COSMOS Workshop, Ecole des Ponts ParisTech

Sharp estimates on metastable lifetimes
for one- and two-dimensional Allen—Cahn SPDEs

Nils Berglund

MAPMO, Université d'Orléans

Paris, 2 February 2016

Joint works with Barbara Gentz (Bielefeld),
and with Giacomo Di Gesu (Paris) and Hendrik Weber (Warwick)

Nils Berglund nils.berglund@univ-orleans.fr http://www.univ-orleans.fr/mapmo/membres/berglund/



Metastability for finite-dimensional SDEs

Mont
Puget

dXt:—VV(Xt)CIt'F\/gth J

-\ _Col de Sugiton

V :RY > R confining potential

7 =inf{t>0:x; € B-(y)}
first-hitting time of small ball B.(y),
when starting in x

LU;““)’ ®% Calanque de Sugiton
y

Sharp estimates on metastable lifetimes for 1D and 2D Allen—Cahn SPDEs 2 February 2016 1/17(19)



Metastability for finite-dimensional SDEs

Mont
Puget

dXt:—VV(Xt)CIt'F\/gth J

~-\._Col de Sugiton

V :RY > R confining potential

=inf{t>0:x € B-(y)}
first-hitting time of small ball B-(y),
when starting in x

Arrhenius’ law (1889): E[7)] ~ elV(2)-V(x)]/e

Luminy
X

Eyring—Kramers law (1935, 1940):
Eigenvalues of Hessian of V' at minimum x: O0<v; <o <+ <1y
Eigenvalues of Hessian of V at saddle z: A\ <0< Xy <+ < Ay
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Metastability for finite-dimensional SDEs

Mont
Puget

dXt:—VV(Xt)CIt'F\/gth J

~-\._Col de Sugiton

V :RY > R confining potential

7 =inf{t>0:x; € B-(y)}
first-hitting time of small ball B.(y),
when starting in x

Arrhenius’ law (1889): E[7)] ~ elV(2)=V()l/e

Eyring—Kramers law (1935, 1940):
Eigenvalues of Hessian of V' at minimum x: O0<v; <o <+ <1y
Eigenvalues of Hessian of V at saddle z: A\ <0< Xy <+ < Ay

Lu;ﬂny %/ Calanque de Sugiton
y

[A1lvi...vg

Arrhenius’ law: proved by Freidlin, Wentzell (1979) using large deviations
Eyring—Kramers law: Bovier, Eckhoff, Gayrard, Klein (2004) using potential theory,
Helffer, Klein, Nier (2004) using Witten Laplacian, ...
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Potential-theoretic proof
“Magic” formula: for A, B c RY disjoint sets,

1
FVAB[rn] =~ f h -V(y)/e 4
[78] capa(B) Joe as(y)e y

> Equilibrium measure: v4 g proba measure concentrated on 0A

> Committor function: ha g(y) = PY{7a < 78}
> Capacity: capu(B) =€f UB)CIIVhA,B(y)Ilze“/(”/f dy

(A
Property: caps(B) =¢ IVh(y)|? e Ve gy

inf
heH! h|a=1,h|5=0 J (AUB)c
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Potential-theoretic proof

“Magic” formula: for A, B c RY disjoint sets,

B elrel = capA(B) f s(y)e " dy J

> Equilibrium measure: v4 g proba measure concentrated on JA

> Committor function: ha g(y) = PY{7a < 78}
> Capacity: capa(B) =< [ [Vhas(y)|?e™ @ dy
(AuB)©

P ty: B) = inf f h 2o-VW)/e g4
roperty: cap,(B) o™ o (AuB)CHv W)~e y

Proving Eyring—Kramers formula: A and B small sets around x and y
iati . o gy /Il f@re)t v
> Variational arguments: cap,(B) ~e\/ 3 \/ 5, 5 € (2)/e

> Laplace asymptotics: [ hag(y) e VWi dy ~/ 7512?63:: e V(x)/e
> Use Harnack inequalities to show that E¥48[75] ~ EX[75]
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Deterministic Allen—Cahn PDE
[Chafee & Infante 74, Allen & Cahn 75]
Oru(x, t) = Oxeu(x, t) + f(u(x,t)) ]

