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Abstract

We consider the perturbative renormalisation of the Φ4
d model from Euclidean Quantum

Field Theory for any, possibly non-integer dimension d < 4. The so-called BPHZ renor-
malisation, named after Bogoliubov, Parasiuk, Hepp and Zimmermann, is usually encoded
into extraction-contraction operations on Feynman diagrams, which have a complicated
combinatorics. We show that the same procedure can be encoded in the much simpler
algebra of polynomials in two unknowns X and Y , which represent the fourth and second
Wick power of the field. In this setting, renormalisation takes the form of a “Wick map”
which maps monomials into Bell polynomials. The construction makes use of recent re-
sults by Bruned and Hou on multiindices, which are algebraic objects of intermediate com-
plexity between Feynman diagrams and polynomials.
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1 Introduction

The Φ4 model is a famous toy model in Euclidean Quantum Field theory, featuring a quartic
perturbation to a quadratic Hamiltonian. We are interested here in the model defined on the
d-dimensional torus, which is denoted Φ4

d . In dimension d = 1, the Gibbs measure associated
to the Hamiltonian is well-defined. In higher dimension, however, a renormalisation procedure
is needed to make sense of the Gibbs measure. Such a procedure can be implemented by fixing
an ultra-violet cut-off N , and first restricting the measure to functions whose Fourier modes
have a wave number of size N at most. This truncated Gibbs measure becomes undefined as N
is sent to infinity, but in some cases one can fix this problem by adding suitable N -dependent
terms to the Hamiltonian, which diverge as N goes to infinity, but make the limiting measure
well-defined.

The easiest case occurs in dimension d = 2. Then the Gibbs measure can be renormalised
by replacing the quartic term of the Hamiltonian by its fourth Wick power, which is defined by
a Hermite polynomial with a variance diverging like log(N ). The variance is that of the trun-
cated Gaussian free field describing the uncoupled system. In dimension d = 3, the situation
is considerably more difficult. In addition to the Wick counterterm, which now diverges like
N , an additional counterterm known as mass renormalisation and which diverges like log(N ),
has to be added to the quadratic part of the Hamiltonian. In dimensions d ≥ 4, on the other
hand, it has been shown that the model is trivial [AD21, Frö82], in the sense that any viable
renormalised version will converge to a Gaussian model as N →∞.

Numerous approaches have been developed to deal with the complicated combinatorics
of the Φ4

3 model. The earliest works by Glimm and Jaffe and by Feldman tackled the problem
via a detailed combinatorial analysis of Feynman diagrams [GJ68, GJ73, Fel74, GJ81], entailing
very long and technical proofs. The works [BCG+78, BCG+80] introduced the idea of using a
renormalisation group approach, consisting in a decomposition of the covariance of the un-
derlying Gaussian reference measure into scales similar to Paley–Littlewood blocks, that can
be iteratively integrated out. This method was further perfected in [BDH95], using polymers to
control error terms, an approach based on ideas from statistical physics [GK71]. Another ap-
proach, provided in [BFS83a, BFS83b], yields bounds on correlation functions (also known as
n-point functions), by using the Gibbs measure as a generating function. This involves the
derivation of skeleton inequalities, which were obtained up to third order in [BFS83a], and
later extended to all orders in [BF84]. A relatively compact derivation of bounds on the par-
tition function based on the Boué–Dupuis formula was recently obtained in [BG20]. The latter
work is part of a programme called “stochastic quantisation” which has received a lot of inter-
est in the last ten years due to the advent of novel solution techniques for singular stochastic
PDEs [Hai14, GIP15, Kup16, Duc25]. It is far beyond the scope of this introduction to review
those recent developments, so we only list a few representative works pertaining to the Φ4

d
model: [MW17, HM18, CC18, GH19, GH21, SZZ23].

TheΦ4
d model can be extended to non-integer values of the dimension d , by modifying the

power with which the Green function diverges near the origin; the corresponding SPDE was
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introduced in [BMS03]. This makes it possible to study all models for d ∈ [3,4), and examine
their behaviour as d approaches the critical value 4. As d increases, the combinatorics becomes
increasingly difficult, as more and more counterterms have to be added to the Hamiltonian.
From the viewpoint of stochastic quantisation, this procedure has been understood in a non-
perturbative way in [CMW23, EW24, DGR23, BOS25].

In this work, we expand on an idea introduced in [BK22], based on BPHZ renormalisation
and inspired by algebraic methods. BPHZ renormalisation, named after Bogoliubov, Parasiuk,
Hepp and Zimmermann [BP57, Hep66, Zim69], allows to systematically analyse the divergence
of Feynman diagrams obtained by a perturbative expansion of expectations of observables
under the Gibbs measure. As realised by Connes and Kreimer [CK00, CK01], there is a Hopf-
algebraic structure underlying Feynman diagrams, which encodes the extraction-contraction
operations occurring in BPHZ renormalisation. See [Hai18] for a modern exposition of this
procedure.

The main new idea in [BK22] is that the complicated algebra of extraction-contraction oper-
ations on Feynman diagrams can be encoded in a much simpler way by operations on polyno-
mials in only two variables X and Y , representing, respectively, the quartic and quadratic parts
of the Hamiltonian. This procedure is inspired by ideas in [EFPTZ20] on deformation of copro-
ducts. Our main result, Theorem 2.5, states that one can indeed encode BPHZ renormalisation
on the level of polynomials, by using a rather simple “generalised Wick map”, which consists
in replacing powers of X by multiples of Y , with coefficients given by mass renormalisation
counterterms. Corollary 2.6 then provides a simple expression for an asymptotic expansion of
the model’s partition function.

The remainder of this paper is organised as follows. Section 2 contains a definition of theΦ4
d

model for general, not necessarily integer dimensions d , introduces perturbative BPHZ renor-
malisation, and states the main results of this work. In Section 3, we present the construction
of the “Wick map”, and discuss its connections to cumulant expansions and Bell polynomials.
Section 4 contains the definition of multi-indices in the setting of [BH25], and an explicit ex-
pression for the coproduct of the multiindices representing powers of the quartic interaction
term. Finally, Section 5 contains the proof of the main result, which amounts to showing that a
certain diagram between polynomials and multi-indices is commutative.
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2 Main result

2.1 TheΦ4
d model from Euclidean Quantum Field Theory

We start by defining the Φ4
d measure for integer values of the dimension d ⩾ 1. Let Td denote

the d-dimensional torus. For a function φ : Td → R and parameters m > 0,α ⩾ 0, define the
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energy

Hd ,α(φ) =
∫
Td

[
1

2

∥∥∇φ(x)
∥∥2 + m2

2
φ(x)2 +αφ(x)4

]
dx . (2.1)

The Φ4
d measure is the Gibbs measure associated with Hd ,α, defined formally as

µd ,α(dφ) ∼ 1

Zd ,α
e−Hd ,α(φ) dφ ,

where the partition function Zd ,α is the normalisation that renders µd ,α a probability measure.
As such, this definition does not make sense, since there is no Lebesgue measure dφ on

an infinite-dimensional function space. However, in the case α= 0, one can define µd ,0 as the
Gaussian measure with covariance −∆+m2, also called (massive) Gaussian free field with this
covariance. Taking this Gaussian free field as reference measure, instead of Lebesgue measure,
one can define the expectation under µd ,α of a test function F as

Eµd ,α [F ] = Zd ,0

Zd ,α
Eµd ,0

[
F (φ)exp

{
−α

∫
Td
φ(x)4 dx

}]
.

In particular, setting F = 1, we obtain

Zd ,α

Zd ,0
= Eµd ,0

[
exp

{
−α

∫
Td
φ(x)4 dx

}]
. (2.2)

One can show that in dimension d = 1, the ratio of partition functions is indeed well-defined.
However, in dimensions d ⩾ 2, this is no longer the case, since the Gaussian free field has al-
most surely infinite variance. Therefore, a renormalisation procedure becomes necessary to
have a chance of defining the Φ4

d measure.
Given an integer N ⩾ 0, called ultra-violet cutoff, denote by KN the space of functions

φ : Td → R spanned by Fourier basis functions ek with
∣∣k∣∣ = ∑d

i=1

∣∣ki
∣∣ ⩽ N . When restricted to

functions in KN , the ratio (2.2) is well-defined. However, for d ⩾ 2 the ratio does not admit a
well-defined limit as N →∞.

