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Abstract

The Kuramoto model (KM) of n coupled phase-oscillators is analyzed in this work. The
KM on a Cayley graph possesses a family of steady state solutions called twisted states.
Topologically distinct twisted states are distinguished by the winding number ¢ € Z. It is
known that for the KM on the nearest-neighbor graph, a g-twisted state is stable if || < n/4.
In the presence of small noise, the KM exhibits metastable transitions between g—twisted
states. Specifically, a typical trajectory remains in the basin of attraction of a given g-twisted
state for an exponentially long time, but eventually transitions to the vicinity of another such
state. In the course of this transition, it passes in close proximity of a saddle of Morse index
1, called a relevant saddle. In this work, we provide an exhaustive analysis of metastable
transitions in the stochastic KM with nearest-neighbor coupling.

We start by analyzing the equilibria and their stability. First, we identify all equilibria in
this model. Using the discrete Fourier transform and eigenvalue estimates for rank—1 pertur-
bations of symmetric matrices, we classify the equilibria by their Morse indices. In particular,
we identify all stable equilibria and all relevant saddles involved in the metastable transitions.
Further, we use Freidlin—Wentzell theory and the potential-theoretic approach to metastabil-
ity to establish the metastable hierarchy and sharp estimates of Eyring—Kramers type for the
transition times. The former determines the precise order, in which the metastable transitions
occur, while the latter characterizes the times between successive transitions. The theoretical
estimates are complemented by numerical simulations and a careful numerical verification of
the transition times. Finally, we discuss the implications of this work for the KM with other
coupling types including nonlocal coupling and the continuum limit as n tends to infinity.

2020 Mathematical Subject Classification. 60H10, 34F05, 60K35, 92B20.
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1 Introduction

The Kuramoto model (KM) of coupled phase oscillators provides an important framework for
studying collective behavior in diverse natural and man-made networks ranging from interacting
particle models in statistical physics [24], to neuronal networks and swarms of fireflies [37] in
biology, to power grids in engineering [15]. It has been extremely useful in revealing new facets of
well-known phenomena in coupled networks such as synchronization [[12,24136] and multistability
[38]], as well as in identifying new effects such as chimera states [1,/23]]. In this work, we use the
KM to study metastability as a mechanism of pattern formation in dynamical networks forced by

small noise.
We begin by introducing the KM with identical intrinsic frequencies (cf. [38]]):

U = KZ sin (27 (uij — wi))
jes
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Figure 1: Examples of g-twisted state equilibria with n = 50. The plots represent u
function of 7.
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Figure 2: Energy of the Kuramoto system with n = 20 as a function of time. Labeled points
correspond to approximate local minima and transition states that are shown in Figure 3] Figure
(b) is a continuation of (a) on a longer time scale.

where K > 0 is the coupling strength, i € A = Z/nZ, and S is a finite symmetric set subset of
A\{0}, i.e., S < A\{0} and —s € S whenever s € S. In addition, let » = |S|/2 denote the range
of coupling. For the most part, we will deal with the nearest neighbor coupling S = {—1, 1} and
r =1

The KM (T-T) has a family of steady state solutions u(%%) of the form

ugq’@)=ﬂ~l—gp, 1€
n

for any integer ¢ such that —% < ¢ < § and ¢ € [0,1). See Figurefor some examples. These
are called g-twisted states (cf. [38]]). The stability of a g-twisted state can be determined from an
explicit condition on ¢, r, and n (cf. Theorem 3.4]). In particular, it can be shown that for
r « n there are multiple stable g-twisted states.

In this paper, we study the behavior of solutions of (I.I) under weak stochastic forcing. To
this end, we rewrite it as a gradient system and add a stochastic forcing term on the right hand
side, yielding the stochastic differential equation (SDE)

duy = —VU (uy) dt + /2 AW, . (1.2)

Here U is the potential (or energy function) on (Sl)A given by

Ulu) = —g D1 cos(2m(uigy — us)) (1.3)

i€\ jes
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Figure 3: The characteristic states visited by the trajectory in the course of a transition from the
3-twisted state to the O-twisted state shown in Figure

W, is an n-dimensional standard Wiener process, and € > 0 is a small parameter controlling the
standard deviation of the noise.

In the presence of noise, the KM exhibits metastable transitions between neighboring twisted
states. For illustration, we discuss the example shown in Figures 2and [3] The system initialized
at a 3-twisted state undergoes a series of metastable transitions that take it through the basins of
attraction of 2- and 1-twisted states before reaching the basin of attraction of a O-twisted state.
Figure (3| shows a few representative snapshots, illustrating both the states that are close to the
attractors of the KM and the states close to the boundaries between the basins of attraction of the
different twisted states. The main objective of this work is to determine which of these transitions
are the most likely, determine the most likely order of these transitions, and to quantify the random
time intervals between successive transitions.

The analysis in this paper relies on the Freidlin—-Wentzell theory of large deviations [|19] and
the potential-theoretic approach to metastability [11], which allows for sharp asymptotics of the
transition times. The description of metastability based on the Freidlin—Wentzell theory was for-
mulated in [[18]] (see also [19, Chapter 6] and [32f]). For the exposition of the potential-theoretic
approach and for many different applications of metastability, we refer to [[10]. Large deviations
and metastability as the mechanisms driving dynamics of coupled networks have been studied, for
instance, in [|6,/7,/141[20,21,25,28]]. In this work, through the careful analysis of the attractors and
relevant saddles for the model at hand, we are able to establish the precise hierarchy of metastable



Figure 4: A one-dimensional double-well potential.

transitions and to obtain sharp estimates of the transition times. The results of this work show that
coupled systems of simple phase oscillators with identical intrinsic velocities exhibit interesting
metastable dynamics due to complex energy landscape.

The remainder of this article is organized as follows. In Section[2] we recall some known prop-
erties of gradient systems perturbed by weak Gaussian noise, based on the Freidlin—Wentzell the-
ory of large deviations [[19]], and the Eyring—Kramers law [2}|11]]. This theory has to be adapted to
the model at hand, owing to symmetries of the potential U. We give a description of this procedure
in Section[3] In Section[d] we provide a detailed analysis of the equilibrium states of the system. In
particular, we obtain a complete list of stable states and of all relevant saddles. Section [5|contains
the main analytical result of this work, Theorem [5.4] which gives sharp Eyring—Kramers asymp-
totics for the expected transition time from less stable to more stable g-twisted states. This section
also contains a discussion of the computation of some more general transition times. Section [0]
illustrates the results with numerical simulations, and Section [/|provides concluding remarks and
an outlook.

2 Stochastically perturbed systems

Consider a finite-dimensional SDE of the form
dut = —VV('U,t) dt + vV 2e th (21)

on R", where W; is an n-dimensional standard Wiener process.
Assume first that V' is a double-well potential, having local minima at v* and % (Figure ,
and that the Hessian matrix of V' at u* has eigenvalues

O<AM <A< <Ay

Suppose G 3 u* is an open set contained in the basin of attraction of * . Consider a trajectory of
(2.1)) starting at ug € G. After staying in G for a time of order eC/e, for some C' > 0, it eventually
leaves the basin of attraction of u* with probability 1 (cf. [19]). On its way, it passes with high
probability through the vicinity of a saddle u(j, on the boundary of the basins of attraction of the
two local minima of the double-well potential. Assume that this saddle is unique and the Hessian
matrix of V' at the saddle has eigenvalues

p1 <0 <pog Sp3 < < fin -
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Figure 5: Example of metastable hierarchy. The relevant relative communication heights are
Hy =V (uf, {uf,ui}) — V(uf) and Hy =V (uf, {uf}) — V(u3).

The Eyring—Kramers law states that if the system starts near v* , and ¢ is small, then the expected
time needed to reach a neighborhood of u? is given by

E“i{u} _ 2 |det[ S (ug)]| e[V(ug)—V(ui)]/e[l + R(e)]
al'\ det[ SV (u* )] (2.2)
_ M2 ... tn [V (uF)—V(u*)]/e
2 Tl et” Mo [1+ R(e)],

where & 62 V. stands for the Hessian matrix of V, and R(e) is a remainder going to 0 as ¢ — 0 (one
usually has information on how fast this happens).