> xe€[0,L]
> u(x,t)eR
> Either periodic or zero-flux Neumann boundary conditions

> In this talk: f(u) = u - u® (results more general)
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Deterministic Allen—Cahn PDE

[Chafee & Infante 74, Allen & Cahn 75]
Oru(x,t) = Oxet(x,t) + f(u(x,t)) |

> xe€[0,L]
> u(x,t)eR
> Either periodic or zero-flux Neumann boundary conditions

> In this talk: f(u) = u - u® (results more general)

Energy function:

Viu] = /OL[%U,(X)z - %u(x)2 + %u(x)“] dx - min

Scaling limit of particle system with potential
2
V(y) = 2% SN (i1 =y + T [-3vP + 17

Stationary solutions: uf(x) = —up(x) + up(x)> critical points of V
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Stationary solutions

ug (x) = ~f (uo(x)) = ~uo(x) + uo(x)?
> oug(x) ==+l
> up(x) =0

> Nonconstant solutions satisfying b.c.
(expressible in terms of Jacobi elliptic fcts)
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Stationary solutions

ug (x) = =f (uo(x)) = —uo(x) + uo(x)*

> ouy(x) =1

H=3()?+ 3?1t

> up(x) =0
> Nonconstant solutions satisfying b.c.
(expressible in terms of Jacobi elliptic fcts)

i
S

> Neumann b.c: k nonconstant solutions when L > k7w

o
3
N
3
w
3
S
i

\
WS eS¢/

> Periodic b.c: k families when L > 2kw
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Stability of stationary solutions

ug (x) = —uo(x) + uo(x)*

Variational eq around ug: d:ve(x) = v/ (x) + [1 = 3up(x)?]ve(x)
Sturm—Liouville spectrum of RHS determines stability of wg

> u, = +1: always stable (global minima of V)

> wug = 0: always unstable, eigenvalues Ay = (@)2 -1
(Neumann b.c.: 8 =1, periodic b.c.: 3 =2)

Neumann b.c.:

Number of positive .
eigenvalues 0

(= unstable directions)

Transition state
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Coarsening dynamics
[Carr & Pego 89, Chen 04] (Link to simulation)
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http://youtu.be/NDQHepkSeS8

Stochastic partial differential equations

(%) = Aug(x) + F(ue(x)) +v/2e Wiy (A =0, F(u) = u—0?) |

W,y space-time white noise (formal derivative of Brownian sheet)
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Stochastic partial differential equations

(%) = Aug(x) + F(ue(x)) +v/2e Wiy (A =0, f(u) = u—0P) |

Wiy space—time white noise (formal derivative of Brownian sheet)
Construction of mild solution via Duhamel formula:
> iy = Aug = up = €At ug

where 2% cos( A7) = e~ (km/L)%t cos( 47x)
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Stochastic partial differential equations

(%) = Aug(x) + F(ue(x)) +v/2e Wiy (A =0, f(u) = u—0P) |

Wiy space—time white noise (formal derivative of Brownian sheet)
Construction of mild solution via Duhamel formula:
> iy = Aug = up = €At ug

where eAtcos(kiLX) = e~ (km/L)%t cos(k%x)

.. t .
> I:It = Aut + V 25 th = Uy = eAt up + \/?EA eA(tis) Wx(ds)

=:w(x)

t
we(x) =) fo e~ (km/L)*(t9) gy (F) cos(k—zrx) e H N C* Vs, < 3
k
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Stochastic partial differential equations

(%) = Aug(x) + F(ue(x)) +v/2e Wiy (A =0, F(u) = u—0?) |

Wiy space—time white noise (formal derivative of Brownian sheet)
Construction of mild solution via Duhamel formula:
> iy = Aug = up = €At ug

where eAtcos(kiLX) = e~ (km/L)%t cos(k%x)

.. t .
> I:It = Aut + V 25 th = Uy = eAt up + \/?EA eA(tis) Wx(ds)

=:w(x)

t
we(x) =) fo e~ (km/L)*(t9) gy (F) cos(k—zrx) e H N C* Vs, < 3
k

> l:lt = Aut-i- \/%th + f(Ut)

t
= ue = €2t g +1/2e Wt+]0- eB9) £(ug) ds = Fy[u]
= Existence and a.s. uniqueness [Faris & Jona-Lasinio 1982]
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Stochastic partial differential equations

i:(x) = Aug(x) + F(ur(x)) +3/2e Wiy (B =00, F(u) =u- 1) |
Fourier variables: u;(x) = LL i z(t) i mhx/L

1
= dzy = Az dt — Z Ziy Zky Zkey At +\/2det(k)
k]_+k2+k3:k

Itc SDE, th(k): independent Wiener processes
M = =1+ (mk/L)?