In dimension d = 2, the solution consists in replacing φ(x)4 by its fourth Wick power, de-
fined as

:φ4(x): = H4(φ(x),CN ) ,

where CN denotes the variance of the Gaussian free field, which diverges like log(N ), and H4 is
the fourth Hermite polynomial with variance CN , given by

H4(φ,CN ) =φ4 −6CNφ
2 +3C 2

N .

Note that this amounts to modifying the mass m in the energy (2.1) by a quantity depend-
ing on the cutoff N , and to adding an N -dependent constant to the energy. The extra terms
in the energy are therefore called mass renormalisation and energy renormalisation counter-
terms. One can then show that with these counterterms included in the definition of H2,α, the
ratio (2.2) does converge to a finite limit as N →∞.

In dimension d = 3, Wick renormalisation is no longer sufficient, and additional mass and
energy renormalisation terms have to be added to the energy. In dimension d = 4, on the other
hand, is is known that no renormalisation procedure of the above type will lead to a meaningful
result. More precisely, the Φ4

4 model is trivial in the sense that the associated renormalised
Gibbs measure is Gaussian [AD21], as is Φ4

d when d > 4 [Frö82].
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This raises the question whether the limit d → 4− can be better understood, by allowing
for non-integer dimensions. This is known as the Φ4

4−ε model. Non-integer dimensions can be
interpreted, for 3 < d < 4, by keeping the three-dimensional torus T3 as domain of integration,
but changing the behaviour of the Green function. The Green function associated with the
covariance operator −∆+m2 on Td is defined as

Gd (x, y) = Eµd ,0
[
φ(x)−φ(y)

]= ∑
k∈Zd

ek (x)
[−∆+m2]−1ek (y) . (2.3)

Note that translation invariance of the model implies that Gd (x, y) =Gd (x − y,0). In dimension
d = 3, the Green function is known to be defined everywhere except on the diagonal {x = y},
and that it diverges like

∥∥x − y
∥∥−1 when approaching the diagonal. For 3 < d < 4, a natural

choice for the Green function is thus

Gd (x, y) ∼ 1∥∥x − y
∥∥d−2

.

The general form of the renormalised energy for ultraviolet cutoff N is expected to be

Hd ,α,N (φ) =
∫
Td

[
1

2

∥∥∇φ(x)
∥∥2 + m2

2
φ(x)2 +α:φ(x)4:+β:φ(x)2:+γ

]
dx ,

for suitable mass renormalisation and energy renormalisation counterterms β=β(d ,α, N ) and
γ= γ(d ,α, N ). Introducing the notations

X =
∫
Td

:φ(x)4:dx , Y =
∫
Td

:φ(x)2:dx ,

the ratio (2.2) of partition functions can be written as

Zd ,α

Zd ,0
= Eµd ,0

[
e−αX−βY −γ]= e−γEµd ,0

[
e−αX−βY ]

. (2.4)

2.2 Perturbative renormalisation and Feynman diagrams

Perturbative renormalisation consists in expanding the exponential in (2.4), yielding the formal
series

Zd ,α

Zd ,0
≍ e−γ

∑
n⩾1

(−1)n

n!
Eµd ,0

[
(αX +βY )n]

. (2.5)

We emphasize that this series is known not to converge [Jaf65]. Instead, it is an asymptotic
series of Gevrey-1 type, which is Borel summable (at least for d ⩽ 3, cf. [EMS75, MS77]).

By the Isserlis–Wick theorem, expectations of monomials in X and Y can be written in
terms of integrals of products of Green functions. For instance,

Eµd ,0
[

X 2]= ∫
Td

∫
Td
Eµd ,0

[
:φ(x)4: :φ(y)4:

]
dx dy

=
∫
Td

∫
Td

4!Eµd ,0
[
φ(x)φ(y)

]4 dx dy

= 4!
∫
Td

∫
Td

Gd ,N (x, y)4 dx dy .

Here the truncated Green function Gd ,N is defined as in (2.3), with the power −1 replaced by
a suitable power −s — power-counting arguments imply that s = (7−d)/4. In addition, the
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sum should be restricted to k ∈ Z3 with
∣∣k∣∣ ⩽ N . This can be conveniently represented by the

graphical notation
Eµd ,0

[
X 2]= 4!ΠN ,

where the vertices of the graph correspond to the two integration variables, the four edges cor-
respond to the four copies of the Green function, and ΠN denotes the valuation map, which
associates to the diagram a real number given by an integral of a product of Green functions.
This is an example of Feynman diagram (in this case, a vacuum diagram, since there are no free
legs).

For a general multigraph Γ= (V ,E ) (multiple edges are allowed), the valuation is defined by

ΠN (Γ) =
∫

(T3)|V |
∏
e∈E

Gd ,N (xe+ , xe,−)dx ,

where xe+ and xe− denote the endpoints of the edge e. We further represent the Wick powers X
and Y by

X = , Y = .

With these notations, the expectation of a monomial is given by

Eµd ,0
[

X nY m]=∑
p
ΠN (Γp ) ,

where p runs over all pairwise matchings of the legs of X and Y .
Instead of expanding the exponential directly as in (2.5), it turns out to be advantageous to

expand its logarithm, that is, to use a cumulant expansion. The linked-cluster theorem [Bro09,
Riv09, Sal99] states that

log
Zd ,α

Zd ,0
= logEµd ,0

[
e−αX−βY −γ]≍−γ+ ∑

n⩾0

(−1)n

n!
ΠN P

(
(αX +βY )n)

, (2.6)

where P denotes the sum over connected pairwise matchings, i.e. connected vacuum dia-
grams.

2.3 BPHZ renormalisation

BPHZ renormalisation, a procedure named after Bogoliubov, Parasiuk, Hepp and Zimmer-
mann [BP57, Hep66, Zim69], allows to determine expressions for the counterterms β and γ

ensuring that the terms obtained by expanding (2.6) are uniformly bounded in the cut-off N .
The first step is to associate to a diagram Γ= (V ,E ) the degree

deg(Γ) = d(|V |−1)− (d −2)|E | . (2.7)

Diagrams of non-positive degree are called divergent. Simple examples suggest that ΠN (Γ)
diverges like N−deg(Γ) if deg(Γ) < 0, and like log(N ) if deg(Γ) = 0, while ΠN (Γ) is uniformly
bounded in N if deg(Γ) > 0. This is not true in general, because a non-divergent diagram can
contain subdiagrams that are divergent, making the valuation diverge. However, a deep result
of the theory states that there exists a modification of Γ which behaves like its degree.

Theorem 2.1 (BPHZ renormalisation). There exists a linear map A , acting on Feynman dia-
grams, such that

ΠN (A (Γ)) ≍
N−deg(Γ) if deg(Γ) < 0 ,

log(N )ζ if deg(Γ) = 0 ,

for a finite integer ζ, while ΠN (A (Γ)) is bounded uniformly in N if deg(Γ) > 0.
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For a modern exposition, see [Hai18], as well as [BB25]. The linear map A is in fact the
antipode of the Connes–Kreimer Hopf algebra on Feynman diagrams. To define this Hopf alge-
bra, we start with a collection G of multigraphs. Let G be the real vector space freely generated
by G. The vector space can be turned into a unitary associative algebra for the product · given
by disjoint union. The neutral element for multiplication is the empty graph that we denote by
1. The Connes–Kreimer extraction-contraction coproduct is defined by

∆CK(Γ) = Γ⊗1+1⊗Γ+ ∑
1̸=Γ⊊Γ
degΓ⩽0

Γ⊗ (Γ/Γ) , (2.8)

where the sum ranges over all divergent subgraphs Γ, and Γ/Γ denotes the graph obtained by
replacing Γ by a single vertex. The subgraphs have to be full, in the sense that if an edge e
belongs to Γ, all edges connecting the same vertices also belong to Γ. Note that the valuation
ΠN is multiplicative, meaning that ΠN (Γ1 ·Γ2) =ΠN (Γ1)ΠN (Γ2) for all Γ1,Γ2 ∈G .

