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Stochastic differential equations

dxt = f(xt) dt+
√

2εg(xt) dWt x ∈ R n

Sample path, 0 < ε� 1:

Can jumps between attractors be described as a Markov process?
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Transition probability, generator, and Kolmogorov equations

dxt = f(xt) dt+
√

2εg(xt) dWt x ∈ R n

. Transition probability density: pt(x, y)

. Markov semigroup Tt: for ϕ ∈ L∞,

(Ttϕ)(x) = Ex[ϕ(xt)] =
∫
pt(x, y)ϕ(y) dy

Generator: Lϕ = d
dtTtϕ|t=0

(Lϕ)(x) =
∑
i

fi(x)
∂ϕ

∂xi
+ ε

∑
i,j

(ggT )ij(x)
∂2ϕ

∂xi∂xj
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∫
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Transition probability, generator, and Kolmogorov equations

dxt = f(xt) dt+
√

2εg(xt) dWt x ∈ R n

. Transition probability density: pt(x, y)

. Markov semigroup Tt: for ϕ ∈ L∞,

(Ttϕ)(x) = Ex[ϕ(xt)] =
∫
pt(x, y)ϕ(y) dy

Generator: Lϕ = d
dtTtϕ|t=0

(Lϕ)(x) =
∑
i

fi(x)
∂ϕ

∂xi
+ ε

∑
i,j

(ggT )ij(x)
∂2ϕ

∂xi∂xj

. Adjoint semigroup: for µ ∈ L1,

(µTt)(y) = Pµ{xt = dy} =
∫
µ(x)pt(x, y) dx

with generator L∗

. Kolmogorov equations:
d

dt
pt(x, y) = Lxpt(x, y)

Kolmogorov equations:
d

dt
pt(x, y) = L∗ypt(x, y) (Fokker–Planck)

2-b



Stochastic exit problem

Given D ⊂ R n, define first-exit time

τD = inf{t > 0: xt 6∈ D}

First-exit location xτD ∈ ∂D
defines harmonic measure

µ(A) = Px{xτD ∈ A}

D

xτD
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Stochastic exit problem

Given D ⊂ R n, define first-exit time

τD = inf{t > 0: xt 6∈ D}

First-exit location xτD ∈ ∂D
defines harmonic measure

µ(A) = Px{xτD ∈ A}

D

xτD

Facts (following from Dynkin’s formula):

. u(x) = Ex[τD] satisfiesLu(x) = −1 x ∈ D
u(x) = 0 x ∈ ∂D

. For ϕ ∈ L∞(∂D,R ), h(x) = Ex[ϕ(xτD)] satisfiesLh(x) = 0 x ∈ D
h(x) = ϕ(x) x ∈ ∂D
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Wentzell–Freidlin theory

dxt = f(xt) dt+
√

2εg(xt) dWt x ∈ R n

Large-deviation principle with rate function

I(γ) =
1

2

∫ T
0

(γ̇t − f(γt))TD(γt)
−1(γ̇t − f(γt)) dt D = ggT

For a set Γ of paths γ : [0, T ]→ R n

P{(xt)06t6T ∈ Γ} ' e− infΓ I/2ε
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Wentzell–Freidlin theory

dxt = f(xt) dt+
√

2εg(xt) dWt x ∈ R n

Large-deviation principle with rate function

I(γ) =
1

2

∫ T
0

(γ̇t − f(γt))TD(γt)
−1(γ̇t − f(γt)) dt D = ggT

For a set Γ of paths γ : [0, T ]→ R n

P{(xt)06t6T ∈ Γ} ' e− infΓ I/2ε

Consider domain D contained in basin of attraction of attractor A

Quasipotential: V (y) = inf{I(γ): γ : A → y ∈ ∂D in arbitrary time}

. lim
ε→0

2ε logE[τD] = V = inf
y∈∂D

V (y) [Wentzell, Freidlin ’69]

. If inf reached at a single point y∗ ∈ D then

lim
ε→0

P{‖xτD − y
∗‖ > δ} = 0 ∀δ > 0 [Wentzell, Freidlin ’69]

