Geodesics in Cayley graphs

Andrew Elvey Price

October 10, 2014



Abstract

We will examine the structure of geodesics in Cayley graphs, and more generally the
geometry of Cayley graphs, from a number of different perspectives. In some cases
understanding the geometry can tell us something about the underlying group. We
will consider a number of Cayley graph properties which are actually properties
of the underlying group, since they hold for one Cayley graph of a group if and
only if they hold for any other Cayley graph of the same group. We will also see
some examples of groups which admit multiple Cayley graphs with quite different
geometry. Later, we will consider a question of Shapiro: When does a group admit
a Cayley graph I', such that geodesics in I" are unique? The conjecture is that only
a very simple class of groups, called “basic” groups, have this property. Finally,
we consider a related question in the case of Coxeter groups. In answering this
new question, we characterise Coxeter groups where all walls are finite.
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Chapter 1

Introduction

Given a group G and a finite generating set S, we can construct the Cayley graph
['(G, S), which is best thought of as a way to visualise the group G. This is useful
in two ways - on one hand we can try to understand the group via the Cayley graph,
and on the other hand Cayley graphs can simply be a source of many interesting
graphs. Another way to understand a group is through the way it acts on spaces,
in particular, we will look at actions of groups on trees in some detail.

For most questions in geometric group theory, finite and/or free groups are the
trivial examples, so it is natural to ask for a somewhat minimal class of group
which contains both. A group is called virtually free if it contains a free subgroup
of finite index. This may seem like the smallest interesting class of groups which
contains both finite groups and free groups, but an even smaller class of groups,
called basic groups, also contains both of the other two classes. A basic group
is a group which can be written as a free product of finitely many finite groups
and a finitely generated free group. In the second chapter we will discuss four
classes, free, finite, basic and virtually free, and give some equivalent formulations
for each one from a number of different perspectives, for example the geometry of
their Cayley graph, and also the way they act on trees. The class of virtually free
groups is certainly more natural than the basic groups, and arguably free groups
as well, since properties of free and basic groups tend to be dependent on the
generating set whereas properties of finite and virtually free groups tend to be
independent of the generating set.

A block of a graph I'" is a maximal two-connected component. In chapters three
and four we will use the geometry of the Cayley graph to give a proof that a group
G is basic if and only if there exists some generating set S for G such that every
block in I'(G, S) is finite. This is equivalent to a result of Haring-Smith [14] which
he proved using language theory. The main result in these chapters, though, is
that a 2-connected graph B appears as a block in some Cayley graph if and only
if there is a group GG which acts vertex freely and with finitely many orbits on B.
Moreover, if there is such a group G, then there is an integer k£ and a generating
set S for G such that every block in the Cayley graph I'(G x Fj, S) is isomorphic
to B.

In chapter five we will discuss a number of properties of Cayley graphs and
some implications between them. Many of the questions about which of these
properties imply which other properties are still open, but we will prove that some



implications do hold and give examples to show that some do not. Many of the
properties which we will consider are what we will call block properties, since they
hold for a Cayley graph I' if and only if they hold for every block in I'. As a
result, our characterisation of blocks in Cayley graphs could be quite useful for
finding examples of Cayley graphs which have some properties and not others,
though actually none of the examples which we give for this purpose require any
consideration of the blocks in the Cayley graphs. We will also be interested in which
of the properties are group properties, that is, which of them are independent of
the generating set S. In this case we do use our characterisation of blocks in Cayley
graphs to construct some examples.

In chapter six we look at a long standing problem in both geometric group
theory and graph theory in general: When does a (Cayley) graph have unique
geodesics? In other words, when is it the case that for every pair of vertices u, v
in I', there is a unique geodesic between u and v? If this happens, I' is called a
geodetic graph. Ore [22] posed this question for general graphs in 1965, whereas
the problem for Cayley graphs was posed by Shapiro [26] in 1997, though there
seems to be no connection between these two problems in the literature. For the
latter problem, the conjecture is that a group G is represented by some geodetic
Cayley graph I' if and only if G is basic. If G is basic then there certainly is
such a Cayley graph I', however the opposite direction is still an open problem.
We will also introduce a generalisation of geodetic graphs which we call almost
geodetic graphs. For convenience, we will call a group (almost) geodetic if it
admits an (almost) geodetic Cayley graph. We conjecture that a group G embeds
into an almost geodetic group if and only if it is virtually free and does not contain
any subgroups of the form Z x Z; for any integer k£ > 2. For this question we
cannot completely prove either direction, though we do at least prove the forwards
direction for virtually free groups. That is, if G is a virtually free, almost geodetic
group, then G contains no subgroups of the form Z x Z,.

In the final chapter we will show that the last conjecture is true in the case
of virtually free Coxeter groups, and that this is also equivalent to an interesting
geometric property of the Cayley graph of a Coxeter group, namely all walls being
finite. We do this by completely characterising the Coxeter diagrams of such
groups.

1.1 Geometric group theory

We will define two different versions of a Cayley graph. Since they are so similar,
these are often used interchangeably, however it will be important that we can
easily distinguish between the two constructions.

Definition 1.1. Let GG be a group and let S be finite a generating set for G. We
define the edge separated Cayley graph I'.(G, S) to be the labelled, directed graph
with vertex set G and such that for each vertex g € G and each s € S, there is an
edge from g to gs, labelled by s.

Definition 1.2. We define the Cayley graph I'(G,S) to be the graph with the
same vertex set and with edges between the same pairs of vertices as I'.(G, .S), the
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only difference being that when there are multiple edges between two vertices in
I'. we only have a single edge in I', so I' is a simple graph.

The action of a group G on itself by left multiplication extends to an action of
G on the Cayley graph I'(G, S). The following proposition shows that we can also
define a group from its Cayley graph, rather than the other way around.

Proposition 1.3. Let S be a finite set and let I' be a labelled, directed, connected
graph, with labels coming from S such that each vertex has exactly one edge with
each label pointing into and out of it. If ' is vertex transitive then I' is an edge
separated Cayley graph of the automorphism group Aut(T').

Proof. Since there is only one edge with each label pointing into and out of each
vertex, any isomorphism of I' which fixes a single point must fix all of I'. Hence,
Aut(T") acts freely on I'. Let v; be a vertex in I'. For each element s € S, let v
be the vertex in I" which is on the end of the edge labelled s emanating from wv;.
We identify each element s € S with the element of Aut(I') which sends vy to vy,
so vs = sv;. More generally, for each element g € Aut(I'), let v, be the vertex gv;.
Since I is vertex transitive, every vertex in I is labelled v, for some g € Aut(I').
We just need to show three things:

e For each g € Aut(I') and each s € S, there is an edge in I' from v, to v,
labelled by s.

e There are no other edges.

e S is a generating set for Aut(T).

First, There is an edge labelled by s from v, to vy, = svq, so there is an edge
labelled by s from gv; = v, to gsv; = vgs. For the second part, for each vertex v,,
there is only one edge emanating from it with each label s, so this edge must go
to the vertex vys. Hence there are no other edges.

For the third part, consider an element g € Aut(I'). Then we just need to show
that ¢ is equal to some product s;sy...s, where each s; € (S'U S‘l). Let p be a
path in I' from vy to v, and let sq, 59, ..., s, be the labels on the edges of p, where
we write s~! if p goes backwards along an edge labelled by s. Then, inductively,
we can see that vy, s, is the vertex at the end of the path s1s5...s;. O

1.2 Amalgamated free products and HNN ex-
tensions

In geometric group theory it is normal to specify a group by a generating set S and
relations R. Although this is very convenient, a serious problem with describing a
group in this way is that it can be very difficult to work out what the group really
is when given only the generators and relations. For example, even determining
in general whether the group specified is trivial an undecidable problem. In this
section we describe two standard ways of constructing groups from simpler groups;
the main use is that if we construct a group in one of these ways then we really
do know a lot about it.
The following definitions and results can be found in [18].

b}



Definition 1.4 (HNN extension). Let G be a group with presentation (S | R) and
let A and B be isomorphic subgroups of GG, with ¢ : A — B an isomorphism. We
define the HNN extension G*4 to be the group with presentation

(SU{tY | Rt at = ¢(a)Va € A).

Note that if S4 is a finite generating set for A and S and R both finite, we have a
finite presentation for G4 given by:

(SU{t} | R,t at = ¢(a)Va € Sy).
We will call this a standard presentation for the HNN extension.

We will also define a generalisation of HNN extensions, which we will only use
a few times. While the following is more general than a single HNN extension, it is
strictly less general than applying multiple HNN extensions to a group, one after
the other since, for example, the group

{a,b,c| b tab = a?, ¢ tbe = b?)

is not a multiple HNN extension of Z. It is, however, a HNN extension of (a,b |
b~tab = a?) which is a HNN extension of Z.

Definition 1.5 (Multiple HNN extension). Let G be a group with presentation
(S| R) and let Ay, As, ..., A,, By, B, ..., B, besubgroups of G, with ¢; : A; — B;
an isomorphism for each ¢. We define the multiple HNN extension G*g, 4. to be
the group with presentation

<SU {tl’ cee 7tn} | R7 tz_laztz = ¢Z(a’z)vaz € A“Z S {]-7 s ,TL}>

Note that if each group A; has a finite generating set S; and S and R are also
finite, then we have a finite presentation for Gy, 4, given by:

<S U {tla s atn} | Ra tz_laztz = qbz(az)vaz S Szaz € {L s 77’L}>
We will call this the standard presentation for the multiple HNN extension.

Proposition 1.6 (Britton’s lemma). Let Gx be a multiple HNN extension with
presentation given as above. Let w be a word over the alphabet

SUST Uttty )

such that W = 1, and w contains at least one letter which is not in SUS~L. Then
there is some subword of w which takes either the form t; 'vt;, where v € A;, or

tvt; 1, where U € By, and such that v only contains letters in S U S

Proposition 1.7. Let Gx be a multiple HNN extension with a standard presenta-
tion, and let I' be the corresponding Cayley graph. Let ~ be the equivalence relation
on Gx given by a ~ b if and only if a=*b € G, in other words a and b are in the
same left coset of G in G*. Then the quotient graph T'/ ~ is a tree.



We will call this the Bass-Serre tree of the (multiple) HNN extension, and we
will call each coset a sheet of the Cayley graph T'.

Proposition 1.8. Let Gx be a multiple HNN extension with presentation as above
and let w be a word over the alphabet SUST'U{ty, ... t,, t7", ... t1} withw € G.
Then (at least) one of the following is true:

I|w| <1.

Il The word w decomposes as w = wiwy where wy and ws are non-empty sub-
words of w and wy,w, € G.

III There is some j and some word wy with Wy € A; such that w = t;lwltj.
Note that this is only possible if w € B;.

IV There 1s some j and some word wy with wy, € B; such that w = t]-wlt;l.
Note that this is only possible if w € A;.

Proof. Since w € G, the path in the Bass-Serre tree T' corresponding to w must
be a loop (. If [ contains any intermediate vertices which are at the same point as
the first and last vertices in [, then we can split [ into two loops /; and l5. Hence,
the corresponding words w; and wy satisfy condition /7. Otherwise, if |w| > 1,
then the second and second last vertices of [ must be the same, so we get either
condition I11 or condition IV, depending on which generator ¢; or t;l the first
edge in [ corresponds to. O]

Definition 1.9 (Amalgamated free product). Let A and B be groups with pre-
sentations (Sx | Ra) and (Sp | Rp) respectively. Let H be a group and let
¢a: H— Aand ¢p: H— B be injective group homomorphisms. We define the
amalgamated free product A xz B to be the group with presentation

(Sa,SB | Ra, Rp,¢a(h) = ¢p(h) Vh € H).

Note that if Sy is a finite generating set for H and the sets S4, Sg, R4, Rp are all
finite, then we have a finite presentation for A xy B given by

A xg B = <SA,SB | RA,RB,gbA(h) = gbg(h) Vh € SH>

We will regularly identify H with ¢4(H) and ¢g(H), and will even say that
AN B = H. There is a tree related to amalgamated free products too:

Definition 1.10. Given an amalgamated free product A %z B, we construct a
graph T" as follows: There is one vertex in 7" for each left coset gA of Ain Axy B
and one vertex for each left coset of B in A xy B. Two vertices in T" are joined by
an edge if the corresponding cosets intersect each other. Note that this can only
happen if one of the vertices corresponds to a coset of A and the other corresponds
to a coset of B; moreover, in this case the intersection will be a left coset of H.

Proposition 1.11. the graph T is a tree.

We will call T the Bass-Serre tree of the amalgamated free product and we will
call each coset of A or B in A xy B a chamber of the amalgamted free product.
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Proposition 1.12. If we have an alternating word w = (bg)a1byasbs . . . ayby(an41)
where each a; € A and each b; € B and such that w = 1 in A xy B, then there is
some a; € pa(H) or some b; € ¢pp(H).

Proposition 1.13. Let ay,aq,...,a, € A\ H and let by, by, ... b, € B\ H. Then
the alternating product a,by . ..a,b, is not torsion in A xy B.

Proof. 1f a1b; . .. a,b, was torsion, we would have an alternating product (a1b; . .. anbn)’g =
1, which would contradict the previous proposition. O

1.3 Ends of groups

The theory of ends of groups is covered in detail in [28]. We will simply give a few
definitions and basic results from there.

Definition 1.14 (Ends of a graph). Let I" be a graph, let x € T" be a point and for
d € Ry, let B(x,d) denote the ball of radius d around x. We define e(d) to be the
number of infinite connected components of the space I' \ B(z,d). We can easily
see that e(d) is non-strictly increasing as a function of d. We define the number of
ends of I' to be the following limit:

Jm e(d).
Definition 1.15 (Ends of a group). Let G be a group and let S be a finite

generating set for G. The number of ends of GG is equal to the number of ends of
the Cayley graph I'(G, S). This does not depend on the generating set.

We now list basic facts about the ends of finitely generated groups here:
e If (G is a finitely generated group, then GG has 0,1,2 or oo ends.
e A finitely generated group G has 0 ends if and only if it is finite.

e A finitely generated group G has 2 ends if and only if Z is a subgroup of G
with finite index, in other words G is virtually Z.

The following theorem was proven in [29]

Theorem 1.16 (Stalling’s theorem). If G is a finitely generated group with more
than one end, then G splits as an amalgamated free product or HNN extension
over a finite subgroup.

1.4 Language theory

We will now give a very brief introduction to formal language theory. For a more
detailed introduction, see [15].

Given a finite set X, which we will call an alphabet, ¥X* denotes the set of words
over the alphabet S. A language over the alphabet ¥ is any subset of ¥*. Hence,
given a group GG and a finite generating set S, there are a number of naturally
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arising languages over the alphabet (S U S™!). For example, the word problem of
(G, S) is the set of all words over the alphabet (S U S™!) which denote the same
group element. We will also consider the language of all geodesics, that is the set
of all words w which correspond to geodesics in the Cayley graph I'(G, S).

Formal languages are broken into a number of classes based on how complex
a machine needs to be to be able to decide if a word is in the language. At one
end, a regular language is one which can be recognised by the simplest possible
type of machine, one with only finitely many states. Such a machine is called
a (deterministic) finite state automaton. At the other end of the hierarchy, we
have the class of decidable languages, which is the set of languages which can be
recognised by a Turing machine. We will also mention Context free languages and
simple languages. These three main classes, regular, context free and decidable lie
in the implication chain:

Regular = Context free = Decidable,

though there are certainly many classes in between context free and decidable
languages. The class of simple languages is a subclass of context free, though
neither it nor the class of regular languages is contained in the other.

Given one language, there are a number of operations we can apply to it to
construct other languages. One which we will refer to is the Kleene star. Given a
language L over a finite alphabet >, the Kleene star L* of ¢ is the set of all words
which can be obtained by concatenating finitely many words in L. Note that the
empty word is always an element of L*.



Chapter 2

Free, basic and virtually free

groups

The following table shows a number of equivalent characterisations for finite groups,
finitely generated free groups, finitely generated virtually free groups and basic
groups. In the table, GG is a finitely generated group and, unless otherwise stated,
S is any finite generating set for G.

Finite

Free

Basic

Virtually free

I'(G, S) is finite.

For some finite gen-
erating set S of G,
I'.(G,S) is a tree.

For some finite gen-
erating set S of G,
['(G,S) has finite
block size [14].

I'(G,S) is quasi-
1sometric to a tree

[17].

The word problem
for G wrt. Sis a
regular language.

For some finite gen-
erating set S of G,
the word problem
of G wur.t. S
is the Kleene star
of some simple lan-
guage [14].

The word problem
of G wrt. S is
context-free [20].

G is finite.

G is the fundamen-
tal group of a finite
graph.

G is the fundamen-
tal group of a fi-
nite graph of finite
groups with trivial
edge groups.

G is the fundamen-
tal group of a fi-
nite graph of finite
groups [16].

G acts with fi-
nite vertex stabilis-
ers on some finite
tree.

G acts freely and
with finitely many
orbits on some tree.

G acts with finitely
many orbits, finite
vertex  stabilisers
and trivial edge
stabilisers on some
tree.

G acts with finitely
many orbits and fi-
nite vertex stabilis-
ers on some tree

16].

10




2.1 Virtually free groups

Definition 2.1. A group is called virtually free if it contains a free subgroup of
finite index.

In a recent survey [8] Diekert and Weiss discuss a number of equivalent con-
ditions. We list a few of those conditions here. If G is a group and S is a finite
generating set for G the following conditions are equivalent:

e (5 is virtually free.

The Cayley graph I'(G, S) is quasi-isometric to a tree [17].

e The word problem of G with respect to S is context-free [20].

G is the fundamental group of a finite graph of finite groups [16].

G acts with finitely many orbits and finite vertex stabilisers on some tree
[16].

Later, when we consider Cayley graphs with unique geodesics, we will particu-
larly utilise the second condition, that G is virtually free if and only if I'(G, S) is
quasi isometric to some tree.

2.2 Basic groups

Definition 2.2. A group G is said to be basic if it decomposes as the free product
of finitely many finite groups and a finitely generated free group. That is, G =
Gy x Gy *x...x G, * F,, for some non-negative integers n, m and some finite groups

Gi,...,Gy.

Perhaps surprisingly, all basic groups are virtually free, and the converse cer-
tainly does not hold, for example Z x Z, is virtually free but not basic. We find
many more examples of non-basic, virtually free groups, and give a useful char-
acterisation of such groups in theorem 4.6, namely that a virtually free group G
is non-basic if and only if it contains an infinite subgroup which is either a non-
trivial amalgamated free product of finite groups or a non-trivial HNN extension
of a finite group.

Our main interest with basic groups will be the fact that every basic group G
has a generating set S such that geodesics between vertices in I'(G, S) are unique
(in other words, I'(G, S) is geodetic), and it appears that no other groups have
this property. We will also explore a number of different characterisations of basic
groups which are analogues of the some of the characterisations of virtually free
groups which we described in the previous section. Unfortunately, unlike their
counterparts for virtually free groups, these tend to depend on the generating set.

In [14], Haring-Smith showed that for a finitely generated group G, the following
three conditions are equivalent:

e (5 is basic.
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e (G can be represented by some Cayley graph I' such that every vertex is
contained in only finitely many simple cycles, in other words, every block in
[ is finite.

e There is some set of generators of G such that the word problem of G with
respect to these generators is the Kleene star of a simple language.

In theorems 3.20, 3.21, 4.4 and 4.5 we show two equivalent conditions, namely
that G is basic if and only if it acts edge freely and with finitely many orbits on
some nontrivial, locally finite tree T', and G is basic if and only if it appears as the
fundamental group of some finite graph of finite groups with trivial edge groups.
These also provide a new proof of the equivalent condition that G is basic if and
only if G can be represented by some Cayley graph in which every block is finite.

We will now prove some closure properties of basic groups.

Proposition 2.3. If A and B are basic groups then the free product Ax B is basic.

Proof. Let A=Ay x Ay x...x A, x F; and let B = By * By % ... x By, * F}, where
each A; and each B; is a finite group. Then

AxB=A1xAyx... % Ay x Fjx By x By x ... % By, x F},
=AixAgx ... x Apx By x Box ... x By, x Flyg,

which is basic. U

Hence the free product of finitely many basic groups is basic. Now we will show
that any finitely generated subgroup of a basic group is basic.

Theorem 2.4 (Kurosh’s Theorem). [18] A subgroup H of a free product [, A; is
itself a free product

H:F*HCk
k

where each Cy, is a conjugate of a subgroup of one of the A;s and F' is a free group.
Corollary 2.5. Any finitely generated subgroup of a basic group is basic.

Proof. Let H be a finitely generated subgroup of a basic group G = Gy *x Gy *. . . %
G, * F,,. Then by Kurosh’s theorem, H is equal to a free product F'* ][, C) where
F is free and each Cj, is either a subgroup of a finite group G or a subgroup of
the free group F),. Therefore, each C} is either finite or free. Now, we break up
all of the free groups C}, along with F' up into a free product of copies of Z So
H =[], Bi, where each B, is finite or isomorphic to Z.

Now let S be a finite generating set for H. Then each element s € S can be
written as a product of finitely many elements of | J, Bx. Let T, be a set of these
elements. So s is in the subgroup of H generated by T,. Now let T' = |J, .4 7.
Then S is a subset of (T'). But S generates H, so H = (T').

So T is a finite subset of | J, By, which generates H = [, Bi. Since T" generates
[1, Bi, T must contain at least one element from each group By. So there must
only be finitely many values of k. Since each of the groups in the free product is
basic, H must also be basic. O

12



Proposition 2.6. The only two-ended basic groups are Z and D

Proof. Let H be a basic group. If H is a free product of two or more non-trivial
groups and any of these groups has more than two elements we will get a group
with infinitely many ends. So H must be either a single group with no free product,
so must be finite or free, or H is the free product of finitely many copies of Z,
since that is the only group with two elements.

If H is finite then it has 0 ends, not two ends. If H is free then it must be
isomorphic to Z, otherwise it would have infinitely many ends. If H is the free
product of more than two copies of Zs then, again, it will have infinitely many
ends.

The final remaining case is that H is the free product Zs * Zo, which is isomor-
phic to D [

Later, when we consider almost geodetic groups, we will prove that if G is a
virtually free group which is also almost geodetic, then any 2-ended subgroup of
(G is basic, so we will be interested in how we can tell if G contains a 2-ended
subgroup which is not basic.

Theorem 2.7. Let G be a virtually free group. Consider an action of G on a tree
T which has finitely many orbits and finite vertex stabilisers. G contains a 2-ended
subgroup which is not basic if and only if there is an element g of G which fixes
infinitely many vertices of T'.

Proof. First assume that GG has a 2-ended subgroup H which is not basic. Since
H is 2-ended, it is virtually Z. So there is an element a € H with infinite order,
such that (a) is a finite index subgroup of H.

Now consider a vertex v € T which minimises d(v,av), where d is the path
metric in 7. Note that if a fixes v, then (a) fixes v, which is impossible since the
vertex stabilisers are all finite. Therefore d(v, av) > 1.

Now let v = wvg,v1,...,vx = av be the path between v and av, where k =
d(v,av). Now we consider the infinite path p given by ..., v_1,vg,v1, Vg, ... where
for j > k we let v; = av;_j and for j < 0 we let v; = a 'v;4. Note that this
also holds for j = k since v, = avy. We know that v; and v;;; are joined by
an edge when 0 < j < k, so inductively, for j > k we see that v; = av;_; and
Vjt1 = avj_p4+1 are joined by an edge because v;_; and v;_,y are joined by an
edge. Similarly, for j < 0 the vertices v; and v;;, are joined by an edge. So p is a
path in the tree T'.

Now we will show that p is a geodesic. Since T' is a tree, we just need to
show that v; # vjyo for j € Z. If k = 1, then v;19 = av;41 = a’v;. But a®
has infinite order, so it cannot be an element of any vertex stabiliser. Therefore,
vj # vjp2. If & > 2 then we have a path of length & — 2 between v;;9 and v,
50 d(vj+2,vj4k) < k — 2. Since k is minimal, we know that d(v;,av;) > k. So
d(vj, vjtr) = d(vj,av;) >k >k —2 > d(vj42,0j4%). S0 v; # vjr2. Therefore, p is
a geodesic.

Now we will show that any element h € H stabilises p.

Recall that H is virtually (a). So there is a finite subset {by,bs,...,b,} of
H such that any element of H can be written as a'b; for some t € Z and i €
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{1,2,...,n}. Now let M be the maximum value of d(v;, bv;) for i € {1,2,...,n}
and j € {0,...,k—1}.

Now, if h € H and v; € p, then h = b;a’ for some t € Z and i € {1,2,...,n}.
So hv; = a'bv;. Therefore, d(hvj, vj,) = d(a'bv;, a'vy) = d(bv;,v;) < M.

So for any h € H and v € p, the distance between hv and p is at most M.
Therefore, the entire geodesic hp is within a distance of at most M of p. But these
paths are in a tree, so hp must be the same path as p, so h stabilises p.

