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Abstract

In this work, we analyse the effect of adding Gaussian white noise to the slow vari-
able of a slow-fast system passing through a saddle-node (or fold) bifurcation. This
problem is mainly motivated by applications to non-equilibrium energy sinks. While
the effect of adding noise to the fast variable, which is important for noise-induced
tipping, has been previously analysed in detail, the case where the slow variable is
perturbed by noise has not been considered before. Our main result is that the noise
increases the slow variable on average. We compute the effect of the noise, to lowest
order, on the expectation and variance of the slow variable after the bifurcation. The
contribution of the noise can be explicitly expressed in terms of Airy functions. We
also provide numerical simulations, which show that the expansion to lowest order
matches the observations for fairly large values of the noise intensity.

2020 Mathematical Subject Classification. 60H10, 34F05 (primary), 70K70, 70L05 (secondary).
Keywords and phrases. Slow—fast system, saddle-node bifurcation, fold bifurcation, noise, stochastic
differential equation, non-linear energy sink.

1 Introduction

In this work, we are interested in two-dimensional slow-fast systems near a saddle-node, or fold
bifurcation, in the presence of noise. In the deterministic case, the study of these systems goes
back to the works [21] and [10]. If € denotes the time scale separation, the fast variable is known
to track the stable part of the critical manifold at a distance that grows up to order £'/3 when
approaching the bifurcation point. After a delay of order £2/2, the fast variable quickly exits the
neighbourhood of the bifurcation point.

The case when Gaussian white noise is added to the fast variable has been studied in [3] (see
also [4, Section 3.3]). The main effect in that case is the existence of a threshold for the noise
intensity, scaling like /. When the noise intensity is below this threshold, the system behaves
with high probability like the deterministic system. However, when the noise intensity exceeds
the threshold, the fast variable is likely to cross the unstable critical manifold some time before
reaching the bifurcation point. This has important consequences on noise-induced tipping [17]
and early warning signs [24], and has been further investigated in many works, see for instance [15,
18, 16, 12, 11, 13, 23].

By contrast, in this work we are interested in the case where noise is added to the slow variable
of the system, which leads to a very different behaviour. This study is motivated by the investi-
gation of nonlinear energy sinks (NESs) [8, 25], particularly when they are employed to mitigate
self-sustained oscillations. In this context, the dynamical system under consideration generally
consists of a mechanical self-sustained oscillator (SSO) - whose oscillations we seek to attenuate -
coupled with the NES, i.e., a small mass connected to the SSO via a linear damper and an essen-
tially nonlinear spring (typically purely cubic). After applying an averaging procedure, the coupled
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Figure 1: Behavior of the deterministic SSO-NES system in the vicinity of the tipping toward
unmitigated responses. (a) Parameter below the tipping value (mitigated response): the system
exhibits relaxation oscillations whose amplitudes remain smaller than those of the self-sustained
oscillations that would occur without the NES. (b) Parameter above the tipping value (unmitigated
response): the trajectory converges to a stable equilibrium, corresponding to an SSO amplitude
close to that observed in the absence of the NES.

system reduces to a (2,1)-fast-slow system. The two fast variables relate to the amplitude of the rel-
ative displacement between the SSO and the NES, and the phase difference between this relative
displacement and the displacement of the SSO. The slow variable is related to the amplitude of
the SSO motion. As presented in Figure 1, the deterministic dynamics of this fast-slow system are
primilary governed (i) by its S-shaped one-dimensional critical manifold and (ii) by its equilibria,
whose stability and position on the critical manifold depend on a bifurcation parameter. In partic-
ular, certain values of this parameter result in a configuration supporting relaxation oscillations
with amplitudes smaller than those of the self-sustained oscillations that would occur without
the NES (see Figure 1(a)). For larger values of the parameter, these relaxation oscillations are no
longer possible, and a stable equilibrium is reached, corresponding to an SSO amplitude close to
that observed in the absence of the NES (see Figure 1(b)). It therefore appears that the position
of the trajectory’s endpoint on the right-hand attracting branch of the critical manifold, together
with the location of the rightmost unstable equilibrium on this branch, determines which situa-
tion occurs: if the endpoint lies below the equilibrium, mitigation occurs; if it lies above, there is
no mitigation. This means that, for a certain value of the bifurcation parameter, a tipping occurs
between the two situations. In the seminal works of Gendelman et al. [9, 7], a multiple time scales
analysis [19] is used to estimate the tipping value of the parameter by (i) obtaining analytically the
equilibria and (ii) approximating the endpoint’s ordinate with that of the critical manifold’s left
fold point, where the manifold loses stability via a saddle-node bifurcation. This approximation,
sometimes referred to as the zero-order approximation, does not account for the particular dynam-
ics that occur near the fold points, where the normal hyperbolicity of the critical manifold is lost.
By means of the center manifold theorem, Bergeot [1] addressed this limitation by reducing the
dynamics near the left fold point to the normal form of a dynamic saddle-node bifurcation, which
can be solved analytically. This approach allowed the author to provide an improved theoretical
estimate of the parameter’s tipping value.

The influence of noise on this class of systems was investigated in [2], where a small-amplitude
white-noise forcing was applied to the SSO. Using stochastic averaging - following Roberts and
Spanos [22] - the study first demonstrated that the SSO-NES stochastic system can be accurately



reduced to a (2,1)-fast-slow system with noise acting only the slow variable, the drift part being
approximated by the corresponding deterministic system. A Monte Carlo simulation approach
then showed that the stochastic forcing can significantly alter the dynamic behavior of the corre-
sponding deterministic system, in particular by rendering certain configurations dangerous (i.e.,
unmitigated) that were safe in the deterministic case. The results also reveal complex stochastic
dynamics, showing that the reasoning used to predict the system’s deterministic behavior can fail
in the presence of noise. The present work paves the way for identifying the underlying mecha-
nisms that govern the stochastic behavior. To do this, we exploit the fact that, near the left fold
point of the deterministic critical manifold, the SSO-NES stochastic system reduces to the normal
form of a dynamic saddle-node bifurcation (as done for the deterministic system in [1]), with noise
acting on the slow variable.

Our main result, Theorem 2.1, provides the first relevant terms of an expansion in the noise
intensity of the first two moments of the slow variable after passing through the bifurcation. The
most notable feature is that the expectation of the slow variable is increased by the noise. In terms
of the SSO-NES system, this suggests that noise may slightly promote the unmitigated responses.
While the effect is relatively small for weak noise, since the expectation changes by an amount
proportional to the variance of the noise, numerical simulations indicate that our expansion is
accurate for fairly large values of that variance.

The remainder of this article is structured as follows. In Section 2, we give a precise formula-
tion of the mathematical set-up, state and discuss the main results, and present numerical simula-
tions. The remaining sections are devoted to the proofs of the main results. Section 3 gives a brief
overview of the structure of the proofs. Section 4 provides a detailed analysis in a small interval of
the fast variable. In Section 5, the small intervals are stitched together, to provide the proof of the
main theorem on moments of the slow variable. Section 6 contains the proof of an auxiliary result,
giving explicit expressions for the moments in terms of Airy functions. Appendix A gives a short
summary of some useful properties of Airy functions.

2 Results

2.1 Set-up

We are interested in the slow-fast system

1 ~
dag = - (g +27) di
dyg; = dt + 5 dWs , (2.1)

describing the normal form at a saddle-node bifurcation point. Here £ > 0 is a small parameter
measuring time scale separation, and (W;)z> is a standard Wiener process describing white noise,
while & > 0 is a small parameter measuring the noise intensity.
The scaling
f=¢e%3, ;=3 g; = /3y,

results in the system

dey = (ye + x7) dt
dyt =dt + o th s (22)

where (W;);>0 is again a standard Wiener process, owing to the scaling property of Brownian
motion, and
o=¢'3%

is a rescaled noise intensity. We will keep in mind the fact that results obtained for the rescaled
system (2.2) on a rectangle [—a, a] x [—b, b] will translate into results for the original system (2.1) on
the scaled rectangle [—£'/3a,e/3a] x [—£2/3b,2/3b]. It is therefore of interest to obtain results for
possibly large values of a and b.



The deterministic case o = 0 is well-known [21, 10]. The slow-fast system (2.1) has a critical
manifold {(Z,#): ¥ = —%2}, separating orbits with increasing and decreasing #. After scaling, this
manifold takes the equivalent form {(z,y): y = —22}.

In the deterministic case o = 0, using the theory of Riccati equations, the general solution
of (2.2) with initial condition (z;,, ¥in) can be written

l‘det<t) _ Aif(_yin - t) + KB%/(_yin - t) ,
Ai(—yin — t) + K Bi(—yin — 1)
YUt = yin + T, (2.3)

where Aiand Biare Airy function (cf. Appendix A), and K is determined by the condition z4°t(0) =
Zin- It will sometimes be convenient to write, with a slight abuse of notation,

Ai'(—y) + K Bi'(—y)
Ai(—y) + K Bi(—y)

xdet (y) = (2.4)

for the solution parametrised in terms of the y coordinate. We will be particularly interested in the
case K = 0, where we have the particular solution (called slow solution in the case of the unscaled
system (2.1))

Ai'(—yin — 1)

det/py _ in

) (t) - Al(*ym — t) )

Yot (t) = yin + L . (2.5)

This is because the asymptotics (A.2) of Airy functions imply that (23 (), y§°(¢)) converges to
the critical manifold as t — —oco. On the other hand, we have

: det _ : det o x
tligl* 2(* (t) = +o0 , tligl* Yo (t) =y~ ,
where t* = y* — y;,, and
y* = 2.338107410459767 . .. (2.6)

is the negative of the largest zero of the Airy function Ai (cf. the Online Encyclopedia of Integer
Sequences DEIS A096714).

