, Eckhoff, Klein]
> Witten Laplacian [Helffer, Nier, Le Peutrec, Viterbo]
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If f is not of the form —VV
> L not self-adjoint, analytical approaches harder
> Nnot reversible, standard potential theory does not work
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Irreversible case

If f is not of the form —VV
> L not self-adjoint, analytical approaches harder
> Nnot reversible, standard potential theory does not work

Nevertheless,
> Results exist on the Kramers—Fokker—Planck operator

0 fy 0
L=cy— — eV’ — —e— —
Eyﬁ y (a:) oy (y 8y> (y + €8y>
[Hérau, Hitrik, Sjostrand,. . .]

> Here we consider two questions involving periodic orbits, namely
X What is the harmonic measure for the exit through an

unstable periodic orbit?
X VWhat can we say on exponentially small eigenvalues
for systems admitting N stable periodic orbits?



Random Poincaré map

Near a periodic orbit, in appropriate coordinates
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> all functions periodic in ¢ (say period 1)
>f>c>0 and o small = ¢; likely to increase
> process may be killed when x leaves E



Random Poincaré map

Near a periodic orbit, in appropriate coordinates

dSOt — f(gptaxt) dt + O'F(QOt, wt) th © e R
dzy = g(@t, ) dt + oG (@, ) AW, rcEcR"1

> all functions periodic in ¢ (say period 1)
>f>c>0 and o small = ¢; likely to increase
> process may be killed when x leaves E
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Xp, X1,... form (substochastic) Markov chain



Random Poincaré map and harmonic measure

X1
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> 7. first-exit time of z; = (¢, 2¢) from D =(—-M,1) x E

> puz(A) = P*{zr € A}: harmonic measure (wrt generator L)

> [Ben Arous, Kusuoka, Stroock '84]: under hypoellipticity cond,
1z admits (smooth) density h(z,y) wrt arclength on 0D



Random Poincaré map and harmonic measure

X1
et

(( L

> 7. first-exit time of z; = (¢, 2¢) from D =(—-M,1) x E
> puz(A) = P*{zr € A}: harmonic measure (wrt generator L)
> [Ben Arous, Kusuoka, Stroock '84]: under hypoellipticity cond,
1z admits (smooth) density h(z,y) wrt arclength on 0D
> Remark: L,h(z,y) = 0 (kernel is harmonic)
> For B C E Borel set
PYo{X; € B} = K(Xo,B) = [ K(Xo,dy)
where K(x,dy) = h((0,z),y) dy =: k(z,y) dy



Fredholm theory

Consider integral operator K acting
>on L via f = (Kf)(@) = [ k(2,9)f(y) dy = E*[f(X1))
>on L1 via m — (mK)(A) = /Em(a:)k(w,y) do = PP{X; € A}
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Fredholm theory

Consider integral operator K acting
>on L via f = (Kf)(@) = [ k(2,9)f(y) dy = E*[f(X1))
>on L1 via m — (mK)(A) = /Em(a:)k(w,y) do = PP{X; € A}

[Fredholm 1903].

>If k€ L2, then K has eigenvalues )\, of finite multiplicity
> Eigenfcts Khyp = Anhn, h) K = Aph;, form complete ON basis

[Perron, Frobenius, Jentzsch 1912, Krein—Rutman '50, Birkhoff '57].
>1, hg >0

> Principal eigenvalue Ag is real, simple,

Spectral decomp: k"(z,y) = MNho(z)hE(y) + Afhi(z)RE (y) + .
= P*{ Xy € dy| Xy € E} = mo(dz) + O((|A1]/20)™)

where mg = h/ /g h§ is quasistationary distribution (QSD)
[Yaglom '47, Bartlett 57, Vere-Jones '62, .. .|



How to estimate the principal eigenvalue

> “Trivial” bounds: VA C E with Lebesgue(A) > 0,

inf K(xz,A) <)o <supK(x, F)
TEA rel
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How to estimate the principal eigenvalue

> “Trivial” bounds: VA C E with Lebesgue(A) > 0,

inf K(xz,A) <)o <supK(x, F)

TEA rel
C ok _ .y ho(y) )
Proof: z* = argmaxhg = Ao = | k(z¥,y) dy < K(z*, F)
E ho(z*)

Yo [ Koy dy = [ Ko(@)K (o A)do > inf K, 4) [ Hotw)dy

> Donsker—Varadhan-type bound:
1

Ao <1 —
SUPzeFE E*[TAl

where 7o =inf{n >0: X,, € E'}
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How to estimate the principal eigenvalue