Remark 2.2. We point out that if some divergent subgraphs have a degree smaller than −1, the
expression (2.8) has to be modified, by adding decorated graphs on the right-hand side, as we
will explain in Section 5.4 below. ♢

We endow the algebra G with two more linear maps. A counit 1⋆ : G → R, given by projec-
tion on the unit 1, and an antipode A : G →G , defined inductively by A (1) = 1 and

A (Γ) =−Γ− ∑
1̸=Γ⊊Γ
degΓ⩽0

A (Γ) · (Γ/Γ)

=−Γ−m(A ⊗ id)∆̊CK(Γ) . (2.9)

Here ∆̊CK =∆CK−Γ⊗1−1⊗Γ denotes the reduced coproduct, and m : G ⊗G →G is the multipli-
cation map, defined by m(Γ1 ⊗Γ2) = Γ1 ·Γ2. The space (G , ·,∆,1,1⋆,A ) constructed in this way
is a Hopf algebra, called Connes–Kreimer extraction-contraction Hopf algebra.

To define BPHZ renormalisation, we first introduce the twisted antipode, defined as

Ã (Γ) =A (Γ)1degΓ⩽0 .

Note that if deg(Γ)⩽ 0, then one has

Ã (Γ) =−Γ−m(Ã ⊗ id)∆̊CK(Γ) , (2.10)

because ∆̊CK produces only divergent terms on the left of the tensor product.

Remark 2.3. The general definition of the twisted antipode given in [Hai18, (2.28)] is rather that
it should satisfy m(Ã ⊗ id)∆CK(Γ) = 0 whenever degΓ⩽ 0, where m denotes the multiplication
map, but this is equivalent – cf. [BH25, (4.3)], which uses the reduced coproduct. ♢

A character on G is a linear map g : G →Rwhich is multiplicative in the sense that we have
g (Γ1 ·Γ2) = g (Γ1)g (Γ2) for all Γ1,Γ2 ∈ G . With any character g , one can associate a linear map
M g defined by

M g (Γ) = (g ⊗ id)∆CK(Γ) ,

and the set of these maps is known to form a group. The BPHZ character is the linear map
g BPHZ : G →R given by

g BPHZ(Γ) =ΠN Ã (Γ) .
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The fact that g BPHZ is indeed a character follows from multiplicativity of A and ΠN . The map
M g BPHZ

is called BPHZ renormalisation map. It defines a renormalised valuation given by

ΠBPHZ
N (Γ) =ΠN M g BPHZ

(Γ) = (g BPHZ ⊗ΠN )∆CK(Γ) = (ΠN Ã ⊗ΠN )∆CK(Γ) . (2.11)

The interest of this construction is the following result.

Lemma 2.4. The BPHZ renormalised valuation satisfies

ΠBPHZ
N (Γ) =

0 if degΓ⩽ 0 ,

−ΠN A (Γ) if degΓ> 0 .

PROOF: In the case degΓ⩽ 0, using (2.10) we get

ΠBPHZ
N (Γ) = (ΠN ⊗ΠN )(Ã ⊗ id)

[
Γ⊗1+1⊗Γ+ ∆̊CK(Γ)

]
= (ΠN ⊗ΠN )

[
Ã (Γ)⊗1+1⊗Γ+ (Ã ⊗ id)∆̊CK(Γ)

]
= (ΠN ⊗ΠN )

[−Γ⊗1−m(Ã ⊗ id)∆̊CK(Γ)⊗1+1⊗Γ+ (Ã ⊗ id)∆̊CK(Γ)
]

,

which vanishes by multiplicativity ofΠN . In the case degΓ> 0, using ÃΓ= 0 in the second line
of the above computation, we obtain

ΠBPHZ
N (Γ) = (ΠN ⊗ΠN )

[
1⊗Γ+ (Ã ⊗ id)∆̊CK(Γ)

]
=ΠN (Γ)+ (ΠN Ã ⊗ΠN )∆̊CK(Γ)

=ΠN (Γ)+ΠN m(Ã ⊗ id)∆̊CK(Γ)

again by multiplicativity of ΠN . This is equal to −ΠN A (Γ) by (2.9).

If follows from Theorem 2.1 that the renormalized valuation ΠBPHZ
N is bounded uniformly

in the cut-off N for any Γ ∈G .

2.4 Main result

To formulate our main result, we introduce two sequences of critical dimensions, at which new
energy or mass renormalisation terms appear. Note that any graph in P (X n) has n vertices and
4n half-edges, which become 2n edges after pairing. Therefore,

degP (X n) = 4n − (n +1)d .

This implies that

degP (X n)⩽ 0 ⇔ d ⩾ d∗
e (n) := 4n

n +1
= 4− 4

n +1
.

These thresholds control the appearance of new energy renormalisation counterterms. New
mass renormalisation terms appear at the values

d∗
m(n) = d∗

e (2n −1) = 4− 2

n

of d . The two sequences are increasing and accumulate at d = 4. The first values are

(
d∗

e (n)
)

n⩾1 =
(

2,
8

3
,3,

16

5
,

10

3
,

24

7
,

7

2
,

32

9
, . . .

)
and

(
d∗

m(n)
)

n⩾1 =
(

2,3,
10

3
,

7

2
, . . .

)
.
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The inverse thresholds, expressing n in terms of d , are given by

n∗
e (d) =

⌊
d

4−d

⌋
and n∗

m(d) =
⌊

2

4−d

⌋
.

Our main result is the following.

Theorem 2.5 (Main result). For any dimension d < 4, there exists a linear map

W :R[X ] →R[X ,Y ] ,

called Wick map, such that the following diagram commutes:

R[X ] G

R[X ,Y ] G

P

W (ΠN A⊗id)∆CK+ΠNΘF

P

(2.12)

The Wick map W satisfies
W(e−αX ) = e−αX−βY ,

where the mass counterterm β=β(d ,α, N ) is given by

β(d ,α, N ) =
n∗

m(d)∑
n=2

(−α)n

n!
σn(N ) .

Here the σn(N ) can be expressed in terms of divergent Feynman diagrams, and diverge like
σn(N ) ∼ N 2−(4−d)n , see Remark 2.7 below. In addition, for any n ⩾ 2,

W(X n) = Bn(X ,−σ2(N )Y , . . . ,−σn(N )Y ) ,

where Bn is the nth complete Bell polynomial. Finally, the map ΘF, which is associated with
energy renormalisation, is such that

γ0 := (ΠNΘF ◦P )(e−αX ) =−(ΠN A ◦P )(e−αX ) .

Together with the definition (2.11) of the BPHZ valuation, this implies that the following
diagram commutes:

e−αX P (e−αX )

e−αX−βY P (e−αX−βY ) R

P

W (ΠN A⊗id)∆CK+ΠNΘF

ΠBPHZ
N +ΠNΘF

P ΠN

As a consequence, we have

log
Zd ,α

Zd ,0
=ΠN P (e−αX−βY )−γ=ΠBPHZ

N P (e−αX )+γ0 −γ .

Lemma 2.4 shows that ΠBPHZ
N P (X n) = 0 for n ⩽ n∗

e (d), while it is bounded for n > n∗
e (d). The

energy renormalisation term should thus be chosen as the divergent part of γ0, namely

γ= γ(d ,α, N ) =−
n∗

e (d)∑
n=2

(−α)n

n!
ΠN A (P (X n)) . (2.13)

Note thatΠN A (P (X n)) diverges like N (n+1)d−4n = N (4−d)(n∗
e (d)−n), with the tacit understanding

that N 0 = log N .
Theorem 2.1 then immediately implies the following result.
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Corollary 2.6. With the choice (2.13) of the energy renormalisation term, one has the asymptotic
expansion

log
Zd ,α

Zd ,0
≍− ∑

n>n∗
e (d)

(−α)n

n!
ΠN A (P (X n)) .

All terms of this expansion are bounded uniformly in the cut-off N .

Remark 2.7. The countertermsσn occuring in the mass renormalisationβ are linear combina-
tions of valuations of divergent Feynman diagrams, the first of which are listed in Table 1. More
precisely, they can be written

σn =−ΠN A PM(Yn) ,

where the Yn are defined in (4.4) below, and the map PM is defined in (4.2). They can also be
computed by the relation

σn =−ΠMAM(Yn) ,

where the maps ΠM and AM are defined in [BH25, Corollary 4.5 and (4.3)]. ♢

2.5 Structure of the proof

We start, in Section 3, by explaining the construction of the Wick map W, and its (well known)
relation to Bell polynomials. To prove the commutativity of the diagram (2.12), we will take
advantage of recent results in [BH25], which show that instead of working with Feynman dia-
grams, one can work with somewhat simpler algebraic objects called multiindices. We intro-
duce these objects in Section 4, where we also compute an explicit expression for the coprod-
ucts of the relevant Feynman diagrams, translated to the multiindex language. Finally, Section 5
contains the proof of the main result.

