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Metastability in physics

Examples:

e Supercooled liquid
e Supersaturated gas
e Wrongly magnetised ferromagnet

> Near first-order phase transition
> Nucleation implies crossing energy barrier

A Freeenergy

A

R
>

Order parameter




Metastability in stochastic lattice models

> Lattice: A cc z4

> Configuration space: X = S/, S finite set (e.g. {—1,1})

> Hamiltonian: H : X — R (e.g. Ising or lattice gas)

> Gibbs measure: ug(z) = e—PBH(z) /Z3

> Dynamics: Markov chain with invariant measure pug
(e.g. Metropolis: Glauber or Kawasaki)

Results (for 8> 1) on g T
e Transition time between 4+ and — "
or empty and full configuration - .
" ]
e [ransition path -
e Shape of critical droplet . -

> Frank den Hollander, Metastability under stochastic dynamics, Stochastic
Process. Appl. 114 (2004), 1-26.

> Enzo Olivieri and Maria Eulalia Vares, Large deviations and metastability,
Cambridge University Press, Cambridge, 2005.



Metastability in reversible diffusions

dz?(t) = —VV (2°(t)) dt + o dB(¢)

>V :R9 - R: potential, growing at infinity
> dB(t): d-dim Brownian motion on (€2, F,P)

Invariant measure:

e—2V(:c)/02
Zo

po(x) =



Metastability in reversible diffusions

dz?(t) = —VV (2°(t)) dt + o dB(¢)

>V :R9 - R: potential, growing at infinity
> dB(t): d-dim Brownian motion on (€2, F,P)

Invariant measure: Mont
,[LO'(CC) _ ZO' Col de Sugiton

%/ Calanque de Sugiton

7. transition time between potential wells (first-hitting time)

e Large deviations (Wentzell & Freidlin): limy,_g o2 log(E{r})
e Analytic (Miclo, Mathieu, Kolokoltsov): spectrum of generator
e Variational (Bovier el al). spectrum and distribution of 7
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e Lattice: A=Z/NZ, N > 2
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o Lattice: A=7Z/NZ, N > 2

eic AN— z;, € R, configuration space X =R

o Local bistable potential U(z) = za* — 32°—ha

e Coupling between sites: discretised Laplacian, intensity ~

dari () = f (i) dt + [z 1 (1) = 20i() +ai-1.(1)] at
f(z) = -U'(x) = x — x3+h



The model

o Lattice: AN=7Z/NZ, N > 2

eic AN— z;, € R, configuration space X =R

o Local bistable potential U(z) = za* — 32°—ha

e Coupling between sites: discretised Laplacian, intensity ~
e Independent white noise on each site

dari() = f (i) dt + 2 [wp41(8) = 20i(0) +ai_1.()] dt + o dBi(1)
f(z) = -U'(x) =x — x3+h



The model

o Lattice: AN=7Z/NZ, N > 2

eic AN— z;, € R, configuration space X =R

o Local bistable potential U(z) = za* — 32°—ha

e Coupling between sites: discretised Laplacian, intensity ~
e Independent white noise on each site

dari() = f (i) dt + 2 [wp41(8) = 20i(0) +ai_1.()] dt + o dBi(1)
f(z) = -U'(x) =x — x3+h

> Interacting diffusions (Dawson, Gartner, Deuschel, Cox, Greven, Shiga,
Klenke, Fleischmann; Méléard; Kondratiev, Rockner, Carmona, Xu ...)



The model

o Lattice: AN=7Z/NZ, N > 2

eic AN— z;, € R, configuration space X =R

o Local bistable potential U(z) = za* — 32°—ha

e Coupling between sites: discretised Laplacian, intensity ~
e Independent white noise on each site

dari() = f (i) dt + 2 [wp41(8) = 20i(0) +ai_1.()] dt + o dBi(1)
f(z) = -U'(x) =x — x3+h

> Interacting diffusions (Dawson, Gartner, Deuschel, Cox, Greven, Shiga,
Klenke, Fleischmann; Méléard; Kondratiev, Rockner, Carmona, Xu ...)