> “Trivial” bounds: VA C E with Lebesgue(A) > 0,

inf K(xz,A) <)o <supK(x, F)

TEA rel
C ok _ .y ho(y) )
Proof: z* = argmaxhg = Ao = | k(z¥,y) dy < K(z*, F)
E ho(z*)

Yo [ Koy dy = [ Ko(@)K (o A)do > inf K, 4) [ Hotw)dy

> Donsker—Varadhan-type bound:
1

Ao <1 —
SUPzeFE E*[TAl

where 7o =inf{n >0: X,, € E'}

> Bounds using Laplace transforms (see below)



Application: Exit through an unstable periodic orbit
Planar SDE
daxy = f(x¢) dt + og(x) dWy

D C R?: int of unstable periodic orbit
First-exit time: 7p = inf{t > 0: x4 & D}
Law of first-exit location z+, € D7
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daxy = f(x¢) dt + og(x) dWy

D C R?: int of unstable periodic orbit
First-exit time: 7p = inf{t > 0: x4 & D}
Law of first-exit location z+, € D7

l_arge-deviation principle with rate function
1 T . 1,.
1) =5 [ Ge=fG)™DO) M Ge—FGr))dt D =gg”

Quasipotential:
V(y) = inf{I(vy): ~ : stable orbit — y € 9D in arbitrary time}

Theorem [Freidlin, Wentzell '69]. If V reaches its min at a unique
y* € 0D, then zr, concentrates in y* as ¢ — 0
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Application: Exit through an unstable periodic orbit

Planar SDE
daxy = f(x¢) dt + og(x) dWy

D C R?: int of unstable periodic orbit
First-exit time: 7p = inf{t > 0: x4 & D}
Law of first-exit location z+, € D7

l_arge-deviation principle with rate function
1 T . 1,.
1) =5 [ Ge=fG)™DO) M Ge—FGr))dt D =gg”

Quasipotential:
V(y) = inf{I(vy): ~ : stable orbit — y € 9D in arbitrary time}

Theorem [Freidlin, Wentzell '69]. If V reaches its min at a unique
y* € 0D, then zr, concentrates in y* as ¢ — 0

Problem: V is constant on 9D!
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Most probable exit paths

Minimisers of I obey Hamilton equations with Hamiltonian

H(v,9) = 3T D(y)y + fF()Ty
where ¢ = D(v)"1(¥ — (7))
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Most probable exit paths

Minimisers of I obey Hamilton equations with Hamiltonian

H(v,¢) = 39T D)y + f(7) Ty
where ¢ = D(7) " (5 — f(7))

Generically optimal path (for infinite time) is isolated
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Random Poincaré map

In polar-type coordinates (7, ¢):

TA Pr
A =T =T
Ry
s* 2
1
Yoo
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Random Poincaré map

In polar-type coordinates (7, ¢):

TA Pr
"
RO M
1 < -
Yoo

PFO{Ry € A} = ABho(Ro) [ () dy[1 + O((1A1l/20)™)|
Ift=n-++s,
PRo{pr € dt} = Aho(Ro) [ h§(u)PY{er € ds} dy[1 + O((M/30)™)]

Periodically modulated exponential distribution



Main result: cycling

Theorem [B & Gentz, 2012] VA,§ > 03dog > 0: V0O < 0 < 0g
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Main result: cycling

Theorem [B & Gentz, 2012] VA,§ > 03dog > 0: V0O < 0 < 0g
| — 0 O(o
P %o € [p, 0 4+ Al} = C(0)(X0)?xa(9)Qx 1, <| 2971 > (;0) + O )>
+4+
X [1 + 0(e—¥/ll0goly 4 O(§|log 5|)]

©.@)
>Qur(z) = > AQT(n—x)) with A(z) = Jexp{-2z — Je~27}
n=——00
Cycling profile, periodicised Gumbel distribution

Q)\+T+ (.’L‘)

)\_|_T_|_ — 1
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Cycling profile, periodicised Gumbel distribution

> 60(p): explicit function of Dyr(1,¢), 0(p + 1) = 0(p) + 24T+
A+ = Lyapunov exponent, T4 = period of unstable orbit

> \o: principal eigenvalue, A\g = 1 — e~ V/0”
> (o) = O(e=V/7%)
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Main result: cycling