This result has been extended to potentials with more than two wells, provided one has a
so-called metastable hierarchy. Given two points u,v € R"™, we call path connecting u to v a
continuous map ~y : [0,1] — R” such that 7(0) = u and y(1) = v. In that case, we write
~ : u — v. The communication height from u to v is defined as

V(u,v) = inf sup V(y(t)).
YUV 4e[0,1]

This can be generalized to the communication height between two sets A, B < R" by

V(A,B) = ue%nfeB V(u,v) .

A minimal path from A to B is any path v : u — v, with u € A and v € B, such that

sup V(3(t) = V(4,B).
te[0,1]

If there is a finite set of points wy, ..., w, € R such that V(w;) = --- = V(w,) = V(4, B),
and any minimal path v from A to B contains at least one of these points, then the w; are called
relevant saddles between A and B. In fact, in the generic case the relevant saddle is unique,
provided A and B are contained in the basins of attraction of two different local minima of the
potential (see [8, Section 2.1] for more details). A related approach for determining the metastable
hierarchy can be found in [[19, Chapter 6, § 6].

With this terminology in place, we can now define the notion of metastable hierarchy. Assume
that the potential V' has a finite set {uf,...u},} of local minima. For any k € {1,..., No}, we



define the metastable set My, = {uf,...,u;}. Foreach k € {2,..., Ny}, we define the relative

communication height B
Hy =V(uf, M_1) = V(uj) .

The quantity Hy, yields the barrier in the potential landscape that one needs to overcome to reach
M- from uy. We say that the v} are in metastable order, and write uj < u3 < ... uy,, if there
exists # > 0 such that
Hye < min[[V(uf, Me—1) = V(uf)] =0

holds for k£ € {2,..., No}. Intuitively, this means that the minima are arranged in the order of
difficulty for escape. The easiest transition is from u}“vo to M ,—1, and the hardest transition is
from uj to M = {u}}. Figure 5| gives an example with Ny = 3.

Assume that all local minima are non-degenerate, and that for each k € {2, ..., Ny}, there is
a unique relevant saddle 4 between uj and Mj_y, which is also non-degenerate. Then Theo-
rem 3.2 in [11] shows that the first hitting time 7,1 of M,_y, starting from u;, satisfies

_ o | [det[G@D]] e
- {Tk_l}_!m(kﬂ det[ 2V (ug)] [1+RE)]

where 411 (k) is the unique negative eigenvalue of the Hessian at 4. Note that the only difference
with lies in the points where the Hessians are evaluated.

Note that |11, Theorem 3.2] does not make any statement on other metastable transitions
than the ones from uj to Mj_;. However, results in [3,34,/35] show that the system can be
approximated, in a suitable sense, by a continuous-time Markov chain on the set of local minima.
This allows estimating other expected transition times, in a way we illustrate in Section

3 The potential landscape

In this section, we provide an analysis of symmetries of the potential landscape of the Kuramoto
model (L.I)). In particular, we construct a fundamental domain that accounts for the angular nature
of the variables u;, and show how the degeneracy of the potential under global phase shifts can be
dealt with by a simple change of variables.

We will focus on the nearest-neighbor coupling case S = {—1, 1}. Then the Kuramoto poten-
tial can be written as

K
Uu) = —5— D cos(2m (i1 —ug)) (3.1)
€A

which can be viewed as a function from R” to R (or, equivalently, from R™ to R). This potential
has a large symmetry group, which has important implications on the analysis.

3.1 Symmetries

A symmetry is amap g : R — R such that

The potential (3.1)) has the following symmetries:



1. Integer translations:
T (ug, - . un—1) = (uo + ko -+, Un_1 + kn_1) , kezh ~7".

This is due to the 27-periodicity of sin.

2. Global phase shift:
So(uo, . un—1) = (Uo + @, ..., Un—1 + ¥) , peR.

This is due to the translation invariance of the KM.

3. Cyclic permutation of components:
Cp(ug, ..., un—1) = (Up, ..., Un—14p) , peA. (3.2)
This is due to nearest neighbors having the same interaction.

4. Inversion:
I(UO, ce ,unfl) = (_UO, ey —’U,nfl) .

This follows from the fact that the interaction with the left and right neighbor are the same.

It will be convenient to take as phase space a fundamental domain with respect to the first two
types of symmetries. This means that we consider two points u,v € R? to be equivalent if, and
only if, there exist k € Z" and ¢ € R such that v = T} kSou. A fundamental domain (or unit cell)
is then a set D of representatives of the equivalence classes defined by this equivalence relation.

If we only considered integer translations, a natural choice of fundamental domain would be
the torus T = RA/Z" (or, equivalently, T = R"/Z™). However, since we also consider global
phase shifts, we proceed differently. We first define the hyperplane

Y={ueR ug+---+u,_; =0}.

This hyperplane corresponds to modding out global phase shifts, the representative of a point
u € R? being simply its orthogonal projection on .

We now want to account for integer translations as well. If k = (ko,...,k,_1)T € Zisa
point with integer coordinates, its orthogonal projection on ¥ has coordinates

k:—%<k:,1>1=%((n—l)kzl—k:g—m—kn,—k:l+(n—l)kzg—kzg—--~—kn,...))T
n—1
= kivi (3-3)
i=0
where
1=(1,...,1) eR}, (3.4)
and
= (1= 4=k =)
v = (_%7 - %7 a_l)T ’
et = (~h o —h1= )T
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Figure 6: Contour plot of the potential (3.3]), obtained by restricting the Kuramoto potential (T.3)
to the hyperplane 3., for n = 3. The hexagons are basins of attraction of the O-twisted state u(®)
and its translates, while the triangles contain local maxima of the potential.

The set of vectors (vp, ..., v,—2) forms a (non-orthonormal) basis of 3. The projections (3.3)
form a lattice given by integer linear combinations of these vectors.
This motivates the choice of fundamental domain

D = {y0U0+"‘+yn—2vn—2: —%éyi < %,izO,...,n—Q}.
Example 3.1. Consider the case n = 3. Using the fact that up = —u; — ug if u € 3, we obtain

U(u) = —% [cos(27r(u1 — ug)) + cos(2m(ug + 2u1)) + cos(2m(2ug + ul))] . (3.5)

Figure 6] shows a contour plot of this function. The fundamental domain D is a parallelogram with

vertices i(%, %)T and i(%, —%)T. In y-coordinates, the expression for the potential becomes

K
Ul(yovo + y1v1) = ~5 [cos(27r(y1 — yo)) + cos(27ry1) + cos (27ryg)] i (3.6)

The following result gives an explicit expression for the coordinate transformation between
the u; and the y;.

Lemma 3.2. [fu = 22:02 y;v;, then for any i € {0,...,n — 2} one has

n—2 1 n—2
i = Ui + i P =Y — — P 3.7
Yi = Uy jZOUj U; = Y; n JZ_;)Z/] (3.7

where = stands for equality modulo 1.

Proof. The transformation from g to u can be written u = My, where M = 1,,_1 — %1n_1 1271.
Here 1,,_1 denotes the vector of dimension n — 1 having all components equal to 1, and 1,,_1 is
the identity matrix of dimension n — 1. Using the fact that 1271171—1 = n — 1, one easily checks
that M=t =1, + 1,11 ;. O



3.2 Changing coordinates

The results on metastability outlined in Section[2]do not apply directly to the stochastically forced
KM (I.2)), because the Hessian matrix at any equilibrium point has a zero eigenvalue, as a conse-
quence of the translation invariance of the potential. This can be remedied by a change of variables
compatible with our choice of fundamental domain. A similar system of coordinates was used in
the analysis of synchronization in [28} § 5.1].

Let
1

610:%

where 1 has been defined in (3.4), and choose ¢1, g2, . . ., gn—1 € R? such that g, q1, ¢2, . - . , Gn—1
form an orthonormal basis in R® ~ R”. Let

Q = (q17q27 .- '7qn—1) € Rnx(n_l) .

