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Abstract

We prove a Kramers-type law for metastable transition times for a class of one-
dimensional parabolic stochastic partial differential equations (SPDEs) with bistable
potential. The expected transition time between local minima of the potential energy
depends exponentially on the energy barrier to overcome, with an explicit prefactor
related to functional determinants. Our results cover situations where the functional
determinants vanish owing to a bifurcation, thereby rigorously proving the results of
formal computations announced in [BG09]. The proofs rely on a spectral Galerkin ap-
proximation of the SPDE by a finite-dimensional system, and on a potential-theoretic
approach to the computation of transition times in finite dimension.
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1 Introduction

Metastability is a common physical phenomenon, in which a system quickly moved across
a first-order phase transition line takes a long time to settle in its equilibrium state. This
behaviour has been established rigorously in two main classes of mathematical models.
The first class consists of lattice models with Markovian dynamics of Metropolis type,
such as the Ising model with Glauber dynamics or the lattice gas with Kawasaki dynamics
(see [dHO4, OVO05] for recent surveys).

The second class of models consists of stochastic differential equations driven by weak
Gaussian white noise. For dissipative drift, sample paths of such equations tend to spend
long time spans near attractors of the system without noise, with occasional transitions
between attractors. In the particular case where the drift term is given by minus the
gradient of a potential, the attractors are local minima of the potential, and the mean
transition time between local minima is governed by Kramers’ law [Eyr35, Kra40]: In the
small-noise limit, the transition time is exponentially large in the potential barrier height
between the minima, with a multiplicative prefactor depending on the curvature of the
potential at the local minimum the process starts in and at the highest saddle crossed
during the transition. While the exponential asymptotics was proved to hold by Freidlin
and Wentzell using the theory of large deviations [VF69, FW9S8], the first rigorous proof
of Kamers’ law, including the prefactor, was obtained more recently by Bovier, Eckhoff,
Gayrard and Klein [BEGK04, BGKO05] via a potential-theoretic approach. See [Ber11] for
a recent review.

The aim of the present work is to extend Kramers’ law to a class of parabolic stochastic
partial differential equations of the form

dug(z) = [Aw(z) — U'(wy(w))] dt + V2e dW (t, z) | (1.1)



where = belongs to an interval [0, L], u(x) is real-valued and W (¢, x) denotes space-time
white noise. If the potential U has several local minima w;, the deterministic limiting
system admits several stable stationary solutions: these are simply the constant solutions,
equal to u; everywhere. It is natural to expect that the transition time between these
stable solutions is also governed by a formula of Kramers type. In the case of the double-
well potential U(u) = %u‘l — %uQ, the exponential asymptotics of the transition time
was determined and proved to hold by Faris and Jona-Lasinio [FJL82]. The prefactor was
computed formally, by analogy with the finite-dimensional case, by Maier and Stein [MS01,
MS03, Ste05], except for particular interval lengths L at which Kamers’ formula breaks
down because of a bifurcation. The behaviour near bifurcation values has been derived
formally in [BG09].

In the present work, we provide a full proof for Kramers’ law for SPDEs of the
form (1.1), for a general class of double-well potentials U. The results cover all finite
positive values of the interval length, and thus include bifurcation values. One of the main
ingredients of the proof is a result by Blomker and Jentzen on spectral Galerkin approx-
imations [BJ13], which allows us to reduce the system to a finite-dimensional one. This
reduction requires some a priori bounds on moments of transition times, which we obtain
by large-deviation techniques (though it might be possible to obtain them by other meth-
ods). Transition times for the finite-dimensional equation can be accurately estimated
by the potential-theoretic approach of [BEGK04, BGKO05], provided one can control ca-
pacities uniformly in the dimension. Such a control has been achieved in [BBM10] in a
particular case, the so-called synchronised regime of a chain of coupled bistable particles
introduced in [BFGO7a, BFGO7b]. Part of the work of the present paper consists in es-
tablishing such a control for a general class of systems. We note that although we limit
ourselves to the one-dimensional case, there seems to be no fundamental obstruction to ex-
tending the technique to SPDEs in higher dimensions driven by a Q-Wiener process. Very
recently, Barret has independently obtained an alternative proof of Kramers’ law for non-
bifurcating one-dimensional SPDEs, using a different approach based on approximations
by finite differences [Bar12].

The remainder of this paper is organised as follows. Section 2 contains the precise
definition of the model, an overview of needed properties of the deterministic system,
and the statement of all results. Section 3 outlines the essential steps of the proofs.
Technical details of the proofs are deferred to subsequent sections. Section 4 contains the
needed estimates on the deterministic partial differential equation, including an infinite-
dimensional normal-form analysis of bifurcations. In Section 5 we derive the required
a priori estimates for the stochastic system, mainly based on large-deviation principles.
Section 6 contains the sharp estimates of capacities, while Section 7 combines the previous
results to obtain precise estimates of expected transition times in finite dimension.

Acknowledgements: We would like to thank Florent Barret, Dirk Blomker, Martin
Hairer, Arnulf Jentzen and Dan Stein for helpful discussions. BG thanks the MAPMO,
Orléans, and NB thanks the CRC 701 Spectral Structures and Topological Methods in
Mathematics at the University of Bielefeld, for kind hospitality and financial support.



2 Results

2.1 Parabolic SPDEs with bistable potential

Let L be a positive constant, and let £ = C([0, L], R ) denote the Banach space of contin-
uous functions w : [0, L] — R, equipped with the sup norm ||-||ze.
We consider the parabolic SPDE

dug(z) = [Au(z) — U'(we(2))] dt + V2e dW (t,z), teR,4, x€[0,L] (2.1)

with

e cither periodic boundary conditions (b.c.)
u(0) =u(L) , (2.2)

e or zero-flux Neumann boundary conditions

8u0 _ Ou

Sh0) = SE(L) =0, (23)

and initial condition ug € F, satisfying the same boundary conditions.

In (2.1), A denotes the second derivative (the one-dimensional Laplacian), ¢ > 0 is a
small parameter, and W (¢, z) denotes space-time white noise, defined as the cylindrical
Wiener process compatible with the b.c. The local potential U : R — R will be assumed
to satisfy a certain number of properties, which are detailed below. When considering a
general class of local potentials, it is useful to keep in mind the example

1 1
U(u) = ZU4 - §u2 . (2.4)
Observe that U has two minima, located in © = —1 and u = +1, and a local maximum

in 4 = 0. Furthermore, the quartic growth as u — 400 makes U a confining potential.
As a result, for small ¢, solutions of (2.1) will be localised with high probability, with a
preference for staying near u = 1 or u = —1.

The bistable and confining nature of U are two essential features that we want to keep
for all considered local potentials. A first set of assumptions on U is the following:

Assumption 2.1 (Assumptions on the class of potentials U).

Ul: U:R — R is of class C?. In some cases (namely, when L is close to 7 for Neumann
b.c. and close to 27 for periodic b.c.), our results require U to be of class C°.!

U2: U has exactly two local minima and one local maximum, and U” is nonzero at all
three stationary points. Without loss of generality, we may assume that the local
maximum is in v = 0 and that U”(0) = —1. The positions of the minima will be
denoted by u_ <0 < u4.

U3: There exist constants My > 0 and pg > 2 such that the potential and its derivatives
satisfy U0 (u)| < Mo(1 + |u|?°=7) for j =0,1,2,3 and all u € R.

U4: There exist constants o € R, 3 > 0 such that U(u) > fu? —«a for all u € R.

!Actually, for L near a critical value, the results hold under the assumption U € C*, with a weaker
control on the error terms.



U5: For any 7 > 0, there exists an M () such that U’(u)? > yu? — M;(v) for all u € R.
In addition, there exist constants a > 0 and b,c € R such that

U'(u+v) —U'(u) > av?Po~ 4 blu?Po~! 4 ¢ (2.5)

holds for all w € R and all v > 0.
U6: There exists a constant My such that U”(u) > —Ms and

WP VY" (w) — 2(py — Du0 73U (u) = — My (2.6)
forallu e R.

Remark 2.2. A sufficient condition for U3-U6 of Assumption 2.1 to hold is that the
potential can be written as U(u) = p(u) 4+ Up(u), where p is a polynomial of even degree

2po > 4, with strictly positive leading coefficient, and Uy is a Lipschitz continuous function,
cf. [Cer99, Remark 2.6].

Let us recall the definition of a mild solution of (2.1). We denote by e* the Markov
semigroup of the heat equation dyu = Awu, defined by the convolution

L
(A u)(z) = /0 Gil(er,y)uly) dy . (2.7)

Here G¢(x,y) denotes the Green function of the Laplacian compatible with the considered
boundary conditions. It can be written as

Gy(z,y) =D e ep(w)er(y) . (2.8)
k

where the e form a complete orthonormal basis of eigenfunctions of the Laplacian, with
eigenvalues —v. That is,

e for periodic b.c.,

1 s 2%k
ep(x) = ﬁez mie/ll kel and v = <) ; (2.9)

e for Neumann b.c.,

eo(z) = & en(@) = \Ecos<kzx> L keN, andu = <’j_f)2 (210)

A mild solution of the SPDE (2.1) is by definition a solution to the integral equation
t t

up = eAlug — / A=) U (u,) ds + \/%/ A=) qw (s) . (2.11)
0 0

Here the stochastic integral can be represented as a series of one-dimensional It6 integrals

t t
/ A=) qW (s) = Z/ e AW Pey, (2.12)
—~Jo

0

where the Wt(k) are independent standard Wiener processes (see for instance [Jet86]). It is
known that for a confining local potential U, (2.1) admits a pathwise unique mild solution
in E [DPZ92].



FIGURE 1. (a) Example of a local potential U. (b) Level sets of the first integral H (u,u’).
Bounded stationary solutions compatible with the boundary conditions only exist in the
inner region {H (u,u’) < Ep}. The periodic orbit contained in {H (u,u’) = E} crosses the
u-axis at points u = uy(F) and u = uz(E), defined in (a).

2.2 The deterministic equation

Consider for a moment the deterministic partial differential equation
atut(m) = Aut(:c) — U/(Ut(.f)) . (213)

Stationary solutions of (2.13) have to satisfy the second-order ordinary differential equa-
tion

u"(z) = U'(u(x)) , (2.14)
together with the boundary conditions. Note that this equation describes the motion of
a particle of unit mass in the inverted potential —U. There are exactly three stationary
solutions which do not depend on x, given by

ut (x) =u_, ul(x) = uy , us(x) =0. (2.15)

Depending on the boundary conditions and the value of L, there may be additional, non-
constant stationary solutions. They can be found by observing that (2.14) is a Hamiltonian
system, with first integral

H(u,u') = %(u')2 —U(u) . (2.16)

Orbits of (2.14) belong to level sets of H (Figure 1b). Bounded orbits only exist for
H < Ey, where 2
Ey=—U(u-)VU(uy)). (2.17

)
For any E € (0, Ey), there exist exactly four values u;(E) < ua(F) < 0 < usz(E) < ug(E)
of u for which U(u) = —E (Figure la). The periodic solution corresponding to H = E
crosses the u-axis at u = ug(FE) and v = uz(E), and has a period

u3(E) d
T(E) = 2/ . — (2.18)
u(B) VE+U(u)
The fact that U”(0) = —1 implies that limgp_0T(E) = 27 (in this limit, stationary

solutions approach those of a harmonic oscillator with unit frequency). In addition, we
have limg_, g, T(E) = 400, because the level set H = Ej is composed of homoclinic orbits
(or heteroclinic orbits if U(u—_) = U(u4)).

We will make the following assumption, which imposes an additional condition on the
local potential:

*Here and below, we use the shorthands a V b:=max{a, b} and a A b:=min{a, b}.
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FIGURE 2. Schematic representation of the deterministic bifurcation diagram. Noncon-
stant stationary solutions appear whenever L is a multiple of w for Neumann b.c., and of
2 for periodic b.c. For Neumann b.c., the stationary solutions u,, ;. contain n kinks. For

periodic b.c., all members of the family {u}, ,,0 < ¢ < L} contain n kink-antikink pairs.

The transition states (n = 1) are also called instantons [MSO03].

Assumption 2.3. The period T'(F) is strictly increasing on [0, Ep).

Remark 2.4. A normal-form analysis (cf. Section 4.3) shows that if U € C, then T'(E)
is increasing near £ = 0 if and only if

U@ (0) > —gU”’(O)Q . (2.19)

Furthermore, a sufficient (but not necessary) condition for Assumption 2.3 to hold true is
that
U'(w)? — 20 (w)U" (u) > 0 for all u € (u—,u4) \ {0} (2.20)

(see Appendix A). Note that this condition is satisfied for the particular potential (2.4).

Under Assumption 2.3, nonconstant stationary solutions satisfying periodic b.c. only
exist for L > 27, while stationary solutions satisfying Neumann b.c. only exist for L > 7;
they are obtained by taking the top or bottom half of a closed curve with constant H.
Additional stationary solutions appear whenever L crosses a multiple of 27 or w. More
precisely (Figure 2),

e for periodic b.c., there exist n families of nonconstant stationary solutions whenever
L € (2nm,2(n+ 1)x] for some n > 1, where members of a same family are of the form
up () = up o(z+ ), 0 < o < I

e for Neumann b.c., there exist 2n nonconstant stationary solutions whenever L €
(nm,(n + 1)7] for some n > 1, where solutions occur in pairs u;, () related by
the symmetry vy, _(z) = u;, . (L — ).
Next we examine the stability of these stationary solutions. Stability of a stationary

solution ug is determined by the variational equation

O () = Avy(x) — U" (uo() )ve(x) = Qluo)ve(x) , (2.21)

by way of the sign of the eigenvalues of the linear operator Q[ug] = A — U”(ug(+)). For
the space-homogeneous stationary solutions (2.15), the eigenvalues of @) are simply shifted
eigenvalues of the Laplacian. Thus



e For periodic b.c., the eigenvalues of Q[uf] are given by —\;, where

2km
L

It follows that ug is always unstable: it has one positive eigenvalue for L < 27, and
the number of positive eigenvalues increases by 2 each time L crosses a multiple of
27. The eigenvalues of Q[u’] are given by —v; — U”(us) and are always negative,
implying that u} and u* are stable.

e For Neumann b.c., the eigenvalues of QQ[ug] are given by —\i, where

2
/\k:Vk_1:< ) -1, keZ. (2.22)

km

2
)\k:I/k—1:<L> -1, keNyg. (2.23)

Again v is always unstable: it has one positive eigenvalue for L < 7, and the number
of positive eigenvalues increases by 1 each time L crosses a multiple of w. As before,
u’ and u® are always stable.

The problem of determining the stability of the nonconstant stationary solutions is equiv-
alent to characterising the spectrum of a Schrodinger operator, and thus to solving a
Sturm—Liouville problem. In general, there is no closed-form expression for the eigenval-
ues. However, a bifurcation analysis for L equal to multiples of 2w or 7 (cf. Section 4.3)
shows that

e for periodic b.c., the stationary solutions uy, , appearing at L = 2nm have 2n — 1 posi-
tive eigenvalues and one eigenvalue equal to zero (associated with translation symme-
try), the other eigenvalues being negative;

e for Neumann b.c., the stationary solutions u;, , appearing at L = nm have n positive
eigenvalues while the other eigenvalues are negative.

A last important object for the analysis is the potential energy

L
Viu] = /0 [;u'(x)Q—I—U(u(a;)) dz | (2.24)

For u + v satisfying the b.c., the Fréchet derivative of V' at u in the direction v is given by

VoV = lim = (Vu + o] — V]u])

e—=0 ¢

L
— [ @@ + U ata)ote) ds
L
_ /O [~ (z) + U (u())]o(z) dz (2.25)

Thus stationary solutions of the deterministic equation (2.13) are also stationary points of
the potential energy. A similar computation shows that the second-order Fréchet derivative
of V at w is the bilinear map
L
V2Vl o) o = [ Q) (@)oa(o) ds (2.26)
0

Hence the eigenvalues of the second derivative coincide, up to their sign, with those of
the Sturm—Liouville problem for the variational equation (2.21). In particular, the stable
stationary solutions u} and u* are local minima of the potential energy.

We call transition states between v’ and u* the stationary points of V' at which \41%
has one and only one negative eigenvalue. Thus
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FIGURE 3. The functions ¥4 (o) shown on a linear and on a logarithmic scale.

e for periodic b.c., ug is the only transition state for L < 27, while for L > 27, all
members of the family uj , are transition states;

e for Neumann b.c., uj is the only transition state for L < m, while for L > 7, the
transition states are the two stationary solutions uj .