Theorem [B & Gentz, 2012] VA,§ > 03dog > 0: V0O < 0 < 0g
| — 0 O
P or € [p, 0 4+ A} = C(o)(/\o)“"XA(QO)QA+T+<| 2971 > (;0) + )>
+4+
x |14 0(e=¢?/°91) 4 O(6]log 6]) |

©.@)
>Qur(z) = Y AQNT(n—z)) with A(z) = L exp{-2z — Le 2%}
n=——00
Cycling profile, periodicised Gumbel distribution

> 60(p): explicit function of Dyr(1,¢), 0(p + 1) = 0(p) + 24T+
A+ = Lyapunov exponent, T4 = period of unstable orbit

> \g: principal eigenvalue, \g = 1 — e~ V/0”

>C(0) = O(e~V/7%)

> xa(p): ~P™0{pr € [p, o + A}, period 1
in linear case ya(p) ~0'(p)A

Cycling: periodic dependence on |log o]
[Day’'90, Maier & Stein '96, Getfert & Reimann '09]
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Main result: cycling V=05 A =1

(b)

c=05 Ty =5
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Sketch of proof

A
Nz ——F = ————

1-96 Eal

R /
JMNW#%

Roqe

1
Yoo

1~ 1 ]

N

Split into two Markov chains:
> Chain Kkilled upon r reaching 1 —9 in ¢ = @r_

PO{yr € [p1, 01 + Al} = (A§)PLe(e1)/o”



Sketch of proof

/JMHJf

M-

Yoo

_

Split into two Markov chains:
> Chain Kkilled upon r reaching 1 —9 in ¢ = @r_

PO{pr_ € o1, 1+ Al} = (0§)91 e~/ (00)/”

> Chain killed at r =1 — 26 and on unstable orbit r =1
— Principal eigenvalue: \g = e 2 T4 (1 4+ 0)))
A4+ = Lyapunov exponent, Ty = period of unstable orbit
— Using LDP:
PPLpr € [p, 0+ A} = (AP 71 e Uaoe(e A0

16-a



Open questions

> Proof involving only spectral theory, without large deviations
Note: linearisation around unstable orbit ~ harmonic oscillator

> More precise estimates on spectrum and eigenfunctions of K
> Link between spectrum of K and of L (with Dirichlet b.c.)
> Origin of Gumbel distribution

17



Systems with several stable periodic orbits

[Joint work with Barbara Gentz, Christian Kuehn, in progress]

> Consider system of dim> 3 with several stable periodic orbits
> We want to quantify transitions between these orbits

> Define again a Poincaré section and associated Markov process
> Exponentially small eigenvalues of this process?

18



Laplace transforms
Given ACE, BC EU{A}, AnB=1{, x € E and u € C, define

Tpo=Iinf{n > 1: X, € A} %,B(‘E) = E*[e™4 1{7'A<7'B}]
oA = Iﬂf{’n, > O: Xn c A} H%,B(x) — Em[eUO—A 1{0'A<0'B}]

19



Laplace transforms
Given ACE, BCEU{A}, AnB=1{), z€ E and u € C, define
TA = mf{n >1: X, € A} G%’B(QZ‘) = IE“”[eWA 1{TA<TB}]
oA = Iﬂf{n > 0: X, € A} H}ZLB(CE) = Em[e“UA 1{UA<UB}]
. . —1
> G%,B(l’) is analytic for |e%| < [Supr(AuB)cK(a:, (AU B)C)}
DG%’B = H}(’B in (AU B)¢, HX)B =1 in A and H}&B =0in B
> Feynman—Kac-type relation
KHyp=¢e¢ "Gap



Laplace transforms
Given ACE, BC EU{A}, AnB=0, zx € E and u € C, define

Tpo=Iinf{n > 1: X, € A} %,B(‘E) = E*[e™4 1{7'A<7'B}]
oA = Inf{’n, > O: Xn c A} HZLB(CE) — Ew[eUO'A 1{0'A<0'B}]

. . —1
> G%,B(l’) is analytic for |e%| < [SUDxe(AuB)cK(fl?a (AU B)C)}
DG%’B = H}(’B in (AU B)¢, HX)B =1 in A and H}&B =0in B
> Feynman—Kac-type relation

u - —U u
KHyp=¢ A.B
Proof:

(KHX,B)(ZE) =E* :EXl [euaA 1{0A<UB}H
= E” _1{X1€A}EX1 [quA 1{0-A<0'B}i|i| —I_ E* |:1{X1€AC}EX1 [euaA 1{UA<O-B}]i|