1,

Then the change of variables
U = Uqo + Q’Ut, Ut € R , VUt € Rnil
yields the system

dity = V2= AW |
dv, = QTVU(Qu — ago) + V2e AW, ,

where I//[\/to and W, are independent standard Brownian motions, of respective dimensions 1 and
n — 1. Here we have used 1TVU = 0, due to the translation invariance of U, the facts that
Q'Q = 1,1, and QTgy = 0 (both because the change of variables is orthogonal), and the
invariance of Brownian motion under rotations. Furthermore

Q'VU(Qu —1g) = Q' VU(Qu) = V,V(v),

where V(v) = U(Quv), and we have again used translation invariance of U. It follows that the
dynamics can be described by the set of equations

d'at - \/%dwto 5
dvy = VoV (vy) + V22 AW, .

In this system, the evolutions of %; and v; are completely decoupled. The component #; performs
a simple Brownian motion, of variance 2¢t, while v; obeys an (n — 1)-dimensional SDE in the
hyperplane 3, which will in general be non-degenerate. The dynamics of v; can be mapped to an
SDE on D with periodic boundary conditions.

Remark 3.3. There is one difference between the equation on ¥ and its projection on D. While the
latter admits an invariant probability measure, with density proportional to e~V (V) the former
does not admit such a measure, because 3. is unbounded. This is because on large scales, the
behavior of the process in X is closer to that of a random walk.

In what follows, it will be more convenient to work in variables « instead of v, because this
simplifies the computation of equilibrium points and Hessian matrices. The two points of view
are, however, equivalent, if one disregards the zero eigenvalues of the Hessians in the direction 1.



4 The equilibria

In this section, we analyze the equilibria of (I.I)). These are critical points of the potential U,
meaning that they satisfy VU (u) = 0. The Hessian matrix of U at a critical point has real
eigenvalues, one of which is 0 due to the translation invariance of U. The Morse index of a critical
point is the number of strictly negative eigenvalues of the Hessian.

We will be particularly interested in two types of equilibria, which are important for the de-
scription of the metastable transitions in the stochastically forced model (I.2)). The first type con-
sists in critical points of Morse index 0, which are local minima of U. Because of the vanishing
eigenvalue, they are neutrally stable in the n-dimensional phase space, but asymptotically stable
for the dynamics restricted to the hyperplane >.. For that reason, we are going to call them sinks.
The second type of important critical points are those having Morse index 1. We will call them
1-saddles for brevity. The important feature of the potential landscape in relation to understanding
stochastic dynamics is how sinks are connected by minimal paths, in particular, which 1-saddles
lie on these paths.

We restrict to the nearest-neighbor coupling case S = {—1, 1}, for which we can present a
more complete picture.

4.1 Classification of equilibria

An equilibrium of (I.1)) has to satisfy the equations
sin (27 (wit1 — u;)) = sin(2m(u; — wi—1)) , ieA. “4.1)

Let us write
a; = (ujt+1 —w;) (mod 1) .

An equilibrium point is uniquely determined by the tuple (ag,...,a,—1). Note that due to the
periodic boundary conditions, the sum w = ag + - - - + a,—1 is necessarily an integer, which must
belong to {0, 1,...,n — 1}. This integer can be interpreted as a winding number. For instance, the
winding number of a g-twisted state is ¢ (mod n).

Relation (4.T)) implies that for any i € A, there are two options:

e either a;11 = a;,
* Oora;4+1 = % — a; (mod 1)
As a consequence, one of the following two cases holds:

1. All a; have the same value a. Then the winding number is w = na. This corresponds to a
g-twisted state, with w = na = ¢ (mod n). For future reference, we set p = n.

2. The a; take two different values a and &, related by @ = 3 — a (mod 1). Notice that

cos(2ma) and cos(2ma) have opposite sign. If a ¢ {1, 3}, we may assume that cos(2ma) >

0, while cos(2ma) < 0. Then we set

p=#{i: a; = a} = #{i: cos(2ma;) > 0} .

Since a # a, we necessarily have p € {1,...,n — 1}, and it has to satisfy the condition
pa+(n—pla=w. 4.2)
Note that ¢ = % —aifa< %, and a = % — a otherwise.

10



In both cases, since we assume S = {—1, 1}, the potential can be written

K K
Uw) = - Z cos(2m (uss1 — ;) = =5~ Z cos(2ma;) . (4.3)
1eA FISIN
Note that
1 ifa;, =a,
cos(2ma;) = oy cos(2ma) where o; = ] R
-1 ifa;=a.

Therefore, we have
K K
U(u) = ~o- cos(2ma) Z o; = —%(Zp —n)cos(2ma) . 4.4)
€A
The stability of an equilibrium w is determined by the Hessian matrix of the potential at w, which
can be written

PU o cos(2na) M(0) 4.53)
—5 =27 ™ o .
ou? ’
where
On—1 + 00 —0g 0 e e 0 —On—1
—00 oo+ o1 —01 0
0 —01 o1+ 09
M(o) =
—0n_3 0
0 . —0pn-3 On-3+0n2 —Onp—2
—0Op—1 0 0 —O0p—2 Op—2 + 0p—1

4.2 The sinks

For a ¢-twisted state u(9), all o; are equal to 1, and therefore p = n. The value (4.4)) of the potential

reduces to % )
Uu'?) = —5-n cos(m) . (4.6)

Lemma 4.1. A g-twisted state is stable provided |q| < . That is, the Hessian of U at u'® has

zero as a simple eigenvalue, while all other eigenvalues are strictly positive.

Proof. It follows directly from (4.5) that

02U
Tz 21K cos(27ra)L ,
where
-2 1 0 0 1
1 -2 1 0 0
1 -2 1 0O ... O
L=t o ol (4.7)
0 0 1 -2 1 0
0o ... 0 1 -2 1
1 0 0 1 =2

11



is the matrix of the discrete Laplacian with periodic boundary conditions. This is a circulant
matrix, whose eigenvalues can be computed by discrete Fourier transform. They are given by

_p:h4gﬁ<ﬁ), k=0,...,n—1. (4.8)

The eigenvalues of the Hessian are thus given by

2 k
A = —81K cos(m‘z> sin? <7T> ) 4.9
n n

If |g| < n/4, all A\, except A\g = 0 are strictly positive. O

The number of stable g-twisted states is equal to

. . .n n
Nb:1+mmm&eNmz<Z}:2h1—1. (4.10)
Remark 4.2. The proof shows that the case |q| = 7 is degenerate, since the Hessian matrix is the
zero matrix, while in the case |q| > 7, the equilibrium is a local maximum of the potential, since
all nonzero eigenvalues of the Hessian matrix are strictly negative.

We still have to examine the effect of the symmetries C}, and I, which are not taken into
account by the fundamental domain D.

Lemma 4.3. For each q € Z/nZ, there is exactly one q-twisted state in the fundamental domain
D.

Proof. A representative of (%) in the hyperplane X is given by
1

(@ — —
Y 2n

-
(=(n—1)q,—(n=3)q,...,(n=3)qg,(n—1)q) .

Note that this is invariant under the inversion /. Furthermore, since the sum of the first n — 1
components is — %, it follows from (3.7) that the corresponding y-coordinates are

(@ —

Yy =—(=(n—-1)¢,—(n—2)gq,..., —q)T

[ =3

= n(q72Q77<n_1>q)T+<q7Q77q)T .

Consider now the cyclic permutation

QMm:%ﬂ_m_@%_@_@%uwm—m%m—n%—m—ngj

The sum of its n — 1 first components is "Q—_nlq. Using (3.7), we obtain that its y-coordinates are

1 T
Cy'? = —(¢,2g,....(n=1)q) ~y? .
Since y(@ and C1y(? are related by an integer translation, they correspond to the same point in
the fundamental domain D. Cyclic permutations and the inversion being the only candidates for
possible other g-twisted states in D, the claim follows. O

12



4.3 The saddles

Consider now the case where p = n — 1 of the o; are equal to 1, say o = (1,...,1,—1). These
states have a “jump” between ¢ = n — 1 and 7 = 0. Other equilibria with the same Morse index
can be obtained by cyclic permutation of the coordinates, which amounts to moving the location
of the jump.

Lemma 4.4. Ifn > 5, equilibria with o = (1,...,1,—1) are of the form

71 ™
W' =L ien,  q=

4.11
- E— (4.11)

where r € 7 + % is any half integer satisfying

Proof. According to the discussion of Section[4.1] there are two cases to consider, depending on
the value of a. Recall that a € [0, 1) satisfies cos(2ma) > 0.