Energy functional

1 1
Viu] Z PEAS ) > Zky Zky Zky 2y
k1+k2+k3+k4 0

= dz; = -V V(z)dt + V2= dW,;
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Coarsening dynamics with noise

(Link to simulation)
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http://youtu.be/d1eTOqHX8OQ

Eyring—Kramers law for 1D SPDEs: heuristics

i (x) = Aug(x) + F(ur(x)) +V/2e W (A= Oxc, f(u) =u- U3)J

Initial condition: wu;, near u_ = -1 with eigenvalues v
Target: v, =1, 74 =inf{t > 0:||us — vy < p}
Transition state: (8 =1 for Neumann b.c., 3 = 2 for periodic b.c.)
B up(x) =0 if L< BT with ev \=(27)%-1
ts(x) = {ul (x) B-kink stationary sol. if L> 87 withev A,
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Eyring—Kramers law for 1D SPDEs: heuristics
i (x) = Aug(x) + F(ur(x)) +V/2e W (A= Oxc, f(u) =u- U3)J

Initial condition: wu;, near u_ = -1 with eigenvalues vy
Target: v, =1, 74 =inf{t > 0:||us — vy < p}
Transition state: (8 =1 for Neumann b.c., 3 = 2 for periodic b.c.)
B UO(X) =0 if L< B with ev A= (5"") -1
ts(x) = {ul (x) B-kink stationary sol. if L> 87 withev A,

[Faris & Jona-Lasinio 82]: large-deviation principle
= Arrhenius law: E¥n[7,] ~ e(VIus]-V[u-])/e

[Maier & Stein 01]: formal computation; for Neumann b.c.

= Eum[ ] 271— - |A0‘y0 I_Iiol I/): e(V[utS] [Uf])/E
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Eyring—Kramers law for 1D SPDEs: heuristics
i (x) = Aug(x) + F(ur(x)) +V/2e W (A= Oxc, f(u) =u- U3)J

Initial condition: wu;, near u_ = -1 with eigenvalues vy
Target: v, =1, 74 =inf{t > 0:||us — vy < p}
Transition state: (8 =1 for Neumann b.c., 3 = 2 for periodic b.c.)
B UO(X)EO if L< B with ev A= (5"“) -1
ts(x) = {ul (x) [-kink stationary sol. if L > 7 with ev X,

[Faris & Jona-Lasinio 82]: large-deviation principle
= Arrhenius law: E¥n[7,] ~ e(VIus]-V[u-])/e

[Maier & Stein 01]: formal computation; for Neumann b.c.

= Eum[ ] 271— - |A0‘y0 Hiol Ié: e(V[utS] [U*])/E

> Rigorous proof?
> What happens when L — 7 as then \; - 07
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Eyring—Kramers law for 1D SPDEs: main result

Theorem: Neumann b.c. [B & Gentz, Elec J Proba 2013]
> If L<7m—c with ¢ >0, then

EYn (7] =27 . I1 M e(v[”ts]_v[“*])/a[l +O(e?]log z-:|3/2)]
[Aolvo 1 Vi

> If L>m+ c, then same formula with extra factor % (since 2 saddles)
and X} instead of A4

v
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Eyring—Kramers law for 1D SPDEs: main result

Theorem: Neumann b.c. [B & Gentz, Elec J Proba 2013]

> If L<m—c with ¢ >0, then
EYn (7] =27 . I1 M e(V[”“]_V[“*])/E[l +O(e?]log z-:|3/2)]
[ Xolvo k21 vk

> If L>m+ c, then same formula with extra factor % (since 2 saddles)
and X} instead of A4

> If r—c<L<m, then

E in T = 27-[- )\1 \ 38/2L Ak e(V Uts -V]u- )/6
' [ - _

where W, explicit, involves Bessel function K4, lima-e V,(a)=1

[1 + R(s)]

