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Stochastic resonance

Energy-balance model: = ~ temperature
0

T = —%V(m)

V(z) double-well potential, e.g. V(z) = z2* — 322
With periodic forcing: V(z) — V(z,t) = z2* — 322 — Az coset

Random influence of weather
(Benzi/Sutera/Vulpiani and Nicolis/Nicolis 1981):

0
dxy = —a—V(aZt, t) dt + o dW;
h



Stochastic resonance

G,
dzy = —8—[%14 — 32° — Az coset| dt + o dW;
T

= [—23 4+ = + Acoset] dt + o dW;

Sample paths {x;}+ for e = 0.001:
‘ |

A=0, c=0.3

A=0.1, 0 =0.27 A=0.35,0=0.2



Equilibrium branches

dz; = [—2> + = + Acoset] dt + o dW;
f(a.et)

Time change et —t

1 o
dor;y = — ,t)dt + —dW,
T Sf(fﬂ ) dt + NG ¢

Equilibrium branches: f(z*(¢),t) =0
A< Ac =2/3/3 £ 0.385:

\/—\ stable

¥_avoided bifurcation

= unstable
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Dynamics near a stable branch

1 o
doy = — ,t) dt + — dW,
Ty 8J""(ﬂl?‘t ) dt + NG f

Stable equil. branch: f(x*(t),t) =0, a*(t) = 9zf(x*(t),t) < —ag
Adiabatic solution: z(t,e) = 2*(t) + O(¢)
B(h): strip of width ~ h/\/|a*(t)| around z(t,¢e).

z*(t)

B(h)

Theorem: [B.& G., PTRF 2002]
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P{Ieaving B(h) before time t} ~ \/i_

e
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/t a*(s)ds
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Case A = Ac: Transcritical bifurcation

locally duy = £(—2®+1>+...) dt + 7 dW;

Det. case o = 0: Solutions stay £1/2 above bif. point

X

B(h)

O'<<O'C:€3/4 0>>0‘C:g3/4
Theorem: [B.& G., Ann. App. Probab. 2002]
1.If 0 <« oc: Paths likely to stgy i2n B(h),
transition probability < e—¢9¢/o”,
2.If o > oc: Transition typically far3t = —g2/3
transition probability > 1 — e—co*/>/ellogo|



Case A = Ac — ¢6: Avoided transcritical bifurcation
locally day = ((—2®+d+t>+...) dt+ Z dW;

Det. case o = 0: Solutions stay (& V ¢)1/2 above bif. point

o< oc=(6Ve)3/4 o> oc=(6Ve)d/4
T heorem: [B.& G., Ann. App. Probab. 2002]
1.If 0 <« oc: Paths likely to stgy i2n B(h),
transition probability < e—co¢/o°,
2. If o > oc: Transition typically far3t = —o2/3
transition probability > 1 — e—co*/3/ellog ]



Case A > Ac: Saddle—node bifurcation

locally dzy = 2(—2? —t+...) dt + 7 AW,

Det. case o = 0: Solutions stay ¢1/3 above bif. point until ¢ < £2/3.

0'<<O'C:€1/2 0'>>0'C:gl/2
T heorem: [B.& G., Nonlinearity 2002]
1. If 0 <« oc: Paths likely to stay in B(h)
until time e2/3 after bifurcation, maximal spreading o /e1/6.

2.1f o > oc: Transition typically for ¢ < _o4/3
transition probability > 1 — e—¢@°/¢|log 0|



Global behaviour
Critical noise intensity: oc = (§ V 5)3/4, d=Ac— A

o K oc. transitions unlikely

o > oc. synchronisation




Residence-time distributions

Dansgaard—Oeschger events:
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Model equation for A = 0.24, ¢ = 0.2:




Residence-time distribution

q(t): probability density of time between transitions
Without forcing (A = 0): ¢q(t) ~ exponential.

With forcing (A > ¢2):

Theorem: [B.& G., Europhys Letters 2005]

—t/Tk xT X 1

Tk 2 kzz—:oo cosh?(\(t 4+ T/2 — kT))

q(t) ~ frrans(t) ©

T forcing period )
Tk: Kramers' time, Tk ~ %eQH/J
A: Lyapunov exponent

(b)

, ~

RUAWAN AJ\A]\\A‘J\
c=0.4, T =10
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Appendix: Pitchfork bifurcation

1 o
dr; = —[te — 23] dt + — dW
Tt 8[513 ZIZ] ‘I‘\/E t

Theorem [B.& G., PTRF 2002]

e Paths concentrated in B(h) up to time /e
Typical spreading oe—1/4

e Paths likely to leave D at time of order /e|log o]

e Paths likely to stay in A" (h) after leaving D
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