Figure 2 shows an example of the general solution (2.3) of (2.2) with o = 0, i.e., the paramet-
ric curve (z9°(¢), y°*(t)) for the initial condition (zin, %in) = (—3,—2). The figure also displays
the reference trajectory (z{°*(¢), y3°*(t)) (see (2.5)), the critical manifold y = —2?, and the limit
value y*.

2.2 Main result

To formulate our main result, we fix an initial value (2, ¥in) with z;, < 0 and 22 + yin > 0, as well
as a final value zg, > 0. Given the solution (x¢, y;) of (2.2) with this initial condition, we denote by

T = inf{t >0:x = xﬁn} (2.7)

the first-hitting time of z5,. We are interested in properties of the random variable y,. We will
also need the deterministic analogue of (2.7), given by

T(Zin, Yin; Thn) = inf{t > 0: z9(t) = xﬁn} , (2.8)

where (z9¢%(t), y4°(¢)) denotes the deterministic solution (2.3) of the system (2.2) with the same
initial condition (s, yin). We write
Yan = Y (T (Tin, Yin; Tn)) = Yin + T(in, Yin; T6n)

for the final value of yd°t.



Figure 2: Dynamic saddle-node bifurcation. An example of the general solution (z9°(t), yt(¢))
of (2.2) (see (2.3)) for the initial condition (xj,¥in) = (—3,—2), the reference trajectory
(xget (t), yget(t)) (see (2.5)), the critical manifold y = —z2, and the limit value y* (see (2.6)).

Theorem 2.1. Fix a constant hg > 0. Let ) be the event

Qo = {w: sup |yt(w) - ydet(t)| < ho} . (2.9)

0<t<r

There exists a constant k > 0, depending only on hy, such that

P(Qg) < Yin—Yin (/o (2.10)
(o

Furthermore, the expectation and variance of y,1q, satisfy

o 1
En ) [y 10,] = yan + 507D (tin, Yini 7a) + O(0%) , 2.11)
Var@ein) [y 16,1 = 62V (2in, Yin; Zn) + O(0°) . (2.12)

The functions D and V' are given by

Yfin
D(wim Yin; -'L'ﬁn) = / any(-Tdet (y), Y; xﬁn) dy ,
Yin

Yfin o 9

V(@in, Yin} Tfin) =/ (1+0,T (" (y),y:26n)) " dy , (2.13)
Yin

where we write 0,T and 0, T for derivatives of the deterministic time (2.8) with respect to its second

argument yin.

The functions D and V' can be made more explicit if we assume that the initial condition lies
on the slow solution (2.5), that is, if

_ Ail(_yin>
Ai(_yin) .

Note that the slow solution is attracting for z < 0, so that small changes in x;, will have almost no
effect on the result.

det

Tin = 257 (0) (2.14)



Proposition 2.2. If x;, is given by (2.14), then

3 1 Bi'(—y*)
li D(%in, Yin; Thin) = ~ - 2 . “Yin) — Y(—VYin — J\7Yin)| >
olim (i, Yini Tin) = 7 + A ()2 W(AII(—y*)}—( Yin) — G(—¥in) | — f(=Yin)
. . 1 F(=Yin)
J:ﬁlnlgoo V(xmayllhxﬁn) - §y + Ai/(*y*)zl 9 (215)
where
f(2) = Ai'(2)? — 2z Ai(2)?, (2.16)
31
F(z) = % + 8) Ai(2)* — gAi(z)3 Ai'(2) — 22 Ai(2)? AT (2)?
+ %Ai(z) Ai(2)3 + gAi’(z)4 ) (2.17)
3 2
G(z) = <22 + ;) Ai(z)? — %Z Ai(2)? Ai(2) — % Ai(z) Ai'(2)® + éAi'(z)?’ Bi(z)
z . 3 22 . 2 At 3 . ./ 2 z ./ 3 ./
+ ~3 Ai(z)° — 5 Ai(z)* Ai'(2) + 3 Ai(z) Ai'(2)* + 5 Ai'(z)° | Bi'(z2) . (2.18)
In particular, the asymptotics of Airy functions (cf. (A.2)) imply
. . 3
xinli>n—100 :Eﬁlnlgoo D(l‘in, Yin; xﬁn) - Z )
1
lm  Hm V(% Yin; 2n) = =y* = 1.169053705229883 . .. . (2.19)
Zin—>— 00 T —> 00 2

Furthermore,
lim  D(&in, Yin; Tin) > 0

ZTfn—> 00

for any x;, € R (or equivalently, for any yin < y*).

Figure 3 shows graphs of the explicit expressions for the limits of the functions D and V as
ZTfn — 00, as given in equation (2.15). These limits tend to % and %y*, respectively, when x;, —
—00, in agreement with equation (2.19).

Remark 2.3. We also have explicit expressions for the functions D and V when x5, is finite, but
they are more complicated, see Proposition 6.1. ¢

2.3 Discussion

The most interesting feature of our results is that the expectation of y, increases with the noise
intensity o, since D is positive. Stricly speaking, we have proved this only in the limit y, — v*,
but numerical simulations indicate that 0, T is always positive. One caveat of our result is that the
expansion in powers of o is only guaranteed to be accurate for small o. In that case, the expected
difference, of order o2, is much smaller than the standard deviation of y., which has order o.
Therefore, the probability of having y; > y4°* should be roughly 1 + O(c), which is a small effect.
This is one of the reasons the analysis is quite technical.

However, in the next section we will show numerical simulations that indicate that the expan-
sions (2.11) and (2.12) are actually surprisingly accurate, even for o = 1. In that case, the expected
difference and standard deviation are of comparable size, to that the effect of the noise is no longer
small.

One may wonder whether the presence of the indicator function 1g, is necessary, or only a
technical limitation. The answer is that the indicator is indeed important. The main reason is that
ifa sample path exits the hp-neighbourhood of the deterministic solution, it has a larger probability
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Figure 3: Plots of the explicit limit expressions of the functions D and V as xg, — o0, derived in
equation (2.15), as a function of y;,.

to reach the critical manifold y = —2. In that case, the sample path may move to the left for a
while, before crossing the critical manifold again and moving to the right. This is a rare event, but
it can potentially have a large effect on expectations, which we do not take into account.

One question of interest is about the effect of undoing the scaling transforming the system (2.1)
into the system (2.2). The change in expectation now becomes of order ¢%/352, while the variance
has order £252. One may also wonder whether our results are only valid for z;, and z, of order 1,
or whether they can be extended to z;, and 2, of order e~/ as would be required to describe the
system for (Z,7) of order 1. While we do not provide here a rigorous proof of that fact, we expect
this extension to be possible, since the quantities D and V vary little when |z;,| and xg, are large,
and the error terms in Proposition 4.12 actually decrease when z? increases. The main effect is
that the prefactor in the probability (2.10) would scale like (ya, — %in)/(€7), which is negligible
compared to the exponential term e ="/ = e/ (%),

For the SSO-NES system motivating this work, our results show that after the trajectories pass
the left fold point of the critical manifold (see Figure 1), the slow variable - associated with the
amplitude of the SSO - has an expectation larger than the corresponding deterministic solution,
with the difference becoming larger as the noise intensity increases. This suggests that noise
may promote unmitigated responses, increasing the probability that trajectories end on the right-
hand attracting branch above the rightmost unstable equilibrium (Figure 1b). This hypothesis will
require future verification through numerical and theoretical analyses. The numerical results in
the following section show that we can be confident in the validity of our results even for large
values of . However, the central manifold theorem, which allows the reduction to the normal form
of a dynamic saddle-node bifurcation, is valid only near the left fold point. For the deterministic
system, this reduction remains relevant beyond the immediate vicinity of the fold, particularly
concerning the trajectory’s arrival on the right-hand attracting branch of the critical manifold (see
Figure 5 of [1]), which is crucial for determining if mitigation occurs. Whether this extends to the
stochastic case will be explored in future work, taking into account the stochastic slow dynamics
after the system reaches the right-hand attracting branch, which also appears to influence the
system’s tipping, as suggested by results in [2].

2.4 Numerical simulations

In this section the results stated in Theorem 2.1 and Proposition 2.2 are compared with numer-
ical simulations. For this purpose, the statistics R (®in¥in) [y-] and Var(@n¥n)[y ] are numerically
estimated via a Monte Carlo approach for 20 noise levels o, ranging from 0.05 to 1, with 3 - 10°
realizations of system (2.2) generated for each value. Note that the indicator function 1¢, is not
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Figure 4: Comparison between the results of Theorem 2.1 and numerical simulations. Nu-
merically estimated statistics Lp and Ly (see equation (2.20)) and their analytical counterparts,
D(@in, Yin; Zan) and V(Zin, ¥in; Tan) (see equation (2.13)), are plotted as functions of zg, for (a)
c=20.25(b)c=0.5and (c)oc = 1.

used here, since the expectation and variance are computed numerically over all generated sam-
ples. This should not make any difference for small o, since P(Q25) is exponentially small, but may
have an effect for larger noise levels. The following initial conditions are used: x;, = —5 and
Yin = —x2 +0.1 (i.e. near the critical manifold y = —z?). The simulation of the process (2.2) is per-
formed using an Euler-Maruyama scheme (see e.g. [14]) with an integration time step equal to 10~°.
The required standard normal random variables are generated using the Box-Muller algorithm.
In Figure 4, the integral forms (2.13) of the functions D(in, ¥in; Zaa) and V (Zin, Yin; Zan) are
plotted with respect to x5, and compared with their numerically estimated counterparts
2 1 )
Lp= =5 [EC») 4] — yen| and Ly = — Varlmm)y,] (2.20)
o o
respectively. Only the results obtained for o = 0.25 (Figure 4(a)), o = 0.5 (Figure 4(b)) and 0 = 1
(Figure 4(c)) are shown here.
Figure 5 displays, as functions of ¢ for a fixed value x5, = 30, the quantities
3 (R einain) 2 Var(@n i)
Mp =% [E wtin) [y, ] — yﬁn} and My = — Var@mvm[y ] (2.21)
Y
which, according to (2.19), are theoretically equal to 02+ (o). The goal is to investigate the range
of validity of the explicit asymptotic expressions for D(&in, ¥in; Tan) and V(Zin, ¥in; Taa) given in
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Figure 5: Comparison between Proposition 2.2 and numerical simulations. (a,b) Numerical esti-
mates of Mp and My (see equation (2.21)) compared to their analytical counterpart o2 as functions
of o for x5, = 30. (c,d) log;,(Mp) and log,,(My ) plotted against log;,(c), which theoretically
yields a straight line with slope 2.

equation (2.19). The statistics (2.21) are first directly plotted as functions of ¢ in Figures 5(a,b) and
compared to the theoretical parabola 0. Moreover, the root mean square error (RMSE) between
theoryand data is computed for both Mp and My, we obtain 0.0270897 and 0.0576924, respectively.
Finally, log,,(Mp) and log,,(My ) are plotted in Figures 5(c,d) with respect to log;,(c) which the-
oretically correspond to a line with slope equal to 2. Again, RSME are computed between theory
and data leading to 0.0185379 and 0.0380149 for log,,(Mp) and log,,(My ), respectively.