> If 7 < L <7+ c, then same formula, with another function W_,
involving Bessel functions /.4, limg—oo W_(a) =2

v

Sharp estimates on metastable lifetimes for 1D and 2D Allen—Cahn SPDEs 2 February 2016 11/17(19)



Eyring—Kramers law for 1D SPDEs: comments

> Periodic b.c.: similar result [B & Gentz, Elec J Proba 2013]
For L > 27: extra factor \/e because saddle is a whole curve

> Proof: relies on spectral Galerkin approximation

> Similar results by F. Barret [Annales IHP, 2015]
using different method (away from bifurcation points)
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Eyring—Kramers law for 1D SPDEs: comments

>

Periodic b.c.: similar result [B & Gentz, Elec J Proba 2013]
For L > 27: extra factor \/e because saddle is a whole curve

Proof: relies on spectral Galerkin approximation

Similar results by F. Barret [Annales IHP, 2015]
using different method (away from bifurcation points)

For Neumann b.c. and L < 7: spectral determinant in prefactor is
explicitly computable (Euler product formulas)

1 “ﬁ_lﬁ(—f—l LE 1-GE) s
Polvo ka v 2k (k2)? 42 2ka1+2(L)  V2sinh(V2L)

Similar expression for periodic b.c. and L <27

For larger L, techniques for Feynman path integrals allow to compute
the spectral determinants in prefactors [Maier & Stein]
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The two-dimensional case

(Link to simulation)

Sharp estimates on metastable lifetimes for 1D and 2D Allen—Cahn SPDEs 2 February 2016 13/17(19)


http://youtu.be/TR2plL1HfgQ

The two-dimensional case
> Large-deviation principle: [Hairer & Weber, Ann. Fac. Sc. Toulouse, 2015]

> Naive computation of prefactor fails:

1-(55)° 312
I s TN (B=)

ke(N2)* 1+ 2(@) Ke(N2)*

~ 3> 3L2/°° rdr
1

StV il L -
kebtys |k[2m2 2 2
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The two-dimensional case
> Large-deviation principle: [Hairer & Weber, Ann. Fac. Sc. Toulouse, 2015]

> Naive computation of prefactor fails:

1-(55)° 312
I s TN (B=)

ke(N2)* 1+ 2(@) Ke(N2)*

312 312 foo rdr
_— — = -
rey |27 7 J1 r

> In fact, the equation needs to be renormalised
Theorem: [Da Prato & Debussche 2003]

Let &% be a mollification on scale § of white noise. Then
Oru=Au+ [1 + s-:C(é)]u - +/2e8°

with C(8) ~ log(671) admits local solution converging as § — 0.
(Global version: [Mourrat & Weber 2015])

v
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Renormalisation
Problem: For d =2, stoch. convolution fot e2(t=5) W, (ds) is a distribution

> §-mollification should be equivalent to Galerkin approx. |k| < N =671

1 . t

w(x,t) = 3 ax(t) ] e 3k:f e k(=) gu ()
k<N 0

e = (KN Q=pr/L
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Renormalisation
Problem: For d =2, stoch. convolution fot e2(t=5) W, (ds) is a distribution
> §-mollification should be equivalent to Galerkin approx. |k| < N =671
1 . t
(3, t)= ¥ a(®)7e ™ g [ aw®
KN L 0
= (QlkD? Q= pa/L
> iMoo fot e(A-1)(t-s) Wx(ds) = ¢y is a Gaussian free field, s.t.

, B -1
LQCN = L2E¢%V — E”CZ)N”iz - Z Z(M:_'_l) — T (PN[ 2A+11] ) ~ IOg(N)
|k|<N
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Renormalisation

Problem: For d =2, stoch. convolution fot e2(t=5) W, (ds) is a distribution

> §-mollification should be equivalent to Galerkin approx. |k| < N =671

1 . t

w(x,t) = 3 ax(t) ] e 3k:f e k(=) gu ()
k<N 0

e = (KN Q=pr/L

> iMoo fot e(A-1)(t-s) Wx(ds) = ¢y is a Gaussian free field, s.t.

