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Abstract

In this work, we analyse the effect of adding Gaussian white noise to the slow vari-
able of a slow–fast system passing through a saddle–node (or fold) bifurcation. This
problem is mainly motivated by applications to non-equilibrium energy sinks. While
the effect of adding noise to the fast variable, which is important for noise-induced
tipping, has been previously analysed in detail, the case where the slow variable is
perturbed by noise has not been considered before. Our main result is that the noise
increases the slow variable on average. We compute the effect of the noise, to lowest
order, on the expectation and variance of the slow variable after the bifurcation. The
contribution of the noise can be explicitly expressed in terms of Airy functions. We
also provide numerical simulations, which show that the expansion to lowest order
matches the observations for fairly large values of the noise intensity.
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1 Introduction
In this work, we are interested in two-dimensional slow–fast systems near a saddle–node, or fold
bifurcation, in the presence of noise. In the deterministic case, the study of these systems goes
back to the works [21] and [10]. If ε denotes the time scale separation, the fast variable is known
to track the stable part of the critical manifold at a distance that grows up to order ε1/3 when
approaching the bifurcation point. After a delay of order ε2/3, the fast variable quickly exits the
neighbourhood of the bifurcation point.

The case when Gaussian white noise is added to the fast variable has been studied in [3] (see
also [4, Section 3.3]). The main effect in that case is the existence of a threshold for the noise
intensity, scaling like

√
ε. When the noise intensity is below this threshold, the system behaves

with high probability like the deterministic system. However, when the noise intensity exceeds
the threshold, the fast variable is likely to cross the unstable critical manifold some time before
reaching the bifurcation point. This has important consequences on noise-induced tipping [17]
and early warning signs [24], and has been further investigated in many works, see for instance [15,
18, 16, 12, 11, 13, 23].

By contrast, in this work we are interested in the case where noise is added to the slow variable
of the system, which leads to a very different behaviour. This study is motivated by the investi-
gation of nonlinear energy sinks (NESs) [8, 25], particularly when they are employed to mitigate
self-sustained oscillations. In this context, the dynamical system under consideration generally
consists of a mechanical self-sustained oscillator (SSO) – whose oscillations we seek to attenuate –
coupled with the NES, i.e., a small mass connected to the SSO via a linear damper and an essen-
tially nonlinear spring (typically purely cubic). After applying an averaging procedure, the coupled
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Figure 1: Behavior of the deterministic SSO–NES system in the vicinity of the tipping toward
unmitigated responses. (a) Parameter below the tipping value (mitigated response): the system
exhibits relaxation oscillations whose amplitudes remain smaller than those of the self-sustained
oscillations that would occur without the NES. (b) Parameter above the tipping value (unmitigated
response): the trajectory converges to a stable equilibrium, corresponding to an SSO amplitude
close to that observed in the absence of the NES.

system reduces to a (2,1)-fast–slow system. The two fast variables relate to the amplitude of the rel-
ative displacement between the SSO and the NES, and the phase difference between this relative
displacement and the displacement of the SSO. The slow variable is related to the amplitude of
the SSO motion. As presented in Figure 1, the deterministic dynamics of this fast–slow system are
primilary governed (i) by its S-shaped one-dimensional critical manifold and (ii) by its equilibria,
whose stability and position on the critical manifold depend on a bifurcation parameter. In partic-
ular, certain values of this parameter result in a configuration supporting relaxation oscillations
with amplitudes smaller than those of the self-sustained oscillations that would occur without
the NES (see Figure 1(a)). For larger values of the parameter, these relaxation oscillations are no
longer possible, and a stable equilibrium is reached, corresponding to an SSO amplitude close to
that observed in the absence of the NES (see Figure 1(b)). It therefore appears that the position
of the trajectory’s endpoint on the right-hand attracting branch of the critical manifold, together
with the location of the rightmost unstable equilibrium on this branch, determines which situa-
tion occurs: if the endpoint lies below the equilibrium, mitigation occurs; if it lies above, there is
no mitigation. This means that, for a certain value of the bifurcation parameter, a tipping occurs
between the two situations. In the seminal works of Gendelman et al. [9, 7], a multiple time scales
analysis [19] is used to estimate the tipping value of the parameter by (i) obtaining analytically the
equilibria and (ii) approximating the endpoint’s ordinate with that of the critical manifold’s left
fold point, where the manifold loses stability via a saddle–node bifurcation. This approximation,
sometimes referred to as the zero-order approximation, does not account for the particular dynam-
ics that occur near the fold points, where the normal hyperbolicity of the critical manifold is lost.
By means of the center manifold theorem, Bergeot [1] addressed this limitation by reducing the
dynamics near the left fold point to the normal form of a dynamic saddle-node bifurcation, which
can be solved analytically. This approach allowed the author to provide an improved theoretical
estimate of the parameter’s tipping value.

The influence of noise on this class of systems was investigated in [2], where a small-amplitude
white-noise forcing was applied to the SSO. Using stochastic averaging – following Roberts and
Spanos [22] – the study first demonstrated that the SSO–NES stochastic system can be accurately
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reduced to a (2,1)-fast–slow system with noise acting only the slow variable, the drift part being
approximated by the corresponding deterministic system. A Monte Carlo simulation approach
then showed that the stochastic forcing can significantly alter the dynamic behavior of the corre-
sponding deterministic system, in particular by rendering certain configurations dangerous (i.e.,
unmitigated) that were safe in the deterministic case. The results also reveal complex stochastic
dynamics, showing that the reasoning used to predict the system’s deterministic behavior can fail
in the presence of noise. The present work paves the way for identifying the underlying mecha-
nisms that govern the stochastic behavior. To do this, we exploit the fact that, near the left fold
point of the deterministic critical manifold, the SSO–NES stochastic system reduces to the normal
form of a dynamic saddle–node bifurcation (as done for the deterministic system in [1]), with noise
acting on the slow variable.

Our main result, Theorem 2.1, provides the first relevant terms of an expansion in the noise
intensity of the first two moments of the slow variable after passing through the bifurcation. The
most notable feature is that the expectation of the slow variable is increased by the noise. In terms
of the SSO–NES system, this suggests that noise may slightly promote the unmitigated responses.
While the effect is relatively small for weak noise, since the expectation changes by an amount
proportional to the variance of the noise, numerical simulations indicate that our expansion is
accurate for fairly large values of that variance.

The remainder of this article is structured as follows. In Section 2, we give a precise formula-
tion of the mathematical set-up, state and discuss the main results, and present numerical simula-
tions. The remaining sections are devoted to the proofs of the main results. Section 3 gives a brief
overview of the structure of the proofs. Section 4 provides a detailed analysis in a small interval of
the fast variable. In Section 5, the small intervals are stitched together, to provide the proof of the
main theorem on moments of the slow variable. Section 6 contains the proof of an auxiliary result,
giving explicit expressions for the moments in terms of Airy functions. Appendix A gives a short
summary of some useful properties of Airy functions.

2 Results

2.1 Set-up
We are interested in the slow–fast system

dx̄t̄ =
1

ε
(ȳt̄ + x̄2t̄ ) dt̄

dȳt̄ = dt̄+ σ̄ dWt̄ , (2.1)

describing the normal form at a saddle-node bifurcation point. Here ε > 0 is a small parameter
measuring time scale separation, and (Wt̄)t̄⩾0 is a standard Wiener process describing white noise,
while σ̄ > 0 is a small parameter measuring the noise intensity.

The scaling
t̄ = ε2/3t , x̄t̄ = ε1/3xt , ȳt̄ = ε2/3yt

results in the system

dxt = (yt + x2t ) dt

dyt = dt+ σ dWt , (2.2)

where (Wt)t⩾0 is again a standard Wiener process, owing to the scaling property of Brownian
motion, and

σ = ε1/3σ̄

is a rescaled noise intensity. We will keep in mind the fact that results obtained for the rescaled
system (2.2) on a rectangle [−a, a]× [−b, b] will translate into results for the original system (2.1) on
the scaled rectangle [−ε1/3a, ε1/3a]× [−ε2/3b, ε2/3b]. It is therefore of interest to obtain results for
possibly large values of a and b.
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The deterministic case σ = 0 is well-known [21, 10]. The slow–fast system (2.1) has a critical
manifold {(x̄, ȳ) : ȳ = −x̄2}, separating orbits with increasing and decreasing x̄. After scaling, this
manifold takes the equivalent form {(x, y) : y = −x2}.

In the deterministic case σ = 0, using the theory of Riccati equations, the general solution
of (2.2) with initial condition (xin, yin) can be written

xdet(t) =
Ai′(−yin − t) +K Bi′(−yin − t)

Ai(−yin − t) +K Bi(−yin − t)
,

ydet(t) = yin + t , (2.3)

where Ai and Bi are Airy function (cf. Appendix A), andK is determined by the condition xdet(0) =
xin. It will sometimes be convenient to write, with a slight abuse of notation,

xdet(y) =
Ai′(−y) +K Bi′(−y)
Ai(−y) +K Bi(−y)

(2.4)

for the solution parametrised in terms of the y coordinate. We will be particularly interested in the
case K = 0, where we have the particular solution (called slow solution in the case of the unscaled
system (2.1))

xdet0 (t) =
Ai′(−yin − t)

Ai(−yin − t)
,

ydet0 (t) = yin + t . (2.5)

This is because the asymptotics (A.2) of Airy functions imply that (xdet0 (t), ydet0 (t)) converges to
the critical manifold as t→ −∞. On the other hand, we have

lim
t→t⋆

xdet0 (t) = +∞ , lim
t→t⋆

ydet0 (t) = y⋆ ,

where t⋆ = y⋆ − yin, and
y⋆ = 2.338107410459767 . . . (2.6)

is the negative of the largest zero of the Airy function Ai (cf. the Online Encyclopedia of Integer
Sequences OEIS A096714).

Figure 2 shows an example of the general solution (2.3) of (2.2) with σ = 0, i.e., the paramet-
ric curve

(
xdet(t), ydet(t)

)
for the initial condition (xin, yin) = (−3,−2). The figure also displays

the reference trajectory
(
xdet0 (t), ydet0 (t)

)
(see (2.5)), the critical manifold y = −x2, and the limit

value y⋆.

2.2 Main result
To formulate our main result, we fix an initial value (xin, yin) with xin < 0 and x2in + yin > 0, as well
as a final value xfin > 0. Given the solution (xt, yt) of (2.2) with this initial condition, we denote by

τ = inf
{
t > 0: xt = xfin

}
(2.7)

the first-hitting time of xfin. We are interested in properties of the random variable yτ . We will
also need the deterministic analogue of (2.7), given by

T (xin, yin;xfin) = inf
{
t > 0: xdet(t) = xfin

}
, (2.8)

where (xdet(t), ydet(t)) denotes the deterministic solution (2.3) of the system (2.2) with the same
initial condition (xin, yin). We write

yfin = ydet(T (xin, yin;xfin)) = yin + T (xin, yin;xfin)

for the final value of ydet.
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Figure 2: Dynamic saddle-node bifurcation. An example of the general solution
(
xdet(t), ydet(t)

)
of (2.2) (see (2.3)) for the initial condition (xin, yin) = (−3,−2), the reference trajectory(
xdet0 (t), ydet0 (t)

)
(see (2.5)), the critical manifold y = −x2, and the limit value y⋆ (see (2.6)).

