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1

FRACTIONAL BROWNIAN MOTION

1 Fractional Brownian motion

1.1 Definition

Kolmogorov (1940), Mandelbrot and Van Ness (1968).
For H € (0,1), the fractional Brownian motion By = { By (z);z € R?}
is a scalar values centered Gaussian random field with By (0) = 0 and

Cov (Bu (@), Bu(a')) = C (|l + |2/ | = |}z = ')

Properties:
e Stationary increments: Vzo € R?, Bu(.+ z0) — Ba(xo) 1dd Br(.)

e Self-similar of order H: VA > 0, B (\.) 7 M By ().

o Isotropic: VR € O4(R), Bu(R.) "2 By(.).




1 FRACTIONAL BROWNIAN MOTION

1.2 Harmonizable representation

Let W be a complex Brownian measure.
When F € L?(R%) one can define

Xp = Re/Rd F(EOW(dE) ~ N (o/ |F|2) .

Isometry property : if F,G € LQ(Rd),

Cov (Xr, Xg) = Re/ F(&)G(&)dE.

]Rd

Harmonizable representation of fBm

By 14 {Re [ = el w gy e Rd} |
]Rd




1 FRACTIONAL BROWNIAN MOTION

Sketch of the proof.
Let us denote 77 (€) = || and vy () = [ra [(€€ — Dppr (€)1~ 4/2H |* de.
Then, using polar coordinates

v (z) = /Sd_1 /0+°°

. 2
eza:-r@ . 1| T_QH_ld’r‘dQ,

with
el _ 1’ < C(x)min(r,1).
0 vg(zr) < 400 for 1/H > 1.
Moreover,
VA >0, o AVHE) = pu(€) ~ vm(W ) = Nog(a),

VR € O4(R), Y (R§) = Yu(§) s v (Rr) = vy (x).

0 vg(x) = CHZIZH2H
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1.3 Holder regularity

Definition Let v € (0,1). A random field {X(z)}, cga admits v as
critical Holder exponent on B,4(0, 1) if:

(a) Vs <, a.s. X satisfies H(s): 4A > 0 random variable s.t.
Vz,y € Ba(0,1),

X (z) = X(y)| < Allz —yll".

(b) Vs >, a.s. X fails to satisfy H(s).
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Proposition:|Adler, 1981| Let {X(z)},cra be a Gaussian random field.
If
E(X(z) — X(y)" < [z —y|I”

in the sense that Vo > 0, 4C1, s > 0,
Cillz —y|*™° <E(X(z) — X(y))* < Callz —y|*"~°

[J critical Holder exponent on B4(0,1) = 7.
S.I. case: vx(z) = E (X (z) — X(0))” < ||z]|*.

Corollary: The fBm By admits H as critical Holder exponent on
B4(0,1) and, a.s.

dimy Q(BH) = dimp Q(BH) =d+1— H,

with Q(BH) = {(I,BH(ZE)),ZE < Bd((), 1)}




1 FRACTIONAL BROWNIAN MOTION

FBM H=0.5

FBEM H=0.7
g :

Figure 1: FBM for d = 2




2 OPERATOR SCALING GAUSSIAN FIELDS

2 Operator scaling Gaussian fields

Let £ € M4(R)”" be a real d x d matrix with real parts of the

eigenvalues Hid > e > Hil > 1. We want to define a Gaussian random
field with stationary increments Xp = {Xg(x);z € ]Rd} operator scaling

w.r.t. E ie such that VA > 0,

Xe(O\P) 2 X5(),

oo n
where A\ = Y %E”.

n=0
e For H € (0,1) let Ky = %Id. Since \F¥H = Al/HId, a self-similar

field of order H is operator scaling w.r.t. Ep.

o If E0; = --0;, since \"0; = A/Hi@: the process {Xg(t0;);t € R}
J

is self-similar of order H;.
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2 OPERATOR SCALING GAUSSIAN FIELDS

2.1 FE-homogeneous functions

Definition: Let ¢ : RY — RT. We say that ¢ is E-homogeneous if ¢ is
continuous on R% with p(x) # 0 if  # 0 and

YA >0 o\ z) = Ao(x).
Example: ¢z (z) = ||z||" is Ex- homogeneous.

Remark: Cit!/Hat0 < ||tF|| < Cot'/ 179 for any t € (0,1), § > 0.

Polar coordinates with respect to E.

One can define a norm on R% w.r.t. by ||z||z = fol [t7 | <t

0 Sg={zeR?:|z|zp =1} sphere w.r.t. E.

Since |[Az||z = foA [t"z||9t, for any x # 0 the map A — [[A"z||g is a
bijection from (0, +o00) onto (0,400). Hence 3! Ao > 0 s.t.
((x) = Nz € Sg. For 7(z) = \;' we get x = 7(x)"4(x).

11
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Example: Sg, = =5 ", therefore

Change of variables. Let f € L'(R%).

