
1

Operator scaling Gaussian random fields

Hermine Biermé

Encuentro Español - Francés - Venezolano de Probabilidad

y Estadística Matemática, Choroni le 03/11/2006

Joint work with Mark M. Meerschaert (University of Michigan, USA) and

Hans-Peter Scheffler (University of Siegen, Germany)

Supported by NSF grant DMS-0417869

hermine.bierme@math-info.univ-paris5.fr



2



OUTLINES 3

Outlines

1 Fractional Brownian motion 4

1.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Harmonizable representation . . . . . . . . . . . . . . . . . . . . 5

1.3 Hölder regularity . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Operator scaling Gaussian fields 10

2.1 E-homogeneous functions . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Harmonizable representation . . . . . . . . . . . . . . . . . . . . 15

3 Hölder and directional regularity 17

3.1 Hölder regularity . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2 Directional regularity . . . . . . . . . . . . . . . . . . . . . . . . . 18



1 FRACTIONAL BROWNIAN MOTION 4

1 Fractional Brownian motion

1.1 Definition

Kolmogorov (1940), Mandelbrot and Van Ness (1968).

For H ∈ (0, 1), the fractional Brownian motion BH =
{

BH (x) ; x ∈ Rd
}

is a scalar values centered Gaussian random field with BH (0) = 0 and

Cov
(

BH(x), BH(x′)
)

= C
(

‖x‖2H + ‖x′‖2H − ‖x − x′‖2H
)

.

Properties :

• Stationary increments: ∀x0 ∈ Rd, BH(. + x0) − BH(x0)
fdd
= BH(.)

• Self-similar of order H: ∀λ > 0, BH(λ.)
fdd
= λHBH(.).

• Isotropic: ∀R ∈ Od(R), BH(R.)
fdd
= BH(.).
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1.2 Harmonizable representation

Let W be a complex Brownian measure.

When F ∈ L2(Rd) one can define

XF = Re

∫

Rd

F (ξ)W (dξ) ∼ N

(

0,

∫

|F |2
)

.

Isometry property : if F, G ∈ L2(Rd),

Cov (XF , XG) = Re

∫

Rd

F (ξ)G(ξ)dξ.

Harmonizable representation of fBm

BH
fdd
=

{

Re

∫

Rd

(eix·ξ − 1)‖ξ‖−H−d/2W (dξ); x ∈ R
d

}

.
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Sketch of the proof.
Let us denote ψH(ξ) = ‖ξ‖H and vH(x) =

∫

Rd

∣

∣(eix·ξ − 1)ψH(ξ)−1−d/2H
∣

∣

2
dξ.

Then, using polar coordinates

vH(x) =

∫

Sd−1

∫ +∞

0

∣

∣

∣
eix·rθ − 1

∣

∣

∣

2
r−2H−1drdθ,

with
∣

∣

∣
eix·rθ − 1

∣

∣

∣
≤ C(x)min (r, 1) .

➥ vH(x) < +∞ for 1/H > 1.

Moreover,

∀λ > 0, ψH

(

λ1/Hξ
)

= λψH(ξ) y vH(λ1/Hx) = λ2vH(x),

∀R ∈ Od(R), ψH (Rξ) = ψH(ξ) y vH(Rx) = vH(x).

➥ vH(x) = C‖x‖2H .
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1.3 Hölder regularity

Definition Let γ ∈ (0, 1). A random field {X(x)}x∈Rd admits γ as

critical Hölder exponent on Bd(0, 1) if:

(a) ∀s < γ, a.s. X satisfies H(s): ∃A ≥ 0 random variable s.t.

∀x, y ∈ Bd(0, 1),

|X(x) − X(y)| ≤ A‖x − y‖s.

(b) ∀s > γ, a.s. X fails to satisfy H(s).
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Proposition:[Adler, 1981] Let {X(x)}x∈Rd be a Gaussian random field.

If

E (X(x) − X(y))2 ≍ ‖x − y‖2γ

in the sense that ∀δ > 0, ∃C1, C2 > 0,

C1‖x − y‖2γ+δ ≤ E (X(x) − X(y))2 ≤ C2‖x − y‖2γ−δ

➥ critical Hölder exponent on Bd(0, 1) = γ.

S.I. case: vX(x) = E (X(x) − X(0))2 ≍ ‖x‖2γ .