Theorem 2.1. Fix a constant h0 > 0. Let Ω0 be the event

Ω0 =

{
ω : sup

0⩽t⩽τ

∣∣yt(ω)− ydet(t)
∣∣ ⩽ h0

}
. (2.9)

There exists a constant κ > 0, depending only on h0, such that

P(Ωc
0) ⩽

yfin − yin

σ
e−κ/σ . (2.10)

Furthermore, the expectation and variance of yτ1Ω0 satisfy

E(xin,yin)
[
yτ1Ω0

]
= yfin +

1

2
σ2D(xin, yin;xfin) +O(σ3) , (2.11)

Var(xin,yin)[yτ1Ω0
] = σ2V (xin, yin;xfin) +O(σ3) . (2.12)

The functions D and V are given by

D(xin, yin;xfin) =

∫ yfin

yin

∂yyT (x
det(y), y;xfin) dy ,

V (xin, yin;xfin) =

∫ yfin

yin

(
1 + ∂yT (x

det(y), y;xfin)
)2

dy , (2.13)

where we write ∂yT and ∂yyT for derivatives of the deterministic time (2.8) with respect to its second
argument yin.

The functions D and V can be made more explicit if we assume that the initial condition lies
on the slow solution (2.5), that is, if

xin = xdet0 (0) =
Ai′(−yin)

Ai(−yin)
. (2.14)

Note that the slow solution is attracting for x < 0, so that small changes in xin will have almost no
effect on the result.
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Proposition 2.2. If xin is given by (2.14), then

lim
xfin→∞

D(xin, yin;xfin) =
3

4
+

1

Ai′(−y⋆)2

[
2π

(
Bi′(−y⋆)
Ai′(−y⋆)

F(−yin)− G(−yin)

)
− f(−yin)

]
,

lim
xfin→∞

V (xin, yin;xfin) =
1

2
y⋆ +

F(−yin)

Ai′(−y⋆)4
, (2.15)

where

f(z) = Ai′(z)2 − zAi(z)2 , (2.16)

F(z) =

(
z3

2
+

1

8

)
Ai(z)4 − z

2
Ai(z)3 Ai′(z)− z2 Ai(z)2 Ai′(z)2

+
1

2
Ai(z)Ai′(z)3 +

z

2
Ai′(z)4 , (2.17)

G(z) =

[(
z3

2
+

1

8

)
Ai(z)3 − 3z

8
Ai(z)2 Ai′(z)− z2

2
Ai(z)Ai′(z)2 +

1

8
Ai′(z)3

]
Bi(z)

+

[
−z
8
Ai(z)3 − z2

2
Ai(z)2 Ai′(z) +

3

8
Ai(z)Ai′(z)2 +

z

2
Ai′(z)3

]
Bi′(z) . (2.18)

In particular, the asymptotics of Airy functions (cf. (A.2)) imply

lim
xin→−∞

lim
xfin→∞

D(xin, yin;xfin) =
3

4
,

lim
xin→−∞

lim
xfin→∞

V (xin, yin;xfin) =
1

2
y⋆ = 1.169053705229883 . . . . (2.19)

Furthermore,
lim

xfin→∞
D(xin, yin;xfin) > 0

for any xin ∈ R (or equivalently, for any yin < y⋆).

Figure 3 shows graphs of the explicit expressions for the limits of the functions D and V as
xfin → ∞, as given in equation (2.15). These limits tend to 3

4 and 1
2 y

⋆, respectively, when xin →
−∞, in agreement with equation (2.19).

Remark 2.3. We also have explicit expressions for the functions D and V when xfin is finite, but
they are more complicated, see Proposition 6.1. ♢

2.3 Discussion
The most interesting feature of our results is that the expectation of yτ increases with the noise
intensity σ, since D is positive. Stricly speaking, we have proved this only in the limit yfin → y⋆,
but numerical simulations indicate that ∂yyT is always positive. One caveat of our result is that the
expansion in powers of σ is only guaranteed to be accurate for small σ. In that case, the expected
difference, of order σ2, is much smaller than the standard deviation of yτ , which has order σ.
Therefore, the probability of having yτ > ydetτ should be roughly 1

2 +O(σ), which is a small effect.
This is one of the reasons the analysis is quite technical.

However, in the next section we will show numerical simulations that indicate that the expan-
sions (2.11) and (2.12) are actually surprisingly accurate, even for σ = 1. In that case, the expected
difference and standard deviation are of comparable size, to that the effect of the noise is no longer
small.

One may wonder whether the presence of the indicator function 1Ω0 is necessary, or only a
technical limitation. The answer is that the indicator is indeed important. The main reason is that
if a sample path exits theh0-neighbourhood of the deterministic solution, it has a larger probability
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Figure 3: Plots of the explicit limit expressions of the functions D and V as xfin → ∞, derived in
equation (2.15), as a function of yin.

to reach the critical manifold y = −x2. In that case, the sample path may move to the left for a
while, before crossing the critical manifold again and moving to the right. This is a rare event, but
it can potentially have a large effect on expectations, which we do not take into account.

One question of interest is about the effect of undoing the scaling transforming the system (2.1)
into the system (2.2). The change in expectation now becomes of order ε4/3σ̄2, while the variance
has order ε2σ̄2. One may also wonder whether our results are only valid for xin and xfin of order 1,
or whether they can be extended to xin and xfin of order ε−1/3, as would be required to describe the
system for (x̄, ȳ) of order 1. While we do not provide here a rigorous proof of that fact, we expect
this extension to be possible, since the quantities D and V vary little when |xin| and xfin are large,
and the error terms in Proposition 4.12 actually decrease when x2 increases. The main effect is
that the prefactor in the probability (2.10) would scale like ( ¯yfin − ȳin)/(εσ̄), which is negligible
compared to the exponential term e−κ/σ = e−κ/(ε1/3σ̄).

For the SSO–NES system motivating this work, our results show that after the trajectories pass
the left fold point of the critical manifold (see Figure 1), the slow variable – associated with the
amplitude of the SSO – has an expectation larger than the corresponding deterministic solution,
with the difference becoming larger as the noise intensity increases. This suggests that noise
may promote unmitigated responses, increasing the probability that trajectories end on the right-
hand attracting branch above the rightmost unstable equilibrium (Figure 1b). This hypothesis will
require future verification through numerical and theoretical analyses. The numerical results in
the following section show that we can be confident in the validity of our results even for large
values of σ. However, the central manifold theorem, which allows the reduction to the normal form
of a dynamic saddle–node bifurcation, is valid only near the left fold point. For the deterministic
system, this reduction remains relevant beyond the immediate vicinity of the fold, particularly
concerning the trajectory’s arrival on the right-hand attracting branch of the critical manifold (see
Figure 5 of [1]), which is crucial for determining if mitigation occurs. Whether this extends to the
stochastic case will be explored in future work, taking into account the stochastic slow dynamics
after the system reaches the right-hand attracting branch, which also appears to influence the
system’s tipping, as suggested by results in [2].

2.4 Numerical simulations
In this section the results stated in Theorem 2.1 and Proposition 2.2 are compared with numer-
ical simulations. For this purpose, the statistics E(xin,yin)

[
yτ
]

and Var(xin,yin)[yτ ] are numerically
estimated via a Monte Carlo approach for 20 noise levels σ, ranging from 0.05 to 1, with 3 · 105
realizations of system (2.2) generated for each value. Note that the indicator function 1Ω0

is not
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Figure 4: Comparison between the results of Theorem 2.1 and numerical simulations. Nu-
merically estimated statistics LD and LV (see equation (2.20)) and their analytical counterparts,
D(xin, yin;xfin) and V (xin, yin;xfin) (see equation (2.13)), are plotted as functions of xfin for (a)
σ = 0.25, (b) σ = 0.5 and (c) σ = 1.

used here, since the expectation and variance are computed numerically over all generated sam-
ples. This should not make any difference for small σ, since P(Ωc

0) is exponentially small, but may
have an effect for larger noise levels. The following initial conditions are used: xin = −5 and
yin = −x2in +0.1 (i.e. near the critical manifold y = −x2). The simulation of the process (2.2) is per-
formed using an Euler-Maruyama scheme (see e.g. [14]) with an integration time step equal to 10−5.
The required standard normal random variables are generated using the Box–Muller algorithm.

In Figure 4, the integral forms (2.13) of the functions D(xin, yin;xfin) and V (xin, yin;xfin) are
plotted with respect to xfin and compared with their numerically estimated counterparts

LD =
2

σ2

[
E(xin,yin)

[
yτ
]
− yfin

]
and LV =

1

σ2
Var(xin,yin)[yτ ] , (2.20)

respectively. Only the results obtained for σ = 0.25 (Figure 4(a)), σ = 0.5 (Figure 4(b)) and σ = 1
(Figure 4(c)) are shown here.

Figure 5 displays, as functions of σ for a fixed value xfin = 30, the quantities

MD =
3

8

[
E(xin,yin)

[
yτ
]
− yfin

]
and MV =

2

y⋆
Var(xin,yin)[yτ ] , (2.21)

which, according to (2.19), are theoretically equal to σ2+O(σ3). The goal is to investigate the range
of validity of the explicit asymptotic expressions for D(xin, yin;xfin) and V (xin, yin;xfin) given in
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Figure 5: Comparison between Proposition 2.2 and numerical simulations. (a,b) Numerical esti-
mates ofMD andMV (see equation (2.21)) compared to their analytical counterpart σ2 as functions
of σ for xfin = 30. (c,d) log10(MD) and log10(MV ) plotted against log10(σ), which theoretically
yields a straight line with slope 2.

equation (2.19). The statistics (2.21) are first directly plotted as functions of σ in Figures 5(a,b) and
compared to the theoretical parabola σ2. Moreover, the root mean square error (RMSE) between
theory and data is computed for bothMD andMV , we obtain 0.0270897 and 0.0576924, respectively.
Finally, log10(MD) and log10(MV ) are plotted in Figures 5(c,d) with respect to log10(σ) which the-
oretically correspond to a line with slope equal to 2. Again, RSME are computed between theory
and data leading to 0.0185379 and 0.0380149 for log10(MD) and log10(MV ), respectively.

These comparisons show excellent agreement between the analytical and numerical estimates,
even for values of σ that appear to lie beyond the validity range of the small-σ expansions used in
this study. It should, however, be noted (see Figure 4) that the discrepancy between the numerical
and analytical results, as σ increases, is greater when xfin < 0. The reason for this discrepancy is
not clear at this point – a possible explanation is that it has to do with the indicator function 1Ω0

.
As it only occurs for rather large σ, however, this does not contradict our asymptotic results. Also,
it does not correspond to the most relevant scenarios, particularly in the context of our SSO–NES
application.
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3 Structure of the proofs
To prove Theorem 2.1, we start by fixing an initial condition (xin, yin) satisfying x2in + yin > 0, and
a final value xfin > xin. The main idea is to introduce a partition

xin = x0 < x1 < x2 < · · · < xN−1 < xN = xfin

of the interval [xin, xfin], and to study the equation (2.2) separately on each interval. The partition
could be chosen equally spaced, but the proof simplifies slightly if it is chosen “equally spaced in
y”, meaning that the deterministic solution starting in (xin, yin) reaches x = xn when y(t) = ydetn =
yin + nγ, where γ = (yfin − yin)/N . This means that the deterministic reference solution always
takes the same time γ to go from one section to the next one. Let

τn = inf{t > 0: xt = xn}

be the first-hitting time of the line {x = xn}. By the strong Markov property, to obtain the dis-
tribution of yτ = yτN , it is sufficient to know, for each n ∈ {0, 1, . . . , N − 1}, the distribution of
yτn+1

, conditionned on the value of yτn .
The analysis of a single “slice” [xn, xn+1] is performed in detail in Section 4. The main result

is Proposition 4.12, which provides moment estimates related to yτn+1 , given the value of yτn . To
obtain these estimates, we first analyse the distribution of the time required to reach the section
{x = xn+1}, and then use this information to describe the exit location.

