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The model

o Lattice: AN=7Z/NZ, N > 2

eic AN — z;, € R, configuration space X =R/

e Local bistable potential U(z) = za* — 32°

e Coupling between sites: discretised Laplacian, intensity ~
e Independent white noise on each site

dai() = f(@i(D) dt + 2 [ai41(8) = 22i() +ai-1.(D)] dt + VN dBi(1)
f(x) =-U'(x) =2 — 23

> Interacting diffusions (e.g. Dawson & Gartner, Deuschel, Méléard, ...)
> Kinetic Ising model (e.g. Cassandro et al, Schonman et al, Olivieri et al,
den Hollander et al, ...)

Gradient System: dz?(t) = —VV,(27(t)) dt + vV No dB(t)

Potential: V,(x) = E U(x;) + J E (Tj41 — wi)z
: 4 :
1EN 1EN
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Gradient system dz(t) = —VV(x°(t)) dt + o dB(t)

7. First-passage time from one potential well to another

e Large deviations (Wentzell & Freidlin): lim,_qo?log(E{r})
e Analytic (Miclo, Mathieu, Kolokoltsov): spectrum of generator
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Gradient system dz(t) = —VV(x°(t)) dt + o dB(t)

7. First-passage time from one potential well to another

e Large deviations (Wentzell & Freidlin): lim,_qo?log(E{r})
e Analytic (Miclo, Mathieu, Kolokoltsov): spectrum of generator
e Variationnal (Bovier el al): spectrum and distribution of r
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> Stationary pts: § = {x: VV(x) = 0}

> Saddles of index k: S ={x € S: HessV(z) a k v.p. > 0}
> Graph G = (Sp, &), ¢ < y Si x,y € unst. manif. of s € Sy
> x¢ ~ Markovian jump process on g
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Weak coupling

> y=0: S={-1,0,1}, Sog = {-1,1}\, G = hypercube.

Theorem: VN, 34v*(N) > 0 s.t. points of each Sp(v) continuous in
v for 0 < v <~*(N)
L <infasor* (V) <4*(3) = 4(y/3 +2v3 — v3) = 0.2701...

> 0 <y <K 1:

Vy(a* (1) = Vo(@*(0)) + 5 3 (af11(0) — 2}(0))° + 0(+7)
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Strong coupling: Synchronisation

Remarks: e [T = +(1,1,...1) € Sy Vv

e O=1(0,0,...0) € Sy I
1 N2
Let v; = :—1—0N—2>
1= 1 " cos(2n/N) ( QWQ[ ( )} 0
Theorem:
e S={I",IT,0tev>m )
eS51 ={0}=v>m "

Corollary: VN, ¥y > v1(N), VO <r < R< 3, Vzg € B(I™,r):

o Let 7y = "Y(B(IT,r)). Then ¥§ > 0,
lim Prole(1/2-0/0% < 1 < (1/2+0)/7%) = 1

o—0
o Let 7o = rMY(B(O, 1)),

and 7_ = inf{t > rY(B{I~,R)): x; € B(I~,r)}. Then
lim ]P)xO{TO < T4 | T4 < 7'_} =1

oc—0
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Potential V4 invariant by
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¢ S(x1,...,zN) = (TN, TN-1,- -, T1)
e C(x1,...,zN) = —(T1,...,TN)

= V4 invariant by group G = Dy X Z generated by R, S,C



Symmetry groups

Potential V4 invariant by

.R(xlw")aj]\]) — (HZQ,...,QZ‘N,Q?]_)
¢ S(x1,...,zN) = (TN, TN-1,---,T1)
e C(x1,...,zN) = —(T1,...,TN)

= V4 invariant by group G = Dy X Z, generated by R, S,C
G acts as group of transformations on &X', §, &, Vk

e Orbit of x € X Op = {gx: g € G}
e Isotropy group of z € X: Cr = {9 € G: gx = x}
e Fixed-point space of H C G: Fix(H) ={x € X: ht =xVh € H}

Properties:

Cz||Oz| = |G]
Cgz = gCrg~ 1

Fix(gHg—1) = g Fix(H)



N =2

z* OZ* CZ* FIX(CZ*)

(0,0) | {(0,0)} G {(0,0)}

(171) {(171)7(_17_1)} D2: {Id,S} {(%,I)}xeR =D
(17_1) {(17_1)7(_17 1)} {ld,OS} {($7_x)}$ER
(1,0) | {=(1,0),£(0,1)} | {id} {(&,Y)} o yer = X




2* Oz* Cz* FIX(CZ*)
(0,0) | {(0,0)} G {(0,0)}
(171) {(171)7(_17_1)} D2: {ld,S} {(51775’7)}:1:61& =D
(17_1) {(17_1)7(_171)} {ld,CS} {(x7_x)}w€R
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0 ol 2/3 ~
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(0,0,0)
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[ 6] (1,1,0) o_._.(_m._x.’_y.)_.a‘/.