3 The Wick map

In this section, we give the construction of the Wick map W, and explain its connection to
cumulants and Bell polynomials. The Wick map can be cast into a form closer to the map
(ΠN A ⊗ id)∆CK by working in the free commutative Hopf algebra H = S(R[X ]), as explained
in Section 3.4. In Section 3.5, we explain how the construction extends to algebra-valued mo-
ments.

3.1 Convolution algebra and power series

Let R[X ] denote the polynomial Hopf algebra on a single formal variable X . Its product and
coproduct are given by

X n ·X m = X n+m , ∆X n =
n∑

k=0

(
n

k

)
X k ⊗X n−k .

The convolution product of two linear maps ϕ,ψ ∈L (R[X ],R) is defined by

ϕ∗ψ= mR(ϕ⊗ψ)∆ ,

where mR denotes the multiplication map, mR(a ⊗b) = ab. This means that

(ϕ∗ψ)(X n) =
n∑

k=0

(
n

k

)
ϕ(X k )ψ(X n−k ) .

10



The k-fold convolution product is denoted ϕ∗k .
We define two special subsets of L (R[X ],R), given by

L1 =
{
ϕ ∈L (R[X ],R) : ϕ(1) = 1

}
,

L0 =
{
ϕ ∈L (R[X ],R) : ϕ(1) = 0

}
.

Elements of L1 can be inverted, via the Neumann series

ϕ−1 =
∞∑

k=0
(ε−ϕ)∗k ,

where ε :R[X ] →R is the counit, given by ε(X n) = δn0. One has explicitly

ϕ−1(X n) =
n∑

k=1
(−1)k

∑
n1,...,nk⩾1

n1+···+nk=n

n!

n1! . . .nk !
ϕ(X n1 ) . . .ϕ(X nk ) . (3.1)

The exponential map exp∗ : L0 →L1 and its inverse log∗ : L1 →L0 are given by

exp∗(ϕ) = ∑
k⩾0

1

k !
ϕ∗k , log∗(ϕ) = ∑

k⩾1

(−1)k

k
(ϕ−ε)∗k .

There is no issue of convergence, since the sums are always finite when evaluated on a basis
element. In fact,

exp∗(ϕ)(X n) =
n∑

k=0

1

k !

∑
n1,...,nk⩾1

n1+···+nk=n

n!

n1! . . .nk !
ϕ(X n1 ) . . .ϕ(X nk ) , (3.2)

log∗(ϕ)(X n) =
n∑

k=1

(−1)k+1

k

∑
n1,...,nk⩾1

n1+···+nk=n

n!

n1! . . .nk !
ϕ(X n1 ) . . .ϕ(X nk ) . (3.3)

Let R[[t ]] denote the algebra of (formal) power series in the variable t with real coefficients,
endowed with pointwise multiplication. Then we can define a linear map

Λ : L (R[X ],R) →R[[t ]]

ϕ 7→ ∑
n⩾0

ϕ(X n)
t n

n!
.

Theorem 3.1. Λ is an isomorphism between L (R[X ],R) and R[[t ]].

PROOF: Let ϕ,ψ ∈L (R[X ],R). By the Cauchy product formula,

Λ(ϕ)(t )Λ(ψ)(t ) =
( ∑

n⩾0
ϕ(X n)

t n

n!

)( ∑
n⩾0

ψ(X n)
t n

n!

)

= ∑
n⩾0

( n∑
k=0

ϕ(X k )

k !

ϕ(X n−k )

(n −k)!

)
t n

= ∑
n⩾0

(ϕ∗ψ)(X n)
t n

n!

=Λ(ϕ∗ψ)(t ) ,

showing that Λ is indeed a morphism. Bijectivity of Λ is straightforward to check.

11



Corollary 3.2. For any ϕ ∈L0 and ψ ∈L1, one has the relations

Λ(ψ−1)(t ) = [
Λ(ψ(t ))

]−1 ,

Λ(exp∗ϕ)(t ) = exp(Λ(ϕ(t ))) ,

Λ(log∗ψ)(t ) = log(Λ(ψ(t ))) .

PROOF: We prove the second relation. Setting ψ= exp∗ϕ, we have

Λ(ψ)(t ) = ∑
k⩾0

1

k !
Λ(ϕ∗k )(t ) = ∑

k⩾0

1

k !
Λ(ϕ)(t )k = exp(Λ(ϕ)(t )) .

The other relations are proved in a similar way.

3.2 Moments, cumulants and Wick exponential

Let X be a real-valued random variable having moments of all orders. We associate with it the
linear map µX :R[X ] →R given by

µX (X n) = E[X n] .

Note that µX ∈L1, since E[1] = 1. The associated power series

Λ(µX )(t ) = ∑
n⩾0

t n

n!
E[X n] = E[etX ] (3.4)

is the moment generating function of X . The cumulant generating function of X is defined as

KX (t ) = logE[etX ] .

Corollary 3.2 implies
KX (t ) =Λ(log∗µX )(t ) =Λ(κX )(t ) ,

where
κX = log∗µX .

This is nothing but the classical moment-cumulant relation. In particular, (3.3) implies

κX (X n) =
n∑

k=1

(−1)k+1

k

∑
n1,...,nk⩾1

n1+···+nk=n

n!

n1! . . .nk !
µX (X n1 ) . . .µX (X nk ) .

We now define the Wick exponential associated to X by

W = (µ−1
X ⊗ id)∆= (exp∗(−κX )⊗ id)∆ . (3.5)

One easily checks that W is an element of L1, while (3.1) and (3.2) imply

W(X n) =
n∑

k=0

k∑
j=1

(−1) j

j !

∑
k1,...,k j⩾1

k1+···+k j=k

n!

(n −k)!k1! . . .k j !
κX (X k1 ) . . .κX (X k j )X n−k . (3.6)

The following result shows that W(t , X ) :=Λ(W)(t ) can be interpreted as a generating function.
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Proposition 3.3. One has the relation

W(t , X ) = et X

E[etX ]
= et X−KX (t ) .

PROOF: Observe that

W(X n) =
n∑

k=0

(
n

k

)
µ−1

X (X k )X n−k = (µ−1
X ∗ id)(X n) .

Therefore, Theorem 3.1 implies

Λ(W)(t ) =Λ(µ−1
X ∗ id)(t ) =Λ(µ−1

X )(t )Λ(id)(t ) = Λ(id)(t )

Λ(µX )(t )
= et X

E[etX ]
,

where we have used Corollary 3.2 and (3.4).

Note in particular that E[W(t ,X )] = 1. This is a form of orthogonality relation, as it shows
that E[W(X n)] = 0 for all n ⩾ 1.

Example 3.4. If X is centered Gaussian with variance σ2, than κX (X 2) = σ2, while κX van-
ishes everywhere else. Therefore, W(t , X ) = et X−σ2t 2/2 is the generating function of Hermite
polynomials, and (3.6) yields

W(X n) = n!
⌊n/2⌋∑
k=0

(−1)k

k !(n −2k)!2k
σ2k X n−2k ,

which is the nth Hermite polynomial with variance σ2. ♦

3.3 Bell polynomials

We consider now the case where the cumulants are given by

κX (X n) =
0 if n = 1 ,

Yn if n ⩾ 2 ,

where the Yn are for now considered as real parameters. If we assume that only finitely many
Yn are different from zero, all sums will be well-defined.

Remark 3.5. Like in [EFPTZ20], we work with formal power series and do not deal with is-
sues of convergence. In particular, the above definition of κX (X n) is not in contradiction
to Marcinkiewicz’ theorem about the cumulants of real-valued random variables. Besides, we
will only be interested in the case when the Yn ’s are elements in an algebra, see Section 3.5
below. ♢

Then we have

W(t , X ) = et X−KX (t ) = exp

{
t X − ∑

n⩾2
Yn

t n

n!

}
,

which is the generating function of the exponential Bell polynomials. Namely,

W(t , X ) =
∞∑

n=0
Bn(X ,−Y2, . . . ,−Yn)

t n

n!
,

where Bn is be definition the nth complete exponential Bell polynomial.
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Lemma 3.6. The nth complete exponential Bell polynomial can be written

Bn(X ,−Y2, . . . ,−Yn) = n!
∑

j1,..., jn⩾0
j1+2 j2+···+n jn=n

1

j1!