. Exponential distr of τD: lim
ε→0

P{τD > sE[τD]} = e−s [Day ’83]
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Reversible case

dxt = −∇V (xt) dt+
√

2εdWt x ∈ R n

. L = ε∆−∇V (x)·∇ = ε eV/ε∇·e−V/ε∇ self-adjoint in L2(R n, e−V/ε dx)

. Reversibility (detailed balance): e−V (x)/ε pt(x, y) = e−V (y)/ε pt(y, x)
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. Reversibility (detailed balance): e−V (x)/ε pt(x, y) = e−V (y)/ε pt(y, x)

. L̃ = e−V/2εL eV/2ε self-adjoint in L2(R n,dx)

In fact, it is the Schrödinger operator L̃ = ε∆ + 1
εU(x)

where U(x) = 1
2ε∆V (x)− 1

4‖∇V (x)‖2
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Reversible case

dxt = −∇V (xt) dt+
√

2εdWt x ∈ R n

. L = ε∆−∇V (x)·∇ = ε eV/ε∇·e−V/ε∇ self-adjoint in L2(R n, e−V/ε dx)

. Reversibility (detailed balance): e−V (x)/ε pt(x, y) = e−V (y)/ε pt(y, x)

. L̃ = e−V/2εL eV/2ε self-adjoint in L2(R n,dx)

In fact, it is the Schrödinger operator L̃ = ε∆ + 1
εU(x)

where U(x) = 1
2ε∆V (x)− 1

4‖∇V (x)‖2

Results: Assume V has N local minima

. −L has N exp small ev 0 = λ0 < · · · < λN−1 + spectral gap

. Precise expressions of the λi (Kramers’ law)

. λ−1
i , i = 1, . . . , N − 1 are expected transition times between

neighbourhoods of minima (in specific order)

Methods: . Large deviations [Freidlin, Wentzell, Sugiura,. . . ]

. Semiclassical analysis [Mathieu, Miclo, Kolokoltsov,. . . ]

. Potential theory [Bovier, Gayrard, Eckhoff, Klein]

. Witten Laplacian [Helffer, Nier, Le Peutrec, Viterbo]
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Irreversible case

If f is not of the form −∇V
. L not self-adjoint, analytical approaches harder

. not reversible, standard potential theory does not work
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If f is not of the form −∇V
. L not self-adjoint, analytical approaches harder

. not reversible, standard potential theory does not work

Nevertheless,

. Results exist on the Kramers–Fokker–Planck operator

L = εy
∂

∂x
− εV ′(x)

∂

∂y
+
γ

2

(
y − ε

∂

∂y

)(
y + ε

∂

∂y

)
[Hérau, Hitrik, Sjöstrand,. . . ]
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Irreversible case

If f is not of the form −∇V
. L not self-adjoint, analytical approaches harder

. not reversible, standard potential theory does not work

Nevertheless,

. Results exist on the Kramers–Fokker–Planck operator

L = εy
∂

∂x
− εV ′(x)

∂

∂y
+
γ

2

(
y − ε

∂

∂y

)(
y + ε

∂

∂y

)
[Hérau, Hitrik, Sjöstrand,. . . ]

. Here we consider two questions involving periodic orbits, namely
on What is the harmonic measure for the exit through an

unstable periodic orbit?

on What can we say on exponentially small eigenvalues

for systems admitting N stable periodic orbits?
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Random Poincaré map

Near a periodic orbit, in appropriate coordinates

dϕt = f(ϕt, xt) dt+ σF (ϕt, xt) dWt ϕ ∈ R
dxt = g(ϕt, xt) dt+ σG(ϕt, xt) dWt x ∈ E ⊂ R n−1

. all functions periodic in ϕ (say period 1)

. f > c > 0 and σ small ⇒ ϕt likely to increase

. process may be killed when x leaves E
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Random Poincaré map

Near a periodic orbit, in appropriate coordinates

dϕt = f(ϕt, xt) dt+ σF (ϕt, xt) dWt ϕ ∈ R
dxt = g(ϕt, xt) dt+ σG(ϕt, xt) dWt x ∈ E ⊂ R n−1

. all functions periodic in ϕ (say period 1)