Section 5 provides the proof of Theorem 2.1 by combining the information obtained on each
separate slice. This yields a recursive relation between moments, that is solved by going backwards
in time, starting with the interval [xN−1, xN ] and going all the way to {x = x0}. The moments can
be written as sums over n, that are then approximated by integrals.

Finally, Section 6 contains an analysis of the functions D and V that appear in Theorem 2.1,
and provides the proof of Proposition 2.2. This relies on properties of Airy’s equation and Airy
functions, that are used to derive explicit expressions for ∂yT and ∂yyT and analyse their integrals.

4 Analysis of one slice
In this section, we analyse the SDE (2.2) on one “slice” of width δ > 0. That is, we fix an initial
condition (x0, y0) satisfying

x20 + y0 > 0 ,

and define the stopping time
τ = inf

{
t > 0: xt = x0 + δ

}
. (4.1)

We will always assume that x20 + y0 is bounded below by a positive constant independent of δ. We
consider δ as a small parameter, but such that σ2 ≪ δ.

The aim is to characterise the distribution of yτ , in particular its expectation and its variance.
We divide this task into several steps:

• In Section 4.1, we perform a time change and a linearisation around the deterministic so-
lution with the same initial condition, in order to reduce the problem to a standardised
first-hitting problem, namely of the first time integrated Brownian motion hits a curve that
crosses the x-axis with slope −1.

• In Section 4.2, we consider the linearised equation. We determine a sharp approximation of
the density of the first-hitting time for this linearised process, based on results by Durbin
on first-hitting densities of Gaussian processes to general, curved boundaries [6].

• In Section 4.3, we use the results of the previous section to determine the expectation and
variance of the first-hitting time of the linearised process.

• In Section 4.4, we quantify the error made by linearising the equation.

• Finally, in Section 4.5, we derive properties of the distribution of yτ .

10



4.1 Time change
Let

ut = xt − xdet(t)

denote the difference between the x-components of the solutions of the SDE (2.2) and its deter-
ministic counterpart, for the same initial condition (x0, y0). It satisfies the equation

dut = (σWt + 2xdet(t)ut + u2t ) dt ,

with initial condition u0 = 0. The stopping time (4.1) can be rewritten

τ = inf
{
t > 0: ut = d(t)

}
,

where
d(t) = δ + x0 − xdet(t) .

In the deterministic case σ = 0, τ is equal to the deterministic value

T (x0, y0) = T (x0, y0;x0 + δ) = inf
{
t > 0: xdet(t) = x0 + δ

}
= inf

{
t > 0: d(t) = 0

}
.

Since
xdet(t) = x0 + (x20 + y0)t+O(t2) ,

one has
d(t) = δ − (x20 + y0)t+O(t2) , (4.2)

and therefore
T (x0, y0) =

δ

x20 + y0
+O(δ2) . (4.3)

We focus first on the linearised equation

du0t = (σWt + 2xdet(t)u0t ) dt ,

again with initial condition u00 = 0. Its solution can be written

u0t = σ e2α(t)
∫ t

0

e−2α(s)Ws ds ,

where

α(t) =

∫ t

0

xdet(s) ds = x0t+O(t2) . (4.4)

Let

τ0 = inf
{
t > 0: u0t = d(t)

}
= inf

{
t > 0: σ

∫ t

0

e−2α(s)Ws ds = e−2α(t) d(t)

}
.

The following result shows that up to a time change, we can always assume that d(t) vanishes in
t = δ, where its slope is close to −1, and that u0t is proportional to integrated Brownian motion.

Proposition 4.1. For sufficiently small δ, there exists an invertible time change

t = cg(t̃) = c
[
t̃+O(t̃2)

]
,

with c > 0 and g a strictly increasing function, close to identity, such that

τ0 = cg(τ̃0) , (4.5)
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where
τ̃0 = inf

{
t̃ > 0: σ̃Xt̃ = d̃(t̃)

}
. (4.6)

Here
σ̃ = σc3/2(1 +O(δ)) , (4.7)

Xt̃ is the integrated Brownian motion

Xt̃ =

∫ t̃

0

Ws ds ,

and d̃ is a strictly decreasing function satisfying

d̃(δ) = 0 , d̃′(δ) = −1 . (4.8)

Furthermore, d̃′(t̃) = −1 +O(δ) whenever t̃ = O(δ).

Proof: Assuming that g is indeed strictly increasing, we can write τ0 = cg(τ̃0) where

τ̃0 = inf
{
t̃ > 0: σX̃t̃ = d̃(t̃)

}
, (4.9)

with

X̃t̃ =

∫ cg(t̃)

0

e−2α(s)Ws ds ,

d̃(t̃) = e−2α(cg(t̃)) d(cg(t̃)) .

We now perform the change of variables s = cg(s̃) in the integral defining X̃t̃. We have ds =
cg′(s̃) ds̃, and the scaling property of Brownian motion implies that

Wcg(s̃) =

√
cg(s̃)

s̃
Ws̃ ,

where equality is in distribution. Therefore,

X̃t̃ = c3/2
∫ t̃

0

g′(s̃)

√
g(s̃)

s̃
e−2α(cgs̃))Ws̃ ds̃ .

We now require that g satisfies the ODE

g′(s̃) =

√
s̃

g(s̃)
e2α(cgs̃)) (4.10)

with initial condition g(0) = 0. Then we will have

σX̃t̃ = c3/2σXt̃ ,

so that (4.9) is equivalent to (4.6) with σ̃ = c3/2σ. Separating variables in (4.10), we get∫ g(s̃)

0

√
g e−2α(cg) dg =

∫ s̃

0

√
s̃ds̃ =

2

3
s̃3/2 .

Since the left-hand side is strictly increasing in g(s̃), this equation has a unique solution for any
s̃ ⩾ 0, which is strictly increasing in s̃, as required. Using (4.4) and a Taylor expansion, one finds

g(s̃) = s̃+
4

5
x0cs̃

2 +O(s̃3) . (4.11)

It remains to choose the value of c in such a way that d̃ satisfies (4.8). Setting

c =
T (x0, y0)

g(δ)
=

1

x20 + y0
+O(δ) (4.12)
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entails d(cg(δ)) = 0, and therefore d̃(δ) = 0. Furthermore, we obtain

d̃′(δ) = c e−2α(cg(δ)) d′(cg(δ))g′(δ)

= cd′(T (x0, y0))(1 +O(δ))

= −1 +O(δ) ,

where we have used (4.2) and (4.4). A similar computation shows that d̃′(t̃) has the same order
whenever t̃ = O(δ). We can achieve d̃′(δ) = −1 by scaling d̃(t̃) by a factor 1+O(δ), and modifying
the definition of σ̃ by an equivalent amount.

4.2 Linearised equation: density of hitting times
Thanks to Proposition 4.1, we have reduced the problem to the simpler one of characterising the
first time integrated Brownian motion crosses a decreasing curve, intersecting the time axis with
slope −1. Dropping the tildes for now, we can rewrite this as characterising

τ0 = inf
{
t > 0: σXt = d(t)

}
,

where Xt is the integrated Brownian motion

Xt =

∫ t

0

Ws ds , (4.13)

and d is strictly decreasing, with d(δ) = 0 and d′(δ) = −1. As a consequence, we have

d(t) = −(t− δ) +O((t− δ)2) . (4.14)

We will rely for that on results in [6] on first-passage densities of Gaussian processes through a
time-dependent boundary. These results depend on the covariance function of the process, which
we compute in the following lemma.

Lemma 4.2. For any choice of 0 ⩽ s ⩽ u ⩽ t, one has

ρ(s, u, t) := E
[
(Xu −Xs)(Xt −Xs)

]
=

2

3
s3 − 1

6
u3 +

1

2

[
u2t− s2u− s2t

]
.

Proof: This follows by writing

ρ(s, u, t) =

∫ u

s

∫ t

s

E
[
Wv1Wv2

]
dv1 dv2 ,

using the property E
[
Wv1Wv2

]
= v1 ∧ v2 of Brownian motion, and splitting the integral along the

line {v1 = v2}.

In particular, the covariance and variance of Xt are given by

E
[
XsXt

]
= ρ(s, t) := ρ(0, s, t) = −1

6
s3 +

1

2
s2t ,

E
[
X2

t

]
= ρ(t, t) =

1

3
t3 .

The distribution of Xt is centred Gaussian with this covariance, and therefore the density of u0t at
d(t) is given by

ϕ(t) =
1

σ
√
2πρ(t, t)

exp

{
− d(t)2

2σ2ρ(t, t)

}
. (4.15)
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By [6, Eq. (2)], the density of the first-passage time τ0 can be written as

ψ(t) = b(t)ϕ(t) , (4.16)

where the function b(t) solves a certain fixed-point equation, and is well-approximated by

b0(t) =
d(t)

ρ(t, t)
∂sρ(t, t)− d′(t) =

3

2t
d(t)− d′(t) .

More precisely, we have from [6, Eq. (7)] that

ψ(t) = b0(t)ϕ(t) +

∫ t

0

b̃(s, t)ϕ(t|s)ψ(s) ds , (4.17)

where
ϕ(t|s) = 1

σ
√
2πρ(s, t, t)

exp

{
− [d(t)− d(s)]2

2σ2ρ(s, t, t)

}
(4.18)

is analogous to ϕ(t), but for a starting point (s, d(s)) with s ∈ [0, t], and

b̃(s, t) = d′(t)− β1(s, t)d(s)− β2(s, t)d(t) , (4.19)

where β1 and β2 solve the linear system(
ρ(s, s) ρ(s, t)
ρ(s, t) ρ(t, t)

)(
β1(s, t)
β2(s, t)

)
=

(
∂tρ(s, t)
∂sρ(t, t)

)
. (4.20)

Substituting (4.18) in (4.17) and using (4.16), we obtain that b(t) satisfies the fixed-point equation

b(t) = b0(t) +
1

σ
√
2π

∫ t

0

√
ρ(t, t)

ρ(s, t, t)ρ(s, s)
b̃(s, t)b(s) e−r(s,t)/(2σ2) ds , (4.21)

where
r(s, t) =

d(s)2

ρ(s, s)
− d(t)2

ρ(t, t)
+

[d(t)− d(s)]2

ρ(s, t, t)
.

We will use Banach’s fixed point theorem to show that the solution b of (4.21) is indeed close to b0.
For this, the following two lemmas will be useful.

Lemma 4.3. For sufficiently small δ, there exists a constant rmin > 0, independent of δ, s and t, such that

r(s, t) ⩾
rmint

2

s3
⩾
rmin

s

holds whenever 0 ⩽ s ⩽ t ⩽ Tmax = 2δ.

Proof: We first note that Lemma 4.2 implies that

ρ(s, t, t) =
2

3
s3 +

1

3
t3 − s2t =

1

3
(t− s)2(t+ 2s) . (4.22)

It follows that
r(s, t) = 3

[
d(s)2

s3
− d(t)2

t3
+

[d(t)− d(s)]2

(t− s)2(t+ 2s)

]
.