(
X

1!

) j1 n∏
p=2

1

jp !

(−Yp

p !

) jp

. (3.7)

PROOF: By (3.6), and since κX (X ) = 0, we have

Bn(X ,−Y2, . . . ,−Yn) = W(X n) = n!
n∑

k=0

k∑
j=1

(−1) j

j !

∑
k1,...,k j⩾2

k1+···+k j=k

Yk1

k1!
. . .

Yk j

k j !

X n−k

(n −k)!
. (3.8)

We may rewrite this expression in a different way, by ordering terms according to the value of
the ki . For p ⩾ 2, let jp denote the number of indices ki equal to p (this number may be 0). For
a given value of k and j , the sum of all jp has to be equal to j , while the condition k1+·· ·+k j = k
translates into 2 j2+3 j3+·· ·+k jk = k. It is also important to note that in (3.8), permutations of
the ki are allowed, and count as different terms. As a result, we have

Bn(X ,−Y2, . . . ,−Yn) = n!
n∑

k=0

k∑
j=1

(−1) j

j !

∑
j2,..., jk⩾0

j2+ j3+···+ jk= j
2 j2+3 j3+···+k jk=k

(
j

j2 . . . jk

)(
Y2

2!

) j2

. . .

(
Yk

k !

) jk X n−k

(n −k)!
,

where the multinomial coefficient accounts for the permutations of the ki . Setting j1 = n −k
and distributing the factor (−1) j over the Yp , the sum over j and the condition on the sum of
the jp can be dropped, leading to (3.7).

The complete Bell polynomial can be decomposed as a sum of incomplete Bell polynomials
according to the sum of the jp . Namely, one has

Bn(X ,−Y2, . . . ,−Yn) =
n∑

k=1
Bn,k (X ,−Y2, . . . ,−Yn−k+1) ,

where

Bn,k (X ,−Y2, . . . ,−Yn−k+1) = n!
∑

j1,..., jn−k+1⩾0
j1+···+ jn−k+1=k

j1+2 j2+···+(n−k+1) jn−k+1=n

1

j1!

(
X

1!

) j1 n−k+1∏
p=2

1

jp !

(−Yp

p !

) jp

.

The Bell polynomials have a simple combinatorial interpretation. The coefficients of Bn,k count
the number of partitions of a set of cardinality n into k subsets, where the sizes of the subsets
is encoded into the monomial. For instance,

B5,3(X ,Y2,Y3) = 15X Y 2
2 +10X 2Y3

means that there are 15 ways of partitioning a set of 5 elements into 3 subsets of sizes 1, 2 and
2, and 10 ways of partitioning it into 3 subsets of sizes 1, 1 and 3. Another interpretation is in
terms of substitutions X 2 7→ Y2, X 3 7→ Y3, . . . , X n 7→ Yn : then, Bn(X ,Y2, . . . ,Yn) is obtained by
applying these substitutions in all possible ways to the monomial X n .
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3.4 Free algebra

One drawback of the above definition of the Wick map W is that µX is not a character (in gene-
ral, µX (X n X m) ̸= µX (X n)µX (X m)), and therefore µ−1

X
cannot be expressed in terms of the an-

tipode of the polynomial Hopf algebra R[X ].
This problem can be fixed by lifting µX to the symmetric Hopf algebra H = S(R[X ]), which

is the free commutative algebra over R[X ]. We will use the symbol ⊙ to denote the product in
H . The algebra H being free means that X n ⊙X m is an element of H different from X n+m . The
map µX lifts in a unique multiplicative way to a map µ̂ : H →R.

We denote the antipode on H by SH : H → H . Takeuchi’s formula [Tak73] states that

SH (X n) =
n∑

k=1
(−1)k

∑
n1,...,nk⩾1

n1+···+nk=n

n!

n1! . . .nk !
X n1 ⊙·· ·⊙X nk .

The inverse of µ̂X is then given by µ̂−1
X

= µ̂X ◦ SH , which is compatible with (3.1). As a con-
sequence, the following diagram commutes, where ι denotes the canonical injection and ∆H

denotes the coproduct on H :

R[X ] H

R[X ]⊗R[X ] H ⊗H

H ⊗H

R[X ] H

ι

∆

W

∆H

ι⊗ι

µ−1
X
⊗id

SH⊗id

µ̂X ⊗id

ι

(3.9)

We have explicitly

(SH ⊗ id)∆H (X n) = n!
n∑

k=0

k∑
j=1

(−1) j
∑

k1,...,k j⩾1
k1+···+k j=k

X k1

k1!
⊙·· ·⊙ X k j

k j !
⊗ X n−k

(n −k)!
.

As in the proof of Lemma 3.6, we can rewrite this expression in terms of the number jp of
indices ki equal to p, and distributing the factor (−1) j over the powers of X . The result is

(SH ⊗ id)∆H (X n) = n!
n∑

k=0

k∑
j=1

j !
∑

j1,..., jk⩾0
j1+ j2+···+ jk= j

j1+2 j2+···+k jk=k

j⊙
p=1

1

jp !

(−X p

p !

)⊙ jp

⊗ X n−k

(n −k)!
.

Note the factor j !, which will disappear when applying µ̂X ⊗ id = exp∗(κ̂X )⊗ id to this expres-
sion to recover (3.7).

3.5 Algebra-valued moments

The above setting can be extended to the case where the map µX takes values in an arbitrary
commutative algebra A. This can be done by considering an extension of scalars: consider the
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space A[X ] = A⊗R[X ], endowed with a left A-module structure given by a · (b ⊗P ) = ab ⊗P . It
can be thought of as consisting of polynomials with coefficients in A.

For any algebra A, the space of linear maps L (R[X ], A) is an algebra for the convolution
product

ϕ∗ψ= mA(ϕ⊗ψ)∆ ,

where mA is the multiplication map, defined by mA(a ⊗ b) = ab. Its unit element is uA ◦ ε :
R[X ] → A, where uA denotes the projection on the unit of A.

All the properties of the previous sections hold in this setting as well. In particular, the Wick
exponential (3.5) is now a map W :R[X ] → A[X ]. It satisfies

mA ◦µA
X ◦W = uA ◦ε ,

where µA
X

= id⊗µX : A[X ] → A is the extension of µX .
We will work in the particular setting where A = R[Y ] is the polynomial algebra in a single

variable Y . Then one can identify A[X ] = R[Y ]⊗R[X ] with R[X ,Y ], via the identification of
Y m ⊗X n with X nY m . Note that we have

µA
X (Y m ⊗X n) = Y mµX (X n) .

4 Multi-indices

The combinatorics of Feynman diagrams becomes quite involved as their size increases. It can
be simplified, however, by working with multiindices instead of graphs. A multiindices, intro-
duced in [LOT23], are monomials encoding information on the arity of a graph. A single multi-
index corresponds in general to a linear combination of several different graphs, thereby reduc-
ing the complexity of the combinatorics, while keeping information that is essential for BPHZ
renormalisation. We indroduce these objects by summarising material from [BH25]. The key
result in this section is Proposition 4.3, which provides an explicit expression for the coproduct
of the multi-indices corresponding to monomials X n .

4.1 Definition of multi-indices

We introduce here some definitions and results from [BH25].
We fix a set of abstract variables (zk )k∈N. Given a map β :N→N with finite support, mea-

ning that the number of non-zero values of β is finite, the associated multi-index is the mono-
mial

zβ = ∏
k∈N

zβ(k)
k .

Let Γ= (V ,E ) ∈G be a Feynman diagram. We associate to it the multi-index

Φ(Γ) = ∏
v∈V

zk(v) , (4.1)

where k(v) denotes the arity of the vertex v , that is, the number of edges adjacent to v . The
map Φ is called counting map. For instance, we have

Φ
( )= z2

3 , Φ
( )

= z2z2
4 .
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Note that in our situation, β(k) can only differ from 0 for k ∈ {2,3,4}. The length and the degree
of a multi-index are defined, respectively, by∣∣zβ∣∣= ∑

k∈N
β(k) , deg(zβ) = d

(∣∣zβ∣∣−1
)− d −2

2

∑
k∈N

kβ(k) .