* The first case occurs if 0 < a < i. Then a = % — a, and Condition (#.2) withp = n — 1

becomes
( 2) 1 20—1
— =w—-—= = = — .
n a=w-g a=g (=2
Setting 7 = w— % yields the expression (@-IT) for the equilibrium. The condition 0 < a < }
becomes
1 << n
—<r<———-.
2 4 2
* The second case occurs if % <a <1 Thena = % — a, and Condition @.2) withp =n — 1
becomes 5 3
m—2a=w—- = a= 272
2 2(n — 2)

Here it is more convenient to view the state as having a “negative slope”. This amounts to
replacing a by a — 1, and setting r = w — n + % with

n n 1 <r< 1
- a5 s =55
4 2 2
which yields again the expression (4.11)) for the equilibrium. O

Remark 4.5. In the case n = 3, there is no admissible equilibrium with c = (1,1, —1). However,
the role of 1-saddle is played by the equilibrium with o = (1,—1,—1), which is also of the
Sform @I1) with r = % and § = % It corresponds to a = 0 and a = % That state is a 1-saddle
because a direct computation shows that the eigenvalues of M (o) are —1, 0 and 3. The case
n = 4 is degenerate, as for the sinks, because then the Hessian matrix is identically zero.

The value of the potential at the equilibria u() is given, according to (4.4)), by

Uu) = —E(n — 2) cos <27r

27

n_2) : 4.12)

Proposition 4.6. For —% —i—% <r<i-— % u™) is a 1-saddle of (L), i.e., the Hessian %27% (u(r))

has one negative eigenvalue, the zero eigenvalue, and n — 2 positive eigenvalues.
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To prove the proposition, we observe that (4.5]) implies that the Hessian matrix of U at these
states is given by

02U

ou?

21q

(u(’”)) = —27rKcos<n)M, M=D+N, (4.13)

where D is the matrix of the discrete Laplacian with Neumann boundary conditions

-1 1 o ... ... ... 0

1 -2 1 o ... ... 0

1 -2 1 0 0
D: )

0 0 1 -2 1 0

0 0 1 -2 1

0 0 1 -1

and N is the rank 1 matrix
1 0 ... 0 —1 1
0O 0 ... 0 O

N=1": =yt v=1":
O 0 ... 0 O 0
-1 0 ... 0 1 -1

The eigenvalues of —D are known to have the form

k
V,g:4sin2(72rn>, k=0,....n—1.

The corresponding eigenvectors have components

2 k(i + 3
(,02(1'):\/7%3(7r (@ 2)>, 1=0,...,n—1
n n

for k # 0, while g08 is a constant vector. One easily checks that

0 if k is even ,

0
LoDy = 2 k
W, ok 2\/;cos<;rn> if kis odd .

The following result is well known in the theory of perturbations by rank 1 linear operators.

Lemma 4.7. Denote the eigenvalues of —M by vi, k = 0,...,n — 1. Then for even k, we have
Vp = 1/2. The odd-numbered eigenvalues of —M satisfy the equation

0\2
F):= Y W)™ _ (4.14)
W —v
kodd "k
Proof. If k is even, since (1, go%) =0, gog is an eigenvector of —M for the same eigenvalue. If

v is an eigenvalue of —M which is not an eigenvalue of — D, then the eigenvalue equation can be
written

(=D —v)p — (o) =0, (4.15)

14



so that .

It follows that
W, 9) = @, )XW, (D =) ).

We must have (1, ) # 0, since otherwise, (4.135) would imply that v is an eigenvalue of —D.
(Note also that 1 lies in the subspace orthogonal to the span of the @2 with even k, which is
invariant under D.) Therefore, we obtain

1=, (=D —v)"'9)
= D@, WX, (—D —v) ')

k odd

= 2 W oD —v) R )

k odd

)

Z <¢7802>2
0 _
kodd Yk TV

from which the claim follows. O

Proof of Propositiond.6] The function F' has poles on the eigenvalues y,g of —D (k odd), and is
otherwise strictly increasing. Furthermore, it converges to 0 as v — +o00. It follows that has
exactly one solution in each interval (Vge 15 1/‘2)@ +3) (this is called interlacing), and an additional
solution that is smaller than /).

Note that

PINY =297 =4,
wTDw = _27

showing that M has at least one strictly positive eigenvalue. By the interlacing result, there is
exactly one such eigenvalue, showing that the smallest eigenvalue v, of —M is strictly negative.
The state «(") is thus indeed a saddle of index 1. To summarize, the odd-numbered eigenvalues
satisfy
_ .0 0 0 0
n<l=yy<rvy<wm<vyz<vs<vy <....

This shows in particular that the u(") are indeed 1-saddles. O

One can check that the condition —7 + % <r<i-— % implies that the number /Ny of 1-saddles
u("), having a jump between i = n — 1 and 7 = 0, is given by

Ny =Ny—1,

where N is the number of stable g-twisted states, see (4.10).
As before, we also examine the effect of the symmetries C), and I.

Lemma 4.8. If n # 4, then the representatives of u(r), Clu("), e, Cn_lu(r) in the fundamental
domain are all different. Therefore, there are exactly n 1-saddles for each admissible r in the
fundamental domain.

15



Proof. A representative of u(") in the hyperplane ¥ is given by

ne) 1(4n—1m,4n—3m,”4n—3m4n—m@T.

"2
Note that this is invariant under the inversion I. The sum of the first n — 1 components being
—(712_7711)‘1, the corresponding y-coordinates are
1 R R N T
Applying the cyclic permutation, we find
1 . . . N T
Crul) = —(=(n=3)g,....(n = 3)¢, (n = 1)g, —(n = 1)q) " .

The sum of the first n — 1 components is now —%, and the corresponding y-coordinates are

1, .. .
q¢m:5@g%uwm—n@7.

In a similar manner, we find

1, )
Coy™) = ~(¢:24,---,(n = 2)g, -9,
1, . S
Cay™) = —(3:24,---, (n = 3)4, 24, —-§)",
C " _ L ; 5\ T
n—1Y - E (Q7 _(n - Q)Qa R _Q) :

We observe that
pr(r) = y(r) + ((j,...,(j,O,...,O)—r

——
n—p times p—1 times

We conclude that all 2 saddles obtained by cyclic permutation of %(") have different representatives
in the fundamental domain, unless g is an integer. Since

] 1+ 2
=r
q n_9)"

is an odd integer, which is the case if and only if n = 4. 0

2

this is the case if and only if =5

Remark 4.9. As remarked before, the case n = 4 is degenerate. We already know that the Hessian
matrix at the +1-twisted states is identically zero in this case. The state u!/?) is actually identical
with u™V), because in the notations of Section it corresponds to a = a = %. It may be the case
that there are additional constants of motion in this situation.

Example 4.10. Returning to the case n = 3, the list of all equilibria is given in Table|l} They are
also shown in Figure[7] to be compared with the contour plot of the potential in Figure [0 Note
that the O-twisted state «(°) communicates with six copies of itself, via six 1-saddles, which are
given by two copies each for the three states w12 C1u?) and Cou/?).

In this situation, if the dynamics is described in the fundamental domain, metastable transitions
correspond to the system leaving a neighborhood of u(©), and returning to it after passing near one
of the 1-saddles. By contrast, if the system is viewed as evolving in the whole hyperplane 3,
the different copies of u(?) are no longer considered to be all the same state, and the dynamics
resembles a random walk between these copies (see also Remark[3.3).
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Equilibrium | (ug,uq) (Yo, y1)
u® (0,0) (0,0)
u) (3:-3) | G—3)
W™ (=55 | (559
w4 |-

C’lu(l/Q) (_%aé) (_%70)
e | (<h—b) | (-4

Table 1: List of all equilibria in the fundamental domain D in the case n = 3, with their v and
y-coordinates.

up n
CZU(I,/“Z) C2u(1/2) 11(1,/’2) CZU(I/"Z)
Q (o] 0

N

2 Crul¥/?
— —>
uQ Clu(l /2) MO Yo
Chu(t/?)
®u®
b o )
Coult/?) Coult/?) u,(lr’Q)T Coull/?)

Figure 7: Equilibria in the fundamental domain, in the case n = 3. They are shown in u and
y-coordinates, with sinks in blue, local maxima in red, and 1-saddles in violet. Points on op-
posite sides and corners of the fundamental domain are identified. The violet lines indicate the
stable/unstable manifolds of the 1-saddles (it follows from (3.6) that the potential is constant on
these lines), and part of them are domain boundaries.

