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Abstract

We give a relatively short, almost self-contained proof of the fact that the partition function
of the suitably renormalised (Dg measure admits an asymptotic expansion, the coefficients
of which converge as the ultraviolet cut-off is removed. We also examine the question of
Borel summability of the asymptotic series. The proofs are based on Wiener chaos expan-
sions, Hopf-algebraic methods, and bounds on the value of Feynman diagrams obtained
through BPHZ renormalisation.
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1 Introduction

The CD‘ji model, defined on the d-dimensional torus with d € {1,2,3}, is probably one of the
simplest non-trivial models in Euclidean quantum field theory. Here non-trivial means that
the model can be proven to behave differently from a Gaussian field. In dimension d = 4, it has
been shown that the CD‘; model is indeed trivial [1].

Despite it being simpler than other models, the analysis of the ®* model is by no means
easy. The earliest works by Glimm and Jaffe and by Feldman approached the problem via a
detailed combinatorial analysis of Feynman diagrams [20, 21, 19, 22], entailing very long and
technical proofs. Over the years, the analysis of the model has been gradually simplified. The
works [3, 4] introduced the idea of using a renormalisation group approach, consisting in a
decomposition of the covariance of the underlying Gaussian reference field into scales, which
then allows to integrate sucessively over one scale after the other. This method was further
perfected in [11], using polymers to control error terms, an approach based on ideas from sta-
tistical physics [23].

In another direction, the approach provided in [12, 13] allows to bound correlation func-
tions (or n-point functions) without having to compute the partition function explicitly, by us-
ing it as a generating function. This involves the derivation of skeleton inequalities, which were
obtained up to third order in [12], and later extended to all orders in [9]. A relatively compact
derivation of bounds on the partition function based on the Boué-Dupuis formula was recently
obtained in [2].

In this review, we argue that there is still room for improvement in the analysis of the (Dg
model, taking advantage of quite recent developments in more algebraic approaches. We will
present a rather compact argument showing that the partition function of the suitably renor-
malised q>§ model admits a well-defined asymptotic expansion, which can furthermore be re-
summed using the theory of Borel transforms. Important sources of inspiration for our ap-



proach are the monograph [29] by Peccati and Tagqu on Wiener chaos and cumulant expan-
sions, the article [17] by Ebrahimi-Fard ef al on deformations of Hopf algebras, and Hairer’s
overview [24] of BPHZ renormalisation.

This article is organized as follows. In Section 2, we introduce the set-up, including a defi-
nition of the renormalised @g measure with cut-off N. In Section 3, we give a relatively concise
proof of the fact that the partition function of the model admits an asymptotic expansion, all
terms of which converge as the cut-off N is sent to infinity. Finally, in Section 4, we examine
the question of Borel resummation of the asymptotic expansion.
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2 Set-up

We are interested in the invariant measure of the massive @g model on the torus A = T3 =
(R/Z)3, which can be formally defined as

2
Hat (d) = % eprl f (% [ve|?+ m7<p(x)2 + §¢(x)4) dx} do, @1
where the partition function Z(¢) is the normalisation makmg Hot @ probability measure. In
what follows, we will consider for convenience the case m? = 1. However there is no difficulty
in extending the results to any m? > 0 by a Gaussian change of measure. In fact, even negative
values of m? can be considered: they appear in the stochastic Allen-Cahn equation, see for
instance [7, 5].

As such, the measure (2.1) is ill-defined, because there is no Lebesgue measure d¢p on L2(N).
This issue can be solved in several steps, the first of which consists in considering a regularised
version of the problem. Here it will be convenient to use a spectral Galerkin approximation with
ultra-violet cut-off N. For k € Z3, we write ei(x) = exp(27ik - x) for the Fourier basis functions
of L2(A), and set

Fy:=spanfey: ke Ay},  HAn:={keZ’:|kl:=ki|+|ka| +|ks| < N}.

For any finite N, (2.1) defines a probability measure on #. In particular, the partition function
can be written as

Zn(e) =EMY

ex {—ij\(p(x)4dx} ,

where p is the Gaussian measure on #y with covariance function [-A + 1] -1

The limit N — oo of this sequence of measures is not well-defined, which is why a renormal-
isation procedure is required. The first step of this procedure is called Wick renormalisation. It
consist in replacing (2.1) for finite N by

ug:ck(d(p) exp{ f (— Vo |+ ([)(x) L £ <p(x) ) } do, (2.2)

1
Zn(€)



where we write
:p(0)": 1= Ha(p(x), C)) .

Here Hy, (-, C) denotes the nth Hermite polynomial with variance C, and

cy = I_ll\l Tr((-A+1)7Y)
is a counterterm which diverges like N.

In the case of the two-dimensional torus, the analogue of the measure (2.2) is known to
converge to a well-defined limit. However, in the three-dimensional case, additional countert-
erms are required. The highly no-trivial result is that three additional such terms are sufficient.
The correctly renormalised measure takes the form (see for instance [3, p. 145])

BPHZ ¢\ _ _ 1 {_[(1 2
'utl)g,N (d¢) = Zn(€) exp A2 ||V</)(x) ”
+%[1—ezcﬁ)]¢(x)2+§:¢(x)4:+ezc§f;)—e3cﬁ))dx}d¢,

where the new counterterms are defined as follows. We write Gy for the truncated Green func-
tion given by

GN(X,Y)=GN(x—y):i= ) T Seer), 2.3)
ket 7k =er(x—y)

where — 1 = (27)? || k||? are the eigenvalues of the Laplacian on A. Then we have

C](\? = S!f GN(x)?’dx:@(lOgN) )
A

4!
©®._ _* 44,
Cy = 2!42fAGN(x) dx=0(N), (2.4)
23 ()’
) 2 2 2
- - =0(logN).
N 3!43(2) fAfAGN(x) GN() Gn(x—y)*dxdy=0O(logN)

Our aim in the following is to provide a compact partial proof of this result, based on recent
developments in combinatorics in the Wiener chaos, on Hopf-algebraic methods, and on ana-
lytic bounds for BPHZ renormalisation. More precisely, we are going to address the question of
convergence of the truncated partition function Zy in the limit N — oco.