Note that for given L and given b.c., V' has the same value at all transition states. Tran-
sition states are characterised by the following property: Consider all continuous paths ~
in E/ connecting u* to u’. For each of these paths, determine the maximal value of V
along the path, and call critical those paths for which that value is the smallest possible.
Then for any critical path, the maximal value of V is assumed on a transition state.

2.3 Main results

We can now state the main results of this work. We start with the case of Neumann b.c.
We fix parameters 7, p > 0 and an initial condition ug such that ||ug — u* ||fe < 7. Let

Ty =inf{t > 0: [Jug — u ||~ < p} . (2.27)

We are interested in sharp estimates of the expected first-hitting time E*“ {7} } for small
values of e.

Recall from (2.23) that the eigenvalues of the variational equation at uj; = 0 are given
by —Ai, where A\, = (km/L)?> — 1. Those at u* are given by —v; where

_ k2
vy = (L) +U"(u_) . (2.28)
When L > 7, we denote the eigenvalues at the transition states uj , by —uj where

o <0<y <pg <... (2.29)

We further introduce two functions ¥y : R, — R, which play a role for the behaviour
of E¥ {71} when L is close to m. They are given by

a(l+a) a?

U, (a) = (&T)e */16 K1/4<16> : (2.30)
mo(l+a) _, a? a?

U _(a) = (32)6 2/64 [1_1/4<64> +Il/4<64)] , (2.31)



where I.1/4 and K4 denote modified Bessel functions of first and second kind. The
functions W4 are bounded below and above by positive constants, and satisfy

lim U,(a)=1, lim ¥U_(a)=2, (2.32)

a—+-00 a——00

and

: b _ T/
Jimg W (@) = Jim ¥ (a) = 95/ /1

See Figure 3 for plots of these functions.

(2.33)

Theorem 2.5 (Neumann boundary conditions). For Neumann b.c. and sufficiently small
r,p and €, the following holds true.

1. If L < and L is bounded away from , then

1/2
E“{r.} = 27r< L 11 A’“) VIl =VIZD/e[1 4 O(e 2 [loge)?/?)] . (2.34)
’)\0|VO k’21 yk;

2. If L > 7 and L is bounded away from m, then

1/2
B {7} :w< L “’“) eV I7VIED/E[ 4 O 2loge?)] . (2.35)
|1olvg i1 Yk

3. If L <7 and L is in a neighbourhood of 7, then

v/ 1/2 ((V[ugl-V[uz])/e
E*{r } =2r ()‘1+_C_€ Aﬁ) S [1+Ri(e,\)],  (2.36)
[Aolvg v k>o Yk U (A1/VCe)
where ) 2
1 8me — 3
— 7@ (2
C=—- [U (0) + 55— U"(0) ] : (2.37)

and the remainder Ry satisfies

Ro(e,\) = 0<[max{;‘f%}] 1/2> . (2.38)

4. If L > m and L is in a neighbourhood of w, then

i+ VCE 1 e > 1/2 (Vi 4 1=VIu /e
lolvg v s Vi U_(p11/VCe)

[1+R_(s,11)] ., (2.39)

Ev{r,} = 27r<

where C' is given by (2.37), and the remainder R_ is of the same order as R .

Note that (2.33) (together with the fact that ug(L) — Ag(w) as L — m4) shows that
E"0 {7, } is indeed continuous at L = 7. In a neighbourhood of order /¢ of L = =, the
prefactor of the transition time is of order £1/4, while it is constant to leading order when
L is bounded away from 7.

We have written here the different expressions for the expected transition time in a
generic way, in terms of eigenvalues and potential-energy differences. Note however that
several quantities appearing in the theorem admit more explicit expressions:

10
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e We have Vuf] = 0 and V[u*] = U(u-), while V[u] .| is determined by solving (2.14)
with the help of the first integral (2.16). For the symmetric double-well potential (2.4),
it can be expressed explicitly in terms of elliptic integrals.

e The two identities

i z? sin(mx) > z? sinh(mrz)
i I e L) 14 L) = o) 2.4
k-l_[l < k:2> Tx kl_Il < + kQ) T (240)

imply that the prefactor in (2.34) is given by

1 Ak 1/2 sin L 12
R =2 . 2.41
ﬂ(]/\oyyo_ kl;‘[l Vk_> " VU (u-) sinh(L\/U"(u-)) (2.41)

e Since there is no closed-form expression for the eigenvalues py, it might seem impossible
to compute the prefactor appearing in (2.35). In fact, techniques developed for the
computation of Feynman integrals allow to compute the product of such ratios of
eigenvalues, also called a ratio of functional determinants, see [For87, MT95, CdV99,
MS01, MS03] .

We now turn to the case of periodic b.c. In that case, the eigenvalues of the variational
equation at u$ = 0 are given by —\j, where Ay = (2k7/L)? — 1. Those at u* are given by
—v, where

v, = (2?)2 +U"(u-) . (2.42)

When L > 27, we denote the eigenvalues at the family of transition states uj , by —puy
where
po < p—1=0< py < pa,p—2 < ... (2.43)

We further introduce two functions ©4 : R — R, which play a réle for the behaviour
of E¥ {71} when L is close to 2m. They are given by

0,4 (a) = \/Z(l + ) e’ /8 @(—3‘) : (2.44)

O_(a)=/~d <a> , (2.45)



where ®(z) = (2m)"1/2 [ e~*/2 dt denotes the distribution function of a standard Gaus-
sian random variable. The functions ©L are bounded below and above by positive con-
stants, and satisfy

. . . . E
agr}rloo @+(O¢) =1 ’ agrzloo @_(a) N \/;’ (246)
and
lim O (o) = lim O_(a) = /= . (2.47)
a—0 a—0 8

See Figure 4 for plots of these functions.

Theorem 2.6 (Periodic boundary conditions). For periodic b.c. and sufficiently small r, p
and e, the following holds true.

1. If L <27 and L is bounded away from 27, then

271' Ak *__ *

R0 _ (VIug)=V[u*])/e 1/2 3/2y] '

{r1} = = <| | V_) el Mo [1+ O(e"*logel*?)] (2.48)
/1 dolvy Ne=1 Tk

2. If L < 2w and L is in a neighbourhood of 2w, then

o >\1+\/205< Ak>e<v[uél—v[“*1>/f
L k>2

—————[1+Ri(e,\1)], (2.49)

Ev{r} = -
Vidlyy ™ Vi ) O4(A1/v2Ce)
where
1 3272 — 312
_ (4) Qe O ey 2
C=— [U (0) + Fo s U"(O) } , (2.50)

and the remainder Ry satisfies (2.38).
3. If L > 27 and L is in a neighbourhood of 2m, then

21 V2Ce ( m)&/[um—wuink
k>2

Vikolry 4 O-m/V802)

where C' is given by (2.50), and the remainder R_ is of the same order as R .
4. If L > 21 and L is bounded away from 27, then

2 2 _ (Vui gl=VIur])/e
7r \/W< \/m> e 1+ 02 loge*?)] .
k>2

— _ * \/
\/olvy vy Vi L||(U1,o) [l 2

Note that for L > 27 — O(y/e), the prefactor of E“ {7} is proportional to \/¢/L.
This is due to the existence of the continuous family of transition states

E“O{T+} =

1+ R_(e, )], (251)

Vi

Evo {7’+} =

(2.52)

up(z) =ujplz+e), 0<e<L (2.53)

owing to translation symmetry. The quantity

/O ' <d(iu’{70(:n)>2 dx] - (2.54)

12
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plays the role of the “length of the saddle”. One shows (cf. Section 6.2) that for L close
to 2w, u1 is close to —2)\; and

L) llz2 = 2my [ £ + Om) . (2.55)

which implies shows that (2.51) and (2.52) are indeed compatible.
As in the case of Neumann b.c., several of the above quantities admit more explicit
expressions. For instance, the identities (2.40) imply that the prefactor in (2.48) is given

b o ( )\k> 27 sin(L/2)

Mol Nisi v/ sinh (VO (u) Lj2)

See [Ste04] for an explicit expression of the prefactor for L > 2, for a particular class of
double-well potentials.

(2.56)

k>1 Vi
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3 Outline of the proof

3.1 Potential theory

A first key ingredient of the proof is the potential-theoretic approach to metastability
of finite-dimensional SDEs developed in [BEGK04, BGKO05]. Given a confining potential
V:R% = R, consider the diffusion defined by

da; = —VV (xy) dt + V2 dW; (3.1)

where W; denotes d-dimensional Brownian motion. The diffusion is reversible with respect
to the invariant measure

u(dz) = %e—wm)/e dz | (3.2)

where Z is the normalisation. This follows from the fact that its infinitesimal generator
L=eA-VV(z) - V=ce"?V.c7V/ev (3.3)

is self-adjoint in L2(R9, u(dx)).
Let A, B,C C R? be measurable sets which are regular (that is, their complement is
a region with continuously differentiable boundary). We are interested in the expected
first-hitting time
wa(z) =E*{ra} . (3.4)
Dynkin’s formula shows that w4(z) solves the Poisson problem
Lwag(x) =-1 x € A°,
wa(z) =0 x€EA. (3.5)

The solution of (3.5) can be expressed in terms of the Green function G sc(x,y) as

wa(x) =— Gac(z,y)dy . (3.6)
AC

Reversibility implies that the Green function satisfies the symmetry
V@ Gz, y) = VW/EG e (y, z) . (3.7)
Another important quantity is the equilibrium potential
hap(z) =P*{ta < 7B} . (3.8)

It satisfies the Dirichlet problem

ﬁhA’B(SE) =0 VS (AUB)C )
hap(z)=1 reA,
hap(xz)=0 reB, (3.9)

whose solution can be expressed in terms of the Green function and an equilibrium measure

ea,B(dy) on 0A defined by

ha,(z) = A Gpe(r,y)ean(dy) . (3.10)
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Finally, the capacity between A and B is defined as

capy(B) = —/8A e VW/E ey p(dy) . (3.11)

The key observation is that the relations (3.10), (3.7) and (3.6) can be combined to yield
/ he,a(y) e VW/eqy = / G ac(y, z)ec,a(dz) e VW)/e gy
¢ Ac JoC
= / wA(Z) e—V(z)/a eC7A(dz) . (3.12)
oC

The approach used in [BEGKO04] is to take C' to be a ball of radius € centred in z, and to
use Harnack inequalities to show that w4 (z) ~ wa(x) on C. It then follows from (3.11)
that

/ healy) eV /e dy = w () cape(A) | (3.13)

The left-hand side can be estimated using a priori bounds on the equilibrium potential.
Thus a sufficiently precise estimate of the capacity cap~(A4) will yield a good estimate for
E* {14} = wa(x). Now it follows from Green’s identities that the capacity can also be
expressed as a Dirichlet form evaluated at the equilibrium potential:

cap,(B) = ¢ / |Vhap(z)|?e™V @/ dz . (3.14)
(AUB)¢

Even more useful is the variational representation

capy(B) == inf / IVh(@)|2e V@I dg | (3.15)
heHa B (AUB)e

where H 4 p denotes the set of twice weakly differentiable functions satisfying the boundary
conditions in (3.9). Indeed, inserting a sufficiently good guess for the equilibrium potential
on the right-hand side immediately yields a good upper bound. A matching lower bound
can be obtained by a slightly more involved argument.

Several difficulties prevent us from applying the same strategy directly to the infinite-
dimensional equation (2.1). It is possible, however, to approximate (2.1) by a finite-
dimensional system, using a spectral Galerkin method, to estimate first-hitting times for
the finite-dimensional system using the above ideas, and then to pass to the limit.

3.2 Spectral Galerkin approximation

Let Py : E — E be the projection operator defined by

L
(Pa@) = 3 men(), e = wlu] = /0 ex(g)uly) dy , (3.16)

|k|<d

where the ey, are the basis vectors compatible with the boundary conditions, given by (2.9)
or (2.10). We denote by Ej the finite-dimensional image of E under P;. Let us(x) be the

mild solution of the SPDE (2.1) and let ugd) () be the solution of the projected equation

duy (@) = Pa[Auf (2) = U (0 @))] dt + V22 P WV (t,2) | (3.17)
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called Galerkin approximation of order d. It is known (see, for instance, [Jet86]) that (3.17)
is equivalent to the finite-dimensional system of SDEs

dyx(t) = —aikff(y(t)) At + V2 dWi(t), k| <d, (3.18)

where the W (t) are independent standard Brownian motions, and the potential is given

by
> ykek] . (3.19)

Ik|<d

Viy) =V

We will need an estimate of the deviation of the Galerkin approximation ugd) from uy.

Such estimates are available in the numerical analysis literature. For instance, [Liu03]
provides an estimate for the Sobolev norm HuH%{g = > (14 k)" |ye|?, with r < 1/2. We
shall use the more precise results in [BJ13], which allow for a control in the (stronger) sup
norm. Namely, we have the following result:

Theorem 3.1. Fiz a T > 0. Let U’ be locally Lipschitz, and assume

sup sup Hugd)(w)HLoo < oo (3.20)
deN 0<t<T

for all w € Q. Then, for any v € (0,1/2), there exists an almost surely finite random
variable Z : 0 — R such that

sup [lus(w) — ul (W) e < Z(w)d™ (3.21)
o<t<T

for all w € Q).

PRrROOF: The result follows directly from [BJ13, Theorem 3.1], provided we verify the
validity of four assumptions given in [BJ13, Section 2].

e Assumption 1 concerns the regularity of the semigroup e® associated with the heat
kernel, and is satisfied as shown in [BJ13, Lemma 4.1].

e Assumption 2 is the local Lipschitz condition on U’.

e Assumption 3 concerns the deviation of P;W (¢, x) from W (t,z) and is satisfied ac-
cording to [BJ13, Proposition 4.2].

e Assumption 4 is (3.20). O

3.3 Proof of the main result

For 7, p > 0 sufficiently small constants we define the balls

A=Ar)={ue E: |[u—u’|~ <r}, (3.22)
B=DB(p)={ueE:|u—ul|r~ <p}. (3.23)

If uf stands for a transition state between u* and u} , we denote by
Hy =V]uy] — Viul] (3.24)
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the communication height from «* to u%. We fix an initial condition ug € A, and write

(d)

uy = Pyug for its projection on the finite-dimensional space Ey. Finally we set Ay =
AN E,;. Consider the first-hitting times

Tl(ad) = inf{t > 0: ugd) € B},
g = inf{t > 0: u; € B} . (3.25)

We first need some a priori bounds on moments of these hitting times. They are stated
in the following result, which is proved in Section 5.

Proposition 3.2 (A priori bound on moments of hitting times). For any n > 0, there
exist constants eg = eo(n), Ty = T1(n), H1 > 0 such that for all € € (0,e0), there exists a
do(e) > 0 such that

(d)
sup E*° {T?g} < T2 A Hotn)/e and sup sup E0 {(T](gd))Q} < T2/ (3.26)
vpEA d>dop voEA

The next result applies to all finite-dimensional Galerkin approximations, and is based
on the potential-theoretic approach. The detailed proof is given in Sections 6 and 7.

Proposition 3.3 (Bounds on expected hitting times in finite dimension). There ezists
g > 0 such that for any 0 < € < g¢ there exists a dy = dy(e) < oo such that for all d > dy,
there exists a probability measure vq p supported on 0Ag such that

C(d,e) e D/ [1 - R7 L(e)] < / E® {79V v, p(dvg) < C(d,€) P D/[1 + BT (e)]
) 8Ad )

(3.27)
where the quantities C(d,e), H(d) and RiB(e) are explicitly known. They satisfy
e limy o C(d,e)=:C(00,¢) exists and is finite;
o limy,oo H(d) = Hy is given by the communication height;
e the remainders RjB(s) are uniformly bounded in d and R%(c) = supy RjB(s) satisfies
lim._,0 R5(e) = 0.

Then we have the following result.