Rdf(:c)da: = /Sd 1/ f(re)r*—'drde

— CH/ / F(rFHe)r*H =1 drde.
Sey 70

Proposition: Let ¢ = trace(F), there exists a unique finite Radon

measure o on Sg such that

Rdf(a:)da::/SE /OOO FrP0) 14 dr o(d0).

12
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Examples of F-homogeneous functions.

0 Diagonalizable case: let 61, ...,04 a basis of R,
O0< H;<...<Hjy<1land(Cy,...,Cqy >0 and define for p > 0

a 1/p
Y(z) = (Z Cj\$'9j|ij) :
71=1

Let E such that F6; = ——60; for 1 < j < d and remark that
J

(AE@ 0 =1 (AEej) — 2\ (.9,).

Therefore v is E*-homogeneous.
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[0 General case: Let E € Mg(R)”" and M(df) a finite non-negative

measure on Sg such that

Vect {rE0 :r > 0,0 € supp(M)} = R”.

zp(a;):/SE /OOO (1—cos (x-rEe)) %M(d@)

is a E*-homogeneous function.

Then

Remark: |1 — cos (z-7"0)| < C(z)|r”|?. Since [|r”]| < Chrt/ 1 for
r < 1, the function v is well defined as soon as H; < 2.

14



2 OPERATOR SCALING GAUSSIAN FIELDS

2.2 Harmonizable representation

Let E € My(R)>! with Re (sp(E)) = {H% o H%} for

0< Hg<...<H;<1and q=trace(F).

Let W be a complex Brownian measure.

Theorem: Let ¢ : R — RT be a Ef-homogeneous function. Then the

Gaussian random field

X(z) = Re/

R

(e =1)u©) W) o e R

is well-defined. Moreover, it is

e operator scaling w.r.t. E.

e with stationary increments.

15
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Sketch of the proof.

&= — 1)p(e) 2| de.

Then, using polar coordmates w.r.t. B
+o0o
A
St J0

t
E" g

et o 1‘ < C(x) min (rl/Hl_é, 1) and @D(TEtH) = r1p(0).

Let us denote v(x) = [.a |(

2

(P 0) 729 dro(d6),

Bt

—1

with

0 wv(zr) < +o0o0 for 1/H; > 1.
YA>0, o (AEtf) — () A~ v(\Pz) = N2u(z).

Moreover, writing x = 7(z)"¢(z), since x - rEy = l(x) - (T(x)fr)Et 0,
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3 Holder and directional regularity

3.1 Holder regularity

We consider X whose variogramme is given by
v(z) = v(l(z))T(x)” with 0 < C1 < v(l(z)) < Cs.
Writing £(z) = 7(z) " Pz we get 7(x) < Clz||H4™° for ||z|| < 1.
[ critical Holder exponent > Hj.

Considering = = 7(x)®4(z) we get 7(x) > C||z||"*7° for ||z| < 1.

[ critical Holder exponent < Hj.




3 HOLDER AND DIRECTIONAL REGULARITY

3.2 Directional regularity

Definition:|[Bonami, Estrade, 2003| Let {X (x)}, cra be a Gaussian
random field with stationary increments and u € S%~!. We say that X

admits v(u) € (0,1) as directional regularity in the direction w if
E (X (zo + tu) — X (z0))? = [¢*™).

Proposition:[BE, 2003| If 3y : S~ — (0,1) s.t. Vu € S, X admits
v(u) as directional regularity in the direction u. Then ~ takes at most d

values. Moreover, if v takes k values v < ... < 71, there exist

{O}:Vogvlg...gvk ::Rd

Y(u) =vi e uec (V;\Vie)) NS
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Let E € Mq(R)>! with Re (sp(E)) = {H% o H%} for
O0< Hp, <...< H; <1. Let Wy,...,W, the spectral decomposition of
R* w.r.t. E. Fori=1,...,p, we denote Vo = {0} and

For any u € V;, with u = v;_1 +w; € Vi_1 & W;, when [t| < 1,
Oy |[tws |70 < 7(tu) < Caolt|™i™°.

Theorem: Let X be a Gaussian random field with stationary

increments and operator scaling w.r.t. E. Then,
o Vu e V;\ Vi_i1, X admits H; directional regularity in the direction wu.

e X admits H), as critical Holder exponent on B4(0,1) and, a.s.

dimy G(X) =dimp G(X) =d+ 1 — Hp,

with G(X) = {(z, X(x));x € B4(0,1)}.
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H1=0.9H2=05v1=0v2=0.9 H1=0.9H2=0.5v1=0v2=0.7
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Figure 2: OSGRF for d =2, H; =0.9, 0, =0et Hy, =0.5
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Figure 3: OSGRF for d =2, H; = 0.9, 0 =0 et 05 ~ 51°
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4 OUTLOOKS

4

Outlooks

Simulations: speed of convergence and numerical obstructions.
Estimation of the matrix F.

Generalization to multifractional fields £ ~ E(z).

Generalization to a-stable fields.
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