It will be useful to introduce some additional notation. We will use the symbols

X=>:= fwng(x)‘*:dx, Y= — = fwng(x)z:dx (2.5)

for Wick powers, as well as the shorthands

_E 1o @ o 240) 3.8
a=t, pmiec, y=ecd-dod. (2.6)

In this way, the partition function can be written as

Zn(e) = E[e” X PYY] = e VE[e *XPY].



Integrals as in (2.4) can be conveniently expressed as Feynman diagrams (more precisely, vac-
uum diagrams). If ' = (7, &) is a multigraph with vertex set 7 and edge set & (multiple edges
between vertices are allowed), then the valuation Il is the map defined by

My(@):= f []Gn(xe, —xe ) dx,
A

¥
eeé

where e, denote the vertices connected by the edge e (Gy being even, their order does not
matter here). In particular, we have the expressions

3
41 2% (4
W _ @ _ ®_ 4 @ _
Cy —HNQ, Cy =3Iy, Cy = 2!421_[1\/@, Cy = VE (2) HN@

for the counterterms. The graphical notation emphasizes how these expressions are a conse-
quence of Wick calculus, which states in particular that the expectation of a product of Wick
powers can be written as a sum over all pairings of their “legs”, also called contractions, see for
instance [29] as well as Example 3.4 below.

There are two different questions that one may want to address:

1. Show that the partition function (or its logarithm) admits an asymptotic expansion in
powers of €, with coefficients that converge to finite limits as N — oo.

2. Analyse the Borel summability of the asymptotic series. Indeed, it is known that the
asymptotic expansion of the partition function will remain divergent, even after remov-
ing all divergences in terms of N. Nonetheless, Borel summation allows to recover infor-
mation on the partition function from its Borel transform.

We will address the first question in Section 3, and the second one in Section 4.

3 Asymptotic expansion

3.1 Cumulant expansion
Define the centred moments
n
U = (—1)”[E[((x>< +ﬁ_._)

n

==D" Y (Z)amﬁn_mAnm, Anm::[E[><m—-—"_m .

m=0

As already alluded to, the coefficients Ay, can be computed using the properties of Wick cal-
culus, by summing over all contractions, that is, all pairings of legs of different diagrams (see
Example 3.4 for more details). For instance, we have

p2 = AN €S + 22N>,
3
4
3 = —a3(2 23HN@ —3a?p(4? -2-3!)HN@ —3afPA TN OO —8,63111\,_/_\ )

We see that each A, has the form of a combinatorial numerical constant times the value of a
Feynman diagram, obtained by performing all possible contractions. In general, A, may be a



linear combination of Feynman diagrams, and these diagrams need not all be connected. For

instance, A44 contains the term
2
3- (v, 3.1)

where the combinatorial factor 3 counts the number of pairings of the 4 four-vertex diagrams,
and each factor 4! counts the number of pairwise matchings of the legs within each pair.
The cumulant expansion reads

~logEle X PV Y=y Y I (3.2)
n=2 n!

where the coefficients k;, can be computed recursively with the Leonov-Shiraev relation

n2(p-1
Kn=HUn— Z ( )Kmﬂn—m-

m=2 m

It will be useful to write
n

n

Kn=(D" Y | Ja™B" " Bum
m=0\M

where the coefficients By, are again linear combinations of Feynman diagrams. The first few

cumulants are

K2 = U2,
K3 = U3,
Ka = s =35,

Ks = 5 — 10023 .

An important observation is that x,, — u, is always either zero, or a sum of products of at least
two factors. In terms of Feynman diagrams, this means that x, — u is a linear combination of
non-connected graphs.

In particular, we see that the term —3u§ kills exactly the non-connected term (3.1) of .
Therefore, x4 is represented by a linear combination of connected Feynman diagrams. The
fact that this generalises to all cumulants is well known in the quantum field theory literature,
though full proofs seem not easy to find. See however [10, Sect. 3], or [30, Sect. 4.2].

Proposition 3.1. Everyx, is a linear combination of connected Feynman diagrams.

The next subsection is dedicated to a proof of this statement.

3.2 A combinatorial proof of Proposition 3.1

With X and Y as introduced in (2.5), we set

X= > 5A3:¢(x)4;dx=;A3X(x)dx, X(:= D,

Y= ——o zf :(,b(x)zzdx::f Y(x)dx, Y(x): ,
T3 T3

¥

and by py we always denote the Gaussian Free Field (GFF) at cut-off level N, i.e. the centered
Gaussian measure on L?(A) with covariance kernel Gy/(x, y) = Gy(x — y) given in (2.3).



We also define

Gn(x):= ), !
N(X) =
kety VAk+1
so that (Gy * Gn)(x) = Gy (x) when * denotes convolution, as can be verified by a straightfor-
ward calculation.