Proposition 3.4 (Averaged bounds on the expected first-hitting time in infinite dimen-
sion). Pick a 0 € (0,p). There exist £9 > 0 and probability measures vy and v— on 0A
such that for 0 < e < &g,

/3A EUO{TB(p)}V+(dU0) < C(OO, E) eHO/E [1 + QRE(p—é) (8)] y
/6 B {rag ) (du) > Clo0,2) e [1 = 2Ry (6)] (3.28)

PROOF: To ease notation, we write B = B(p), B+ = B(p £ ) and Tk, = C(0c0, ) eHo/z,
For given vy € A and K > 0, define the event

QK,d ::{ sup Hvt - Ugd)HLoo < 5, T]gd) < KTKr} y (329)
te[0,K Tk.] -
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(d)

where v; and v, ’ denote the solutions of the original and the projected equation with
respective initial conditions vg and Pyvg. Theorem 3.1 and Markov’s inequality imply

B )

C < Y
P(Q4) < P{Z > 5d i U T

(3.30)

Choosing £ and dy(¢) such that Proposition 3.2 applies, the last summand can be bounded
using (3.26) and the Cauchy—Schwarz inequality. This yields

: c M(E) T —
hgisogplp( Fa) S e where M (e) = me(m Ho/= (3.31)
We decompose
EUO{TB} :]EUO{TBngVd}—i—EvO{TBlQRd} . (332)

In order to estimate the first summand, we note that by definition of B, By and B_,

) <rp<ry) on Q. (3.33)

It follows that

B {rff)} — B

{TB+1Qc } EUO {TB)IQKd}
< EUO{TBngd}

<EW {7010, ) <EW {7}, (3.34)

The second summand in (3.32) can be bounded by Cauchy—Schwarz:

0 <E™{7plas ,} < /E" {73}, [P(Q% ) - (3.35)

This shows that

Ly = B L) @ ) < B0 (s} < BN {70+ fE {7} PO5 )

(d)

(3.36)
Proposition 3.3 shows that
lim sup / E {70y 5 (dvo) < Tie[1+ RE_(6)] (3.37)
d—00 BAd
while Lebesgues’s dominated convergence theorem and (3.31) yield
M
lim sup/ \/IEUO {2} (S, ) va,p_(dvo) < 4 sup B0 {73} (¢) : (3.38)
d—o0 0Ay ’ voEA K
Inserting (3.37) and (3.38) in (3.36) shows that
su Evo {72} M
lim su E* {r5}vap (dvo) <1+ Rf (¢) + Puoed > {r} M) . (3.39)
d—oo AKr JoA, N T, K

Taking K sufficiently large, the third summand can be made smaller than the second one.
The upper bound in (3.28) then follows with v, = vg p_ for d sufficiently large. The proof
of the lower bound is analogous. O
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To finish the proof of the main result, we need

Theorem 3.5. There exist constants €g, K, tg, m,c > 0 such that such that for all € < g,

IP{ sup e = vl <ce ™ Vvt > to} >1—e"/° . (3.40)
up,v0 €A ||UO - 'UOHL"O

Here u; and vy denote the mild solutions of the SPDE (2.1) with respective initial conditions
ug and vg.

This result has been proved in [MOS89, Corollary 3.1] in the case of Dirichlet b.c.,
under the condition L # w. The reason for this restriction is that for L = 7, the Hessian
at the potential minimum has a zero eigenvalue. For Neumann and periodic b.c., this
difficulty does not occur, because the potential minima always have only strictly negative
eigenvalues.

Proposition 3.6 (Main result). Pick 6 € (0,p/2). There exists g > 0 such that for all
e <eop,

C(o0,¢) eM0/e[1 - 3Ry, 95 (e)] SE™{rp(p)} < C(00,¢)e/e[1+ SRE(W%) (e)]
(3.41)

PROOF: As before we write B = B(p), B+ = B(p+0). Given a constant T' > t, consider
the event

Qr = {7‘3+ > T, sup 7”% — el

<ce ™Vt > T} . (3.42)
voeA [[vo — ol Lo

Then Theorem 3.5 and the standard large-deviation estimate Corollary 5.10 show that for
any T > 0, there exist constants g, k1 > 0 such that for ¢ < g,

P(Q5) < e /5 (3.43)
Note that for all vy € A,
g, <75 <Tp on Qr , (3.44)

—mT

provided T is large enough that rce < 0/2. In order to prove the upper bound, we

start by observing that

E*{rpla, | :EUO{TBlﬂT}/aA v (dvg) < /aAEUO{TB}u+(dv0), (3.45)

which can be bounded above with Proposition 3.4. Furthermore, by Cauchy—Schwarz, we
have

E“{rplac } < \/IEUO {T]%}\/P(Q%) < Ty elHotn=rm/D/e (3.46)

For the lower bound, we use the decomposition

EuO{TB} 2 EUO{TBlgT} /BA I/f(dvo)

P /8A EUO{TB+}V—(dUO) - /8A EUO{TB+1Q%}V_(dU0) . (347)

The first term on the right-hand side can be bounded below with Proposition 3.4, while
the second one is bounded above by

v 2 c (Ho+n—+k1/2)/e
\/UflégAE o{TB+}\/]P>(QT) <Tie . (3.48)

This concludes the proof, provided we choose 1 < k1/2 when applying Proposition 3.4. [
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4 Deterministic system

This section gathers a number of needed results on the deterministic partial differential
equation (2.13). Some general properties of the equation are discussed e.g. in [CI75, Jol89].

In Section 4.1 we introduce various function spaces and inequalities required in the
analysis. In Section 4.2, we establish some general bounds on the potential energy V and
its derivative. Section 4.3 analyses the behaviour of the potential energy at bifurcation
points, and Section 4.4 contains a result on the relation between V' and its restrictions to
finite-dimensional subspaces.

4.1 Function spaces

We introduce two scales of function spaces that will play a role in the sequel. Let I denote
either a compact interval [0, L] C R or the circle T = R /(27Z).

We denote by C° = CY(I) the space of all continuous functions u : I — R. Note that I
is compact so that the functions from C° are bounded. When equipped with the sup norm
|ullco = supge|u(z)], CY is a Banach space. For a > 0, we define the Holder seminorm

o = sup 14D =) (4.)
THY ‘{/C - y‘
the Holder norm ||ullce = ||ullco + [t]a, and write C* = {u € C°: ||lullce < oo} for the

associated Banach space.
For 1 < p < oo, LP = LP(I) denotes the space of all u: I — R with bounded LP-norm.
Note that for u € C°, |lu| = = ||ullco. When u € L?(T"), we write its Fourier series as

u(z) = % yrer(x) . ex(z) = Norh (4.2)

For s > 0, we define the Sobolev norm

lallfrs = llyllFs = D1+ k) [yl (4.3)
keZ

and denote by H® = H*(T') = {u € L*(T!): ||ul|gs < oo} the fractional Sobolev space
(also called Bessel potential space). Note that H* is a Hilbert space, and H® = L. The
norm ||ul| g1 can be equivalently defined by [[ul|3,, = [Jul|3 + ||v/||32, where v is the weak
derivative of w.

Lemma 4.1. For any o > 0 and s > a+ 1/2, there exists a constant C = C(«, s) such
that
|ullce < C|lu||gs Vu € H5(T') . (4.4)

As a consequence, we have H*(T') C C*(T!).

Remark 4.2. In the particular case s = 1, (4.4) can be strengthened to Morrey’s inequal-
ity
lullerz < Cllullgr Yue HY(T) . (4.5)
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Let p,q satisfy 1 < p < 2 < ¢ < o0 and %—F% = 1. Then the Hausdorff-Young
inequalities [DS88] state that there exist constants C(p) and Ca(p) such that

lulle < Cillyller and  lyllee < Colflullze - (4.6)
We consider now some properties of convolutions ¥ * z defined by

(y*2) = Z Y1Zk—1 - (4.7)
Iz

Young’s inequality states that for 1 < p,q,r < oo such that 1 5+ % = % +1,

1y zller < lyllev]|2llea - (4.8)

Lemma 4.3. Letr,s,t € (0,1/2) be such thatt < r+s—1/2. Then there exists a constant
C = C(r,s,t) such that
ly * 2l e < Cllyll e [2] a2 - (4.9)

PRrOOF: Define wy, by

1
o Z 1+ 12 T (k—10)2) (4.10)

Splitting the sum at —|k|, 0, |k|/2, |k‘\ and 2|k:|, and bounding each sum by an integral, one
easily shows that
1 _C
Wi = (1 + k‘Q)t
Let g = (1 + k2)"?|yx| and Z, = (1 + k?)*/2|2;|. Adapting a computation in [Sai00], we
write

(4.11)

1
[(y * 2D < lllznil = Z oA s ik - (4.12)
= (1+12)2(1 4 (k= 1)%)%/
By the Cauchy—Schwarz inequality,
((y* 2)) Zﬂ?ék - (4.13)
leZ

If 42, 3% denote the vectors with components g]l and 212, it follows from (4.11) that
ly =23 <Y CY HH =C> (77 =Clli* * 2|0 < CIP | lZ]l (4.14)
keZ 1€z keZ

by Young’s inequality, and the results follows since ||7%(|;1 = ||yl|%+, [122]0 = ||2]|%s. O

Finally, the following estimate allows to bound the usual ¢"-norm in terms of Sobolev
norms.

Lemma 4.4. Fiz 1 <r < 2. For any s > 1/r — 1/2, there exists a finite C(s) such that

lyller < C(s)llyllas - (4.15)
PRrOOF: Apply Holder’s inequality, with p = 2/(2 —r) and ¢ = 2/r, to the decomposition
lyel” = (1 + E2) 772 (14 k)72 |y | O

By the Hausdorff~Young inequality (4.6), this implies the Sobolev embedding theorem

ullr < C(s,p)llyllms (4.16)

whenever p > 2 and s > 1/2 —1/p.
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4.2 Bounds on the potential energy

In this subsection, we derive some bounds involving the potential energy

L
Viu] = /0 [;u/(x)2+U(u(x)) dz (4.17)

and its gradient. Periodic and Neumann boundary conditions can be treated in a unified
way by writing the Fourier series as

el bkmx/L

u(x) = Z 2k, A 2L =Z_k , (4.18)

keZ

where b = 1 and z, = z_j, for Neumann b.c., and b = 2 for periodic b.c. The value of the
potential expressed in Fourier variables becomes

~ 1 lbk‘ﬂ’LL‘/L
V(z)=Viu(-)] = 3 Z vi| 2|2 +/ <Z 2k Nis ) , (4.19)

kEZ

where v, = (brk)?/L2.
Lemma 4.5 (Bounds on 17) There exist constants o', ', My > 0 such that
BllzllFn — o < V(z) < M1+ ||z ]3)™ - (4.20)

PROOF: By Assumption 2.1 (U3), we have

1 2
Viul < S/l + Mo(1+ [ful75,) (4.21)
where
b2 b2
/17 = =55 D K22k < - llaliin - (4.22)
keZ
y (4.16) we have
[ull z2ro < C(1, 2po) |2l (4.23)

which implies the upper bound. The lower bound is obtained in a similar way, using
Assumption 2.1 (U4). O

The gradient of ‘7(2’) and the Fréchet derivative of V[u| are related by

2‘7(2) =V V[y, (4.24)
2k

where ey, is defined in (2.9) or (2.10), respectively. Thus, by (2.25) and Parseval’s identity,
oV av Lo, , 5
IV =3 5 5 )= [ @)+ V)P (4.25)

Lemma 4.6 (Lower bound on ||V17||§2) For any p > 0 there exists M{(p) such that

IVV ()7 = pll=llFn — Mi(p) - (4.26)
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PROOF: We expand the square in (4.25) and evaluate the terms separately. Using As-
sumptions 2.1 (U5) und (U6) and integration by parts, we have for any v > 0

kEZ
L
U'(u(@)?dz > v ) _|zf* = LMi(7)
0 keZ
L L b 7T
—2/ u"(2)U (u(z)) do = / o (2)2U" (u(z)) dz > —QMQZ 72 —k2|z)?,  (4.27)
0 0 keZ
so that " 2
VIR > 3| r o ke |l = 3063). (4.28)

keZ
For any p > 0, we can find a 7 such that the term in brackets is bounded below by
2p(1 + k%), uniformly in k. This proves the result. O

Corollary 4.7. For any ¢ > 0, there exists H = H(0) such that HV‘A/(,Z)HzQ > 6% whenever
17(2) > H. As a consequence, all stationary points 0f\7 belong to {z: 1% z) < H(0)}.

PRrOOF: This immediately follows from ||V‘A/(z)|]?2 > a’[(V(z)/Mé)l/pO —1]-M{(«/). O

4.3 Normal forms

We will rely on normal forms when analysing the system for L near a critical value. In
this situation we will always assume that the local potential U is in C?, so that we can
write its Taylor expansion as

agxf .3 aq L A

Uu) = —§u + 3 + 1 +Ou’) . (4.29)
Then for small u, the potential energy admits the expansion
a3\f
Viu] = *Hu 172 — || 172 + S da +7|| 24 +O(lullzs) . (4.30)

Equation (4.19) shows that the potentlal energy in Fourier variables can be decomposed
as
V(z) = Va(z) + Vs(z) + Va(z) + R(z) , (4.31)

where the V, (z) are given by the convolutions

= % Z AkZEZ—k

kEZ
V:O,(Z) = — k1 %koRks
3
k1,ko,k3€Z
k1+ko+k3=0
Vi(z) = " g 2k 2o Zhs 2y (4.32)

k1,k2,k3,ka€Z
k1+ka+ks+ks=0

where A\ = v — 1. It follows from (4.16), applied for p = 5, that the remainder satisfies
R(z) = O(||z||3%) for all s > 3/10.
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Proposition 4.8. Let L be such that A\ is bounded away from O for all k # +1. Then
there exists a map g : R? — RZ such that

V(z+g(2) = Va(z) + Caziz? | + Ri(2) (4.33)

where 5 ) )
== 202 — — — 4.34
Cy 2a4+ ag<|)\0| 2)\2)7 (4.34)

and the remainder satisfies

Ri(2) = O(|12[I%) (4.35)
for all 5/12 < s < 1/2. Furthermore, ||g(2)||g: = O(||z||%) for t < 2s —1/2 and the
Jacobian of the transformation z — z + g(2z) satisfies

det(1+ 029(2)) = 1+ Olas| | =) + Olaal 2] 7+) (4.36)
on the set {z = z_i}.

PROOF: In the course of the proof, we will need Sobolev norms with indices ¢, r, ¢, satis-
fying the relations

O<qgr<t<s<l1l/2, t<2s—1/2, r<2t—1/2 and ¢<3t—1.

This is always possible for 5/12 < s < 1/2. In this proof, we will denote by Cjy any
constant appearing when applying Lemma 4.3. Its value may change from one line to the
next one.
1. Let ¢® :R%Z — RZ be homogeneous of degree 2, and satisfy g(_zlz(z) = g,(f)(z). Then,
expanding and grouping terms of equal order we get

V(z+9?(2)) ) + Z Mg P (2 Z Mg (292 (2) (4.37)
£ T(2) +3 gvj D) +n()
+V4(z) +ra(2)

with remainders that can be written as

2 ¥ 02,02
oV,
(o) = 30 5+ 09 (2)7(2) (4.38)
k

for some 61,05 € [0, 1]. R
We want to choose ¢(?)(z) in such a way that the terms of order 3 in V(z + ¢(¥(2))
cancel. This can be achieved by taking

0 if [k =1,

Mo @ () = 7@ () = 4.39
k9 (Z) 9k (z) _a Z bk1,k22k1zk2 otherwise , ( )

ki+ko=k
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for appropriate coefficients by, 1, satisfying by, x, = b_g; —k,- The choice of these
coefficients is not unique, but we can make it unique by imposing the symmetry
conditions

b =bik =b—jp—1 =b_p—1]=bg—p—1 =b_p_1 - (4.40)

Indeed, these are all the terms contributing to the monomial zpz;z_x_; in the first sum
n (4.37). Then simple combinatorics show that all by ; belong to the interval [1/6,6].
This choice has the further advantage that on the set {z = z_},

89122) 2a3 2a3 8gl( )
()= == = 141
02 (2) blk 1Zh-1 =~ 3 2ok = 01 (2) (4.41)

whenever |k, |I] #1.
The term of order 4 of V(z 4+ ¢g®)(z)) is given by

Ti2) zxkgk B+ Y @) @)

Note that the convolution structure is preserved. In order to show that the sums
indeed converge, we first note that since ¢t < 2s — 1/2, we have

13® ()l et < 2lasl ]z * 2[l e < Colas] =13 (4.43)

by Lemma 4.3. Since |\;|™! < 1 < (1 + k?)! Vk # +£1, the first sum in (4.42) can be
bounded by

f];(f)(z)z 2 2 201114
) ol <132 ()13 < Coasllzlts - (4.44)
%

The second sum in (4.42) can be bounded as follows:

SIS 3| E S S PN (M

k - ki1+ko=—k
= las {21 % ]+ |92 ()] ]

< gl |I21 * |21 * |92(2)

3V3 2

< Colas |l |9 ()| e
< Coal|z||%s - (4.45)
This shows that V4(z) indeed exists, and satisfies
“7;1(2: ‘ CO < + 6a3> ||Z||Hs . (446)
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Next we estimate the remainders. The remainder r1(z) can be bounded as follows:

n <5 Y6 e+ 0% )l )l )
k,l
&) 2
< a2+ 6192 ()| 9 )« |92 ()]
< lagl|[[2 + 0192 ()] % 9P (=) % |g2(2)
< Colaslflz + 019 () e 9P () [
Colas |23+ |1 + 2las 2] ] (4.47)

A similar computation yields
ra(2)] < Colagaul |12/ [1 + 8lasf |12/ | (4.48)

Finally, clearly
|R(z+¢P(2))] = O(|I#1[3) - (4.49)

We have thus obtained
V(z+9@(2)) =V (2) = Val(2) + Va(2) + O(||2[1%-) - (4.50)

. The Jacobian matrix of z — z + g(®(2) is given by 1 + A(z), where the elements of
A(z) = 9.9 (z) can be deduced from (4.41). By construction, A(z) is self-adjoint
with respect to the scalar product weighted by the Ag, and thus has real eigenvalues.
Its ¢'-operator norm satisfies

1A(2)]

9a?
gk (y )‘ Oy |a3|maxz 2 < const ||z < const||z|| s

(4.51)
Hence the spectral radius p(z) of A(z) has order ||z||gs. Now if p(z) < 1 and we denote
the eigenvalues of A(z) by ag(2),

log det (11 + A(z Z log(1+ ax(2)) < D ar(z) = TrA(z) . (4.52)
k

It follows that |det(1 + A(2))| < €™A() and one easily shows that Tr(A(z)) =
O(aslzo]) < O(asl|z||ms). A matching lower bound can be obtained in a similar way.
This proves that the Jacobian of the transformation z — z+ ¢ (2) is 14+ O(as||z| g+ )-
. Let ¢® : RZ — R% be homogeneous of degree 3, and satisfy g(jg(z) = g,(:’)(z). We
choose it of the form

0 if [k =1,

Mo (2) =3 (2) = 5 (4.53)

bkt ko ks 2k1 Zho kg Otherwise ,
k1+ke+ks=k

where the coefficients by, j, 1, are invariant under permutations of k1, k2 and k3. In
addition, we require invariance under sign change and

Ok kajks = Dkyka,—ky —ka—ks - (4.54)
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This guarantees in particular that

95 o5

22 z) = 9or (2) (4.55)

holds on the set {z; = z_x}. The coefficients by, k, r, can now be chosen in such a
way that

> ad (2) + Val2) (4.56)
k

contalns onlgf one term, proportional to 22,2?, which cannot be eliminated because
g = g.7{(2) = 0. It follows that

V(z+9®(2) = Va(2) + Caz?1 21 + Ri(2) (4.57)

for some constant C4. Along the lines of the above calculations, one checks that
Ri(2) = O(||2||%-), and that the Jacobian of the transformation z — z + g3 (2) is

det (1 + 9.9 (2)) =1+ O((as + a3)|zlHs) - (4.58)

This proves (4.35) and (4.36).