4.4 Other equilibria

In order to determine the metastable hierarchy, it will be useful to know exactly how many equi-
libria have Morse index O or 1. Recall that we have introduced the integer

p=#lieN:a;=a}=H#{ieAN:o; =1} {1,...,n}.

The case p = n corresponds to g-twisted states, which have either Morse index 0 (sinks), or Morse
index n (local maxima of the potential), or are degenerate, in the special case |¢| = %. The case
p = n — 1 corresponds to 1-saddles.

It thus remains to consider the cases where 1 < p < n — 2. The following result shows that
these equilibria cannot have Morse index 0 or 1, and therefore are not important for the metastable
dynamics of the system.
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Lemma 4.11. Assume n > 5. Then any equilibrium point with 1 < p < n — 2, that is, with at
least two o; equal to —1, is a saddle of Morse index 2 at least.

Proof. Since p < n — 2, we may assume that oy = 1. Let (eg, ..., e,—1) be the canonical basis
of RY. Our aim is to construct vectors é; and és, orthogonal to each other, and such that the
restriction of M (o) to the subspace spanned by these vectors is negative definite.

Let ¢ be the smallest ¢ > 1 such that o; = —1. We first consider the case where 0,11 = —1.
Then the restriction of M (o) to span(e;—1, €;, €;+1, €;+2) is given by

0;—9 — 1 -1 0 0
—~ -1 0 1 0
M = 0 1 -2 1
0 0 1 0;+2 — 1
Consider the vectors
€1 =¢e;_1+2¢, €2 = —€i11 + €42 .

Computing (&, Z/\I\éq> for p, g € {1, 2}, one obtains that the restriction of M (o) to span(éy, é2) is

given by
Oi_o— 3 -2
-2 Oit2—5)

One easily checks that this matrix is negative definite, for any values of 0;_2, 0,12 € {—1,1}.
Consider now the case ;41 = 1. Let j > i + 2 be the smallest j such that o;_1 = 1 and

o; = —1. Then the restriction of M (o) to span(e;, €41, €5, €j+1) is given by
0 1 0 0
= 1 0 M1 0
M=10 My, P ’
0 0 1 oj+1—1
where M; 1 ; = —1if j =i + 2, and 0 otherwise. Consider the vectors
é1=¢e; —e€j11, €r =ej+ e .

The restriction of M (o) to span(éy, é2) is given by

( —2 — i+1,j>

—Miy1; 0js1-3)

One again easily checks that this matrix is negative definite, for any values of 01 € {—1,1} and
Mi-i—l,j € {—1,0}. O

4.5 Relevant saddles and metastable hierarchy

In this subsection, we identify the relevant saddles between the g-twisted states, as defined in
Section[2]

n

Proposition 4.12. For any q such that 1 < |q| < %,
u(q) and the set {u(_‘q|+1)’ u(_|Q|+2)7 . 7u(‘q|_1)} is

the set of relevant saddles between the sink

(Cyuld=12) Cula12); 0 < p < — 1}

where we recall that C,, denotes the cyclic permutation defined in (3.2).
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Figure 8: The potential U (u(s)) for n = 18 and K = 27. The local minima are located at the
g-twisted states u(s) = u(?, while the local maxima are on the 1-saddles u(3,) = u(9+1/2).

Proof. We want to show that any minimal path from u(?) to {u(~la1+1) ¢(=lal+2) " 4, (Ial=1)} "ag
defined in Section[2]above, contains at least one of the points of the given list as its hightest point.
Note that (4.12)) implies that the value of U is the same at all points in the list.
Let m = max{q € Ng: ¢ < %}, so that the sinks are parametrized by ¢ € {—m, ..., m}. We
define a curve u : [—m, m] — (R/Z)" by
S

ui(s) = —1i, s€[-m,m], ieA.
n

Note that for any ¢ € [—m, m], we have

while

_ yla+d) _ 3 m 1\ »
u(s) =u'?2) & s=35,: <q+2>n_2.

In other terms, the curve {u(s)} se[_m,m] Visits the equilibria w(=m) mmA1/2) g (mma) o gp
to u("™ in this order. By (@.3)), the potential along this curve is given by

U(u(s)) = —f[(n ~ 1) cos (2#) + cos <27r” - 1)3} .

m n n
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Figure 9: Construction of the metastable hierarchy. The set V() = VO | Véo) v VJ(FO) is the
union of the open valleys OV(u(l/ 2)) and OV(u(_l/ 2)), which overlap in the central component.
Similarly, the set V(1) is the union of the open valleys OV(u(3/2)) and OV (u(~3/?)),

The derivative of this function is

S Uus) = K" [sin (%Z) +sin (QW”; 13)]

-1 -2
— ok sin(27s) cos (27rn s) ,
n n

where we have used the sum-product formula sin & +sin 5 = 2 sin(o‘TJrﬁ) cos(aT*B). It is straight-
forward to check that this derivative in positive on the intervals (g, §,), and negative on the intervals
(84,9 + 1)

The proof now follows by induction on |g|. By symmetry, we may restrict the discussion to
the case ¢ > 0 and p = 0. In the base case ¢ = 1, the restricted curve {u(1 — s)}e[0,1] provides
a path from u™ to u(9), containing the saddle v(1/?) as its highest point. Furthermore, it is known
that since all critical points are non-degenerate, any minimal path from u(!) to «(?) has to contain
a saddle of index 1. Since u(1/?) and u(~1/?) are the lowest 1-saddles, the path is minimal, and the
claim follows for ¢ = 1.

To proceed, we need some topological properties of the potential landscape (see for instance [8]
Section 2.1]). Let @ be a 1-saddle, and define its closed valley and open valley, respectively, by

cV(a) = {u: V(u,4) <U(a)},
OV(a) = {ueCV(a): U(u) <U(a)} .

If the potential is of class C? and @ is non-degenerate, then OV(7) has at most two connected
components, containing the two parts of the one-dimensional unstable manifold of 4. Furthermore,
CV(4) is the closure of OV(4), and is path-connected. Intuitively, if OV (%) has two connected
components, these components meet at the saddle point @, and only there.

Returning to our particular problem, we set

VO = oV Jovu=1?) .

This set has exactly three connected components: the component VJ(rO) containing u(V), the compo-
nent V_O) containing (=1, and the component VOO containing «?), which is also the intersection
of the open valleys OV(u(1/?)) and OV(u{~1/?)), see Figure El We claim that each component
contains only one sink. Indeed, if one component contained two different sinks, it would have to
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contain a 1-saddle as well. But this is not possible, since all 1-saddles have height U (u(1/?)) at
least, while points in the components are lower by construction.
We now assume by induction that the claim is true for a given ¢ < 7 — 1, and that the set

V) — ov(@ )| Joy(ul-r2) (4.16)

has exactly three connected component. The components containing «(9 and u(~9) contain each
exactly one sink, while the remaining component Véq_l contains the sinks w(~9t1 . yle—1)
and the saddles u(_‘J+3/2), .. ,u(q_3/2), and no other sinks or 1-saddles.

The induction step proceeds as follows. The restriction {u(q + 1 — 8)}86[0,1] provides a path
from w(?t1) to u(?). Now assume by contradiction that there is another path from u(9™1) to a sink
ul?), with —q < ¢’ < ¢, whose highest point is below U(u(q+1/ 2)). This highest point must be
one of the saddles u(~9t/2) . 4(4=1/2) gince these are the only saddles lower than w(971/2),
Call this saddle «("). But this would mean that u(9+1) belongs to the open valley of ("), which
lies in V(91 This contradicts the fact that V(=) does not contain u(9t1). We conclude that the
above path from u(7tY o 4 9 is minimal.