— ]Em :1{1:TA<7'B}:| + EQZ [eU(TA—l) 1{1<TA<TB}}
— 2 :eU(TA—l) 1{TA<TB}] — e U %,B(ZC)

= if G"AB varies little in AU B, it is close to an eigenfunction
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Heuristics (inspired by [Bovier, Eckhoff, Gayrard, Klein '04])

> Stable periodic orbits in x1,...,xyN
> B; small ball around z;, B=UN_, B;
> Eigenvalue equation

(Kh)(z) = e % h(x)
> Assume h(x) ~ h; in B;
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Heuristics (inspired by [Bovier, Eckhoff, Gayrard, Klein '04])

> Stable periodic orbits in x1,...,xyN
> B; small ball around z;, B=UN_, B;
> Eigenvalue equation

(Kh)(x) = e “h(x)
> Assume h(x) ~ h; in B;

N
. - . u
Ansatz: h(x) = ]Z_:l hJHBj,B\Bj(w) +r(x)
>x € B;: h(x) = h; +r(x)
> x € B¢ eigenvalue equation is satisfied (by Feynman—Kac)
>x = x;. eigenvalue equation yields by Feynman—Kac

N
h, = Zl h;M;;(u) Mij(u) = G, p\p,(xi) = E¥[e"5 1{TB:TBJ_}]
j:

— condition det(M — 1) = 0 = N eigenvalues exp close to 1
If P{rp > 1} < 1 then M;;(u) ~ e"P*{rg =15} =: e"“ P;; and Ph~e "“h
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Control of the error term
The error term satisfies the boundary value problem

(Kr)(x) =e “r(x) r € B€
r(x) = h(x) — h; x € B,
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Control of the error term

The error term satisfies the boundary value problem

(Kr)(x) =e “r(x) r € B€
r(x) = h(x) — h; x € B,
Lemma: For u s.t. G% e exists, the unique solution of
(Ky)(x) = e "y(x) r € B°
Wv(x) = 6(x) x € B

is given by ¢(z) = E*[e""BO(X+5)] .
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Control of the error term

The error term satisfies the boundary value problem

(Kr)(x) =e “r(x) r € B€
r(x) = h(x) — h; x € B,
Lemma: For u s.t. G% e exists, the unique solution of
(K)(z) = e "(x) T € B°
Wv(x) = 6(x) x € B
is given by ¢(z) = E*[e""BO(X+5)] .

Proof:

> Show that Tf(:z:) = Em[eUQ(Xl)l{XleB}] -+ Ex[e“f(Xl)l{XIEBc}]
is a contraction on L*(B°)

> Set Yo(x) =0, Ypyr1(x) = Tp(x) VYn >0
> Show by induction that ¢,(x) = E*[e"™ 0(X,)1(7,<n)]

> Y(x) = limy—eo ¥n(x) is fixed point of 7 = satisfies the bndry value problem
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Control of the error term

The error term satisfies the boundary value problem

(Kr)(x) =e “r(x) r € B€
r(x) = h(x) — h; x € B,
Lemma: For u s.t. G’LE’; e exists, the unique solution of
(Ky)(x) = e "y(x) r € B°
Wv(x) = 6(x) x € B

is given by ¢(z) = E*[e""BO(X+5)] .
= r(z) = E*[e""B0(Xr5)] where 0(x) = 3 ;[h(x) — hj]l{xij}

To show that h(xz) — h; is small in B;: use Harnack inequalities
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Conclusions

> Reduction to an N-state process in the sense that

N
P*{Xn € B} = )Y A'hi(x)hi(B;) + O(An4+1")
j=1

> Residence times are approx exponential (provided system can
relax to QSD)

> Generically, eigenvalues Aj are determined by “metastable
hierarchy’” of periodic orbits
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Conclusions

> Reduction to an N-state process in the sense that

N
P*{Xn € B} = )Y A'hi(x)hi(B;) + O(An4+1")
j=1

> Residence times are approx exponential (provided system can
relax to QSD)

> Generically, eigenvalues Aj are determined by “metastable
hierarchy’” of periodic orbits

Open problems

> How to determine efficiently the M;; or P;; = P*i{rg = TBj}?
lLLarge deviations — but not easy to implement and not very
precise

> How to approximate left eigenfunctions (QSDs)

> Chaotic orbits?
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