4. Tt remains to compute the coefficient C of the resonant term. To do this, it is sufficient
to compute the terms containing z4; of 982)(,2) and §f2)(z), which are the only ones
contributing to the resonant term. One finds

géQ)( .. ,O, Z_1,0,21,0, .. ) = —2(132’12’_1 5

552)(’“7072*170721707"-):_CLSZEl )
g(—QQ)('"7O7z—170721707-~') - _G/SZ% 5 (459)
and substituting in (4.42) yields the result. O

This result has important consequences for the behaviour of the potential near bifur-

cation points. In the case of Neumann b.c., \g = —1 and Ay = (472/L?) — 1. Thus the

coefficient Cj of the term 2722, is given by

3 872 —3L% 5 17 .4 872 —3L%
In particular, at the bifurcation point we have
3 ) 1 5
Ci(m) = Sas+ 503 = o7 [U<4>(0) n §U”’(O)Q] . (4.61)

The expression (4.33) for the normal form shows that if Cy(7) > 0, the system undergoes
a supercritical pitchfork bifurcation at L = w. This means that the origin is an isolated
stationary point if L < 7, while for L > 7 two new stationary points appear at a distance
of order v L — m from the origin. They correspond to the functions we denoted uj ;. As
a consequence, the period T(E) defined in (2.18) must grow for small positive E, to be
compatible with the existence of nonconstant stationary solutions for L. > 7. An analysis
of the Hessian matrices of V at uj 4 shows that they have one negative eigenvalue for L
slightly larger than m. This must remain true for all L > 7 because we know that the
stationary solutions uj ;. remain isolated when L grows.

27



In the case of periodic b.c., A\g = —1 and Ay = (1672/L?) — 1. Thus the coefficient C,

of the term 2722, is given by

3 3272 — 312
C4(L) = —a4 + il

2 2
. . i (4) O 327 — 3L
2 1674 — L

i (0) ﬂ§ijﬁUW®2. (4.62)

a3 =
The value C4(27) at the bifurcation point is equal to the value (4.61) of Ci4(7) for Neumann
b.c. Thus the condition on the bifurcation being supercritical is exactly the same as before.
The difference is that instead of being equal, z; and z_; are only complex conjugate, and
thus the centre manifold at the bifurcation point is two-dimensional. The invariance of the
potential under translations u(x) — u(x + ¢) for any ¢ € R implies that V(z) is invariant
under zj, — e #927/L 2 This and the expression (4.33) for the normal form show that for
L > 27, there is a closed curve of stationary solutions at distance of order /L — 27 from
the origin. It corresponds to the family of solutions we denoted uj . An analysis of the

Hessian of V at any uj , shows that it has one negative and one vanishing eigenvalue (due
to translation symmetry).

Finally note that a similar normal-form analysis can be made for the other bifurcations,
at subsequent multiples of m or 2r. We do not detail this analysis, since only saddles with
one negative eigenvalue are important for metastable transition times.

4.4 The truncated potential

Let V(4 be the restriction of the potential V to the subspace of Fourier modes z; such that
|k| < d. For given d, let us write z = (v, w), where v is the vector of Fourier components
with |k| < d and w contains the vector of remaining components. Then

V() =V (v,0) . (4.63)

Proposition 4.9. There exists dy < oo such that for d > do, the potentials V@D and
V' have the same number of nondegenerate critical points, and with the same number of
negative eigenvalues.

PROOF: A critical point (v*,w*) of V has to satisfy the conditions
A,V (v*,w*) =0, AV (0", w*) =0, (4.64)
while a critical points v, of V(@ has to satisfy
8,V (0,,0) =0 (4.65)

Lemma 4.6 implies that all critical points of V have an H'-norm bounded by some constant
M. Let us prove that R
10,7 (0, 0)% = 0(d™") (4.66)

for [|v]| g1 < M. Indeed it follows from (4.19) that
oV

L .
S (0:0) = /0 U (u(x)) e P47/ L g (4.67)

iblrz/L

where u(z) = > y<qvee . Since ||v]|z1 < M and U is at least continuously differen-

tiable, the Fourier components of U’(u(z)) decay like k! at least, which implies (4.66).
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Let (v*,w*) be a critical point of V and consider the function
F(&,w) = 8,V(v* + & w) . (4.68)

Then F(0,w*) = 0 and 0:F(0,w*) = BV (v*,w*). Thus if (v*,w*) is nondegenerate,
the implicit function theorem implies that in a neighbourhood of w = w*, there exists
a continuously differentiable function h with A(w*) = 0 and such that all solutions of
F(&,w) = 0 in a neighbourhood of (0, w*) are given by £ = h(w). In particular, choosing
d large enough, we can assume that A is defined for w = 0 , and we get

0 = F(h(0),0) = 9,V (v* + h(0),0) . (4.69)

This shows that v, = v* 4+ h(0) is a stationary point of ‘A/(d), which is unique in the
neighbourhood of (v*, w*).

Conversely, let v, be a stationary point of V@, The same implicit-function-theorem
argument shows that if v, is nondegenerate, then there exists a continuously differentiable
function h, with h(0) = 0, such that all solutions of 8,V (v,w) = 0 near (vy,0) satisfy
v = v4 + h(w). Now let us consider the function

g(w) = 0V (vs + h(w), w) . (4.70)
Then g(0) = 8,V (vs,0) has an £2-norm of order d~'/2 by (4.66). Furthermore,
O g(W) = DoV (Vs + h(w), w) + BV (04 + h(w), w)Dyh(w) . (4.71)

The first matrix on the right-hand side has eigenvalues of order d?, while the second one
is small as a consequence of (4.66). Thus 0,,¢ is invertible near w = 0 for sufficiently large
d, and the local inversion theorem shows that g(w) has an isolated zero at a point w* near
w = 0. This yields the existence of a unique stationary point (v* = h(w*), w*) of V in the
vicinity of (v, 0). O

5 A priori estimates

This section has two major aims:

e Show that the first-hitting time of a given set B admits a second moment, bounded
uniformly in the dimension d;

e Derive a priori bounds on the equilibrium potential hy p(x) = P*{74 < 78}.
We start in Section 5.1 by recalling some general bounds involving sup and Hoélder norms
of solutions of the SPDE (2.1). In order to estimate moments of first-hitting times, the
space being unbounded, we repeatedly need the Markov property to restart the process
when it hits certain sets. This is most efficiently done using Laplace transforms, and
we prove some useful inequalities in Section 5.2. Section 5.3 recalls some large-deviation
results. Sections 5.4 and 5.5 contain the main estimates on moments, respectively, for
the infinite-dimensional system and for its Galerkin approximation. Finally, Section 5.6
contains the estimates of the equilibrium potential.

5.1 A priori bounds on solutions of the SPDE

The solution of the heat equation d;u = Awu with initial condition ug € L?*(T!) can be
written
up = ey (5.1)
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where 2t stands for convolution with the heat kernel

Gilz,y) = Y e ep(@)er(y) 1m0y - (5.2)
kEZ

Here the ey, are the eigenfunctions of the Laplacian, defined in (4.2).

Lemma 5.1 (Smoothing effect of the heat semigroup). For any s > 0, there is a finite
constant C(s) such that for all ug € L*(T")

||eAt wollgs < (14 C’(s)t_s/2)|]uo||L2 vt > 0. (5.3)
PROOF: We have ,
Pty = Z e Pty (0)ey . (5.4)
kEZ

The result follows by computing the H*-norm, and using the fact that (2xt)*e2%! is
bounded by a constant, depending only on s. ]

Note that by Lemma 4.1, this implies

1
e upllea < CU+t7)luollze < CAU+)uglle V>0, Vs >a+ 5, (55)

where the constant C' depends only on « and s.
Consider now the stochastic convolution

Wal(t) = /0 t A=) qW (s) | (5.6)

where W () is a cylindrical Wiener process on L(T!). Tt is known that
Wa(t) € HS(T')  and  Wa(t) € (T (5.7)

almost surely, for all ¢ > 0 and all s < 1/2 and o < 1/2 (see e.g. [Hai09, p. 50]).
We will need to control the sup and Holder norms of the rescaled process v/2eWa (t).

Proposition 5.2 (Large-deviation estimate for Wa). For any « € [0,1/2) and T > 0,
there exists a constant k > 0 such that for oll H,n > 0, there exists an €9 > 0 such that
for all e < eg,

IP’{ sup ||v2e Wa(t)||pe > H} <o (P2 (5.8)

o<t<T

PROOF: Let ‘H denote the Cameron—Martin space of the cylindrical Wiener process, de-
fined by

H = {go: oi(x) = /Ot /Om o(u, z)dudz , ¢ € L2([0,T] x Tl)} . (5.9)

Schilder’s theorem for Gaussian fields shows that the family {v/2e W}, satisfies a large-
deviation principle with good rate function

10,112 .
Io(y) = {QH@HLQ([O,T]XTI) if p € H ) (5.10)
+oo otherwise .
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Define a map Z : H — L?([0,7] x T!) by

t
o Zlel, Zlgh =/ e ds . (5.11)
0

From the large-deviation principle for parabolic SPDEs established in [FJL82, CM97], it
follows in particular, that the family {v/2eWa }.>0 satisfies a large-deviation principle with
good rate function

) — {inf{fo(cp): Z[p] = ¢} if ¢ € Im(Z) , 5.12)

400 otherwise .

Now observe that if ¢ = Z]p], for any T} € [0,7] and any s € [0, 1) one has by Lemma 5.1

T
% | s (71 </0 [ Otll s 1y dt

n C(s)
< 14— dt
/0 < + @ _t)s/2>||§0t||L2(T1)

s (/ (1 i <T0(t)>/>dt) o) (5.13)

Since s < 1, the integral is finite (and increasing in T7). Together with Lemma 4.1, this

proves that
1 2
> .
I(w) = C]_ (T]_, a) Hle HCC“(Tl) (5 14)

forall Ty € [0,7], 0 < @ < 1/2 and s satisfying a4+ 1/2 < s < 1, where C} is increasing in
T). By a standard application of the large-deviation principle (see e.g. [FJL82, CM97])

limsuerlog[P’{ sup [|[V2eWa(t)||pa > H} < —inf{I(y): 3Ty € [0,T] : |¢ory|lce > H} .
e—0 o<t<T

Itx

(5.15)
The bound (5.14) implies that the right-hand side is bounded above by —H?/C1(T, ),
which concludes the proof. O

We now turn to properties of mild solutions of the full nonlinear SPDE, given by
t
up = e ug + V2 Wa(t) + / A=) U (uy) ds (5.16)
0

Results in [Cer96, Cer99] provide estimates on the sup norm of u;:

Proposition 5.3 (Uniform bounds on the sup norm). For any ug € C°(T') and any
T > 0, there ezists a unique mild solution on [0,T] such that E{supte[O’T]HutH%m} < o0.
Furthermore, there is a constant ¢ depending only on U’ such that the following bounds
hold:

1. There exists v > 0 such that for any ug and any t > 0,

lullzoe < elluollzoe + V2 sup [Wa(s)l|z

0<s<t

t
+ e / (14 o) D2 Wa(s) 27 ) ds (5.17)
0
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2. For anyt >0,

sup [lugl|z < (1+ﬁ sup [[Wal(s >||Loo)t1/2<p°1>+¢%HWA<t>||m.<5.18>

upE€CO(T?) 0<s<t

PRrROOF: Existence and uniqueness of the mild solution are proved in [DPZ92, Theo-
rem 7.13]. The estimate (5.17) is Proposition 3.2 of [Cer99], with m = py — 1, while
the uniform estimate (5.18) is Proposition 3.4 of [Cer99], c.f. also [Cer96, Lemma 3.4]. O

Observe that in the case ¢ = 0, we can find a constant M wuniform in ¢ such that
|lut|| Lo < M (1 + |lugl|zee) for all t > 0. Hence Proposition 5.2 shows that for all H; > 0,

IP’”O{ sup |[ug||zee = M1+ |luol|ze) +H1} L e HMIH)/2e (5.19)

Ibx

where

F(Hy) = min{H3, 7 PP~y (5.20)

for some k(T) > 0 and ¢ small enough.
Combining (5.16) and Proposition 5.3, we obtain the following estimate on the Holder
norm of ur at a given time T > 0.

Proposition 5.4 (Bound on the Holder norm). For any T > 0 and 0 < a < 1/2, there
exist constants k1(T, ), ka(T, ) > 0,c(a) > 0 such that

PU{|lur|ce > H} < exp{—g; min{H27f((/<;2H _)Ye) _ g+ HUOHLOO)>}}

(5.21)
for all ug € L™ and H > c(a)(1 +T~/?)|lug||p~ such that

(koH — 1)Y/@Po=1) _ M (1 + |Jug||z) > 0, (5.22)
and all € < eo(a, T, H).

PrOOF: Denote by u( ) ( ) and u§2) the three summands on the right- hand 81de of (5.16).
Then the probability (5 21) can be bounded by 32 P;, where P; = ]P“U{Hu ||Ca > H/3}.
Pick s > a4+ 1/2. Then Lemma 4.1 and Lemma 5.1 show that there exists Cj(q, s)
such that Py = 0, provided we choose H/3 > C1(1 4+ T~%/2)|jug| . Furthermore, Propo-
sition 5.2 provides a bound on P; of order e 11 ?/2e
As for Py, it can be bounded as follows. Since |U’(u)| < Mo(1 + |u|?P°~!) for some
constant Mo, we have by (5.5)

T
1uPee < /0 12T 1 () ot

T
< / Ol )L+ (T — ) dt Mo (14 sup g 2271 (5.23)
0 t€[0,T]
The integral is bounded provided s < 2. The result then follows by using (5.19). O
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5.2 Laplace transforms

Let (E,||-||) be a Banach space, and let (x;);>0 be an E-valued Markov process with
continuous sample paths. All subsets of £ considered below are assumed to be measurable
with respect to the Borel o-algebra on E.

Recall that the Laplace transform of an almost surely finite positive random variable
T is given by .

E{e*} =1 +/ AeMP{r >t} dt (5.24)
0
for any A\ € C. There exists a ¢ € [0, o0] such that the Laplace transform is analytic in A
for Re A < c.