These comparisons show excellent agreement between the analytical and numerical estimates,
even for values of o that appear to lie beyond the validity range of the small-o expansions used in
this study. It should, however, be noted (see Figure 4) that the discrepancy between the numerical
and analytical results, as o increases, is greater when x5, < 0. The reason for this discrepancy is
not clear at this point - a possible explanation is that it has to do with the indicator function 1q,.
As it only occurs for rather large o, however, this does not contradict our asymptotic results. Also,
it does not correspond to the most relevant scenarios, particularly in the context of our SSO-NES
application.



3 Structure of the proofs

To prove Theorem 2.1, we start by fixing an initial condition (in, yin) satisfying 22 + 4in > 0, and
a final value zg, > x;,. The main idea is to introduce a partition

Tin=2o0 <21 <T2 < - <IN-1 <IN = Tfin

of the interval [zin, Za,], and to study the equation (2.2) separately on each interval. The partition
could be chosen equally spaced, but the proof simplifies slightly if it is chosen “equally spaced in
y”, meaning that the deterministic solution starting in (2;,, %) reaches x = x,, when y(t) = yd°* =
Yin + 1y, where v = (ygn — ¥in)/N. This means that the deterministic reference solution always

takes the same time v to go from one section to the next one. Let
T =inf{t > 0: 2y =z, }

be the first-hitting time of the line {x = z,}. By the strong Markov property, to obtain the dis-
tribution of y, = y,,, it is sufficient to know, for each n € {0,1,..., N — 1}, the distribution of
Yr,.1, conditionned on the value of y, .

The analysis of a single “slice” [z, 2, +1] is performed in detail in Section 4. The main result
is Proposition 4.12, which provides moment estimates related to v, ,, given the value of y, . To
obtain these estimates, we first analyse the distribution of the time required to reach the section
{z = 241}, and then use this information to describe the exit location.

Section 5 provides the proof of Theorem 2.1 by combining the information obtained on each
separate slice. This yields a recursive relation between moments, that is solved by going backwards
in time, starting with the interval [xy_1, 2] and going all the way to {x = z(}. The moments can
be written as sums over n, that are then approximated by integrals.

Finally, Section 6 contains an analysis of the functions D and V' that appear in Theorem 2.1,
and provides the proof of Proposition 2.2. This relies on properties of Airy’s equation and Airy
functions, that are used to derive explicit expressions for 9,7 and 9,, T and analyse their integrals.

4 Analysis of one slice

In this section, we analyse the SDE (2.2) on one “slice” of width § > 0. That is, we fix an initial
condition (zg, yo) satisfying
.’tg + 40 >0,

and define the stopping time
T:inf{t>0:mt:$0+5}. (4.1)

We will always assume that 23 + yo is bounded below by a positive constant independent of 5. We
consider § as a small parameter, but such that 02 < 6.

The aim is to characterise the distribution of y., in particular its expectation and its variance.
We divide this task into several steps:

« In Section 4.1, we perform a time change and a linearisation around the deterministic so-
lution with the same initial condition, in order to reduce the problem to a standardised
first-hitting problem, namely of the first time integrated Brownian motion hits a curve that
crosses the z-axis with slope —1.

+ In Section 4.2, we consider the linearised equation. We determine a sharp approximation of
the density of the first-hitting time for this linearised process, based on results by Durbin
on first-hitting densities of Gaussian processes to general, curved boundaries [6].

« In Section 4.3, we use the results of the previous section to determine the expectation and
variance of the first-hitting time of the linearised process.

+ In Section 4.4, we quantify the error made by linearising the equation.

« Finally, in Section 4.5, we derive properties of the distribution of y.,.

10



4.1 Time change

Let
uy = xy — x9°(t)

denote the difference between the z-components of the solutions of the SDE (2.2) and its deter-
ministic counterpart, for the same initial condition (g, yo). It satisfies the equation

dut = (O'Wt + 2$det (t)ut + U?) dt ,
with initial condition ug = 0. The stopping time (4.1) can be rewritten
r=inf{t>0:u =d@)},

where
d(t) =0 + 29 — l’det(t) .

In the deterministic case o = 0, 7 is equal to the deterministic value

T(z0,y0) = T(x0, yo; To + 6) = inf{t > 0: 29°*(t) = 20 + &}
= inf{t > 0: d(t) =0} .

Since
xdet(t) =20 + (x(z) + yo)t + O(tQ) ,
one has
d(t) =6 — (z3 +yo)t + O(t?) , 4.2)
and therefore 5
_ 2

We focus first on the linearised equation
du? = (oW, + 229 (1)u?) dt ,
again with initial condition u) = 0. Its solution can be written
t
u) = g e2*® / e 20 W, ds |
0
where .
alt) = / 29 (s) ds = 2ot + O(t2) | (4.4)
0
Let

0 =inf{t > 0:u) =d(t)}
¢
= inf{t >0: O’/ e 22O W, ds = 7221 d(t)} .
0

The following result shows that up to a time change, we can always assume that d(¢) vanishes in
t = §, where its slope is close to —1, and that u} is proportional to integrated Brownian motion.
Proposition 4.1. For sufficiently small 6, there exists an invertible time change

t=cg(t)=c[t+ O(Fﬂ )

with ¢ > 0 and g a strictly increasing function, close to identity, such that



where -
F =inf{t>0: 6X;=d(t)} . (4.6)
Here
& =oc¥? (14 0(9)), (4.7)

X; is the integrated Brownian motion

t
Xf = W, ds s
0

and d is a strictly decreasing function satisfying
d&)=0, d)=-1. 4.8)
Furthermore, d'(t) = —1 + O(8) whenever t = O(5).
PROOF: Assuming that g is indeed strictly increasing, we can write 70 = cg(7°) where
0 =inf{i{ > 0: o X; =d()} , (4.9)

with
N cg(t)
X;= / e 22 W, ds
0
d(f) = 729D d(cq()) .

We now perform the change of variables s = ¢g(3) in the integral defining X;. We have ds =
cg’(8) ds, and the scaling property of Brownian motion implies that

cggé)

ch(é) = Ws,

where equality is in distribution. Therefore,

£ o
Xf — 03/2 / g/(g) g(~s) e—2a(cg§)) Wsds .
0 S

We now require that g satisfies the ODE

rE 5 2a(cgd) (
5) = —e 4.10)
q'(3) 4G

with initial condition g(0) = 0. Then we will have
O’X{ = 63/20Xt~ s
so that (4.9) is equivalent to (4.6) with & = ¢*/20. Separating variables in (4.10), we get
9(8) 5 )
| Vge 24 dg = /0 V3Eds = 553/2 .

Since the left-hand side is strictly increasing in g(5), this equation has a unique solution for any
5 > 0, which is strictly increasing in §, as required. Using (4.4) and a Taylor expansion, one finds

g(3) =5+ gxoc§2 +0(5%) . (4.11)

It remains to choose the value of ¢ in such a way that d satisfies (4.8). Setting

T(xo,Yyo) 1
_ _ o) 412
=70 Erw oY 412

12



entails d(cg(5)) = 0, and therefore d(6) = 0. Furthermore, we obtain

d'(6) = ce™*90) d'(¢cg(8))g'(6)
= cd'(T(z0, y0))(1 + O(9))
=—-1+0(9),
where we have used (4.2) and (4.4). A similar computation shows that d’() has the same order

whenever # = O(§). We can achieve d’(§) = —1 by scaling d(#) by a factor 1+ O(d), and modifying
the definition of & by an equivalent amount. O

4.2 Linearised equation: density of hitting times

Thanks to Proposition 4.1, we have reduced the problem to the simpler one of characterising the
first time integrated Brownian motion crosses a decreasing curve, intersecting the time axis with
slope —1. Dropping the tildes for now, we can rewrite this as characterising

™ =inf{t > 0: 0X, =d(t)},

where X, is the integrated Brownian motion

t
X, = / Wy ds , (4.13)
0
and d is strictly decreasing, with d(§) = 0 and d’(§) = —1. As a consequence, we have
d(t) = —(t —8) + O((t — 9§)?) . (4.14)

We will rely for that on results in [6] on first-passage densities of Gaussian processes through a
time-dependent boundary. These results depend on the covariance function of the process, which
we compute in the following lemma.