It follows from the mean value theorem and the fact that d′(t) = −1 +O(δ) that

[d(t)− d(s)]2

(t− s)2(t+ 2s)
=

1 +O(δ)

t+ 2s
.
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This shows in particular that r(t, t) is well-defined (it is equal to d′(t)2/t). It is convenient to make
the change of variables

t = δx , s = δpx , (4.23)

since this maps the domain 0 ⩽ s ⩽ t ⩽ 2δ to 0 ⩽ x ⩽ 2, 0 ⩽ p ⩽ 1. Using the fact that
t+ 2s = δx(1 + 2p) ⩽ 3δx and d(t)2 = (δ − t)2(1 +O(δ)), we obtain

r(δx, δpx) ⩾
3

δp3x3
g(x, p)(1 +O(δ)) , (4.24)

where

g(x, p) = (1− px)2 − p3(1− x)2 +
p3x2

3

= ax2 − 2bx+ c ,

with a = p2(1− 2
3p), b = p(1− p2), and c = 1− p3. One can easily compute the minimum of g(x, p)

over x ∈ [0, 2]. However, it turns out to be preferable to minimise g(x, p)/x2. One finds that

∂

∂x

(
g(x, p)

x2

)
=

2(bx− c)

x3

vanishes in
x∗ =

c

b
=
p2 + p+ 1

p(1 + p)
= 1 +

1

p2 + p
.

There are two cases to consider:

1. If p ⩽ p∗ =
√
5−1
2 , then x∗ ⩾ 2, so that g(x, p)/x2 is decreasing for x ∈ [0, 2], and therefore

g(x, p)

x2
⩾
g(2, p)

4
=

1

4

[1
3
p3 + (1− 2p)2

]
.

One easily checks that this is bounded below by a positive constant for p ∈ [0, p∗].

2. If p∗ < p ⩽ 1, then x∗ ∈ (0, 2) and

g(x, p)

x2
⩾
g(x∗, p)

(x∗)2
= a− b2

c
= p2

[
1− 2

3
p− (1− p2)(1 + p)

1 + p+ p2

]
,

which is also bounded below by a positive constant for p ∈ [p∗, 1].

The result follows by replacing this lower bound in (4.24), together with the relations

x =
t

δ
, p =

s

δx
=
s

t

which are the inverse of the transformation (4.23).

The next lemma gives a bound on the prefactor of the exponential term in (4.21).

Lemma 4.4. There exists a constant M0 > 0 such that for any 0 < s ⩽ t ⩽ Tmax, one has∣∣∣∣∣
√

ρ(t, t)

ρ(s, t, t)ρ(s, s)
b̃(s, t)

∣∣∣∣∣ ⩽ M0δ

s5/2
.

Proof: The matrix M(s, t) appearing in (4.20) has determinant

detM(s, t) =
s3

36

[
4t3 − 9st2 + 6s2t− s3

]
=

1

36
s3(t− s)2(4t− s) .
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This allows to solve (4.20) for β1 and β2. Using the fact that

∂tρ(s, t) =
1

2
s2 , ∂sρ(t, t) =

1

2
s2 ,

we obtain
β1(s, t) = − 3t2

s(t− s)(4t− s)
, β2(s, t) =

3(2t− s)

(t− s)(4t− s)
.

By Taylor’s formula, there exists θ ∈ (s, t) such that

d(s) = d(t)− (t− s)d′(t) +
1

2
(t− s)2d′′(θ) .

Plugging the last two relations into (4.19) and rearranging terms yields

b̃(s, t) =
t− s

s(4t− s)

[
3d(t)− (3t− s)d′(t) +

3

2
t2d′′(θ)

]
.

Using 4t− s ⩾ 3t and 3t− s ⩽ 3t, we obtain

|b̃(s, t)| ⩽ t− s

st

[
|d(t)|+ t|d′(t)|+ 1

2
t2|d′′(θ)|

]
.

The result then follows by using the lower bound ρ(s, t, t) ⩾ 1
3 (t− s)2t, which follows from (4.22),

together with the facts that d(t) = O(δ), while d′ and d′′ are bounded on [0, Tmax].

We can now show the main result of this subsection, using a classical fixed-point argument.

Proposition 4.5. For sufficiently small σ, there exists a constant κ > 0 such that (4.21) has a unique
solution satisfying ∣∣b(t)− b0(t)

∣∣ ⩽ δ3

t
e−κ/σ2

for all t ∈ [0, Tmax].

Proof: We will apply Banach’s fixed-point theorem to the spaceB = C([0, Tmax],R) of continuous
functions b : [0, Tmax] → R, equipped with the weighted supremum norm

∥b∥ = sup
0⩽t⩽Tmax

t|b(t)| .

This definition guarantees that ∥b0∥ ⩽ M1δ for a constant M1 independent of t and δ. We write
(4.21) as the fixed-point equation b = Γb, where Γ : B → B is the integral operator

(Γb)(t) = b0(t) +

∫ t

0

k(s, t)b(s) ds ,

with

k(s, t) =
1

σ
√
2π

√
ρ(t, t)

ρ(s, t, t)ρ(s, s)
b̃(s, t) e−r(s,t)/(2σ2) .

Lemmas 4.3 and 4.4 imply that ∣∣k(s, t)∣∣ ⩽ M0δ

σ
√
2πs5/2

e−rmin/(2σ
2s) .

It follows that ∣∣(Γb)(t)∣∣ ⩽ M1δ

t
+
M0δ√
2π

∫ t

0

e−rmin/(2σ
2s)

σs7/2
ds ∥b∥ .
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Using the change of variables x = rmin/(2σ
2s), one checks that the integral is bounded by e−κ/σ2

for a constant κ comparable to rmin. This implies

∥Γb∥ ⩽M2δ
[
1 + δ e−κ/σ2

∥b∥
]

for a constant M2 > 0. Choosing for instance R = 2M2δ, we see that for ∥b∥ ⩽ R and σ small
enough, one has ∥Γb∥ ⩽ R, so that Γ maps the ball of radius R into itself.

A similar argument shows that if b1 and b2 belong to that ball, then

∥Γb2 − Γb1∥ ⩽M2δ
2 e−κ/σ2

∥b2 − b1∥ .

Therefore, for sufficiently small σ, Γ is a contraction on the ball {∥b∥ ⩽ R}, with contraction
constant λ = M2δ

2 e−κ/σ2

< 1, so that Banach’s fixed point theorem implies that the equation
Γb = b admits a unique solution. Furthermore, the sequence of bn = Γnb0 converges to the fixed
point b, so that

∥b0 − b∥ ⩽ ∥b0 − b1∥+ ∥b1 − b2∥+ . . .

⩽ (1 + λ+ λ2 + . . . ) ∥b0 − b1∥

=
1

1− λ
∥b0 − b1∥ .

Since b0 = Γ(0), we have ∥b0 − b1∥ ⩽ λ ∥b0∥ ⩽M1δλ. By slightly decreasing the value of κ, we can
absorb any multiplicative constant in the term e−κ/σ2

, so that ∥b0 − b∥ ⩽ δ3 e−κ/σ2

, which implies
the result.

Owing to (4.17), a direct consequence of this result is that the density of τ0 is given on [0, Tmax]
by

ψ(t) =

[
3

2t
d(t)− d′(t) +O

(
δ3

t
e−κ/σ2

)]
ϕ(t) . (4.25)

This will allow us to compute moments of τ0.

4.3 Linearised equation: moments of hitting times
We now compute the expectation and variance of the first hitting time τ0, using the density ob-
tained in the previous section. To this end, we introduce the event

Ω1 =
{
ω : τ0(ω) < Tmax

}
, (4.26)

where we recall that Tmax = 2δ. We will show in Corollary 4.9 below that Ω1 has a probability
exponentially close to 1.

Proposition 4.6. For sufficiently small σ and δ, the first two moments of τ01Ω1 admit the expansions

E
[
τ01Ω1

]
= δ +

1

2
δ2σ2 +O(δ3σ2) , (4.27)

and
Var
[
τ01Ω1

]
=

1

3
δ3σ2 +O(δ4σ2) . (4.28)

Furthermore, the third moment satisfies

E
[
(τ0)31Ω1

]
= δ3 +O(δ4σ2) . (4.29)

Proof: The expected value of τ01Ω1 is given by the integral

E[τ01Ω1
] =

∫ Tmax

0

t ψ(t) dt , (4.30)
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where (4.25), (4.14) and (4.15) imply that the density ψ is given by

ψ(t) =

√
3

σ
√
2πt3

[(
3δ

2t
− 1

2

)
+O(δ − t) +O

(
δ3

t
e−κ/σ2

)]
exp

{
−3d(t)2

2σ2t3

}
.

Substituting this in the integral (4.30) gives

E[τ01Ω1 ] =
1

σ

√
3

2π

∫ Tmax

0

[
qδ(t) + r1(t) + r̄1(t)

]
exp

{
−pδ(t)

σ2
(1 + r2(t))

}
dt ,

where
qδ(t) =

1√
t

(
3δ

2t
− 1

2

)
, pδ(t) =

3

2

(δ − t)2

t3
,

and the remainders satisfy r1(t), r2(t) = O(δ − t) and r̄1(t) = O(δ3t−1 e−κ/σ2

). We note that the
remainder r̄1(t) yields only an exponentially small error term, despite the fact that it diverges like
t−1, thanks to the behaviour in t−3 of pδ(t). Since this is negligible with respect to any algebraic
order term in σ, we can ignore it from now on. We now perform the change of variables

z =

√
3

δ3/2σ
(δ − t) ,

which yields

E[τ01Ω1
] =

δ3/2√
2π

∫ √
3/(

√
δσ)

−
√
3/(

√
δσ)

[
qδ

(
δ − δ3/2σ√

3
z

)
+ r̃1(z)

]
× exp

{
− 1

σ2
pδ

(
δ − δ3/2σ√

3
z

)(
1 + r̃2(z)

)}
dz ,

with remainders r̃1(z), r̃2(z) = O(δ3/2σz). To simplify this expression, we introduce

σ̃ =
δ1/2σ√

3
, (4.31)

and note that

qδ

(
δ − δ3/2σ√

3
z

)
= qδ

(
δ(1− σ̃z)

)
=

1√
δ
q1
(
1− σ̃z

)
,

and

pδ

(
δ − δ3/2σ√

3
z

)
=
z2

2

δ3

(δ − δσ̃z)3
σ2 =

z2

2

1

(1− σ̃z)3
σ2 .

The expectation then becomes

E[τ01Ω1
] =

δ√
2π

∫ 1/σ̃

−1/σ̃

[
q1(1− σ̃z) + r̃1(z)

]
exp

{
−z

2

2

1 + r̃2(z)

(1− σ̃z)3

}
dz . (4.32)

For sufficiently small σ̃, we can use the Taylor expansions

q1(1− σ̃z) = q1(1)− q′1(1)σ̃z +
1

2
q′′1 (1)σ̃

2z2 +O(σ̃3z3) ,

and

exp

{
−z

2

2

1 + r̃2(z)

(1− σ̃z)3

}
= exp

{
−z

2

2
(1 + 3σ̃z + 6σ̃2z2 +O(σ̃3z3))(1 + r̃2(z))

}
= exp

{
−3

2
σ̃z3 − 3σ̃2z4 +O(σ̃3z5) +O

(
z2r̃2(z)

)}
e−z2/2

=

[
1− 3

2
z3σ̃ +

(
−3z4 +

9

8
z6
)
σ̃2 +O(σ̃3z5) +O

(
z2r̃2(z)

)]
e−z2/2 .
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Using the fact that r̃i(z) = aiδσ̃z + O(δ2σ̃2z2), i = 1, 2, for some constants a1, a2, as well as the
expression

1√
2π

∫ ∞

−∞
zk e−z2/2 dz =

{∏k/2
i=1(2i− 1) if k is even ,

0 if k is odd ,

for the moments of the standard normal law, we find, upon substituting the expansions into (4.32),

E[τ01Ω1
] = δ

[
q1(1) +

(
63

8
q1(1) +

9

2
q′1(1) +

1

2
q′′1 (1)

)
σ̃2 +O(δσ̃2)

]
.