To control first-hitting times of bounded sets B C E, we will introduce an auxiliary
set C' with bounded complement, B N C' = (, such that the process is unlikely to hit C
before B. On the rare occasions the process does hit C before B, we will use the strong
Markov property to restart the process on the boundary 0C. The following proposition
recalls how the restart procedure is encoded in Laplace transforms.

Proposition 5.5 (Effect of restart on Laplace transform). Let B,C C E be disjoint sets,
and let x ¢ BUC. Then

E*{e’5} = E"{e’Buc} 4 E7{MPoc 1 1 [E"c{e’B} —1]} (5.25)
= B0 Ly croy } + BP0 L oy BTe {1 (5.26)

In the same way, or by differentiating (5.25) with respect to A and evaluating in A\ = 0,
the moments of first-hitting times can be expressed. Assuming their existence, for the first
two moments we find

E* {75} =E"{rpuc} + E"{1{rocrs} B {7B}} , (5.27)
Ex{le—j)} = Ex{le‘gUC} —+ QEm{TBUcl{TC<TB}EmTC {TB}} —+ EI{1{70<7.B}E‘TTC {7'123}}
(5.28)

for any choice of disjoint sets B and C, and any x & (B U C).
Below we will use the notations

PHX €} =supP¥{X e€-} and EA{X}=supEY{X]} . (5.29)
yeA yeA

It follows that for any three pairwise disjoint sets A, B and C,
EYrs} <EYrpuc} + EY1irary) BT {75} }
<EM1puc) +PArc < 15 B 75}, (5.30)
and a similar relation holds for the second moment.
Lemma 5.6 (Moment estimate based on the Markov property). Let B C E be such that
PP {7 >T} <1 (5.31)
for some T > 0. Then for anyn € N,

n!T"
(1-PP{rp>T})"

E5 {75} < (5.32)
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PROOF: The Markov property implies that for any m € N and any = € B¢,

P{rp > (m+ 1T} = E*{1{ryomm PV {15 > T}} < PP {15 > T}P*{r5 > mT} ,

(5.33)
so that P*{rp > mT} < (PB“{rp > T})™. Integration by parts shows that
00 [ee]
E* {3} = n/ t"_IIP’I{TB > thdt < nT" Z(m + 1)”_1]P’${7'B >mT} . (5.34)
0 m=0
The result is thus a consequence of the inequality
o0
—1)!
Zmﬂ"lmgu Vp e [0,1), (5.35)
m=0 (1 N p)”
which follows from properties of the polylogarithm function and Eulerian numbers. ]

Remark 5.7. Equation (5.32) implies that if (5.31) holds, the Laplace transform of 7
exists for

1 c
A< (- PE g > T1) (5.36)
and satisfies 1
1-AT/(1 —PB{rp >T})
A sharper bound on the Laplace transform can be obtained by a direct integration by
parts, but this does not automatically lead to better bounds on the moments.

EF {e)r} < (5.37)

Next, we will iterate the estimate (5.30) in order to get a better bound on the moments
of first hitting times.

Corollary 5.8 (Three-set argument). Let A,B,C C E be such that A,B and C are
pasrwise disjoint, and assume ]P’A{TC < TB} <1, E4 {Tg} < oo and E9¢ {Tg} < oo for
k=1,2. Then

IEA{TBUc} + IP’A{TC < TB}Eac{TAuB}

ENmp} < 1~ PA[rc < ) : (5.38)
EA{r3) < 4EA{T%UC} +EBC{T,421LJZB} . (5.39)
(1-PA{rc <7B})
Proor: We introduce the shorthands
Xy =EYrkoc}, Yi=E%{A 5}, p=PYe<s}, (5.40)

for kK = 1,2. Note that X, Y; < oo and p < 1 according to our assumptions. Apply-
ing (5.30), once to the triple (A, B,C) and once to the triple (0C, B, A), yields

E4rp} < X1 +pE?“{8},
EaC{TB} <Y +E8A{TB}:}/1+EA{TB} , (5.41)
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where we have bounded PP {74 < 75} by 1. In addition, we used that hitting B requires
first exiting from A which is necessarily realized by passing through 0A. This implies

EA{ } Xl +pY1 7
E%{rg} < Xf;” , (5.2

which proves (5.38). Starting from (5.28), we find

EA{T]%} < Xo+ 2X1EaC{TB} —i—pEaC{Té} ,
E%{r3} < Ya + 2ViE4 {75} + E4{r2} . (5.43)
Together with (5.42), this gives
(1-p)’E {75} < (1 - p)(Xa +pY2) + 2(X7 + (1 +p) Xa Y1 + p°YP) (5.44)

and the result follows after some algebra, using Jensen’s inequality. Note that we have
overestimated some terms in order to obtain a more compact expression. ]

5.3 Large deviations

As shown in [FJL82, Fre88|, the family {u;}.~o of mild solutions of the SPDE with initial
condition ug € E = CY(T!) satisfies a large-deviation principle in E, equipped with the
sup norm, with rate function

2
/ / oz () + U (p(x ))} dz dt if the integral is finite ,
Io () =
otherwise .
(5.45)
For ug € F and A C E, let

H(ug, A) = + inf in Tor1() (5.46)

= - in in .

4o, 2 T>0 \ pip(0)=uo,3H<T s.t. p(t)EA o.T1\P) )

where the second infimum runs over all continuous paths ¢ : [0,7] — E connecting ug
in a time ¢t < T to a point in A (if ug is a local minimum, then u — 2H (ug, u) is called
quasipotential).

We define the relative communication height between ug and A by

Vi, 4) = inf sup Vi) — Viug) ) , 5.47
(o) ¢:¢(0)uo,¢(1)e,4(t€[of’u [ [o]) (5.47)

where the infimum now runs over all continuous paths ¢ : [0, 1] — E connecting ug to an
endpoint in A (the parameter ¢t need not be associated to time in this definition). Note
that V (ug, A) = 0 if and only if one can find a path from ug to A along which the potential
is nonincreasing. This holds in particular when ug lies in the basin of attraction of A. If
V(ug, A) > 0, then one has to cross a potential barrier in order to reach A from wug.

The following classical result shows that H(ug, A) can be estimated below in terms of
the relative communication height.
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Lemma 5.9. For any ug € E and any A C E, we have

PRrROOF: Let ¢ be a path connecting ug to A in time T. By definition of the communication
height, the potential on any such path has to reach the value V(ug, A) + V]up] at least
once. Denoting by 77 the first time this happens, we have

T1 , 2
Tom() > 5 [ / oi(x) + 9} (@) ~ U'pu(w))] dadt
T
w2 f / )+ U (o)) 1) e
T1
2 [ [esto) + Uatenaa)]
=2[Vlpr,] - Vigol] = 2V (uo, 4) . (5.49)
The right-hand side being independent of 7', the result follows. O

By a direct application of the large-deviation principle to the set of paths starting in ug
and reaching A in a time less or equal to T', we obtain the following estimate.

Corollary 5.10. For any n > 0, there exists €o(n) > 0 such that
PUofry < T} < e HluoA)=n)/e (5.50)

for all e < gg.

5.4 Bounds on moments of 75 in infinite dimension

We will now apply the results of the previous sections to the mild solution u; of the SPDE,
with £ = C°(T!) equipped with the sup norm. We fix a € (0,1/2) and introduce two
families of sets

Al(R) = {u c CO(TI): HuHLoo <
As(R) = {u e C%T"): ||lullcs < R} . (5.51)
Note that Ay C Ay, and that Ay is a compact subset of E, while A; is not compact as a

subset of E.
Let B C C°(T!) be a non-empty, bounded open set in the ||-||=-topology. We let

Hy = Hy(B) = H(u",B) V H(u"., B) (5.52)

be the cost, in terms of the rate function, to reach the set B from either one of the local
minima. Our aim is to estimate the first two moments of 75, using the three-set argument
Corollary 5.8 for A = A3(R2)\ B and C = A;(Ry)¢, with appropriately chosen Ry and Rs.
We thus proceed to estimating the quantities appearing in the right-hand side of (5.38)
and (5.39).

We will use repeatedly the fact that Proposition 5.2 and (5.18) yield the estimate

U C(l + H) < —(kH2—n)/2¢
usoté%]P {HUT”LOO > H + T/t [ S°© , (5.53)

valid for all ¢ < eo(T,n, H).
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Proposition 5.11 (Bounds on moments of 74, ). For any sufficiently large R, there exist
Ty < 00, g9 > 0 such that for e < &g,

EA2F) {7 e} < RITE (5.54)
holds for all n > 1.

PROOF: Choose a fixed T} > 0. Then the Markov property applied at time T} /2 shows
that for any Ry > 0,

PA {7y > Ti} S PR Jlug, pollroe > Ra} + P {luy plee > Ra}
(5.55)
The estimate (5.53) shows that for Ry = ¢(2/T1)Y/?®0—1) 4 g with 6 > 0, the first term on
the right-hand side is smaller than 1/4 for ¢ < £¢(71), uniformly in the initial condition.
By Proposition 5.4, we can find Ry such that the second term is also smaller than 1/4.
This shows
L 5.56)
5 (5.
By Lemma 5.6, this yields (5.54) with Ty = 277. O

IP’AQ(RQ)C{TAQ(RQ) > Tl} <

Proposition 5.12. For any Ra,n > 0, there exists a constant T'(n) € (0,00) such that
A2 frp > T <1 — %e_(HO"‘W)/E (5.57)

for sufficiently small e.

PRrROOF: We start by fixing an initial condition uy € A2(Rg2). By the large-deviation
principle, we have

liminf 2elogP*{rp < T} > —inf{I(y): o = uo, ¢r € B} . (5.58)
e—0

Following a classical procedure similar to the one in the proof of [FJL82, Theorem 9.1], we
construct a path ¢ connecting ug to a point u* € B such that I(y}, ) < 2Ho+7. This can
be done by following the deterministic flow from ug to the neighbourhood of a stationary
solution of the deterministic PDE at zero cost, then connecting to that stationary solution
at finite cost. Any two stationary solutions and u* can also be connected at finite cost,
and ¢y is obtained by concatenation. It follows that there exists eo(n, uo) > 0 such that

P {rp < T} > e Ut ye < eg(n,ug) . (5.59)

The set Aa(R2) being compact, we can find, for any 6 > 0, a finite cover of Ay(Ry) with
N (8) balls of the form D,, = {u € C°(T"): ||u — uy||z~ < 6}. Hence

P {rp < T} > e U"OHM/2e ye < b 5.60
Kglgaﬁ[((&) {TB } e € 51(7% ) > ( )
where () = max, Iy}, ) < 2Ho +n and £1(n,0) = min, £9(n, un) > 0.

Consider now two solutions ugl),u?) of the SPDE with initial conditions u[()l),uéz) €
D,,. By a Gronwall-type argument similar to the one given in [FJL82, Theorem 5.10] and

the bound (5.21), for any x; > 0 there exist K(x1) > 0 such that

]P{ sup ||u§1) - ’LL§2)HL00 > eKTHu[()l) - u(()Q)HLoo} Le /% (5.61)

tx
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The set B being open, it contains a ball {u € CO(T!): ||u — u*||r=~ < p} with p > 0. Thus
choosing § = e %7 p, combining (5.60) and (5.61), we get

IP)AQ(R2){TB > T} <1-— e*(H0+7l)/€ +e*”1/25 (562)
for all sufficiently small e. Now choosing, e.g., k1 = I(¢};,) and § = e KT §) guarantees
that the term e *1/2¢ is negligible. O

Proposition 5.13. For every n > 0 and sufficiently large Rg, Ro satisfying Ry > Ra,
there exists To(n) € (0,00) such that

EAI(RO)mBC{TguAl(RO)C} < nlTy enHotn)/e (5.63)
foralln > 1.
Proor: For any 77 > 1 and R; > 0, we have
PAVFONE (1 e > Ti} < PAEONE Ly Ry )
+ P g, jgllea > Ro}

+PAR) Lp > Ty /3) (5.64)

The third term on the right-hand side is bounded by 1 — % e~ (Hot+m/e by Proposition 5.12.
Proposition 5.4 shows that

PAE Jlug, jglca > Ro} < exp{_;; mm{R%’ f((’”R? YT - M+ Rl))}} 7

(5.65)
while (5.53) shows that there exists x3(71) > 0 such that

. K3 Tl —1/2(po—1)\ 2
PAREOIE L gy jall e > Ry} < eXp{—26 <R1 —c <3) ) } - (5.66)

We have estimated the probability in (5.64) by three terms. By first choosing R; large
enough so that the exponent in (5.66) is smaller than —(Hy+2n)/e, and then Ry sufficiently
large for the exponent in (5.65) to be smaller than —(Hy + 2n)/e as well, we see that the
third summand in (5.64) is of leading order. This shows that the probability in (5.64) is
smaller than 1 — % e~ (Hotn)/e for sufficiently small e, and therefore, the result follows from
Lemma 5.6 with Ty = 47;. ]

Proposition 5.14. For any Ry > 0, there exists a constant Ry > Ry such that

PA2(R2) L) (pove < TR} < % (5.67)
for sufficiently small €.
PrOOF: For any T' > 0 and n € N, we have
PAF)r) myye < 7B} KPR poe <nT )+ PABrp S 0T L (5.68)
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We introduce the quantities
Pn = ]P’AQ(RQ){TB > nT} ,

dn = ]P)AQ(RZ){UTLT ¢ AZ(R2)} )
rp =PI, g <nT} (5.69)

Using the Markov property, they can all be expressed in terms of p1,q; and r;. Namely,

ni1 < PA2E Ly 0 ¢ Ay(Ro)} + B2 {10, o roy P T {ur ¢ A2(R2)}}
< qn + QI(l - Qn) 5 (5.70)

and one easily shows by induction that
g <1—(1—q)" <nq . (5.71)
Splitting again according to whether u,7 belongs to As(R2) or not, we get
Tnt1l < gn+7r1(1—qn) <71+ 141 . (5.72)

In a similar way, we have

Pn+1 < EA2(R2){1{unT6A2(R2),TB>nT}PunT {TB > T}}
+ PA2R) Ly ¢ Ag(Ry), 75 > nT'}
< piP2F2 Ly € Ay(Ry), 75 > nT'} + PA2E) Ly 0 ¢ Ao (Ry), 75 > 0T}

=p1pp + (1 — p1)PR2ED Ly ¢ Ay(Ry), 75 > nT'}
<p1pn + (1 =p1)an - (5.73)

It follows by induction that
pn < PP+ 71— p1). (5.74)

Putting together the different estimates, we obtain
PA2B) (7 pve STBY <P+ 1 S PP 1 +nq [L+n(l—pr)] . (5.75)
It remains to estimate p1, ¢ and ri. Proposition 5.12 shows that
pr<1-— %e‘Hl/‘f : (5.76)
where H; = Hy 4+ 1. We can estimate q; by
@ <P {Jlugps | p > R} + P lugpslles > Ro} (5.77)

and both terms can be bounded as in the proof of Proposition 5.13. An appropriate choice
of Ry, Ry ensures that ¢; < e~f1/¢. Finally, by (5.19) we also have

T
ri =PRI 1) gy T} < eXp{—Kés)f(Ro — M(1+ R2))} <e /e (5.78)
for sufficiently large Ry. The choice
n = {(4 log 2) eHl/E—‘ (5.79)

yields log(p}) < —3n e /e < —21log(2) so that p < 1/4, while the other terms in (5.75)
are exponentially small. This concludes the proof. O
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Combining Propositions 5.11, 5.13 and 5.14, we finally get the main result of this
section.

Corollary 5.15 (Main estimate on the moments of 75). Let B C C%(T?!) be a non-empty,
bounded open set in the ||-||p-topology. Then for all Ry,m > 0, there exist constants
g > 0 and Ty < oo such that

EA41(F0) {15} < Ty eHo(B)+m)/2 and BN 2L < 2 2HB)IH/e (5 80)
for all € < gg.

ProOOF: Making Ry larger if necessary, we choose Ry and Ry > Ry large enough for the
three previous results to hold, and such that B C Aj(Rp). We apply the three-set argument
Corollary 5.8 with A = A3(R2) \ B and C = A;(Rp)°¢. Noting that A C A;(Rp) \ B, we
have

EYrhuc} < BV rp 0} < nlTg enHorm/e (5:81)

by Proposition 5.13. Since Taup < Ta,(r,) and A1(Rp)¢ C A2(R2), we have
EC{TZUB} < EAQ(R2)C{7_22(R2)} < nlTY (5.82)

by Proposition 5.11. Finally, PA{rc < 78} < 1/2 by Proposition 5.14. This shows the
result for initial conditions in Ay(R2) \ B. Now we can easily extend these bounds to all

initial conditions in Aj(Rg) by using Proposition 5.11 and restarting the process when it
first hits AQ(RQ) \ B. ]

Note that in the proof of Proposition 3.2, we apply this result when B is a neighbour-
hood of u . In that case, Ho(B) is equal to the potential difference between the transition
state and the local minimum u* .