, B -1
LQCN = L2E¢%V — E”CZ)N”iz - Z Z(M:_'_l) — T (PN[ 2A+11] ) ~ IOg(N)
|k|<N

> Wick powers
1Oy = O — Ci
1o = O — 3Cnon
1B = oy — 6Cndy +3Chy
have zero mean and uniformly bounded variance
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Computation of the prefactor
Work in progress with Giacomo Di Gesu and Hendrik Weber

> Consider for simplicity L < 87 = transition state in 0
> Galerkin-truncated renormalised potential

Wy = % fjrz[u;\,(x)2 - uN(x)2] dx + % [TZ:UN(X)“:dX
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Computation of the prefactor
Work in progress with Giacomo Di Gesu and Hendrik Weber

> Consider for simplicity L < 87 = transition state in 0
> Galerkin-truncated renormalised potential

Wy = % fjrz[u;\,(x)2 - uN(x)2] dx + % [TZ:UN(X)“:dX

> Using Nelson estimate: cap,(B) ~ % 2me

O<|k|<N
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Computation of the prefactor
Work in progress with Giacomo Di Gesu and Hendrik Weber

> Consider for simplicity L < 87 = transition state in 0
> Galerkin-truncated renormalised potential

Wy = % fjrz[u;\,(x)2 - uN(x)2] dx + % [TZ:UN(X)“:dX

v

Using Nelson estimate: capy(B) ~ % 2re

O<|k|<N

v

Symmetry argument:

el 1 v 1
/BC hag(z)e W/Edz = E/e Vi )/Edz:izN(e)

Zn(e) =2 [] JZ=e WO where —Viy(L,0) = §12+ 312 Cne
k<N

v
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Computation of the prefactor
Work in progress with Giacomo Di Gesu and Hendrik Weber

> Consider for simplicity L < 87 = transition state in 0
> Galerkin-truncated renormalised potential

Wy = % sz[u;\,(x)2 - uN(x)2] dx + % [11‘2 tuy(x)*dx

[Aole
27

v

Using Nelson estimate: cap,(B) ~
O<|k|<N

v

Symmetry argument:
1 1
f hag(z) e W(@/e gy = 5 / e W@/eg, = —ZN(E)

> Zy(e) =2 ] \/2515 e W(LO/E \where —Vy(L,0) = %L2CN5
[k|<N
> Prefactor proportionnal to (since vg = A + 3)

A 3/ . Ve 3/)\k _ 1
I Tage converges since log| s~e =0 i
0<|k|<N
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Outlook

> Dim d = 3: more difficult because 2 renormalisation constants needed
> Potentials with more than two wells: essentially understood
> Potentials invariant under symmetry group: done for SDEs [5,6]

> Mainly open: non-gradient systems — But see poster by Manon Baudel

References: For this talk: [1,2,3]; Overview: [4]

1. N.B. and Barbara Gentz, Anomalous behavior of the Kramers rate at bifurcations
in classical field theories, J. Phys. A: Math. Theor. 42, 052001 (2009)

2. , The Eyring—Kramers law for potentials with nonquadratic saddles,
Markov Processes Relat. Fields 16, 549-598 (2010)
3. . Sharp estimates for metastable lifetimes in parabolic SPDEs: Kramers’

law and beyond, Electronic J. Probability 18, (24):1-58 (2013)
4. N.B., Kramers’ law: Validity, derivations and generalisations, Markov Processes
Relat. Fields 19, 459-490 (2013)

5. N.B. and Sébastien Dutercq, The Eyring—Kramers law for Markovian jump
processes with symmetries, J. Theoretical Probability, First Online (2015)

, Interface dynamics of a metastable mass-conserving spatially extended
diffusion, J. Statist. Phys. 162, 334-370 (2016)

Sharp estimates on metastable lifetimes for 1D and 2D Allen—Cahn SPDEs 2 February 2016 17/17(19)



http://dx.doi.org/10.1088/1751-8113/42/5/052001
http://www.univ-orleans.fr/mapmo/membres/berglund/mprf_16_2010.pdf
http://dx.doi.org/10.1214/EJP.v18-1802
http://www.univ-orleans.fr/mapmo/membres/berglund/mprf_19_2013.pdf
http://www.univ-orleans.fr/mapmo/membres/berglund/mprf_19_2013.pdf
http://dx.doi.org/10.1007/s10959-015-0617-9
http://dx.doi.org/10.1007/s10955-015-1415-6