. f > c > 0 and σ small ⇒ ϕt likely to increase

. process may be killed when x leaves E

ϕ

x

E

1 2

X0

X1

X2

X0, X1, . . . form (substochastic) Markov chain

7-a



Random Poincaré map and harmonic measure

ϕ

x

E

1−M

X0

X1

. τ : first-exit time of zt = (ϕt, xt) from D = (−M,1)× E

. µz(A) = Pz{zτ ∈ A}: harmonic measure (wrt generator L)

. [Ben Arous, Kusuoka, Stroock ’84]: under hypoellipticity cond,

µz admits (smooth) density h(z, y) wrt arclength on ∂D
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Random Poincaré map and harmonic measure

ϕ

x

E

1−M

X0

X1

. τ : first-exit time of zt = (ϕt, xt) from D = (−M,1)× E

. µz(A) = Pz{zτ ∈ A}: harmonic measure (wrt generator L)

. [Ben Arous, Kusuoka, Stroock ’84]: under hypoellipticity cond,

µz admits (smooth) density h(z, y) wrt arclength on ∂D
. Remark: Lzh(z, y) = 0 (kernel is harmonic)

. For B ⊂ E Borel set

PX0{X1 ∈ B} = K(X0, B) :=
∫
B
K(X0,dy)

where K(x,dy) = h((0, x), y) dy =: k(x, y) dy
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Fredholm theory

Consider integral operator K acting

. on L∞ via f 7→ (Kf)(x) =
∫
E
k(x, y)f(y) dy = Ex[f(X1)]

. on L1 via m 7→ (mK)(A) =
∫
E
m(x)k(x, y) dx = Pµ{X1 ∈ A}
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E
k(x, y)f(y) dy = Ex[f(X1)]

. on L1 via m 7→ (mK)(A) =
∫
E
m(x)k(x, y) dx = Pµ{X1 ∈ A}

[Fredholm 1903]:

. If k ∈ L2, then K has eigenvalues λn of finite multiplicity

. Eigenfcts Khn = λnhn, h∗nK = λnh∗n form complete ON basis

[Perron, Frobenius, Jentzsch 1912, Krein–Rutman ’50, Birkhoff ’57]:

. Principal eigenvalue λ0 is real, simple, |λn| < λ0 ∀n > 1, h0 > 0

Spectral decomp: k(x, y) = λ0h0(x)h∗0(y) + λ1h1(x)h∗1(y) + . . .

⇒ Px{Xn ∈ dy|Xn ∈ E} = π0(dy) +O((|λ1|/λ0)n)

where π0 = h∗0/
∫
E h
∗
0 is quasistationary distribution (QSD)
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Fredholm theory

Consider integral operator K acting

. on L∞ via f 7→ (Kf)(x) =
∫
E
k(x, y)f(y) dy = Ex[f(X1)]

. on L1 via m 7→ (mK)(A) =
∫
E
m(x)k(x, y) dx = Pµ{X1 ∈ A}

[Fredholm 1903]:

. If k ∈ L2, then K has eigenvalues λn of finite multiplicity

. Eigenfcts Khn = λnhn, h∗nK = λnh∗n form complete ON basis

[Perron, Frobenius, Jentzsch 1912, Krein–Rutman ’50, Birkhoff ’57]:

. Principal eigenvalue λ0 is real, simple, |λn| < λ0 ∀n > 1, h0 > 0

Spectral decomp: kn(x, y) = λn0h0(x)h∗0(y) + λn1h1(x)h∗1(y) + . . .

⇒ Px{Xn ∈ dy|Xn ∈ E} = π0(dx) +O((|λ1|/λ0)n)

where π0 = h∗0/
∫
E h
∗
0 is quasistationary distribution (QSD)

[Yaglom ’47, Bartlett ’57, Vere-Jones ’62, . . . ]
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How to estimate the principal eigenvalue

. “Trivial” bounds: ∀A ⊂ E with Lebesgue(A) > 0,

inf
x∈A

K(x,A) 6 λ0 6 sup
x∈E

K(x,E)
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How to estimate the principal eigenvalue

. “Trivial” bounds: ∀A ⊂ E with Lebesgue(A) > 0,

inf
x∈A

K(x,A) 6 λ0 6 sup
x∈E

K(x,E)