Therefore, H stabilises p, so we can consider the action of H on p. Since p is
a tree, if H acts edge freely then H is basic. But H is not basic, so there must be
some h € H which fixes an edge (vj,vj41) in p. So hv; = v; and hv,;41 = v;41. But
then, since p is a path, h must fix every vertex of p. So there is an element g = h
of G which fixes infinitely many vertices of T

Now we will prove the opposite direction. Assume that there is an element
g € G\ {1} which fixes infinitely many vertices of 7. We will show that G
contains a 2-ended subgroup H which is not basic.

First, (g) also fixes the infinitely many vertices. But the vertex stabilisers are
all finite, so (g) must be finite. Therefore, ¢ has finite order.

Since g fixes infinitely many vertices and there are only finitely many vertex
orbits in the action, there must be infinitely many vertices ug, uq,... which are
fixed by ¢ and are in the same orbit of the action of G. For each j € Z-g, let
a; € G such that a;uy = u;. Then &j_lgajuo = &j_lguj = aj_luj = Ug, SO aj_lgaj
is in the stabiliser of uy. But the stabiliser of wug is finite, so there must only be
finitely many different elements aj_l gaj. So there must be an infinite subsequence
bi,bs, ... of aj,as, ... such that bj_lgbj is the same for all j € Z~.

Let Cg(g) be the centraliser of ¢g. For each j we have

bib;'g = bib; gbib; ' = byby 'gbib; !t = gbibl!

So blb;1 € Ce(g). Since this is true for each j, and no two terms b; are the same,
Cq(g) is infinite. Also, Cg(g) is a subgroup of G, which is virtually free, so the
Ce(g) is virtually free. Therefore, C(g) contains some element a of infinite order.

Since ¢ has finite order and g commutes with a, the group (a,g) is equal to
(a) x (g) which is isomorphic to Z x Zj for some integer k£ > 1. This group is
2-ended and is not equal to either Z or D, so it is not basic. O

Note that this also proves that any 2-ended non-basic group contains a subgroup
of the form Z x Zj, for some integer k € Z~,, so if we are considering virtually free
groups with no non-basic subgroups, we can equivalently consider virtually free
groups with no subgroups of the form Z x Z;, where k € Z>s.
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Chapter 3
Blocks

3.1 Blocks in general graphs

We will define blocks in a way similar to Ore [22], p85-87. Note that Ore calls
them lobe graphs not blocks. First we define a relation ~ on edges by a ~ b if and
only if @ = b or there is a simple cycle which contains the edges a and b.

Lemma 3.1. ~ s an equivalence relation.

Proof. Clearly ~ is reflexive and symmetric, so we just need to show that ~ is
transitive. Let a, b and ¢ be edges such that a ~ b and b ~ ¢. We will show that
a ~ c.

If either a = b or b = ¢ then the result is trivial, so we will assume that a £ b
and b # c. Let Cy, be a simple cycle which contains edges a and b and let Cj. be
a simple cycle which contains the edges b and c. If a is contained in Cj. then Cl,.
is a cycle containing both a and ¢ so a ~ c.

Otherwise, let b; and by be the vertices at the ends of b and let a; and as be the
vertices on the ends of a such that ayasbsb; are on cycle Cg, in that order. Note
that we may have a; = by or as = bs.

Let [y be the path between a; and b; along C,;, which does not contain a and
let l; be the path between as; and by along C,;, which does not contain a. So Cy,
is made up of the paths a,li,b,l> in that order. Now let x; be the point on the
intersection of [y and Cj. which is closest to a; along [;. Now let p; be the subpath
of [y between a; and x;. Then p; only intersects Cy. at xy. Define ps and x5
similarly. Now let p be the path in Cj. between x; and x5 which contains ¢. Then
ppiraps forms a cycle which contains both a and ¢, so a ~ c. O

Definition 3.2. A block is an equivalence class of ~

An immediate consequence of this definition is that the blocks of a graph par-
tition its edges. We say that a vertex is contained in a block if it is attached to an
edge in that block.

Definition 3.3. A graph I' is called 2-connected if for any vertex v € V(I'), the
graph I' remains connected after the removal of v.

Proposition 3.4. Each block B of a graph T" is 2-connected.
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Proof. If B only contains one edge then it only contains two vertices so it is cer-
tainly 2-connected.

If B contains more than one edge and v is a vertex in B, then for any two
vertices vy, v € V(B) \ {v}, there are distinct edges ej,es € E(B) such that e;
is attached to v; and ey is attached to vy. So there is a cycle C' in B containing
e1 and es, hence C' contains v; and vy. Now, this cycle will form two paths in B
between v; and v, which intersect only at v; and v,. Clearly at least one of these
paths does not pass through v, so v; and vy are connected in B \ {v}. Therefore
the graph B\ {v} is connected. Hence, since this is true for any vertex v € B, the
block B is 2-connected. [l

Proposition 3.5. If a graph H is 2-connected, then H has only one block, and
this block contains all of H.

Proof. First, if e; = (u1,v) and ey = (ug,v) are any two edges which meet at a
vertex v, then after the removal of v, the graph is still connected, so there is a
path in H between u; and uy which does not pass through v. If we add this to the
edges e; and ey, we get a cycle in H which contains both e; and e;. Therefore,
any two edges in H which share a vertex are in the same block of H.

Let a and b be any edges in H. Since H is connected, there is a sequence
of edges (a = e1),ea,...,€,_1, (e, = b) where each pair of adjacent edges e;, ;11
shares a vertex. Therefore, each pair e; and e;; are in the same block of H, so
a = e; and b = e, are in the same block of H.

Therefore every edge in H is in the same block, so H has only one block, and
it contains all of H. O

Together these two propositions give us the following equivalent definition of a
block:

Proposition 3.6. Let I' be a graph and let B be a subgraph of I'. Then B is a block
if and only if it is a mazimal 2-connected component, that is, B is two connected
and contains no other two connected subgraphs of T'.

Proof. If B is two connected, then by proposition 3.5, every edge in B is in the
same equivalence class of ~, so B is contained in some block B’ of I', which by
proposition 3.4, is 2-connected. Hence if B is a maximal 2-connected component,
then B = B'.

If B is a block, then by proposition 3.4, B is 2-connected. Moreover, if B
is contained in some 2-connected component B’, then by proposition 3.5, B’ is
contained in some block B”. Hence B” contains B, so B” = B and hence B’ = B.
Therefore, B is a maximal 2-connected component of I'. O

Definition 3.7. Let R be a connected graph and let B(R) be the set of blocks of
R. We define the block tree BT'(R) as follows:

e V(BT(R)) = V(R)UB(R)
o E(BT(R)) = {(v,b) :v € V(R),b € B(R),v e V(b)}

Proposition 3.8. BT(R) is a tree.
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Proof. Suppose there is a simple cycle v1bjvobs ... v,b, in BT(R), with b, con-
nected to vy. Set v,41 = v1. Then for each i, there are edges (v;, b;) and (v 1, b;)
in BT(R). So v;,v;11 € b;. So there is a simple path from v; to v;y; contained
entirely in b;. Now, if we connect the simple paths for each i, we get a simple cycle,
which passes through multiple different blocks. A contradiction.

So there are no simple cycles in BT (R), hence BT'(R) is a tree. O

Proposition 3.9. BT(R) is locally finite if and only if every block in R is finite
and R is locally finite.

Proof. The degree of a vertex b of BT(R) corresponding to a block in R is equal
to the number of vertices in that block. So it has finite degree in BT(R) if and
only if it has finite size in R.

The degree of a vertex v of BT(R) corresponding to a vertex in R is equal to
the number of blocks which that vertex is part of, so it has finite degree in BT'(R)
if and only if it is part of finitely many blocks in R. If every block has finite size,
then each block in which v is contained will contribute finitely many, but at least
one, edge to v in R. Hence, v will have finite degree in R if and only if v has finite
degree in BT'(R).

So, if BT(R) is locally finite, then R has finite block size, so R is locally finite.
If R is locally finite and has finite block size then BT(R) is locally finite. O]

3.2 Blocks in Cayley graphs

If a group G acts on a graph R, then we obtain a natural action for G on BT'(R).
In particular, we will be interested in the action of G on BT(I'(G, S)), for some
finite generating set S of G.

Lemma 3.10. If G acts vertex freely on some graph R, then G acts edge freely on
BT(R).

Proof. Assume that G acts vertex freely on R. If g € G, and (v, b) is an edge in
BT(R) which is fixed by g, then g(v,b) = (v,b). Therefore, since v € V(R) and
b € B(R) we have gv = v and gb = b. Since G acts vertex freely on R, and gv = v,
g must be the identity in G.

Therefore G acts edge freely on BT (R) O

Proposition 3.11. If G is a group with finite generating set S, then G acts edge
freely on BT(I'(G, S)).

Proof. Since G acts vertex freely on I'(G, ), this follows from the previous lemma.
O

Lemma 3.12. Let G be a group with finite generating set S, and let B be a block
in the corresponding Cayley graph T'(G,S). Then B contains a left coset of a
subgroup of G which has finite index in B.
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Proof. Let vy be the vertex in I'(G, S) corresponding to the identity. Then vy
is also a vertex in BT(I'(G,S)) and its degree is finite. Also, B is a vertex in
BT(I'(G,S)). Now, if g € G, we will say that g € B if the vertex corresponding
to g is in the block B. Then g € B if and only if the vertex corresponding to g
in BT(I'(G, S)) is adjacent to B. Now, the vertex corresponding to ¢ is gvg, so
g € B if and only if ¢7!B is adjacent to vy.

Let By, Ba, ..., By be the vertices adjacent to vy in BT(I'(G, S)) which are in
the orbit of B. Then the sets {g € G : ¢B; = B} partition B. Also, each of these
sets is a left coset of the stabiliser of B. Therefore, each set {g € G : ¢B; = B} is
a coset of a subgroup of G which has finite index in B. n

Proposition 3.13. FEvery block of a Cayley graph has 0,1,2 or co ends.

Proof. From the previous lemma, every block B contains a coset of a group which
has finite index in B. Therefore, the number of ends of the block must be the same
as the number of ends of this group, hence this number must be 0,1,2 or co. [

Theorem 3.14. A 2-connected graph B is isomorphic to a block of some edge
separated Cayley graph T if and only if Aut(B) has a subgroup H which acts
freely, and with finitely many orbits on B. Moreover, the stabiliser of the block in
I'. is i.somorphic to H.

Proof. If B does appear as a block in some Cayley graph I'(G, S), consider the
subgroup H of G which stabilises B. Then H is also a subgroup of Aut(B). Also,
since G acts freely on I'(G, S), the subgroup H must act freely on B.

For any two edges ey, es in B with the same label from S, there is an element
g € G which sends e; to e;. Hence, g must send the block containing e;, which
is B, to the block containing ey, which is also B. Therefore, g € H and ey, e5 are
in the same orbit of the action of H on B. Hence, for each element s € S, every
edge in I'(G, S) labelled by s is in the same orbit. Therefore, H is a subgroup of
Aut(B) which acts freely and with finitely many orbits on B.

Now we will do the opposite direction. Suppose B is a 2-connected graph
such that there exists a subgroup H of Aut(B) which acts freely and with finitely
many orbits on B. Let A, As,..., A, be the edge orbits of the action and let
Vi, Va. .., Vi be the vertex orbits of the action. Since the action is free, no element
of H flips any edge, so for each edge orbit, we can choose an edge e in that orbit
and make a directed edge €’ connecting the same two vertices as e. Now, for each
edge d in the orbit of e, let a € H be the element which sends e to d, then we
construct the directed edge d’ = ae’ to replace d. In this way we create a directed
graph B’, with edges in the same places as B, such that the action of H preserves
the directions.

Now let S = {as,...,a,} be an arbitrary finite set with n elements. For each
edge e in B’, if e is in the orbit A;, label e with the letter a;. We will now construct a
graph I', with all blocks isomorphic to B’, which we will prove is an edge separated
Cayley graph. Let A be a countably infinite set of pairs (f, C') where C'is a labelled,
directed graph which is isomorphic to B’, via the isomorphism f : B’ — C. Now
we construct ' as follows:
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o We start with the graph consisting of all of the graphs C' in A, where these
graphs are disconnected from each other. We denote one of these graphs
“the main connected component”

e at each step we take k pairs (f1,C1), (f2,Cs), ..., (fx,Cx) in A, such that
exactly one of these graphs C; is in the main connected component. We
then choose a vertex v; in each graph C}, which is also in the vertex orbit
fi(V;), and we do this in such a way that v; is not in any graphs C'in A other
than C;. We then identify the %k vertices vy, vs, ..., v, with each other, and
colour this new vertex red. Then the main connected component is now the
union of the graphs C', ...,y with the old connected component.

We do the second step in such a way that every vertex which is in one of the
blocks is eventually coloured red. In the limit, we obtain a graph which we will
denote by I'. Then the blocks of I' are all isomorphic to B’, and each vertex v
in I' is contained in exactly k blocks By, By, ..., B, which have corresponding
isomorphisms f; : B’ — B;. Moreover, The vertices given by f;'(v) are all in
different vertex orbits in the graph B’. We will now prove that I' is an edge-
separated Cayley graph.

Let v be any vertex in I'.

If two edges (v, w}) and (v, w)) in I" have the same label, then the corresponding
edges (vy,w;) and (ve,wy) in B’ have the same label. Hence, there must be some
element h € H which sends one to the other, so hv; = vy and hw; = wsy. Hence,
v1 and v are in the same orbit, so the two edges (v,w]) and (v,w)) must be in
the same block of I', so v; = vy. Since the action of H on B is free, this means
that h = 1, so the two edges are actually the same. Therefore there is at most one
edge with each label in B’ pointing out of v.

Now, for each label a; € S there is some vertex v € B’ such that an edge
labelled a@; points away from u. Also, there is some vertex f]-’l(v) which is in the
orbit of u. Therefore, there exists some edge e labelled by a; which points away
from fj_l(v). Hence, f;(e) is an edge labelled by a; which points away from v. So
there is exactly one edge with each label in B’ pointing out of v. Hence, for each
vertex v in I', exactly one edge with each label points out of v. Similarly exactly
one edge with each label points into v. Hence, exactly one edge with each label
points into, and out of each vertex in I'.

Finally, by construction, I' is vertex transitive. Therefore, I' is an edge-separated
Cayley graph, as required. O

Corollary 3.15. A 2-connected simple graph B is isomorphic to a block of some
Cayley graph T if and only if Aut(B) has a subgroup H which acts vertez freely,
and with finitely many orbits on B. Moreover, the stabiliser of the block in T is
1somorphic to H.

Proof. First assume that a subgroup H exists. We replace each edge e in B with
two directed edges, one in each direction to form a directed graph B’. Then,
since H acts vertex freely on B, it acts freely on B’. Therefore, B’ is isomorphic
to a block in some edge separated Cayley graph I'.. Hence, B is a block in the
corresponding Cayley graph I'.

19



Now assume that B is a block in some Cayley graph I'(G,S). Then the corre-
sponding Block B’ in the edge separated Cayley graph I'.(G, S) has edges between
the same pairs of vertices. Hence, there must be a group H which acts freely and
with finitely many orbits on B’.

Since B and B’ have the same vertices, and two vertices are joined by an edge in
B if and only if they are joined by an edge in B’, the action of H on V(B') = V(B)
extends to an action on B. Moreover, since H acts freely on V(B') = V(B), it acts
vertex freely on B. Finally, the action of H on B has finitely many vertex orbits,
so it has finitely many orbits. Note however that the action may not be free since
there may be elements h € H which fix mid-edges in B. O]

In the next chapter we will use Bass-Serre theory to determine more specifically
what groups can contain what blocks. In particular, if B is a 2-connected simple
graph and H is a group which acts vertex freely and with finitely many orbits on
B, then there exists a finitely generated free group Fj and a generating set S for
H « Fj, such that every block in I'(H * Fj, S) is isomorphic to B.

Example 3.16. Any 2-connected finite graph appears as a block in some Cayley
graph. For example if we take the graph B with vertex set {1,2,3,4,5} and edge set
{(1,2),(1,3),(1,4),(2,3),(3,4), (3,5), (4,5)} then we can add labels a,b, ¢, d, e, f, g
to the edges (1,2),(1,3),(1,4),(2,3),(3,4),(3,5), (4,5) respectively, as shown be-
low.

Then every block in the Cayley graph of the group
{a,b,c,d,e, f,g|d=a"tbe=b""tc, f=b""cg)
is isomorphic to B.

Lemma 3.17. Let G be a group with finite generating set S and let s € S. Let By
and By be blocks in I'(G, S) which both contain an edge labelled by s. Then Bj is
1somorphic to By as a labelled graph.

Proof. Let e; and ey be edges in By and B, respectively which are both labelled
by s. Then there is some element g € G which sends e; to e;. Therefore, g must
send the block containing e; to the block containing e;. So ¢ must send B; to Bs.
But g is an isomorphism of I'(G, S), so B; must be isomorphic to Bs. ]

Proposition 3.18. Let G1, G, ..., G, be groups with finite generating sets Sy, Sa, . ..

respectively. If B is a block in the Cayley graph T'(Gy *...* G, S1U...US,) and
By is a block in the Cayley graph U'(G;,S;) such that B and By both contain an
edge labelled by s, then B is isomorphic to By as a labelled graph.
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Proof. Any simple cycle in I'(Gy *...* G, S;U...US,) corresponds to a word w
which represents the identity and which contains no proper subwords which also
represent the identity. Hence, the letters in w must all be from the same set 5;.
Hence, for each block B' in I'(Gy * ... x G, S U...US,) the edge labels in B’ all
come from the same set S;. In particular, this means that every edge label in B
comes from the set S;.

Let (u,us) be an edge in B and let (uy,u;s) be an edge in By. Then for every
vertex v € B, there is an edge path from u to v with labels from S; U SZ-_I, SO
uw v € G;. Define f; : V(B) — G; by fi(v) = wyju™'v and fy : V(B;) — G by
fo(v) = uuytv.

If two vertices vy, vy € V(B) are adjacent then the edge joining them is labelled
by the element v, vy € S;US; !, In this case, f1(v1) ™! fi(vs) = vy vy, so f(v1) and
f(v9) are joined by an edge in I'(G;, S;) with the same label. Hence, f; extends to
a labelled graph homomorphism f; : B — ['(G;, S;). Then, since f; is injective,
the image of f; is isomorphic to B as a labelled graph. In particular, this means
that im(f;) is 2-connected. Since im(f;) contains the edge (uq,u;s), which is in
the block By, the image im(f;) must be contained in B;.

In exactly the same way we can show that im(f;) is contained in B. Finally,
from the definitions, f; and f5 are clearly inverse functions, so they must actually
be isomorphisms between B and B;. Hence, B and B; are isomorphic as labelled
graphs. O

It follows immediately from this that every block in I'(G*...xG,,, S1U...US,,)
is isomorphic to a block in some I'(G;, S;).

Theorem 3.19. Let G be a group and let S be a finite generating set for G. Then
we can partition S into sets S1,Ss, ..., S, such that the following hold:

e For each i let G; be the subgroup of G generated by S;. Then G = Gy * Gy %
ox G,

o Any two blocks in the Cayley graph T'(G;, S;) are isomorphic to each other as
labelled graphs.

e Fwery block in T'(G, S) is isomorphic to a block in one of the graphs I'(G;, S;).

Proof. For s,t € S, we will say that s ~ ¢ if there is a block B in I'(G, S) which
contains an edge labelled s and an edge labelled ¢. First we will prove that ~ is
an equivalence relation.

Clearly ~ is reflexive and symmetric, so we just need to show that ~ is tran-
sitive. Let r ~ s and s ~ t. Then there is a block B; which contains an edge
labelled by r» and an edge labelled by s and there is a block By which contains an
edge labelled by s and an edge labelled by ¢. Since both B; and B, contain an
edge labelled s, by lemma 3.17, B; and B, are isomorphic as labelled graphs. In
particular, this means that B; contains an edge labelled t. So r ~ t. Therefore, ~
is transitive, so it is an equivalence relation.

Let Sy, 99, ...,95, be the equivalence classes of ~.

In the following paragraph we will let w be the group element in Gy xGaox*. ..xG,,
which is given by the word w.
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Since Gy, G, ..., G, are subgroups of G whose union contains all of S, these
subgroups generate G. Therefore, there is some normal subgroup N of G1 *...G,
such that G is equal to a quotient group

G=G *Gy*...xG,/N.

Suppose that N is not trivial. Let w be a word over the alphabet S withw € N\ {1}
in Gy * Go % ... x (G,. Moreover, let w be the shortest of all such words. Since w
represents an element of N, it represents the identity in G. So w forms a cycle
in ['(G, S). If w forms a simple cycle in G then the cycle must be contained in a
single block B. So every letter in w must be in the same set S;. But then w is
the identity in Gj, so it is the identity in Gy % ... G, a contradiction. So w does
not form a simple cycle in I'(G, S). Therefore we can break w up into subwords
wywows such that 0 < |wy| < |w| and wy =¢ 1. Then wyws and ws are both
shorter than w, so wy, wywz ¢ N \ {1}. But wy; € N, so we must have wy; = 1 in
G1 % ...xG,. But then wyws = whwswz = w € N \ {1}, a contradiction. So N is
trivial. Therefore,

G=GxGyx*...x>G,.

Now we will prove that any two blocks in the Cayley graph I'(G;, S;) are iso-
morphic to each other as labelled graphs.

Let By and By be two blocks in I'(G;,S;). We will show that B; and Bj are
isomorphic as labelled graphs. Let s be a label of an edge in By and let ¢ be a
label on an edge in By. Then s,t € S;. Let e be an edge in I'(G, S) with label s
and let B be the block containing e. Then by proposition 3.18, B is isomorphic
to B; as a labelled graph. Since s,t S; we must have s ~ t, so t is also an edge
label in B. Therefore, B is isomorphic to By as a labelled graph. So B; and By
are isomorphic as labelled graphs.

Finally, we will show that every block in I'(G,S) is isomorphic to a block in
one of the graphs I'(G;, S;). Let B be a block in I'(G, S) and let s be an edge label
in B. Let s € S;, let e be an edge in I'(G;S;) which is labelled by s and let B; be
the block containing e. Then B and B; are isomorphic as labelled graphs. O]

3.3 Blocks in basic groups

Previously we stated a result that G is basic if and only if G can be represented
by some Cayley graph such that every vertex is contained in only finitely many
cycles. Equivalently, every block of that Cayley graph is finite. We now prove the
forwards direction of that theorem:

Theorem 3.20. Let G be a finitely generated group. If G is basic, it can be
represented by a Cayley graph ' such that every block in I" is finite.

Proof. Suppose G = Gy * ... x G, x F} is basic, where each G; is finite and F} is
free. Let S’ be a basis for Fj,. We choose the generating set

S=(GU...UG,US)\{1}.
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Then from proposition 3.18, each block in I'(G, S) is isomorphic to a block in
some I'(G;, G; \ {1}) or a single edge labelled by an element of S’. Therefore, each
block is finite. O]

Theorem 3.21. Let G be a finitely generated group. If G can be represented by
a Cayley graph T' such that every block in I is finite, then G acts edge freely and
with finitely many orbits on some nontrivial, locally finite tree T .

Proof. Let S be a generating set for G such that every block in I'(G, S) has finite
size. Then, by lemma 3.9, the tree BT (I'(G, S)) is locally finite. Also, by lemma
3.11, G acts edge freely on BT (I'(G,S)). Now, since G acts vertex transitively on
['(G,S), G must act transitively on the vertices of BT(I'(G, S)) which correspond
to the vertices of I'(G, S). Since each edge in BT(I'(G, S)) is connected to exactly
one such vertex, and each vertex is connected to finitely many edges, the action
has only finitely many orbits. Finally, I'(G, S) has at least one block and at least
one vertex, so BT (I'(G, S)) is nontrivial. O

Lemma 3.22. If a € G\ {1} has finite order then a fizes exactly one vertex in
BT(I'(G, S)).

Proof. If a fixes two vertices u,v € BT(I'(G,S)), then, since BT (I'(G,S)) is a
tree, it must fix the whole path between u and v. In particular, ¢ must fix some
edge in BT(I'(G, S)), a contradiction.

Now, suppose for the sake of contradiction that a fixes no vertices in BT (I'(G, S)).
Consider a vertex u € BT(I'(G, S)) which minimises d(u, au), where d is the path
metric in BT(I'(G, S)). Note that d(u,au) # 1, since then one of u and au would
be a block in I'(G, S) and the other would be a vertex in I'(G, S). So d(u, au) > 2.

Now consider a geodesic (u = ug), uy, . .., ur_1, (uxr = au) between u and au, so
k = d(u,au) > 2. Now we consider the infinite path ug, uy, ..., ug, Ugr1, Ugso, - .-
where for j > k we let u; = au;j_;. Note that this also holds for j = k since
up = aug. We know that u; and u;; are joined by an edge when 0 < j < k, so
inductively, for j > k we see that u; = au;_i and uj;1 = au;_i41 are joined by an
edge because u;_; and u;_i41 are joined by an edge.

