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Deterministic FitzHugh—Nagumo (FHN) equations
Consider the FHN equations in the form
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>y o< proportion of open ion channels (recovery variable)
>e K 1 = fast—slow system
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Consider the FHN equations in the form

8:i:::1:—a:3+y

Yy=a—<x

> x o« membrane potential of neuron
>y o< proportion of open ion channels (recovery variable)
>e K 1 = fast—slow system

Stationary point P = (a,a> — a)

3a°—1

: L. . 5482
Linearisation has eigenvalues ox 55 € where § = 5

> > 0: stable node (§ > /) or focus (0 < § < /)
>d = O: [Erneux & Mandel '86]
> 6 < 0: unstable focus (—+y/e < d < 0) or node (§ < —y/&)
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Stochastic FHN equations
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> Wt(l), Wt(Q): independent Wiener processes
>0 <o1,00kK 1, 0= \/a%—l—ag

e =0.1
60 = 0.02
o1 = oo = 0.03




Some previous work

> Numerical: Kosmidis & Pakdaman '03, ..., Borowski et al '11
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Proposed “phase diagram’’ [Muratov & Vanden Eijnden '08]
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Intermediate regime: mixed-mode oscillations (MMOSs)
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Precise analysis of sample paths

> Dynamics near stable branch, unstable branch e
and saddle—node bifurcation: already done in et
Phenomena in

[B & Gel’]tZ 705] S]ow-FastDyls:;;?le';;::

A Sample-Paths Approach

> Dynamics near singular Hopf bifurcation: To do

4 Springer
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Small-amplitude oscillations (SAOSs)

Definition of random number of SAOs N:

nullcline y = 23 — x

separatrix

F, parametrised by R € [0, 1]



Small-amplitude oscillations (SAOSs)

Definition of random number of SAOs N:

nullcline y = 23 — x

separatrix

F, parametrised by R € [0, 1]
(Ro, Rq1,...,Ryn_1) substochastic Markov chain with kernel
K(Rg, A) =PRo{R, ¢ A}

Re F, ACF, = first-hitting time of F (after turning around P)
N = number of turns around P until leaving D



General results on distribution of SAOs

General theory of continuous-space Markov chains: [Orey '71, Nummelin '84]

Principal eigenvalue: eigenvalue A\g of K of largest module. \g € R
Quasistationary distribution: prob. measure mg s.t. mgK = A\g7mg
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General results on distribution of SAOs

General theory of continuous-space Markov chains: [Orey '71, Nummelin '84]

Principal eigenvalue: eigenvalue A\g of K of largest module. \g € R
Quasistationary distribution: prob. measure mg s.t. mgK = A\g7mg

Theorem 1: [B & Landon, 2011] Assume 01,0 > 0

>Ag <1

> K admits quasistationary distribution mg
> N is almost surely finite

> N is asymptotically geometric:

im P{N =n+ 1|N >n} =1 — Xg

n—aoeo

> E[rV] < oo for r < 1/)g, so all moments of N are finite

Proof uses Frobenius—Perron—Jentzsch—Krein—Rutman—Birkhoff theorem

and uniform positivity of K, which implies spectral gap
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General results on distribution of SAOs
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Remark: P{cluster of spikes of length k} ~ p*(1 — p) where

>p = PHO{N < no}
> 140 incoming distribution after a spike
> ngQ maximal number of SAOs between spikes in a cluster



The weak-noise regime

Theorem 2: [B & Landon 2011]
Assume e and §/+/e sufficiently small
There exists k > 0 s.t. for o2 < (e1/46)2/109(\/2/6)
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Theorem 2: [B & Landon 2011]
Assume e and §/+/e sufficiently small
There exists k > 0 s.t. for o2 < (¢1/45)2/1og(\/2/6)

> Principal eigenvalue:
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o

> Expected number of SAOS:

(51/45)2}

EV0[N] > C(uo) exp{n-"—

o
where C(ug) = probability of starting on F above separatrix
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The weak-noise regime

Theorem 2: [B & Landon 2011]
Assume e and §/+/e sufficiently small
There exists k > 0 s.t. for o2 < (¢1/45)2/1og(\/2/6)

> Principal eigenvalue:

(51/45)2}

1 —Xp < exp{—m 5

o

> Expected number of SAOS:

(51/45)2}

EV0[N] > C(uo) exp{n-"—

o
where C(ug) = probability of starting on F above separatrix

Proof:

> Construct A C F such that K(x, A) exponentially close to 1 for all z € A
> Use two different sets of coordinates to approximate K:
Near separatrix, and during SAO



Dynamics near the separatrix

Change of variables:

> Translate to Hopf bif. point
> Scale space and time

> Straighten nullcline z = 0

. . 1
= variables (&, z) where nullcline: {z = §}

dit = (%_Zt )dt-|—51 th(l)
dzy = (ﬂ + 282 ) dt — 251&; th(l) + 55 th(Q)
where
ﬁ=\%—5f =-V35E =3,



Dynamics near the separatrix

Change of variables:

> Translate to Hopf bif. point
> Scale space and time

> Straighten nulicline = 0 % O

. . 1
= variables (&, z) where nullcline: {z = §}

dit = (%_Zt )dt-|—51 th(l)
dzy = (ﬂ + 282 ) dt — 251&; th(l) + 55 th(Q)
where
ﬁ=\%—5f =-V35E =3,

Upward drift dominates if 2 > 57 + 53 = (e1/%6)2 > 02 + 05

Rotation around P: use that 2ze 2*=2¢+! js constant for i =e¢ =0
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Transition from weak to strong noise
Linear approximation:

d=f = (fi+t20) dt — 10 dW Y + 55 W)

1/4 i x e_y2/2
= [P{no SAO} ~ <D<—7r ) d(x) = ————dy
e e A
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Transition from weak to strong noise

Linear approximation:

13
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Conclusions

Three regimes for § < +/e: A

o
> o < e1/4§: rare isolated spikes

interval ~ Exp(y/ze(e/70)%/a?y /%

>el/45 < o < £3/%: transition
geometric number of SAOs
o = (6e)1/2: geometric(1/2)

) WUU

> o > £3/4: repeated spikes

o= (

N

/% sel/A T MM
1/2 )
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Conclusions

Three regimes for § < +/e: A

o

>0 < e1/45: rare isolated spikes JLJ jL UUU wUU
interval ~ Sxp(\/Ee—(el/45)2/02) =34 o = (5c)}

> el/4§ <« o < £3/%: transition b—J VVJU/
geometric number of SAOSs u |
o = (6e)1/2: geometric(1/2) %56”4

> o > £3/4: repeated spikes 1z y

Outlook

> sharper bounds on \g (and mg)

> relation between P{no SAO}, 1/E[N] and 1 — X\g

> consequences of postspike distribution pg #= mg

> interspike interval distribution ~ periodically modulated
exponential — how is it modulated?
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