Furthermore, this shows that the open valley (’)V(u(q“/ 2)) has two connected components,
one of them containing u(9tY) | and the other one containing u(9). The latter will in fact contain all
sinks u(=9), ..., u(? by the induction hypothesis. A similar argument holds for «(=9=1/2) which
implies that V(9 has a similar decomposition as (4.16). The induction step is thus complete. ]

The next result provides information on the metastable hierarchy.

Proposition 4.13. The potential difference
AU(q) = U(u@/?) — U (ula+D)
is a decreasing function of q for 0 < ¢ < § — 1.

Proof. Using (4.6) and (@.12), we get

2TAU(g) = ncos<27r(qn+1)) (= 2)cos <W2q + 1)

n—2
=:ncos(fB) — (n —2) cos(a) .

This expression is well-defined for any ¢ € R. We can thus compute its derivative with respect to
q, to obtain

1 —
Kd(iIAU(q) =sina —sin 8 = 2sin a 5 b cos & ;— b .
The difference A
o fp— gt HetD
n(n — 2)

belongs to (—m,0) for ¢ + 1 < 4n, while the sum « + §3 is strictly positive. Therefore, the
g-derivative of AU (q) is strictly negative, that is, ¢ — AU(g) is decreasing. O

This result shows that if only sinks with ¢ > 0 were present, we would have a clear metastable
hierarchy u(®) < M) < 4@ < ... The existence of the ¢ — —¢ symmetry makes the situation
slightly degenerate, however, and we will have to examine the consequences of that.
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5 Transition times

In this section, we estimate the time separating metastable transitions between various g-twisted
states, or sets of g-twisted states. Certain expected transition times, between a g-twisted state
and the set {u(*|q‘+1), ey u(|q‘*1)} of more stable states is directly obtained by applying the
Eyring—Kramers relation to our situation. For more general transitions, computations are
more involved.

5.1 Preliminary computations

A central quantity governing expected transition times is the potential difference

H,= U@V —U@?), 1<q<

=3

For negative ¢, we set H, = H_,. The potential difference
A, = U@ty — y@@) 0<q< %

plays a role in transitions to less stable states. Again, for negative g, we set ¢ = H _q- While
and (@.12)) provide explicit expressions for these quantities, it is useful to understand their behavior
for |¢| < n, as described by the following estimate.

Lemma 5.1. For fixed q and n large, one has

K 1\ K= 9
=— —|g—>)|—" < .
H, — <q 4> - +0(n7?%), 1<qg<«n, (5.1)
_ K 1\ K
Hq:+(q+)7r+(9(n_2), 0<qg«n.
7 4/ n

Proof. The values of Hy and H; are obtained by a direct Taylor expansion, using (#.6)) and @.12).
For any 0 < ¢ < %, (.6), (#.12)), and sum-product formulas yield

U@y — Uu@) = An sin<”> sin(7r(2q+1)> = (2¢+ 1)% +0(n7?%),

T n n

U(ula3/2)) — U (ula+1/2)) = K(n—2) sin( m 2) sin<2ﬂ(q +21)>
s n — n —

=2(q+ 1)% +0(n?).
The result then follows by induction on ¢, using
Hyoy = Hy + U@ty — U@y — [U(u(q+1)) _ U(u(‘“)] ’
and a similar relation between H, 1 and H,. O

Another important quantity is the product of eigenvalues appearing in the prefactor in the
Eyring—Kramers law (Z.2). The eigenvalues )y, at the sink u(?) can be written, by @), as

(g + 1
A = 27rKcos<7T(q+)>A0 A0 = dsin? <7Tk> . 5.2)
n n
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Recall from (@.8) that the )\2 are also the eigenvalues of the discrete Laplacian with periodic
boundary conditions. The eigenvalues p;. at the saddles are given by

21q 1
wi = 27K cos il Vg, dg=\qg+ = n , (5.3)
n 2)n—-2
where the v, are the eigenvalues of —M (cf. (4.13)). Combining (5.2)) and (5.3), we get
a4 n
Al Ao COS(M) AP0 )
n
Taking logarithms and expanding, we have
cos(m) " 1-— 2772242 + O(n™%)
log 27r(:;+1) = nlog 27r2(TtL]+1)2 _4
COS(T) 1-— 0z + O(n )
272 .
=@+ 1? =) +0(’)
272 3
= - O(n7?).
(o+3) ot
We conclude that Ir(gA 1)\ \
cos (24t 2(49 + 3
% _1p THIES) L o2y (5.5)
cos(:1) 2n

In fact, the error for large but finite n has order 1/n, and has been computed above. On the other
hand, the second factor in (5.4) is described by the following result.

Proposition 5.2. We have the exact relation

V1...Vp—1

2
e T Sy (5.6)
)‘(1)--')‘91—1 n

Proof. Let L be the matrix of the discrete Laplacian with periodic boundary conditions.
We observe that D = L + N. The )\2 are eigenvalues of —L, while the v}, are eigenvalues of
—M=-D—-N=—-L—-2N.

To avoid problems due to the zero eigenvalues, we introduce for € € R the quantity

_ det(s]l — M) _ (6 + I/o)(€ + 1/1) ce (8 + I/nfl)
re) = det(el—L)  (e+A)N(e+A))...(e+ A0 )~

This function is well-defined whenever ¢ is not an eigenvalue of L. Moreover, since vy = AJ = 0,
we have y y
1---Vn-1 .

—_—— 1 . .

o0, = lmre) 57
Now we observe that we can write () as a Fredholm determinant

r(e) = det[(el — M) (el — L)*l]
=det[1-2N(e1-L)'].

The inverse of €1 — L can be written as

(el — L)t nf ' o
- = LR
et A
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where II;, is the projector on the eigenspace associated with A0, given by

1 .
Iy = 77k:771;r ) 771;r = % (1 o w?k . Dk ) , o= e 2/

Note that all )\2 except AJ = 0 and )\2 i 4 (if n is even) have multiplicity 2, so that the choice
of the I is not unique, but the above choice is a valid one. Since

1—w
<1/}>77k> = \/ﬁ ’
it follows that
aq as (279}
1 0 0o ... 0
NEI=L)7 = 3 ——g@mvn = | E
k=0 €T M
0 0 0
—a] —ag —an
where L
1'S 1 s (1—i
P 1— (1-3)
“j n ;;; €+ /\2( @)@

In particular, for j = 1, grouping the summands k£ and n — k one obtains

n—1 0
a) = QL Ak)\o .
n€ + AL
A similar computation shows that a,, = —a;. Now we note that
1-— 2(11 —2&2 Ce —QCLn,l —2an
0 1 0 0
r(e) =det[1—2N(el—L) '] =| - :
0 0 1 0
2a1 2a0 ... 2a,—17 14 2a,
= (1—2a1)(1 + 2a,) — 4aia,
=1-—2a; + 2a,
=1- 4@1 .
As ¢ tends to 0, a; converges to ”2—711 Substituting in (5.7) yields the result. O

The last missing piece in order to determine the prefactor in the Eyring—Kramers law is the
behavior of . This is described by the following result.

Proposition 5.3. The negative eigenvalue vy of —M satisfies

4 41
<< —og—. 5.8
3 SIS T3 3 (>8)
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Proof. Consider the subspace £ = {u € (R/Z)M: u; = —u,_1_;Vi € {0,...,n — 1}}. This
subspace has dimension m = n/2 if n is even, and m = (n — 1)/2 if n is odd. One easily checks
that it is invariant under the matrix M. We claim that the eigenvector v; corresponding to v
belongs to F.

A basis of F is given by (€g,...,ém—1) = (€0 — €n—1,€1 — €n—2,...,€m—1 — €n—m). The
form M of M in this basis is slightly different depending on the parity of n. We consider first the
case where n is even. Then

1 1 0 0 0
1 -2 1 0 0
1 -2 1 0 0
i =
0 0 1 -2 1 0
0 0 1 -2 1

Observe that the vector

_(11 1 1 )T
v = ’3’9""’3777,—1

—~ 4 1

Mv = g(’l} — Wem_1> .
As m — oo, this reduces to Mv = %v, suggesting that — M has an eigenvalue close to —%. To
prove this, we consider the matrix

satisfies

~ —~ 4
A4=M+§%4Q;r
This matrix differs from M only in the bottom right element, which has value —g instead of

—3. It satisfies Mv = %v, and therefore admits % as an eigenvalue. Observe that M is a rank-1
perturbation of the discrete Laplacian with periodic boundary conditions L, namely

M=L+3d7, @T:Wg 0 ... 0 f%).