Whenever no explicit measure is mentioned, the reference measure is always that of spatial
white noise on L?(A), i.e., the centred Gaussian measure with covariance given by the Dirac
kernel 6 (x — y). Accordingly, we write ¢ ~ p as

er(x)

dx) =1L (Gn(x—1) = fA Gn(x—z)é(dz), (3.3)

where I is the first Wiener-It6 isometry with respect to spatial white noise, see for example the
textbook by Nualart [28]. Note that this is consistent with the calculation

[E“N(</J(x)</>(y)) =Gn(x—1) =Gy *Cn)(x—p) = fA Gn(2)Gn(z— (x— ) dz
= fA Gn(x—2)Gn(y—2)dz=E(1 (G (x =) 1 (Guly =)

where we have used that Gy is even, i.e. Gy(x) = Gy(—x), and translation invariance in the
penultimate step.

It is well-known that products of stochastic integrals such as ¢ in (3.3) produce correction
terms in lower order Wiener-Itd chaoses (see e.g. [28, Prop. 1.1.3]) — but the Wick product is
the projection onto the highest component, so we have

X(x) =:p0)* = LL(GN(x =)%Y, Y(x) =:¢(x)* = L(Gn(x—)%?).

Recall that

n

K(X1,...,X,) = mlé.Tnllog[E(eXp((Zzl féxé))

tlz..‘tn:O
denotes the cumulant functional. With «,(X) = x(X,..., X) where « has n entries, we will use
the well-known binomial-type formula

Kn(@X+pY) =) (Z)akﬁ”_kK(X,...,X, Y,...,Y).

k=0 k times (n—k) times

Multi-linearity of x also gives

kX,..., X, Y,...,Y):f K(X(x1), e, X(xX1), Y (Xk41)s -+, Y (X)) dX1eg
—

n
k times (n—k) times

where dx;., := dx; ...dx,. The following theorem implies the validity of Proposition 3.1.

Theorem 3.2. The identity

K(X,...,X, Y,...,Y )= ) TINT
—— N——

k times (n—k) times Fe9

holds, where§ = 4 (k, n) denotes the set of connected multigraphs without self-loops that corre-
spond to pairwise matchings.



We will not introduce all the terminology in the previous statement abstractly, but rather
illustrate it in a specific case. As the reader will see, the arguments easily generalise to all com-
binations of k and » and thus lead to a “proof by example.”

Remark 3.3. Essentially, the previous theorem is a direct consequence of [29, Coro. 7.3.1], a
generalisation of Wick’s theorem followed by a projection onto “connected diagrams” to ac-
count for the cumulant. Since the whole book [29] is written in the language of set-partition
combinatorics, we hope our example aids the reader in seeing the connections clearly. O

Example 3.4 (k = 2, n = 3: “Proof” of Theorem 3.2). We consider
X1 A ®4
X(x) = =1L (Gn(x —- n =4,
1) >< 4(GN(1—°)") — m
=:filxa; )
X ~
X(x) = = I(Gn(xp —)®* n, =4,
)= X =LGne-)%) —
=:fa(x2; )
Y(x3) = = =L(Gyr3—)%) — ng=2.
N———
=:f3(x3; )

(1) In a first step, we convert the legs of the diagrams X (x;), i = 1,2, and Y (x3) into nodes
and keep the label x; on the left side of the row. Accordingly, we have n = Z?:l n; =10
nodes in the following diagram:

- a0 O O O

X - xO O O O

X:
=B x3 QO O

(2) We form pairwise matchings of these nodes, signified by lines between two nodes, abi-
ding by the following rules:

(i) One must not match two nodes that are in the same row. This would correspond to
self-loops in the associated graphs. Peccati and Taqqu call these matchings “non-
flat.”

(ii) The resulting matchings must be such that one cannot divide the rows without in-
tersecting one line that symbolises a matching of two nodes. Otherwise, one could
partition the rows into two or more subsets of rows and form pairwise matchings
within each subset. This would correspond to disconnected graphs.

The set that contains all of these matchings is called .4 ([n], 7*) by Peccati and Taqqu,
see point (4) below for the definition of 7* in our context.

We denote the specific matching in the following diagram by o

X1

X3



(3) One converts back these matchings into pairings of the legs of the variables X (x;), X (x),
and Y (x3). For the specific matching o above, this leads to the following multigraph (or
vacuum Feynman diagram):

1

(4) There is an analytical expression corresponding to this multi-graph respectively the mat-
ching that leads to it. Let us illustrate how this can be obtained using the result of Peccati
and Taqqu [29, Coro. 7.3.1].

(4.1)

(4.2)

4.3)

(4.4)

Note that
3
(® fk(xky'))(zlzn) = fi(x1, 21:4) f2 (X2, 25:8) f3(X3, Z9:10) - (3.4)
k=1

The partition 7* in Peccati’s and Taqqu’s book corresponds exactly to the partition-
ing of the indices of the z;’s:
o ={{1,...mbinm+1,...,m+mb{m+ny+1,..., 0 +np + ns}}

={{1,...,4},45,...,8},{9,10}}

The function f; ¢ = fo 3 built from (3.4) is obtained by simply identifying the vari-
ables that are matched via o. In precise terms, this means that
fo3(z1,...,25) = Gn(x1 — 21) G (X1 — 22) G (X1 — 24) G (X7 — 25)
x G (x2 — 22) G (X2 — 23) G (x2 — 24) G (X2 — Z5)
x Gy (x3—21)GN (X3 — 23) .
We then find
X3

fN fo3(z1:5)dz1s = Gy (x2 = x1)° G (x3 — X1) G (X3 — X) = m@m

by repeatedly using the identity (Gy * Gy) (x) = Gy (x).