Now, each vertex in this path takes the form a'u; for some t € Z-y and j €
{0,1,...,k — 1}. Therefore, since a has finite order, there are only finitely many
different vertices in the infinite path. So there must be some j such that u; = u;.
Let 7 be minimal.

If j > Kk, then u;_, = ailuj = ailuj+2 = U;_k+2, Which contradicts the
minimality of j. So j < k.
But ug, uq,...,ux is a geodesic, so these vertices are all different. Therefore,

J=k—1,80 up_1 = Upy1.

But then d(uy,auy) = d(uy, ugy1) = d(uq, ug_1) = k — 2, which contradicts the
minimality of k.

So a fixes exactly one element of BT (I'(G, S)). O

Lemma 3.23. Ifa,b € G\ {1} such that a, b and ab have finite order then a and
b fix the same vertex of BT (I'(G, S)).
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Proof. If b = a~! then clearly a and b fix the same vertex. Otherwise, ab # 1, so
ab fixes exactly one vertex of BT (I'(G, S)).

Let v,, vy and vy, be the vertices which are fixed by a, b and ab respectively.

Since BT(I'(G, 9)) is a tree, the simple paths from v, to vy, vy t0 Ve and vg
to v, intersect at some point w. Similarly, the simple paths from v, to vy, v, to
bva, and bug, to v, intersect at some point w’.

Let d be the path metric in BT(I'(G, S)). Then

d(vp, bugy) = d(bvp, vap) = d(vp, Vap), and  d(vg, bvg) = d(ave, abvey) = d(vg, Vap).

Therefore,
1
d(vg, w) = §(d(va, w) + d(Vap, ) + d(ve, w) + d(vy, w) — d(Vap, w) — d(vp, w))

= 5 (e, vn) + d(va, 1) — (v, )

1
= E(d(va, bvay) + d(va, vp) — d(bUap, vp))

1
— i(d(va, w'") 4+ d(bvgp, w') + d(ve, w") + d(vy, w'") — d(bvgy, w') — d(vy, w'))
= d(v,,w").

Moreover, w and w’ are both on the simple path between v, and v, so we must
have w = w'.

But b sends the path between v, and vy, to the path between v, and bv,,. Since
w is on both paths, it is also the same distance along both paths, so b fixes w.
Therefore, w = v,. Similarly, w = v,, S0 v, = vp. O

Theorem 3.24. An amalgamated free product of finite groups is basic if and only
if the resultant group is also finite or the amalgamation is trivial.

Proof. 1f the resultant group is finite, then clearly it is basic. If the amalgamation
is trivial, then the resultant group is just the free product of two finite groups, so
it is basic.

Now assume G = A xy B is infinite, where A and B are finite and H is non-
trivial. Let S be any finite generating set for G. Then we just need to show that
some block in I'(G, S) is infinite.

Let h € H \ {1} be an arbitrary element. Then h has finite order, so it fixes
exactly one vertex v of BT'(I'(G, 5)). Now if a € A, then a, h and ah are all in A, so
they all have finite orders. Therefore a and h fix the same vertex of BT(I'(G, 5)),
so a fixes v. Therefore, all of A fixes v. Similarly, all of B fixes v.

Now, since G is generated by A and B, v must be fixed by all of G. We know
that G acts freely on the vertices of BT (I'(G, S)) which correspond to vertices of
I'(G, S), so v must correspond to some block B in I'(G, S). Since B is fixed by all
of GG, it must contain every element of GG, hence B is infinite. O

Note that an amalgamated free product A xy B is finite if and only if H = A
or H = B, so the previous theorem could be restated as: an amalgamated free
product Axy B of finite groups is basic if and only if H is either A, B or the trivial

group.

24



Theorem 3.25. A HNN extension of a finite group G is basic if and only if the
subgroup used for the HNN extension is trivial.

Proof. Let o : H — K be the isomorphism between subgroups of GG, so that Gx,
is the HNN extension. Let ¢ be the generator which is not in G. If the subgroups
H and K used are trivial, then Gx, is equal to G « (t), which is also basic.

Now assume that H and K are not trivial and let S be any finite generating
set for Gx,. Then we just need to prove that I'(G,S) contains an infinite block.

Since G is finite, we know that G must fix exactly one vertex v of BT (I'(G*q, 5)).
Let h € H\ {1} be an arbitrary element. Then tht™' € K C G, so tht™" fixes v.
Also, tht=!(tv) = thv = tv, so tht™! fixes tv. But tht~! can only fix one vertex in
BT (I'(G*4,95)), so tv = v. Hence, t fixes v. But G*, is generated by G and t, so
v must be fixed by all of Gx,.

We know that Gx, acts freely on the vertices of BT (I'(G*,,.S)) which corre-
spond to vertices of I'(Gx,, S), so v must correspond to some block B in I'(G,, S).
Since B is fixed by all of Gx,, it must contain every element of G%,, so B is infi-
nite. O
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Chapter 4

Some applications of Bass-Serre
theory

4.1 Introduction to Bass-Serre theory

Bass-Serre theory is a general study involving graphs of groups, the main point
being to find decompositions of groups acting on trees via the fundamental graph
of groups of the action. The main references are [25] and [2].

Given a group G acting on a tree T', we can construct the quotient graph of
groups G \ T. The main theorem of Bass-Serre theory is that the fundamental
group of the graph of groups G \ T is isomorphic to G. The process can go
backwards as well: Given a graph of groups A with fundamental group G, we
can construct the Bass-Serre tree T" of A, which comes with an action of G on
T. Moreover, this tree satisfies G \ T" = A. This generalises the notion which we
mentioned in the introduction of the Bass-Serre tree of amalgamated free products
and HNN-extensions.

Definition 4.1. A graph of groups A is a directed connected graph equipped with
the following information:

e There is a fixed point free involution of the edges of A given by e + €, such
that if v and v are vertices in A and e is an edge in A from u to v, then € is
an edge from v to u.

e For each vertex v in A there is an associated vertex group G,.
e For each edge e in A there is an associated edge group G. = Ge.

e For each edge e in A from u to v, there is an associated injective group homo-
morphism f, : G, — G,. So, since G, = Gg, there is also a homomorphism
fe: G, — Gy

Since each edge e has an associated reverse edge €, we have a natural undirected
graph K 4 associated with A which has the same vertex set as A and has one edge
between two vertices u and v in A for each pair of edges {e,€} in A where e goes
from u to v and hence € goes from v to u. We will call A a finite graph of groups
if K4 is a finite graph.
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We will now describe a way to construct the fundamental group of a finite
graph of groups. There is an analogous notion for infinite graphs of groups but it
will not be necessary for our purposes.

Definition 4.2. We construct the fundamental group of a finite graph of groups
A inductively as follows:

If A contains a single vertex v and no edges, then the fundamental group of A
is G,.

If K4 contains a vertex with degree 1, let the vertex be v, let e be the edge in
A that goes out from v and let A’ be the graph of groups consisting of everything
in A except for v and the edges which connect to v (which are just e and €). Let
u be the vertex at the other end of e from v. Let G’ be the fundamental group of
A’. Then f, gives an inclusion map of G, into GG, and f- gives an inclusion map
of G, into GG, which is contained in G’. We define the fundamental group G of A
to be the amalgamated free product:

G = G/ *qQ, Gv.

Finally, if K4 contains no vertices with degree 1 then K4 must not be a tree,
so there must be some edge in K4 whose removal does not disconnect the graph.
Let e and € be the associated edges in A and let u and v be the vertices in A such
that e is an edge from u to v.

Let A’ be the graph of groups obtained by removing e and € from A and let G’
be the fundamental group of A’. Then f. and fz give two different inclusion maps
of G, into G. Therefore, we have an isomorphism ¢ : im(f.) — im(fs) between
subgroups of G’ given by ¢ = fs o f;1. We define the fundamental group G of A
to be the HNN extension:

G=G *4.

Note that there were many choices in how we could have chosen the edges to
remove to build up the fundamental group of G, however an important fact in
Bass-Serre theory is that the fundamental group obtained is independent, up to
isomorphism, of the choices made.

Finally, we will give the definition of a quotient graph of groups of a group
action on a tree:

Definition 4.3. Let G be a group which acts on a tree 7" without edge inversion.
The quotient graph of groups A = G \ T is given by the following data:

e The underlying graph K 4 is the quotient graph of the action.

e We define each vertex group G, to be the stabiliser of a vertex in the vertex
orbit of the action of G on T' corresponding to v. Note then that Gz, is unique
up to isomorphism.

e We define the edge group G, = G% to be the stabiliser of an edge in the edge
orbit of the action of G on T" corresponding to e. Note then that G, is unique
up to isomorphism.
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o If u,v are vertices in A and e is an edge from u to v, then e corresponds to
a directed edge €' in T from u' to v, where u/, v' and €’ are elements of the
orbits corresponding to u, v and e respectively. Since G acts without edge
inversion, the stabiliser G, of ¢’ stabilises ¢’ as a directed edge. Therefore,
the stabiliser G, of €’ is a subgroup of the stabiliser G, of v'. This gives us
a natural inclusion map f. : G. — G,,.

Note that even if u and v are the same vertex, the maps f, and f: may be
different since v’ and v’ may be different vertices in the same orbit.

A theorem of Dunwoody [9] states that all finitely generated groups are accessi-
ble, which, in the language of Bass-Serre theory, means that any finitely generated
group G is the fundamental group of a finite graph of groups where each edge
group is finite and each vertex group does not split as an amalgamated free prod-
uct or HNN extension over a finite subgroup. Together with Stallings theorem,
this means that any finitely generated group is given by a fundamental group of
a finite graph of groups where each vertex group has at most one end. We have
already stated the theorem that such a group is virtually free if and only if every
vertex group is finite; therefore, a finitely generated group is virtually free if and
only if it does not contain a one-ended subgroup.

4.2 Applications of Bass-Serre theory to basic
groups

In this section we will finish off the cycle of implications involving basic groups
which shows that for a finitely generated group G the following are equivalent:

(a) G is basic.

(b) There is a finite generating set S for G such that every block in I'(G, 5) is
finite.

(¢) G acts edge freely and with finitely many orbits on some non-trivial, locally
finite tree T.

(d) G is the fundamental group of a finite graph of finite groups with trivial edge
groups.

We proved that (a)=-(b) and
we will show that (¢)=-(d) and (

(b)=-(c) in the previous chapter, so in this section
d)=(a)

Theorem 4.4 ((c)=(d)). If G acts edge freely and with finitely many orbits on
some nontrivial, locally finite tree T', then G is the fundamental group of a finite
graph of finite groups with trivial edge groups.

Proof. Let Y = G \ T be the quotient graph of groups of the action of G on T.
Then we know that the fundamental group of Y is G, since T is a tree. Since
each edge in T has a trivial stabiliser, each edge group in Y is trivial. Since 7T is
non-trivial, each degree is finite and non-zero. Also, since the edge stabilisers are
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trivial, the vertex stabilisers must all be finite. Therefore, Y is a graph of finite
groups. Finally, since the action of G on T has finitely many orbits, YV is a finite
graph of groups. Therefore, Y is a finite graph of finite groups with trivial edge
groups, and G is the fundamental group of Y. O

Theorem 4.5 ((d)=-(a)). If G is the fundamental group of a finite graph of finite
groups A with trivial edge groups, then G is basic.

Proof. Since the edge groups are trivial, each amalgamated free product in the
definition of the fundamental group will just be a free product with a vertex group
and each HNN extension will be a free product with Z. Therefore, the fundamental
group will be the free product of the vertex groups and a finite number of copies
of Z. Since each vertex group is finite, the fundamental group of A is the free
product of finitely many basic groups, hence it is basic. O

So we have finished the cycle of implications involving basic groups.

Given a group which is basic, we can show that it is basic by simply finding a
way to write it as a free product of finite groups. If a group G is not basic, it is
less obvious how one goes about proving that G is not basic. If GG is not virtually
free either, then we can simply find a one-ended subgroup to show that it is not
virtually free, and hence not basic either. So the remaining case is when we have
a virtually free group which is not basic. The following theorem gives us a way to
prove that such a group is not basic:

Theorem 4.6. If G is finitely generated and virtually free, then G is non-basic if
and only if it contains an infinite subgroup H which is either a non-trivial amal-
gamated free product of finite groups or a non-trivial HNN extension of a finite
group.

Proof. From 3.24 and 3.25 we know that such a subgroup H is not basic, so if G
contains such a subgroup then it is not basic.

Now assume that G is finitely generated and virtually free but not basic. We
just need to show that G contains an infinite subgroup which is either a non-
trivial amalgamated free product of finite groups or a non-trivial HNN extension
of a finite group.

Since G is virtually free, it is the fundamental group of some finite graph of
finite groups J. We will assume that J has the minimal number of edges for any
graph of groups with this property. Now, since G is not basic, there must be some
non-trivial edge group G, in J. Consider the subgraph of groups K containing the
edge e and each vertex which is attached to e. If the vertices at the ends of e are
distinct then the fundamental group H of K is an amalgamated free product of
the vertex groups, whereas if both ends of e are attached to the same vertex, then
H is a HNN extension of the vertex group. Moreover, since H is the fundamental
group of a subgraph of groups of J, it is a subgroup of the fundamental group G
of J, so we just need to show that H is infinite.

Suppose for the sake of contradiction that H is finite. Then we can simply
remove the edge and identify the vertices at the two ends of it, then make H the
vertex group of the new vertex. This creates a new finite graph of finite groups
with fewer edges than J which has the same fundamental group as .J, contradicting
the minimality of J. O
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4.3 Characterisation of blocks of Cayley graphs

In this section we will use Bass-Serre theory to finish the characterisation of blocks
in Cayley graphs which we started in the previous chapter. Theorem 3.15 already
tells us exactly what blocks B can occur in a Cayley graph, but we also want to
know what we can say about the group based on these blocks and what if anything
one block in a Cayley graph implies about the other blocks in the Cayley graph.

Proposition 4.7. Let G be a group with finite generating set S such that any two
blocks in T'(G,S) are isomorphic as labelled graphs. Let B be a block in I'(G,S),
let H be the subgroup of G which stabilises B and let k be the number of vertex
orbits of the action of H on B. Then G is isomorphic to H x F},_1.

Proof. Let Y = G\ BT (I") be the quotient graph of groups of the action of G' on
BT (I'(G, S)). Since BT (") is a tree, G is the fundamental group of Y.

Let vy be a vertex in B. Then vy is a vertex in I" and hence a vertex in BT'(T").
If v; € BT(T") then either v; corresponds to a vertex in I" or a block in I'. If v,
corresponds to a vertex in ', then it is in the orbit of vy. If v; corresponds to
a block in I', then the block is isomorphic to B as a labelled graph, so it is in
the orbit of B. Therefore, BT (I") has only two vertex orbits, so Y has only two
vertices. Let v be the vertex in Y which corresponds to the orbit of vy and let u
be the vertex in Y which corresponds to the orbit of B.

Let uq,...,u; be representatives for the vertex orbits of the action of H on
B. We will now show that (uy, B), (ug, B),. .., (ug, B) are representatives of edge
orbits of the action of G on BT(T"). If 4, j are integers with 1 <4, j < k, and the
edges (u;, B) and (u;, B) in BT(I") are in the same orbit of the action of G, then
there is some g € G which satisfies gu; = u; and ¢B = B. Since ¢B = B, we
must have g € H, so u; and u; are in the same orbit of the action of H on B.
Hence, ¢ = j. In particular, this means that, (uq, B), ..., (ux, B) are in different
edge orbits. Next we will show that every edge in BT (T") is in the same orbit as
one of these edges.

Let (v, B") be an edge in BT (") where v is a vertex in I' and B’ is a block
in I', so v is a vertex in B’. Then there is some ¢ € G with ¢B’ = B. Then
gu' € B, so there exists some h € H and some integer ¢ with 1 < i < k such that
hgu' = w;. Therefore, hg(u', B') = (u;, hB) = (u;, B), so (v, B’) is in the same
orbit as (u;, B). Therefore the action of G on BT (I') has exactly k edge orbits, so
there are exactly k edges in Y. Note also that each edge e in Y must go between u
and v since a representative of the edge orbit corresponding to e joins B, a vertex
in the orbit corresponding to u, to a vertex in the orbit corresponding to v.

Since the edge stabilisers of the action of G on BT(I'(G,S)) are trivial, the
edge groups in Y are trivial. Since the stabiliser of v, is trivial, the group G, is
trivial. The group G, is equal to the stabiliser of B, which is H, so G, = H. Now
that we know everything about the graph of groups Y, we just need to compute
its fundamental group.

For i € Z with 1 <14 < k, let Y; be the sub graph of groups of Y which contains
u and v, but only contains ¢ of the edges between u and v. We choose these in
such a way that for each ¢, the subgraph Y;.; contains Y;. The fundamental group
G, of Y is just the amalgamated free product H xg1y {1} = H x {1} = H. If G;
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is the fundamental group of Y;, then since Y;,; is obtained from Y; by adding a
single edge with trivial edge group, the group G;; is a HNN extension of GG; where
the associated subgroups of the HNN extension are trivial. Hence, G;11 = G; * Z.
Therefore, by induction, we have G; = H % F;_1. So G = G = H * F,_;. O

Theorem 4.8. Let B be a simple 2-connected graph and let H be a subgroup of
Aut(B) which acts vertex freely and with k orbits on B. Then there is a finite
generating set S for the group H % Fy_1 such that every block in T'(H x F,_1,5) is
1somorphic to B.

Proof. From theorem 3.15 we know that there is a Cayley graph I such that B
appears as a block in IV. Then from theorem 3.19, we know that there is another
Cayley graph I' such that all blocks in I" are isomorphic to each other, as labelled
graphs, and they are also isomorphic to B. Let G be the associated group and
let S be the associated generating set. Then all blocks of I'(G,S) are isomorphic
to B. Now by proposition 4.7, we see that GG is isomorphic to H * Fj_1, so every
block of I'(H * Fj_1,5) is isomorphic to B. O

Example 4.9. Let G be a finitely generated group with generating set S such
that I'(G,S) is 2-connected and let H be a subgroup of G with finite index k.
Then from the action of G on I'(G, S) we get a restricted action of H on I'(G, S).
Since H has index k in G, this action will have k vertex orbits. Moreover, since GG
acts vertex freely on I'(G, S), the subgroup H also acts vertex freely on I'(G, S).
Therefore, there exists a generating set S’ for H * Fj,_; such that every block in
the Cayley graph I'(H * F_1,5’) is isomorphic to the Cayley graph I'(G, 5).

Example 4.10. Let G be a group and let S be a finite generating set for G.
Let f : S — Z-( be an arbitrary function. We take the edge separated Cayley
graph I'.(G, S), then for each a € S we replace each edge I, labelled by a with a
chain of f(a) edges to construct a new graph I'/(G,S). Then G acts freely and
with finitely many orbits on I'.. Moreover, I'/ is 2-connected if and only if T, is
2-connected. Therefore, if I', is 2-connected then there is a positive integer k and
a generating set S for G x F}, such that every block of I'.(G * F}, S") is isomorphic
to I'/. Moreover, if 1 is not in the image of f, so that every edge in I, is replaced
by at least two edges, then I'/ is a simple graph, so it is isomorphic to every block
of I'(G * Fy, 5").

Example 4.11. Let GG be a group and let S be a finite generating set for G. Let
f S — 2Z-y+ 1 be an arbitrary function which assigns an odd number to each
generator in S. We take the Cayley graph I'(G,.S) then construct a new graph
I'/(G, S) as follows: For each generator a € S, we replace each edge in I labelled
by a with a chain of f(a) edges. Clearly G acts with finitely many orbits on I'/.
Moreover, if z € I'/ is fixed by some element g € G, then x corresponds to a
mid-edge in I'. Therefore, since the corresponding edge was broken into an odd
number of pieces, z is a mid-edge in I'/. So G acts vertex freely on I'/. Note that
I'/ is 2-connected if and only if I' is 2-connected. Therefore, if I' is 2-connected

then there is a positive integer k and a generating set S’ for G * F}, such that every
block of I'(G * F},, S') is isomorphic to I'/(G, 9).
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Chapter 5

More classes of groups and
Cayley graphs

In this section we discuss a number of Cayley graph properties from the litera-
ture, and also introduce some new related properties. The main questions in this
section are of the form “does property K imply property J?” and “is property
K independent of generating set?”. There are certainly many more properties in
the literature, but we will focus on properties which relate to the path metric and
geodesics.

The properties which we will consider are listed below:

Hyperbolicity

The order of the Dehn function. Given a finite presentation for a group, we
can define the Dehn function corresponding to that presentation. Two Dehn
functions for the same group need not be equal, but they are in some sense
equivalent. This means that the order of the Dehn function for a presentation
is actually a property of the group. Possible orders include: linear, quadratic,
cubic and exponential.

Almost convexity properties: Almost convexity (AC), minimal almost con-
vexity (MAC), M’AC and P(2). We also introduce the seemingly weaker
condition MAC+ and a closely related property MAC~.

The falsification by fellow traveller property (FFTP).

The loop shortening property (LSP) and basepoint loop shortening property
(BLSP).

We also introduce for each k € Zso, the k-decomposability property (k-DP).
We say that a graph has the bounded decomposability property (BDP) if it
is k-decomposable for some k € Z>,.

Definition 5.1. We call a property K for graphs a block property if it is the case
that a graph I', which has finitely many non-isomorphic blocks By, Bs, ... B, has
property K if and only if every block of I' has property K.
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Most of the properties which we consider are block properties and as a result,
our characterisation of blocks in Cayley graphs is quite useful for finding counter
examples to some of the questions about these properties.

Given a graph I', we contruct the m-partition I'™ of I" by replacing each edge of
[’ with a chain of m edges. Then there is a bijection f : I' — I'" which multiplies
distances by m. Note that while f sends all vertices of I' to vertices in I', not
all vertices of I'™ will be images of vertices in I'. Since I has essentially the
same geometry as I, it is natural to ask which properties are invariant under this
transformation.

Definition 5.2. We will say that a graph property K is independent of m-partition
if it is the case that an edge separated Cayley graph I'. has the property K if and
only if I'’* has property K.

From example 4.10, we know that for any group GG along with a finite generating
set S, there is a positive integer k£ and a finite generating set S’ for G * F}, such
that every block in I'.(G * Fj, S’) is isomorphic to some block in I'7*(G, S). So the
question is particularly relevant to block properties.

Below we give a table which summarises what we know about the properties
which we will consider in this chapter. Note that we also include the properties
“finite block size” and “quasi isometric to some tree” which, as we have seen, are
the graph properties corresponding to basic and virtually free groups respectively.

Independent of
Property Block Property m-partition Group property
Finite block size yes yes no
Quasi isometric to some tree yes yes yes
Hyperbolic yes yes yes
Order of Dehn function yes yes yes
Almost convex yes yes no [32]
P(2) yes yes ?
M’AC yes iff = MAC~ no
MAC yes iff = MAC~ no
MAC+ yes iff = MAC~ no
MAC~ yes yes no
FFTP yes yes no[21]
LSP ? yes no
BLSP yes yes no
k-DP (for fixed k) yes yes no
BDP yes yes ?

Now we give an implication diagram, which shows all of the known implications
between these properties for Cayley graphs. There are almost certainly many
implications which are not shown in this diagram, for example it seems very likely
that “regular language of geodesics” implies MAC.
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5.1 Hyperbolic groups

Definition 5.3. Let I' be a graph. We say that I" is d-hyperbolic if it has the
following property:

If x, y and 2z are points in I', and vy, 72 and =3 are the sides of a geodesic
triangle with vertices x, y and z, then any point u € ~; is within a distance of
d of one of the other two sides. We say that I' is (Gromov) hyperbolic if it is
d-hyperbolic for some 9.

If G is a group and S is a generating set for G such that I'(G, S) is hyperbolic,
then G is called a hyperbolic group. In particular, this property is independent of
the generating set. Note that if I" is a d-hyperbolic graph, then any two geodesics
[y and [, between the same pair of point forms a geodesic bigon, which is just a
geodesic triangle where one side has length 0, therefore, the Hausdorff distance
between [; and [y is at most 6.

Proposition 5.4. Hyperbolicity is a block property.
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Proof. If a graph I' is hyerbolic then every block is certainly hyperbolic. Now
assume that every block of I' is d-hyperbolic. Let 7;, 72 and 73 be sides of a
geodesic triangle in I" and let u be a point on 7. Then w is either contained in a
simple geodesic bigon or a simple geodesic triangle whose sides are subpaths of 74,
~v2 and 73. Since this geodesic polygon is simple it is contained in a single block B.
Therefore, since B is d-hyperbolic, u is within a distance of § of one of the sides

Y2 Or 3. u
Proposition 5.5. Hyperbolicity is independent of m-partition.