5.5 Uniform bounds on moments of 75 in finite dimension

In this section, we derive bounds on the moments of first-hitting times, similar to those
in Corollary 5.15, for the finite-dimensional process, uniformly in the dimension.
For E = C%(T') and d € N, we denote by Ej the finite-dimensional space

E; = {u c COU(TY): u(z) = Z yrer(x), yr € R} , (5.83)
ke |k|<d

and by {u%d)}@o the solution of the projected equation, cf. (3.17). Given a set A C E,
we write Ay = AN Ey, and denote by TX? the first time uid) hits A,4, while 74 denotes as

before the first time the infinite-dimensional process u; hits A.

Proposition 5.16 (Main estimate on moments of Tgi)). Let B C E be an open ball
of radius r in the ||-||f-norm. We assume that the centre of B is some w € E4. As
in Corollary 5.15, we define A = Az(R2) \ B. Then, there exist constants €9 > 0 and
H,, Ty < oo such that for any € € (0,2¢), there is a do(e) € N such that

BA(r()} <Tief/s and  EA{(r))*} < TE- (5:84)

for all d > doy(e).
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PROOF: We fix constants 6,7 > 0, and let 24 be the event

Qg = { sup Hugd) — || < 5} . (5.85)

LA

Theorem 3.1 shows that for given 7 < 1/2, there exists an almost surely finite random
variable Z such that
P(Q5) < P{Z > dd"} . (5.86)

Given D C CY(T'), we define the sets

Dyt ={u€Eg: e Dst. |v—ulp- <6},

Dy ={ucEg: {veE: |v—ulr~ <6} CD}, (5.87)
which satisfy Dy C Dgq C Dg 4. Then for any initial condition ug € E4, we have the two
inequalities

PUo{r) >T} <P{rp>T}+P(Q),

Puo{rs) < T} <P"{rp <T}+P(2). (5.88)

Let Ry be as in the proof of Corollary 5.15, and define the sets

C={ucE: |ull~>Ro},
C' = {uEE: HuHLoo ZR()-F?(S},
B'={ueE:{veE:|v—u|r~ <6} CB}. (5.89)

We assume § to be small enough for B’ to be non-empty. Note that C' and C’ are the
complements of open balls in the ||-||p~-norm while B’ is the open ball of radius r — §
around the center w of B.

Applying the three-set argument (5.38) to the triple (Ag 4 \ Bg, By, Cq,—), where the
sets are disjoint for sufficiently large Ry, we get

Ad,+ {Tgi)ucd,, } + ]P’Ad,+ {T(d < TB ) }ECd {TAd +UBd}

1 — PAa+ {Tcd < Tjgi)}

Using the facts that Ay C Ag4, (B')g+ = Bg and (C")g4+ C Cq_, we now reduce the
estimation of each of the terms on the right-hand side of (5.90) to probabilities that can
be controlled, via (5.88), in terms of the infinite-dimensional process.

Since Cy_ C Eq \ (A2(R2))q + for sufficiently large Ry and Ay U Bg O (A2(R2))d, 4
we have by Lemma 5.6

T
Cq_ E4\(A2(R2))
£ {TAd +UBd} L d+{T(A2(R2))d+} < — PEa\(A2(R2) d+{7'A (Ra))at ~ T} .
2(R2))a,+

(5.91)

y (5.88) we have for any ug € Eq \ (A2(R2))d,+

up f(d) u c

P O{T(AQ(RQ))d7+ > T} <P O{TAQ(RQ) > T} + P(Q25) . (5.92)

As we have seen in (5.56), the first term on the right-hand side can be bounded by 1/2.
As for the second term, (5.86) shows that it is smaller than 1/4 for d > dy(e) large enough.
Hence the right-hand side of (5.91) can be bounded by 47'/3.

41



The term EAda.+ {Tgi)ucd’7 } < EAa+ {T((g)/)d,+u(cl)d,+ } can be estimated in a similar way,

by comparing with P44+ {75/ o > T} and proceeding as in the proof of Proposition 5.13,
of. (5.64).
Finally, we have the bounds

A (d) (d) A (d) A (d)
P d,+{TCd’7 <7/} <P d7+{TCd’7 <T}+P ou+{r(B/)d7+ >T}
< PAat {70 < T} + PA4+ {75 > T} + 2P(Q5) . (5.93)
Proposition 5.12 and (5.78) show that the sum of the first two terms on the right-hand side
can be bounded by 1 — %e*Hl/E. The third term can be bounded by ie*Hl/E, provided d
is larger than some (possibly large) dy(e).

This completes the bound on the first moment, and the second moment can be esti-
mated in the same way. O

5.6 Bounds on the equilibrium potential in finite dimension

The aim of this subsection is to obtain bounds on the equilibrium potential
d u d d
W (o) = BU{rl) < i)} (5.94)

when A and B are small open balls, in the L®-norm, around the local minima u% of the
potential V', and as before A;j = AN E; and B; = BN E4;. We denote the centre of A by

uj and the centre of B by uj, where either u] = u* and uj = u} or vice versa.

We now derive a bound on h%j By (up), which is useful when ug lies in the basin of

attraction of By.

Proposition 5.17. Let u] and u3 be two different local minima of V' and consider the
balls A = {||u — uj||r= < 7} and B = {||lu — ud||p~ < 7}, where r is small enough to
guarantee AN B = (. Then for any n > 0, there exist g = €0(n) > 0, dy = do(n,€) < 00
and Hy = Ho(n) > 0 such that

) 5 (ug) < de o/ (5.95)

holds for all e < g, all d > dy and all ugy satisfying H(ug, A) = n and H(ug, B) = 0. The
result holds uniformly for uy from a ||-|| e -bounded subset of Eq.

PROOF: Fix a ug such that H(ug, A) > n and H(ug, B) = 0. For any constant 7' > 0, we
can write ; . )
W) 5 (wo) <P {7 <1} +Pul{r) > T} (5.96)

For 0 < 0 < r, we define 23 = Q4(9) as in (5.85). Then we have, in a way similar to (5.88),
Puo{r{) < T} <P {74, <T}+P(25),
Pu{ri) > T} <P“{rp_ > T} +P(Q5), (5.97)

where Ay = {|Ju — uj||f <7+ 0} and B_ = {||lu — uj||po < r —3d}. We choose § small
enough that H(ug, A1) > n/2. The large-deviation principle shows that

lim sup 2e log P* {74, < T} = —2H (uo, A4) < -7 . (5.98)

e—0
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Thus there exists £9(n) > 0, independent of T, such that
PU{ry, <T} e W4 (5.99)

holds for all ¢ < 9. Choosing d > do(n,€) where dy is large enough that P(2g ) < e /4
we have
Puo{r{) < T} < 2e7M/% (5.100)

for e < egg and d > dp.

To estimate the second term in (5.97), we assume 0 < /2 and let B, = {|Ju—u}||p~ <
r —2d}. Assume T is large enough that the deterministic solution starting in ug reaches
B’ in time T. Then the large-deviation principle in [Fre88] shows that the stochastic
sample path starting in ug is unlikely to leave a tube of size § in the L*°-norm around the
deterministic solution before time 7', which implies that there exists £ > 0 such that

PU{rp >T} <e /e (5.101)

for ¢ small enough. This implies the result, with Hy = k6% A /4.

As for the uniformity in wug, note that after a first finite time 7 we may assume that
the process has reached a compact subset, cf. the proof of Proposition 5.13. Restarting
from this compact subset a standard compactness argument yields the uniformity of &,
0o and Hy in ug. O

Next we derive a more precise bound, which is useful in situations where we know
V{up] explicitly.

Proposition 5.18. Let u] and u3 be two different local minima of V' and consider the
balls A = {||lu — ui|lpe < r} and B = {|ju — ub||p~ < r}. Assume that r is small
enough that AN B = (. Then for any n, M > 0, there exist eg = eo(n, M) > 0 and
do = do(n, M,e) < oo such that

WD ) < 3 (e—[V(UmA)—n]/E N e—l/n€> (5.102)

holds for all e < €g, all d > dy and all uy € E4 such that V]ug] < M.

PRrOOF: Fix a ug with V[up] < M. We decompose the equilibrium potential in the same
way as in (5.96) and (5.97). It follows from (5.98) and Lemma 5.9 that there exists
go(n) > 0, independent of T, such that

BYo{rs, < T} < (VoA -0/2)e (5.109)

holds for all € < g9. We choose § in the definition of A, small enough that V(ug, Ay) >
V(ug, A) — n/2, and finally d > do(n, ) where dy is large enough that P(Qg,) < e 1/ne,
This shows that -

Puo{r() < T} < e Vluod)=n/e 4 o=1/ne (5.104)

for e < g¢ and d > dy.
In order to estimate P“{rp_ > T}, we let D(x) be the set of u € E such that
V(u,A;y) >0 and |[VV[u]||z2 > . Then we can decompose

P {rp_ > T} <P"{7p(e > T} +P"{7pu) < T} . (5.105)
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where F(k) = D(k)¢N BE. Now the same argument as above shows that
P {rp(m < T} < e~ Vo Rl -n/2/e (5.106)

Note that lim,_0 V (ug, F(x)) = V(ug, F(0)). Let us show that V (ug, F(0)) = V (ug, Ay)
provided ¢ is small enough. We proceed in two steps:

1. First we show that V (ug, F(0)) < V(uo, A+). Observe that F(0)¢ = D(0) U B_. The
fact that A and B have disjoint closure implies that A, N B_ = () for sufficiently
small §. The fact that V(u, Ay) > 0 in D(0) shows that Ay N D(0) = 0. It follows
that A, N F(0)¢ = 0, and thus A, C F(0), which implies V (ug, F(0)) < V (ug, A).

2. Assume by contradiction that V (ug, F(0)) < V (ug, A+). Then there must exist a path
©, connecting ug to a point u € F(0), on which the potential remains strictly smaller
than V (ug, Ay) 4+ V{[ug]. If we can show that V(u, A}) = 0, then this implies that we
can connect ug to Ay, via u, by a path on which the potential remains strictly smaller
than V (ug, A+) + V[ug], contradicting the definition of V (ug, A).

It thus remains to show that V(u, A1) = 0. Note that

={u: V(u,A4) > 0,VV]u] #£0} . (5.107)

Since u € F(0) = D(0)° N B¢, we have u # u} and either V(u, Ay) = 0, or VV[u] =
0. Pg)wever, the assumptions imply thEt uj is the only stationary point in the set
{u: V(u, Ay) > 0}, so that necessarily V(u, A;) = 0.
We have thus proved that V (ug, F(0)) = V (ug, Ay ), and it follows that there exists a do(n)
such that for 0 < do(n)

P {7 < T} < e~ VoA -m/e (5.108)

for all kK < Ky.

It remains to estimate the first term on the right-hand side of (5.105). Let ¢ be
a continuous path starting in ug and remaining in D(k) up to time 7. Then its rate
function satisfies

/ / )+ U (1(2)) | go(a) dar dt + / / )+ U (pu(a))]” da at
Vier] = Viuo] + ;f@ T, (5.109)

where we have used the fact that the second integral is proportional to [|[VV|%,, cf. (4.25).
The large-deviation principle implies that

lim sup 2e log P** {7p (e > T} < — [1/€2T + inf V — V[uo]] . (5.110)
e—0 2 D(r)
Since V[ug] < M, we can find for any k > 0, a T'= T'(k, M) such that the right-hand side
is smaller than —V (ug, A).

Finally note that {uo: V]ug] < M} is contained in a closed ball in the C'/?-norm, so
that a standard compactness argument allows to choose €9 and dg uniformly in ug from
this set. This concludes the proof. O
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6 Estimating capacities

6.1 Neumann b.c.

We consider the potential energy

Viu] = /0 ! [;u’(:ﬁf + U(u(w))] dz (6.1)

for functions u(x) containing at most 2d + 1 nonvanishing Fourier modes and satisfying
Neumann boundary conditions, that is

d etkmaz/L 1

2
u(@) =Y B = \F—FZyk\/; cos(kmz/L) (6.2)

k=—d

where yp = 29 and yi = V22, = V/22_y, for k > 1. The expression V of the potential in
Fourier variables follows from (4.31) and (4.32), with the sums restricted to —d < k < d.
Note that

d
u(L —z) = yO\}E + Z \/7cos(k7ra:/L) (6.3)

k=1
so that the fact that V[u] = V[u(L — -)] implies the symmetry

V(y(:h Y1y -y yd) = V(y()? —Yiy---s (_1)dyd) . (64)

Our aim is to estimate the capacity cap 4(B), where A is a ball of radius r in the L*°-norm
around the stationary point u*, and B is a ball of radius r around «” . Note that u* has
y-coordinates (u_+/L,0,...,0) and v’ has y-coordinates (us\/'L,0,...,0). We will rely
on the variational representation of capacities

capg(B) = inf ®aupe(h), (6.5)

heHa,B

in terms of the Dirichlet form
eo(h) = ¢ [ VO ThE) | dy. (6.6)
D

where in (6.5), Ha,p denotes the set of functions h satisfying the boundary conditions
h=1on 0A and h =0 on 9B for which ® 4,p)c(h) is defined and finite.
6.1.1 L<n~

We consider first the case where L < m — ¢ for some constant ¢ > 0. We know that in
this case, V' has only three stationary points, all lying on the yo-axis. One of them is the
origin O, where the Hessian of V' has eigenvalues

kr\ 2
Ay =—1+ 7 ) k=0,....d. (6.7)

Thus O is a saddle with one-dimensional unstable manifold, which in this case is contained
in the yp-axis. Let W*(O) denote the d-dimensional stable manifold of the origin.
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Lemma 6.1 (Growth of the potential on the stable manifold). There exists a constant
mo > 0 such that for all y € W3(O),

V() = mollyl%: - (6.8)

ProoOF: Let y; = (y1,...,y4). The centre-stable manifold theorem for differential equa-
tions in Banach spaces [Gal93, Theorem 1.1] shows that W%(O) can be locally described
by a graph of the form yy = g(y1). More precisely, the nonlinear part of V‘A/(y) being of
order ||y||% for s > 1/4, there exist constants p, M > 0 such that

lg(y)| < MllyolFs Yyo: llycllas <o (6.9)
Since
N 1
V) =5 > awwi + O(llyll) (6.10)
k=0

holds for all s > 1/4, we have in particular

d
~ 1 1
V(g(yL),y1) = —59(&)2 t3 > i+ O(llyllip) (6.11)
k=1

whenever [|y,|z1 < p. Thus using (6.9) to bound g(y,)?, we obtain the existence of
constants mq, p1 > 0 such that

V) =millyl?: Yy e WHO): |lyllm < 1 - (6.12)

We have used the fact that [|ly[|%, = |yo|* + [|[yL[|31 and estimated |yo|* on the stable
manifold by applying (6.9) once more. A similar computation shows that

~VV(y) - V(lyll3) <0 Yy e W(O): llyllar < pr s (6.13)

that is, the vector field —V‘A/(y) points inward the ball of radius p1 on the stable manifold.
By definition of the stable manifold, V' has to decrease on W*(O) along orbits of the
gradient flow §y = —VV (y). We thus conclude from (6.12) and (6.13) that

V(y) zmipt Yy e W(O): lyllg = p1 - (6.14)
Next, recall that by Lemma 4.5, there exist constants «, § > 0 such that
V(y) > —a+ Bllyl3 (6.15)

for all y € R4*!. Define v > 0 by —a + 392 = 1. Then for all y € W*(O) such that
p1 < [yl <y, we have

2 2
V(y) = mipi = ml,y—;v? > mlv—;uyn%{l : (6.16)

Together with (6.12) and (6.15) for |ly|/z1 > -, this proves (6.8), with the choice my =
min{ma, (m1p?/7%), (1/7%)}. ]
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Proposition 6.2 (Upper bound on the capacity). There exist constants rg > 0 and gy > 0

such that .
€ 2me 1/2 3/2
capys(B) < —— ”\/— 1+e¢ e1/2)log |3/ 6.17

holds for all v < ro, all € < g9 and all d > 1, where the constant c4 is independent of €
and d.

PrOOF: Choosing the radius r of the balls A and B small enough, we can ensure that A
and B lie at a L>°-distance of order 1 from the stable manifold W5(O).