[<2]
[x1]
[%2]
[x4]
[<8]
[<8]
[<8]
[x4]
[x4]
[<8]
[x16]
[<8]
[<8]

(1,1,1,1) o
(0,0,0,0) o=

(1,-1,1,—1) ¢
(1,0,1,0) ¢-
(1,0,1,—1) ¢
(1,-1,0,0)
(0,1,0,0) ¢
(1,0,-1,0)

(1,1,-1,-1) ¢
(1,1,0,0) o-

)
(1,1,0,—1) ¢
(1,1,1,—1) <

(1,1,1,0) o

1 2 1 2
v 3 2 3 1 v
(x,x,2z,7)
(0,0,0,0)
----------------------------- .o----—---—---—---—---—---—---—?-—-—-—--
(2, —x,z, —x) 7 |
- '
(wayaxay) P i
.............. o I} i
)
(z,y,2,2) 1 11
--------- .l i. /.!
(.’13, xaya_y) /. N /: .I
O * = o o o 5 n /- /., .I
(Jf,y,ZE,Z) g ~/
................... 7/ './ /
o7 /
Lo 20, 0)
7
(QZ,ZU, x, xg_.—//
7
Ve
----------------------- —-.o.- —
4



Desynchronisation

Theorem: ¥V even N, 36(N) > 0 s.t. for v1 — (V) <~ < 71,
|S| = 2N + 3, and can be decomposed as

So=0,4 ={IT,I"}
S =04={ARA,...,RN"14}
Sy =0 ={B,RB,...,RN"1B}
S3 = Op = {0}

with

A == T sm(?{{( )) +0(1-2)

Vy(A) = —5(71 - v) +0((v1—M3)



Desynchronisation

Theorem: ¥V even N, 36(N) > 0 s.t. for v1 — (V) <~ < 71,
|S| = 2N + 3, and can be decomposed as

So=0,4 ={IT,I"}

S =04={ARA,...,RN"14}
Sy =0 ={B,RB,...,RN"1B}
S3 = Op = {0}

A0 = 1-Zsin(F(i-3)) +0(1-2)
Vi (A) = —3(n 7) +0((v1—M3)
> N odd: similar result, |[S| > 4N + 3

> Similar corollary 7, with g — 144
> A and B have particular symmetries



Symmetries N =4L N = 4L +2 N=2L+1

A
B
N x | Fix(Cyg)
41 Al (21, . XXy ey Xy =Xy evey—LL,—LL,ee.,—TL1)
B|(x,...,2,...,21,0,—21,...,—2p,...,—2x1,0)
AL+2 | A | (z1,...,TL41,-+-+T1, —T1,-v-y —TL41,---,—T1)
B | (x1,...,2,27...,21,0,—21,...,—2x,—2Z[,...,—21,0)
2L+1 | A | (x1,...,27,—x[,...,—21,0)
B (wla"'axlnxl}a"'awl)x())
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Case N large

Let ¥ = % = ~(1 — cos(2n/N)),

~ __ 1l-—cos(2n/N) _ 1 1
TM = T—cos(2xM/N) <_ 2T O(W))

Theorem: VM > 1, dNy; < oo s.t. for N > Ny and Ypr41 <75 < Y,
S can be decomposed as

So=0,4 ={IT,I"}
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Case N large
Let ¥ = L = ~(1 — cos(2n/N)),

1 cos(27r N) . 1
™M = 1—cos(27r]\é/N) <_ 2T O(W))

Theorem: VM > 1, dNy; < ocos.t. for N > Nyyand 41 <75 < v,
S can be decomposed as

So =0+ ={IT,17}

and (%), a('y) implicitly defined by

=3 K(%(;))2(1+ﬁ:(v)2) )
o2 = 1Py




Case N large: bifurcation diagram (N=4L)

~

0 2 1
[x 2] 145 4
[x1] 04 e ?_ ............................... _(I,_ ..... —
[x2L]  (1F7L0(=1)F710)2 fmrvemi—. _....//j.-' ;
[x2L] 1 (=1F1E(-1)F 9 e’ /,./{/
[X4L]  12E710(=1)2E710 gmeimneme. e . //
[x4L] L G 2 . -
[x8L] 1220(—1)%L720 <>—---?—/!
x16L]  12Lo(—1)2-1 &/ )

8
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V(A®P)-v(I*)
1 N

Potential difference:
VIOVID) = \1(7) + o(%)
with

1 1 24K2
H®) =3 ~ 3372 1500

k= r(7)
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V(A®P)-v(I*)
1 N

Potential difference:
VIOVID) = \1(7) + o(%)
with

1 1 24-k2
H®) =3 ~ 3372 1500
k= k()

L I
00 01 02 03 04 05 06 07 08 09 10 1.1 1.2 13 14 15 ’7

Corollaire: VO <4 <1, INg(7) s.t. VN > No(7¥),
VO <r < R< 3, Vag € BU,r):

o Let 7y ="Y(B(IT,7)). Then V¥§ > 0,
lim ]P’xo{e(H(V) —0)/0% T4 < c(H(7)+6)/0? } =1

oc—0

olet T4= Thit(Ugeg B(gA,r)),
and 7— = inf{t > 7Y(B(I~,R)): z € B{I~,r)}. Then

limProfry <7y |7y <7} =1



Techniques of proofs

e \Weak coupling: Construction of symbolic dynamics
e Synchronisation: Lyapunov functions
e Control of set § of stationary points:

resS < f(:vn)+%[xn_|_1—2:vn+azn_1] =0

o {xn_H = x,, + cwy, — %szf(:cn)
Wn 41 = wn — 5| f(@n) + f(@nt1)]

SZNQ—:;W<<1

Clx,w) = %(332 + w?) — %x‘l
= C(wn—l—la wn—l—l) = C(xn,wn) + 0(53)
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