Lemma 4.2. For any choice of 0 < s < u < t, one has

PROOEF: This follows by writing

u t
p(s,u,t) :/ / E[Wvlwvz] dvy dvg ,

using the property E[W,, W,,| = v1 A vy of Brownian motion, and splitting the integral along the
line {v1; = va}. O

In particular, the covariance and variance of X; are given by

1 1
E[X,X:] = p(s,t) := p(0,s,t) = —683 + iszt )
1
E[X7] = p(t,t) = §t3 :

The distribution of X; is centred Gaussian with this covariance, and therefore the density of u? at

d(t) is given by ,
b(t) = — exp{ d(t)} . (4.15)

o\/2mp(t,t) 202p(t, 1)

13



By [6, Eq. (2)], the density of the first-passage time 7% can be written as

»(t) = b(t)(t) (4.16)
where the function b(¢) solves a certain fixed-point equation, and is well-approximated by
d(t) T A
bo(t) = s 0up(t.t) = (1) = Zrdlt) = (1)
More precisely, we have from [6, Eq. (7)] that
t
0l = ba()0(0) + [ Bls.o(tls)u(s)ds. 417
0
here 1 (1) — d(s))?
t) —d(s
)= T i) 19
is analogous to ¢(t), but for a starting point (s,d(s)) with s € [0, ¢], and
b(s,t) = d'(t) — Bi(s,t)d(s) — Ba(s,t)d(t) (4.19)

where 51 and B, solve the linear system

(e 260) (5020) - (6

Substituting (4.18) in (4.17) and using (4.16), we obtain that b(¢) satisfies the fixed-point equation

tt
b(t) = bo( £)b(s) e "=/ (20%) q 4.21
0= blt) +—— [ 2D ) 421

2 2 _ 2
oy = A2 P (A0 — d(s)
p(s;s)  p(t,1t) p(s;t,t)
We will use Banach’s fixed point theorem to show that the solution b of (4.21) is indeed close to bg.
For this, the following two lemmas will be useful.

where

Lemma 4.3. For sufficiently small 6, there exists a constant ryi, > 0, independent of §, s and t, such that

( t) > Tmint > T'min
r(s,t) >
’ s3 s
holds whenever 0 < s <t < Tipax = 20.
PROOF: We first note that Lemma 4.2 implies that
23,13 o 1 2
p(s,t,t):§s +§t —s t:§(t—s) (t+2s) . (4.22)

It follows that

ds)* _d@®)?  _[d(t) —d(s))?

M) =3 "a T T T a9+ 29)
It follows from the mean value theorem and the fact that d'(t) = —1 + O(9) that

[d(t) —d(s)]* _ 1+ 0(9)
(t—s)2(t+2s)  t+2s

14



This shows in particular that r(¢,t) is well-defined (it is equal to d’(t)2 /). It is convenient to make
the change of variables

t=odx, s = opzx (4.23)

x
<20t0o0 < ¢ < 2,0 < p < 1. Using the fact that

since this maps the domain 0 < s < ¢
2= (6 —t)?(1 + O(5)), we obtain

t+2s=0x(1 4 2p) < 36x and d(t)
3
r(62.097) > 5oza(w)(1+ O(9)). (429

where

p3$2

g(z,p) = (1 —px)* —p*(1 —x)* +

=ax? —2bx +c,

witha = p?(1 — %p), b=p(1—p?),and c = 1 —p3. One can easily compute the minimum of g(z, p)
over z € [0,2]. However, it turns out to be preferable to minimise g(z, p)/x?. One finds that

) (g(x,p)) 20z —0)

Oz x2 x3

vanishes in
s prprl 1
b p(l+p) PP4p

There are two cases to consider:

1. Ifp<p* = \/52_1 , then x* > 2, so that g(x,p)/2? is decreasing for z € [0, 2], and therefore

g(z,p) > g(2,p) 1 [1
x2 4 4

gpg +(1- 2p)2} .

One easily checks that this is bounded below by a positive constant for p € [0, p*].
2. If p* <p < 1,thenz* € (0,2) and

T, x¥, ¥, 2 1—p?)(1
g(xzp)>ggx*)§)_ac_p[l (1—p*)( +p)}’

3 L+p+p?

which is also bounded below by a positive constant for p € [p*, 1].

The result follows by replacing this lower bound in (4.24), together with the relations

which are the inverse of the transformation (4.23). O
The next lemma gives a bound on the prefactor of the exponential term in (4.21).

Lemma 4.4. There exists a constant My > 0 such that for any 0 < s < t < Tiax, one has

Myo

= g5/2

p(t,t) 7 s
‘ ot () )

PROOF: The matrix M (s,t) appearing in (4.20) has determinant

3
1
det M(s,t) = ;—6 [4t% — 9st® + 657t — 5% = %53@ —5)2(4t — s) .

15



This allows to solve (4.20) for 31 and 5. Using the fact that
1 1
Op(s,t) = —s%, 0sp(t,t) = —s%,
2 2
we obtain

B 3t2 s 1) = 3(2t — s)
s(t—s)(4t—s)’ Bals,1) (t—s)(4t—s)

By Taylor’s formula, there exists 6 € (s, t) such that

61(57 t) =

d@%:ﬂﬂf@fsmﬁy+%@fQ%%®.

Plugging the last two relations into (4.19) and rearranging terms yields

a&nséﬂiﬂkawcn@w@)%}%%m]

Using 4t — s > 3t and 3t — s < 3t, we obtain

~ t—s
b(s,t)| <
(s, )] < —

1
[1d(t)| +tld ()] + 5#2/d" O)]] -
The result then follows by using the lower bound p(s,¢,t) > % (t — s)*t, which follows from (4.22),
together with the facts that d(t) = O(6), while d’ and d” are bounded on [0, Tyax]- O
We can now show the main result of this subsection, using a classical fixed-point argument.
Proposition 4.5. For sufficiently small o, there exists a constant & > 0 such that (4.21) has a unique

solution satisfying
3

|m@—%un<%eﬂwz
forallt € [0, Trax)-

PROOF: Wewill apply Banach’s fixed-point theorem to the space B = C([0, Tinax|, R) of continuous
functions b : [0, Tiax] — R, equipped with the weighted supremum norm

bl = sup t[b(£)] -

Ogthmax

This definition guarantees that ||bg|| < M for a constant M; independent of ¢ and §. We write
(4.21) as the fixed-point equation b = I'b, where I" : B — B is the integral operator

(Tb)(t) = bo(t) +/() k(s,t)b(s)ds ,

with

1 p(t,t) - et /(20
k(s,t) = ] B(s. 1) o T(s:0)/(20%)
(87 ) [V} 2 p(57tat)p(575) (8’ )e

Lemmas 4.3 and 4.4 imply that

My 2
k(s,t)| < — O e rmin/(207s)
| ( )’ o/ 2ms5/2

It follows that

< M6 M05 t e*Tmin/(Zchs)

|(Fb)(t)| STy V2r Jo o57/2 ds|[b]| -
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Using the change of variables x = 7,1, /(202s), one checks that the integral is bounded by ekl
for a constant x comparable to r,i,. This implies

78] < Mo 1+ 8"/ |jp]]

for a constant M > 0. Choosing for instance R = 2M>,d, we see that for ||b|| < R and o small
enough, one has |T'b|| < R, so that I" maps the ball of radius R into itself.
A similar argument shows that if b; and b, belong to that ball, then

by — Ty || < Mab2e ™ /7" ||by — by

Therefore, for suf'ﬁc1ently small o, T is a contraction on the ball {||b|| < R}, with contraction
constant A = M,02e */" < 1, so that Banach’s fixed point theorem implies that the equation
I'b = b admits a unique solution. Furthermore, the sequence of b,, = I'"*by converges to the fixed
point b, so that

lbo — b|| < [|bo — b1l + ||br — b2 + - .-
SA+A+FN 4.0 ][bo — b

1
=1 lIbo = bull -

Since by = I'(0), we have ||by — b1|| < A||bo|] < M1\ By slightly decreasing the value of k, we can
absorb any multiplicative constant in the term e=*/°" | so that ||by — b|| < 6% e=*/°", which implies
the result. O

Owing to (4.17), a direct consequence of this result is that the density of 70 is given on [0, T},ax]

by
3

501 —d'(H)+0 (T e/ ")] o(t) - (4.25)

This will allow us to compute moments of 7°.

P(t) =

4.3 Linearised equation: moments of hitting times

0

We now compute the expectation and variance of the first hitting time 7%, using the density ob-

tained in the previous section. To this end, we introduce the event
Q1 = {w: 7°(w) < Thmax} » (4.26)

where we recall that T),.x = 20. We will show in Corollary 4.9 below that Q; has a probability
exponentially close to 1.

Proposition 4.6. For sufficiently small o and 6, the first two moments of 7°1q, admit the expansions
1
E[TO].QJ =0+ 5(5202 + (’)(5302) , (4.27)

and )
Var[t1g,] = 55302 +0(6%?) . (4.28)

Furthermore, the third moment satisfies
E[(7°)°1q,] = 6° + O(6'0?) . (4.29)

PROOF: The expected value of 71, is given by the integral
Timax
E[r1q,] = / t(t)dt , (4.30)
0
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where (4.25), (4.14) and (4.15) imply that the density 1) is given by

P(t) = a\/% K‘;’f - ;) +O06—1t)+ o(fe—ﬂ/ozﬂ exp{—?;i(;t)j} .