By the variational principle (6.5), it is sufficient to construct a particular function
hy € H 4 p for which the claimed upper bound holds. We define h . separately in different
sets D, S defined below, and the remaining part of R4t!. Let

I
5, = | cellosel o g (6.18)
| Ak |

with ¢, = co(1 +log(1 + k)). We will choose ¢y sufficiently large below. We set

d

D = []l~6k 0] - (6.19)
k=0
Note that for any s < 1/2 one has
d
cp(1+ E2)®
Il = 3 “U e og el = O(efoge) (620

k=0
for any y € D, uniformly in d. By (6.10) we thus have
d

1
Viy) = 5 Z M\eyi + 0(53/2|10g 5|3/2) (6.21)
k=0

for all y € D, where again the remainder is uniformly bounded in the dimension d. On D,
we define hy by

8o oV (t.0,...0)/
hew) = T = [ dt . (6.22)
Yo / oV (5.0...0)/e g
—50
The contribution of hy on D to the Dirichlet form is given by
Bo(he) == [ fw)e VO ay
D
o=V (©)/e+2V (%0.,0,...,0) /=
:e/ dy . (6.23)
D

s 2

0 —~

/ V(0.0 /e gy
5o

Using the expression (6.21) of the potential, one readily gets

-1
50 d 6k
Op(hy) < 5(/ e Y0/% dy()) H/ e MWYER/2 Qg [1+ (’)(61/2|log5|3/2)} , (6.24)
% k=1~
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which implies that ®p(h4) its bounded above by the right-hand side of (6.17), provided
co is chosen large enough.

We now continue h; outside the set D. Let S be a layer of thickness of order
Velloge| in ||-||g,-norm around the stable manifold W*(O). We set hy = 1 in the con-
nected component of R4\ S containing A, hy = 0 in the connected component of
R 41\ S containing B, and interpolate hy in an arbitrary way inside S, requiring only
IVhy(y)]|Z < M/(elloge|) for some constant M. Then the contribution Prarig(hy) to
the capacity is zero, and it remains to estimate ®g\ p(hy). By Lemma 6.1, we have

Me d 2,2
o he)< —— e~ "0 Lk=o(1+k)yi /e qy)
S\D( +) E|10g€| S\D
o—mo(1+3%)vi /e . ,2/00 —mo(1+k*)yi /e 4
< Zioas ST /- w2 e i

kO;ék

< ek 6.25
6|log5|H\/ mo 1+] Z (6:25)

where £ > 0 depends only on mg and L. Recalling the choice ¢ = c¢o(1 + log(1 + k)), we
find

d d
§ :enck < ghico +/ 6mco(l—i-log(l—l-z)) dx
_ 0
d+1
— ghco | EKCQ/ xfnco\logd dx
1

KC
<e™™

! ] , (6.26)

keolloge| — 1

uniformly in d, provided kcp|loge| > 1. Thus we can ensure that ® s\p(h+) is negligible
by making ¢y large enough. O

Proposition 6.3 (Lower bound on the capacity). There exist 1o > 0, €9 > 0 and dy(e) <

oo such that
2me 1/2 3/2
ca _e/*|loge 6.27
pa(B) 27T(||\/Ak) — c-c/2Jlog "] (6:27)

holds for all r < rg, all e < g9 and all d > dy(), where the constant c_ is independent of
€ and d.

PRrROOF: We write as before y = (yo, vy, ), where y; = (y1,...,y4). Let

d
BJ_ = H[_Sk’ gk] with &c =
k=1

¢relloge|
—_— 6.28
el (6.25)

where the constants ¢ are of the form ¢, = ¢9(1+log(1+k)). Note that as in the previous
proof, this implies ||y ||gs = O(y/elloge|) for y, € D, and all s < 1. Given p > 0, we
set

D=[-p,p xD, . (6.29)
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Let h* = ha p denote the equilibrium potential defined by capy(B) = ®aup)-(ha,B),
cf. (6.5). Then the capacity can be bounded below as follows:

caps(B) = (I)(AUB)C(h*)
D5 (h")
P Vo)) . 9
:5/A / e " WOYLEIVR (yo, v )2 dyo dy L
D, J-

/ / _V(y()vyL
Dy

o ~
S . uf e—V(yony.)/‘E / 24 d . (6.30
/Dl [f f(=p)=h*(— pyJ_) fp)=h*(p,yL) /—P P doo o - )

Solving a one-dimensional Euler-Lagrange problem, we obtain that the infimum is realised
by the function f such that

2
dyo dy

.| Oh*
9o — (Y0, Y1)

[h*(Pa y1) — h*(—p, yj_)] Viyo.yi)/e

f'(yo) = 5 (6.31)
/ SVtu)/e gy
-p
Substituting in (6.30) and carrying out the integral over yg, we obtain
2
h*(p, — h*(—p,
capa(B) > €/A [ (pyy1) = P*(=p,y1)] ay, (6.32)

Dy /p oV (WoyL)/e dyo
—p

By (6.9) (which also applies to the infinite-dimensional system) and the fact that ||y, ||zs =
O(y/elloge|), any point (p,y, ) lies on the same side of the stable manifold W*(O) as
v’ . This implies that H((p,y1),B) = 0 while H((p,y1),A) > n, where 1 is uniform in
Yy E D L. We can thus apply Proposition 5.17 to obtain the existence of Hy > 0 such that

W (p,y1) =PV, < 7p) < de Ho/e (6.33)

provided ¢ is small enough and d is larger than some dy(¢). For similar reasons, we also
have
K (=p,y)=1- P(_p’yl){TB <TA} 21— qeHo/e (6.34)

Substituting in (6.32), we obtain

—8e” HO/E]

s [, |
D, / V(yo,yL)/e dyo

dy. . (6.35)

Consider now, for fixed y, € D, the function yo — g(yo) = YA/(yo, y1). It satisfies, for all
1/4 < s<1/2,

d
1, 1
9(vo) = —5%6 + 5 Z M+ O(lyllr) 5

J(yo) = —yo + O(H?/HHS) =—yo+ O(y3) + O(ellogel) ,
9" (o) = =1+ O(|yllrs) = =14+ O(yo) + O(*/?|loge[/?) . (6.36)
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The assumption on U being a double-well potential, the definitions of A, B and the implicit-
function theorem imply that g admits a unique maximum at y; = O(E!log 5]), and we have

d d
1 1
9(5) = 5 3t + O(il®) + Ol lhe) = 5 3 M + (¥ logel*?)

k=1 k=1
g (yy)=—-1+ (’)(61/2\10g€]1/2) . (6.37)
Thus by applying standard Laplace asymptotics, we obtain
d
rs 1
/ eV WovL)/e Quy = \2re eXp{2a Z Aky,z} 1+ 0(51/2|10g 5|3/2)] _ (6.38)
i k=1
Substituting in (6.35) yields
d 8,
capA(B) > € H e—Aky%/Qa dyk [1 _ 0(61/2|10g€‘3/2)]
2me Pl 3
d
€ 2me
= 2o — o2 >1 O(eY/?|log £ |*/?
mkl]( N (L OE )] [1 - 0(e*log=l*?)]
d d
€ 2me 5
= -0 eCk/2>] 1— 0 ?|logel??)] , 6.39
=I5 ) -0 o -o@ osr] . @a
and the result follows from the same estimate as in (6.26), taking ¢y > 1. O

6.1.2 L near w

We now turn to the case |L — 7| < ¢, with ¢ small. Then the eigenvalue A\; associated with
the first Fourier mode satisfies |A1| < 7, where we can assume 7 to be small by making ¢
small.

Recall from Proposition 4.8 that if the local potential U is of class C?, there exists a
change of variables y = 2z + g(z), with ||g(2)||g: = O(||2]|%s) for all 5/12 < s < 1/2 and
t < 2s —1/2, such that

d

~ 1 1

V(z+9(2)) = 5> Mzi + 5Cazi + O[3 (6.40)
2 — 2

with Cy > 0. Note that the factor 1/2 in front of Cy results from the change from complex

to real Fourier series. In order to localise this change of variables, it will be convenient to

introduce a C* cut-off function 6 : R4+ — [0, 1] satisfying

1 f <1,
0(z) = or 2]z (6.41)
0 for ||z]|gs > 2.
Given p > 0, we consider the potential
V,(2) = x7<z + 9(Z>g(z)> , (6.42)

which is equal to V(z) for ||z||gs > 2p, and to the normal form (6.40) for ||z||zs < p. It
what follows, we will always assume that p > |A;].
The expression (6.40) of the normal form shows that for sufficiently small p,
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e if A\; > 0, the origin O is the only stationary point of f/p in the ball ||z||;n < p, and
Ao = —1 is the only negative eigenvalue of the Hessian of ‘7/) at O;

e if \; < 0, the origin O is a stationary point with two negative eigenvalues, and there
are two additional stationary points P+ with coordinates

2 =+ V2IN[/Ca+ON), zE =00/ N) fork=0,2...,d. (6.43)

The symmetry (6.4) implies that z;” = (—1)¥z, and V(Py) = V(P_). The cigenvalues
of the Hessian of the potential at Py are the same, owing to the symmetry, and of the
form

1= =221 +O(MP?), = e +O(MP?) fork=0,2...,d, (6.44)

which shows that P, and P_ are saddles with a one-dimensional unstable manifold,
and a d-dimensional stable manifold. The unstable manifolds necessarily converge to
the two local minima of the potential.

The basins of attraction of the two minima of the potential are separated by a d-
dimensional manifold that we will denote W®. For A\; > 0, W® = W?*(O) is the stable
manifold of the origin. For A\; < 0, we have W* = W*5(O) UWS(P-) UW?(P4). See for
instance [Jol89] for a picture of the situation.

Lemma 6.4 (Growth of the potential along W?®). Let z; = (z2,...,24). There ezist
constants p > 0, mg > 0 and n > 0 such that for |[\1| < n and all z € W®, one has

1 1
Vo(2) = mo [zg + 22 A <§)\12% + 56’4211) + HZLH%{1:| . (6.45)

PROOF: The manifold W* can be locally described by a graph zg = ¢(z1, 2z ), where
(1, 20)] < M+ [lzeld)  whenever 22+ [|=L [} < o3 (6.46)

for any s > 1/4 and some M > 0 and pg > 0. This implies

d
~ 1 1 1
Vo(¥(21,21),21,21) = 5)\1,2% + 5042% + 3 Z Moz 4+ 0|29+ 1z 137+) (6.47)
k=2
for 27 + [|zL |3+ < (po A p)* = p?, and proves (6.45) for ||z||gs < p1. In particular, for
2 + ||zL |3, = p?, we obtain the existence of a constant mg > 0 such that V,(2) = mapf,
provided |A{| is small enough. The remainder of the proof is similar to the proof of
Lemma 6.1. O

Proposition 6.5 (Upper bound on the capacity). There exist constants g,n,c4+ > 0 such
that fore <eg and d > 1,

1. If0 < A\ <1, then

d
€ o0 2me
caps(B) < e ur(y1)/e q < ,/) 1+ ciR(E N, 6.48
PA( ) e /OO 1 1 M [ Ct+ ( 1)] ( )

where

1 1
ui(y1) = 5)\1y% + 504%1 (6.49)

and
ellogel3 ]1/2

AV y/elloge|

o1

R(z,\) = [ (6.50)



2. If —m < A1 <0, then

d
o<l [ (L 5 )

(6.51)
where

2
us(yy) = C’4<y1 4‘8) (6.52)

PROOF: The proof is similar to those of [BG10, Proposition 5.1 and Theorem 4.1], the
main difference lying in the dimension-dependence of the domains of integration. The
capacity can be bounded above by ® 4up(hy) for any hy € H 4 p. The change of variables
y =2+ g(z) and (4.36) lead to

Bas(hy) = e /

VR 1+ e O(I2lle) | a2 (653)
(AUB)©

Consider first the case A; > 0. Let D be a box defined by (6.19), where we take J; as
in (6.18) for k # 1, while d; is the positive solution of ui(d1) = ci¢|log |, which satisfies

log €]
62 = (f)<€|> . 6.54
! A1V /elloge] (6:34)

Note that if z € D, then ||z||gs = O(d1) for all s < 1. This ensures that the potential
‘7p is given by the normal form (6.40). The rest of the proof then proceeds exactly as in
Proposition 6.2. We have slightly overestimated the logarithmic part of the error terms
to get more compact expressions.

For —cy/elloge| < A1 < 0, the proof is the same, with §; of order (g|loge|)'/4. Note
that in this case, the potential at the saddles Py has order e|loge|, so that e Vo(P)/e jg
still close to 1 for small c.

Finally, for —n < \; < —cy/¢llogel|, we evaluate separately the capacities on each
half-space {z; < 0} and {z; > 0}. Each Dirichlet form is dominated by the integral over
a box around P, , respectively P_, where the extension of the box in the z;-direction is of
order y/e|loge|/p1. The main point is to notice that

1 2
ui(z1) = 50 <y% _ 4:;&4) +V,(Py) + O 2) (6.55)

(see [BG10, Proposition 5.4]). O

Remark 6.6. As shown in [BG10, Section 5.4, the integrals of e~*1(¥1)/¢ and ez )/
can be expressed in terms of Bessel functions, yielding the functions ¥ given in (2.30)
and (2.31).

Proposition 6.7 (Lower bound on the capacity). There exist constants €9, n,c— > 0 and
do(e) < oo such that for e < eg and d = dy(e),

1. If 0 < A1 <, then

d
cap 4(B) \/ﬁ e~ W)/e qoy (H 2;:5) [1—c_R(e,\)] , (6.56)

where u; and R are defined in (6.49) and (6.50).
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2. If —n < A1 <0, then

’/,LO / —up y1 /E 2718 P )/a
U j + 1 R
CapA \/ 92 n | | \/ % Cc— (5 :ul)] )

(6.57)
where ug is the function defined in (6.52).

PROOF: For —cy/elloge| < A1 <, the proof is exactly the same as the proof of Propo-
sition 6.3, except that é; is defined in a similar way as 6, in (6. 54), and thus the error
terms are larger. For —n < A\; < ¢y/¢|loge|, the definition of the set D has to be slightly
modified. Since the same modification is needed for all L — 7 of order 1, we postpone that
part of the proof to the next subsection. O

6.1.3 L>nr

We finally consider the case L > 7w+ c¢. Recall from Section 2.2 the following properties of
the deterministic system:

1. The infinite-dimensional system has exactly two saddles of index 1, given by functions
u’(x) of class C? (at least). The fact that u’ (x) € C? implies that their Fourier
components decrease like k2.

2. The Hessian of V' corresponds to the second Fréchet derivative of V at ul, given by
the map

e [ [+ U @)t ao
_ / [Ul( Yol (z )—I—U”(ul(m))vl(m)vg(x)} dz . (6.58)

0

The eigenvalues py, of the Hessian are solutions of the Sturm-Liouville problem v”(z) =
—U"(u.(z))v(z). They satisfy pp <0 < pp < ... and

—n + ek < < sk’ Yk, (6.59)

for some constants 71,7v2,v3 > 0 (this follows from expressions for the asymptotics
of the eigenvalues of Sturm-Liouville equations, see for instance [VS00]). In Fourier
variables, we have

VAV (uh) = A+ Q(ul) , (6.60)

where A is a diagonal matrix with entries Ay, and the matrix () represents the second
summand in the integral (6.58). Thus if v has Fourier coefficients z, we have

L
(2, Qul)z) =/ U" (ul(2))v(z)* dz . (6.61)
0
If M is a constant such that |U” (u® (x))] < M, for all x, we get
(2, Q(ul)z)| < Mvlf2 = M|2||7 - (6.62)

3. As shown in Section 4.4, similar statements hold true for the finite-dimensional po-
tential for sufficiently large d. As above we denote the two saddles by P+, and the
eigenvalues of the Hessian by ux = pi(d). Let St be the orthogonal change-of-basis
matrices such that R

SLV2V (ul)ST = diag(po, . . . , ta) - (6.63)
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Lemma 6.8 (Equivalence of norms). There exists a constant 5y > 0, independent of d,
such that

1
Bollyllzr < lISxyllFn < %H?JH%{l : (6.64)

PROOF: On one hand, the Sy being orthogonal, ¥y and z = Sty have the same ¢?-norm
and we have the obvious bound

lylizn = llyliz = 1217 - (6.65)

On the other hand, using 1 + k? = 1+ (1 4+ Ax)L?/7? and again equality of the ¢2-norms,
we get

2 L2 2 L2 d 2
o = (14 55 el + 55 3 s (6.60)
k=0

Now by (6.60) and (6.62), we have

d d
> ez = (y, V2V (Py)y Z)\kyk +(,Qy) < S (A + M)yp . (6.67)
k=0 k=0 k=0
It follows that
d L2 d
ol > 30 (1 S o= 0] ) =Y et (6.68
k=0 k=0

The lower bound (6.59) implies that
L? L?
>1+— s[1—M—y]+ 72—k (6.69)

Let ko be the smallest integer such that ci, > 1. We may assume d > ko, since otherwise
there is nothing to prove. It is easy to check that

- for 0 < k < ko,
S 0 (6.70)
1+ Boks forkog+1<k<d,
where 1 = (M + 1 — 1)(L?/7?) — 1 and S = v2L?/((k} + 1)7?). Thus setting
ko d d
a= Zzﬁ , by = Z 2, by = Z (14 Bok?)22 (6.71)
k=0 k=ko+1 k=ko+1
we can write the bounds (6.65) and (6.68) in the form
lylF >a+b1 and  lylF > —Bia+bs . (6.72)

By distinguishing the cases (1+ 81)a < —by + b2 and (1+ B1)a > —by + b2, one can deduce
from these two inequalities that

a+b
Iyl > s
2+6

(6.73)

which implies [|y||3,, = Bol|z[|3;: for some By > 0. The inequality ||z||3,, = Bollyl|3,: can be
proved in a similar way, using the upper bound on the pg. O
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We denote again by W?* the basin boundary, which is formed by the closure of the
stable manifolds of Py and P-_.