We claim that —g is the only negative eigenvalue of —M. To show this, we proceed similarly to

the proof of Lemma Let i be an eigenvalue of — M. This means that there exists a vector
@ # 0 such that

(L4497 +a)@ =0,
and therefore

(L+ )@=, o0 . (5.9)

If /i is an eigenvalue of —L, then i > 0, and the claim is proved. We thus assume that /i is not an
eigenvalue of —L. Then

¢=—eL+p) "D, (5.10)

We must have <1; @) # 0, since otherwise would imply that i is an eigenvalue of —L.
Taking the inner product of (5.10) with 1, and dividing by (1), ), we obtain

2
—1 =@, (L+ ) ) = Zw wiﬁ =: Fi(f) .
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Here the sum ranges over the eigenvalues \) of — L, with associated normalized eigenvectors gog.
The function F; has poles on the eigenvalues of — L, which are non-negative, and is otherwise
strictly decreasing. Therefore, the equation F (/i) can have only one strictly negative eigenvalue,
and the claim is proved. .

Consider now the eigenvalue equation (M + v1)p1 = 0, which is equivalent to

~ 4 X
(M +v1)¢pr = §<€m71,@1>€m71 :

Ifvry = = —%, the proposition is proved. Otherwise, v is not an eigenvalue of M , and
{(ém—1, 1) # 0, so that we get

3 . ~ Z1a €m—1,
§= s (T4 = 3ot B —

where the sum ranges over the eigenvalues fi;, of M, with associated normalized eigenvectors ¢y
Isolating the term £ = 1, we obtain

= 4 2
v+ g _ <901é€+msl> 7 S = Z (Em— 1_790k>
1 iz e
Since 1 < 0 and all /i, except fi; are positive, S is positive. Furthermore, since 1 = v/ [[v| we
have
(v,em-1)* 9 - 1
HUH2 - 8(1 _ 9—m)32m—2 ~ 4. 32m—2 :

This yields the upper bound on v, using the fact that 2m > n — 2.
It remains to consider the case where M is odd. Then

(P1,em—1)* =

1 1 o ... ... 0 O

1 -2 1 o ... ... 0

0o 1 -2 1 0o ... O

0 ... O 1 -2 1

0 ... ... 0 1 -2 1

o 0 ... ... O 1 -2
Then a completely analogous argument shows that v; < —3 + 1 33 m = —% + i34_", which is
smaller than the stated bound. O

5.2 Expected transition time from less stable to more stable states

The following result follows essentially from [[11]], except for the fact that the potential U has the
point symmetry U(—u) = U(u). A generalization of the results from [[1 1]] to potentials invariant
under a discrete symmetry group has been obtained in [4] for continuous-time Markov chains on
a finite set, and in [[16]] for stochastic differential equations. See also [5] for an application to a
discretized Allen—Cahn equation with conserved total mass.

Below, we will write
= {u(79D et @)y

for the gth metastable set, while the distance between two discrete sets A, B = (R/Z)" is given
by dist(A, B) = infoeapen [a — b|.
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Theorem 5.4. Fix q such that0 < g < %, 6 > 0, and let
™, = inf{t >0: dist(ut,/\/lq) < 5}

be the first-hitting time of a d-neighborhood of the set M. Then the expectation of Trq,, starting
from w9tV satisfies

E“"Y {7, } = Clg,n) et /2[1 + Ry (e)]

where

2 N
C(g,n) = % (1 + W) +0(n 3, (5.11)

Hyyy = U@ T2y — Uulat)) = g - (q + i) % +0(n?),  (5.12)

lim R,(e) =0.
e—0

Proof. The proof is almost an application of [[11, Theorem 3.2], which provides an Eyring—
Kramers law of the form (2.2), except that we have to deal with degeneracies in the potential
landscape. The extra factor n~! in the expected transition time is due to the existence of n sad-
dles, having the same height, each providing an optimal pathway between the g¢-twisted state
u(7t1) and the set M. As aresult, the integer called £ in [11, Equation (3.2)] is equal to n, while
the eigenvalues of the saddles are the same for all summands.

The difference between our situation and the one described in [[11, Theorem 3.2] is that for any
q # 0, the sinks ©(? and (=9 are at the same height, as are the relevant saddles. Such symmetric
situations have been analysed in [4] for continuous-time Markov chains, and in [16, Chapter 5] for
diffusion processes.

In our case, the set of sinks u(?) is invariant under the group G = {id, I}, where id is the
identity map on the phase space (R/Z)", while I is the inversion given by I(u) = —u. Note that
G is equivalent to Zy = Z/2Z. There are two important group-theoretic quantities that influence
the Eyring—Kramers law:

* The orbit of a point u € (R/Z)" is defined as the set O, = {g(u): g € G}. In particular,
we have O,,0) = {u©}, while Oy = {ul@ (=9} for ¢ # 0.

* The stabiliser of a point u € (R/Z)" is defined as the set G, = {g € G: g(u) = u}. Itisa
subgroup of G. In particular, we have G,y = G, while for ¢ # 0, G,y = {id}.

Here, we are concerned with transitions between the orbit O, ;+1), and the union of the orbits
from O, (o) to O,y . For continuous-time Markov chains, [4, Theorem 3.2] states that an Eyring—
Kramers law still holds in the symmetric case, but with an extra factor

#(G a1 N Gu@)
#(Gu(‘l+1) )

However, in our case, we have #(G,q+1) N G0)) = #(Ge+1)) = 1, so that there is no change
to the Eyring—Kramers formula. The same holds true for diffusions, as discussed in [16, Sections
5.2 and 5.3].

The remainder of the proof, providing the asymptotics of the constants, is obtained from (5.1)),
(3.3), (5.6) and (5.8)), along with a Taylor expansion of cos(27§/n) in the large n limit. O
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Figure 10: Continuous time Markov chain approximating the dynamics of transitions between
q-twisted states.

Remark 5.5.
1. Figure[l4)presents numerical verification of the asymptotics in (5.11)) and (5.12).
2. The above computations would allow us to determine the next-to-leading order of C(q,n).

3. We do not control how R,,(¢) depends on n. In principle, as n gets larger, the convergence
of Ry, (¢) to 0 may become slower. However, arguments used in [9)] in a somewhat similar
situation suggest that this is not the case.

5.3 More general transitions

In this section, we explain how to compute the expected transition time between more gen-
eral states, without giving detailed proofs. The basic idea is that the dynamics should be well-
approximated by a continuous-time Markov chain on the set of stable ¢-twisted states, see Fig-
ure 10} with transition rates given by

1 —Hyg/e 1 —Hgy/e
DPgq+1 = e Y, Pg+1,qg = e 1
o Cq,qH R Cqﬂ,q
for 0 < ¢ <, while py—g11 = Pg.g+1, P—gt1,~q = Py+1,4> a0d pgg = 0if [ — g > 2. Here

the coefficients Cy ; denote the prefactors in the associated Eyring—Kramers laws.

The validity of such a reduction has been analysed in [34,35] for diffusions, and in [3] for
continuous-space Markov chains. To justify this approximation in our situation, we would need
to show that the most likely sinks that can be reached from a saddle w(9*1/2) are 4(?) and w(@+1),
in the sense that the unstable manifolds of the saddle converge to these two sinks. While this is
indeed the case for u(9T1), we have not given a full proof of the fact that u(? is indeed the other
sink that the unstable manifold connects to.

Assuming the approximation is indeed justified, expected transition times can be computed
as follows. Denote the Markov chain by (X;);>o. It takes values in X = {—m, ..., m}, where
m = max{q € Ny: ¢ < %} Here q € X represents the state u(?. Let L denote the infinitesimal
generator of the process, that is, the 2m + 1 by 2m + 1 matrix with entries

I )Paa iftqg+#gq,
a3 = o
—2grqPag fq=1q.
Foraset A c &, if

walq) =ENra},  7ma=inf{t>0: X, €A},
we have the relation
D Lyqwalg) = 1. (5.13)
geAc
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For a proof, see for instance [31, Chapter 3].
We give a few examples of applications of (5.13).