Here we used the fact that extending the bounds in the integral (4.32) to ±∞ only produces expo-
nentially small error terms. The Taylor coefficients of q1 at 1 are found to be q1(1) = 1, q′1(1) = −2,
and q′′1 (1) = 21

4 , which yields

E[τ01Ω1 ] = δ +
3

2
δσ̃2 +O(δ2σ̃2) .

Plugging in the value (4.31) of σ̃ gives (4.27). A similar computation, in which only the expression
for qδ is changed, can be made for the second moment of τ0. One obtains

E[(τ0)21Ω1
] = δ2 +

4

3
δ3σ2 +O(δ4σ2) ,

which yields (4.28). The proof of (4.29) is similar.

Recall that the moments of τ0 have been computed after performing the time change defined
in Section 4.1 and dropping the tildes. We now have to undo this time change. We first note that
the event Ω1 becomes

Ω1 =
{
τ0(ω) < T̂max

}
, where T̂max = cg(Tmax) .

The result on moments is then as follows, where we introduced the shorthand

r0 = x20 + y0 .

Corollary 4.7. For sufficiently small σ and δ, the moments of τ0 before the time change satisfy

E
[
τ01Ω1

]
= T (x0, y0) +

1

2

T (x0, y0)
2σ2

r20
+O

(
δ3σ2

r40

)
,

Var
[
τ01Ω1

]
=

1

3

T (x0, y0)
3σ2

r20
+O

(
δ4σ2

r50

)
,

E
[
(τ0)31Ω1

]
= T (x0, y0)

3 +O
(
δ4σ2

r60

)
.

Proof: Recall the relation τ0 = cg(τ̃0), cf. (4.5), where g(t) = t+O(t2), cf. (4.11), and the constant
c is given by (4.12). To compute the expectation of τ0, we write

E
[
τ01Ω1

]
− cg(δ)P(Ω1) = E

[
(τ0 − cg(δ))1Ω1

]
= cE

[
(g(τ̃0)− g(δ))1Ω1

]
= cE

[∫ τ̃0

δ

g′(t) dt1Ω1

]
= cE

[(
τ̃0 − δ +O((τ̃0)2 − δ2)

)
1Ω1

]
= c

[
δ +

1

2
δ2σ̃2 +O(δ3σ̃2)− δP(Ω1)

]
+O(cδ3σ̃2) ,

where σ̃ has been defined in (4.7). As mentioned before, we will show in Corollary 4.9 that P(Ω1)
is exponentially close to 1. The result for the expectation follows from the definition (4.12) of c
and the relation (4.3) between δ and T (x0, y0). The other moments are computed in an analogous
way.
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4.4 Nonlinear equation
Recall that the moments of τ0 that we computed correspond to the linearised equation

du0t = (σWt + 2xdet(t)u0t ) dt . (4.33)

We now extend these results to the non-linear equation

dut = (σWt + 2xdet(t)ut + u2t ) dt . (4.34)

To do that, we show that zt = ut − u0t remains small with high probability. We begin with a
preparatory estimate.

Lemma 4.8. There exist constants M0, κ0 > 0 such that for any H > 0 and 0 ⩽ t ⩽ Tmax, one has

P
{

sup
0⩽s⩽t

|u0s| > H

}
⩽M0Ht exp

{
−κ0

H2

σ2t3

}
.

Proof: One can use the bound in [5, Theorem 2.2] on the supremum of a Gaussian process. This
requires a bound of the form

E
[
(Xt −Xs)

2
]
⩽ G|t− s|γ

to hold. This is indeed the case with γ = 2, thanks to the computation of the covariance made
in (4.22).

This result allows us to show that the probability of the event Ω1 introduced in (4.26) is expo-
nentially close to 1.

Corollary 4.9. There exist constant M1, κ1 > 0 such that

P(Ωc
1) ⩽M1

δ2

r0
e−κ1r

3
0/(δσ

2) .

Proof: It suffices to apply Lemma 4.8 with t = T̂max, which scales like δ/r0, and an H of order δ,
chosen in such a way that |u0t | ⩽ H for all t ⩽ T̂max implies τ0 < T̂max.

We are now able to bound the probability that the difference zt = ut − u0t becomes large.

Lemma 4.10. For δ small enough, there exist constants κ,M, h0 > 0 such that for any h ∈ (0, h0] and
0 ⩽ t ⩽ T̂max, one has

P
{

sup
0⩽s⩽t

|zs| > h

}
⩽M exp

{
−κ h

σ2t4

}
.

Proof: Taking the difference of (4.34) and (4.33), we find that zt satisfies

dzt =
[
(u0t )

2 + 2(x0t + u0t )zt + z2t
]
dt .

We introduce the stopping time

τ = inf
{
s > 0: |zs| > h

}
.

For any decomposition h = h1 + h2 + h3 + h4, we can write

P
{

sup
0⩽s⩽t

|zs| > h

}
⩽

4∑
j=1

P
{

sup
0⩽s⩽t∧τ

|rj(t)| > hj

}
=:

4∑
j=1

Pj ,

where

r1(t) =

∫ t

0

(u0s)
2 ds , r2(t) = 2

∫ t

0

u0szs ds , r3(t) =

∫ t

0

z2s ds , r4(t) = 2

∫ t

0

x0szs ds .

20



Using Lemma 4.8, we obtain the existence of constants κ1, κ2,M1,M2 > 0 such that

P1 ⩽M1 exp

{
−κ1

h1
σ2t4

}
, P2 ⩽M2 exp

{
−κ2

h22
h2σ2t5

}
.

Choosing h1 of order h and h2 of order h3/2t1/2 yields comparable P1 and P2. Taking h3 = th2

and h4 of order th yields P3 = P4 = 0. Since t ⩽ T̂max = O(δ), such a choice of the hi is possible.
Combining the bounds yields the result.

We have now everything needed to extend the moment estimates in Corollary 4.7 to τ . It will
be convenient to define the event

Ω2 =

{
ω : sup

0⩽t⩽T̂max

|ut(ω)| ⩽ aT̂max

}
,

where the constant a will be chosen in a suitable way.

Proposition 4.11. There exist constants M,κ, a > 0 such that for sufficiently small σ and δ,

P(Ωc
2) ⩽M e−κr0/(δσ

2) . (4.35)

Furthermore, the moments of τ satisfy

E
[
τ1Ω2

]
= T (x0, y0) +

1

2

T (x0, y0)
2σ2

r20
+O

(
δ3σ2

r40

)
+O

(
e−κr0/δ

)
,

Var
[
τ1Ω2

]
=

1

3

T (x0, y0)
3σ2

r20
+O

(
δ4σ2

r50

)
+O

(
e−κr0/δ

)
,

E
[
τ31Ω2

]
= T (x0, y0)

3 +O
(
δ4σ2

r60

)
+O

(
e−κr0/δ

)
.

Proof: Given h ∈ [0, aT̂max], we introduce the events

Ω0(h) =

{
ω : sup

0⩽t⩽T̂max

|u0t (ω)| ⩽ aT̂max − h

}
,

Ω3(h) =

{
ω : sup

0⩽t⩽T̂max

|ut(ω)− u0t (ω)| ⩽ h

}
.

It follows from Lemmas 4.8 and 4.10 that

P(Ω0(h)
c) ⩽M0aT̂

2
max exp

{
−κ0

(aT̂max − h)2

σ2T̂ 3
max

}
,

P(Ω3(h)
c) ⩽M1 exp

{
−κ1

h

σ2T̂ 4
max

}
for some M0,M1, κ0, κ1 > 0. Since Ω2 ⊂ Ω0(h) ∩ Ω3(h) for any admissible h, we have P(Ωc

2) ⩽
P(Ω0(h)

c) + P(Ω3(h)
c), and the bound (4.35) follows by choosing

h = T̂ 3
max .

Regarding the expectations, we observe that if ω ∈ Ω2 ∩ Ω3(h), then |u0t (ω)| ⩽ aT̂max + h for all
t ∈ [0, T̂max]. If a is a sufficiently small constant (independent of δ and h), this implies τ0 < T̂max.
Therefore,

Ω2 ∩ Ω3(h) ⊂ Ω1 . (4.36)

For any h1 ∈ R, we write
τ0(h1) = inf{t > 0: u0t = d(t) + h1} .
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Then by construction, on Ω3(h) one has

τ0(−h) ⩽ τ ⩽ τ0(h) .

Using (4.36), this yields the upper bound

E[τ1Ω2
] = E[τ1Ω2

1Ω3(h)] + E[τ1Ω2
1Ω3(h)c ]

⩽ E[τ0(h)1Ω2∩Ω3(h)] + T̂maxP(Ω3(h)
c)

⩽ E[τ0(h)1Ω1
] + T̂maxP(Ω3(h)

c) ,

and the lower bound

E[τ1Ω2
] ⩾ E[τ0(−h)1Ω2∩Ω3(h)]

= E[τ0(−h)1Ω1
]− E[τ0(−h)1Ω1∩(Ω2∩Ω3(h))c ]

⩾ E[τ0(−h)1Ω1 ]− T̂max

[
P(Ωc

2) + P(Ω3(h)
c))
]
.

Corollary 4.7 implies that for any h of order T̂max,

E[τ0(h)1Ω1
] = T (x0, y0) +

h+O(δh)

r0
+

1

2

T (x0, y0)
2σ2

r20
+O

(
δ3σ2

r40

)
.

The choice
h = σ2T̂ 3

max

ensures that the term of order h can be incorporated in the error term, since T̂max scales like δ/r0.
Furthermore, with this choice of h, P(Ω3(h))

c has order e−κ/T̂max . This yields the expression for
E[τ1Ω2

]. The other moments are treated in a similar way.

4.5 Moments of the exit location
Having obtained the moments of τ , we can now proceed to deriving expressions for the moments
of yτ , which is the main result of this entire section. Here it will be useful to work with the event

Ω4 = Ω2 ∩
{
ω : sup

0⩽t⩽T̂max

σ|Wt(ω)| ⩽ bT̂max

}
(4.37)

where b > 0 will be chosen later on.

Proposition 4.12. There exist constants M,κ > 0, depending only on b, such that for sufficiently small
σ and δ,

P(Ωc
4) ⩽M e−κδ/(r0σ

2) . (4.38)

Furthermore, the first three moments of (yτ − y0 − T (x0, y0))1Ω4 satisfy

E
[(
yτ − y0 − T (x0, y0)

)
1Ω4

]
=

1

2

T (x0, y0)
2σ2

r20
+O

(
δ3σ2

r40

)
+O

(
e−κr0/δ

)
, (4.39)

E
[(
yτ − y0 − T (x0, y0)

)2
1Ω4

]
= T (x0, y0)σ

2 − T (x0, y0)
2

r0
σ2 +O

(
δ3σ2

r40

)
+O

(
e−κr0/δ

)
,

E
[(
yτ − y0 − T (x0, y0)

)3
1Ω4

]
= O(σ3) +O

(
δ3

r30

)
.

Proof: Using either the Bernstein-type estimate [4, Lemma B.1.3], or [5, Theorem 2.2], applied
this time to Brownian motion, we obtain

P
{

sup
0⩽t⩽T̂max

σ|Wt| > bT̂max

}
⩽M0 e

−κ0b
2T̂ 2

max/(σ
2T̂max) =M0 e

−κ0b
2T̂max/σ

2

.
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Since T̂max scales like δ/r0, this yields (4.38), considering the bound (4.35) on P(Ωc
2).