Integrating over all the x;’s (above called the valuation I1y) we then find
f f fo3(z1:5)dz15dx1:3 = f Gn(x2 — x1)> Gy (x3 — x1) Gy (x3 — X2) dxy:3
A3 JAS A3

= [1Gn(xe, —x0 )dx =TINT
A ee&

4.

In the literature, the previous drawing sometimes symbolises I' € ¢4 and sometimes
denotes ITNT € R. We follow the former convention.

for



The above procedure clearly generalises to arbitrary values of n and k and to different match-
ings that produce I" € ¢ = ¥ (k, n). Therefore, Theorem 3.2 follows by the same route. ¢

3.3 BPHZrenormalisation

We now examine the cumulant expansion (3.2) in more detail. Each coefficient A, and By,
is a linear combination of Feynman diagrams F(,lk,)n having each

* m vertices of degree 4,
* n— m vertices of degree 2,
* n+ m edges.

We associate with a multigraph I" = (7, &) a degree given by
deg(D) =3(1VI-1-181,

so that deg(l"%k,)n) =2n—m—3for all k. We call a diagram I" divergent if degI’ < 0.

For small divergent diagrams, one can check that their value diverges like N~4¢8® possibly
with logarithmic corrections. This is however not true for many larger diagrams, because of the
presence of divergent subdiagrams. In fact, there is only one possible divergent subdiagram in
our situation, namely the “bubble”

S

the value of which diverges like log N.

BPHZ renormalisation, named after Bogoliubov, Parasiuk, Hepp and Zimmermann [8, 25,
33] provides a way of dealing with these divergent subdiagrams. It can be formulated in a con-
venient way by using the Connes—Kreimer extraction-contraction coproduct on graphs [15, 16],
given by

AM)=Tel+1eT+ ) Te I/, (3.5)
1£0CT

where 1 denotes the empty graph, the sum ranges over all divergent subdiagrams, and I'/T is
obtained by contracting all edges in T to one vertex. We further define a (twisted) antipode </
as the linear map satisfying o/ (1) = 1, and extended inductively by

A ) =—-M(A 9Id)(AT -T®1)

=-T- ) «4@0)- T/, (3.6)
1£TCT

where the product - denotes the disjoint union of graphs, and .# (I'; ®I';) =T'; -T'». For instance,

A(@):@®l+l®@+@®o,
d(@):—@+@-o. 3.7)

A character is by definition a linear form g:¥ — R, I' — (g,I') which is also multiplicative, in
the sense that
(g, T1-T2)=(g,T1){g T2 VI, Iesy.
To such a character, we can associate a renormalisation transformation, given by the linear
map M8 : ¥4 — ¢ defined by
M8 () := (g®id)ATl.



The BPHZ character is given by

Myof/ () ifdegl’ <0,
(gBPHZ Ty = N 8 .
0 otherwise .

We then define

BPHZ

P2y =iy M8 ()
= (g8 2 o Iy)AT .

A compact way of writing this is to introduce the map </ defined by
A ([T) = o (1) 1gegr<o (3.8)
which implies
I H4(0) = (M ® TTn) (o @ id)AT
= [y @ TIN)AT .

The following commutative diagram summarises the situation:

g " s p

HBPHZ
(A ®id)A
MMyeIly

M (I @id)A 499 —— R

IIy®id
Nl%

9

The interest of this construction is that one can show that 1Y 74(T) is bounded uniformly
in N if I' is non-divergent, and otherwise diverges like N~9¢80  possibly with logarithmic cor-
rections [24, 6].

The aim of the remainder of this section is to give a mostly algebraic proof of the following
combinatorial result.

Theorem 3.5. For0< m < n, write
Bum = Z bgzk%HN(r(nkrai) ’
k

where each sum runs over finitely many k, the b;, 'n are combinatorial coefficients, and each F%k,)n
is a connected Feynman diagram with m vertices of degree 4, n—m vertices of degree2, and n+m
edges. Then

n=2

where equality is in the sense of formal power series.

Corollary 3.6. All terms in the asymptotic cumulant expansion (3.2) are bounded uniformly in
the cut-off N.

PROOF: Since deg(l“;kl),) = p -3, the only divergent I‘;,k}, are those with p € {2,3}. The choice of y
in (2.6) precisely compensates these two terms. The result follows at once. O

10



3.4 Zimmermann’s forest formula

A first step in proving Theorem 3.5 is to obtain a simpler expression than (3.6) for the twisted
antipode. This is provided by Zimmermann’s forest formula [33, 24], which reads

A0 ==Y (-)7lgsT.
F

Here the sum ranges over all forests & not containing I', where a forest is a set of subgraphs
of I which are pairwise either included in one another, or vertex-disjoint. The operator €4
extracts all subgraphs in & from I' (for a forest, this operation is independent of the order of
the elements of &).

In our simple situation, forests are just unions of disjoint bubbles. The forest formula thus
takes the following form: if I' contains g bubbles, then

A== Y )¥<Ngr,

Scil,...,g}

where we write 6 for the operation consisting in contracting all bubbles labelled by an element
of S (for an arbitrary fixed labelling of the bubbles).
As a result, using the fact that

_B_ B
HN(@) - @ - 48(12 ’ (39)
we obtain ISI
T
Scfl,..., g 48a

where €sT ;,kr), is a diagram with p — |S| vertices, |S| of which are of degree 2.