Lemma 6.9 (Growth of the potential along W?). There exists a constant mo > 0 such
that for all y € WS,

~

Viy) = V(Py) = V(y) = V(P-) = mo(ly — P+llfn Ally = P-|3n) - (6.74)

ProoOF: We have

d

-~ -~ 1

V(P +Siz) = V(P+)+§Zukzﬁ+0(!\ZH§1s) (6.75)
k=0

for any s > 1/4. Since the stable manifold can be described locally by an equation of
the form zp = g(z1 ), we obtain, as in the proof of Lemma 6.1, the existence of constants
m1, p1 > 0 such that

V(P +ST2) > V(P +mallz3n Ve: Pr+STzeWs |zlm <p1. (6.76)

By Lemma 6.8, this implies

~

V(y) = V(P + Bomally — Pell2n Yy e W' ly— Pyllgs < VBopi . (6.77)

A similar bound holds in the neighbourhood of P_.

Now choose a v > 0 such that —a + 3v%/4 > 1, where o and 3 are the constants
appearing in (6.15), and such that v > 3||Py| g1. We want to consider the case of y € W*
satisfying v/Bop1 < ly — Pillm A lly — P-||gn < . Without loss of generality we may
assume ||y — Py|lg1 = ||y — P—||z1. As in the proof of Lemma 6.1, we use the fact that
the vector field —V‘A/(y) is pointing inward. Thus,

R R 2
V@*VWQ>W%(&mf?m%%ﬂ%4ﬂ%AM*R@J- (6.78)

Together with (6.15) for ||y— Py || g1 Ally—P—|| g1 > 7, this proves (6.74) forally € W*. O

Proposition 6.10 (Upper bound on the capacity). There exist ro,e0 > 0 and dy < oo
such that for r < rg, € < eg and d > dy,

d
2 ~
cap(B) < 2¢4/ Jiol H v/ °re e_V(Pi)/a[l + c+61/2|10g5|3/2] ) (6.79)
2me woy VO

where the constant cy is independent of € and d.

PRrROOF: The proof is similar to the proof of Proposition 6.2. We first compute the
Dirichlet form over a box D, defined in rotated coordinates z = Si(y — Py) by |zk| <
Verelloge|/|uk|. Constructing hy as a function of zg as before yields a contribution equal
to half the expression in (6.79). The other half comes from a similar contribution from
a box D_ centred in P_. The remaining part of the Dirichlet form can be shown to be
negligible with the help of Lemmas 6.8 and 6.9. 0
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Proposition 6.11 (Lower bound on the capacity). There exist ro,e9 > 0 and dy(e) < 0o
such that for r < rg, e < &g and d > do(e),

cap(B) = \/ liw] <H1/ ) —V(Pi)/‘E —c_ 61/2|10g5|3/2] (6.80)

where the constant c_ is independent of € and d.

PrOOF: We perform the change of variables y = Py + SJTrz in the Dirichlet form, which
is an isometry, and thus of unit Jacobian. Let A’, B’ denote the images of A and B under
the inverse isometry.

Let V(z) = V(S4(y — Py)) be the expression of the potential in the new variables,
given by (6.75). We define D, asin (6.28) and set

ﬁ+:{Z:(ZO,ZJ_):Zleﬁj_,_p<20<p}. (6.81)
Then by the same computation as in (6.30)—(6.35), we have

Ho/e)]

/‘DL/‘ Zo,zl /Edz

dz, . (6.82)

The function zy — V (20, 2.) admits its maximum in a point 25 = O(ellogel). We can
thus apply the Laplace method to obtain

d

P % 2me % 1
(ZO:@(ZO)+ZJ_)/5d — (Py)/e { 2} 1 O 1/21 3/2
e Z e ex z + € oge .
/p 0 \/‘0| p 25§ Kz [ ( | gl )]

k=1
(6.83)
Substituting this into (6.82), the Dirichlet form ®p, (h*) can be estimated as in (6.39).

Now a similar estimate holds for the Dirichlet form ®5 (h*) on a set D_ constructed
around P_. The two sets may overlap, but the contribution of the overlap to the capacity
is negligible. O
6.2 Periodic b.c.

We turn now to the study of capacities for periodic b.c. Since most arguments are the
same as for Neumann b.c., we only give the main results and briefly comment on a few
differences.

The potential energy (6.1) is invariant under translations u — u(- + ¢). As a conse-
quence, when expressed in Fourier variables it satisfies the symmetry

V({2r}—ackea) = V({2 ™ 24} _ackea) - (6.84)

The eigenvalues of the Hessian of V at the origin are of the form

2k \ 2
)\k:1+(;), k=—d,....d, (6.85)

and are thus doubly degenerate for k # 0.
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The case L < 27 — c is treated in exactly the same way as the case L < m — ¢ for
Neumann b.c., with the result

d
capy(B) = \/2675 (H 2;:) 1+ (9(51/2|log5\3/2)] , (6.86)

k=1

where the error term is uniform in d.
For 2m — ¢ < L < 2m, the capacity can again be estimated by using the normal form.
The only difference is that the centre manifold is now two-dimensional, which leads to the

expression
e [T 7 e T2
cap 4(B) = =/, e~ re)/E p dry dgy HTk [1+O(R(e,\))] . (6.87)
' e k=2
where
1
u(ry, ¢1) = §A1r% + Cyri (6.88)

results from the terms in zy; written in polar coordinates, and R(e, A1) is the same as in
(6.50). The integral can be expressed in terms of the distribution function of a Gaussian
random variable, cf. [BG10, Section 5.4].

For 27 < L < 27 + ¢, the expression for the capacity is given by (6.87) with an extra
term e"/¢, where V ~ —X\?/(16C4¢) is the value of the potential at the transition state.

Finally in the case L > 27 + ¢, we have to take into account the fact that instead
of isolated transition states, there is a whole family of transition states {P(¢)}o<p<r,
satisfying by symmetry

Pyli) = eX17/L Py(0) (6.89)

The eigenvalues . of the Hessian at any transition state satisfy
po < p—1 =0 < p1 < po, pi—o < ... (6.90)

When evaluating the Dirichlet form, we construct an approximation of the equilibrium
potential in a neighbourhood of the transition states in a way which is invariant under the
symmetry. The result is

d 1/2
€ 2me 2me
capy(B) = ————"/saddle < ) VPO 4 02 |loge)*/?)] |, (6.91)
V/2me| ol p |1<;1|;[2 [k [ ]

where fg,q41e is the “length of the saddle”, due to the integration along the direction with
vanishing eigenvalue p_;. It is given by

L
gsaddle = /
0

—1 de, (6.92)

where (6.89) shows that

d 2
> (57 1o, (6.93)

|%1.-
0¢ |2 k=—d
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’I|2,. Hence we have

Jim faaae(d) = Ll(uio) ]2 (6.94)

which converges as d — oo, by Parseval’s identity, to |[(u] )

When L is close to 2, the normal form shows that |Py(0)]? = |A\1]/(2C4) + O(M\}), while
the other components of P(0) are of order A}. Also the eigenvalue uj satisfies p3 =
—2X1 + (’)(])\1\3/2). This shows that lgaqq1e = 27/ p1/(8C4) + O(p1), and allows to check
that the expressions (6.91) and (6.87) for the capacity are indeed compatible.

7 Uniform bounds on expected first-hitting times

7.1 Integrating the equilibrium potential against the invariant measure

We define as before the sets A, B C F as the open balls

A={uecE: |u—u'|p~ <7},

B={u€E: |u—uflr~ <p}. (7.1)
The aim of this subsection is to obtain sharp upper and lower bounds on the integral
J >
TAB) = [ )5 e Ty, (72)
E4\Bg

where hffj’ B, is the equilibrium potential

d d d
B 5 () =PY{rD < Y (7.3)

Recall that the local minima u} of V' are also local minima of the truncated potential, and
that the eigenvalues of the Hessian of the potential at u* are given by v, = (bkm/ L)% +
U"(u—), where b = 1 and k € N for Neumann b.c., and b = 2 and k € Z for periodic b.c.
Recall that ui denote the minima of the local potential U.

Proposition 7.1 (Upper bound on the integral). There ezist constants ro > 0, g > 0
such that for any € < g¢, there exists a dy = dy(e) < 0o such that

2 *
Jo(A,B) < [ /7= e VEtVe 1 4 cpelogef*/?] (7.4)
1%
|k|<d k

for all 0 < r,p <19, and all d > dy, where the constant c4 is independent of € and d.

PROOF: Let 6, = y/ciellogel/v, , where ¢, = co(1 + log(1 + |k|)). We introduce two sets

Cq = [u— — do,u_ + dg] x H [—0k» O]
0<|k|<d

Dg={y€ Eqs: V(y,u") >0}, (7.5)

and split the domain of integration into Cy, Dy \ By, and the remaining part of E;\ By.
By Laplace asymptotics (cf. the quadratic approximation argument used in the proof of
Proposition 6.2) one obtains that

/ h(jj,Bd(y) oV )/e dy g/ o Vw)/e dy (7.6)
C4 Ca
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satisfies the upper bound (7.4). To bound the integral over Dy, we use the bound on the
equilibrium potential in Proposition 5.18 to get

[ D g e ey < |
d

(e—[wy,A)—nmy)J/e N e—[l/n+‘7(y)]/€> _ (77)
Dy

If uf, denotes a transition state, we have V(y, A) = V]u,] — V(y). Choosing 1 small
enough that 1/n > Vu{] — V]u’], we thus obtain

/ h(fin (v) o Vw)/e dy < 66—(V[UZ‘S]—77)/6/ dy , (7.8)
Dy Da

The lower bound (4.20) on the potential implies that Dy is contained in a set {||y| g1 < M}
for some M. The scaling yr = /M /(1 + k?)z shows that

1
dy < MHH1/2 / dz . 7.9
/;d Y H V1+k;2 S2d ( )

k|<d

The volume of the sphere S2¢ is given by 27?/T'(d), which by Stirling’s formula is bounded
by (M;/d)? for some constant M;. Thus choosing dy of order 1/¢ or larger ensures that
the integral (7.7) is negligible if we take 7 small enough.

Finally, we can bound the integral of e~V ¥)/¢ over the remaining space in the same
way as in the proof of Proposition 6.2, using again (4.20) to bound the potential below
by a quadratic form. Choosing cy large enough ensures that this integral is negligible as
well. O

Proposition 7.2 (Lower bound on the integral). There exist constants rg > 0, g > 0
such that for any € < g, there exists a dy = dy(e) < oo such that

2 *
Ji(A,B) > H ifefv[“*]/g [1- 0_51/2|log5|3/2] (7.10)
|k|<d Yk
for allO <1, p <rg, and all d > dy, where the constant c_ is independent of € and d.
PROOF: We define Cy as in the previous proof. The fact that hE‘;i;aBd (y)=1-— hg’lj,Ad (y)
shows that

- / e VW)/eqy — / D L ()e YWy (7.11)
Cd Cd

The first term on the right-hand side satisfies the claimed lower bound, by a computation
similar to the one in the proof of Proposition 6.3, cf. (6.39). Proposition 5.17 shows that
the second term on the right-hand side is smaller than the first one by an exponentially
small term. ]
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7.2 Averaged bounds on expected first-hitting times
We define the sets A and B as in (7.1). According to (3.11),

@ g —eagp(dz)e Ve
VA B(dz> - CapAd(Bd)

(7.12)
is a probability measure on 9Ay.
The following result implies Proposition 3.3.

Proposition 7.3. There exist rg,e09 > 0 such that for 0 < r,p <rg and 0 < € < &g, there
exists a dy = do(g) < 0o such that for all d > dy,

C(d,e)e (d)/a[l _RdB( )] </ ]EZ{ }VAB C(d,e)e H(d)/e [1+RIB(5)] :

04
(7.13)
where the quantities C(d, ), H(d) and RiB(e) are detailed below.

PROOF: By (3.12), we have

| B ) -
9A,

Hence the result follows immediately from Propositions 7.1, 7.2 and the bounds on capac-
ities obtained in Section 6. O

Ji(A, B)

o (B (7.14)

We end by listing the expressions of the quantities appearing in (7.13). In the case of
Neumann b.c., they are of the following form, depending on the value of L.

e For L < m — ¢, Propositions 6.2 and 6.3 yield a prefactor

d /
C(d,e) = 27r< ! -~ 1] A’“)1 : (7.15)

|>‘0|V0 k=1 Vi

(recall that \g = —1). As d — oo, the product converges to an infinite product which
is finite, due to the fact that both Ay and v, grow like (km/L)?. Since the transition
state is ug, the exponent is given by

H(d) =V]uy) — Vur] = |U(u_)] (7.16)
and is independent of d. The error terms satisfy
Ry p(e) = O("?[loge*?) (7.17)

uniformly in d.
e For L > 7 + ¢, Propositions 6.10 and 6.11 yield a prefactor

1 T ()
(\Mo(d)%_ 1= > ’ (7.18)

where the eigenvalues py(d) depend on d. They converge, as d — oo, to those of the
Hessian at the transition state uj ,, by the implicit-function theorem argument given
in Proposition 4.9. The exponent is given by

H(d) = V(Ps(d)) — V[u*] (7.19)

C(d,e)=m

and converges to V[uj ;] — V[u®] as d — oo. The error terms satisfy (7.17) as well.
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e For L < m, the value of the prefactor follows from Propositions 6.5 and 6.7. Using the
computations of [BG10, Section 5.4] to determine the integral in (6.48) (note that our
C} is equal to half the Cy in that reference), we get

W( 1 M\ V0O Ak)m 1
’)\0’V0_ I/l_ Vk:_ \I/+(/\1/\/C45) ’

where W is the function defined in (2.30). The exponent is still given by (7.16), while
the error terms are of the form

riyte) = o [ o] ”2> (r.21)
4B A1V /elloge| . '

e For L > 7, again by Propositions 6.5 and 6.7 and [BG10, Section 5.4],

1 u1<d>+meﬁuk<d>>“2 1
U_(j(d)/V/Cae )

C(d,e) =2 (7.20)

(7.22)

ko (d) vy vy i Uk

O(d,e) = 27r<

where U, is the function defined in (2.31). The exponent is again given by (7.19),
and the error terms satisfy (7.21).

The expressions are similar for periodic b.c.

A Monotonicity of the period

Consider the Hamiltonian system defined by the Hamiltonian (2.16). Let T'(E) be the
period of its periodic solution with energy E, given by (2.18). The following lemma
provides a sufficient condition for T' being increasing in F.

Lemma A.1. Assume that
U'(u)?* = 2U (uw)U" (u) > 0 forallu € (u—,uy)\ {0} . (A.1)
Then T(E) is strictly increasing on [0, Ep).
PrROOF: We parametrize the upper half of the periodic orbit by
= V2Esin @,
—~U(u) = Ecos’ ¢ , (A.2)

where ¢ € [0,7]. The second relation can be inverted, writing u = fg(p), where the
function fg : [0, 7] — [u2(E), us(E)] is increasing and maps [0,7/2] on [ug, 0] and [7/2, 7]
on [0, u3]. Differentiating the relation E cos? ¢ = —U(fg(y)) shows that

Ofp  2Esingpcose ofe _ cos? (A3)
d¢ U(fe(e) OF U'(fe(p)) '
The period is given by
T(E) / du / V2FE coscp dyo | (A1)
2 U'(fe(e
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By (A.3) we have

d <\/2E cos gp) , 9 " cos
—\ 77y ) = WU (fe(9)” = 2U(fe(e)U"(fE(0)) . (A5)
dE\U'(fe(v)) [ ]v2EU’(fE(90))3
Since cos¢ and —U’(fr(¢) have the same sign, the assumption (A.1) implies that the
integral (A.4) is strictly increasing in E. O
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