Regarding the moments, since yt = y0 + t+ σWt, we have immediately

E
[
yτ1Ω2

]
= y0P(Ω2) + E

[
τ1Ω2

]
+ σE

[
Wτ1Ω2

]
.

Since τ ∧ T̂max is a stopping time, and (Wt)t⩾0 is a martingale, we have

0 = E
[
Wτ∧T̂max

]
= E

[
Wτ∧T̂max

1Ω2

]
+ E

[
Wτ∧T̂max

1Ωc
2

]
= E

[
Wτ1Ω2

]
+ E

[
Wτ∧T̂max

1Ωc
2

]
,

since ω ∈ Ω2 implies τ(ω) ⩽ T̂max. The Cauchy–Schwarz inequality implies∣∣E[Wτ∧T̂max
1Ωc

2

]∣∣ ⩽√E
[
W 2

τ∧T̂max

]√
P(Ωc

2) .

Since (W 2
t )t⩾0 is a submartingale,

E
[
W 2

τ∧T̂max

]
⩽ E

[
W 2

T̂max

]
= T̂max = O(cδ) ,

and the bound (4.39) on the expectation, with 1Ω2
instead of 1Ω4

, follows from (4.35). To extend the
bound to 1Ω4

, we write
E
[
yτ1Ω4

]
= E

[
yτ1Ω2

]
+ E

[
yτ1Ω4∩Ωc

2

]
.

Since yτ is bounded on Ω4, the second term on the right-hand side is bounded by a constant times
P(Ωc

2), which yields a negligible exponentially small error term.
To estimate the second moment, we first compute

E
[
(yτ − y0)

21Ω2

]
= E

[
τ21Ω2

]
+ 2σE

[
τWτ1Ω2

]
+ σ2E

[
W 2

τ 1Ω2

]
.

The term E[τ21Ω2 ] has been estimated in Proposition 4.11. We consider next the term E[W 2
τ 1Ω2 ].

Here we use the fact that the process (Mt)t⩾0 given by

Mt =W 2
t − t

is a martingale. By a similar stopping argument as before, we get

E
[
W 2

τ 1Ω2

]
= E

[
τ1Ω2

]
+O

(√
E
[
M2

τ∧T̂max

]√
P(Ωc

2)
)
.

To compute E[τWτ1Ω2 ], we observe that since d(tWt) = tdWt +Wt dt, we have the integration-
by-parts relation

tWt = Xt +

∫ t

0

sdWs ,

where Xt is defined in (4.13). The stochastic integral being a martingale, that we denote M ′
t , we

obtain
E
[
(τWτ )1Ω2

]
= E

[
Xτ1Ω2

]
− E

[
M ′

τ∧T̂max
1Ωc

2

]
.

Here we can reuse the results from Section 4.3, since σXt is equal to u0t in the particular case
α(t) = 0, and u0τ = d(τ) for a suitable boundary d. This yields

σE
[
Xτ1Ω2

]
= T (x0, y0)− E

[
τ1Ω2

]
= −1

2

T (x0, y0)
2σ2

r20
+O

(
δ3σ2

r40

)
.

Combining the different estimates, and using a similar argument to replace 1Ω2 by 1Ω4 yields the
expression for the second moment. The proof of the third moment is similar.
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y⋆

xn−1

ydetn−1

xn

ydetn

xn+1

ydetn+1

(xdet(t), ydet(t))

y = −x2

x

y

Figure 6: Definition of the partition of [xin, xfin]. The difference ydetn+1 − ydetn is constant, equal to
γ. The difference δn = xn+1 − xn is increasing with n.

5 Combining the slices
In this section, we provide the proof of Theorem 2.1. We fix an initial condition (xin, yin) satisfying
x2in + yin > 0, and a final y-value yfin < y⋆. Let (xdet(t), ydet(t)) be the deterministic solution (2.3)
with this initial condition, and let xfin = xdet(yfin).

5.1 Partition
We first choose a partition (xn)0⩽n⩽N of [xin, xfin] that is “equidistant in y” (see Figure 6). Given
an integer N ⩾ 1, that will be taken large, the partition is defined by

xn = xdet(nγ) , γ =
yfin − yin

N
.

To lighten notations, we write
ydetn = ydet(nγ) = yin + nγ .

We use the superscript det for ydetn to distinguish it from general starting points yn on the section
{x = xn}. Since such a distinction is not needed for xn, we omit the superscript in that case. Note
that since

xn+1 = xn + γ(x2n + ydetn ) +O(γ2) ,

we have
δn := xn+1 − xn = γ(x2n + ydetn ) +O(γ2) .

Given yn > −x2n and 0 ⩽ n < m ⩽ N , we use the notation

Tn,m(yn) = T (xn, yn;xm)

for the deterministic time needed for the solution starting in (xn, yn) to reach the line {x = xm}
(the notation T (xn, yn;xm) has been introduced in (2.8)). In particular, we have

Tn,m(ydetn ) = ydetm − ydetn = (m− n)γ .

In other words, the deterministic reference solution (xdet(t), ydet(t)) takes always the same time γ
to move from a line {x = xn} to the next line {x = xn+1}.

In order to work with bounded values of yn, we fix a strictly increasing function h : [xin, xfin] →
(0,∞), and introduce the increasing family of sets

Bn =
{
(x, y) ∈ R2 : xin ⩽ x ⩽ xn, |y − ydet(x)| ⩽ 2h(x)

}
,
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xn−1 xn xn+1

Bn−1

Bn

Bn+1

In−1

In
In+1

ydet(x)

ydet(x) + 2h(x)

ydet(x)− 2h(x)

(xt, yt)

x

y

Figure 7: Definition of the sets Bn. Each set extends all the way to x = xin, so the sets are nested
(Bn−1 ⊂ Bn ⊂ Bn+1). The sample path (xt, yt)t is an element of Ω̂n−1,n+1.

where ydet(x) stands for the deterministic reference solution parametrized by x (the reciprocal of
the function xdet(y) defined in (2.4)). We also introduce the intervals

In = [ydetn − h(xn), y
det
n + h(xn)]

(see Figure 7). Denoting by τn the first-exit time of the sample path (xt, yt)t⩾0 from Bn, we define
the events

Ω̂n =
{
xτn = xn, yτn ∈ In

}
.

These events correspond to the sample path remaining between the curves y = ydet(x)−2h(x) and
y = ydet(x) + 2h(x), and exiting the set Bn through its right-hand boundary, at a point (xn, yτn)
such that yτn lies in In. The reason for the factor 2 in the definition of Bn is as follows. Since

T (xn, yn;xn+1) = γ +O(γ2) ,

the deterministic solution starting in (xn, yn) with yn ∈ In will cross the next section {x = xn+1}
at height y(T ) satisfying

y(T ) = yn + γ +O(γ2) ,

so that ∣∣y(T )− ydetn+1

∣∣ ⩽ ∣∣yn − ydetn

∣∣+O(γ2) ⩽ h(xn) +O(γ2) .

Since h is strictly increasing, we have h(xn+1) > h(xn) + bγ for some b > 0, and therefore y(T ) ∈
In+1 for γ small enough. This guarantees that the stochastic sample path starting in (xn, yn) will,
with high probability, reach the line {x = xn+1} at a point in In+1. More precisely, we have the
following bound.

Proposition 5.1. There exist constants κ,M > 0 such that for γ small enough and any yn ∈ In, one has

Pxn,yn(Ω̂c
n+1) ⩽M e−κγ/σ2

. (5.1)

Proof: Recall that yt = ydett + σWt, and that we have constructed the sets Bn and In in such a
way that the deterministic solution remains at distance bγ from the boundaries ofBn and In+1 for
some b > 0. Therefore, the set Ω4 = Ω4,n introduced in (4.37) is included in Ω̂n, for this choice of
b. Hence, the result follows from (4.38) and the fact that δ/r0 scales like γ.

An immediate consequence of this result is that we can bound the probability of events

Ω̂n,m =

m⋂
p=n+1

Ω̂p , 0 ⩽ n < m ⩽ N ,
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which means that sample paths remain between the curves y = ydet(x)− 2h(x) and y = ydet(x) +
2h(x) at least until xt reaches xm, and cross each line {x = xp} at height yτp ∈ Ip. See Figure 7 for
an example.

Corollary 5.2. For any yn ∈ In and 0 ⩽ n < m ⩽ N , one has

Pxn,yn
(
Ω̂c

n,m

)
⩽ (m− n) e−κγ/σ2

.

Proof: The decomposition Ω̂c
n,m = Ω̂c

n+1 ∪ Ω̂c
n+1,m allows us to write

Pxn,yn
(
Ω̂c

n,m

)
= Pxn,yn

(
Ω̂c

n+1 ∪ Ω̂c
n+1,m

)
= Pxn,yn

(
Ω̂c

n+1 ∪ (Ω̂n+1 ∩ Ω̂c
n+1,m)

)
= Pxn,yn

(
Ω̂c

n+1

)
+ Pxn,yn

(
Ω̂n+1 ∩ Ω̂c

n+1,m

)
.

The first term can be bounded by (5.1), while the strong Markov property implies

Pxn,yn
(
Ω̂n+1 ∩ Ω̂c

n+1,m

)
⩽ sup

yn+1∈In+1

Pxn+1,yn+1
(
Ω̂c

n+1,m

)
.

The result then follows by induction, starting with n = m− 1 and moving backward in time.

Since the event Ω0 introduced in (2.9) contains Ω̂0,N provided h(x) ⩽ h0 for all x, we have
P(Ωc

0) ⩽ P(Ω̂c
0,N ), and the bound (2.10) will follow from our choice of γ.

5.2 Expectation of yτ
Our aim is now to compute the expectations

En,N (yn) = E(xn,yn)
[
yτN1Ω̂n,N

]
for yn ∈ In. Since the starting point yn may be different from the reference solution ydetn , we
introduce the notation

Πn(yn) = yn + Tn,n+1(yn) (5.2)

for its image on {x = xn+1} by the deterministic flow. In other words, Πn is the deterministic
Poincaré map from the section {x = xn} to the next section {x = xn+1}. In particular, we have
Πn(y

det
n ) = ydetn + γ = ydetn+1.

Then, we have the following inductive relation, which is based on a Taylor expansion of En,N .

Proposition 5.3. Given 1 ⩽ n ⩽ N and an initial condition yn−1 ∈ In−1, letZn be the random variable

Zn =
yτn −Πn−1(yn−1)

σ
.

Then one has

En−1,N (yn−1) = En,N

(
Πn−1(yn−1)

)
Pxn−1,yn−1(Ω̂n)

+ σE′
n,N

(
Πn−1(yn−1)

)
E(xn−1,yn−1)

[
Zn1Ω̂n

]
+

1

2
σ2E′′

n,N

(
Πn−1(yn−1)

)
E(xn−1,yn−1)

[
Z2
n1Ω̂n

]
+

1

6
σ3E(xn−1,yn−1)

[
Z3
n1Ω̂n

E′′′
n,N

(
Πn−1(yn−1) + θσZn

)]
(5.3)

for some θ ∈ [0, 1].
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Proof: Let χn be the density of yτn , restricted to In (this can be viewed as the density of the
process killed if it does not leave Bn through In). Since 1Ω̂n−1,N

= 1Ω̂n−1
1Ω̂n,N

, the strong Markov
property applied on {x = xn} implies

En−1,N (yn−1) = E(xn−1,yn−1)
[
yτN1Ω̂n−1

1Ω̂n,N

]
=

∫
In

χn(z)En,N

(
Π(yn−1) + σz

)
dz .