Proof. 1f T is a graph, then the geodesic triangles in I' correspond exactly to the
geodesic triangles in the m-partition ['". Hence, I' is d-hyperbolic if and only if
['™ is mé-hyperbolic. O

5.2 The Dehn function

Definition 5.6. Let G be a group with finite presentation (S | R). Then for any
word w over the alphabet SUS™! with w =¢ 1, we can think of w as representing
an element of the free group Fs and write w as a product of conjugates of elements
of R:

w=p, firify farafs b farnfa

where each r; € R and each f; € Fg. The area Area(w) of the loop w is the
minimum possible value of n in this product.

Definition 5.7. Let G be a group with finite presentation (S | R). The Dehn
function Dehn : Z.o — R.o of G with respect to the presentation (S | R), is
defined by

Dehn(n) = max{Area(w)|w =g 1, |w| < n}.

While the Dehn function is certainly not independent of the generating set, or
even the relators, it is independent up to the following equivalence:

Definition 5.8. Two (non-strictly) increasing functions f and g are called equiv-
alent if there is some constant ¢ € R+ such that

1 /1

-g (—x—c) —cx—c< f(x) <cglecx+c¢)+crx+c
¢’ \c

For example, two polynomials are equivalent if and only if they have the same

degree, and any two exponential functions are equivalent.

Since the Dehn function is independent of this equivalence, we can partition
finitely presentable groups into sets based on the order of their Dehn functions. It
is known that a group has linear Dehn function if and only if it is hyperbolic [13],
and no group has a Dehn function which lies strictly between linear and quadratic
[23]. Surprisingly, however, very little is known about Cayley graphs with merely
quadratic isoperimetric inequalities, indeed almost all of the properties which we
will consider in this chapter fail for some group with a quadratic Dehn function.
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The Dehn function is closely related to the complexity of the word problem. In
particular, the Dehn function for a group G is a computable function if and only
if the word problem problem for G is decidable.

We will now define the Dehn function for graphs in general, in a way which is
equivalent for Cayley graphs:

Definition 5.9. Given a loop directed [ in a graph I', we define a (¢, k)-decomposition
of [ to be a pair (P, f) where p is a planar graph has at most k inner faces and
each one has degree at most ¢ and f : P — I is a graph homomorphism which
sends the anti-clockwise loop around outside of P to the loop [. Note that this
means that the outer face of P has degree |I|.

Then, given a constant ¢y, we define the area of a loop [ in I" to be the minimum
k such that there exists a (co, k)-decomposition of / in I'. We now define the Dehn
function for a graph I' as follows:

Dehn(n) = max{Area(l)|l is a loop in T, |I| < n}.

Then, for a Cayley graph T'(G, S), this will be equal to the Dehn function given by
the presentation (S | R), where we let R be the set of words w of length at most
¢ with w =g 1. Note that the area function will only be finite for all loops [ if
(S| R) forms a presentation for GG, so we must insist that c is sufficiently large for
this to be the case. Similarly for graphs in general, we insist the c is sufficiently
large that the area function is always finite. Although this is not always possible,
we will only define the Dehn function in cases where it is.

Proposition 5.10. Let I' be a graph and let ¢y be a constant such that the Dehn
function of T' with respect to ¢y well defined. If | is a loop in T which is (¢, k)-
decomposable, then

Area(l) < kDehn(c)

Proof. Let (P, f) be a (¢, k)-decomposition of [. Then the image of the loop around
any inner face Fj of P is a loop [; with |l;| < ¢. Therefore, [; is (cy, Dehn(c))-
decomposable, so let (P;, f;) be a (co, Dehn(c))-decomposition of ;. Then we can
fill in the face F; with the planar graph P;, thereby replacing it with at most
Dehn(c) faces, each with degree at most ¢y. Now we do this with every inner face
of P to obtain a (c¢y, kDehn(c))-decomposition of .

Note that when we fill in a face F; of P we may need to identify some vertices
on the outside of this face. This is fine as long as the loop [; around the outside
of Fj is simple. If [; is not simple, then we can simply remove everything in the
region enclosed by Fj before proceeding to fill it in. m

We already stated an equivalence between Dehn functions for Cayley graphs
which represent the same group, and as one would expect, Dehn functions for
graphs satisfy the same equivalence. In fact, they satisfy a stronger equivalence:

Proposition 5.11. Let I' be a graph and let ¢y and c; be constants with ¢y < ¢;
such that the Dehn function of T' with respect to both of these constants is well
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defined. Let Dehng and Dehny be these two Dehn functions. Then there is some
constant t € Ry such that

1
Dehng(x) > Dehny (z) > ;Dehno(x) Vo € Zg

Proof. The first inequality is clear since ¢; > ¢y. For the second inequality, let
Areag denote that area function with respect to ¢y and let Area; denote that area
function with respect to ¢;. Let ¢ = Dehng(c;). Then we just need to prove that

for any loop [ we have
tArea; (1) > Areag(l).

Since [ is (c1, Area;(1))-decomposable, this follows immediately from proposition
5.10. O

Proposition 5.12. Let I' be a graph and let | be a loop in " which is contained in
a single block B and which is (¢, k)-decomposable. Then 1 is (c, k)-decomposable in
B.

Proof. Let (P, f) be a (¢, k)-decomposition of [ where the number of edges of P is
minimal. We will show that the image of f is contained in B.

Suppose for the sake of contradiction that the image of f is not contained in
B. Then the space f~!(T'\ B) is non-empty. Let M be a connected component of
ST\ B). Then the image of the boundary of M is a single vertex v in T'. Let P’
be the connected component of P\ M which contains the outer loop of P. Then
the boundary of P’ is contained in the boundary of M. Hence, the image of the
boundary of P’ under f is {v}. Therefore, we can identify all of the vertices in the
boundary of P’ to obtain a new (¢, k)-decomposition (P’, f) of . But P’ has fewer
edges than P, a contradiction.

Therefore, the image f(P) is contained in B, so (P, f) is a (¢, k)-decomposition
of l in B. O

Proposition 5.13. Let f : Zvg — Z=q be a super additive function (so f(a+b) >
fla)+f(b)Va,b € Z~o) and let T be a graph with only finitely many non-isomorphic
blocks. The Dehn function for I" is at most equivalent to f if and only if the Dehn
function for every block of I is at most equivalent to f.

Proof. Let ¢ € Z be a constant such that the Dehn function for I' and every block
of I' are well defined with respect to ¢. All Dehn functions in this proof will be
using this constant c. First we will Show that for any block B in I' and any
x € Zsg, we have Dehnr(z) > Dehng(z).

So we just need to show that if [ is a loop in B, then [ is (¢, Dehnr(|l]))-
decomposable in B. By the definition of the Dehn function, we know that [ is
(¢, Dehnp(]I]))-decomposable in I'. Hence, by proposition 5.12, [ is (¢, k)-decomposable
in B. Therefore, if the Dehn function for I' is at most equivalent to f, then the
Dehn function for every block of I' is at most equivalent to f.

Now assume that the Dehn function for every block of I' is at most equivalent
to f. Then there is some super additive function g such that the Dehn function
for every block in I' is at most equal to g. Any simple loop [ in I' is contained in a

37



single block B, so its area is at most g(|/|). Now if [’ is any loop in I which is not
simple, we can split [ it into two non-empty loops Iy, Iy with |l1|+|ls| = |I|. Hence,

Area(l) < Area(l;) + Area(ly) < Dehnr(|l1|) + Dehnr(|ls]).

Therefore, since g is super additive, we can show inductively that Dehnp < g.
Hence, the Dehn function on I' is at most equivalent to f. n

Proposition 5.14. Let I' be a graph and let Dehng be the Dehn function of I with
respect to some constant cy. Let m € Z~y and let Dehny be the Dehn function

of T™ with respect to the constant mcy. Then for x € Z~g, we have Dehng(z) =
Dehny (mz).

Proof. Let f : " — I'™ be the natural bijection which multiplies lengths by m. If
lis aloop in I', with |I| < x then |f(l)| < mx, so there is some (mcy, Dehn;(mz))-
decomposition (P’,¢') of f(I) in I'. We will assume without loss of general-
ity that the number of edges in P’ is minimal amongst all (mcg, Dehn;(mzx))-
decompositions of f(I). Since the number of edges in P’ is minimal, there cannot
path of length 2 in P’ made of an edges ej, €5, such that ¢'(e;) is the same as
the edge ¢'(e2) reversed. Hence there is some planar graph P such that P’ is
isomorphic to P™. Moreover, (P, f~' o ¢’ o fi) is a decomposition of [, where
fi : P — P™ is the natural bijection which multiplies lengths by m. Hence we
have a (cg, Dehn; (mx))-decomposition of { in I'. Since this works for any loop I
with |I| <z, we have
Dehng(z) < Dehn; (mz).

To show the other inequality, let I” a loop which satisfies Area;(I’) = Dehn; (mx)
and the length of I’ is minimal. Then [I'| < ma. Since the length of I is minimal,
it must not contain an edge followed immediately by the same edge reversed.
Hence, there is a corresponding loop [ in I' such that I’ = f(I). Since || < =z,
there must be some (co, Dehng(z))-decomposition (P, g) of [ in I'. Then we have a
(mco, Dehng(z))-decomposition (P™, fogo f;') of [ in I', where f; : P — P™ is
the natural bijection which multiplies lengths by m. Hence,

Dehn; (ma) < Dehng(x).

5.3 Almost convexity and related classes

Definition 5.15. Let G be a group with finite generating set S and let Sph(r)
and B(r) denote the Sphere and Ball respectively of radius r around 1 in I'(G, 5).
Let f : Z-y — Ry be a function and let o € Z-o. The pair (G, S5) is said to
satisfy the almost convexity condition ACy, (k) if for any integer r > ry, and any
pair of vertices a,b € Sph(r) which satisfy d(a,b) < k, there is a path inside the
closed ball B(r) between a and b which has length at most f(r).

In order to ask whether such properties are block properties, we will need to
define them for graphs in general:

38



Definition 5.16. Let I" be a graph and let Sph(v, r) and B(v,r) denote the Sphere
and Ball respectively of radius r around the point v in I'. Let f : Z-y — Ry be
a function and let rg € Z~y. We say that a graph I' satisfies the almost convexity
condition ACy,, (k) if for any vertex v € I', any integer r > r(, and any pair of
vertices a,b € Sph(v,r) which satisfy d(a,b) < k, there is a path in the closed ball
B(v,r) between a and b which has length at most f(r).

For a Cayley graph I'(G, S), the only difference between these two definitions is
that in the second definition we insist that the ball and sphere can be centred at any
vertex in ', whereas in the first definition they are centred at the identity. Since
any Cayley graph I'(G,S) is vertex transitive, these definitions are equivalent.
Hence, the pair (G, S) satisfies the almost convexity condition ACy,, (k) if and
only if the Cayley graph I'(G,S) satisfies the same almost convexity condition
ACy,, (k).

Now we will define a few special cases of this condition. For each one we will
define the condition for a general graph, though the standard definition is the
analogous definition for a pair (G, S).

Definition 5.17 (Almost Convexity). For a given k € Zs, the graph I' is said
to be AC(k) if there is some ry € Z~o and some constant function f : Z-q — Ry
such that I' satisfies the almost convexity condition ACy,,, (k).

This property was introduced by Cannon in [5], where he also shows that the
condition AC(k) is equivalent for any value k& > 2. So we simply say that T is
almost convex (AC) if it satisfies AC(k) for some k > 2.

The following property was introduce by poenaru in [24].

Definition 5.18 (P(2)). The graph I is said to satisfy Poenaru’s P(2) condition
if there is some ry € Z~y and some sublinear function f : Z.g — R-( such that I
satisfies the almost convexity condition ACy,,,(2)

Note that if f : Z-o — R.¢ is given by f(r) = 2r, then any graph I' trivially
satisfies the property ACY; since any two points w,v in the sphere Sph(r) are
joined by a path of length 2r which passes through the vertex corresponding to
the identity in G. Hence minimal almost convexity is defined by the weakest
possible non-trivial restriction on f:

Definition 5.19 (MAC). The graph I' is said to be minimally almost convex
(MAC) if there is some ry € Z~( such that I" satisfies the almost convexity condition
ACy,,(2) where f: Zso — Ry is given by f(r) = 2r — 1.

Definition 5.20 (M’AC). The graph I' is said to satisfy the property M’AC if there
is some 19 € Zso such that I' satisfies the almost convexity condition ACy,,,(2)
where f: Z-o — Ry is given by f(r) = 2r — 2.

Due to the succesive strengthenings of these conditions, we have the implication
chain
AC = P(2) = M’AC = MAC

The last two conditions M’AC and MAC are discussed in greater detail in [12],
where Elder and Hermiller show that M’AC does not imply P(2). It is still an
open question, however, whether the properties M’AC and MAC are equivalent.
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Proposition 5.21. Let v € Z~o and let [ : Zsy — Rsq,, be a non strictly
increasing function. The almost convexity condition ACY,, is a block property.

Proof. First, let I" be a graph such that every block of I' satisfies AC/,,. We will
show that I' also satisfies the condition ACY,,. Let Sphr(v,r) denote the sphere
of radius r in T' centred at v and let Br(v,r) denote the ball of radius r centred at
v. Then we need to show that for any v € V(I'), any integer r > 1y, and any pair
of vertices a,b € Sphr(v,r) which satisfy d(a,b) < 2, there is a path in the closed
ball Br(v,r) between a and b which has length at most f(r).

Now let p be a geodesic between a and b, so p has length at most 2. If p contains
a vertex which lies inside the open ball Br(v,r), then p must have length 2 and
must lie entirely inside the ball, so we have a path in Br(v,r) between a and b
which has length 2 < f(r), so we are done.

Otherwise, p lies entirely outside Br(v,r). Let g; be a geodesic between v and
a and let g be a geodesic between v and b. Then the only point on ¢g; which is
outside Br(v,r) is a and the only point on g, which is outside Br(v,r) is b. Now let
Let u be the point of intersection between g; and g which is furthest from v and
let ¢4 and g5, be the sections of g; and g, which are not between u and v. So g} is a
geodesic between u and a and g is a geodesic between u and b. Now ¢}, p and g
form a geodesic triangle between the vertices u, a and b. Moreover, these geodesics
only intersect each other at these vertices. Therefore, this geodesic triangle forms
a simple cycle, so it is contained in a single block B, so u,a,b € V(B).

Let 71 = d(u,a). Then a,b € Sphp(u,r). Now, by our assumption, B satisfies
the condition ACY,,, so if r; > 7o then there is a path [ in Bg(u,r;) between a
and b of length at most f(ry). But f is increasing, so f(r1) < f(r). Also, by the
triangle inequality, since d(u,v) = r —ry, we have Br(u, 1) C Br(v,r). Therefore,
[ is a path inside Br(v,r) of length at most f(r). So we are done.

Finally, if r; < rg, then the union of g] and ¢ is a path of length 2r; < 2ry <
f(r)in Br(v,r). So we have finished this direction of the proof.

Now assume that I' is a graph which satisfies AC},,. We will show that any
block B in I satisfies ACy,,. We just need to show that for any v € V(B), any
integer r > 1o, and any pair of vertices a,b € Sphg(v,r) which satisfy d(a,b) < 2,

there is a path in the closed ball Bg(v,r) between a and b which has length at
most f(r).

Since a,b € Sphg(v,r), we have a,b € Sphr(v,r), so by our assumption that I
satisfies AC,,, there is some simple path [ in Br(v,r) between a and b of length
at most f(r). Since [ is a simple path between two vertices in the same block B,
the entire path [ must be contained in B. Therefore, since

BF(U7T) NB = BB(U,T),

The path [ is contained in Bg(v,r). So we have a path in Bg(v,r) between a and
b which has length at most f(r). O

As a simple corollary, the four almost convexity conditions which we have
considered so far are all block properties. We will now prove that AC is independent
of m-partition. The following argument does not, however, work for any of the
other almost convexity properties.
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Proposition 5.22. AC is independent of m-partition.

Proof. Let f : 1" — I'™ be the natural bijection which multiplies distances by m.
If '™ is almost convex, then it is AC(2m) with respect to some constants
c,ro € L. fv el r € Zs,,, a,b € Sphr(v,r) and d(a,b) < 2, then

f(a), f(b) € Sphrm(f(v), mr) and d(f(a), f(b)) = 2m.

Hence, there is a path p inside Brm(f(v), mr) between f(a) and f(b) of length at
most ¢. Therefore, f~'(p) is a path in Br(v,r) of length at most £ < ¢. Hence, I’
is almost convex.

Now we will prove the other direction. Assume that I is almost convex, then we
just need to prove that [ is almost convex. Since I is almost convex, it is AC(8)
with respect to some constants ¢,r9 > 4. Let v € I', r € Z<npy, a, b € Sphrm (v, 1)
and d(a,b) < 2. Then we just need to show that a and b are joined by a path of
length at most m(c + 6) inside the ball Brm (v, 7).

Let v/ be a vertex in I" such that d(v', f~!(v)) < 1. Then

A, f7 @) 2 =d(v), £ () + A ), £ @)
= —d(/. S () + —

r
> ——1
m

zFJ—1>rO—2>1.
m

Let ' be a vertex in Sph(v, | = | — 1) which is on a geodesic between f~'(a) and
f7Y(v) and let b be defined similarly. Then

dd', f~H(a)) < d(f'(v), f(a)) —d(a’, f(v))

=~ —d(d, 7))

< = d(d ) +d( W)
< % —d(d' V") +1
:%_Q%J —1)+1<3

Similarly, d(b', f~1(b)) < 3. Let p; be a geodesic between a’ and f~!(a) and let p,
be a geodesic between b and f~1(b). Then p; and py both have length at most 3.
Hence,

d(a', ) < d(d’, f~(a)) +d(f (a), fF7H(b) + d(f ' (D), V)
< d(d, @)+ A0 + <64 <8

Therefore, there is a path p between a’ and b’ contained in the ball Br(v/, [ =] — 1)
which has length at most c. By the triangle inequality, this is contained in the
ball Br(f(v), ), so joining p to p; and p, gives a path p’ between o’ and ' in
Br(f~'(v), =) of length at most ¢+ 6. Therefore, f(p') is a path between a and b

contained in Br(v,r), which has length at most m(c + 6). O
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We will now define two new properties MAC+ and MAC~ which are closely
related to MAC and M’AC. The property MAC~ is nice because it is independent
of m-partition, however it is not clear whether either of the properties MAC~
or MAC implies the other. MAC+ is useful because it is implied by both MAC
and MAC~ and still satisfies the important properties of the almost convexity
conditions. In particular, a graph I' which satisfies MAC+ has a Dehn function
which has order at most n!, though we will delay the proof of this fact until we
discuss k-decomposability. Hence MAC+ is in some sense an even more minimal
version of minimal almost convexity. It is quite possible, however, that the four
properties M"AC, MAC, MAC+ and MAC~ are all equivalent for Cayley graphs
anyway.

Definition 5.23 (MAC~). Let I" be a graph. We will say that I" satisfies MAC~
if T2 satisfies MAC.

Since MAC is a block property, MAC~ is also a block property.

Definition 5.24 (MAC+). Let I" be a graph. We will say that I' satisfies MAC+
if there is some constant rq € Z~( such that for any vertex v € I' and any r € Z
with r > rg, the following two conditions hold:

e If a,b € Sph(v,r) satisfy d(a,b) = 1, then there is a path in the closed ball
B(v,7) between a and b which has length at most 2r — 1.

e If a,b € Sph(v,r) are joined by a path of length 2 outside B(v,r), then there
is a path p in I' between a and b which has length at most 2r — 1, such that
every vertex in p is in the closed ball B(v,r).

In the second condition, by outside the ball B(v,7), we mean that the path
only intersects B(v,r) at its endpoints a and b. In particular, this means that a
vertex z, which is attached to both a and b by an edge, satisfies d(x,v) =r + 1.

There are only two differences between MAC and MAC+: For MAC we would
insist that even when a and b are joined by a path of length 2 outside B(v, ), the
entire path p lies inside B(v, r), rather than just the vertices of p being forced to lie
inside I". Moreover, such a path exists for a graph which satisfies MAC whenever
d(a,b) = 2, not just when the path of length 2 between a and b lies outside the
ball. Hence we have

MAC = MAC+.

The proof that MAC+ is a block property is essentially the same as the proof
that the other almost convexity conditions are block properties, so we will not
write it out.

Proposition 5.25. IfT" is a graph which satisfies MAC~ then T" satisfies MAC+

Proof. Since I" satisfies MAC~, the graph I'? satisfies MAC with respect to some
constant ry € Zso. Let f : I' — I'? be the natural bijection which multiplies
lengths by 2.

Let v € I" be a vertex and let r € Z satisfy » > ry. Then we just need to show
the two conditions in the definition of MAC+.

42



For the first condition, let a,b € Sph(v,r) satisfy d(a,b) = 1. Then we just
need to show that there is a path between a and b in the closed ball B(v,r) of
length at most 2r — 1. Since a,b € Sph(v,r), we have f(a), f(b) € Sph(f(v),2r)
and d(f(a), f(b)) = 2. Therefore, there is a path p in B(f(v),2r) between f(a)
and f(b) which has length at most 4r — 1. Therefore, f~*(p) is a path in B(v,r)
between a and b which has length at most 2r — 1/2. But f~!(p) is a path between
vertices in T, so it must have integer length, therefore, f~!(p) has length at most
2r — 1.

To prove the second condition in the definition of MAC+, let a,b € Sph(v,r)
be joined by a path or length 2 which lies entirely outside the ball B(v,r). Then
we just need to show that there is a path in I' between a and b of length at most
2r — 1, every vertex of which is inside the ball B(v,r). Since a,b € Sph(v,r),
we have f(a), f(b) € Sph(f(v),2r) and d(f(a), f(b)) = 4. Let f(a),d’,z,V, f(b)
be the vertices in a path between f(a) and f(b) which lies outside B(f(v),2r).
Then o', b € Sphr=(f(v),2r + 1) and d(d’,b") = 2, so there is a simple path p in
B(f(v),2r +1) between f(a) and f(b) which has length at most 4r + 1. Hence,
if we cut off the two edges at the ends of 4p we get a path p’ in B(f(v),2r + 1)
between f(a) and f(b) of length at most 4r — 1. Therefore, f~!(p') is a path in
B(v,r + 1/2) between a and b which has length at most 2r — 1/2. But f~*(p) is
a simple path between vertices in I', so it must be a path in B(v,r) of length at
most 2r — 1. O

Proposition 5.26. If I is an almost convex graph, then I' satisfies MAC~.

Proof. Since I satisfies AC, and AC is independent of m-partition, I'? satisfies AC.
Therefore, I'? satisfies MAC, so I satisfies MAC~. O

Proposition 5.27. Let I' be a bipartite graph and let m € Z~y. Then Gamma
satisfies MAC if and only if I'™ satisfies MAC.

Proof. Let f : I' — I'™ be the natural bijection which multiplies lengths by m.
First we will assume that I' satisfies MAC with respect to some constant ry and
prove that ' satisfies MAC using the constant (ry + 2)m.

Let v be a vertex in I'™, let r € Z with r > (ro+2)m and let a,b € Sphrm (v, 1)
satisfy d(a,b) < 2. Then we just need to show that a and b are joined by a path
in B(f(v),r) of length at most 2r — 1. Let p; be a geodesic in ' between v and
a and let py be a geodesic in I'™ between v and b. Let p’ be a path of length 2
between a and b. Let a’ be the vertex on f~!(p;) which is closest along f~!(p;) to
f7(a) and let b’ be defined similarly. There is at most one vertex in I'™ between
a and b on p, so there is at most one vertex in I' between f~'(a) and f~!(b) on
f~Y(p'). Hence, the distance d(a’, V') < 2.

We will define a new vertex b” in I'. If d(a/,0') =2, let 0" =¥'. If d(a',b') =1,
let 0" be the vertex on f~!(py) which is adjacent to b', such that b” is closer to v
than b’. Then we still have d(a’, b"”) = 2. So either way, b” is on ps and d(d’, b") = 2.

Consider a vertex path (¢ = wgy),v1,...,06_1, (v = b") in T" which travels
along the union of f~!(p;) and f~!(py). Then, since I' is bipartite the distances
d(v;,a’) and d(v;, V") change by exactly one each time i is increased by 1. Therefore,
d(v;,a") — d(v;, b") changes by 0 or 2 each time i changes by 1. Moreover,

d(vg,a’) — d(vg,b") = =2 and d(vy, a') — d(vg, b") = 2,
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so there exists some j such that d(v;,a’) — d(v;, ") = 0.
Let ' = d(v;,V") = d(vj,a’). Then a',b" € Sph(v;,r’). If v; is on the geodesic
D2, then

r'=d(f7(©),b") = d(v;, f7H(v))
<d(fHw), F7H0)) = dlvy, 7 (v) = — —d(v;, [T ().