The degree is preserved by the counting map, that is,

deg
(
Φ(Γ)

)= deg(Γ) ∀Γ ∈G

where the degree for a Feynman diagram Γ has been introduced in (2.7) above. In addition, a
multi-index has a symmetry factor, defined by

SM(zβ) = ∏
k∈N

β(k)!(k !)β(k) .

A Feynman diagram Γ also has a symmetry factor, defined as

SF(Γ) = ∣∣Aut(Γ)
∣∣ ,

where Aut(Γ) denotes the automorphism group of Γ, that is, the number of permutations of
vertices and edges of Γ that leave the diagram invariant (see [BH25, Definition 4.1] for details).
This allows to define the inverse map of (4.1), given by

PM(zβ) = ∑
Γ : Φ(Γ)=zβ

SM(zβ)

SF(Γ)
Γ , (4.2)

see [BH25, Definition 3.2 and Proposition 3.4].
We write M for the set of non-empty multi-indices (meaning that the β(k) cannot all be

zero), which also belong to the image Φ(G ). It has a natural vector space structure, and can
be equipped with the forest product ·, to form an algebra M , whose neutral element we will
denote 1M. The objects defined above can be extended to forests in M . For instance,

Φ(Γ1 · . . . ·Γn) =Φ(Γ1) · . . . ·Φ(Γn) ,∣∣zβ1 · . . . · zβn
∣∣= ∣∣β1

∣∣+·· ·+ ∣∣βn
∣∣ ,

deg
(
zβ1 · . . . · zβn

)= deg
(
β1

)+·· ·+deg
(
βn

)
,

while the symmetry factor of a forest of multiindices is defined as

SM
(
(zβ1 )·r1 · . . . · (zβn )·rn

)= n∏
i=1

ri !
(
SM(zβi )

)ri ,

where the βi are all assumed to be different from each other.
In [BH25], the authors also construct a coproduct ∆M and an antipode AM such that the

following diagram commutes (see [BH25, Theorem 4.9]):

M G

M−⊗M G−⊗G

M G

PM

∆M ∆CK

PM⊗PM

ΠM(AM⊗id) ΠN (A⊗id)

PM

(4.3)
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Here M− and G− denote, respectively, forests of multi-indices and Feynman diagrams of non-
positive degree, andΠM is a valuation map on multi-indices. The structure of the renormalisa-
tion map on Feynman diagrams is thus exactly mirrored on the space of multi-indices.

Remark 4.1. In [BH25], the authors mention the populatedness condition for multi-indices
without specifying it any further. The usual condition (see, for example, [LOT23, eq. (6.3)]),
however, is not satisfied for the multi-index zn

4 considered in [BH25, Sec. 5]. In their case, as
in ours, the condition of populatedness is replaced by the requirement that we only consider
multi-indices which are also in Φ(G ). It is conceivable that one can restore populatedness by
adding an auxiliary variable z0 with the correct power; since this is not relevant for our consid-
erations, we refrain from pursuing this line of thought any further. ♢

4.2 Subdivergences

Within the setting of multi-indices, it is easy to identify the structure of divergent subdiagrams,
as we do in the following lemma.

Lemma 4.2. Let Γ ∈G . If Γ is a divergent subdiagram, then we necessarily have

Φ(Γ) ∈
{

z2zp−1
4

}
p⩾3

⋃{
z2

3 zp−2
4

}
p⩾2

.

In other words: The only potentially divergent subdiagrams are those having multi-index z2zp−1
4

with p ⩾ 3 or z2
3 zp−2

4 with p ⩾ 2.

PROOF: Let β be such that β(k) = 0 for k ̸∈ {2,3,4}. Then

deg(zβ) =−d −2

2

4∑
k=2

kβ(k)+d

(
4∑

k=2
β(k)−1

)

= 2β(2)+
(

3− d

2

)
β(3)+ (4−d)β(4)−d .

This is a decreasing function of d . In particular, in the limiting case d = 4, we get

deg(zβ) = 2β(2)+β(3)−4 ,

showing that zβ can only be divergent if 2β(2)+β(3) < 4. In addition, the number of half-edges
of the associated diagram should be even, which imposes β(3) ∈ {0,2}. The only options are
β(3) = 0 and β(2) = 1, leading to z2zp−1

4 , and β(3) = 2 and β(2) = 0, leading to z2
3 zp−2

4 .

Table 1 lists the first subdivergences appearing as the dimension d increases.

4.3 Computation of∆M(z n
4 )

We will write ∆̊M for the reduced coproduct, which is such that

∆M(zβ) = 1M ⊗ zβ+ zβ⊗1M + ∆̊M(zβ) .

(Note that in [BH25], the authors write ∆M for the reduced coproduct, and ∆−
M for the full co-

product). A simplification arises from the fact that in BPHZ renormalisation, only terms with
non-positive degree on the left of the tensor product play a role. We can therefore restrict the
coproduct to these terms, and we will use the same notation for that restricted form.

The following result establishes an explicit expression for the reduced coproduct of mono-
mials zn

4 .
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Graph Multi-index Degree Critical d Minimal n

z2
3 6−2d 3 = d∗

m(2) 4

z2
3 z4 10−3d 10

3 = d∗
m(3) 5

z2z2
4

z2
3 z2

4 14−4d 7
2 = d∗

m(4) 6

z2z3
4

Table 1: List of the first subdivergent diagrams, with their multi-index, degree, value of d for
which they become divergent, and minimal value of n such that they occur in P (X n).

Proposition 4.3. For any p ⩾ 2, define

Yp =
16z2

3 if p = 2 ,

6pz2zp−1
4 +8p(p −1)z2

3 zp−2
4 if p ⩾ 3 .

(4.4)

Then for any n ⩾ 4, one has

∆̊M(zn
4 ) = n!

n−1∑
k=2

∑
j1,..., jn−2⩾0

j1+ j2+···+ jn−2=k
j1+2 j2+···+(n−2) jn−2=n

n−2∏
p=2

1

jp !

(
Yp

p !

)· jp

⊗ 1

j1!
zk− j1

2 z j1

4 , (4.5)

where the sum ranges over non-negative integers jp .

We will apply [BH25, Proposition 3.7] to the particular case zβ = zn
4 . The general expression

for the reduced coproduct is

∆̊M(zβ) = ∑
zβ1 ·...·zβm ∈M

∑
zα∈M

E(zβ1 · . . . · zβm , zα, zβ)
(
zβ1 · . . . · zβm

)⊗ zα , (4.6)

where the coefficients E(·, ·, ·) are given by

E(zβ1 · . . . · zβm , zα, zβ)

= ∑
k1,...,km∈N

∑
β̂1+···+β̂m+α̂=β

SM(zβ)

SM(zβ1 · . . . · zβm )SM(zα)

〈∏m
i=1∂zki

zα, zα̂〉
SM(zα̂)

m∏
i=1

〈Dki zβi , zβ̂i 〉
SM(zβ̂i )

.
(4.7)

Here the inner product for multi-indices is defined by

〈zα, zβ〉 = SM(zα)δαβ , (4.8)

while D is the linear map
D = ∑

k∈N
zk+1∂zk .

In what follows, we write exponents of multi-indices in the form β= [β(2),β(3),β(4)], since
all other β(k) vanish in our situation. We need to apply (4.6) to β= [0,0,n]. Since we restrict the
coproduct to terms that are divergent on the left side of the tensor product, Lemma 4.2 implies
that the βi are of the form [1,0, p −1] with p ⩾ 3 or [0,2, p −2] with p ⩾ 2.
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Lemma 4.4. Denote by ap the number of zβi equal to z2zp−1
4 , and by bp the number of zβi equal

to z2
3 zp−2

4 , with the convention a2 = 0 to avoid case distinctions between the ap and bp . Then the
only non-vanishing coefficient in (4.6) for these βi is

E(zβ1 · . . . · zβm , zm
2 zn−s

4 , zn
4 ) = n!

(n − s)!

n−2∏
p=2

1

ap !

(
4!

4(p −1)!

)ap 1

bp !

(
4!

3(p −2)!

)bp

,

where

s =
n−2∑
p=2

p jp , jp = ap +bp .

PROOF: A direct computation shows that

D(z2zp−1
4 ) = z3zp−1

4 +R1 , D(z2
3 zp−2

4 ) = 2z3zp−1
4 +R3 ,

D2(z2zp−1
4 ) = zp

4 +R2 , D2(z2
3 zp−2

4 ) = 2zp
4 +R4 , (4.9)

where the Ri are residual terms that vanish when zk = 0 for all k ⩾ 5. All higher derivatives also
vanish when zk = 0 for all k ⩾ 5.