3.5 A Hopf-algebra-flavoured proof

As we have already alluded to in the last sections, it is well-known that the triple (¢,-,A) can
canonically be turned into a Hopf algebra, itself isomorphic to the Connes—Kreimer Hopf al-
gebra [14] of rooted trees. Therefore, it is natural to expect that a particularly elegant proof of
Theorem 3.5 may be achieved if one were to interpret X = >< and Y = —— as monomialsin
a polynomial Hopf algebra. Indeed, such a construction has been performed by Ebrahimi-Fard
et al. [17]: In this section, we describe how to adapt it for our purposes.1

We let X:= (X, Y) and for each n = (n1, n») € N? then define

X%.=xnmy?®, xO00.-1 pg.= span{X": ne I\IZ}.

Remark 3.7. In [17], the authors allow for X = (X, : a € I) where I is some (possibly infinite)
index set and then consider the set

M(I)={B:1—N: B(a) #0 for finitely many a € o/} .

In our setting | I| = 2, so we can identify M (I) = N2, i.e. we justconsider B=n¢€ NZ2. In particular,
we still consider polynomials X" as above and, contrary to [17], do not base our analysis on the
(isomorphic) vector space freely generated from M(I).

INote that X and Y do satisfy the assumptions in that article: They have moments of all orders because proba-
bilistic LP-norms coincide in all homogeneous Wiener-Ité chaoses [26, Thm. 3.50].

11



We repeat some of the constructions in [17], albeit in a way slightly adapted to our setting.

Forn,m, ke I\I%, we define

./%(Xn®Xm) =Xt x"m ::Xn-m, k-m:= (kl + ml,k2+ my),

A n 2 nl
AX" .= - L
k,l’%l\lz (m k m, k) i=1 m,‘k,'

k-m=n

xk o xm™

with a slight abuse of notation for the product -. It is proved in [17] that A defines a coproduct

on H.

O

In the previous sections, we have seen that the (twisted) antipode <« (resp. <) plays a cru-
cial role in the renormalisation of multigraphs I" € ¢4. In this section, we want to define a corre-
sponding map afn acting on H, as well as a map &2 that sends H to ¥, such that the following

two diagrams between spaces respectively objects commute:

n
H—2 39—~ 4R
. HBPHZ
Xn:wnmd)&l (F@id)A N
He H Gog WIS B (3.10)
./Ml HN®idl %
H—2 4
_ 17 n
e %1 Z bl S B
n
xn:(%éﬁid)ﬁ HBPHZ
(A ®id)A
—a) (—n)™m I1 I1 n m m
Laytn’ yme xm-2m Y Capl (<9 e gsr®) My - COTTCh
n,m _ nk,S
M H/W@idl /
—ax- 2 (@) (=p)"
e X pY > Z (,xn'(n mlﬁ b(nkzznrglkm
n,m,k
(3.11)
The following definition introduces the desired maps </, and &. Recall that
£ 20)!
-D:=112i-1)= (3.12)
l-Hl 2001
Definition 3.8. We define the linear map af,, :H— H by
R 20-)N-2nY)Y  if m=20,m=0
X" = ( M(=2nY) f m ' 2 (3.13)
0 otherwise,

Note that the condition on the first line is satisfied preczsely if X" = X?? for some ¢ € Ny and, in
particular, implies that g{nl = 1. We also decree L‘hat&{,7 is linear w.r.t. infinite sums and define

xn:H—H®H, x,X":=(s,eidAX",

12



as well as the operation & : H — 9 by

e@Xn:: Z r)

Te¥(ny,ni+ny)

for 4(ny, ny + ny) as given in Theorem 3.2. Note that this corresponds exactly toX" = XY™, In
other words, & coincides with x up to taking the valuation Il y.

Remark 3.9. The previous definition might seem somewhat “ad-hoc”, so let us explain the mo-
tivation behind it. Essentially, we want to mirror the down-facing arrows in the middle of (3.10)
and (3.11), respectively. We neglect combinatorial factors which are accounted for by the bino-
mial coefficient.

(D

)

3

4)
®)

We know that the extraction-contraction co-product A given in (3.5) extracts divergent
subgraphs of some connected graph I

The only divergent diagrams in our setting are @, @, and the bubble €<= — but
all the vertices of the first two graphs have valence 4, so they cannot be subgraphs of I'
because it is connected, see also Section 3.4.

The bubble, however, is produced by pairing three of the legs of X = >< with three legs

of another instance of X; extracting a bubble then locally produces €= - ——, i.e. Y
for n = B/a?. Because “two instances of X produce Y”, the latter should count double for
the argument to be correct; that is the reason for the action of of; on even powers of X.

Encoding the factor 7 in af,, (and not A) seemed more convenient in computations and
resembles the action of «f in (3.7) more closely.

The factor (2¢ — 1)!! counts all possible ways to pair the 2¢ four-vertex diagrams.

The map af,, should act trivially on non-divergent diagrams, so it sends all monomials
that are not even powers of X to 0. O

The following proposition proves that the two leftmost down-facing arrows in the diagrams
(3.10) and (3.11) correspond to well-defined operations:

Proposition 3.10. The identity (/L o ) e X = e~ @X=PY pojds.