Substituting this in the integral (4.30) gives

w00 = 2o [ [0 i+ 0] e <200 4 ey b,

wt) = 5(R-3). mo-3050

and the remainders satisfy r1(t), r2(t) = O(5 — t) and 7 (t) = O(53%t~1e~"/°"). We note that the
remainder 71 (¢) yields only an exponentially small error term, despite the fact that it diverges like
t~1, thanks to the behaviour in =2 of ps(¢). Since this is negligible with respect to any algebraic
order term in o, we can ignore it from now on. We now perform the change of variables

V3
:m@*f)a

where

which yields
532 (V3/(VEo) 5324
E[r’1q,] = / [q (5— z>—|—F z]
el = L " E ) T

x exp{—;pg <5 - 532; z> (1+72(2)) } dz

with remainders 7 (2), 7o (2) = O(6%/202). To simplify this expression, we introduce

625

0 = ) 4.31
="/ (4.31)
and note that
(5-222) = (ot - 52) = T (1 52)
ds /3 z)=q oz)) = Nz oz),
and 5 §3/2 P §3 ) 22 1 )
p5< VG Z> T 26605237 T 2(1-623"
The expectation then becomes
1/0 2 1Pz
Bl 1o = 2 ~/ CURLORLC) eXp{— (1_;i)§}dz .32

For sufficiently small &, we can use the Taylor expansions

1
@(1—62) =q(1) - ¢ (1)5z + 5(11’(1)5222 +0(5°2°)

2 1 ~ 2
exp{—ZW} = exp{—ZQ(l + 36z + 65’222 + 0(5323))(1 + 7:2(2))}
= exp{—;&z?’ — 35224 + 0(6%2°) + (’)(zQFQ(Z)) } o—7/2

= [1 - gz?’& + (—324 + zzﬁ) 724+ 0(6%2°) + 0(227?2(2))} e F /2

18



Using the fact that 7(z) = a;062 + O(6%26%22), i = 1,2, for some constants a1, az, as well as the

expression
[eS) k/2 /6. . .
1 / ko222 gy L1 (2i—1) ffk %s even ,
V2T J—so 0 if kis odd ,
for the moments of the standard normal law, we find, upon substituting the expansions into (4.32),
0 63 9, L ~2 ~2
E[r"1q,] =6|q:(1) + §Q1(1) + 5(11(1) t5q (1) Jo=+ O(657)| -

Here we used the fact that extending the bounds in the integral (4.32) to +00 only produces expo-
nentially small error terms. The Taylor coefficients of ¢ at 1 are found to be ¢1(1) = 1, ¢} (1) = —2
and ¢/ (1) = ', which yields

b

E[r%10,] = 6 + 255—2 +0(6%5?).

Plugging in the value (4.31) of & gives (4.27). A similar computation, in which only the expression
for g5 is changed, can be made for the second moment of 7°. One obtains

E[(79)%1q,] = 6% + %5302 + 0(6%?),
which yields (4.28). The proof of (4.29) is similar. O

Recall that the moments of 7° have been computed after performing the time change defined
in Section 4.1 and dropping the tildes. We now have to undo this time change. We first note that
the event Q; becomes

Q= {To(w) < fmax} , where T = c¢g(Tmax) -
The result on moments is then as follows, where we introduced the shorthand
ro = m% + Yo -
Corollary 4.7. For sufficiently small o and 6, the moments of 7° before the time change satisfy

}T(ffo,yo)%Q + 0(5302>

2 1
2 o

To
3.2 4 2
Var[r%1g,] = 1 T(z0,10)%0 +0<5 d > 7

2 5
3 TS T

E[TO]-QJ = T(x()ay()) +

E[(TO)S]_QJ = T(ﬁo,yo)3 + O((sif) .
0

PROOF: Recall the relation 70 = cg(7°), cf. (4.5), where g(t) = t + O(t?), cf. (4.11), and the constant
c is given by (4.12). To compute the expectation of 7°, we write

E[r%1g,] — cg()P(21) = E[(r° — cg(6))1q, ]
= cE[(9(7°) - 9(0))1a,]
=cE {/ g'(t)dt 191}
5
= B[(7° = 6+ O((7)? - 6%)) 1,
- 6[5 + %52&2 +0(8%5%) — 51?’((21)} +O0(cs*5?%) ,
where ¢ has been defined in (4.7). As mentioned before, we will show in Corollary 4.9 that P(©;)
is exponentially close to 1. The result for the expectation follows from the definition (4.12) of ¢

and the relation (4.3) between 6 and T'(xg, yo). The other moments are computed in an analogous
way. O
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4.4 Nonlinear equation
Recall that the moments of 7° that we computed correspond to the linearised equation
dud = (oW; + 229 (t)ud) dt . (4.33)
We now extend these results to the non-linear equation
duy = (oWy + 229 (t)uy + u?)dt . (4.34)

To do that, we show that z; = u; — u? remains small with high probability. We begin with a
preparatory estimate.

Lemma 4.8. There exist constants My, kg > 0 such that for any H > 0 and 0 < ¢t < Tax, one has

H2
P? sup |ul| > H ¢ < MoHtexps —kg—5= ¢ -
o2t3

0<s<t

PROOF: One can use the bound in [5, Theorem 2.2] on the supremum of a Gaussian process. This
requires a bound of the form
E[(X: — X,)?] <G|t —s|”

to hold. This is indeed the case with v = 2, thanks to the computation of the covariance made
in (4.22). O

This result allows us to show that the probability of the event 2 introduced in (4.26) is expo-
nentially close to 1.

Corollary 4.9. There exist constant M7, k1 > 0 such that

2 2 2
P(Q%) < Ml‘i e=r1re/(80%)
To

PROOF: It suffices to apply Lemma 4.8 with t = fmax, which scales like 6 /7o, and an H of order §,
chosen in such a way that |[u?| < H for all t < Tynax implies 70 < Thax. O

We are now able to bound the probability that the difference z; = u; — u becomes large.

Lemma 4.10. For 6 small enough, there exist constants x, M, ho > 0 such that for any h € (0, ho] and

0 < t < Tiax, one has
h
]P’{ sup |zs| > h} < Mexp{—ﬁ“} .
0<s<t o4t

PROOF: Taking the difference of (4.34) and (4.33), we find that 2, satisfies
dzy = [(u])? +2(af + u)z + 27] dt .
We introduce the stopping time
T =inf{s > 0: |z,| > h} .

For any decomposition h = hy + ha + hs + hg, we can write

4
IP’{ sup |zg| > h} < Z]P’{ sup |r;(t)] > hj} =: ZPj ,

0<s<t =1 0<s<EAT j=1

where



Using Lemma 4.8, we obtain the existence of constants k1, k2, M7, Mo > 0 such that

hy h3
PlngeXp{/ﬁllo_QtA}, P2<M2€Xp{f{2h20_2t5 .

Choosing h; of order h and hy of order h3/?t!/? yields comparable P, and P,. Taking hs = th?

and hy of order th yields Ps = Py = 0. Since t < fmax = O(J), such a choice of the h; is possible.
Combining the bounds yields the result. O

We have now everything needed to extend the moment estimates in Corollary 4.7 to 7. It will
be convenient to define the event

Qo = {w: sup  Jug(w)| < afmax} )

0<t<Tmax
where the constant a will be chosen in a suitable way.
Proposition 4.11. There exist constants M, k,a > 0 such that for sufficiently small o and 9,
P(Q5) < M e 7o/ (00%) (4.35)

Furthermore, the moments of T satisfy

1T(xo,y0)?0? 502 .
E[T]_Qz] :T($07y0)+§ 7‘8 +O Tg —|—O(e 0/6) ,

17T ) 3,2 54 2
Var[r1lg,] = 3 (3307%0) 7 +O( rg ) —|—(9(e_’”°/6) ,

5402

6
)

E[T3192] = T(z0,90)> + (9( ) + (’)(e_’""’/é) )

PROOF: Given h € [0, afmax], we introduce the events

Qo(h) = {w: sup  [ud(w)] < aTmax — h} ,

0<t<Tmax

i) = {w: s fuw) - @) <h} .

0<t<Tmax

It follows from Lemmas 4.8 and 4.10 that

b~ fmax - h 2
P(Qg(h)c) < MOaTr?qax eXp{I{()(aA)} 5
0273

max

. h

P(Q3(h)) < My eXP{Hl%}

for some My, My, kg,k1 > 0. Since Qo C Qg(h) N Q3(h) for any admissible h, we have P(Q25) <
P(Qo(h)¢) + P(23(h)¢), and the bound (4.35) follows by choosing

h=T3 .

Regarding the expectations, we observe that if w € Q3 N Q3(h), then |[uf(w)| < aZIA’Inax 4+ h for all

t € [0, Timax)- If a is a sufficiently small constant (independent of § and h), this implies 70 < Tjax.

Therefore,
Qo N Qg(h) c Q. (436)

For any h; € R, we write
79(hy) = inf{t > 0: ul = d(t) + hi} .
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Then by construction, on Q3(h) one has
TO(—h) <7< To(h) .
Using (4.36), this yields the upper bound
E[r1la,] = E[r1la,10,n)] + E[r10,10, )]

[7°(R) 1,0 ()] + TinaxP(23(h)°)

E[r
E[To(h)191] + T\maxP(QS(h)c) )

NN

and the lower bound

Elr1a,] = E[r°(—=h)1a,nq,(m)]
= ]E[TO(—h)lﬂJ - E[TO(—h)lﬂm(Qng(m)c]
>E

[P0 (=h)10,] = Timax [P(5) + P(Q3(h)))] -
Corollary 4.7 implies that for any h of order fmax,

h+ O(5h) N 1T (z0,y0)%0” N (9(6302)

E[r%(h)1q,] = T(x0,y0) + o 5 2

The choice N
h = o*T3

max

ensures that the term of order h can be incorporated in the error term, since Tiax scales like d/ro.
Furthermore, with this choice of &, P(Q3(h)) has order e=*/Tmax, This yields the expression for

E[r1q,]. The other moments are treated in a similar way. O

4.5 Moments of the exit location

Having obtained the moments of 7, we can now proceed to deriving expressions for the moments
of y,, which is the main result of this entire section. Here it will be useful to work with the event

Q4=Qm{w: sup a|wt<w>|<bﬁnax} @.37)
0<t<Timax

where b > 0 will be chosen later on.

Proposition 4.12. There exist constants M, k > 0, depending only on b, such that for sufficiently small
oand 9,

P(Q5) < M e /(o) (4.38)
Furthermore, the first three moments of (y, — yo — T(x0, o)) 10, satisfy
1T(xg, yo)%0 5302 _
E[(ZJT — Yo — T(xoayo))lm] = 5% + O<7‘4> + O(e HTO/(S) ’ (4.39)
0 0

T(z0,0)? 5302 ~
E[(yr — yo — T(20,%0)) 10, ] = T(x0, yo)o” — 7(3:(;0‘%) o’ + (9( TZ ) +O(erro/?)
0

E[(yr —yo — T(xo,yo))Blsu] =0(0®) + 0(53> .