Proof: x∗ = argmaxh0 ⇒ λ0 =

∫
E

k(x∗, y)
h0(y)

h0(x∗)
dy 6 K(x∗, E)

λ0

∫
A

h∗0(y) dy =

∫
E

h∗0(x)K(x,A) dx > inf
x∈A

K(x,A)

∫
A

h∗0(y) dy
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How to estimate the principal eigenvalue

. “Trivial” bounds: ∀A ⊂ E with Lebesgue(A) > 0,

inf
x∈A

K(x,A) 6 λ0 6 sup
x∈E

K(x,E)

Proof: x∗ = argmaxh0 ⇒ λ0 =

∫
E

k(x∗, y)
h0(y)

h0(x∗)
dy 6 K(x∗, E)

λ0

∫
A

h∗0(y) dy =

∫
E

h∗0(x)K(x,A) dx > inf
x∈A

K(x,A)

∫
A

h∗0(y) dy

. Donsker–Varadhan-type bound:

λ0 6 1−
1

supx∈E Ex[τ∆]
where τ∆ = inf{n > 0: Xn 6∈ E}
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How to estimate the principal eigenvalue

. “Trivial” bounds: ∀A ⊂ E with Lebesgue(A) > 0,

inf
x∈A

K(x,A) 6 λ0 6 sup
x∈E

K(x,E)

Proof: x∗ = argmaxh0 ⇒ λ0 =

∫
E

k(x∗, y)
h0(y)

h0(x∗)
dy 6 K(x∗, E)

λ0

∫
A

h∗0(y) dy =

∫
E

h∗0(x)K(x,A) dx > inf
x∈A

K(x,A)

∫
A

h∗0(y) dy

. Donsker–Varadhan-type bound:

λ0 6 1−
1

supx∈E Ex[τ∆]
where τ∆ = inf{n > 0: Xn 6∈ E}

. Bounds using Laplace transforms (see below)
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Application: Exit through an unstable periodic orbit

Planar SDE

dxt = f(xt) dt+ σg(xt) dWt

D ⊂ R 2: int of unstable periodic orbit

First-exit time: τD = inf{t > 0: xt 6∈ D}
Law of first-exit location xτD ∈ ∂D?

D
xτD

11



Application: Exit through an unstable periodic orbit

Planar SDE

dxt = f(xt) dt+ σg(xt) dWt
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1
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0
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−1(γ̇t − f(γt)) dt D = ggT
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Theorem [Freidlin, Wentzell ’69]: If V reaches its min at a unique

y∗ ∈ ∂D, then xτD concentrates in y∗ as σ → 0
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Application: Exit through an unstable periodic orbit

Planar SDE

dxt = f(xt) dt+ σg(xt) dWt

D ⊂ R 2: int of unstable periodic orbit

First-exit time: τD = inf{t > 0: xt 6∈ D}
Law of first-exit location xτD ∈ ∂D?

D
xτD

Large-deviation principle with rate function

I(γ) =
1

2

∫ T
0

(γ̇t − f(γt))TD(γt)
−1(γ̇t − f(γt)) dt D = ggT

Quasipotential:

V (y) = inf{I(γ): γ : stable orbit→ y ∈ ∂D in arbitrary time}

Theorem [Freidlin, Wentzell ’69]: If V reaches its min at a unique

y∗ ∈ ∂D, then xτD concentrates in y∗ as σ → 0

Problem: V is constant on ∂D!
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Most probable exit paths

Minimisers of I obey Hamilton equations with Hamiltonian

H(γ, ψ) = 1
2ψ

TD(γ)ψ + f(γ)Tψ

where ψ = D(γ)−1(γ̇ − f(γ))
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Most probable exit paths

Minimisers of I obey Hamilton equations with Hamiltonian

H(γ, ψ) = 1
2ψ

TD(γ)ψ + f(γ)Tψ

where ψ = D(γ)−1(γ̇ − f(γ))

r1−1

pr

z∗0

z∗1

z∗2

z∗3

z∗−1

z∗−2

z∗−3

Wu
−

Ws
+

Wu
+Ws

−

Generically optimal path (for infinite time) is isolated
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Random Poincaré map

In polar-type coordinates (r, ϕ):