Corollary: The fBm BH admits H as critical Hölder exponent on

Bd(0, 1) and, a.s.

dimH G(BH) = dimB G(BH) = d + 1 − H,

with G(BH) = {(x, BH(x)); x ∈ Bd(0, 1)}.
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Figure 1: FBM for d = 2
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2 Operator scaling Gaussian fields

Let E ∈ Md(R)>1 be a real d × d matrix with real parts of the

eigenvalues 1
Hd

≥ · · · ≥ 1
H1

> 1. We want to define a Gaussian random

field with stationary increments XE =
{

XE(x); x ∈ Rd
}

operator scaling

w.r.t. E ie such that ∀λ > 0,

XE(λE .)
fdd
= λXE(.),

where λE =
+∞
∑

n=0

log(λ)n

n!
En.

• For H ∈ (0, 1) let EH = 1
H

Id. Since λEH = λ1/HId, a self-similar

field of order H is operator scaling w.r.t. EH .

• If Eθj = 1
Hj

θj , since λEθj = λ1/Hj θj , the process {XE(tθj); t ∈ R}

is self-similar of order Hj .
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2.1 E-homogeneous functions

Definition: Let ϕ : Rd → R+. We say that ϕ is E-homogeneous if ϕ is

continuous on Rd with ϕ(x) 6= 0 if x 6= 0 and

∀λ > 0 ϕ(λEx) = λϕ(x).

Example: ψH(x) = ‖x‖H is EH - homogeneous.

Remark: C1t
1/Hd+δ ≤ ‖tE‖ ≤ C2t

1/H1−δ for any t ∈ (0, 1), δ > 0.

Polar coordinates with respect to E.

One can define a norm on Rd w.r.t. by ‖x‖E =
∫ 1

0
‖tEx‖dt

t
.

➥ SE = {x ∈ R
d : ‖x‖E = 1} sphere w.r.t. E.

Since ‖λEx‖E =
∫ λ

0
‖tEx‖dt

t
, for any x 6= 0 the map λ 7→ ‖λEx‖E is a

bijection from (0, +∞) onto (0, +∞). Hence ∃! λ0 > 0 s.t.

ℓ(x) = λE
0 x ∈ SE . For τ(x) = λ−1

0 we get x = τ(x)Eℓ(x).
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Example: SEH
= 1

H
Sd−1, therefore

(τ(x), ℓ(x)) =

(

HH‖x‖H ,
1

H

x

‖x‖

)

s.t. x = τ(x)EH ℓ(x).

Change of variables. Let f ∈ L1(Rd).
∫

Rd

f(x)dx =

∫

Sd−1

∫ ∞

0

f(rθ)rd−1drdθ

= cH

∫

SEH

∫ ∞

0

f(rEH θ)rd/H−1drdθ.

Proposition: Let q = trace(E), there exists a unique finite Radon

measure σ on SE such that
∫

Rd

f(x) dx =

∫

SE

∫ ∞

0

f(rEθ) rq−1 dr σ(dθ).
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Examples of E-homogeneous functions.

➥ Diagonalizable case: let θ1, . . . , θd a basis of Rd,

0 < Hd ≤ . . . ≤ H1 < 1 and C1, . . . , Cd > 0 and define for ρ > 0

ψ(x) =
(

d
∑

j=1

Cj |x · θj |
ρHj

)1/ρ

.

Let E such that Eθj = 1
Hj

θj for 1 ≤ j ≤ d and remark that

(

λEt

x
)

· θj = x ·
(

λEθj

)

= λ1/Hj (x · θj) .

Therefore ψ is Et-homogeneous.
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➥ General case: Let E ∈ Md(R)>1 and M(dθ) a finite non-negative

measure on SE such that

Vect {rEθ : r > 0, θ ∈ supp(M)} = R
d.

Then

ψ(x) =

∫

SE

∫ ∞

0

(

1 − cos
(

x · rEθ
)) dr

r2
M(dθ)

is a Et-homogeneous function.

Remark:
∣

∣1 − cos
(

x · rEθ
)
∣

∣ ≤ C(x)‖rE‖2. Since ‖rE‖ ≤ C1r
1/H1 for

r ≤ 1, the function ψ is well defined as soon as H1 < 2.
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2.2 Harmonizable representation

Let E ∈ Md(R)>1 with Re (sp(E)) =
{

1
H1

, . . . , 1
Hd

}

for

0 < Hd ≤ . . . ≤ H1 < 1 and q = trace(E).

Let W be a complex Brownian measure.