PROOF: Observe that X" = X" for n = (n1, n2) = (n,0). By definition, we thus have

ogpx"= Y | " |a,xmxk,
m, keN? m, k

m-k=n

and since n, = 0, the condition m - k = n implies that my + ky = 0. As my, ky € Ng, we then
find my = k» = 0 and the preceding formula simplifies to

n . L
M X" = —— oy (X™MXF = _—
(Ao xn) m%é,\, m!k! (X mZ:’Om!(n—m)!
m+k=n

e (X™ X",
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Accounting for the definition of the antipode in (3.13), we arrive at the identity

! = 20 (n—20)!
I."/ZJ n' Z n n-2¢
=Y —————@2/-DI(-2nV)'X
& @onn—20 ?C TR )

L7/2]

.an (XZZ)XH—ZZ

n'

— (-nY) Xn 2[
l,zzo Om—201 "
Next, we expand the exponential function
e X = OXO“ (_l)na"X”
n=0 n!

so that the previous computation and 1 = 8/e? implies that

oo (_1yn 2] !

n— 2(
P [Xb(n 2o P '(ax)

We now set p:=n—/¢and g := n—2¢ so that
t=p-q, n=2p-q, D"=CED"HED¥*=(-19 for ¢=0,..., ("2,

and then reorganise the series accordingly to get

o P
(Moype X=}) Z (-BY)P 9 (—ax)1

The proofis complete. O
Remark 3.11. For n € {2,3}, we have
(Mox)X?=X*-2nY, (Moyx)X’=X>-6nYX.
From these examples, it is interesting to note that, upon identifying
X — Z~N(0,1), E[X?] — 2nY,

the map .# o y,, behaves like a Wick product. We leave further investigations of this observation
for future work. O

It remains to check that the diagrams are indeed commutative. This is the content of the
next section.

14



3.6 Combinatoric proof of the diagram’s commutativity

To complete the proof of Theorem 3.5, we need to show that the identity

Podloyy,=>TIN®id)o(f ®id)AoP? (3.14)
=[xy ®id)Ao P

holds on the space spanned by all monomials X”. This is equivalent to showing that the fol-
lowing diagram commutes:

X" e D W
k
Moxy I(HNoaid)(gi@id)A (3.15)
nen”  omyn—2m P kN . (k)
Tz ¥ X '—>Zb"”(ﬁ) Estnm
n,m k,S

We have already obtained in the proof of Proposition 3.10 the expression

(M oy (X" = erj M pymymxnem,
n o (n—2m)!m!

On the other hand, recalling that ) = /a2, we get

5 \n/2] n m
(Myef @id)AT =— ) (—) Y. 6T,
m=0\48) 5. {sem

where the second sum runs over all sets of m bubbles (if I" has fewer than m bubbles, the last
sum is zero by definition). Comparing the last two expressions, we see that (3.14) holds if

(n-2m)'m!

Y X2My = Y Gs@x™ (3.16)

for any n > 1. Recall that both sides of this relation involve in general a sum over several Feyn-
man diagrams. There is, however, a natural identification between these diagrams, so that we
may lighten the notation by pretending that there is only one diagram in each sum.

We now observe that 22(Y* X"~2™) is a (sum of) diagram(s) having m vertices of degree
2, n— m vertices of degree 4, and 2n — m edges. To produce the corresponding term on the
right-hand side, we argue that instead of extracting bubbles on the right-hand side, we can also
insert bubbles on the left-hand side. This amounts to inserting 2m four-vertex diagrams at the
vertices of degree 2 of 22(Y™ X"~2™), To do that, there are

* () ways of selecting the 2m four-vertex diagrams;
* (2m—1)!' ways to pair the 2m four-vertex diagrams;

e 42.3! = 96 ways of matching six pairs of legs of each set of two four-vertex diagrams,
amounting to 96" matchings;

¢ and finally, m! ways of inserting the resulting bubbles at the m vertices of index 2.

15



Multiplying all the above combinatorial factors, by (3.12) we arrive at

48Mp!
ml(n—2m)!

ways of inserting the four-vertex diagrams. This is indeed compatible with the desired rela-
tion (3.16). The proof of Theorem 3.5 is complete.
We close this section with an example that deals with mixed monomials.

Example 3.12. As we have seen, it suffices for the purposes of this article that the diagram

in (3.15) commutes for the base monomial X”. However, the following example gives us hope

that the commutativity might still be true for monomials containing non-trivial powers of Y.
LetX" = X2V, i.e. n=(n,ny) = (2,1). We find

AXPY)=X°Y®1+10 XY +X°0 Y +Y®X°+2XY® X +2X® XY,
Xn(X*Y) =18 X°Y + (X)) ® Y,

and then
(M o xp)(X?Y) = X?Y —2nY2.

Next, note that
@(XZY):42-2!-3!@, P =21, 3.17)

where the combinatorial factor in the first expression counts the 4°> ways of choosing one leg in
each four-vertex diagram, the 2! ways of matching these with the legs of the two-vertex diagram,
and the 3! pairwise matchings of the remaining legs. From the equalities in (3.7), (3.8), as well
as (3.9), we obtain

(HN®id)(,<zi®id)A@ :@—HN@-Q :@—%Q.

Applying the expressions (3.17) of 22 to X?Y and X?Y —2nY?, we see that the commutativity
relation (3.14) is indeed satisfied. We expect that the same conclusion holds for other mixed
monomials, modulo a suitable encoding of the combinatorics in the definition of the map ain
from Definition 3.8. ¢

4 Borel resummation

In this section, we examine the question of whether the asymptotic expansion (3.2), though
not convergent, can nevertheless be related to a convergent quantity. A positive answer to this
question can be given thanks to the theory of Borel summation. This fact has been known
in quantum field theory for quite a while, though first proofs of Borel summability for the @}
and CID‘E,,1 model [18, 27] were quite difficult. Here we show that with modern analytical tools,
which combine Hopf-algebraic methods, an improved Borel summation result by Sokal [31],
and a decomposition originally obtained by Hepp in [25], the proof of Borel summability can
be simplified considerably. The analytical arguments are strongly based on the presentation
in [24], made more quantitative in [6].

