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A simple model of stochastic resonance

\

In presence of noise

Particle subjected to two

perturbations:
Pkt ot g ban -

> A deterministic periodic
driving force

> An additive noise A W

Figure: Overdamped motion of a particle in
a double-well potential.
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Stochastic resonance in one dimensional SDEs
dXt = f(Et,Xt)dt+0'th

> W, is a standard Wiener process

> Example: "A double-well potential"
f(et,x) = x — x>+ Acos(et) = _a% U(et, x)

Figure: An asymmetric potential U(et, x).For Acos(et) < A. (left, right), a
double-well potential . For Acos(et) = Ac (middle), a single well potential.
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Stochastic resonance in one dimensional SDEs

Stationary solutions:
> If A=0, x—x3=0 has exactly three solutions: +1 and 0
>IfA+0and A<Ac = 3ﬁ x —x3+ Acos(t) = 0 has exactly three
solutions: x*(t) < x§(t) < x{(t)

Added noise: Mechanism of Stochastic Resonance

Figure: Sample paths of the SDE dX; = [ X, - X2 + Acos(t)]dt + Tz dW, for
e =0.005, and o = 0.02 (left picture) and o = 0.14 (right picture).
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Infinite-dimensional stochastic PDEs

do(t,x) = 2[Ae(t,x) + F(t,¢(t,x))]dt + ZdW(t,x)

> p(t,x)eR, t20, xe T=R/LZ,L>0;
> 0<e,0<«<1;
> f:[0, T] xR - R such that f(t,¢) = -0,U(t, ).

Example: "Periodically forced Allen-Cahn equation"

f(t,d(t,x)) =o(t,x) — o(t,x)3 + Acos(t);

> dW(t,x) = &(t,x)dt where

¢ ¢ space-time white noise: centered, Gaussian,

E[S(t,x)&(s,y)] = 6(t = 5)6(x — y);
o & distribution, (€,¢) ~ N(0, [¢l72), E[(&, ¢1)(€, ¢2)] = (91, 02)-
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Stable case: Deterministic dynamics

> Define the fractional Sobolev norm of ¢ by [¢[2s = ¥ ez (1 + k%)%
> Assume that

3" I > R; f(t,¢"(t)) =0 and 0yf(t,¢"(t)) <0 Vtel=[0,T]

Proposition 1:

3 C,e0>0; for 0 <e<e,

1
do(t,x) = E[Aﬁﬁ(ﬂx) +f(t,¢(t,x))]dt | Hint: Lyapounov function

drmite 2 solution J » B(t) = 6(t,7) - & (t)en;
admits a solution ¢(t,x) satisfying V() = %H‘Hiﬂ

[6(t,) - ¢"(Heoln<Ce Veel,

where ey(x) = %

v
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Stable case: Stochastic dynamics

Define for any h > 0,
> B(h) = {(t.0)tel,|6-a(t, )| < b}
> 7i(n) = inf{t > 0: ¢ — G(t,-) |1 > h}

Figure: Concentration of sample paths.

Theorem 1: For any s € (0, %) and v >0, 3 g, ho, k(s), C(k, T,e,s) >0;
whenever 0 < £ <eg and 0 < h< hge” one has

2
P{rs(n <t} < C(x, T.e,5) exp{—feh—Q[l - @(i)]} Viel.
g gv

Stochastic resonance in stochastic PDEs May 2022 6/18



Proof

> w(t7x):¢(t7x)_a(tax)
> h=ho+h with hg, h1 > 0,

P{Tg(h) < t} = P{ sup ”w(t,')HHS > h}

0<tg T/\TB(h)

<P{Osup |0°(t, )| s > ho}

<t<T

Bl s 0> b sup 1658 <
o<tsT

0<tg T/\TB(h)

Stochastic resonance in stochastic PDEs May 2022

}



Proof

o t
wo(t,.):_/ eAtt)/e (/e gy ).
Ve Jo

where a(t, t;) = /ti 3(u)du and a(t) = 9,f(t, o(t,x)),
° h(% = ZkEZ hiv

P{SUIIDWO(L ks> ho} <) P{Suylwg(t)lz > hi(1+ kz)s}

kel te
W2(1+ k2)‘5}

2
keZ o

<Y Cr(1+ kz)exp{—/i(l + k?)

Choosing h2 = C(n,s)h?(1 + k?)1*s*112 0 < n < 2p.
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Proof

t _
PHE ) = 2 [ eIl b () des,

where |b(t,v(t,x))| < M2, for all tel,
° P{SUPOStST/\TB(h) ot (t, ) g > hl,SUPostSTﬂwo(ty )| Hs < ho} =0

1. Assume t)(t,-) € H* for all 0 <s < 3 then b(t,v(t,-)) € H" for all

1
r<2.

2. Vg<r+2, IM'(q,r) <oo; Vtel, p(t,-) e HI and

[ (t, ) e <M'(q,r)e ™ sup [b(ty, (k) hr

0<ti<t

3. Choosing hy = M'(q, r)E%_ll\/lhz.
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Unstable case: Near (0,0)

do(t, x) = %[M)(t,x) +g(t) = 8(t,x)? = b(t, 6(t,x)) | dt + % dW(t,x),

> g(t)=6+t>+0(t3),0>0and b(t,¢) = O(¢3) + O(tp?) + O(t%¢)
> ¢%(t) such that f(t,¢%(t)) =0, 0sf(t,¢%(t)) < #(V5 +|t])

II(ZS(t,X) = QSO(t)eO(X) + (bl(tax)
Coupled SDE-SPDE system:

doo = 2| g(t) — 0§ — b(t, ¢o(t)eo) + bO(t7¢0(t)7¢l(t)):| dt+ 2= dWo

dp, =1 A¢l+a<t,¢o>¢l+bl<t,¢o<t>,m<t)>]dt+%dWl

> a(t, o) = O(-2¢o(t)) <0 and by, b, are non-local remainders.
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Unstable case: Deterministic dynamics

Proposition 2:

The deterministic equation with o =0
admits ¢, (t,x) =0 and ¢ obeys

ego(t) = g(t) — do(t)* - b(t, po(t)eo).