1. If A° = {0}, then 74 denotes the first-hitting time of any sink different from u(?). In that

case, we obtain . . .
== = *001 eHO/€ .
Po1 +Po,—1  2po1 2

EO{TA} =

Here the factor % is due to the fact that there is an equal probability to escape towards
positive and negative q.

2. If A® = {q} for some q # 0, say ¢ > 0, then 74 denotes again the first-hitting time of any
sink different from «(?). Then we find

1 Cq7q_1 thZ/E
E¥{7a} = = — .
Pg,q+1 t Pgq—1 1+ Cq’i"ﬂe [Hq—Hql/e
q,9
It follows from Lemma[5.1] that
_ Kmn
Hy—H;,=—+0(n?).
q = 5 + (" )

Therefore, for finite n, the expectation is dominated by transitions to u(q_l), and hence
E1{ra} ~ Cygr cfo

3. As a more complicated example, let us look at the case where A = {—1,0,1}. Then we
have to solve the system

_(L_L—Q + L_170) L_LO 0 ’wA(—l) 1
Lo—1 —(Lo,~1 + Lo,1) Loa wa(0) |=1-1
0 Lio —(L1o+ L12) wa(l) -1

The symmetry L,5 = L_,4 g implies wa(—1) = wa(1). This yields an effective two-
dimensional system, whose solution is
2Lo1+ Lig+ L12
E{74} = wa(0) = : ’ :
{ra} © 2Lo1L12

2Lp1 + L
Bl {ra} =wa(l) = 2%(1) 1L1 ;’0

For finite n, we have H; > Hy > H;, which implies L1 2 « Lg1 « L1 . This implies that
there exists a constant # > 0, of order n !, such that

EO{TA} _ C;é?;ﬁ e[H07H1+I:12]/€[1 n O<679/5)] 7

EI{TA} _ ngf’;a e[HO—H1+ﬁ2]/€[1 n O(e*(’/s)] .

In other terms, the expected first-hitting time does not depend on the starting point to leading
order. What happens is that if the system starts in state uM, it will, with overwhelming
probability, visit state u(?) before any other state. Note that the exponent Hy — H, + H»
is equal to the potential difference V (u(*2) — V(u(?)), which is precisely the relative
communication height between the states «(?) and u(?).
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Figure 11: Empirical first passage time distributions for the n = 10 system, compared against the
Eyring—Kramers formula (2.2). For each value of €, 10* independent trials were performed.
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Figure 12: Empirical first passage time distributions for the n = 20 system, compared against the
Eyring—Kramers formula (2.2). For each value of €, 10* independent trials were performed.

6 Numerical simulations

In this section, we provide numerical simulations illustrating our main results, as well as some
extensions to more general couplings.
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Figure 13: Empirical first passage time distributions for the n = 40 system, compared against the
Eyring—Kramers formula (2.2). For each value of €, 10* independent trials were performed.

6.1 Eyring-Kramers asymptotics for the Kuramoto model

Our first numerical result verifies the Eyring—Kramers law (2.2) for the Kuramoto problem. This
is done directly by running independent trials of (T.2), with initial conditions given by one of the
twisted states. As shown in Figures [T} [I2] and[T3] we have good agreement between the data and
the law. Though some cases have closer agreement of the sample means than others, the trends
are consistent across all cases and the error is well under an order of magnitude.

We note that we are comparing against the exact Eyring—Kramers formula, and not the asymp-
totic expansion obtained in Theorem In each problem, 10* independent trials were performed
with At = 1072 using Euler-Maruyama time stepping (see for additional details). Detection
of an escape from the basin of attraction was performed by using a BFGS routine (see [22,[30])
to minimize the energy U at the current state of the system. Values of € were chosen for each
problem such that we had

1 < Hgqi/e < 10.

This makes the problems sufficiently low temperature such that the system is entering the Arrhe-
nius regime, but not so low as to require advanced rare event simulation techniques.

6.2 Sharp asymptotics of the prefactor and the energy barrier

Next, we confirm the predictions of Theoremby numerically computing the prefactor C'(q,n)
and energy barrier H,, 1, then comparing them against the asymptotic formulae. As shown in
Figure[I4] subject to a rescaling, we have the anticipated behavior for ¢ = 0, 1, 2, 3 across a broad
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Figure 14: Confirmation that, after rescaling, the constants C'(¢,n) and H, obey the predictions

of (5.11)) and (5.12) in the large n limit.

range of n. These were computed by direct evaluation of the energy and the eigenvalues of the
Hessian for the relevant states.

6.3 Beyond nearest neighbor interaction

Thus far, our study has been focused on the case of nearest neighbor interactions (r = 1), but part
of what makes Kuramoto models so interesting is their behavior when longer range interactions
are included [[13}26129/33|/38]]. While we do not pursue a full numerical or analytic study here, we
conclude with some computations of the energy barriers and prefactors. These were computed by
finding the saddle point states using the string method and the climbing image method (cf. [[17]]).

We consider the case of the system with » > 1 nearest neighbors, and varying the system size,
n, for several values of ¢. As shown in Figure [I5] we see the following properties. First, as is
consistent with for the = 1 case, as n — 00, nC(g,n) tends to a finite positive constant,
independent of ¢q. Additionally, larger ¢ values, at fixed n, have larger prefactors. Analogous to
(5.12), energy barrier H, 1 tends to a a fixed constant. At fixed n, larger values of ¢ have lower
energy barriers. We thus conjecture that formulas analogous to (5.11)) and (5.12) are also valid in
the nonlocal case.

7 Discussion

In this work, we have described metastable transitions in a Kuramoto model with nearest-neighbor
interaction, for arbitrary but finite number n of oscillators. In particular, we have shown that the
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Figure 15: Energy barriers and prefactors for the Eyring—Kramers formula in the case of » > 1
nearest neighbors for several twisted states.

most likely transitions are those between g-twisted states (%) and u(%) with |ga| < |q1], and
obtained sharp Eyring—Kramers-type asymptotics for the expected transition time.

One interesting question is, what happens in the limit n — co. Consider a sequence of systems
on A,, = Z/nZ, given by

du; = Kn[sin(27r(ui+1 — uz)) + sin(27r(ui_1 — u,))] dt + /2, dW;} .

Assume that there exists a smooth interpolating function ¢(¢, ), such that

ui=¢><t,l> Vie A, .
n
Since 0 . ) )
s (3
in (27 (uit1 — u;)) = +— ~+ = =
Sln( ﬂ(uzil uz)) - as¢ (t7 no 2n) + O<n3) )
we obtain that ¢ satisfies the equation

a(t,) = [”j?am(t, r) + o( ! )] dt + /22, AW (t,2) 1)

n3

where dWW (¢, x) denotes space-time white noise. One natural scaling regime is obtained by setting
K, = n?. If we choose €, = ¢ to be constant, (7.I)) converges formally to a stochastic heat

equation on the torus, where ¢ also has values in the torus.
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Note however that the relative communication height between g-twisted states satisfies

K 1
=2 (100(1)).
m n
Therefore, to leading order, the mean transition time between g-twisted states is given by

3T Ku/(ren)
2n (] .

This time diverges as n — o if K,, = n? and ¢,, = ¢ (this is of course assuming that the error
term R, (¢) in Theorem [5.4| remains bounded, which we have not proved). The interpretation of
this is that because of the jump discontinuity of the 1-saddles v, r a half-integer, these states do
not converge to continuous functions in the continuum limit. Instead, they have an infinite slope at
one point, and this makes their energy blow up. As a result, we do not expect to see any metastable
transitions in the continuum limit, at least for this particular scaling.

This may change, however, when one goes beyond nearest-neighbor coupling. Assume that
the coupling set S in (1.1) is given by

S={-r(n),...,r(n)}

so that the range is (n). As discussed in Section numerical simulations indicate that similar
Eyring—Kramers asymptotics as those obtained for nearest-neighbor coupling hold for general
interaction ranges. If r(n) scales like a constant times n, 1-saddles visited during transitions
between g-twisted states may have a smoother space dependence, in which the jump is replaced
by a boundary layer. For suitable parameter values, this could imply that these transition states
have a finite energy in the n — o0 limit, which would result in a finite value for the expectation of
metastable transition times.
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