Also, d(a’,b") = 2, so by the triangle inequality,

B(vj,1") € B(f~'(v),r/m) = f~(B(v,7)).

Similarly, this is true if v; is on p;. Now let ¢ be the shortest path between a’ and
b” inside the ball B(v;,7’). Let ¢’ be the path made up of ¢ and the section of
p1 between o’ and f~'(a) and the section of py between b’ and f~!(b). Then ¢ is
a path in f~'(B(v,r)) between and f~*(a) and f~'(b) and |¢'| < |q| + 2. Hence,
f(q’) is a path in B(v,r) between and a and b of length strictly less than m(|q|+2),
so we just need to show that m(|q| + 2) < 2r. If 7' < ry then, since ¢ has length

at most 2r’, we have
m(|g| +2) <m(2r' 4+ 2) <m(2rg +2) < m(2rg+4) < 2r.

If 7" > ry then since I' satisfies MAC using the constant ro, we have |¢| < 2r' — 1.
In fact, since T' is bipartite and d(a’,b”) = 2, the length |g| must be even, so
lg| < 27" — 2. Hence,

m(lg| +2) <m(2r') <m <%> = 2r.

Now we will assume that '™ satisfies MAC with respect to some constant
ro > 2 and prove that I' satisfies MAC. Let v be a vertex in I', let r € Z with
r > ro and let a,b € Sphr(v,r) satisfy d(a,b) < 2. Then we just need to show
that a and b are joined by a path in B(v,r) of length at most 2r — 1. Since I is
bipartite, d(a,b) must be even, so we must have d(a,b) = 2. Let x be a vertex in
[ which is attached to both a and b by an edge. Since I' is bipartite, we either
have d(v,z) =r — 1 or d(v,z) = r+ 1. If d(v,z) = r — 1 the the path of length
2 between a and b through x is contained in B(v,r), so we are done. Otherwise,
dlv,z) =r+1.

Let @’ be the vertex in the image f((a,x)) of the edge between a and z such
that drm(a’, f(x)) = 1 and let b be defined similarly. Then

a =V € Sphrm(f(v),mr+m—1)

and d(a’,0’) = 2. Therefore, a’ and ' are joined by some simple path p’ in
Brm (f(v),mr +m — 1) of length at most 2(mr + m — 1) — 1. This path must
pass through f(a) and f(b), so let p be the section of p’ which lies between f(a)
and f(b). Then p has length at most 2(mr +m —1) — 1 —2(m — 1) = 2mr — 1.
Therefore, f~*(p) is a path in Br(v,7 + 1 — %) between a and b of length at most
2r — L. But f~!(p) is a simple path between vertices of T', so it must be contained

in Br(v,r) and have length at most 2r — 1. O
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Proposition 5.28. MAC~ is independent of m-partition.

Proof. Let m € Z-y. From the previous proposition, since I'? is bipartite, ['?
satisfies MAC if and only if ['*™ satisfies MAC. Therefore, I satisfies MAC~ if and
only if I satisfies MAC~. Therefore, MAC~ is independent of m-partition. [J

Proposition 5.29. Let I" be a bipartite graph. If T satisfies any of the three
properties M'AC, MAC or MAC+, then I satisfies all three of these properties.

Proof. We have already shown that for any graph M’AC = MAC = MAC+, so
we just need to show that if I' satisfies MACH, then it satisfies M’AC. Assume
that ' is a bipartite graph which satisfies MAC+ with respect to some constant
ro > 4. Then we will show that I' satisfies M’AC with respect to the same constant
To.

Let v € T be a vertex, r € Z~,, and let a,b € Sph(v,r) satisfy d(a,b) < 2.
Then we just need to show that a and b are joined by a path in B(v,r) of length
at most 2r — 2. Note that since I' is bipartite, the distance d(a,b) must be even,
so d(a,b) = 2. Moreover, the path of length 2 between a and b lies either entirely
inside or entirely outside the ball B(v,r). If this path is entirely inside B(v,r)
then we are done. Now we can assume that a path of length 2 between a and b lies
entirely outside B(v,r). Then since I' satisfies MAC+, the vertices a and b must
be joined by a path p in I' of length at most 2r — 1 such that every vertex in p is
in the ball B(v,r). Since I is bipartite, no edge in p can go between two vertices
in the sphere Sph(v,r), so every edge in p is in the ball B(v,r). Moreover, the
length of p must be even, so |p| < 2r —2. Therefore, p is a path in B(v,r) between
a and b with length at most 2r — 2. O

Since for any graph I', the graph I'? is bipartite, the graph I' satisfies MAC~
if and only if I'? satisfies any of the properties M’AC, MAC or MAC+.

Proposition 5.30. MAC is independent of m-partition if and only if it is equiv-
alent to MAC~

Proof. If MAC is equivalent to MAC~, then it is certainly independent of m-
partition. If MAC is independent of m-partition, then a graph I" satisfies MAC if
and only if I'? satisfies MAC. But this happens if and only if I'? satisfies MAC~.
This implies that MAC is equivalent to MAC~. O]

Similarly, the properties M’AC and MAC+ can only be independent of m-
partition if they are equivalent to MAC~.

5.4 The falsification by fellow traveller property
(FFTP)

Definition 5.31. Let £k € Rypand let u : Ry — I' and w : R.y — I' be paths in a
graph I', which move at the same constant velocity 1. The two paths are said to k-
fellow travel if the following holds: If ¢t € R.g and ¢t < m,n then d(u(t),w(t)) < k.

The two paths v and w are said to asynchronously k-fellow travel if there is
some bijective increasing function ¢ : Ry — R such that if ¢ € Ry and 7 < m

then d(u(7), w(¢(5))) < k.
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We will actually be interested in when finite paths fellow travel, so to define
a finite path u of length k, we will use a function u : Ryg — I', which travels at
velocity 1 on [0, k] and u is constant on Rx.

Definition 5.32. Let I be a graph. I' has the synchronous falsification by fellow
traveller property if there is a constant k such that for any path « in I' which is
not a geodesic, there is a shorter path w in I' which has the same end points as u
such that the paths u and w k-fellow travel. I" has the asynchronous falsification
by fellow traveller property if there is a constant k£ such that for any path w in I’
which is not a geodesic, there is a shorter path w in I' which has the same end
points as u such that the paths v and w asynchronously k-fellow travel.

It is fairly straightforward to show that the synchronous and asynchronous
versions of this property are equivalent, so they are both simply called the falsifi-
cation by fellow traveller property (FFTP). If a graph has this property, it means
that one can check if a word w is a geodesic by simply checking if there are any
shorter words which fellow travel with w and which represent the same element.
If there is a shorter word, then w is certainly not geodesic, while if there is no
such shorter word, then the falsification by fellow traveller property implies that
w is geodesic. The falsification by fellow traveller property was introduced in [21],
where Neumann and Shapiro show that this property depends on the generating
set. Many interesting classes of groups have been shown to satisfy the falsification
by fellow traveller property, in particular, abelian groups and hyperbolic groups
satisfy FFTP with respect to any generating set.

Proposition 5.33. The falsification by fellow traveller property is a block property.

Proof. First, let I be a graph which satisfies the (asynchronous) falsification by
fellow traveller property using the constant k and let B be a block in I'. If [ is a
path in B which is not geodesic then there is a path [’ in I' which asynchronously
k-fellow travels with {. Then path [”, made of just the edges of [ which are in B,
also k-fellow travels with [. Therefore, B satisfies FFTP.

Now for the other direction, let I' graph with only finitely many non-isomorphic
blocks, such that every block B of I' satisfies FF'TP. We will show that I' also
satisfies FFTP.

Let k be the largest constant associated to the (asynchronous) falsification by
fellow traveller property in any of the blocks of I' and let p be a path in I' which
is not a geodesic. We will show that there is a shorter path ¢ in I' which has the
same endpoints as p such that ¢ and p asynchronously k-fellow travel.

Since p is not a geodesic, there is some subpath p’ of p which is not a geodesic
and such that p’ is contained entirely inside a single block B in I'. Therefore, since
B satisfies FF'TP with constant k, there is a shorter path ¢’ between the same two
endpoints as p’ such that p’ and ¢’ asynchronously k-fellow travel. Hence, if we let
g be the path p but with the subpath p’ replaced with ¢, then ¢ is shorter than p
and these two paths asynchronously k-fellow travel. O

Proposition 5.34. The falsification by fellow traveller property is independent of
m-partition.
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Proof. Let m be a positive integer and let I' be a graph which satisfies the (syn-
chronous) falsification by fellow traveller property using constant k. We will show
that ' satisfies FFTP using constant km.

Let f: ' — I'" be the natural bijective map which multiplies distances by m.

Given a path w in '™ which is not geodesic, the path f~!(w) is also not
geodesic. Therefore, there is a shorter path [ in I with the same endpoints which
k-fellow travels with f=1(w). It follows that f(I) must mk-fellow travel with w.

Conversely, assume that I'™ satisfies FF'TP using constant k. We will show
that I' satisfies FFTP using constant k/m.

Given a path w in I" which is not geodesic, the path f(w) is also not geodesic.
Therefore, there is a shorter path [ in I with the same endpoints which k-fellow
travels with f(w). It follows that f~1(I) must (k/m)-fellow travel with w. O

In [21], Neumann and Shapiro show the following result. The converse, however,
does not hold [11].

Proposition 5.35. If S is a finite generating set for a group G such that (G,S)
has the falsification by fellow traveller property, then the language of all geodesic
words in G with respect to the generating set S is reqular.

5.5 Loop shortening properties

In [10] Elder introduced the loop shortening and basepoint loop shortening prop-
erties as a natural generalisation of the falsification by fellow traveller property.
Where FFTP gives a simple way to check if a word is a geodesic, each of the loop
shortening properties gives a somewhat simple way to check if a word represents
the identity in the group.

Definition 5.36. Let G be a group with finite generating set S. (G,S) has the
(synchronous) loop shortening property (LSP) if there is a constant &k such that for
any loop vg, vy, ..., v, in ['(G, S) with n > 1, there is a shorter loop ug, u1, . .., Uy,
such that d(u;,v;) < k for each j < m, and d(uy,,v;) < k for m < j <n. In other
words, the paths (synchronously) k-fellow travel.

Definition 5.37. Let G be a group with finite generating set S. (G, S) has the
(synchronous) basepoint loop shortening property (BLSP) if there is a constant k
such that for any loop vy, v1,...,v, in I'(G, S) with n > 1, there is a shorter loop
(vo = ug), u1, . .., Uy such that d(u;,v;) < k for each j < m, and d(u,,, v;) < k for
m < j <n. In other words, the paths (synchronously) k-fellow travel.

Note that the only difference between these two properties is that for the base-
point loop shortening property, the initial loop is around a basepoint which the
shorter loop has to pass through, whereas for the loop shortening property no such
restriction is imposed. So it is clear that

BLSP = LSP.
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It is not known, however, whether the reverse implication holds. Moreover, since
a loop is not a geodesic, the basepoint loop shortening property is certainly a
generalisation of the falsification by fellow traveller property, so

FFTP = BLSP.

In [10], Elder proved that the synchronous and asynchronous versions of both
of these properties are equivalent, and he also proved that the basepoint loop
shortening property implies almost convexity.

Proposition 5.38. the basepoint loop shortening property (BLSP) is a block prop-
erty.

Proof. Let T' be a graph with only finitely many non-isomorphic blocks. If T’
satisfies BLSP, then every block of I' certainly satisfies BLSP. Hence, we just need
to show that if every block of I' satisfies BLSP, then I' satisfies BLSP. Assume that
every block of I' satisfies the asynchronous basepoint loop shortening property with
respect to the constant k, and let [ be a loop in I'" based around some vertex vy.
Then we just need to show that there exists a shorter loop I’ in I" which k-fellow
travels with [.

Let vg,v1,...,vn-1, (v, = vg) be the vertices in [ in order. Let ¢,j € Z with
0 <i < j < nsuch that v; = v; and such that j — 4 is minimal amongst all pairs
with these conditions. Note that vg = v,, so ¢ and j certainly exist. Since j — ¢
is minimal, the loop p with vertices v;, vit1,...,vj_1, (v; = v;) is simple, so p is
contained in a single block B in I'. Since B satisfies BLSP with constant k, there
exists some shorter loop p’ in B which is based around the vertex v; such that p and
p" asynchronously k-fellow travel. Then we can construct a loop I’ which is shorter
than [ by replacing the subpath p of [ with p’. Moreover, [ and [’ asynchronously
k-fellow travel. O]

On the other hand, the loop shortening property does not seem to be a block
property. To see this, consider two large simple loops [; and [y which lie in different
blocks of a graph I" which share a single common vertex vy. Then we can link these
loops to create another loop I. Then any shorter loop I’ which k-fellow travels with
[ must pass through vy, so such a loop exists if and only if one of I; or [y is
"basepoint loop shortenable” using the constant k. In fact, for a Cayley graph I’
which is not two connected, I' enjoys the loop shortening property if and only if
' enjoys the basepoint loop shortening property, so in some sense the question of
whether LSP is a block property is equivalent to the question of whether LSP is
equivalent to BLSP.

Now, clearly a graph I' satisfies LSP with respect to some constant k if and only
if the m-partition I'" satisfies LSP with respect to the constant mk, hence LSP is
independent of m-partition. It is slightly less obvious that BLSP is independent
of m-partition, since the basepoint in I'™ may not correspond to a vertex in I'. So
we will write that more formally:

Proposition 5.39. The property BLSP is independent of m-partition.
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Proof. Let T' be a graph and let f : I' — I be the natural bijection which
multiplies lengths by m. If I'™ satisfies BLSP with respect to some constant k,
then for any loop [ around a fixed basepoint vy in I', there is a loop f(I') is I'™
which k-fellow travels loop f(l) around the basepoint f(vy). Hence, the loop !
passes through vy and k/m-fellow travels with [. Hence, I" satisfies BLSP with
respect to the constant k/m.

Now suppose that I satisfies the asynchronous basepoint loop shortening prop-
erty with respect to some constant k£, and let [ be a loop in I'™ around some
basepoint vg. We will prove that there is some shorter loop I’ with the same base-
point vy, such that I and [ (3km + 2m)-fellow travel. Let the vertices in [ be
V0, V1, -+ -, Un—1, (Up, = vg). First note that if there is any j such that v; = v,
then we can obtain a shorter loop ! by removing v,;1 and the edges that it con-
nects to from [, so we may assume that this does not happen. Let v; be the the
vertex such that f~!(v;) is a vertex in " and j is minimal, so j < m. Let p be the
loop with the same vertices and edges as f~!(1), but such that p is based around
/71 (v;), so f(p) is a loop which synchronously j-fellow travels with . Then there
is a loop p’ in " with basepoint f~!(v;) such that p’ is shorter than f~'(I) and p/
and f~1(l) k-fellow travel. Repeating this, there are loop p” and p” in T which are
based around f~!(v;) such that p” k-fellow travels with p’ and p” k-fellow travels
with p”, and |p'| > |p”| > |p”'|. Then the loop p” must 3k-fellow travel with p,
so f(p") is a loop which (3km + j)-fellow travels with I. Let [’ be the loop in
'™ based at vy consisting of a geodesic from vy to v;, followed by the loop f(p”)
followed by a geodesic for v; to vy. Then [’ asynchronously j-fellow travels with
f(®"). Hence " asynchronously (3km + 2j)-fellow travels with [. Moreover,

'] = [f") + 25 = m[p"| + 25 <mlp'| —2m 4+ 25 <m|p'| <m|p| = |f(p)| = |I],

so l"is aloop which (3km~+2m)-fellow travels with [ and which satisfies |I'| < [I|. O

5.6 Convex cycle size and k-decomposability

Definition 5.40. Let I' be a graph. We say that a loop [ in I' is k-decomposable
there is some (c, k)-decomposition of [, where ¢ < |l|]. We say that I' has the k-
decomposability property if there is some constant cqg such that every loop [ with
l| > ¢ is k-decomposable.

Similarly to the Dehn function, for any fixed k, the property k-DP this is clearly
independent of m-partition.

Definition 5.41. We will say that I' satisfies the bounded decomposability prop-
erty (BDP) if there is some constant k € Zsy such that I satisfies the k-decomposability

property.

Proposition 5.42. IfI" is a graph and | is a loop in I' which is not simple, then
[ 1s 2-decomposable.

Proof. Since [ is not simple, [ is made up of two loops [; and Iy which are based
around the same vertex v. Let P be the planar graph made up of two simple loops
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c1 and ¢y which intersect at a single vertex p, and such that neither loop contains

the other, where |c;| = |l1| and |ca| = |l3]. Then there is a graph homomorphism
f + P — I' which sends ¢; to [; and ¢y to ls, so it sends the outer face to [.
Therefore, [ is 2-decomposable. O

Proposition 5.43. If k > 2, then k-decomposability is a block property.

Proof. First, let I" be a graph which satisfies the k-decomposability property, using
constant c¢y. We will show that every block B in I' also satisfies the property. Let B
be a block in T and let [ be any loop in B with |I| > ¢y. Then [ is k-decomposable,
so by proposition 5.12, [ is k-decomposable in B. Hence, B satisfies k-DP.

Now assume that I' is a graph with only finitely many non-isomorphic blocks
such that each block B in I' satisfies the k-decomposability property. Let ¢y be
the largest constant associated with the k-decomposability property in any of the
blocks B in I" and let [ be any loop in I' such that |I| > ¢y. Then we just need to
show that [ is k-decomposable.

If [ is not contained in a single block, then by proposition 5.42, the loop [ is
2-decomposable. If [ is contained in a single block B, then [ is k-decomposable be-

cause B has the k-decomposability property. So in both cases, [ is k-decomposable.
m

We call a subgraph U of a connected graph I" weakly convex if for any points
x,y € U, there is a geodesic between x and y in [ which is contained entirely inside
U. We will be particularly interested in the property 2-decomposability, since as
we will see, this is equivalent to having a bounded k£ on the size of any weakly
convex simple cycle.

Proposition 5.44. a graph I' has the 2-decomposability property, using the con-
stant ¢ if and only if every weakly convez, simple loop | in T' satisfies |I| < c.

Proof. First assume that I' satisfies 2-DP, using constant ¢. We will show that if
[ is a simple, weakly convex loop then || < c.

If |I|] > ¢, then there is some planar graph P with two inner faces, each with
degree less than |/| and a graph homomorphism f : P — I' which sends the outer
loop of P onto the loop [. Since [ is simple, the outer loop of P is simple, so P is
given by two vertices u and v and three paths between them p;, po and ps, where
po is the middle path. Since the inner faces have degree less than ||, we have

Ip1] + [pa] < 1], [p2| + [ps] < [I| and |p1| + |ps| = |I].

Hence, we have |po| < min{|pi|, |ps|} so dr(f(u), f(v)) < dp(u,v) = |p2|, and this
is shorter than either of the paths between f(u) and f(v) in [. Therefore, [ is not
weakly convex.

Now we will show the other direction. Assume that every weakly convex simple
loop [ in T" satisfies || < ¢, we will show that I" satisfies 2-DP using the constant c.
Then we just need to show that if [ is a loop with || > ¢ then [ is 2-decomposable.
Since |I| > ¢, it is not weakly convex, there are vertices u,v € [ which split [ into
two paths [; and I3 between u and v such that neither of these paths is a geodesic.
Let Iy be a geodesic between v and v. Then we can construct a planar graph P
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with two vertices u' and v’ joined by three paths p;, p, and p3 where ps is the inner
path and [pi| = |[;| for each i. Then along with a map f : P — I" which sends v’
to u, v’ to v and each path p; to [;, the graph P forms a 2-decomposition of {. [

Proposition 5.45. If ' is an almost-convex graph, then I' satisfies the bounded
decomposability property (BDP)

Proof. Let 1y and ¢ be the constants associated which almost convexity in T
We will show that I' satisfies (¢ + 1)-DP. Let [ be a loop in I' which satisfies
|l] > max{2ro+2,c+2}. Then we just need to show that [ is (c+1)-decomposable.
First note that if [ is not (weakly) convex, then it is 2-decomposable, so it is (c¢+1)-
decomposable, so we will assume that [ is weakly convex.

Let r = VlT_lJ’ SO T > T1Y0.

Let the vertices in [, in order, be vy, v1,...,vy-1, (v = vo). Then the vertices
Uy, Vyyj—r € Sph(vo,r), and d(v,,vp—,) < 2. Hence, there is a path p in the ball
B(vg, ) with vertices (v, = ug), u1, Ug, . . ., Upm—1, (Um = Vy42) such that m < c.

Let P be a planar graph consisting of:

e an outer loop !’ containing the vertices vj, vy, . .. ,v|’l|_1, (U|/z| = 0}),

/

e a path with vertices (v)._; = ), u), ..., ul,_q, (ul,

g
UL 1, = v)_,) and

o for j =1,2,...,m — 1, a path p; of length d(vy, u;) between v} and w;.

Let f : P — I" be a function defined by f(v;) = v;, f(u}) = u; and such that f sends
each path p; to a geodesic between vy and ;. Then f is a graph homomorphism,
so (f, P) is a decomposition of I. Now, P has m + 1 inner faces. For each j =
0,1,...,m —1, let F} be the face which is bordered by the paths p;, p;+1 and the

edge between v and v}, ;. Then Fj has degree

|F;| = [p;| + [pjs1| + 1 = d(vo, u;) + d(vo, ujp1) + 1 < 2r < |l

The other face F', whose border contains the path ug,u}, ..., u,,, has degree at

most m + 2 < ¢+ 2 < |l|. Hence every inner face of P has degree less than |[|,
so (f,P) is an (m + 1)-decomposition of [. Note that m + 1 < ¢+ 1, so [ is

(¢ + 1)-decomposable. O
Lemma 5.46. the property 2-DP implies MACH.

Proof. Let T' be a graph which satisfies 2-DP using constant ¢. Then we will show
that ' satisfies MAC+ with the same constant ro = c¢. Let r € Z satisfy r > ¢ and
let a,b € Sph(v,r). Then we just need to prove the following two statements:

e If d(a,b) = 1 then there is a path in the closed ball B(v,r) between a and b
which has length at most 2r — 1

e If a and b are joined by a path of length 2 outside B(v,r), then there is a
path p in I" between a and b which has length at most 2r — 1, such that every
vertex in p is in the closed ball B(v, ).
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First, assume that d(a,b) = 1. Let e be the edge between a and b, let p; and py be
geodesics with p; between v and a and ps between v and b. Then, together py, po
and e form a loop [ in I of length 2r 4 1. Since 2r+1 > ¢, the loop [ is not weakly
convex, so there exists some pair of vertices vy, vy in this [ such that neither path
between v; and v, in [ is a geodesic. Hence one of these two vertices must be on p;
and the other must be on p,, so without loss of generality v; is on p; for i = 1, 2.
Now, since no geodesic between v; and v, goes along [, we have

d(v1,ve) < d(v,v1) +d(v,v9) — 1

and
d(v1,v2) < d(a,vy) + d(b,va).

Now let p’ be a geodesic between v; and vy. Then for any point x on p’ we have

(d(v,a) + d(v,b)) = .

d(v, ) g%(d(v, o) + d(on, 2) + d(v, v5) + d(vs, 2))
=5 (0, 0) + oy, 1) + d(v, )
g%(d@, o) + d(a, v1) + d(b, va) + d(v, v2))
)

So z € B(v,r).
Now let p be the path constructed from the part of p; between a and vy, the
part of py between b and vy and p’. Then p lies entirely inside B(v,r) and

Ip| = d(a, v1)+d(b, ve)+d(vy,v2) < d(a,vq)+d(b,ve)+d(v,v1)+d(v,v9)—1 = 2r—1.

Now for the second case, assume that a and b are joined by a path of length 2
outside B(v,r). Let u be a point outside B(v,r) which is attached to both a and
b by edges. Also, let p; be a geodesic between u and v which contains a and let py
be a geodesic between u and v which contains b. Then since I" satisfies 2-DP with
constant ¢ < 2r + 2, there is some v; on p; and some vy on py such that

d(vi,v9) + 1 < min{d(v,v1) + d(v,vs), d(u,v) + d(u,vy)}.

Now let p’ be a geodesic between v; and vy and let p be the a path between a and
b containing the section of p; which lies between v; and a and the section of py
which lies between vy and b, joined by p’. Then

|p| = d<a7vl) + d(b7 UQ) + d(UhUQ) < d(aa U) + d(b7U) =2r.
Also, if z is a vertex in p’ then
1
A(v,) < (d(v,v1) + d(wr, ) + d(v,v5) + d(vs, )
1
zi(d(v, v1) + d(vy,v9) + d(v, v2))
1
<§(d(’u, v1) + d(u,v1) + d(u,va) + d(v, v2))
=r+ 1.
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So d(v,z) < r. Hence, every vertex in p’ and hence every vertex in p is contained
in B(v,r). O

Proposition 5.47. the property 2-DP implies MAC~.