[N.B. & Barbara Gentz 2002]:
3 ¢o(t) tracking ¢ (t):

_ . Po(t) T
3o, > 0 do(t) ~ 62() /
£ for ~To <t<—comax{\/9,+/z}

I

€
—m for co max{\/g, Vel <t<To. |Figure: Equilibrium branches and
associated adiabatic solutions near
(0,0).

A\
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Transverse stochastic dynamics for ¢,

Given h; >0, we define the set

Bi(h) = {(t.0):t e [=To, Tol, [ .l < b} -

Theorem 2: "Exit from B, (h,)"

If Ty is sufficiently small, then for any s € (0, %) and v >0, 3eg, h%, k(s)
and C(k, T,e,s) > 0; whenever 0 <e<egp and 0 < h, < hy, " one has

6”

h2
P{Tgi(hl) < t/\TBo(h)} <C(k, T,e,s) eXp{_“U_é[l _ O(E)]} .

Stochastic resonance in stochastic PDEs May 2022 12/18



Stochastic dynamics near ¢o(t)

o 1
> () = G

Theorem 3: "Exit from By(h)"

There exist g, ho, x, ¢, > 0; whenever
0<e<eo, 0<h<h((t)*? and
0<h, < clhg“(t)l/2 one has

P{755(h) < t AT, ()}

h2
<C t7 NS5 (0
( 5)exp{ ngz}

where =1 - O(hl(t)%/?).

%)

%o

and 6(t) = SUP_Togsst ((s) Vte[-To, To]

> Bo(h) = {(t, 60): t € [T, To. |0 = do(1)| < h/C(1) }

oL (t)

o(t)

/
b,
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Noise regime

> Weak-noise regime: if o <« max{e,5}3/% Theorem 3 can be applied
for any t € [~ Tp, To], and shows that ¢o(t) remains close to ¢g(t)
with high probability during the whole time interval.
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Noise regime

> if 0 < max{e,8}3/*, Theorem 3 can be applied
for any t € [~ Ty, To], and shows that ¢o(t) remains close to ¢o(t)
with high probability during the whole time interval.

> if o> max{e,§}3/*, Theorem 3 can only be
applied up to times t of order —5%/3, showing that ¢o(t) is unlikely to
become negative up to times of that order.
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Stong-noise regime

Theorem 4:

Assume o > max{e, §}3/*. Fix d,c; > 0.
Let h>0;

do(t) + W/C(t)<d Vte[-co?? co??].

Then there exist , ¢, > 0; for
0<h, <& [0 AVhC(t)1/*], one has

P{qbo(tl) >—d Vit € [—C10'2/3, t/\TBl(hl)]}

3 04/3 h2 2
<> C t, -kh®|o 7
5 exp{ “log(o) } +C(t,e)e

forall te [—c102/3, c102/3].

b0
T e
%o
o(t)
— s
. 4

Figure: Strong noise regime.
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Stong-noise regime

%o
a1 dx(t)
Po(
Proposition 3: Bo(t)
Assume o > max{e, 0}3/*. There exist &, 7 > 0;
for all tg € [~ To, To — &<, the solution with o e
initial condition ¢g(to) = —d satisfies -
é1 e \
P{Qbo(tl) >—do Yty € [to, (to + &) ATs ()] ¢~ oi(\t\)\\
<eFl7 ]
R
o (1)

Figure: Strong noise regime,
behaviour after reaching level
-d.
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Stochastic PDEs on T2

do(t,x) = L[Ae(t,x) + F(t,¢(t,x))]dt + L= dW(t,x)

> o =0: PDE is well-defined.
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Stochastic PDEs on T2

do(t,x) = 2[Ae(t,x) + F(t,¢(t,x))]dt + ZdW(t,x)

> o =0: PDE is well-defined.
> o #0: SPDE is not well-posed and ¢°(t,-) € C® for any a < 0.
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Stochastic PDEs on T2

do(t,x) = H[Ag(t,x) + f(t, o(t,x))]dt + 2 dW(t,x) J

> o =0: PDE is well-defined.
> o #0: SPDE is not well-posed and ¢°(t,-) € C* for any a < 0.

A finite-dimensional spectral Galerkin approximation of the two-dimensional
stochastic Allen-Cahn renormalised equation:

don(t,x) = L{Adn(t, x) + on(t,x)=: on(t,x)3 i, ]dt + 2= dWi(t,x)

o ¢n(t,x) = Z ok(t)ex(x) and cy ~ log(N) —— +o0 ;
keZ? N>
|k|<N

o 1o (t,x)3 1= On(t, x)3 = 3cndn(t, x) is the wick power.

Argument of Da Prato-Debussche: ¢ = ¢° + ¢, where ¢ is expected to be
more regular than ¢.
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Thanks for listening!
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