3
o

PROOF: Using either the Bernstein-type estimate [4, Lemma B.1.3], or [5, Theorem 2.2], applied
this time to Brownian motion, we obtain

-~ 22 275 27 2
IP’{ sup o|Wy| > bTmax} < My e 00 Trax/ (0" Tmax) — pf @00 Tmax/0™

0<t<Tinax
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Since fmax scales like § /7, this yields (4.38), considering the bound (4.35) on P(QS).
Regarding the moments, since y; = yo + t + oW}, we have immediately

Ely-1a,] = »oP(Q2) + E[71q,] + cE[W:1g,] .
Since 7 A Tpax is a stopping time, and (Wi)i>0 is a martingale, we have

0=E[W

T/\j:'max}
=E [WT/\fmax 192] +E [Wr/\ﬁnax 195]
=E[W, 1o, +E[W_ 7 1o,

ATmax

since w € {2y implies 7(w) < Timax. The Cauchy-Schwarz inequality implies

<WEW? o ]P(QS) .

TATmax

EW. 4, Los]

TATmax

Since (W?)i>0 is a submartingale,

E[W2 ~ | <E[WZ | =T =0(ch),

TATmax Tmax

and the bound (4.39) on the expectation, with 1g, instead of 1¢,, follows from (4.35). To extend the
bound to 1q,, we write

Elyr1a,] = E[yr1a,] + E[yrLa.neg] -

Since y, is bounded on €24, the second term on the right-hand side is bounded by a constant times
P(Q5), which yields a negligible exponentially small error term.
To estimate the second moment, we first compute

E[(yr — 0)*1a,] = E[7%10,] + 20E[rW,1q,] + 0®E[W?1q,] .

The term E[7%1g,] has been estimated in Proposition 4.11. We consider next the term E[W?21q,].
Here we use the fact that the process (M;);>o given by

My =W2—t

is a martingale. By a similar stopping argument as before, we get

E[W21o,) = E[rla,] + O(\/E[M2, . J/P©@5)) .

To compute E[7W,1q,], we observe that since d(tW;) = t dW; + W; dt, we have the integration-
by-parts relation

t
tWt:Xt+/ SdWS7
0

where X, is defined in (4.13). The stochastic integral being a martingale, that we denote M/, we
obtain
E[(tW:)lg,| = E[X,1q,] — E[M’

i Lag]

Here we can reuse the results from Section 4.3, since 0 X; is equal to ) in the particular case
a(t) = 0,and u2 = d(7) for a suitable boundary d. This yields

1 T(z0,y0)%0? 5302
oE[X;1q,] = T(z0,y0) — E[T1q,] :—§%+O )

Combining the different estimates, and using a similar argument to replace 1g, by 1¢, yields the
expression for the second moment. The proof of the third moment is similar. O
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X
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Figure 6: Definition of the partition of [i,, 25,]. The difference yd%;, — yd°* is constant, equal to

~. The difference §,, = ©,41 — x, is increasing with n.

5 Combining the slices

In this section, we provide the proof of Theorem 2.1. We fix an initial condition (x;,, yin) satisfying
22 + yin > 0, and a final y-value yg, < y*. Let (z9°t(t),y9°*(¢)) be the deterministic solution (2.3)
with this initial condition, and let zg, = 29t (yg,).

5.1 Partition

We first choose a partition (zy,)ogn<n Of [Zin, T4, that is “equidistant in y” (see Figure 6). Given
an integer N > 1, that will be taken large, the partition is defined by

Yfin — Yi
'/En = xdEt(n’y) ’ "y = nN = :
To lighten notations, we write
Y =y () = yin + 1y

We use the superscript ¢ for yd°t to distinguish it from general starting points y,, on the section
{xz = x,}. Since such a distinction is not needed for x,,, we omit the superscript in that case. Note
that since

_ 2 det 10 2

we have

On = Tyt — Tn = (@2 + 43 + O(?) .

Giveny, > —22 and 0 < n < m < N, we use the notation
Tn,m(yn) = T(zna Yns fm)

for the deterministic time needed for the solution starting in (x,,,y,) to reach the line {z = z,,}
(the notation T'(zy,, Yn; Tm ) has been introduced in (2.8)). In particular, we have

T (o) = Yot — Y3 = (m —n)y .

In other words, the deterministic reference solution (z4°t(¢), y4°t(¢)) takes always the same time
to move from a line {z = z,,} to the next line {x = 2,1 }.

In order to work with bounded values of y,,, we fix a strictly increasing function h : [in, Zg,] —
(0,00), and introduce the increasing family of sets

B, ={(z,y) € R*: 2y < 2 < 2, |y — y**(2)| < 2h(2)},
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y(z) + 2h(z)

(mtvyt)

——— yit(x)

=\

/’J’_'— | L ydet(x) — 2h(x)

X

\

Ln—1 Tn Tn41

Figure 7: Definition of the sets B,,. Each set extends all the way to = x;,, so the sets are nested
(Bn—1 C By, C Bp41). The sample path (x4, y,), is an element of Q,,_1 y41.

where y9°*(z) stands for the deterministic reference solution parametrized by z (the reciprocal of
the function 29°t(y) defined in (2.4)). We also introduce the intervals

I, = [yget - h(xn)ayrdft + h(mn)]

(see Figure 7). Denoting by 7, the first-exit time of the sample path (z¢,y;)1>0 from B,,, we define
the events R

Qn = {xTn =Tn,Yr, € In} .
These events correspond to the sample path remaining between the curves y = y9*(z) — 2h(z) and
y = y3°*(x) + 2h(x), and exiting the set B,, through its right-hand boundary, at a point (z,,, v, )
such that y, liesin I,,. The reason for the factor 2 in the definition of B,, is as follows. Since

T (20, Yns Tnt1) =7+ O(%)
the deterministic solution starting in (z,,, y,) with y,, € I, will cross the next section {z = z,,41}
at height y(7T') satisfying
y(T) =y + 7+ O0(?),
so that
9(T) = y5Sa| < |yn — 95| + O(°) < Blag) + O(°) .

Since h is strictly increasing, we have h(x,+1) > h(z,) + by for some b > 0, and therefore y(T') €
I, 11 for v small enough. This guarantees that the stochastic sample path starting in (x,,, y,) will,
with high probability, reach the line {x = z,,41} at a point in I,,;1. More precisely, we have the
following bound.

Proposition 5.1. There exist constants x, M > 0 such that for v small enough and any y,, € I,, one has
Ip)xnyyn (§%+1) < ]\46_5'7/0-2 3 (5.1)

PROOF: Recall that y; = yd°* + oW}, and that we have constructed the sets B,, and I, in such a
way that the deterministic solution remains at distance by from the boundaries of B,, and I, for

some b > 0. Therefore, the set 4 = Q4 ,, introduced in (4.37) is included in ﬁn, for this choice of
b. Hence, the result follows from (4.38) and the fact that §/r scales like . O

An immediate consequence of this result is that we can bound the probability of events

m
Qrm = ﬂ Q,, 0<n<m<«<N,
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which means that sample paths remain between the curves y = y4°t(z) — 2h(z) and y = y4°t(z) +
2h(z) at least until 2; reaches x,,,, and cross each line {z = x,,} at height y. € I,,. See Figure 7 for
an example.

Corollary 5.2. Foranyy, € I,, and 0 < n < m < N, one has
eruyn (Qz’m) < (m _ n) e_N’Y/Uz .
PROOF: The decomposition ﬁ%,m = SA)%H U ﬁfHLm allows us to write
PEns¥n (Qfm ) — PTnYn (Q%Jrl U thLl’m)
= prrin (Q%H U (Qns1 N Qfl—&-l,m))
= prmin (QZ,+1) + prron (Qn+1 n Q%-ﬁ-l,m) :

,m

The first term can be bounded by (5.1), while the strong Markov property implies

e s ~ AC o ., 7, ~ -
PEnYn (Qn+1 N Qn+1,m) < sup PEn+15Un+1 (Q:LJrl,m) .
Yn4+1€In 11

The result then follows by induction, starting with n = m — 1 and moving backward in time. [

Since the event €y introduced in (2.9) contains QO,N provided h(z) < hg for all z, we have
P(Q5) < P(Qf ), and the bound (2.10) will follow from our choice of 7.

5.2 Expectation of y,

Our aim is now to compute the expectations

EmN(yn) = E(zmyn) [yTN 1§n,N]

det

for y, € I,. Since the starting point y, may be different from the reference solution 5

introduce the notation

, we

Hn(yn) =Yn + Tn,71,+1(yn) (5.2)

for its image on {& = z,,+1} by the deterministic flow. In other words, II,, is the deterministic

Poincaré map from the section {z = x,} to the next section {z = z,41}. In particular, we have

I (y5) = 4 +v = ypda-

Then, we have the following inductive relation, which is based on a Taylor expansion of E,, .
Proposition 5.3. Given 1 < n < N and an initial conditiony,,_1 € I,,_1, let Z,, be the random variable

Y7 — anl (ynfl)
e .

Z, =
Then one has

Ep1,NWn-1) = En, N (I—1 (yp—1) )PPt ¥ (ﬁn)
oL (Tas (B0 2,15

1
+ §UQE;L/,N(Hn—l(yn—l))E(mn_l7yn_l) (Z214 |
* é"gE(z"_l’y”_l) [Z315 B (M1 (yn—1) + 60 Z,)] (5.3)

for some 6 € [0, 1].
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PROOEF: Let X, be the density of y,_, restricted to I,, (this can be viewed as the density of the
process killed if it does not leave B, through ). Since 15 =15 15 , the strong Markov

1,N

property applied on {x = x,,} implies
E’ﬂfl,N(ynfl) = E(#n-1yn-1) [yTN]'ﬁn—l 1§n,N:|

= / X (2) By (W(y—1) + 02) dz

n

We use the Taylor expansion with remainder

2
1 1
E.n (H(yn_l) + az) = Z —akzkET(ij)V (H(yn 1)) + ?U Z3EW (H(yn_l) + 002) .