Sketch of proof: Spectral Galerkin approximation
ul? (x) = L3l sa0)e™h = dz = -vV(z)dt + V2 dW,
Theorem [Blomker & Jentzen 13]

For all ~ € (0, %) there exists an a.s. finite rv. Z: Q > R, sit. YweQ
sup Jug(w) — ! (W) 1> < Z(w)d?  VdeN

0<t<T
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Sketch of proof: Spectral Galerkin approximation
ul? (x) = L3l sa0)e™h = dz = -vV(z)dt + V2 dW,
Theorem [Blomker & Jentzen 13]

For all ~ € (0, %) there exists an a.s. finite rv. Z: Q > R, s.it. YweQ
sup Jug(w) — ! (W)~ < Z(w)d™?  VdeN

0<t<T

Proposition (using potential theory)
Jeg > 0: Ve < gg dp(e) < 00:Vd > dy vy proba measure on 9B, (u-)

faB ( )EVO[T£d>]ud(dvo) = C(d,e) M1 1 R(e)]
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Sketch of proof: Spectral Galerkin approximation
ul? (x) = L3l sa0)e™h = dz = -vV(z)dt + V2 dW,
Theorem [Blomker & Jentzen 13]

For all ~ € (0, %) there exists an a.s. finite rv. Z: Q >R, s.it. VweQ
sup Jug(w) — ! (W) 1> < Z(w)d?  VdeN

0<t<T

Proposition (using potential theory)
Jeg > 0:Ve < gg Idp(e) < 00: Vd > dy vy proba measure on 9B, (u_)

faB ( )]EVO[Tid)]yd(dvo) = C(d,e) e DE[14 R(e)]

Proposition (using large deviations and lots of other stuff)
Ho := V[Uts] - V[U_]. V7 >0 Jeg, T1, Hi:Ve <egddy < o0 s.t. Vd = dy

sup E"[72] < TE2Hmle | sup  sup E[(r(V)?] < T2/
voeB,(u-) d>do voeBr(u-)

v
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Main step of the proof

Set Tk, = C(o0,¢) efo/e
Let B = B,(u.) and define nested sets B_ c B c B, at L*-distance 0

Qg = { [SUP Ive =P 1= <6, Téc_’) < KTKr}
te

0,KTky]
Cauchy—
(d)
. EY [Té(_f)] Schwarz . . M(€)
P(Q% 4) SP{Z>6d"} + ———— = limsupP(Qk 4) =
’ KTKr d—o0 ’ K
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Main step of the proof
Set Tk, = C(o0,¢) efo/e
Let B = B,(u.) and define nested sets B_ c B c B, at L*-distance 0

QK,d={ sup  [ve - v~ < <‘_’><KTKr}
te[0,KTky ]
(d) Cauchy—
Schwarz
P(QS d) p{z>5d7}+£ = limsupP(Qk 4) = M(e)
KTKI« d—oo K

On Qk 4 one has T‘,(gd) <718 < T(d)

V V d
— EY%" [ (d )1{QM}] <E%[7gl(0, ] <E o [ ( )1{9“}]

=
E%" [r50] - B (1501105, y] SE[78] <E%” [167] + E*[781(; )]
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Main step of the proof
Set Tk, = C(o0,¢) efo/e
Let B = B,(u.) and define nested sets B_ c B c B, at L*-distance 0

QK,d={ sup  [ve - v~ < <‘_’><KTKr}
te[0,KTky ]
(d) Cauchy—
Schwarz
P(QS d) p{z>5d7}+£ = limsupP(Qk 4) = M(e)
KTKI« d—oo K

On Qk 4 one has T‘,(gd) <718 < T,(;)

v d v v d
= E*%° [r§ M) <E*[r8l(g, )] <E 0" [ M)

=
@ ()
EY [7-‘,(351)] _E%’ [ (d)l{ﬂc }] <E%[rg] <E% [TI(BC,I)] +EVO[7'81{Q’CM}]

Integrate against vy and use Cauchy-Schwarz to bound error terms:
E*[reliqs 1] < \/IEVO[7",§]IP)(§2,C< 4)» take d — oo and finally K large
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