We now observe that the condition β̂1 +·· ·+ β̂m + α̂=β= [0,0,n] implies that all β̂i , as well

as α̂, are of the form [0,0,⋆]. It follows from (4.8) and (4.9) that 〈Dki zβi , zβ̂i 〉 = 0 unless ki = 2
and β̂i = [0,0, p], in which case

〈D2zβi , zβ̂i 〉
SM(zβ̂i )

=
1 if βi = [1,0, p −1] ,

2 if βi = [0,2, p −2] .

Writing

r =
n−2∑
p=2

bp , m − r =
n−2∑
p=2

ap ,

we obtain
m∏

i=1

〈D2zβi , zβ̂i 〉
SM(zβ̂i )

= 2r . (4.10)

Furthermore, we have

β̂1 +·· ·+ β̂m = [0,0,
n−2∑
p=2

p jp ] = [0,0, s] ,

and therefore the condition β̂1 +·· ·+ β̂m + α̂=β= [0,0,n] imposes

α̂= [0,0,n − s] ,

or, equivalently, zα̂ = zn−s
4 . Therefore, since all ki are equal to 2, we obtain

〈∏m
i=1∂zki

zα, zα̂〉
SM(zα̂)

= m!1α=[m,0,n−s] (4.11)

showing that we necessarily have zα = zm
2 zn−s

4 . It remains to compute some symmetry factors.
First, we compute

SM(zn
4 )

SM(zα)
= n!(4!)n

m!(2!)m(n − s)!(4!)n−s = n!(4!)s

m!(n − s)!(2!)m . (4.12)
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Next, since

SM(z2zp−1
4 ) = 2!(p −1)!(4!)p−1 ,

SM(z2
3 zp−2

4 ) = 2!(3!)2(p −2)!(4!)p−2 = 3(p −2)!(4!)p−1 ,

we get

SM
(
zβ1 · . . . · zβm

)= n−2∏
p=2

ap !
[

2!(p −1)!(4!)p−1
]ap

bp !
[

3(p −2)!(4!)p−1
]bp

. (4.13)

Plugging (4.10), (4.11), (4.12) and (4.13) into (4.7), we finally obtain

E(zβ1 · . . . · zβm , zm
2 zn−s

4 , zn
4 ) = n!

(n − s)!

(4!)s2r

(2!)m

n−2∏
p=2

1

ap !
[
2!(p −1)!(4!)p−1

]ap bp !
[
3(p −2)!(4!)p−1

]bp
,

from which the result follows, upon expanding (4!)s = ∏
p 4!p(ap+bp ), 2r = ∏

p 2bp and finally

(2!)m =∏
p (2!)ap+bp .

PROOF OF PROPOSITION 4.3. Lemma 4.4 and (4.6) imply

∆̊M(zβ) = ∑
s,m

F (n)
s,m ⊗ zm

2 zn−s
4 ,

where

F (n)
s,m = n!

(n − s)!

∑
(ap ,bp )

n−2∏
p=2

1

ap !

(
4!z2zp−1

4

4(p −1)!

)·ap 1

bp !

(
4!z2

3 zp−2
4

3(p −2)!

)·bp

,

with the sum running over all (ap ,bp ) satisfying

n−2∑
p=2

jp = m ,
n−2∑
p=2

p jp = s , jp = ap +bp .

We first perform the sum over all (ap ,bp ) summing to jp . The binomial formula yields

∑
ap+bp= jp

1

ap !

(
4!z2zp−1

4

4(p −1)!

)·ap 1

bp !

(
4!z2

3 zp−2
4

3(p −2)!

)·bp

= 1

jp !

(
Yp

p !

)· jp

,

where the Yp are given in (4.4). This implies

F (n)
s,m = n!

(n − s)!

∑
j2+···+ jn−2=m

2 j2+···+(n−2) jn−2=s

n−2∏
p=2

1

jp !

(
Yp

p !

)· jp

.

The last step is to change the summation over variables (s,m) to that over variables (k, j1),
where k = n +m − s and j1 = n − s. In particular, the sum of the jp starting from p = 1 is now k,
while the sum of the p jp is n.

Remark 4.5. The sum (4.5) can be extended to all k from 1 to n −1, because the conditions on
the jp cannot be both satisfied if k = 1 since p ⩽ n −2. ♢

Remark 4.6. On the right-hand side of (4.5), the only k-dependence occurs in the term zk− j1

2 .
If the expression is evaluated in z2 = 1, the sum over k and the condition j1 + j2 +·· ·+ jn−2 = k
can be dropped. ♢
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Example 4.7. Consider the case n = 4. Then k can take the values 2 and 3. For k = 2, the only
possible decomposition is j1 = 0, j2 = 2, while for k = 3, the only option is j1 = 2, j2 = 1. Since
Y2 = 16z2

3 , we obtain

∆̊M(z4
4) = 4!

(
1

(2!)3 Y ·2
2 ⊗ z2

2 +
1

(2!)2 Y2 ⊗ z2z2
4

)
= 4!

(
32(z2

3)·2 ⊗ z2
2 +4z2

3 ⊗ z2z2
4

)
.

We can check commutativity of the upper part of diagram (4.3). Applying (4.2), we find

PM
(
z2

2

)= 2 , PM
(
z2

3

)= 6 , PM
(
z2z2

4

)= 26 ·3 ,

which implies

(PM ⊗PM)∆̊M(z4
4) = 211 ·33

(
·2 ⊗ +2 ⊗

)
. (4.14)

On the other hand, one finds

PM(z4
4) =P (X 4) = 211 ·33 + . . . ,

where the dots indicate diagrams without subdivergences. Applying ∆̊CK to this expression
indeed yields (4.14), since we can extract one or two “sunset diagrams” .

For n = 5, the result is

∆̊M(z5
4) = 5!

(
1

2!3!
Y2 ·Y3 ⊗ z2

2 +
1

2!3!
Y3 ⊗ z2z2

4 +
1

(2!)3 Y ·2
2 ⊗ z4

2 z4 + 1

2!3!
Y2 ⊗ z2z3

4

)
, (4.15)

where the coefficients (10,10,15,10) are as in the Bell polynomial

B5(x, y2, y3, y4, y5) = y5 +5y4x +10y2 y3 +10y3x2 +15y2
2 x +10y2x3 +x5 , (4.16)

up to boundary terms. ♦

4.4 Extended coproduct

Example 4.7 above shows some differences between the terms appearing in the reduced co-
product (such as (4.15)) and Bell polynomials (cf. (4.16)). These are partly due to the fact that
the reduced coproduct is used, instead of the full coproduct. However, there is also a difference
due to the condition p ⩽ n − 2 on the subdivergences extracted from zn

4 . Therefore, the Bell
polynomial (4.16) contains a term 5y4x, while ∆̊M(z5

4) has no term proportional to Y4 ⊗X .
Below, it will be convenient to artificially add this term to the reduced coproduct, that is, to

consider its extended version

∆̊+
M(zn

4 ) = n!
n−1∑
k=1

∑
j1,..., jn−1⩾0

j1+ j2+···+ jn−1=k
j1+2 j2+···+(n−1) jn−1=n

n−1∏
p=2

1

jp !

(
Yp

p !

)· jp

⊗ 1

j1!
zk− j1

2 z j1

4 ,

which differs from (4.5) by the condition on p within the product. The following lemma shows
that this will not affect the end result.
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Lemma 4.8. For all n ⩾ 4, one has

PM ◦ (ΠMÃM ⊗ id)∆̊+
M(zn

4 ) =PM ◦ (ΠMÃM ⊗ id)∆̊M(zn
4 ) .

PROOF: The only difference between ∆̊+
M(zn

4 ) and ∆̊M(zn
4 ) is that the former has an additional

term, corresponding to jn−1 = 1. The conditions on the jp impose j1 = 1 while all other jp

vanish, so that k = 2. One obtains

∆̊+
M(zn

4 ) = ∆̊M(zn
4 )+nYn−1 ⊗ z2z4 .

The result follows from the fact that PM(z2z4) = 0, because there is no admissible pairwise
matching leaving no free legs.

5 Commutative diagram

This section contains the proofs of the main results, Theorem 2.5 and Corollary 2.6.