Proof. Let I' be a graph which satisfies 2-DP. Then, since 2-DP is independent of
m-partition, I'? satisfies 2-DP. Therefore I'? satisfies MAC+, so I satisfies MAC~.
O

Proposition 5.48. Let G be a group with finite generating set S. If the language
of geodesics in I'(G, S) is reqular, then I'(G, S) satisfies 2-DP.

Proof. Suppose the contrary, that there is some group G with a finite generating
set S such that the language of geodesics in I'(G, S) is regular and I'(G, S) does
not satisfy 2-DP. Let k£ be the number of states in the deterministic finite state
automaton M for the language of geodesics of I'(G,S). Then, since I'(G, S) does
not satisfy 2-DP, there is some weakly convex cycle [ in I'(G, S) with [I| > 2k + 2.
Let w = $189...8, be a word corresponding to [, so w = 1, and let m = |n/2],
so m > k. Then since [ is weakly convex, every subword of w of length at most
m represents a geodesic, but every subword of length greater than m does not
represent a geodesic. Therefore, the words

S$182...5m,52...Sm,y,.-.,Sm

are all geodesics. Moreover, since there are more than k geodesics listed, at least
two geodesics s;...S, and s;...s, must correspond to the same state of the
finite state automaton M. Hence, for any word w over the alphabet S, the word
5i...spw is a geodesic if and only if s;...s,w is a geodesic. But s;... 841
is a geodesic and s; ... s, ; is not a geodesic, which implies that s;... 5,41 is
a geodesic and s;...s,,4; is not a geodesic. But this is only possible if j = ¢, a
contradiction. O

Proposition 5.49. Let I" be a graph which satisfies k-DP using the constant cg.
Then the Dehn function function of I' with respect to cqo satisfies

Dehn(x) < k¥ Yz € Zsy

Proof. We will prove this by induction on z. If z < ¢y then any loop of length at
most x has area at most 1, so

Dehn(z) <1 < k”.

If © > ¢p, assume that the result is true for 2’ = = — 1.
If [ is a loop with |[| = =z, then since |I| > c¢o, the loop [ is (|I| — 1,k)-
decomposable. Therefore, by proposition 5.10, we have

Area(l) < kDehn(|l| —1).
Moreover, by the inductive hypothesis,

Dehn(|l|] — 1) = Dehn(x — 1) < k"',
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Therefore, Area(l) < k*. Since this is true for any loop of length x, and by the
inductive hypothesis is also true for any shorter loop, the Dehn function satisfies

Dehn(|l]) < k°.

This completes the induction. O

The following proposition shows that graphs which satisfy MAC+ are finitely
presentable and have solvable word problems. Note that the functions n! and
n nlog(n) are equivalent, so a Dehn function which is equivalent to n! is really
only a small step above exponential.

’I'Lze

Proposition 5.50. Let I' be a graph which satisfies MAC+. Then the Dehn func-
tion of I' is at most equivalent to n!.

Proof. Let rg be the constant associated with MAC+ in I'. During this proof
we will use the constant 2rg + 2 to define the Dehn function, so any loop of this
length or less has area 1. First we will show that if [ is a loop in I' which satisfies
Il| > 2r¢ + 2, then [ is (|l| — 2)-decomposable. If [ is not convex, then it is 2-
decomposable. Otherwise, we will consider two cases.

First we consider the case where || is even. Let |I| = 2r +2, so r > r(. Let the
vertices in [, in order, be vy, vy, ..., V2r11, (V12 = vg). Then v,, v, 49 € Sph(vy, ),
and they are joined by a path of length 2 outside the ball B(vg,r). Hence, since I’
satisfies MAC+, there is a path p with vertices (v, = ug), 1, . .., Um—1, (U, = Vypy2)
such that m < 2r — 1 and for each i, the vertex u; € B(vg, ).

Let P be a planar graph consisting of an outer loop [’ which contains the
vertices

rooa / / o
Vpy U1y -+ -y Vgpi1s (U2r+2 = Uo)a

an inner path consisting of the vertices

(U;—l = U6)7 ullv s 7u;n—17 (Ulm = U;—s—l)

and for j = 1,2,...,m — 1, a path p; of length d(vg, u;) between vj and w. Let
f: P — T be a function defined by f(v;) = v;, f(u}) = u; and f sends each path
p; bijectively to a geodesic between vy and u;. Then f is a graph homomorphism,
so (f, P) is a decomposition of [. Now, P has m + 1 inner faces:

e Foreach j =0,1,...,m—1, there is a face F; which is bordered by the paths
pj» pj+1 and the edge between v and /.

e There is also the face F', which is bordered by the loop v, ,v;, (v._; =
UQ), Uy e U1, (U, = V0 y).

Each F; has degree |p;| + |piv1| + 1 = d(vo, u;) + d(vo, uir1) +1 < 2r + 1. Moreover,
the face F' has degree m + 2 < 2r 4+ 1. Hence every inner face of P has degree less
than 2r +2 = |l|, so (f, P) is an |l|-decomposition of .

Now we consider the case where |l| is odd. Let |I| = 2r 4+ 1, so r > rg. Let the
vertices in [, in order, be vy, vy, ..., Vo, (Vor41 = vg). Then v, v,.11 € Sph(vg,r).
Hence, there is a path p in B(vg, ) with vertices (v, = ug), U1, ..., Un_1, (Uy =
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vy41) such that m < 2r — 1. Since the entire path is in B(vg,r), for each j =
0,1,...,m — 1 we must have d(vg,u;) + d(vo, u;j+1) < 2r — 1, since if d(vo, u;) +
d(vo, uj+1) = 2r, then the edge (u;, u;4+1) would lie outside the ball B(vg, 7).

As in the previous case, we construct a decomposition (f, P) of I, and we
define the faces F; and F' in the same way. So the degree of any face Fj is
10|+ [pj+1] +1 = d(vo, u;) + d(vo, uj41) +1 < 2r. In this case F' only contains one
edge (v;., v, ) in the outer loop of P, so the degree of F'is m + 1 < 2r. Therefore,
every inner face of P has degree less than 2r +1 = ||, so (f, P) is an (m + 1)-
decomposition of I. Note that m 4+ 1 < 2r < |I|, so (f, P) is an |I|-decomposition
of [.

In both cases [ is |[|-decomposable. Therefore, for any loop [ with [I| > 2rq+ 2,
we have

Area(l) < [l|Dehn(]l] —1).

Hence, if m > 2ry + 2, we have
Dehn(m) < mDehn(m — 1).

Moreover, Dehn(2rg + 2) = 1 < (2ry + 2)!, so we can prove inductively that for
m > 2rg + 2 we have Dehn(m) < m!. O

5.7 Examples

5.7.1 Solvable Baumslag-Solitar groups

A Baumslag-Solitar group BS(m, n) is the HNN extension of Z using the subgroups
mZ and nZ with the isomorphism ¢ : mZ — nZ given by ¢(mx) = nx. They have
presentation (a,b | ab™a™' = b"). A solvable Baumslag-Solitar group is one where
either m = 1 or n = 1. Note that BS(m,n) is isomorphic to BS(n,m), so we will
consider groups of the form BS(1,n).

In [19], Miller and Shapiro showed that no solvable Baumslag Solitar group is
almost convex with respect to any generating set. Baumslag-Solitar groups also
have exponential Dehn functions, so they do not have any of the loop shortening
properties with respect to any generating set. In fact, by increasing n, we can
make the base of the exponential in the Dehn function for BS(1,n) as large as we
want. Hence, for any k, there is some positive integer K such that BS(1,n) does
not satisfy the k-decomposability property for n > K.

We will show, however, that with the standard generating set, the Baumslag-
Solitar group BS(1,2) = {(a,b | aba™' = b?) satisfies the 2-decomposability prop-
erty (2-DP). In particular, the Cayley graph of BS(1,2) contains no convex cycles
of size greater than 5. In [12], Elder and Hermiller showed that BS(1,2) satisfies
M’AC. In the same paper, they also show that BS(1,8) is not minimally almost
convex (MAC), and we will use the same argument to show that it is not MAC+.
Hence, using our characterisation of blocks in Cayley graphs, we will show that
the four properties M’AC, MAC, MAC+ and MAC~ are dependent on the gen-
erating set. We will also show, in essentially the same way, that for any given k
the k-decomposability property depends on the generating set. We do not know,
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however, whether the bounded decomposability property (BDP) depends on the
generating set.

For the next lemma and proposition, we will think of the Cayley graph I' of
BS(1,2) as being embedded in the plane, where right multiplying by a corresponds
to moving up 1 and right multiplying by b corresponds to moving right from the
point (z,y) to (x +2Y,y)

Lemma 5.51. Ifp is a geodesic in BS(1,2), then p does not contain two horizontal
edges at the same height unless they are at the maximum height in p.

Proof. Suppose for the sake of contradiction that p does contain two horizontal
edges e; and e; which are at the same height, and this is not the maximum height
in p. Let m be the height of these two edges. If e; and e; are in opposite directions,
then we can remove both of these edges to obtain a shorter path between the same
two vertices as p. If e; and ey are in the same direction, then we can remove both
of these edges and add an edge e at height m + 1 in the same direction as e; and
es to obtain a shorter path between the same two vertices as p. Either way p is
not a geodesic, which is a contradiction. O

Proposition 5.52. Let w be a word in the Cayley graph T' of BS(1,2), using the
presentation (a,b | aba™' = b*) withw = 1. If |w| > 5 then the cycle formed by w
18 not convex.

Proof. Let ¢ be the cycle in the Cayley graph I" represented by w. Suppose for the
sake of contradiction that |w| > 5 and ¢ is weakly convex.

Let m be the lowest y value of any point in ¢ and let M be the highest y value.
At the lowest point, there must be a path in ¢ given by a word of the form a~'b*a
where k is an integer. Since a'0* = ba~! and a7 'b7? = b 'a~!, we must have
k = 1, otherwise ¢ would not be convex. Therefore, each time the ¢ comes down
to the lowest point, it goes right or left by one edge labelled b, so it goes right or
left by a distance of 2. Now, every edge in ¢ which lies above this lowest point
will move a multiple of 2™*! in the 2 direction, therefore there must be an even
number of horizontal edges in ¢ at height m. In particular, this means that ¢ goes
down to this height at least twice. Let vy, v9,v3,v4 be vertices at this height, such
that (v1,v9) and (v3,v4) are edges in ¢ with (vy, v9) on the left of (vs,vs). Without
loss of generality we may assume that a geodesic p; between v; and wvs in ¢ does
not intersect either of these two edges. The path between v, and v4 in ¢ which
contains p; contains both the edges (v1,v9) and (v, v4) so by lemma 5.51, it cannot
be geodesic. Hence the other path py between vy and v4 in ¢ is geodesic. So ¢ is
made up of the two edges (v1,vs) and (v3,v4) along with the geodesics p; and ps.

Without loss of generality, a highest point in ¢ is in p;. Around this point the
path must take the form ab*a~!, where k is an integer. Then, since aba™! is not a
geodesic, we must have |k| > 1. Let wuy, us,...,u, be the vertices in p; at height
M, in order from left to right. Then n > 3 and the two x values for each adjacent
pair differ by 2. Let p’ be the directed path in ¢ from u; to u, which does not
contain us, ..., Up_1.

Now, at each height below M, there is at most one horizontal step in py.
Therefore, the horizontal distance travelled by these steps is at most

2M—1_|_2M—2_|_”'+2m+1:2M_2m+1‘
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Since the horizontal distance travelled by p; at height M is precisely 2M(n — 1)
from left to right, the total horizontal distance travelled by p; is at least

2M(n . 1) . (2M - 2m+1) 2 2M =+ 2m+1.

Hence, the x value of vy — vy is at least 2 + 2™+ Therefore, the  value of vy — v,
is at least 2M.

Now let M’ be the maximum height of any point in p,. Let wy, ws, ..., w,
be the vertices in py from left to right at this height. Since at each height below
M'’, there is at most one horizontal step in p;, the horizontal distance travelled by
these steps is at most

oM'=1 4 oM'=2 4 = 4 gm+l — oM' _ gm+1

Therefore, the x value of vy —wv, is at most 2" (n/ — 1)+ (2M —2m+1) = oM’/ _om+1,
Therefore,
2M’n/ > 2M/n/ - 2m+1 Z 2M

Son' > 2M-M' which means that n’ —1 > 2M=M' Now let r = 2M~M" 4 1. Then
r < n’, so the vertices w; and w, are in py and satisfy
M
w, —wy = (27,0) = ug — wy = uz — Us.
Hence
| 1, -1
wy Uy = w, u and wy U = w, " ug.

Now let d denote the path metric in I'. Then
d(wy,u1) = d(w,,uz) and d(wy, uz) = d(w,, us).

Since d(wy,u1) = d(w,,usz), the path in ¢ between uy and w, which contains u;

and w; is not a geodesic. Hence the other path, which contains uz is a geodesic.
So

d(uz, w,) = d(us,w,) — 1.
But similarly
d(ul, wl) = d(UQ, U}l) — 1.
Which is a contradiction, since d(uy, w;) = d(ug, w,) and d(ug, w,) = d(ug,w;). O
We will now go about proving that the standard Cayley graph for the Baumslag
Solitar group BS(1,8) is not MAC+. This proof works in exactly the same way as

the proof in [12] that BS(1, q) is not MAC for ¢ > 7. The following is an equivalent
statement of lemma 4.4 from [12].

Lemma 5.53. Let q € Z>7, let BS(1,q) be given by the presentation {(a,b | aba™' =
b?) and let d be the path metric in the corresponding Cayley graph. If m,n € Z
satisfy d(1,a™) < 2n+ 1, then m = q" or m < 3¢" .

Using this lemma, the result is straight forward.

Proposition 5.54. Let ¢ € Zs7. The Baumslag Solitar group BS(1,q) is not
MAC+.
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Proof. Suppose for the sake of contradiction that I' is MAC+, using constant rq.

For any r € Z-,,, consider the points in the Cayley graph I' given by v; =
a’ba™" = a? and vy, = ba"ba""*! = @? *'h. Then v, and v, are in the sphere of
radius 2r+ 1 around the identity and d(vy,vy) = 2. Since 2r+1 > 1, there is some
path p in I' between v; and v, of length at most 4r + 1, such that every vertex in
p is within a distance of 2r 4+ 1 of the identity. If we think of p as going from v; to
Vg, then consider the last vertex v = a’ in the sheet (b). Then, by considering the
Bass-Serre tree of I'; we see that the edge after v must connect to a vertex in the
same sheet as vy, hence v # v; and v is not the identity in I'.

Therefore, by the lemma 5.53, we have ¢t < 3¢"~!. Hence ¢" —t > (¢—3)¢" ' >
3¢" ! and ¢" — t # q". Therefore, again by lemma 5.53, the distance d(1,a? ~*) >
2r 4+ 1. Therefore,

d(vy,v) = d(1,v " v) = d(1,a? ") > 2r + 2.
Therefore, the length of p is at least
d(v1,v) + d(v,ve) > d(vy,v) + d(v,v1) — d(vy,v2) > 2(2r +2) — 2 =4r + 2,
which is a contradiction, since we defined p to be a path of length at most 4r+1. [

Proposition 5.55. Let t be a positive integer. There is a generating set S’ for
G = BS(1,2")* F;_1 such that every block in T'(G,S") is isomorphic to the standard
Cayley graph for BS(1,2).

Proof. Given the presentation (a,b | aba™! = %) for BS(1,2), the subgroup H =
(a',b) is isomorphic to BS(1,2") and has index ¢t in BS(1,2). Therefore, we can
use example 4.9 to get the desired result. O

We can check that a corresponding presentation for G is
<(l1, bl, as, bg, ey Qg bt, bt+1 | a,-bl-ﬂai_l = bg VZ € {1, Ce ,t}, bl = bt+1>

Proposition 5.56. All of the Cayley graph properties MAC, M’AC, MAC+, MAC~
and 2-DP depend on the generating set.

Proof. Let S be the standard generating set for G = BS(1,8) x Fy, coming from
the presentation
{a,b,s,t | aba™' = b®)

and let S’ be the generating set from the last lemma, so that every block in
I'(G, S’) is isomorphic to the standard Cayley graph for BS(1,2). From [12] we
know that BS(1,2) satisfies the property M’AC, and from proposition 5.52, we
know that BS(1,2) satisfies the property 2-DP. Therefore, BS(1,2) satisfies all
of the properties MAC, M’AC, MAC+, MAC~ and 2-DP, so the Cayley graph
I'(G, 8") also satisfies all of these properties.

On the other hand, from proposition 5.54, we know that BS(1,8) does not
satisfy MAC+. Therefore, since I'(G, S) contains a block which is isomorphic to
the standard Cayley graph of BS(1,8), the graph I'(G, S) does not satisfy MAC+.
Hence, I'(G, S) satisfies none of the properties MAC, M’AC, MAC+, MAC~ or
2-DP, so these properties all depend on the generating set. O]
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Proposition 5.57. for a fized k, the property k-DP depends on the generating set.

Proof. By proposition 5.49, if a graph G satisfies k-DP, then the Dehn function for
that graph, with respect to some constant ¢, is bounded above by an exponential
function with base k. Note that while the base of the exponential for the Dehn
function may change if we change the generating set for a group, by proposition
5.11 the base will not change if we do not change the graph. Therefore, if a
graph I' satisfies k-DP, then any Dehn function for I' is at most an exponential
function with base k. In particular, this means that if we choose t € Z-q which
is sufficiently large, then BS(1,2") does not satisfy k-DP. Therefore, using the
standard generating set, the group BS(1,2") * F;_; does not satisfy k-DP.

Now let S” be a generating set for G = BS(1,2") * F;_; such that every block in
['(G,5) is isomorphic to the standard Cayley graph for BS(1,2). Then I'(G, ")
satisfies 2-DP, so it satisfies k-DP. Hence the property k-DP depends on the gen-
erating set. O

5.7.2 The group {(a,b,t | ab = ba,a'® = tbt™1)

We consider two generating sets S; and Sy for the group G = (a,b,t | ab =
ba,t~tat = b'®) Such that the Cayley graphs I'(G,S;) and T'(G,S,) have quite
different geometries. In particular, I'(G, S;) satisfies the basepoint loop shortening
property (BSLP). On the other hand, T'(G, S3) does not have the loop shortening
property (LSP), and hence does not satisfy BLSP either. As a result, none of these
three properties are independent of generating set. In particular, this answers in
the negative the previously open question of whether the loop shortening property
is independent of generating set.
The presentations in question are

(G, S1) = {a,c,t,d| ac=ca,d = a'®,d = tct™)

and
(G, S5) = {(a,b,t | ab= ba,a'® = tabt™).

Note that the two groups are the same because we can go between them using
basic Tietze transformations as follows:

a,c,t,d| ac=ca,d=a" d=tct™")

a,c,t | ac = ca,a'® = tct™)

a,b,c,t | c=ab,aab = aba,a' = tabt™)

a,b,t| ab=ba,a' = tabt™").

(
(
{a,b,c,t | b=a""'c,ac = ca,a" = tct™)
(
(

We will first prove that the pair (G,S) enjoys the basepoint loop shortening
property. In fact, (G, Sy) also satisfies FFTP, though it is not necessary to prove
this for our purposes. The fact that (G, S;) enjoys the basepoint loop shortening
property actually follows from a trivial application of a lemma from [10], though
before stating the lemma we will need to make some definitions.
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Let G’ be a group with finite generating set S and relations R. For each
i€ {1,2,...,n}, let A; and B; be subgroups of G’ and let ¢; : A; — B; be an
isomorphism. For the next few definitions, consider the multiple HNN extension
with the standard presentation:

(S, 81,...,8, | R, sia;5; " = ¢i(a;)Va; € Ay, Vi)

Definition 5.58. If a group has presentation as given above, we say that the
multiple HNN extension is strip equidistant if the following holds:

For each i € {1,...,n} and each a; € A; we have |¢;(a;)| = |a;| where |g| is the
length of g in the group G using the word metric coming from S.

Definition 5.59. Given a graph I' and a subgraph H of I', we say that H is totally
geodesic in I if every geodesic in I' between points in H is contained in H. In
other words, if z,y,z € X satisfy z,z € Y and d(z,2) = d(x,y) + d(y, z), then
yey.

In [10] Elder shows that if (G’,S’) is a group and generating set arising from
a strip equidistant, multiple HNN extension of a pair (G,S), which satisfies the
falsification by fellow traveller property, where the associated subgroups A;, B;
of G are totally geodesic in I'(G,S), then I'(G', S’) satisfies the basepoint loop
shortening property.

Now, notice that(G, S1) is a strip-equidistant HNN extension of Z2. Moreover,
the associated subgroups of this HNN extension are (d) and (c), which are both
totally geodesic in (a,c,d | ac = ca,d = a'"). Finally, since Z? satisfies FFTP
with respect to any generating set, the pair (G,S;) satisfies the loop shortening

property.

Now we will begin to prove that the pair (G, S3) does not satisfy the loop
shortening property (LSP). Before we get to the result, we need to study the path
metric d in the Cayley graph I'(G, S;). To give an idea as to how the geometry
of I'(G, Ss) is quite different to the geometry of I'(G,S;), consider words for the
element ' in (G, S;). We can write

1000 — 4 100p1004=1 _ 42105104 =1p100;,—1 _ 437y —1p104—15100,—1

and we will eventually prove that the last word in the sequence of equalities is a
shortest word for a!%%. This is very different from (G, S;), where the subgroups
(a) and (a,b) both form totally geodesic subspaces of (G, Sy).

We define a function ¢ : R>y — Rxq, by

x, f0<z<1,
P(r) =19 z+8

+ 2logy(z), ifx>1
The point of this is that we will eventually prove that for an integer n, the distance

d(1,a™) > ¢(|n|), where d is the path metric in I'(G, Ss), and equality is achieved
when n is a power of 10.
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Note that since o
9 " 2logyo(1) = 1,

the function ¢ is continuous. Note also that ¢ is strictly increasing on both of the
intervals [0, 1) and (1, 00), hence since ¢ is continuous, it is strictly increasing.

Lemma 5.60. If x,y € Rsq then ¢(x +y) < ¢(x) +y
Proof. For x > 1 we have

1 2 1 2

¥@) =5

— <-4+ —— =~ 0979 < 1.
9 * log, (10)x 9 * log,(10)

Therefore, if > 1 then ¢(x +y) < ¢(x) +y. If x <1 and z+y > 1, then
dr+y) <o) +r+y—1l=z+y=0¢)+y

Finally, if z +y < 1, then ¢(x +y) =z +y = ¢(z) + v. O

Lemma 5.61. If z,y € Rxq then ¢(x) + ¢(y) > d(x +y)

Proof. 1f y <1 then

o(z) + o(y) = ¢(x) +y > d(z +y)

and we are done. Similarly the result is true if x < 1.
Ifz,y>1,thenzy=(x—1)(y—1)+2x+y—1>x+y— 1. Therefore,

x+8 y+8
o(x) + d(y) = o T 2log;o(7) + 5 t2 logyo(y)

T +y+16
= LT o logyg(ay)

r+y+16

ZT+210g10(5U+3/_1)

r+y+16 r+y—1
- T -+ 210g10(33 + y) + 210g10 (W
oz + )+8+21 1 L
= o(x — 0 -

Yy 9 g10 Tty

8 1
> ¢(x+y)+§+210g10 (1_§>

> ¢z +y) + 0.287 > d(x + y)
]

Lemma 5.62. If x € Ry then ¢(10x) > ¢(z) + z, with equality if and only if
x = 0.

Proof. If x > 1, then we have

10z + 8 r+8
+ 2log,,(10z) = = + 5 + 2+ logyo(x) = P(x) + = + 2.

¢(10z) =
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If 1 > 2 > 1/10 then we have

10 8 10 8§ _ 10 8

Finally, if 2 < 1/10 then ¢(10x) = 10z > 2z = ¢(z) + «.

6(10z) =

Now, recall that d is the path metric in ['(G, Ss).
Lemma 5.63. If x,y € Z then d(1,a"¥) > ¢(|z|) + |y|

Proof. Suppose for the sake of contradiction that d(1,a*b¥) < ¢(|x|) + |y| for some
x,y € Z. Let m,n € Z satisty d(1,a™b") < ¢(|m|) + |n| with d(1,a™b") minimal.
Let w be a geodesic word over the alphabet {a,a™* b, 071 ¢,t7!} with w = a™b".
So

jw| = d(1,a™0") < é(|m]) + [n].

Since W = a™b™ € (a, b), by proposition 1.8 we have four possible cases:

Case 1: |w| < 1.

Case 2: The word w decomposes as w = wiwy where w; and ws are non-empty
subwords of w and wy, ws € (a,b).

Case 3: there is some word w; with wy € (a'®) such that w = t~1wt.

Case 4: There is some word w; with w; € (ab) such that w = twt~1.