We start in Section 4.1 by presenting the main ideas of Borel summation, and the result
by Sokal, in the case of the zero-dimensional ®* model, whose partition function is simply an
integral over R. See also [30] for a more detailed account of various resummation techniques
for that model. Then we show in Section 4.2 how these methods can be extended to the three-
dimensional case, using in particular methods introduced by Hepp.
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4.1 The case of the ®; model

The ®; model is simply the ®! model for a field ¢ defined at a single point. Its potential is

V@ =500+ g
27 4T
and its partition function is given by

766 = fOO e_V(¢) d(P _ foo e_¢2/2 e—£¢4/4 d(/) .

The integral is clearly well-defined for € > 0. It can also be extended to complex values of ¢,
at least if Ree > 0, and possibly to other complex values. However, the integral is clearly not
convergent for real € < 0. Therefore, Z is not analytic in a neighbourhood of € = 0, and does not
admit a convergent expansion in powers of €.

If we nevertheless expand the exponential, we obtain

Z(e) = Z——— f e 24y,

n>0

where the symbol = denotes an asymptotic expansion. We can interpret e /2 as the density
of a Gaussian measure (up to normalisation), which yields

Z(e) = \/_Z (—f) EH["]
:\/EZ(——) (4n—1)!!,

|

where (4n—1)!!is defined in (3.12), and we have used the Isserlis—-Wick theorem to compute the
moments of the normal law. Recalling that n! =I'(n + 1) and using (3.12), we get

rdn+1)
Z(e) = \/_ngo( 16) ren+1I(n+1)’

The general term of this formal series can be analysed by using Legendre’s duplication formula
for the Gamma function

1 oz 1
I'2z) = EZ ['(2T(z+3),

which yields
2
T4n+1)=4nT(4n) = —n2*"'TCn)r2n+1).
( ) (4n) N 2n)I( 3)

Therefore

L nremT2n+3)
“(e= 2\/5,;0(_6) T(n+DT@n+1)

L@n+3)

=V2 4.1

n;)( ) 4.1)
Ly r(n+ DI(n+3)
\/‘2 F(n+1) '
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where we used 2nI'(2n) =I'(2n + 1) to get the second line. Stirling’s formula implies
-1
Mz+@=2T@) [1+6(—]],
z

showing that the general term in the series (4.1) diverges like I'(n). Therefore, the series is
indeed divergent.

Remark 4.1. A more direct way of obtaining the asymptotic expansion (4.1) is to notice that

oo 2 4 oo —et?
Z(e)=2f e ¥ /2e7ef ’4d<p:\/§f e’ dt,
0 0 Vi

where we have used the change of variables ¢ = v/2¢. Expanding the exponential, we obtain

r2n+3)
n!

ZEe)=v2) () e tdr=v2 Y (—e)"

nso 1t Jo n>0
which agrees with (4.1). O

Certain divergent series can be resummed by a procedure known as Borel summation. Con-
sider a formal power series

Ae) = Z ane"

n>0

We can rewrite it as

F(n+ 1)

A©) = Y ane Z“”gf t"e~'dr.

n>0 nso N

Define the Borel-transformed power series by interchanging the sum and the integral, that is

¢ ane’t" o _,
Aporel (€) :=[ y — dt—f e 'BAEndr,
0 n! 0

n=0

which is the Laplace transform of the Borel sum

BAWD =Y

|
n>0 n.

Watson’s theorem [32] gives conditions under which Apge(€) admits the asymptotic series
A(e).
In the case of the expansion (4.1) we find

BZ(t) = —an , (4.2)

T n>0

where

L+ Prn+ ) (—a)” (1 m(l))
-))-

bn= o T

The series (4.2) has radius of convergence 1, with a pole located at — i. One can thus expect that

it admits an analytic continuation to a domain including all positive reals, so that its Laplace
transform indeed converges.
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In [31], Alan Sokal has proved the following improvement of Watson’s theorem. Assume that
A is analytic in a disc Dp = {e: Ree™! > R™!}, which is tangent to the imaginary axis. Assume
further that A admits the asymptotic expansion

n—1
A©) =Y areF+Rye), (4.3)
k=0
where
IR (e) < Cr'nllel” (4.9

for some C,r > 0, uniformly in n and € in Dr. Then % A(t) converges for |f| < 1/r, and has an
analytic continuation to a 1/r-neighbourhood of the positive real axis. Furthermore, A can be
represented by the absolutely convergent integral

1 o0
A(s):—f e e BA) dr
€ Jo

for any € € Dp.
To apply this to our situation, we write

g z H e T e R W G

k=0

We then use the fact that for any n € N, one has the Taylor expansion

5] In—1
Zkl( 2k +(-2) ff f e "*dt,...dn
k=0
—Z—( 2k + (- z)nf f [ §1...Sp_1e S1-Snfds,  dsy, (4.5)
0 0

showing that for any z with positive real part,

n-1 1

ef-Y —(-2aF|<

1
—z|".
i=o k! !

This implies that Z(¢)/v2n satisfies (4.3) with a remainder R, such that

IRy(6)] < (%) E[¢"].

By the above computations, the remainder indeed meets Sokal’s conditions.