Since

/ 2Pxn(z)dz = ]P(f”"—l’y"—l){folﬁn}
I

n

for any k > 0, the first three terms in the Taylor expansion yield the first three terms in (5.3). The
remalnder is dealed with in a similar way, except that the function E!”,; has to remain inside the
expectation. O

From now on, we make the choice
Y=0,
since this will yield near-optimal error terms, and simplify their expressions. Since the event 24 =
Q4 ,, introduced in (4.37) is included in ﬁn, Proposition 4.12 implies

] EUM
nd 27 (22 4 ydet)2
Eln1n) [ 2215 | = Tpo1n (Y1) + O(0?) .

E@n—1vn-0[7315 | = O(1) .

n

F(@n—19n-1) [Z 1~

nlg +O(‘73)7

Here we have replaced the indicator functions 1q, , by 15, , since Z,, is bounded on Q and the Qg ,
have an exponentially small probability. This allows us to obtain the following inductive relation
on the E,, n(yn).

Proposition 5.4. Forevery 0 < n < N — 1, one has
En,N(yn) = Un + Tn,N(yn) + 02Dn,N(yn) + JBRn,N(yny 0) ) (54)

where the second-order corrections D,, n and remainders R,, n satisfy

anl,N(ynfl) = Dn,N (anl(ynfl)) + %JTJN (anl(ynfl)) + 0(02) (55)
Rn—l,N(yn—la U) = Rn,N (Hn—l(yn—l)a U) + O(O') (56)

fort<n<N-1
PROOF: We first note that if o = 0, then ﬁn’N =Qand
B,y (yn) = B0 [yr g ] =y + T n (yn) |

so that (5.4) holds. We now proceed by induction over n, going backwards in time. The relation (5.5)
is true for n = N with Tn n(yn) = Dn n(yn) = Ry, n(yn) = 0. Assuming it holds for some n
between 1 and N, we have

N =141, N(y) + O(a?),
wn (W) =T n(y) + O(c?) . (5.7)
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We now plug the expansion (5.3) into (5.4) and expand into powers of o. At order 1, we obtain

Yn—1 + Tnfl,N(ynfl) = anl(ynfl) + Tn,N (anl(ynfl)) 5

which is true in view of (5.2), since T),—1 N (Yn—1) = Tn,N(Yn—1) + o v (II—1(yn—1)) (this follows
from the semi-group property of the deterministic flow). At order o2, we get

Tn—l,n(yn—l)Q

. 1.,
Dn—l,N(yn—l) = ili% Dn,N(Hn—l(yn—l)) + 7E7L,N(Hn—1(yn—1)) ($% T yget)Q

2

1
+ §E'Z,N (anl(ynfl))Tnflﬁn(ynfl) + 0(0'2)

The bound (5.5) follows from (5.7) and the fact that T;,_1 ,,(y,—1) = O(o). For the remainder, we
obtain the relation

PTn-1,Yn—1 (Q%)

Rnfl,N<yn717 J) = Rn,N (anl(ynfl)a U) + o3

En,N (anl (ynfl))

1
+ EE(an,yna) [Zilﬁ,h]\, ;{fN(anl(ynfl + QUZn))] + 0(03) 7

which implies the remainder bound (5.6), since P*»~1¥n-1 (ﬁ%) is exponentially small. O

Since IT,,_1 (ydeY) = ydet iterating the inductive relation (5.5) shows that

Do v (y3et) ZT/{ L (Y3 + O(Na?) (5.8)

and therefore, viewing the sum as a Riemann sum and since 0 = v = O(1/N),

1
B [y 1g, ] =t + 50 Z wn (Yn™) + O(No') + 0(0”)
1 2 Yin det 3
= Yfin + 50' Bny(m (y)a Y; xﬁn) dy + O(U ) .
Yin

Replacing 15 = by 1o, only results in an error term of order ]P’(Q0 ~ ), which is exponentially small.
We have thus proved the bound (2.11) on the expectation.

5.3 Variance of y,

The computation of the variance of y, is quite similar to the computation of the expectation, so
we only comment on what changes. The quantity

Mn,N(yn—l) = ]E(ocn,yn) [nyv 1§n,,N]

satisfies the expansion (5.3) with E,, y replaced by M,, . Then the analogue of Proposition 5.4
reads

My N (yn) = [yn + Tn,N(yn)]2 + U2Fn,N(yn) + O(JS) )

where
FoinWn-1) = Fon (-1 (yn-1))
) 2
+o [(1 + Tn,N(Hn—l(yn—l)))

+ (anl(ynfl) + Tn,N (anl(ynfl))>Trl;’N (anl(ynfl))}
+0(c?%) .
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Since Y3 + T N (Y5®") = YN = s, this entails

Fo w (yit UZ[H o ) YR T ()| + O(0?)

Therefore, using (5.8) one obtains

Var (@in:¥in) {yrx 15, N} = o? [Fo v = Dj n] +0(0?)
— 3 Z (1+1T, N yg“))2 +0(c?)

Yfin . 2
202/ (1—|—3 T(x dt( ), y;xﬁn)) dy + O(c?) .
As in the case of the expectation, replacing 15 _ by 1g, only results in an exponentially small
error term, so that we have proved the bound (2.12) on the variance. The proof of Theorem 2.1 is
thus complete.

6 Analysis of the functions D and V'

In this section, we analyse the functions D(ziy, ¥in; fn) and V (Zin, Yin; Zaa ) that appear in the state-
ment of Theorem 2.1, in the particular case where the deterministic reference solution

(@94 (2), 52 (t)) = (25° (1), w5°" (1))
det(

is given by (2.5). This requires us to find expressions for the derivatives 9,T(«§*(v), y; z4,) and
Dyy T (28°%(y), y; Tan) of the deterministic time to reach xq,, which we obtain in Section 6.1. Sec-
tion 6.2 is dedicated to the asymptotic behaviour as zg, — oo, providing the proof of Proposi-
tion 2.2.

6.1 General expressions for the derivatives of T'(Zin, Yin; Zfin)

Since all trajectories in this section are deterministic, we suppress the superscript 9t from now
on. Thus, the deterministic reference solution (2.5) is denoted (z¢(¢), yo(t)).

Proposition 6.1. Assume the initial condition (xin, yin) belongs to the deterministic reference solution
(2.5). Fix xg, > Zin, and denote by yg, the corresponding y-coordinate. Then the deterministic travel time
T (Zin, Yin; Tan) Satisfies

A
8yT(xin7yin; xﬁn) = - )
Tfin
2%anTfn — 1 o 24 B
Oy T (i, Yin: = A+ - — 6.1
Yy (xmvymaxﬁn) T%n + Tﬁn e ) (6.1)
where
Cin
A=rg — ———,
Ai(—yan)?
1
B=2 14+ ———519 — cin(2zan — Tin) — = Al(—¥in
TfinTfin + +Ai(—yﬁn)2{ Cin(2Zfin — Tin) 5 i(~yin)”
Bi(—in) Bi(—yﬁn)}}
+7Tci2{ . - — , (6.2)
"LAl(=¥in)  Ai(—Yan)
and

Tfn = m%n + Yfin »
Cin = Ai(*yin)Q(x?n + yin) = Yin lAi(*yin)2 + lAi/(*yin)2 . (63)
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PROOF: In order to determine the effect of a change in the initial y-coordinate, we write

1
x(t) = xo(t) +ex(t) + iagwg(t) + O(e%)
y(t) = yo(t) +ée,
where x1(0) = 22(0) = 0. Plugging this into the system (2.2) with o = 0 yields

1 = 2xo(t)x1 + 1,

To = 2:L‘U(t)$2 + 21‘1(t)2

These are linear inhomogenous equations, which can be solved by the method of variation of the
constant, yielding

_ 1(t)
irl(t) - Al(_ym _ t)Q )
2 K I(s)?

xo(t) = JY{E— /0 Ay =97 ds . (6.4)

Here .
160) = [ Ai(—gin = 92 ds = F=uin — ) ~ F(-tin).
0

since f, which has been introduced in (2.16), satisfies f’(z) = — Ai(z)?. We now expand

1
T = T(Zin, Yin + & 2an) = To +eT1 + 552T2 +0(?),

where Ty = T(Zin, Yin; Tan ), While T and T coincide with the y-derivatives we want to determine.
The condition x(T) = zg,, expanded into powers of ¢, yields

Tl.%"o(To) + £C1(T0) =0
Toio(Ty) + Tiio(To) + 2T1d1(Tp) + z2(Tp) =0 ,

whose solution reads

_ n(Th)
T= 5@

_ 1 [w(T)%E(To) e (To)in(Th) |
= i’O(TO) .i‘o(TO)2 2 -i'O(To) + 22(Tp)

Writing A = 21 (T}), B = x2(Tp), and using the differential equations satisfied by xo(¢) and x4 (t)
yields

i0(To) = Ty + Yain = Thin
i0(To) = 222, + 2%fnYan + 1 = 2TanThn + 1
21(To) = 2z, A+ 1,

which implies the expressions (6.1) for the derivatives 9,7 = T3 and 9,,T = T5. It remains to
check the expressions (6.2) of A and B. Regarding A, we note that (2.16) implies

F(=yo(t)) = Ai(—=yo(t)*) [yo(t) + zo(t)?] .
In particular, f(—yin) = cin, and therefore

I(t) = Ai(—yo(t))? [yo(t) + zo(t)*] — cin - (6.5
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This yields
I(TO) = Ai(fyﬁn)zrﬁn — Cin ,

which by (6.4) implies the expression for A in (6.2). Regarding B, we replace one factor I(s) in the
expression (6.4) of z5(¢) by (6.5), which yields

2 Cin

To
5= ity 00~ e o

and split the integral into two parts. For the first part, integration by parts yields

To

To .
/ I1(s)xo(s)ds = I(To)zgn — / I(s)xo(s)ds
0 0
To
= [Ai(—yﬁn)Qrﬁn — Cin| Tfin — / Ai(—yo(s)) Ai'(—yo(s)) ds
0
. 10, .
= [Al(_yﬁn)Qrﬁn - Cin] Tfin + 5 [Al(_yﬁn)2 - Al(_yin)z] . (67)
For the second part, we use the fact that (6.5) implies

To I(s) d /TO ds
X7 7/ \\o S - l‘ n - 'rin - Cin A -/ 7 N0 b
o Ai(—yo(s))? g o Ai(—yo(s))?

where the integral can be computed thanks to the relation

d (Bi(z)) 1
T \Aiz)) T AR
which follows from the expression (A.1) of the Wronskian of Airy functions. Replacing (6.7) and
(6.8) in (6.6) and rearranging yields the expression for B in (6.2). O

6.2 Asymptotics for large zg,

The expressions for the derivatives 9,T and 9y, T simplify somewhat in the limit 25, — o0, as
shows the following result.