5.1 Identification of the counterterms

We assume now that the algebra-valued map κ̂X : H →R[Y ] is given by

κ̂X (X p ) =
0 if p = 1 ,

σp Y if p ⩾ 2 ,

where theσp are real numbers. The Wick map Ŵ = (µ̂X SH ⊗id)∆H : H →R[X ,Y ] can be written
(cf. Lemma 3.6) in the form

Ŵ(X n) = n!
n∑

k=0

∑
j1,..., jn⩾0

j1+···+ jn=k
j1+2 j2+···+n jn=n

n∏
p=2

1

jp !

(−σp Y

p !

) jp X j1

j1!
.

We now define a linear map η :R[X ,Y ] →M by

η(X ) = z4 ,

η(Y ) = z2 ,

extended multiplicatively. Since Y j2+···+ jn = Y k− j1 , we have

(η◦Ŵ)(X n) = n!
n∑

k=0

∑
j1,..., jn⩾0

j1+···+ jn=k
j1+2 j2+···+n jn=n

n∏
p=2

1

jp !

(−σp

p !

) jp

zk− j1

2

z j1

4

j1!
.

Proposition 5.1. Define the σp by

σp :=−ΠMAM(Yp ) =−ΠN A PM(Yp )

for all p ⩾ 2, where the second equality comes from the commutative diagram (4.3). Then

(η◦Ŵ)(X n) = (ΠMAM ⊗ id)∆̊+
M(zn

4 )−σn z2 + zn
4 (5.1)

holds for all n ⩾ 2.
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PROOF: Proposition 4.3 and Lemma 4.8 imply

(ΠMAM ⊗ id)∆̊+
M(zn

4 ) = n!
n−1∑
k=2

∑
j1,..., jn−1⩾0

j1+ j2+···+ jn−1=k
j1+2 j2+···+(n−1) jn−1=n

n−1∏
p=2

1

jp !

(
ΠMAM(Yp )

p !

) jp 1

j1!
zk− j1

2 z j1

4 .

The only difference with (η ◦ Ŵ)(X n) is that the terms k = 1 and k = n are missing. The term
k = 1 allows only for jn = 1 while all other ji equal to 0, and accounts for −σn z2. The term k = n
allows only for j1 = n, while all other ji equal to 0, and accounts for the term zn

4 .

5.2 Taking care of the boundary terms

It remains to add the boundary terms to the coproduct ∆̊M. The result is as follows.

Proposition 5.2. Define a linear map ΘM : M →M by

ΘM(zn
4 ) = γn :=−σn z2 −ΠMAM(zn

4 )1M .

Then the following diagram commutes:

H M

R[X ,Y ] M

η

Ŵ (ΠMAM⊗id)∆+
M+ΘM

η

where ∆+
M denotes the full extended coproduct.

PROOF: This follows immediately by adding the relations

(ΠMAM ⊗ id)(zn
4 ⊗ id) =ΠMAM(zn

4 )1M ,

(ΠMAM ⊗ id)(id⊗zn
4 ) = zn

4 ,

to (5.1), and incorporating the extra terms into ΘM.

5.3 Proof of Theorem 2.5

To lighten notations, we introduce two maps χM : M →M and χF : G →G given by

χM = (ΠMAM ⊗ id)∆+
M +ΘM ,

χF = (ΠN A ⊗ id)∆CK +ΘF ,

where ΘF is defined by
ΘF ◦PM =PM ◦ΘM . (5.2)

Then the results obtained so far show that the following diagram commutes:

R[X ] H M G

R[X ,Y ] R[X ,Y ] M G R

ι

P

W

η

Ŵ

PM

χM χF

ΠBPHZ
N +ΠNΘF

ι

P

η PM ΠN
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Indeed, the left square is the commutative diagram (3.9), the middle square’s commutativity is
shown in Proposition 5.2, and the right square is commutative thanks to (4.3) and (5.2). The
remaining commutativity relations follow from the definitions.

It follows directly from Proposition 3.3 that

W(e−αX ) = ∑
n⩾0

(−α)n

n!
W(X n) = W(−α, X ) = e−αX−KX (−α) ,

where

KX (−α) =Λ(κX )(−α) = ∑
n⩾2

(−α)n

n!
σnY =:βY .

This determines the value of the mass renormalisation term β. The fact that W(X n) is a Bell
polynomial has been shown in Section 3.3.

It remains to derive an expression for the energy renormalisation termγ. This is determined
by the fact that

logE[e−αX−βY ] = (ΠN ◦P )(e−αX−βY )

= ([
ΠBPHZ

N +ΠNΘF
]◦P

)
(e−αX )

= (ΠBPHZ
N ◦P )(e−αX )+γ0 ,

where we have set
γ0 =ΠNΘF ◦P (e−αX ) .

It follows that

logE[e−αX−βY −γ] = logE[e−αX−βY ]−γ=ΠBPHZ
N ◦P (e−αX )+γ0 −γ .

Since ΠBPHZ
N ◦P (e−αX ) is convergent by Lemma 2.4, γ should be the divergent part of γ0.

The constant γ0 can be made explicit by noting that (5.2) implies

(ΘF ◦PM )(zn
4 ) =PM(γn)

=−σnPM(z2)−ΠMAM(zn
4 )

=−σnPM(z2)−ΠN A (P (X n)) .

Therefore,

γ0 = (ΠNΘF ◦P )(e−αX )

= (ΠNΘF ◦PM)(e−αz4 )

= ∑
n⩾2

(−α)n

n!
(ΠNΘF ◦PM)(zn

4 )

=− ∑
n⩾2

(−α)n

n!
σnΠN PM(z2)− ∑

n⩾2

(−α)n

n!
(ΠN A ◦P )(X n)

=− ∑
n⩾2

(−α)n

n!
σnΠN P (Y )− (ΠN A ◦P )(e−αX ) .

Note however that ΠN P (Y ) = 0 since self-pairings are not allowed. Therefore, γ0 reduces to
−(ΠN A ◦P )(e−αX ) as claimed. Accordingly, γ is given as in (2.13) since that is the divergent
part of γ0.
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5.4 The case of subdivergences of degree smaller than −1

As mentioned in Remark 2.2, if a Feynman diagram Γ has subdivergences of degree below −1,
the definition (2.8) of the Connes–Kreimer coproduct ∆CK has to be modified for the BPHZ
theorem, Theorem 2.1, to remain true. This is done by adding edge and node decorations to
Feynman diagrams, where the node decorations represent additional monomials in the val-
uation, while edge decorations represent derivatives of the Green function. Denote by Γne the
graphΓ= (V ,E ) equipped with a node decoration n : V →N3

0 and an edge decoration e : E →N3
0.

Its degree is defined by

deg(Γne ) = d
(|V |−1

)+ ∑
v∈V

|n(v)|+ ∑
e∈E

[
d −2−|e(e)|] ,

where for any l ∈N3
0, we set |l| =∑3

i=1 |li |. Given a distinguished vertex v⋆ ∈ V , the valuation of
the decorated graph is

ΠN (Γne ; v⋆) =
∫

(Td )V \v⋆

∏
e∈E

∂e(e)GN (xe+ −xe−)
∏

w∈V \v⋆
(xw −xv⋆)n(w) dx , (5.3)

where ∂e =∏3
i=1∂

ei and xn =∏3
i=1 xni

i . Since the derivative along an edge depends on its orien-
tation, the graph Γ should actually be considered as a directed graph.

The Connes–Kreimer coproduct is then modified by adding to it terms with additional de-
corations. We will refrain from giving the general definition here, which can be found in [Hai18,
(2.19)], but give instead an illustrative example, when the graph is assumed to have a degree
in (−2,1]. Indicating the orientation of edges only where it matters, one has for the reduced
coproduct

∆̊CK = ⊗ −
3∑

i=1

ei ⊗
ei

,

where the ei denote the canonical basis vectors, and non-zero decorations have been placed
near the node or edge they apply to.

In principle, the multiindex framework could be extended to decorated graphs, by adding
suitable information to the multiindices. However, this is not needed in our situation. Indeed,
the proof of Lemma 4.2 shows that for d < 4, all subdivergences have a degree larger than −2.
This means that as in the above example, one can only extract graphs that have at most one
node decoration of the form ei . However, (5.3) shows that the valuation of such graphs vanishes
by symmetry, since it involves the integral of an odd function. Therefore, decorated graphs can
be ignored.
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