> Scaling regimes: v and ¢ may depend on N
> Weak coupling v: x; — 41, Ising-like behaviour
> Large N, v ~ N2: continuum limit, Ginzburg—Landau SPDE
du(p,t) = f(ulp,t)) + F0ppu(p,t) + noise
(peSH)

5-f



The model

dari () = f(@i(1)) dt + i1 (1) = 225(8) + wim1 ()] dt + o dBi(1)
Gradient System: dz?(t) = —VV4(29(t)) dt + cdB(t)

Potential: Vy(z) = ) U(z;) + 7 > (41 — z;)°
: 4 :
1eN 1EN



The model

dari () = f(@i(1)) dt + i1 (1) = 225(8) + wim1 ()] dt + o dBi(1)
Gradient System: dz?(t) = —VV4(29(t)) dt + cdB(t)

Potential: Vy(z) = ) U(z;) + 7 > (41 — z;)°
: 4 :
1eN 1EN

Notations

e S = set of stationary points of potential V,

e Sp = set of local minima of potential V5,

e S;. = set of saddles of index k (k unstable directions)

e graph G = (Sp, £): local minima connected by 1-saddles

> xy resembles Markovian jump process on g
> Mean transition times of order e2(V+(1-saddle)—V;(minimum)) /o>



Symmetric local dynamics: Assume h =20
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> y=0: S={-1,0,1}", Sg = {-1,1}\, G = hypercube.



Symmetric local dynamics: Assume h =20

Weak coupling

> y=0: S={-1,0,1}", Sg = {-1,1}\, G = hypercube.

Theorem: VN, 3v*(N) > 1/4 s.t. points of each Si(v) continuous
in v for 0 < v < ~vy*(N)
Ising-like dynamics

——————————— o + + + + +
————— 0O + + + + + + + + + + +
- 0 + + + 4+ + 4+ + 4+ + 4+ o+ o+ o+ o+ o+
- - - 0 + + + 4+ + 4+ + 4+ + + + + o+
——————— 0O + + + + + + + + +
————————— o + + + + + + +
————————————— 0o + + +
——————————————— 0 +
N
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Strong coupling: Synchronisation

Remarks: e [T = +(1,1,...1) € Sy Vv
e O=(0,0,...0) e SVy
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Strong coupling: Synchronisation

Remarks: e [T = +(1,1,...1) € Sy Vv

e O=(0,0,...0) € SVy 7
1 N2
Let v = = 211 - O(N2 )
1= 1 " cos(2n/N) ( QWQ[ ( )} 0
T heorem:
e S={I",IT,0}sv>m |
eS51 ={0} = v>m g

Remark: V4(0) = Vy(I7) =V4(0O) —=Vy(IT) = N/4='H
Corollary: VN, ¥y > y1(N), VO < r < &, Vag € B(I™,7):
olet T = At(B(IT,r)). Then
lim o2 log E®0{r } = 2H = g = ET0{r,} ~ N2

oc—0

e During a transition, paths are likely to pass close to O



Symmetry groups

Potential V4 invariant by

.R(xlw")x]\f) — (332,...,33]\],371)
¢ S(x1,...,zN) = (N, TN-1,---,T1)
e C(x1,...,zN) = —(T1,...,TN)

= V4 invariant by group G = Dy X Z, generated by R, S,C



Symmetry groups

Potential V4 invariant by

.R(xlw")aj]\]) — (HZQ,...,QZ‘N,CC]_)
¢ S(x1,...,zN) = (N, TN-1,---,T1)
e C(z1,...,zN) = —(1,...,7N)

= V4 invariant by group G = Dy X Z, generated by R, S,C
G acts as group of transformations on &X', §, &, Vk

e Orbit of x € X: Op ={gz: g € G}
e Isotropy group of x € X: Cp ={g9g € G: gr =x} <G
e Fixed-point space of H<G: Fix(H) ={z € X: hr=xVh e H}



N =2

z* OZ* CZ* FIX(CZ*)

(0,0) | {(0,0)} G {(0,0)}

(171) {(171)7(_17_1)} D2: {Id,S} {(x7x)}$€R =D
(17_1) {(17_1)7(_17 1)} {Id,CS} {($,—$)}w€R
(1,0) | {=(1,0),£(0,1)} | {id} (&, 9)} o yer =X
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z* Oz* Cz* FIX(CZ*)
(0,0) | {(0,0)} G {(0,0)}
(171) {(171)7(_17_1)} D2: {Id,S} {(x7x)}$€R =D
(17__1) {(17__1)7(__171)} {jd7CLS} {(x7_ﬂt)}w€R.
(1,0) | {#(1,0),+(0,1)} | {id} [, 0)} o yer = X
0 1/3 1/2
} >
(x2]  (1,1) ¢ (=, 7) I
[xl] (07()) e S PP _? ______________ (9’9) ______ -0
‘ (x,—x) ’//A
[x2] (1,-1) ¢ ==
x //Aa
[x4] (1,0) o_._._._.i.’_@_./
It It It
Aa
QA Q 0
Aa
I~ I~ I~
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(1,1,1) o