We use the Taylor expansion with remainder

En,N

(
Π(yn−1) + σz

)
=

2∑
k=0

1

k!
σkzkE

(k)
n,N

(
Π(yn−1)

)
+

1

3!
σ3z3E′′′

n,N

(
Π(yn−1) + θσz

)
.

Since ∫
In

zkχn(z) dz = P(xn−1,yn−1)
{
Zk
n1Ω̂n

}
for any k ⩾ 0, the first three terms in the Taylor expansion yield the first three terms in (5.3). The
remainder is dealed with in a similar way, except that the function E′′′

n,N has to remain inside the
expectation.

From now on, we make the choice
γ = σ ,

since this will yield near-optimal error terms, and simplify their expressions. Since the event Ω4 =

Ω4,n introduced in (4.37) is included in Ω̂n, Proposition 4.12 implies

E(xn−1,yn−1)
[
Zn1Ω̂n

]
=

1

2
σ
Tn−1,n(yn−1)

2

(x2n + ydetn )2
+O(σ3) ,

E(xn−1,yn−1)
[
Z2
n1Ω̂n

]
= Tn−1,n(yn−1) +O(σ2) .

E(xn−1,yn−1)
[
Z3
n1Ω̂n

]
= O(1) .

Here we have replaced the indicator functions 1Ω4,n
by 1Ω̂n

, sinceZn is bounded on Ω̂n and theΩ4,n

have an exponentially small probability. This allows us to obtain the following inductive relation
on the En,N (yn).

Proposition 5.4. For every 0 ⩽ n ⩽ N − 1, one has

En,N (yn) = yn + Tn,N (yn) + σ2Dn,N (yn) + σ3Rn,N (yn, σ) , (5.4)

where the second-order corrections Dn,N and remainders Rn,N satisfy

Dn−1,N (yn−1) = Dn,N

(
Πn−1(yn−1)

)
+

1

2
σT ′′

n,N

(
Πn−1(yn−1)

)
+O(σ2) (5.5)

Rn−1,N (yn−1, σ) = Rn,N

(
Πn−1(yn−1), σ

)
+O(σ) (5.6)

for 1 ⩽ n ⩽ N − 1.

Proof: We first note that if σ = 0, then Ω̂n,N = Ω̂ and

En,N (yn) = E(xn,yn)
[
yτN1Ω̂n,N

]
= yn + Tn,N (yn) ,

so that (5.4) holds. We now proceed by induction over n, going backwards in time. The relation (5.5)
is true for n = N with TN,N (yN ) = DN,N (yN ) = RN,N (yN ) = 0. Assuming it holds for some n
between 1 and N , we have

E′
n,N (y) = 1 + T ′

n,N (y) +O(σ2) ,

E′′
n,N (y) = T ′′

n,N (y) +O(σ2) . (5.7)
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We now plug the expansion (5.3) into (5.4) and expand into powers of σ. At order 1, we obtain

yn−1 + Tn−1,N (yn−1) = Πn−1(yn−1) + Tn,N
(
Πn−1(yn−1)

)
,

which is true in view of (5.2), since Tn−1,N (yn−1) = Tn,N (yn−1) + Tn,N (Πn−1(yn−1)) (this follows
from the semi-group property of the deterministic flow). At order σ2, we get

Dn−1,N (yn−1) = lim
σ→0

[
Dn,N

(
Πn−1(yn−1)

)
+

1

2
E′

n,N

(
Πn−1(yn−1)

)Tn−1,n(yn−1)
2

(x2n + ydetn )2

+
1

2
E′′

n,N

(
Πn−1(yn−1)

)
Tn−1,n(yn−1) +O(σ2)

]
.

The bound (5.5) follows from (5.7) and the fact that Tn−1,n(yn−1) = O(σ). For the remainder, we
obtain the relation

Rn−1,N (yn−1, σ) = Rn,N

(
Πn−1(yn−1), σ

)
+

Pxn−1,yn−1(Ω̂c
n)

σ3
En,N

(
Πn−1(yn−1)

)
+

1

6
E(xn−1,yn−1)

[
Z3
n1Ω̂n,N

E′′′
n,N (Πn−1(yn−1 + θσZn))

]
+O(σ3) ,

which implies the remainder bound (5.6), since Pxn−1,yn−1(Ω̂c
n) is exponentially small.

Since Πn−1(y
det
n−1) = ydetn , iterating the inductive relation (5.5) shows that

D0,N (ydet0 ) =
1

2
σ

N∑
n=1

T ′′
n−1,n(y

det
n ) +O(Nσ2) , (5.8)

and therefore, viewing the sum as a Riemann sum and since σ = γ = O(1/N),

E(xin,yin)
[
yτN1Ω̂0,N

]
= yfin +

1

2
σ3

N∑
n=1

T ′′
n,N (ydetn ) +O(Nσ4) +O(σ3)

= yfin +
1

2
σ2

∫ yfin

yin

∂yyT (x
det(y), y;xfin) dy +O(σ3) .

Replacing 1Ω̂0,N
by 1Ω0

only results in an error term of order P(Ω̂c
0,N ), which is exponentially small.

We have thus proved the bound (2.11) on the expectation.

5.3 Variance of yτ
The computation of the variance of yτ is quite similar to the computation of the expectation, so
we only comment on what changes. The quantity

Mn,N (yn−1) = E(xn,yn)
[
yτ2

N
1Ω̂n,N

]
satisfies the expansion (5.3) with En,N replaced by Mn,N . Then the analogue of Proposition 5.4
reads

Mn,N (yn) =
[
yn + Tn,N (yn)

]2
+ σ2Fn,N (yn) +O(σ3) ,

where

Fn−1,N (yn−1) = Fn,N

(
Πn−1(yn−1)

)
+ σ

[(
1 + T ′

n,N

(
Πn−1(yn−1)

))2
+
(
Πn−1(yn−1) + Tn,N

(
Πn−1(yn−1)

))
T ′′
n,N

(
Πn−1(yn−1)

)]
+O(σ2) .
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Since ydetn + Tn,N (ydetn ) = ydetN = yfin, this entails

F0,N (ydet0 ) = σ

N∑
n=1

[(
1 + T ′

n,N (ydetn )
)2

+ ydetN T ′′
n,N (ydetn )

]
+O(σ2) .

Therefore, using (5.8) one obtains

Var(xin,yin)
{
yτN1Ω̂0,N

}
= σ2

[
F0,N −D2

0,N

]
+O(σ3)

= σ3
N∑

n=1

(
1 + T ′

n,N (ydetn )
)2

+O(σ3)

= σ2

∫ yfin

yin

(
1 + ∂yT (x

det(y), y;xfin)
)2

dy +O(σ3) .

As in the case of the expectation, replacing 1Ω̂0,N
by 1Ω0

only results in an exponentially small
error term, so that we have proved the bound (2.12) on the variance. The proof of Theorem 2.1 is
thus complete.

6 Analysis of the functions D and V

In this section, we analyse the functionsD(xin, yin;xfin) and V (xin, yin;xfin) that appear in the state-
ment of Theorem 2.1, in the particular case where the deterministic reference solution

(xdet(t), ydet(t)) = (xdet0 (t), ydet0 (t))

is given by (2.5). This requires us to find expressions for the derivatives ∂yT (xdet0 (y), y;xfin) and
∂yyT (x

det
0 (y), y;xfin) of the deterministic time to reach xfin, which we obtain in Section 6.1. Sec-

tion 6.2 is dedicated to the asymptotic behaviour as xfin → ∞, providing the proof of Proposi-
tion 2.2.

6.1 General expressions for the derivatives of T (xin, yin;xfin)

Since all trajectories in this section are deterministic, we suppress the superscript det from now
on. Thus, the deterministic reference solution (2.5) is denoted (x0(t), y0(t)).

Proposition 6.1. Assume the initial condition (xin, yin) belongs to the deterministic reference solution
(2.5). Fix xfin > xin, and denote by yfin the corresponding y-coordinate. Then the deterministic travel time
T (xin, yin;xfin) satisfies

∂yT (xin, yin;xfin) = − A

rfin
,

∂yyT (xin, yin;xfin) =
2xfinrfin − 1

r3fin
A2 +

2A

r2fin
− B

rfin
, (6.1)

where

A = rfin − cin

Ai(−yfin)2
,

B = 2rfinxfin + 1 +
2

Ai(−yfin)2

{
− cin(2xfin − xin)−

1

2
Ai(−yin)

2

+ πc2in

[
Bi(−yin)

Ai(−yin)
− Bi(−yfin)

Ai(−yfin)

]}
, (6.2)

and

rfin = x2fin + yfin ,

cin = Ai(−yin)
2(x2in + yin) = yin Ai(−yin)

2 +Ai′(−yin)
2 . (6.3)
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Proof: In order to determine the effect of a change in the initial y-coordinate, we write

x(t) = x0(t) + εx1(t) +
1

2
ε2x2(t) +O(ε3)

y(t) = y0(t) + ε ,

where x1(0) = x2(0) = 0. Plugging this into the system (2.2) with σ = 0 yields

ẋ1 = 2x0(t)x1 + 1 ,

ẋ2 = 2x0(t)x2 + 2x1(t)
2 .

These are linear inhomogenous equations, which can be solved by the method of variation of the
constant, yielding

x1(t) =
I(t)

Ai(−yin − t)2
,

x2(t) =
2

Ai(−yin − t)2

∫ t

0

I(s)2

Ai(−yin − s)2
ds . (6.4)

Here

I(t) =

∫ t

0

Ai(−yin − s)2 ds = f(−yin − t)− f(−yin) ,

since f , which has been introduced in (2.16), satisfies f ′(z) = −Ai(z)2. We now expand

T = T (xin, yin + ε;xfin) = T0 + εT1 +
1

2
ε2T2 +O(ε3) ,

where T0 = T (xin, yin;xfin), while T1 and T2 coincide with the y-derivatives we want to determine.
The condition x(T ) = xfin, expanded into powers of ε, yields

T1ẋ0(T0) + x1(T0) = 0

T2ẋ0(T0) + T 2
1 ẍ0(T0) + 2T1ẋ1(T0) + x2(T0) = 0 ,

whose solution reads

T1 = −x1(T0)
ẋ0(T0)

T2 = − 1

ẋ0(T0)

[
x1(T0)

2ẍ0(T0)

ẋ0(T0)2
− 2

x1(T0)ẋ1(T0)

ẋ0(T0)
+ x2(T0)

]
.

Writing A = x1(T0), B = x2(T0), and using the differential equations satisfied by x0(t) and x1(t)
yields

ẋ0(T0) = x2fin + yfin = rfin

ẍ0(T0) = 2x3fin + 2xfinyfin + 1 = 2xfinrfin + 1

ẋ1(T0) = 2xfinA+ 1 ,

which implies the expressions (6.1) for the derivatives ∂yT = T1 and ∂yyT = T2. It remains to
check the expressions (6.2) of A and B. Regarding A, we note that (2.16) implies

f(−y0(t)) = Ai(−y0(t)2)
[
y0(t) + x0(t)

2
]
.