ϕ

r

1− δ

R0

R1

1

s∗

γ∞

ϕτ
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Random Poincaré map

In polar-type coordinates (r, ϕ):

ϕ

r

1− δ

R0

R1

1

s∗

γ∞

ϕτ

PR0{Rn ∈ A} = λn0h0(R0)
∫
A
h∗0(y) dy

[
1 +O((|λ1|/λ0)n)

]
If t = n+ s,

PR0{ϕτ ∈ dt} = λn0h0(R0)
∫
h∗0(y)Py{ϕτ ∈ ds}dy

[
1 +O((|λ1|/λ0)n)

]
Periodically modulated exponential distribution
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Main result: cycling

Theorem [B & Gentz, 2012] ∀∆, δ > 0 ∃σ0 > 0: ∀0 < σ < σ0

Pr0,0{ϕτ ∈ [ϕ,ϕ+ ∆]} = C(σ)(λ0)ϕχ∆(ϕ)Qλ+T+

(
|logσ| − θ(ϕ) +O(δ)

λ+T+

)
×
[
1 +O(e−cϕ/|logσ|) +O(δ|log δ|)

]
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Theorem [B & Gentz, 2012] ∀∆, δ > 0 ∃σ0 > 0: ∀0 < σ < σ0

Pr0,0{ϕτ ∈ [ϕ,ϕ+ ∆]} = C(σ)(λ0)ϕχ∆(ϕ)Qλ+T+

(
|logσ| − θ(ϕ) +O(δ)

λ+T+

)
×
[
1 +O(e−cϕ/|logσ|) +O(δ|log δ|)

]
. QλT (x) =

∞∑
n=−∞

A(λT (n− x)) with A(x) = 1
2 exp{−2x− 1

2 e−2x}

Cycling profile, periodicised Gumbel distribution

x

Qλ+T+(x)

λ+T+ = 1

λ+T+ = 2

λ+T+ = 5
λ+T+ = 10
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Main result: cycling

Theorem [B & Gentz, 2012] ∀∆, δ > 0 ∃σ0 > 0: ∀0 < σ < σ0

Pr0,0{ϕτ ∈ [ϕ,ϕ+ ∆]} = C(σ)(λ0)ϕχ∆(ϕ)Qλ+T+

(
|logσ| − θ(ϕ) +O(δ)

λ+T+

)
×
[
1 +O(e−cϕ/|logσ|) +O(δ|log δ|)

]
. QλT (x) =

∞∑
n=−∞

A(λT (n− x)) with A(x) = 1
2 exp{−2x− 1

2 e−2x}

Cycling profile, periodicised Gumbel distribution

. θ(ϕ): explicit function of Drr(1, ϕ), θ(ϕ+ 1) = θ(ϕ) + λ+T+

λ+ = Lyapunov exponent, T+ = period of unstable orbit
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Cycling profile, periodicised Gumbel distribution

. θ(ϕ): explicit function of Drr(1, ϕ), θ(ϕ+ 1) = θ(ϕ) + λ+T+

λ+ = Lyapunov exponent, T+ = period of unstable orbit

. λ0: principal eigenvalue, λ0 = 1− e−V/σ
2

. C(σ) = O(e−V/σ
2
)

. χ∆(ϕ): ∼ Pπ
u
0{ϕτ ∈ [ϕ,ϕ+ ∆]}, period 1

in linear case χ∆(ϕ) ' θ′(ϕ)∆

Cycling: periodic dependence on |logσ|
[Day’90, Maier & Stein ’96, Getfert & Reimann ’09]
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Main result: cycling V = 0.5, λ+ = 1

(a) (b)

σ = 0.4, T+ = 2 σ = 0.4, T+ = 20
(c) (d)

σ = 0.5, T+ = 2 σ = 0.5, T+ = 5
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Sketch of proof

ϕ

r

1− δ

R0

R1

1

s∗

γ∞

ϕτ

Split into two Markov chains:

. Chain killed upon r reaching 1− δ in ϕ = ϕτ−

P0{ϕτ− ∈ [ϕ1, ϕ1 + ∆]} ' (λs
0)ϕ1 e−J(ϕ1)/σ2
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Sketch of proof