Case 1: Since |w| < 1, we have w € {1,a,a71,b,b7'}. If w € {a,a™,b,b7'}
then
jw| =1 = [m|+ |n| = ¢(|Im]) +[nl,

which is a contradiction. If w = 1, then
jw| =0 = ¢(0) +[0] = ¢(|m]) + [n],

which is also a contradiction.
Case 2: Let wy = a™b™ and let wy; = a™2b™. Then

a™b" =W = Wiwy = a™Tmpmtn,

Therefore, m = my +my and n = ny + ny. By the minimality of |w|, we must have
lwi| > ¢(|ma]) + [ni| and |wa| > ¢(|ma]) + [nal.
Therefore,

[w| = [wi] + |wa]
> ¢(|mal) + [m| + ¢(Ima|) + |no|
> ¢(|ma] + [mal) + |n1| + |n2]
> ¢(|m1 +mal) + [n1 + na|
= ¢(|Im|) + [nl,

which is a contradiction.
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Case 3: Since w; € (a'%), we can write w; = a'% for some constant ¢. Then

w = t~lwit = a®b°. Now, by the minimality of |w|, we must have

10jc| + 8 10jc| + 8
unl > 0(10/e) = 292 4 210g,101ef) = ATED g togyg (e + 2.
Therefore,
10jc| + 8
WIS | togyollel) +2 < ]
= |w| —2
< (lel) +Iel 2
c|l+38
= TS o ogyo(lel) +1ef — 2
10|c| + 8
= S s ogyo(1e) 2,

which is a contradiction.
Case 4: Since w; € (ab), we can write w; = a®b for some constant ¢. Then
w = twit—! = a'%. Now, by the minimality of |w|, we must have

lc| + 8 10]c| + 8
wrl 2 (1) + lel = L5 + 2logyg(el) + el = = + 2logyg(le]).
Therefore,
10|c| + 8
PO 4 g logg(ll) < ]
= |w| — 2
< ¢(10|c]) + [0] — 2
10|c| + 8
= 0TS |t (10]e]) — 2
10]c| + 8
=79 + 2log(|c]),
which is a contradiction. O

Lemma 5.64. If x,y,n,p,q € Z and n > 0, then

|z|(1 — 107"+1)

d(a®b?, t"aPb?) > |y| + n + 5

+o(lp—2-107")) + g — - 107"

Proof. Suppose the contrary. Let x,y,n,p,q € Z with n > 0 satisfy
|z](1 — 107"+
9

with d(a”b?, t"aPb?) minimal. Let w be a reduced word for the element a=*b~¥t"aP9.

So

d(a®b?,t"a’b?) < |y| +n +

+é(lp—2-107") + |g — - 107",

jz|(1 — 107")
9

jwl < |y| +n+ +o(lp—z-107")) + ¢ —z-107"|.
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Then the word w’ = ¢t "a*bYw satisfies w’ = ab? € (a, b), so by proposition 1.8 we
have four possible cases:

Case 1: |v'| < 1.

Case 2: The word w’ decomposes as w’ = w,wy where w; and wy are non-empty
subwords of w’ and wy,w; € (a, b).

Case 3: there is some word w) with w/ € (a'%) such that w' =t wt.

Case 4: There is some word w} with w] € (ab) such that w' = twt~".

Since w’ starts with the letter 71, cases 1 and 4 are clearly impossible, so we
are left with cases 2 and 3.
Case 2: First notice that

wiws = w =t "a"bYw.

Since wy € (a,b), the word w; must contain just as many occurrences of the letter
t as it does of the letter ¢!, in particular, since w; starts with the letter t=1, it
must conain some occurrence of the letter ¢, so w; must contain the entire subword
t™"a®bY. Let wy; = t "a"bYw|. Then w = wjws. Recall that wy is non-empty, so
lw| > |w].

Now let wy = aP*b?*. Then

wi = (W) (wg) ! = a bV aP TP,
Therefore, by the minimality of |w|, we must have

jz|(1 — 107")
9

jwi| > lyl +n + +o(lp—pr—z-107") +|g—q1 —z-107".

We also know form the previous lemma that

jwa| = ¢(|p1]) + |-
Finally, recall that

jz|(1 — 107"

5 +é(p—2-107"|) +|g —x-107"].

lw| < |yl +n+

Therefore,

o(Ip1l) + au| < Jwa| = [w| — wy]
<p(lp—2-107")) +lg—2-107"| =d([p—p1 —2-107") = |g —q1 — - 107"|.

But then we have

o(lp—2-107") + |g —z - 107"
>o(lp—p1—2-107")) + ¢ —qn — - 107" + &(|p1]) + |1
o(lp—p1—2-107" + |p1]) + ¢ —qu — 2 - 107" + |qu|

(

>
>o(lp—x-107") +|¢g —x- 107",

which is a contradiction.
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Case 3: We know that w) € (a'°), so let w} = a'%. Since t~'wit = w’ = aPb?,
we must have p = ¢ = ¢. Now, we have

t e b w = w' =t wit,
so w ends in the letter ¢. Let w = wit. Then w} = t " 1 a®Yw;. Therefore,
Wy = a*mb*ytnflw_i = a Th Yt el
If n =1, then w; = a'®~*b7¥, so by the previous lemma, we have
jw| = |wi| +1 = ¢(|10c — [) + |y + 1.
But by our assumption,

z|(1 — 107+ . »
=10 4 o — - 107 + g — 2107

=yl +1+¢(lc—z-107") +Jc—z-107"].

lw| < |y| +n+

Putting these together, we get
¢lc =2 -1071)) + Je — 2 - 1071| > ¢(]10c — =),

which contradicts lemma 5.62. Therefore, n > 1.

Since |wy| = |w| — 1, by the minimality of |w|, we must have
wn] > Jyl +n — 14 1210 _;O_W) +¢(|10c — 2 - 107" ) + 10 — - 107"
=yl n— 14 FEZI0 a0 — 2207
Therefore,
gl +n 4 10 _910%1) T g([10c — z - 107+))
<yl +n+ 20 _910_”+1> +élle—z-107") + e —z - 1077,
which contradicts lemma 5.62. ]

Theorem 5.65. The pair (G, S3) does not enjoy the loop shortening property.

Proof. Let k € Z~,. We will show that there is a loop [ in I'(G, S3) such that
there is no shorter loop I’ in I'(G, S3) which k-fellow travels with {. Hence this will
show that I'(G, Ss) does not satisfy the loop shortening property. Let [ be the loop
given by the word

w = 2R bt 1pl01pl00 | plO*F T g2k 11y 1p=104=17,-100 =107 — 1y

We can easily check algebraically that w = 1, so this is indeed a loop. Now let I’
be a loop which k-fellow travels with [. Then we just need to show that the length
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of I" is at least the length of [. First we will prove that there are vertices vy, vg, v3
and v, which [” passes through in that order, which take the forms:

v = tkax, vy = a’?, vz = ' btk and Vg = a102k—547
where x,y, 9, 84 € Z with |sa|, |s4| < 10k.

Let T be the Bass-Serre tree of the HNN-extension and let f : I'(G,Sy) — T
be the associated quotient map. Since [ and [’ k-fellow travel, there is some vertex
v in " which is within a distance of k of the point a'. Similarly, there is a vertex
w in I’ which is within a distance of k of the point a'®“bt2*. Let p be a path in T’
made up of a geodesic between a' and v, a path in one of the directions along I’
between v and u and a geodesic between u and a'%" b2 Now, the vertices in the
simple path in T between f(t2%) and f(a'bt?*) are

FER),FE) L @), (F(1) = F(@70), f(@7bt), ., f(a " 08™)

Therefore, the image f(p) contains the edge between f(t*™!) and f(*), so there
exists some pair of adjacent vertices vy, v} in p such that f(vy) = f(#*) and f(v}]) =
f(t*+1). Therefore, v, = t*a®V’ for some i,j and v| = t**'a” b/, Since these are
adjacent, we must have j = 0 and # = 10i’ = 105, so v; = t*a®. Finally, since
d(vi,a®) > k and d(vy, awzkbt%) > k, the vertex v; must be on I’. Similarly, there
is some vertex v = al%ptka¥ in 1.

Let v be the path between t2* and o' bt2* along | which contains 1. Let '
be the path along I’ between v and u which asynchronously k-fellow travels with
v. Since 7/ is a path between u and v, it must contain some pair of adjacent
points vq, v such that vy is in the same sheet as 1 and v} is in the same sheet
as t. Therefore, vy = a®2 for some s € Z-y. Since v and ' k-fellow travel, vy
must be within a distance of k of v. Therefore, |sy| < 10k. Similarly, the path
between u and v along the other side of I’ passes through a point vy = 0% —sa
where s4 < 10k.

Hence I’ passes through the vertices

2%k 2k
v) = tha® vy = a®,v3 = 0’ bt*a¥ and vy = @'’ ",

in that order, where x,y, s9, s4 € Z with |ss], |s4] < 10k.
Therefore, we must have

[I'| > d(vy,ve) + d(va, v3) + d(vs, v4) + d(vy, v1).
now,

d(vy,v9) = d(a®, t*a")
1 — 107"

9

o —k

>k + 521 + (| — 55 - 107%]) + |s5 - 107¥|

+ o(|z — 59 - 107F)),
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02k

d('UQ, 'U3> = d(a/s271 b*lj tka/y)

(52 — 10%%)[(1 — 10-*+1)

> | -1+ k+

9
+ (ly — (s2 — 107%) - 107%]) + [(s2 — 10%*) - 107]
|(s2 — 10%%)|(1 — 107F)

9 + o(ly — (5o — 10%%) - 107*)),

>1+k+

d(vs,vy) = d(a™*b~ ", t*a¥)
| — sal(1 = 107%1)

> | =1 +k+ .
+ 0|y + sa- 107F]) + |- 107"

- 1—107"%
2 1+k’—|— | S4|( ) +¢(‘y+54 107k|), and

9

d(vs, v1) = (@™ 4, ka7
1102F — s4|(1 — 107F+1)
9
+ (| — (107 = 54) - 107)) + |(10™" — 54) - 107
[10%F — s4|(1 = 1075)
9

> k+

>k+

+ (| — (10% — s4) - 107%])
Therefore, we have

1 201, 05) 2, 05) + vy, 02) + v, 1)

zl”wﬂb(\x—s@ -107H))
14 k+ (52 — 102kz)|(1 —107F) + oy — (52 — 102%) - 107%))
e wet{ UE L)
s ROl s 12— ) 107%)

oy gy (52l H110% = sa] + Jsa] + [10% — s55])(1 — 107%)

9
+¢(x = 52 1074) + ¢(| (107 — s4) - 107 — )
01y -+ 50 107) + (] (52— 10%) - 1075 — )
2. 102k(1 _ 10—k)

9
+ O(|(10% — 54— 59) - 107%]) + ¢(|(s2 + 54 — 107) - 107])
2(10%F — 10%)

>2 + 4k +

>2+ 4k + +2¢<10k>_2'10_k|82—|—34|

2k k k
M+2(10 +8

+ 4K + 5 5

! 2k> =2 107" + 54
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212k_1k 1k
:2+4k+M+2(0+8

9
2(10% — 1)

+ 2k> — 21075y + s4]

=4+ 8k + —2-107F|sy + s4]

=[l| —2-107%|sy + s4]
>|1] — 20k - 107% > |I] — 1.

Therefore, |I'| > |l| — 1. But |I'| and [I| are both integers, so we actually have
1| > i]. O

Hence, we have shown that the pair (G, S;) enjoys the basepoint loop shortening
property (BLSP), and hence also the loop shortening property, whereas (G, Ss)
does not satisfy the LSP and hence does not satisfy BLSP either. Therefore, the
two properties LSP and BLSP both depend on the generating set.
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Chapter 6

Geodetic graphs and groups

6.1 Geodetic graphs

Definition 6.1. A graph I is called geodetic if for every pair of vertices v, w in I’
there is a unique geodesic between v and w.

Geodetic graphs were first defined by Ore [22, p. 104]. Since then a large amount
of work has been done in an attempt to characterise them. Watkins did this in the
case of planar graphs in his doctoral thesis and later he and Stemple simplified the
proof [30]. Blokhuis and Brouwer have essentially characterised geodetic graphs of
diameter 2 [3].

Theorem 6.2 (Stemple and Watkins [30]). In a planar geodetic graph, every block
B can be obtained from either Ko, K3 or K4, by replacing each edge with a finite
chain of edges. In other words, B is conformal to one of these three graphs.

Proposition 6.3. Let I be a geodetic graph. If ag,aq,...,a, and by, by, ..., b, are
geodesics in I which only intersect at ag = by and a, and b, are joined by an edge,
then the cycle ¢ given by vertices ag, ay, ..., ap, by, bp_1,..., b1, (bg = ag) is conver.

Proof. Since the geodesic between ag and a,, does not pass through b;, any path
from ag to a, which passes through b; has length at least n + 1. So d(a,,b) > n.
But the path a,,b,,...,b; has length n, so it is a geodesic.

Now we have geodesics between a,, and each of the vertices by and b; which go
in opposite directions around c¢. So we can use the same argument as before to
show that by, (by = ag),as,...,a,_1 is a geodesic. Repeating the same argument
shows that every path of length n around the outside of ¢ is a geodesic. But any
path of length at most n on the cycle is contained in a path of length n, so it is
also a geodesic.

Finally, the length of the cycle is 2n + 1, so any two points on ¢ are joined by a
path of length at most n on ¢, so this path is a geodesic. Hence, for any two points
on ¢, the geodesic between them is contained in ¢, therefore ¢ is convex. O

Definition 6.4. A graph I' is called [-almost geodetic if for any pair of vertices
v,w € V(I') with d(v,w) > 1, and any pair of geodesics g1, g2 between v and w,
the geodesics g; and g intersect at some point other than v and w.

69



Proposition 6.5. A graph I is geodetic if and only if it is 0-almost geodetic.

Proof. 1If T" is geodetic then for any pair of vertices v,w € V(I') with d(v,w) > 0
(i.e., v # w) and any pair of geodesics g;, g2 between v and w, the geodesics ¢g;
and g9 are the same. Therefore, g; and g, certainly intersect at a point other than
v and w.

Now we will assume that I' is 0-almost geodetic and prove that I" is geodetic.
Suppose for the sake of contradiction that I" is not geodetic. Let v,w € V(I") be
distinct vertices such that there are multiple geodesics between v and w and such
that d(v,w) is minimal. Let g; and go be distinct geodesics between v and w. By
the minimality of d(v,w), the geodesics g; and g, must not intersect at any point
other than v and w. But this contradicts the fact that I' is 0O-almost geodetic. [J

Proposition 6.6. A graph U is l-almost geodetic if and only if every block in I is
[-almost geodetic.

Proof. First we will assume that I' is [-almost geodetic and prove that any block
B in I' is [-almost geodetic. Let v,w € V(B) with d(w,v) > [ and let g1, g» be
geodesics in B between v and w. We will show that ¢g; and g intersect at some
point other than v and w. Since g1, g are geodesics in B, they are also geodesics
in I Therefore, since I' is [-almost geodetic, ¢g; and gy intersect at some point
other than v and w.

Now we will assume that every block B in I' is [-almost geodetic and prove that
I" is [-almost geodetic. Let v,w € V(I') with d(w,v) > [ and let g1, g2 be geodesics
in I between v and w. We will show that g; and g, intersect at some point other
than v and w.

Suppose for the sake of contradiction that g; and go only intersect at v and w.
Then the union of ¢g; and g, forms a simple cycle, so this cycle is contained in some
block B in I'. Therefore, g; and g, are geodesics in B. Now by our assumption, B
is [-almost geodetic, so ¢g; and g, must intersect at some point other than v and
w, which is a contradiction. O

Theorem 6.7. Let I' be a graph which is l-almost geodetic. If l; and ls are two
non-intersecting infinite geodesics in I'(G,.S) then the Hausdorff distance between
Iy and ly is infinite.

Proof. Suppose for the sake of contradiction that the Hausdorff distance between
[y and [, is finite and let this distance be k.

Let the vertices in [; be ag, aq, ... in that order, let the vertices in [y be by, b, . ..
in that order and let m = d(aq, bo).

We will first prove that if z,y € Z~, then |z —y| < m+d(az, b,). If z,y € Z,,
we have

x = d(ag, a;) < (ag, by) + d(bo, by) + d(as, by) = m +y + d(as, by),
so x —y <m+d(az,b,). Similarly, y — x < m + d(a,,b,). Therefore,

|z —y| < m+d(as,by).
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We will now prove that if i, j € Z~( then d(a;, b;) — |i — j| is bounded between
—m and m + 2k. If i,j € Z~, then since the Hausdorff distance between [; and
ly is equal to k, there is some positive integer s such that d(a;, bs) < k. Now,
i — s| <m+d(a;,bs) <m+k and |i — j| < m+d(a;,b;). Therefore,

—m < dlai,by)—li—j| < d{as,b,)+d(be, by)—li—j| < k+ls—j|—li—j| < k+|s—i] < m+2k,

so d(a;,b;) — |i — j| is bounded between —m and m + 2k.
Define f : Z? — Z by

f@,5) = d(ai, bj) +i —j.
Then
fG,J+1) =d(ai,bja) +1 =5 —1 < d(a;, bj) +1+i—j—1= f(i,]),
so f is decreasing in j. Also,
fli+1,5) = d(ai1, b)) +i+1—j>dai, b)) —1+i+1—j=f(i]),

so f is increasing in .
Now, f(i,7) = d(a;,bj)+i—j > d(a;, bj) —|i — j| > —m. Therefore, for fixed 1,
f is decreasing in j and bounded below, so lim;_, f(4, j) exists. For i € Z-o, let

j—o0

Note that for j > ¢, we have f(i,j) = d(a;,b;) — |i — j| <2k +m, so ¢; <2k +m.
Moreover, since f is increasing in i, the sequence ¢, co, . .. must also be increasing.
But this sequence is bounded above, so it must converge to some constant c.

Let 41 be an integer such that ¢;, = c and let j; be an integer such that
fli1,71) = ¢;; = c¢. Now let is be any integer such that

ig >0 + Cl((lil,bjl) + 1.

Then since iy > i1, we have ¢;, = ¢. Let jo > j; be an integer such that f(is, j2) =
Ci, = C.

Now let g1 be a geodesic path from a;, to b;, and let go be a geodesic path from
a;, to bj,. Let p; be the path along I, from a;, to a;,_;, let p} be the path along Iy
from a;,—; to a;, and let py be the path along [y from b;, to bj,. Since jo > j; we
have f<i17j2> =¢, 80

d<ai17bj2) =c+ j2 —i = (C +j1 - il) + (32 - ]1) - d(ailv bjl) + d<bj17 bj2)'
Also,

d(aimbjz) =cC +j2 - il = (C +j2 - ZZ) + (22 - Zl) = d(&iw bjz) + d(ain aiQ)'

Therefore, g; followed by py is a geodesic from i; to jo, and p; followed by p)
followed by g5 is also a geodesic from iy to j. Since p} is on l; and ps is on Iy, the
path p| does not intersect with py. Also, the first vertex in p is a;,; and

d(a”h) aiQ—l) = i2 - l - 7:]- > d(ah? bjl)?
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whereas the last vertex in gy is b;,. So every vertex in p} is further from a;, than
any vertex in g;. Therefore, p| does not intersect with g;.

Finally, let  be the last point in p; which intersects with g;p, and let y be
the first point in g which intersects with g;p,. Then the sections of p;p|g> and
g1p2 between x and y form two non-intersecting geodesics. Moreover, one of these
contains p}, so d(z,y) > [. But this contradicts the fact that I' is l-almost geodetic.

O

6.2 Geodetic groups

Definition 6.8. We call a group G geodetic if it has some generating set S such
that I'(G, S) is geodetic.

Definition 6.9. We call a group GG almost geodetic if it has some generating set
S such that I'(G, S) is l-almost geodetic for some [

Example 6.10. The group (a,b, c,d : a® b, d?, abab, (bedc™')3) is not basic as the
subgroup (a, b, cdc™!') is a non-trivial amalgamated free product. As expected, the
Cayley graph with respect to this generating set is not geodetic (for example ab
and ba are different geodesics which represent the same group element). It is,
however, 12-almost geodetic, so there exist almost geodetic groups which are not
basic.

Lemma 6.11. Let G be a virtually free group with finite generating set S. There
exists some constant k such that if p is a path in T'(G,S), between vertices u and
v, and x 1S a vertex which lies on a geodesic between u and v, then the distance
between x and p is at most k.

Proof. Since G is virtually free, the Cayley graph I'(G,S) is quasi isometric to
a tree. Let f : I'(G,S) — T be a quasi-isomorphism and let d denote the path
metric in both 7" and I'(G,S). Then there exists some constant ¢ such that if
vy, v € V(I'(G, S)) then

%d(vl,w) C e < d(fw), F(0s)) < cd(vr, 1) + .

We will show that the statement in the lemma is true for k = 5¢* + 3¢2.

Let (u = z1),x9,...,2Zy_1, (x, = v) be a geodesic in I'(G, S), between vertices
u and v, and let p be any path between v and v. Then we just need to show that
for 1 < m < n, the distance between z,, and p is at most 5c* + 3¢2.

Let ¢ be the simple path between f(u) and f(v) in T" and let ¢ be the closest
point on ¢ to f(x,,). We will first show that d(f(z,,),t) < 5c®. If t = f(z,,), then

d(f (@), t) = d(f (2m), f(2m)) < cd(@m, 2m) + ¢ = c.

Otherwise, if t # f(z,,), we break the tree T into two subgraphs 7} and 7, which
only intersect at ¢:

e T is the set of points s in T such that the simple path between s and f(z,,)
passes through t.
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o 11 =(T\Ty) U{t}.

Then 77 contains f(x,,) and Ty contains f(u) and f(v). Moreover, any path
between a point in 7} and a point in 75 passes through ¢.

Let ¢ and 7 be the maximum and minimum values respectively with i < m < j
such that z;,z; € T5. Then ;1,1 € T1. Therefore,

d(f (i), f (7)) < d(f(x:),) +d(t, f(z;))
< d(f (i), f(2ig)) +d(f (1), f(25))
< cd(xi, xi41) + ¢+ cd(xj_q,25) + ¢
= 4c.

Therefore,
j—i=d(ziz;) <cd(f(z:), fla;) + & <52

Hence,
d(f(zm),t) < d(f(zn), f(2:) < cd(Tp, z;) +c=c(m —i+1) <c(j—i) <5

Now let the vertices in p be (v = y1),%2,.--,Yn-1, (Yo = v). Then, since
the simple path between y; and y, passes through ¢, there must be some h €
{1,...,n — 1} such that the simple path between y; and y;,1 passes through t.
Hence, the distance

d(yn,t) < d(yn, yns+1) < 2c.

Therefore,

d(w s yn) < cd(f (), fyn)) + ¢
< cd(f(xm),t) + cd(t, f(yn)) + ¢
< 5¢t 4 3¢

]

Lemma 6.12. Let G be a virtually free group and let S be a generating set for G
such that T'(G,S) is almost geodetic. If a € G has infinite order, then there is a
bi-infinite geodesic | and a finite constant k such that any point in [ is within a
distance of k from a vertex corresponding to an element of (a). Moreover, there is
some t such that | is stabilised by a’.

Proof. From lemma 6.11, there is some constant k' such that any point on a
geodesic between two points in I'(G,S) is within a distance of k' of any path
p between the same two points. Let

k=K +d(1,a).

Let vy, vg,...,v, be all of the vertices in the ball B(1,k) of radius k& around
the identity. Now, since G is virtually free, the language of geodesics for the pair
(G, S) is regular. Let ¢ be the number of states in a (deterministic) finite state
automaton for this language. Let s € Z-( such that d(1,a®) > cn and let p be a
geodesic between 1 and a®.
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We construct a path p’ between 1 and a® by joining s copies of a geodesic
between 1 and a. Then every point on p’ is within a distance of d(1,a) of an
element of (a). Moreover, every vertex in p is within a distance of £k’ of a point
in p’. Therefore, every vertex in p is within a distance of k of an element of (a).
Hence each vertex in p can be written as a‘v; for some i, j € Z, with 1 < j < n.

Let ¢192...9m be the word corresponding to p. Then m > cn, so by the
pigeonhole principle, at least n+ 1 of the words g1, ¢192, ..., 9192 - . . gm correspond
to the same state of the finite state automaton. Hence at least 2 both correspond
to the same state and are in the same set (a)v;. Let these two words be g ... g,
and ¢;...gy, with y > 2. Since g;...g, and g; ... g, are in the same state W of
the finite state automaton, W is an accept state and the word g, ... g, moves W
to W in the finite state automaton. Therefore, the word ¢,¢s . . . g, followed by any
power of g,i1...g, corresponds to state I, and hence is a geodesic. Hence, we
get a bi-infinite geodesic [ by repeating the word g, ... g, infinitely many times

in both directions, starting at v;. Moreover, g, y1...g, = Uj_latvj for some t, so

1 C {a")p C (a)p.
Hence every vertex in [ is within distance k of (a). O

Theorem 6.13. Let G be a virtually free almost geodetic group. Then every two-
ended subgroup of G is basic.