Proposition 6.2. Assume the initial condition (Zin, yin) belongs to the deterministic solution (2.5). Then
the deterministic travel time T (Zin, Yin; Tq) Satisfies

. . - Cin .
a:ﬁl,,ILHOO ayT(xma Yin; xﬁn) = Ai/(—y*)Q 1, (6.9)
. 2 . . . .
Jdim OyyT (Tin, Yin; Thin) = A ) {min [—¥in Ai(—yin) Bi(—yin) — Ai'(—¥in) Bi'(—¥in)]
Bi'(-y*) 1
22 7 74 Ai(— i 24 6.10
+ mCiy Ai/(—y*) + 9 i{(~Yin) ( )

PROOF: In order to compute the limits, we write

Yan =Y — 1
where 7 > 0 will be sent to 0. The Taylor expansions
Ai(—yn) = n AV (—y")[1 + O()]
Bi(—ysn) = Bi(—y") + nBi'(~y") + O(n*)
_
7 Al (—y*)

+nBi'(—y*) + O(n?) ,
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where we have used the Wronskian identity (A.1) in the last line, immediately imply

_ Ai/(_yﬁn) _ l i

Thn = — 1+00H], Thn = 1+00H)].
= ) n[ ()] f nQ[ ()]
It thus follows from (6.2) that
ai 2 Cin
A=—]1 h =1—-—. A1
772[ + O(n?)] where o Ay (6.11)

Replacing this in the expression for 9,7 in (6.1) and taking the limit n — 0 yields (6.9). Proceeding
similarly for B, we find

1
B=b§,>+b§+0(>, (6.12)
7o 7
where
b—2+#—2-+i =2 1—£2—22 (6.13)
VAT A (2 | T T AV (2| T Ay 0 '
and o) BV ()
2 1. Bi(—yin) Bi'(—y*
by = in ir1*7AA/*in2 2 - :
’ Ai’(—y*>2{c in — 5 AT (i) ”C‘“{Au—ym) Ai’(—y*)”

This last expression can be simplified by noting that the second form of ¢;, in (6.3) and the Wron-
skian identity (A.1) imply

Bl(iyln) . . ./ .
Tin + TCin—F——— = T |Yin Ai(— in Bi(— in +A1 —Yin Bi'(— in 5
A ym) [Yin Ai(—¥in) Bi(—yin) (—¥in) Bi' (= Yin)]
which leads to
by = Al (—yr)? TCin [yin Ai(—yin) Bi(=yin) + Ai'(—¥in) Bi/(_yin)]

1. Bi'(—y*)
— 3 Ai(—yin)? — WCiQnm

Replacing (6.11) and (6.12) in the second expression in (6.1) yields

202 — b
any(l‘invyin;xﬁn) = 177 ! - b2 + 0(77) )

which yields (6.10), by taking the limit 7 — 0, since the singular term of order ~! vanishes thanks

to (6.13). O
We can now complete the proof of Proposition 2.2.

PROOF OF PROPOSITION 2.2. The limiting values of D and V are given by the integrals

o) = [ 00 Trolu)3:00) .
2
B ') = [ (14 0T (o), :00) dy
We start by computing I;,. Note that 9,T(xo(y), y; 00) is given by (6.9) with ¢;, replaced by
c(y) = y Ai(=y)* + A" (=)* = f(-y) ,
where f has been introduced in (2.16). Therefore,

~Yin
Iy(Yin, ) = M/_ f(z)?dz,
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where we have used the change of variables 2 = —y to avoid sign mistakes when computing the
integral. The function F defined in (2.17) satisfies F’(z) = f(z)?. Thus, the limiting expression for
V follows from the fact that F(—y*) = —% Ai'(—y*)*. Here the primitive F of f2 has been found
by using a homogenous polynomial of degree 4 in Ai(z) and Ai’(z) with polynomial coefficients in
z as an ansatz, and determining the coefficients by plugging the ansatz into the condition F'(z) =
f(2)%

Proceeding in a similar way for I,,, we obtain

Bi'(—y")

mf(z) + Ai(2)?| dz,

) = s [ |-2A ) + 20

—y*

where
g(z) = Ai'(2) Bi'(2) — 2z Ai(2) Bi(2) .
The function G(z) defined in (2.18) is a primitive of f(z)g(z), while we have already seen the F(z) is
a primitive of f(2)?, and —f(z) is a primitive of Ai(z)?. The limiting expression for D then follows
from the fact that ) )
7*77y7 S R\S Rk A k\2
G(=y") = =5 Al (=y")" B (—y") — o AT(=y")" .

As already stated, the limiting expressions (2.19) follow from the asymptotical behaviour (A.2) of the
Airy functions. This concludes the proof of Proposition 2.2, except for the fact that D is positive,
which we show in the separate Lemma below. O

Lemma 6.3. We have
D(zin, Yin; 00) := lim  D(Zin, Yin; Tan) > 0

e dee]

for any (Zin, Yin) on the reference slow solution.

PROOF: Since the limit as i, — —oo is equal to 2, and the integral defining D vanishes when
Yin = y*, it suffices to show that D is decreasing in y;,. The derivative of D with respect to y;, is
given by —F(—y;n)/ Ai'(—y*)?, where

F(z):= 27T(Mf(z) — g(z)) f(2) + Ai(2)%.

Note in particular that
F(-y*)=0, lim F(z) =0,

Z—00

A simple way to study the sign of F in the interval (—y*, 00) is to study the behaviour of its deriva-
tive. One finds, after a computation,

Bi'(—y*)

F'(2) = 41 Ai(2)?G(2) , G(z) == g(z) — A ()

fz) .

Hence the sign of F’ is the same as the sign of G for z > —y*. Furthermore,

G(-y*) =0, lim G(z) =0,

zZ—00

Again, to study the sign of G, we compute its derivative, which is

G'(2) = Ai(2)H(z),  H(z):= w Ai(2) — Bi(2) .

Since Ai(z) > 0 for all z > —y*, G’ has the same sign as H. Thus the proof reduces to the study of
H, which is much simpler than F and G. One checks that

! >0, lim H(z) = —o0,

H(—y") = =Bi(-y") = W Pt
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and direct differentiation gives
H(~y") =0,
This means that H starts positive at z = —y*, with horizontal tangent there, and tends to —oo as
z — 0o. We want to prove that H'(z) < 0 for all z > —y*. Indeed, this would imply that G, and
thus F, is first increasing, and then decreasing to zero, and therefore strictly positive on (—y*, co).
We first prove that H' is strictly negative on (—y*,0). Differentiating H gives after some rear-
ranging
Bi'(—y*
() = B o () — k() be) =
A (=y7)
Using the Wronskian identity (A.1), one gets

FE) = 5

which is negative for —y* < z < 0. It is known that there exists a value —y} € (—y*,0) such that
Bi’(z) < 0on [—y*, —yF) and Bi’(2) > 0 on (—yf, co). It follows that k(z) is negative and decreasing
on (—y*, —y?), with a vertical asymptote at —y7, and positive and decreasing on (—y7, 00). In both
cases, H'(z) is strictly negative.

It remains to show that H'(z) is strictly negative on [0, 00). Since Ai and Bi are independent
solutions of the equation y” = zy, any linear combination satisfies the same ODE. Therefore

H'"(2) = zH(2) .

This ODE leaves the sector H < 0, H' < 0 invariant for z > 0. One can check, using properties of
Airy functions, that H(0) < 0 and H'(0) < 0. Therefore, the proof is complete. O

A Airy functions

The Airy functions Ai(z) and Bi(z) are by definition two independent solutions of the linear, non-
autonomous ordinary differential equation

y'(2) = 2y(2) .
They can be defined by

Ai(z) = 1 /00 cos(ij + zf) d¢
T™Jo

o'} 3 3
Bi(z) = %/0 [exp<—€3 + zf) —|—Sin<£3 + zﬁ)} de .

See Figure 8 for plots.
Their Wronskian satisfies

A. B . . ./ . ]-
mwy(m(gg Q@)M@HW)AN@&@W. (A1)
Their asymptotic behaviour for large positive z (see for instance [20]) is given by
L—1/4 L—1/4
i - =& (— i — 3
Ai(2) = o=t ul=). Bi(2) = et u(o).
1/4 1/4
(2) = — 2 e~ Ey(— V(2) = 2 ot
Ai'(z) = 2\/Ee v(=¢€), Bi'(z) NG e v(§), (A.2)

where ¢ = 222/3 and u and v have asymptotic expansions starting with

m@=1+%;+0<;>, m@=1—77+0<1>.
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Figure 8: Airy functions.
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