ϕ

r

1− δ

R0

R1

1

s∗

γ∞

ϕτ

Split into two Markov chains:

. Chain killed upon r reaching 1− δ in ϕ = ϕτ−

P0{ϕτ− ∈ [ϕ1, ϕ1 + ∆]} ' (λs
0)ϕ1 e−J(ϕ1)/σ2

. Chain killed at r = 1− 2δ and on unstable orbit r = 1

– Principal eigenvalue: λu
0 = e−2λ+T+(1 +O(δ))

λ+ = Lyapunov exponent, T+ = period of unstable orbit

– Using LDP:

Pϕ1{ϕτ ∈ [ϕ,ϕ+ ∆]} ' (λu
0)ϕ−ϕ1 e−[I∞+c(e−2λ+T+(ϕ−ϕ1))]/σ2
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Open questions

. Proof involving only spectral theory, without large deviations

Note: linearisation around unstable orbit ' harmonic oscillator

. More precise estimates on spectrum and eigenfunctions of K

. Link between spectrum of K and of L (with Dirichlet b.c.)

. Origin of Gumbel distribution
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Systems with several stable periodic orbits

[Joint work with Barbara Gentz, Christian Kuehn, in progress]

. Consider system of dim> 3 with several stable periodic orbits

. We want to quantify transitions between these orbits

. Define again a Poincaré section and associated Markov process

. Exponentially small eigenvalues of this process?

18



Laplace transforms

Given A ⊂ E, B ⊂ E ∪ {∆}, A ∩B = ∅, x ∈ E and u ∈ C , define

τA = inf{n > 1: Xn ∈ A} GuA,B(x) = Ex[euτA 1{τA<τB}]

σA = inf{n > 0: Xn ∈ A} Hu
A,B(x) = Ex[euσA 1{σA<σB}]
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Given A ⊂ E, B ⊂ E ∪ {∆}, A ∩B = ∅, x ∈ E and u ∈ C , define

τA = inf{n > 1: Xn ∈ A} GuA,B(x) = Ex[euτA 1{τA<τB}]

σA = inf{n > 0: Xn ∈ A} Hu
A,B(x) = Ex[euσA 1{σA<σB}]

. GuA,B(x) is analytic for |eu| <
[
supx∈(A∪B)cK(x, (A ∪B)c)

]−1

. GuA,B = Hu
A,B in (A ∪B)c, Hu

A,B = 1 in A and Hu
A,B = 0 in B

. Feynman–Kac-type relation

KHu
A,B = e−uGuA,B
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Laplace transforms

Given A ⊂ E, B ⊂ E ∪ {∆}, A ∩B = ∅, x ∈ E and u ∈ C , define

τA = inf{n > 1: Xn ∈ A} GuA,B(x) = Ex[euτA 1{τA<τB}]

σA = inf{n > 0: Xn ∈ A} Hu
A,B(x) = Ex[euσA 1{σA<σB}]

. GuA,B(x) is analytic for |eu| <
[
supx∈(A∪B)cK(x, (A ∪B)c)

]−1

. GuA,B = Hu
A,B in (A ∪B)c, Hu

A,B = 1 in A and Hu
A,B = 0 in B

. Feynman–Kac-type relation

KHu
A,B = e−uGuA,B

Proof:

(KHu
A,B)(x) = Ex

[
EX1

[
euσA 1{σA<σB}

]]
= Ex

[
1{X1∈A}E

X1
[
euσA 1{σA<σB}

]]
+ Ex

[
1{X1∈Ac}EX1

[
euσA 1{σA<σB}

]]
= Ex

[
1{1=τA<τB}

]
+ Ex

[
eu(τA−1) 1{1<τA<τB}

]
= Ex

[
eu(τA−1) 1{τA<τB}

]
= e−uGu

A,B(x)

⇒ if GuA,B varies little in A ∪B, it is close to an eigenfunction
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Heuristics (inspired by [Bovier, Eckhoff, Gayrard, Klein ’04])

. Stable periodic orbits in x1, . . . , xN

. Bi small ball around xi, B =
⋃N
i=1Bi

. Eigenvalue equation

(Kh)(x) = e−u h(x)