4.2 The case of the 3 model

As mentioned above, Borel summability of the perturbation expansions of correlation func-
tions (or Schwinger functions) of the <I>‘; model has been proved in [18] in the case d = 2, and
in [27] in the case d = 3. The proofs are based on cluster expansion techniques from statistical
physics, and are quite technical. Here we outline a comparatively simple proof of Borel summa-
bility of the expansion of the partition function, based on the techniques described above. The
essential (and non-trivial) analytical ingredient is a bound on the value of BPHZ-renormalised
Feynman diagrams, explained in [24], and made more quantitative in [6].
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We start by observing that for any n > 1, we have the Taylor expansion

n—1 - p - n
e ¥ =89 +RY, sg:zo( p') xP, R‘,)l:( ') X"ra(X),
=0 P

with a remainder satisfying r,(X) = e XX for some 6(X) € [0,1]. Disregarding for the mo-
ment any questions related to renormalisation, we note that

Cux o, Ele®X] E(Rp)
logE[e ] —logE[S,,] =log ELSY] =log 1+[E[5(r)z] :

The Cauchy-Schwarz inequality yields

0 lal”
IE[R,]I <

- VELCME, (X2,
so that since log(1 + |x|) < |x|, we obtain the bound

n 2
< %\/m\/ E[r,(X)=]

—aXy_ 0
llog[E[e | —logE[S,, E1S0]

on the remainder of the cumulant expansion. Note in particular that (4.5) implies

E[e—[51--~5n+§1~-~§n]06X

— 2 < - ~
=(n! f[ouznsl...sn_lsl...sn_l [E[SQL]Z dsds

E[r,(X)?]
E[S9]2

[E[e—[sl...s,,+§1...§,,]aX]
< sup , (4.6)
= sel0,1 E[SH)?

which one would expect to have order 1 if no renormalisation were needed.
We now want to transpose this idea to the situation with renormalisation. Applying the
linear map ./ o y, to e~ %X we obtain

e X PY = (o y ) (SO) + (M 0 xy)(RY) =: S+ Ry, .

By the same computation as above, we have

—aX— E[R;]
aX-pYy _ n
logE[e ] =logEl[S,] +log(1 + ELS,] ),

which implies that the partition function satisfies
—log Zy =y —logE[e”“XFY]

1+

=v —logE[S,] —log

[E[Rn])
ESnl )

Commutativity of the diagram (3.10) yields

—1ogE[S,] = (IIx o 2)(Sy)
= (IBPHZ 6 32 (50)

Z Z (= “') b(k) HBPHZ(F k)) _
p=2k P:
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As pointed out above, only the terms p = 2 and p = 3 of this expansion diverge in the limit
N — o0, and are compensated exactly by the counterterm y.
The remainder R;, can be written as

& (—a)" 29 (=p)1
Ry=Y Ruy, Ryg=———"1"X"20yr,,(X,Y),
n qz:lo nq nq (n—2q)!q! nq

where the functions r,,; admit integral representations similar to the remainder in (4.5). The
Cauchy-Schwarz inequality yields

& |21 B1
ERAIS X 05 e

— (X220 y24), [E[r2,]

q=0

€ n |nf2| (zc(Z)
_(& VE[X2n—20) y24], [E 4.7
(4) C,Zo(n 2] 1\/Elr3 1, 4.7)

where we have used the expressions (2.6) for @ and . The last factor in this bound is compa-
rable to E[S,] by the same argument as in (4.6). It thus remains to bound the expectations of
polynomial terms.

Let &2 denote the linear operator performing all pairwise matchings, but without project-
ing on connected diagrams. Recall that this amounts to taking expectations without taking the
logarithm. Then we argue that

(HR]PHZOQO) (in) — (HNngO o./%oxn)(in)

- 2n)! m
M(_E) (HNOQZ‘O)(XZH—ZmYm)
m=0 - Im!

aZ
n 2m)!
= Y o ( an)n)'m' (-8C2) ™ (E[X?"2my ™).
m=0 (&N = 2m).m.

The point of this observation is that the quantity H?VPHZ 0 Py (X?") can be estimated with a pro-
cedure detailed in [6], based on the exposition in [24]. Indeed, 2, (X?") can be written as a sum
of Feynman diagrams, obtained by pairwise matching of the 8 legs of X?". The number of
these matchings cannot exceed (8n —1)!! — in fact, it is somewhat smaller, due to the condition
of all matchings involving different vertices.

Now a straightforward extension of [6, Proposition 6.1] shows that whenever I" has strictly
positive degree, one has

My ®id)A[)| < K1ED)
where |&(I')| is the number of edges of I', and K is a constant depending only on the Green func-
tion G =limy_., Gy. Since this number grows at most linearly with 7, we obtain the bound
2n-2m)'m! < @n)!2n-2m)m! o
(2n)! ~ (4n)!(2n)!

for constants ¢, K > 0. Inserting in (4.7) and using Stirling’s formula yields

E[IRnl] < E"n!]?cn\/[E[r,%q] ,

so that indeed Sokal’s condition (4.4) is satisfied.

(CO"EX*"2"Y™ < (8n— DIK"

Remark 4.2. In the last computation, we have argued that the sum over g and the sum over
m behave similarly, though there may be unexpected cancellations between terms. This can
be circumvented by a applying the same argument as above to a whole family of monomials
of the form (ITh % 0 7)) (X?"~™Y ™), which would allow to estimate the expectations of the
monomials X?("~24) Y24 individually. O
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