Theorem: Let ψ : Rd → R+ be a Et-homogeneous function. Then the

Gaussian random field

X(x) = Re

∫

Rd

(

eix·ξ − 1
)

ψ(ξ)−1−q/2 W (dξ) , x ∈ R
d

is well-defined. Moreover, it is

• operator scaling w.r.t. E.

• with stationary increments.
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Sketch of the proof.

Let us denote v(x) =
∫

Rd

∣

∣

∣
(eix·ξ − 1)ψ(ξ)−1−q/2

∣

∣

∣

2

dξ.

Then, using polar coordinates w.r.t. Et

v(x) =

∫

S
Et

∫ +∞

0

∣

∣

∣

∣

eix·rEt
θ − 1

∣

∣

∣

∣

2

ψ(rEt

θ)−2−qrq−1drσ(dθ),

with
∣

∣

∣

∣

eix·rEt
θ − 1

∣

∣

∣

∣

≤ C(x) min
(

r1/H1−δ, 1
)

and ψ(rEt

θ) = rψ(θ).

➥ v(x) < +∞ for 1/H1 > 1.

∀λ > 0, ψ
(

λEt

ξ
)

= λψ(ξ) y v(λEx) = λ2v(x).

Moreover, writing x = τ(x)Eℓ(x), since x · rEt

θ = ℓ(x) · (τ(x)r)Et

θ,

➥ v(x) = v(ℓ(x))τ(x)2.

Remark: for E = EH , we get v(x) = v
(

x
‖x‖

)

‖x‖2H .
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3 Hölder and directional regularity

3.1 Hölder regularity

We consider X whose variogramme is given by

v(x) = v(ℓ(x))τ(x)2 with 0 < C1 ≤ v(ℓ(x)) ≤ C2.

Writing ℓ(x) = τ(x)−Ex we get τ(x) ≤ C‖x‖Hd−δ for ‖x‖ ≤ 1.

➥ critical Hölder exponent ≥ Hd.

Considering x = τ(x)Eℓ(x) we get τ(x) ≥ C‖x‖H1+δ for ‖x‖ ≤ 1.

➥ critical Hölder exponent ≤ H1.
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3.2 Directional regularity

Definition:[Bonami, Estrade, 2003] Let {X(x)}x∈Rd be a Gaussian

random field with stationary increments and u ∈ Sd−1. We say that X

admits γ(u) ∈ (0, 1) as directional regularity in the direction u if

E (X(x0 + tu) − X(x0))
2 ≍ |t|2γ(u).

Proposition:[BE, 2003] If ∃γ : Sd−1 → (0, 1) s.t. ∀u ∈ Sd−1, X admits

γ(u) as directional regularity in the direction u. Then γ takes at most d

values. Moreover, if γ takes k values γk < . . . < γ1, there exist

{0} = V0 ( V1 ( . . . ( Vk := R
d

γ(u) = γi ⇔ u ∈ (Vi r Vi−1) ∩ Sd−1.
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Let E ∈ Md(R)>1 with Re (sp(E)) =
{

1
H1

, . . . , 1
Hp

}

for

0 < Hp < . . . < H1 < 1. Let W1, . . . , Wp the spectral decomposition of

Rd w.r.t. E. For i = 1, . . . , p, we denote V0 = {0} and

Vi = W1 ⊕ . . . ⊕ Wi.

For any u ∈ Vi, with u = vi−1 + wi ∈ Vi−1 ⊕ Wi, when |t| ≤ 1,

C1‖twi‖
Hi+δ ≤ τ(tu) ≤ C2|t|

Hi−δ.

Theorem: Let X be a Gaussian random field with stationary

increments and operator scaling w.r.t. E. Then,

• ∀u ∈ Vi \ Vi−1, X admits Hi directional regularity in the direction u.

• X admits Hp as critical Hölder exponent on Bd(0, 1) and, a.s.

dimH G(X) = dimB G(X) = d + 1 − Hp,

with G(X) = {(x, X(x)); x ∈ Bd(0, 1)}.
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Figure 2: OSGRF for d = 2, H1 = 0.9, θ1 = 0 et H2 = 0.5
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Figure 3: OSGRF for d = 2, H1 = 0.9, θ1 = 0 et θ2 ∼ 51◦
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4 Outlooks

• Simulations: speed of convergence and numerical obstructions.

• Estimation of the matrix E.

• Generalization to multifractional fields E y E(x).

• Generalization to α-stable fields.