. Assume h(x) ' hi in Bi

B1

B2

B3
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Heuristics (inspired by [Bovier, Eckhoff, Gayrard, Klein ’04])

. Stable periodic orbits in x1, . . . , xN

. Bi small ball around xi, B =
⋃N
i=1Bi

. Eigenvalue equation

(Kh)(x) = e−u h(x)

. Assume h(x) ' hi in Bi

B1

B2

B3

Ansatz: h(x) =
N∑
j=1

hjH
u
Bj,B\Bj(x) +r(x)

. x ∈ Bi: h(x) = hi +r(x)

. x ∈ Bc: eigenvalue equation is satisfied (by Feynman–Kac)

. x = xi: eigenvalue equation yields by Feynman–Kac

hi =
N∑
j=1

hjMij(u) Mij(u) = GuBj,B\Bj(xi) = Exi[euτB 1{τB=τBj}
]

⇒ condition det(M − 1l) = 0 ⇒ N eigenvalues exp close to 1

If P{τB > 1} � 1 then Mij(u) ' eu Pxi{τB = τBj
} =: eu Pij and Ph ' e−u h
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Control of the error term

The error term satisfies the boundary value problem

(Kr)(x) = e−u r(x) x ∈ Bc

r(x) = h(x)− hi x ∈ Bi
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Control of the error term

The error term satisfies the boundary value problem

(Kr)(x) = e−u r(x) x ∈ Bc

r(x) = h(x)− hi x ∈ Bi

Lemma: For u s.t. GuB,Ec exists, the unique solution of

(Kψ)(x) = e−uψ(x) x ∈ Bc

ψ(x) = θ(x) x ∈ B

is given by ψ(x) = Ex[euτB θ(XτB)] .
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Control of the error term

The error term satisfies the boundary value problem

(Kr)(x) = e−u r(x) x ∈ Bc

r(x) = h(x)− hi x ∈ Bi

Lemma: For u s.t. GuB,Ec exists, the unique solution of

(Kψ)(x) = e−uψ(x) x ∈ Bc

ψ(x) = θ(x) x ∈ B

is given by ψ(x) = Ex[euτB θ(XτB)] .

Proof:

. Show that T f(x) = Ex[eu θ(X1)1{X1∈B}] + Ex[eu f(X1)1{X1∈Bc}]
is a contraction on L∞(Bc)

. Set ψ0(x) = 0, ψn+1(x) = T ψn(x) ∀n > 0

. Show by induction that ψn(x) = Ex[euτB θ(XτB)1{τB6n}]

. ψ(x) = limn→∞ψn(x) is fixed point of T ⇒ satisfies the bndry value problem
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Control of the error term

The error term satisfies the boundary value problem

(Kr)(x) = e−u r(x) x ∈ Bc

r(x) = h(x)− hi x ∈ Bi

Lemma: For u s.t. GuB,Ec exists, the unique solution of

(Kψ)(x) = e−uψ(x) x ∈ Bc

ψ(x) = θ(x) x ∈ B

is given by ψ(x) = Ex[euτB θ(XτB)] .

⇒ r(x) = Ex[euτB θ(XτB)] where θ(x) =
∑
j[h(x)− hj]1{x∈Bj}

To show that h(x)− hj is small in Bj: use Harnack inequalities
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Conclusions

. Reduction to an N-state process in the sense that

Px{Xn ∈ Bi} =
N∑
j=1

λnj hj(x)h∗j(Bi) +O(|λN+1|n)

. Residence times are approx exponential (provided system can

relax to QSD)

. Generically, eigenvalues λj are determined by “metastable

hierarchy” of periodic orbits
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Conclusions

. Reduction to an N-state process in the sense that

Px{Xn ∈ Bi} =
N∑
j=1

λnj hj(x)h∗j(Bi) +O(|λN+1|n)

. Residence times are approx exponential (provided system can

relax to QSD)

. Generically, eigenvalues λj are determined by “metastable

hierarchy” of periodic orbits

Open problems

. How to determine efficiently the Mij or Pij = Pxi{τB = τBj}?
Large deviations – but not easy to implement and not very

precise

. How to approximate left eigenfunctions (QSDs)

. Chaotic orbits?
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