(0,0,0) ¢
(0,0,1) ¢

(1,—1,0) ¢

(1,1,—1) @
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Desynchronisation

Theorem: ¥V even N, 36(N) > 0 s.t. for v1 — (V) <~ < 71,
|S| = 2N + 3, and can be decomposed as

So=O0,4={IT,17}
S1=04={ARA,...,RN"14)
Sy =0 ={B,RB,...,RN"1B}
S3 = Op = {0}

13



Desynchronisation

Theorem: ¥V even N, 36(N) > 0 s.t. for v1 — (V) <~ < 71,
|S| = 2N + 3, and can be decomposed as

So=0,4 ={IT,I"}
S1=04={ARA,...,RN"14)
Sy =0 ={B,RB,...,RN"1B}
S3 = Op = {0}

> N odd: similar result, |S| > 4N + 3
> Similar corollary for 7, with 79 — 744
> A and B have particular symmetries



N large

Recall v1(N) =< N2
Assume ~ > const N2, let 5 = v/71
Equation — Ginzburg—Landau SPDE

&gu(go, t) — f(u(gpv t)) + ’78909071’(907 t) + noise

14



N large

Recall v1(N) =< N2
Assume ~ > const N2, let 5 = v/71
Equation — Ginzburg—Landau SPDE

8tu(g0, t) — f(’U,(QO, t)) + ’78909071’(907 t) + noise

res << f(wn)+%[$n+1—2$n+wn—1]=0

o {xn—l—l = xn + cwn — %sQf(:cn)
Wn g1 = wn — 5| f(@n) + [(@nq1)]

e = \f% ~ NQ\% <1
> Area-preserving map
> Discretisation of ¥ = —f(x)
> Almost conserved quantity: C(z,w) = 5(z? + w?) — Zz*
C(@pt1,Wnt1) = C(@n, wn) + O(e3)
> Transf. to action—angle variables involves elliptic functions

14-a



N large
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N large

Let ¥ = % = ~(1 — cos(2n/N)),

~ __ 1—cos(2n/N) 1 1
T™M = 1—C(c:)cs)?27r]\//[/N) <_ 2t O(ﬁ))

Theorem: VM > 1, INy; < oo s.t. for N > Ny and Ypr41 <75 < Y,
S can be decomposed as

So=0,+ ={I7,1"}
SQm—leA(m) m=1,..., M
SQm:OB(m) m=1,..., M,

with A(m) B(M)(5) known, given in terms of elliptic functions sn

(@) | 4, (b) | A®)

16



N large

02

Potential difference:

H(7) =V(A) - V({I*) ~ N

(explicit expression :
in terms of elliptic integrals) 00

T T T T T T T T T f T T T T ~
00 0.1 02 03 04 05 06 07 08 09 1.0 1.1 12 13 14 157
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N large | vaeoves

Potential difference:

HF)=V(A) - V({UI*)~N

(explicit expression
in terms of elliptic integrals)

00 01 02 03 04 05 06 07 08 09 10 1.1 1.2 13 14 15 ")/

Corollary: V0 < &4 < 1, 3Ng(’) s.t. VN > No(?),
v0<r<§, Veg € B(I7,r):

olet 7y = NY(B(IT,r)). Then
lim o2 10g E®0 {7} = 2H () =  E0{ry} ~e2H®)/o’
oO—

e During a transition, path likely to pass close to one of the points
of Oy.



Asymmetric case h = 0

Eg N=3

Recall symmetric case:

0 7 2/3
i } >
T,T,%
<2 (L1 )
(0,0,0)
[X 1] (0707 O) O 4 = = h o h o — i —n  — P O
/l
B .
X6 (0.0,1) dmremeimimri i (wzy 5. g
/7 A
—x,0 7
[x6] (1,—1,0) <>—-—.—._._._._._._(:.CL._J’:’_.) ______ -
x, T,
[x6] (1,1,—1) ¢ (@,7,9) \(‘?a
x, T, ;
[% 6] (1,170)o.._.(_._._y.)_.,/gb
0b I It I+
N/~ Oa
I— I_ I_
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Asymmetric case h = 0

E.g N=3

18-a



Outlook

e Asymmetric potential (magnetic field)

e Prefactors of E{r} (Barret & Bovier)

e Continuum limit N — oo (SPDE)

e Inhomogeneous noise intensity (heat flow)
e Time-dependent magnetic field (hysteresis)
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