In particular, f(−yin) = cin, and therefore

I(t) = Ai(−y0(t))2
[
y0(t) + x0(t)

2
]
− cin . (6.5)

30



This yields
I(T0) = Ai(−yfin)

2rfin − cin ,

which by (6.4) implies the expression for A in (6.2). Regarding B, we replace one factor I(s) in the
expression (6.4) of x2(t) by (6.5), which yields

B =
2

Ai(−yfin)2

∫ T0

0

I(s)

[
ẋ0(s)−

cin

Ai(−y0(s))2

]
ds , (6.6)

and split the integral into two parts. For the first part, integration by parts yields∫ T0

0

I(s)ẋ0(s) ds = I(T0)xfin −
∫ T0

0

İ(s)x0(s) ds

=
[
Ai(−yfin)

2rfin − cin
]
xfin −

∫ T0

0

Ai(−y0(s))Ai′(−y0(s)) ds

=
[
Ai(−yfin)

2rfin − cin
]
xfin +

1

2

[
Ai(−yfin)

2 −Ai(−yin)
2
]
. (6.7)

For the second part, we use the fact that (6.5) implies∫ T0

0

I(s)

Ai(−y0(s))2
ds = xfin − xin − cin

∫ T0

0

ds

Ai(−y0(s))2
, (6.8)

where the integral can be computed thanks to the relation

π
d

dz

(
Bi(z)

Ai(z)

)
=

1

Ai(z)2
,

which follows from the expression (A.1) of the Wronskian of Airy functions. Replacing (6.7) and
(6.8) in (6.6) and rearranging yields the expression for B in (6.2).

6.2 Asymptotics for large xfin

The expressions for the derivatives ∂yT and ∂yyT simplify somewhat in the limit xfin → ∞, as
shows the following result.

Proposition 6.2. Assume the initial condition (xin, yin) belongs to the deterministic solution (2.5). Then
the deterministic travel time T (xin, yin;xfin) satisfies

lim
xfin→∞

∂yT (xin, yin;xfin) =
cin

Ai′(−y⋆)2
− 1 , (6.9)

lim
xfin→∞

∂yyT (xin, yin;xfin) =
2

Ai′(−y⋆)2

{
πcin

[
−yin Ai(−yin) Bi(−yin)−Ai′(−yin) Bi

′(−yin)
]

+ πc2in
Bi′(−y∗)
Ai′(−y∗)

+
1

2
Ai(−yin)

2

}
. (6.10)

Proof: In order to compute the limits, we write

yfin = y∗ − η

where η > 0 will be sent to 0. The Taylor expansions

Ai(−yfin) = ηAi′(−y∗)
[
1 +O(η2)

]
,

Bi(−yfin) = Bi(−y∗) + ηBi′(−y∗) +O(η2)

= − 1

πAi′(−y∗)
+ ηBi′(−y∗) +O(η2) ,
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where we have used the Wronskian identity (A.1) in the last line, immediately imply

xfin =
Ai′(−yfin)

Ai(−yfin)
=

1

η

[
1 +O(η2)

]
, rfin =

1

η2
[
1 +O(η2)

]
.

It thus follows from (6.2) that

A =
a1
η2
[
1 +O(η2)

]
where a1 = 1− cin

Ai′(−y⋆)2
. (6.11)

Replacing this in the expression for ∂yT in (6.1) and taking the limit η → 0 yields (6.9). Proceeding
similarly for B, we find

B =
b1
η3

+
b2
η2

+O
(
1

η

)
, (6.12)

where

b1 = 2 +
2

Ai′(−y⋆)2

[
−2cin +

c2in
Ai′(−y⋆)2

]
= 2

(
1− cin

Ai′(−y⋆)

)2

= 2a21 (6.13)

and
b2 =

2

Ai′(−y⋆)2

{
cinxin − 1

2
Ai′(−yin)

2 + πc2in

[
Bi(−yin)

Ai(−yin)
− Bi′(−y⋆)

Ai′(−y⋆)

]}
.

This last expression can be simplified by noting that the second form of cin in (6.3) and the Wron-
skian identity (A.1) imply

xin + πcin
Bi(−yin)

Ai(−yin)
= π

[
yin Ai(−yin) Bi(−yin) + Ai′(−yin) Bi

′(−yin)
]
,

which leads to

b2 =
2

Ai′(−y⋆)2

[
πcin

[
yin Ai(−yin) Bi(−yin) + Ai′(−yin) Bi

′(−yin)
]

− 1

2
Ai(−yin)

2 − πc2in
Bi′(−y⋆)
Ai′(−y⋆)

]
.

Replacing (6.11) and (6.12) in the second expression in (6.1) yields

∂yyT (xin, yin;xfin) =
2a21 − b1

η
− b2 +O(η) ,

which yields (6.10), by taking the limit η → 0, since the singular term of order η−1 vanishes thanks
to (6.13).

We can now complete the proof of Proposition 2.2.

Proof of Proposition 2.2. The limiting values of D and V are given by the integrals

Ia(yin, y
⋆) =

∫ y⋆

yin

∂yyT (x0(y), y;∞) dy ,

Ib(yin, y
⋆) =

∫ y⋆

yin

(
1 + ∂yT (x0(y), y;∞)

)2
dy .

We start by computing Ib. Note that ∂yT (x0(y), y;∞) is given by (6.9) with cin replaced by

c(y) = yAi(−y)2 +Ai′(−y)2 = f(−y) ,

where f has been introduced in (2.16). Therefore,

Ib(yin, y
⋆) =

1

Ai′(−y⋆)4

∫ −yin

−y⋆

f(z)2 dz ,
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where we have used the change of variables z = −y to avoid sign mistakes when computing the
integral. The function F defined in (2.17) satisfies F ′(z) = f(z)2. Thus, the limiting expression for
V follows from the fact that F(−y⋆) = −y⋆

2 Ai′(−y⋆)4. Here the primitive F of f2 has been found
by using a homogenous polynomial of degree 4 in Ai(z) and Ai′(z) with polynomial coefficients in
z as an ansatz, and determining the coefficients by plugging the ansatz into the condition F ′(z) =
f(z)2.

Proceeding in a similar way for Ia, we obtain

Ia(yin, y
⋆) =

1

Ai′(−y⋆)2

∫ −yin

−y⋆

[
−2πf(z)g(z) + 2π

Bi′(−y⋆)
Ai′(−y⋆)

f(z)2 +Ai(z)2
]
dz ,

where
g(z) = Ai′(z) Bi′(z)− zAi(z) Bi(z) .

The function G(z) defined in (2.18) is a primitive of f(z)g(z), while we have already seen the F(z) is
a primitive of f(z)2, and −f(z) is a primitive of Ai(z)2. The limiting expression forD then follows
from the fact that

G(−y⋆) = −y
⋆

2
Ai′(−y⋆)3 Bi′(−y⋆)− 1

8π
Ai′(−y⋆)2 .

As already stated, the limiting expressions (2.19) follow from the asymptotical behaviour (A.2) of the
Airy functions. This concludes the proof of Proposition 2.2, except for the fact that D is positive,
which we show in the separate Lemma below.

Lemma 6.3. We have
D(xin, yin;∞) := lim

xfin→∞
D(xin, yin;xfin) > 0

for any (xin, yin) on the reference slow solution.

Proof: Since the limit as yin → −∞ is equal to 3
4 , and the integral defining D vanishes when

yin = y⋆, it suffices to show that D is decreasing in yin. The derivative of D with respect to yin is
given by −F (−yin)/Ai′(−y⋆)2, where

F (z) := 2π

(
Bi′(−y⋆)
Ai′(−y⋆)

f(z)− g(z)

)
f(z) + Ai(z)2 .

Note in particular that
F (−y⋆) = 0 , lim

z→∞
F (z) = 0 ,

A simple way to study the sign of F in the interval (−y⋆,∞) is to study the behaviour of its deriva-
tive. One finds, after a computation,

F ′(z) = 4πAi(z)2G(z) , G(z) := g(z)− Bi′(−y⋆)
Ai′(−y⋆)

f(z) .

Hence the sign of F ′ is the same as the sign of G for z > −y⋆. Furthermore,

G(−y⋆) = 0 , lim
z→∞

G(z) = 0 ,

Again, to study the sign of G, we compute its derivative, which is

G′(z) = Ai(z)H(z) , H(z) :=
Bi′(−y⋆)
Ai′(−y⋆)

Ai(z)− Bi(z) .

Since Ai(z) > 0 for all z > −y⋆, G′ has the same sign as H . Thus the proof reduces to the study of
H , which is much simpler than F and G. One checks that

H(−y⋆) = −Bi(−y⋆) = 1

πAi′(−y⋆)
> 0 , lim

z→∞
H(z) = −∞ ,
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and direct differentiation gives
H ′(−y⋆) = 0 .

This means that H starts positive at z = −y⋆, with horizontal tangent there, and tends to −∞ as
z → ∞. We want to prove that H ′(z) < 0 for all z > −y⋆. Indeed, this would imply that G, and
thus F , is first increasing, and then decreasing to zero, and therefore strictly positive on (−y⋆,∞).

We first prove that H ′ is strictly negative on (−y⋆, 0). Differentiating H gives after some rear-
ranging

H ′(z) = Bi′(z)
Bi′(−y⋆)
Ai′(−y⋆)

(k(z)− k(−y⋆)) , k(z) :=
Ai′(z)

Bi′(z)
,

Using the Wronskian identity (A.1), one gets

k′(z) =
z

πBi′(z)2
,

which is negative for −y⋆ < z < 0. It is known that there exists a value −y⋆1 ∈ (−y⋆, 0) such that
Bi′(z) < 0 on [−y⋆,−y⋆1) and Bi′(z) > 0 on (−y⋆1 ,∞). It follows that k(z) is negative and decreasing
on (−y⋆,−y⋆1), with a vertical asymptote at −y⋆1 , and positive and decreasing on (−y⋆1 ,∞). In both
cases, H ′(z) is strictly negative.

It remains to show that H ′(z) is strictly negative on [0,∞). Since Ai and Bi are independent
solutions of the equation y′′ = zy, any linear combination satisfies the same ODE. Therefore

H ′′(z) = zH(z) .

This ODE leaves the sector H < 0, H ′ < 0 invariant for z > 0. One can check, using properties of
Airy functions, that H(0) < 0 and H ′(0) < 0. Therefore, the proof is complete.

A Airy functions
The Airy functions Ai(z) and Bi(z) are by definition two independent solutions of the linear, non-
autonomous ordinary differential equation

y′′(z) = zy(z) .

They can be defined by

Ai(z) =
1

π

∫ ∞

0

cos

(
ξ3

3
+ zξ

)
dξ

Bi(z) =
1

π

∫ ∞

0

[
exp

(
−ξ

3

3
+ zξ

)
+ sin

(
ξ3

3
+ zξ

)]
dξ .

See Figure 8 for plots.
Their Wronskian satisfies

W (z) := det

(
Ai(z) Bi(z)
Ai′(z) Bi′(z)

)
= Ai(z) Bi′(z)−Ai′(z) Bi(z) =

1

π
. (A.1)

Their asymptotic behaviour for large positive z (see for instance [20]) is given by

Ai(z) =
z−1/4

2
√
π

e−ξ u(−ξ) , Bi(z) =
z−1/4

√
π

eξ u(ξ) ,

Ai′(z) = − z1/4

2
√
π
e−ξ v(−ξ) , Bi′(z) =

z1/4√
π

eξ v(ξ) , (A.2)

where ξ = 2
3z

2/3 and u and v have asymptotic expansions starting with

u(ξ) = 1 +
5

72ξ
+O

(
1

ξ2

)
, v(ξ) = 1− 7

72ξ
+O

(
1

ξ2

)
.
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Figure 8: Airy functions.
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