Proof. Let S be a finite generating set for G such that I'(G, S) is almost geodetic.
Let vg be the vertex corresponding to the identity in I'(G,.S).

Suppose for the sake of contradiction that H is a 2-ended subgroup of G which
is not basic.

Since H is 2-ended, it must be virtually Z. Let a € H be a generator of such a
subgroup, so H is virtually (a). Now, since a has infinite order, we can use lemma
6.12. So there is a bi-infinite geodesic [ and a constant £ such that any point in [
is within a distance of k from some vertex corresponding to an element of (a).

Consider the set P of all geodesics p in I' such that every vertex in p is within
a distance of k of a vertex corresponding to an element of H. Then [ € P, so P is
non-empty. Also, for any p € P and h € H we have hp € P.

Now we will show that there is a vertex v in I" such that every geodesic p € P
passes through v.

First we will show that if p;,ps € P, then the Hausdorff distance between p;
and p, is finite. Let S’ be a finite generating set for H and let

k' = max{k} U {d(1,s)|s € S'}.

Then the subspace H' of I" given by H' = {z € I'|d(z, H) < K’} is connected.
Moreover, any p € P is contained in H’. Finally, since H is two-ended, H' is also
two-ended. Therefore, if x is a point in p;, then there is a finite ball B, centred
at x whose removal breaks H' into two infinite pieces, so the ball must intersect
p2. By the definition of H’, the group H acts on H’ with finitely many orbits.
Therefore, the radii of the balls B, are uniformly bounded. Hence, every point
of p; is within a uniformly bounded distance of py. Conversely, every point in py

74



is within a uniformly bounded distance of p;. Therefore, the Hausdorff distance
between p; and ps is finite.

Now consider the largest k such that there are vertices u and v in I' with
d(u,v) = k and geodesics p; and ps between u and v, which only intersect at u
and v such that p; and p, are both subpaths of geodesics in P. Note that k is
finite because I' is almost geodetic. We will show that any geodesic p € P passes
through v.

Suppose that p does not pass through v.

If p does not intersect either p; or ps, then we can extend p; in both directions
until it does intersect with p, say at v’ and v’. Then we get a pair of geodesics
between u' and ©" with the same condition as p; and py. But d(u/,v") > k, which
contradicts the maximality of k.

If p does intersect with p; or ps, then without loss of generality, the closest
intersection of p to v is with p;. Let this intersection point be w. Now we extend
po beyond v until it intersects p and let the intersection point be v'. Then we
have two non-intersecting geodesics between u and v’, and d(u,v") > k, but this
contradicts the maximality of k.

So all paths p € P pass through v.

Now, if p € P and h € H, then h™'p € P, so h™!p passes through v. Therefore,
p passes through huv.

Now let p € P be an arbitrary element and let vg = v. Also, let {... v_1,vg,v1,...
be the orbit of v under H, with the order given by the order that the vertices appear
along p. Then if m; < mg < my are integers, we have d(vp,, Um,) + d(Vimg, Ums) =
d(Vimy, U )-

Now we can think of ..., v_q,vg,v1,... as the vertices of a tree T, where for
each i, there is an edge between v; and v; 1. Since {...,v_q,vg,v1,...} is an orbit
of the action of H on I'; any element h of H permutes the vertices of T'. Moreover,
two vertices v; and v; are adjacent if and only if there is no other vertex v such
that d(v;,v;) = d(v;, vg) + d(vg, v;), and this condition is preserved by the action
of any h € H. Hence, the action of H on {...,v_y,v9,v1,...} extends to an action
on 7. Finally, no element h € H fixes any vertex v;, so no element fixes all of T'.
Therefore, H is a subgroup of the automorphism group Aut(7) = D, so H is
basic. O

Theorem 6.14. Let G be a group with finite generating set S such that I'(G, S)
is l-almost geodetic for some l. Suppose also that every block in T'(G,S) has 0 or
2 ends. Then G 1is basic.

Proof. By theorem 3.19 We can write G as
G=F=]]G:
k

where each Gy, is the stabiliser of some block in I'(G, S).

Since each block has 0 or 2 ends, each block stabiliser G5, has 0 or 2 ends. If
G, has 0 ends it is finite and therefore basic. If GG}, has 2 ends, then since it is a
subgroup of G, the previous theorem implies that G}, is basic. Therefore, GG is a
free product of finitely many basic groups so it is itself basic. O]
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6.3 Almost geodetic groups which are not virtu-
ally free

Definition 6.15. Let I" be a graph and let vy € V(I'), call this the root vertex.
We construct a tree T with the same vertex set as I' as follows:

For each vertex v # vy in V(I') at distance k from vy, there is some edge
(u,v) € E(I') such that u is at distance k — 1 from vg. For each v, choose one such
edge (u,v) and add it to E(T).

We call T' the shortest path tree of I' with root vy.

Proposition 6.16. IfI" is geodetic then for each vertex v € V(I') the shortest path
tree of I' with root v is unique.

Proof. For each vertex v in I" there is only one choice of edge (u, v) since otherwise
there would be multiple shortest paths from vy to v. Therefore the shortest path
tree is unique. O

Definition 6.17. For a constant «, we call two vertices v and v in I a-converging
if there is a point a in I, at a distance of at least a from vy, which may be either a
mid edge or a vertex, such that v and v are on different geodesics between vy and
a which intersect only at vy and a.

We simply call © and v converging if they are 1-converging.

Definition 6.18. We call two vertices u and v in I' co-converging if they are
a-converging for arbitrarily large «.

Lemma 6.19. If x and y are oo-converging vertices in I then there is a vertex
x' which is adjacent to x, with d(x',vy) = d(x,v) + 1 such that ¥’ and y are
00-CONVETYINg.

Proof. Let X be the set of vertices v which are adjacent to z and which satisfy
d(xq1,v0) = d(x,v9) + 1. Then since the degree of x is finite, X is finite.

For any o > d(vg, x), there is some a with d(a,vy) > « and geodesics [; and Iy
between vy and a which intersect only at vy and a, such that x is on [; and y is on
l5. Let xq be the vertex adjacent to x on [; which lies between x and a. Then x;
and y are a-converging. Also, d(x1,v9) = d(x,v0) + 1, so z; € X.

Therefore, for any « there is some vertex x; € X such that x; and y are a-
converging. But X is finite, so there must be some 2/ € X such that =’ and y are
a-converging for arbitrarily large . So 2z’ and y are oo-converging. [

For the remainder of this section, let G' be a group with finite generating set S,
let T be a shortest path tree of I'(G, S) whose root vy is the vertex corresponding
to the identity, let d be the path metric in I" and let d’ be the path metric in 7.

Lemma 6.20. Suppose that there is some constant k such that if (u,v) is an edge
in I', then d'(u,v) < k. Then G is virtually free.

Proof. 1f x and y vertices in I'(G, S), let d(x,y) = m. Then there is a path
(.Z' = ajO)axla < Tm—1, (gjm = y)
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in I'(G, S). So d'(z,y) < d(zo,21) + ...+ d(Tm-1,Tm) < mk.

So for any vertices x and y in I'(G, S), we have d'(x,y) < kd(x,y). Therefore
the map f : V(I'(G, S)) — V(T') which takes vertices to themselves but changes
metric from d to d' is a quasi-isometry. Therefore G is quasi isometric to some

tree, so it is virtually free. m
Proposition 6.21. If G is not virtually free, there exist geodesics ag,ay, ... and
bo, b1, ... which only intersect at ag = by = vy such that for each i,j > 0, a; and b;

are 0Q-converging.

Proof. From the previous lemma, there is no constant k such that d'(u,v) < k for
every edge (u,v) in I. So for any integer ¢, there is some edge (u.,v.) in I' such
that d'(ue, v.) > 2¢. Let x be the vertex such that d'(u.,v.) = d' (ue, ) + d'(z,v,.),
d'(ue,v9) = d'(ue, x) + d'(z,v9) and d'(vo, ve) = d' (v, ) + d'(x, v.).

Now let g € G satisfy gvy = x. Let g~'v, = v/, and let g 'u, = u.. Then g~'l,
and ¢g~!'l, are non-intersecting geodesics from vy to v, and u/, respectively.

So for any constant ¢ there is an edge (u.,v.) in I' at a distance of at least ¢
from vy such that there exist non-intersecting geodesics I/, and [ from v, to u., and
vl respectively. Therefore, vy and vy are co-converging.

Now we construct vertices ag, aq, ... and by, b1, ... as follows:

[ CLOIbOZUO.

e After choosing a; and b; which are oco-converging, by lemma 6.19 there is
some vertex 2’ which is adjacent to a; such that d(vg,2’) = d(vo,a;) + 1
and z’ and b; are oo-converging. Then, again using lemma 6.19, there is
some y' adjacent to b; such that d(vo,y’) = d(vo,b;) + 1 and 2’ and 3 are
oo-converging. Let a;, 1 = 2’ and let b1 = ¥/.

Then by construction, ag, aq, ... and by, by, . .. are infinite geodesics and for any
i, a; and b; are oo-converging. So if j < i, the pairs (a;, b;) and (a;, b;) are infinity
converging. 0

Theorem 6.22. Let G be a group with finite generating set S such that I'(G,.5)
is l-almost geodetic for some 1. If (G,S) has the falsification by fellow traveller
property, then G is virtually free.

Proof. Let (G, S) satisfy the synchronous falsification by fellow traveller property
with respect to the constant k.

Suppose for the sake of contradiction that G is not virtually free. Then from
proposition 6.21 we know that there are geodesics (vg = ag), a1, as, ... and (vy =
bo), b1, b, ... in I'(G, S) such that (a;,b;) is co-converging for each 1.

From theorem 6.7, we know that the Hausdorff distance between the geodesics
ai,as, ... and by, by, ... is infinite. In particular this means that d(a;,b;) is un-
bounded. Let r be a positive integer such that d(a,,b,) > 1+ k.

Since a, and b, are converging, there is a point v in I'(G, S) such that a, and
b, are on different geodesics between vy and u which only intersect at vy and wu.
If u is a vertex of I'(G, S) then, since I'(G, S) is l-almost geodetic, we must have
d(u,vo) <, which clearly contradicts the fact that d(a,,b,) > 1+ k > .
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Therefore, u is a mid edge. So d(vg, u) = n + 1/2 for some positive integer n.

Let vg = ag,a),...,a, and vy = bj, b, ..., b, be non-intersecting geodesics
where a, and b/, are the vertices on either side of u, a, = a, and b. = b.. Then

0, b1, ..., b al is a path which is not a geodesic. So by the falsification by fellow
traveller property, there is a shorter path (v = b, = ¢o),¢1, ..., Cm-1, (cm = al,)
such that for each i < m, we have d(¢;,b;) < k.

Now, m > d(co, ¢n) = d(vo,al,) = n and m < n+ 1, so m = n. Hence vy =
Co,C1,...,Cp = al, is a geodesic. So ¢y, cq,...,6¢, and ag, ay,...,a, are geodesics
between the same two vertices of I'(G, S). Therefore, since I'(G, S) is l-almost
geodetic, d(al.,c,) <.

But d(c,, b)) <k, sol+ k> d(c.,b.)+d(al,c.) > d(al,b.)=d(a,b.)>1+k,
a contradiction.

Therefore, GG is virtually free. O]

6.4 (Geodetic groups which are not virtually free

In this section, let G be a geodetic group which is not virtually free. We wish to
reach a contradiction. We certainly fall well short of that, though we will prove
that any geodetic Cayley graph I' for such a group G does not satisfy 2-DP. Hence,
the language of geodesics in I'(G, S) is not regular.

Let S be a finite generating set for G' such that I'(G,.S) is geodetic and let vy
be the vertex in I'(G, S) corresponding to the identity. From proposition 6.21 we
have geodesics ag, aq, ... and by, by, ... which only intersect at ag = by = vy such
that for each ¢,j > 0, a; and b; are co-converging.

Lemma 6.23. The path ... by, by, (by = vo = ag), a1, as, . . . is a bi-infinite geodesic.

Proof. We just need to prove that for any positive integers ¢, j, the geodesic be-
tween a; and b; passes through vy.

Since a;4; and b;y; are converging in I'(G,S), there is a point w in I'(G, S)
such that a;;; and b;;; are on different geodesics between vy and w which only
intersect at vy and u. Let the vertices in these geodesics be vy = ag, af, ..., a!, and
vg = by, b, ..., by, with a, ; = a;4; and b, ; = b;y;. Note that this also means that
a; = a; and b = b;.

Since I'(G, S) is geodetic, u is a mid edge, not a vertex. So b/, and a;, are joined
by and edge.

Therefore, by proposition 6.3, ay,al,...,al b ... 0, (b, = ap) is a convex

4 / /o s / / / /. N / /

cycle. So the geodesic between a; and b’ is either aj, a;_y, ..., ay, (ag = bp), b}, ..., b
!/ / / / / /
OF @, Gy qy-- -y 0y by, 0L gy 0

The first possibility has length ¢ + j whereas the second has length

n—itn—j+1l>it+j—ititj—j+l=i+j+1

So ai,al_y, ..., a5, a5 = b, b, ..., 0, must be the geodesic.
Therefore, the geodesic between a; and b; passes through v O
Let the geodesic ..., by, by, by = vy = ag, ay, as, ... be called (.

78



Lemma 6.24. For any positive integer v, there are integers r,s > i and a path vy
given by co, ¢y ..., cp, which only intersects | at ¢ = a, and ¢, = by and such that
the union of v and l is convex.

Proof. Since a; and b; are oo-converging, there is a convex cycle which contains
the path a;,a;,-1,...,b;. Let (a = ¢),¢),...,c,_4,(c, = bg) be the section of
this cycle which does not travel along I. Then s',7" > i. Also n’ > r' 4+ ', since
d(co, ) = d(ap,by) =1"+ 5.

Consider such a convex cycle which minimises the value of n’ — ' — s’. This

gives rise to a path cy, ..., c, which only intersects [ at ¢y = a, and ¢, = b;. We
will prove that the union () of [ with the path ¢y, ..., ¢, is convex.
Let z,y be vertices in the union of [ with the path c¢g,...,c,. Then we just

need to show that the geodesic between x and y is contained in this union. If z
and y are both on the geodesic [, then the geodesic between x and y is contained
inl C Q. If x and y are both in the convex cycle

(ar =co)yC1yeyCnt, (€ =bs) bs_1, ... ar_1, ap,

then since this cycle is convex, it contains the geodesic between x and y. The final
remaining case is where one of the vertices y is on the cycle but not [ and the other
vertex x is on [ but not the cycle. Without loss of generality, assume that x = by
for some k > s. Suppose for sake of contradiction that the geodesic between x = by,
and y = ¢; is not contained in (). We will assume that k£ is minimal such that
this happens for some ¢; and j is minimal for this value of k. Then the geodesic
between by, and c; is not contained in @), but the geodesic between b, and ¢;_; is
contained in (). Clearly then, the geodesic between b, and c;_; cannot contain c;,
so it must be the path

Cj—1,---,C1, (CO = ar)7a7“—17 s 7bk—17bk-

Let this geodesic be called p; and let the geodesic between b, and ¢; be called ps.
Then, since ps is a geodesic, it is shorter than the path

by bie—1, -+ - bst1, (bs =€)y Cnety - o, €5

Hence |po| < k—s+n—j. Now, if p; and p, intersect at some point other than by, it
must be a vertex by, with &’ < k, but this contradicts the minimality of k. Hence, p;
and ps are geodesics which only intersect at by and whose other endpoints are joined
by an edge. Therefore, by proposition 6.3, the cycle formed by p;, ps and the edge
(¢j—1,¢;) is convex. Hence we have a new path 7" which only intersects [ at b;, and
a,, such that the union of 4" with the path by, bx_1,...,a,_1,a, is convex. But py
is a geodesic, so it is shorter than the path by, by_1,...,bst1, (bs = 1), Cpo1, ..., ¢;

V]—k—r=|p|+j—k—-r<(k—s+n—j+G—-k—r)=n—s—r.

But this contradicts the minimality of n —r — s.
Therefore, the union () of [ and the path ¢, ¢q, ..., ¢, is convex. n
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Clearly this implies that I' contains arbitrarily large convex cycles, so it does
not satisfy 2-DP.

This seems like a very unusual thing for a geodetic graph to do, though as it
turns out, it is not so unusual for Cayley graphs. For example, we saw in chapter
5 that any group with a greater than exponential Dehn function does not satisfy
2-DP. We also give the following example to show that there certainly are fairly
simple Cayley graphs with the more specific property described in lemma 6.24.

Example 6.25. The standard Cayley graph of the Baumslag-Solitar group BS(1,4),
which has the presentation (a,b | ab* = ba), has the more specific property de-
scribed in lemma 6.24. We can see this by taking the subgroup generated by a as
our bi-infinite geodesic [, so a; is the vertex corresponding to a’. Then for any two
vertices a; and a;, with j > 4, there is a path a; = ¢y, cy,. .., c3(j—i)+4 = a; corre-
sponding to the word ba?~*b(a=1)7~"b~a/~*b~!. we can easily check algebraically
that the path only intersects [ at its two ends. Moreover, it is easy to check that
the union of this path with [ is indeed convex.

6.5 Almost geodetic groups which are virtually
free

We conjecture that a finitely generated group GG embeds into an almost geodetic
group G’ if and only if G is virtually free and every two-ended subgroup of G
is basic. Given that we are unable to prove that geodetic groups are virtually
free, we are certainly unable to prove that almost geodetic groups are virtually
free. Instead we will consider a more approachable problem: We conjecture that
a finitely generated group G embeds into an almost geodetic, virtually free group
G’ if and only if G is virtually free and every two-ended subgroup of G is basic.

Notice that if G < G" and G’ is almost geodetic, then every subgroup of G
is also a subgroup of G'. Since we know that every two-ended subgroup of an
almost geodetic group is basic, this implies that every two-ended subgroup of G is
basic. Unfortunately, we are unable to show the other direction in general. In the
next chapter, however, we will prove the statement in the case that GG is a Coxeter
group. As it turns out, this is also equivalent to an interesting geometric property
of Coxeter groups, namely that all walls in the Cayley graph are finite.
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Chapter 7

A classification of Coxeter groups
where all walls are finite

7.1 Introduction to Coxeter groups

For a more thorough introduction to Coxeter groups see [7].

Definition 7.1. A Coxeter group is a group W with presentation
(81,82, .., Sn | (8i85)™9 V1 <'i,j <n),

where each m;; = 1 and m;; = m;; for ¢ # j. In particular, since each m;; = 1, each
of the generators is an involution. We call the pair (W, {sy, s2,...,s,}) a Coxeter
system.

Definition 7.2. Let (W,S) be a Coxeter system with presentation as above.
Whenever m;; < oo, we define ¢;; to be the alternating product of s; and s;
of length m,;, starting with s;. This is sometimes denoted (sisj)mij/ 2

Note that (s;s;)™9 = cijcj’il, so we can rewrite each relation (s;s;)" as
Cij = Cji-

We can easily check algebraically that if m;; is even then s;c;; = ¢;;s; and if
m;; is odd then s;c;; = ¢;58;.

Definition 7.3 (Coxeter diagram). Let (W, .S) be a Coxeter system with the usual
presentation. The Coxeter diagram is a graph with vertex set S and with an edge
between each pair s;, s; labelled by m;;. As a standard convention, we draw no
edge if m;; = 2 and we draw an unlabelled edge if m;; = 3.

Using this convention, if the Coxeter diagram A of a Coxeter group (W, S) is
not connected, then W decomposes as a direct product of the Coxeter groups given
by the connected components of A.

Theorem 7.4 (Classification of finite Coxeter groups). The finite Cozeter groups
are direct products of Cozeter groups given by the Coxeter diagrams show below.
Except in the case of I,,, the subscript n corresponds to the number of generators,
and hence the number of vertices in the diagram.
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Note that Z, is actually the same as A;, so we don’t really need to include it
separately.

Definition 7.5. If (W, 5) is a Coxeter system and 7" C S, we define Wr to be
the subgroup of W generated by T'. We call this a special subgroup. We will also
define W7 = Wg\r.

The following two theorems are part of theorem 4.1.6 in [7].
Theorem 7.6. If T C S then (Wr,T) is a Cozeter system.
Theorem 7.7. If T1,T5 C S then Wy, N W, = Wpap,.

Definition 7.8. If r € W is a conjugate of a generator, we define 2" to be the set
of midpoints of edges in I'(IW, S) which are flipped by the action of r on T'(W, S).
We call this the wall corresponding to r.

Theorem 7.9. If (W,S) is a Coxeter system and 2" is a wall in W, then the
space I'(W, S)\ Q" is made up of two isomorphic connected components which are
interchanged by r. In other words, each wall splits the Cayley graph T'(W,S) into
two 1somorphic pieces.

Note that if r is conjugate to a generator s; with r = ws;w ™!, then Q" = wQ*.
In particular, this means that the wall 2" is finite if and only if (2% is finite.

Proposition 7.10. The centraliser of s; is finite if and only if Q2% is finite.

Proof. Let C(s;) denote the centraliser of s;. By the definition of the wall Q%
we can see that C(s;) is exactly the stabiliser of Q%. Now, for any two edges
e1, es with the same label which both intersect €2%, there is some element w € W
which sends e; to ey, so w stabilises 2% and hence w € C(s;). Therefore, C(s;)
acts with finitely many orbits on Q%. Finally, the stabiliser of any point in %
contains exactly two elements: 1 and s;. Therefore, C(s;) is finite if and only if
Q% is finite. O

Definition 7.11. Let (W, S) be a Coxeter system. The nerve of W is an abstract
simplicial complex L(W, S) constructed as follows:
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e The vertex set of L(W,S) is equal to S.

e A subset T' C S defines a simplex of L if and only if W7 is finite. We denote
this simplex by o7.

Theorem 7.12. ([7], theorem 8.7.2) W is one-ended if and only if, for each sim-
plex or € L, the punctured nerve L — or is connected. In other words, the nerve
of the Coxeter system (Wg\r, S\ T) is connected.

Proposition 7.13. If (W, S) is a Coxeter system such that some wall of T'(W,.S)
is finite, then W is not one-ended.

Proof. 1If W is finite then W is 0-ended, so we are done. If W is infinite, let 2"
be a finite wall in T'(W, S). Then Q" cuts I'(W,S) into two isomorphic pieces R;
and R,. Since W is infinite, both of these pieces are infinite. Now, since 2" is a
wall in T, it must be finite, so )" is contained in some ball B(zg,r). Therefore,
I'(W,S) \ B(xo,r) contains at least two infinite pieces, so W has at least two
ends. O

We will now prove two simple propositions which we will use many times later.
Proposition 7.14. If m;; is even, then c;; ¢ Wisi}
Proof. By theorem 7.7, we have

W AW, o = Wiy = {1, 8:}.
Since ¢;; ¢ {1,s;} and ¢;; € Wy, 5,3, we have ¢;; ¢ Wi}, O
Proposition 7.15. If m;; and mj; are odd, then c;jcj; ¢ Wisit
Proof. Suppose for the sake of contradiction that c¢;;c;, € Wisit. Then
CijCik € wisitn W{Si’sﬁsk} = W{si,sk}‘

Also, s;cijcjr = cijsjcjr = cijcipSg. Hence, there is an edge e labelled by s
between c¢;jcj, and s;c;jcji, so e must intersect with the wall %, But the Cayley
graph of Wy, 5,1 is just a regular 2m.-gon, so the only edges in it which intersect
with €% are the edge labelled s; which connects to the identity, and the opposite
edge. Hence e must be the opposite edge, and it must be labelled s;. Hence
CijCjk = Cit, OT Ci.5k. Notice that ¢;jcjp, is on the same side of the wall Q% as the
identity, therefore, we must have

CijCjk = Cik Sk = SiCik-

Now consider the wall 2°¢. The path given by s;c;; only crosses this wall once, so
the path ¢;jc;, must also cross the wall at least once. Let w and ws be subwords
from the start of ¢;;cjx such that s € {s;, s;, s;} and the elements w and ws are on
opposite sides of Q%. Then wsw—! = s;,. Hence wsw™! contains the letter s; at
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least once, so ¢;; is a subword of w. Let w = ¢;jwq, so ws = c;;wys, and w;s is a

subword from the start of c;;. Hence, skcjkwlswflcjksk € Wi, .53 But

—1 —
SECjkW1SWy  CjSk = SkCjkCiWSW 1Cijcjk5k’
-1
= si(CijCik) " SKCiiCikSk
-1
:5k<cik3k) SkCikSkSk

= CikSkCik = Si,

which is a contradiction, since s; ¢ Wy, 4,3 H

7.2 Statement of the theorem

Before we state the theorem, we will need to define the set 2~ of Coxeter matrices
which we will later prove classifies Coxeter groups with finite walls, as well as a
number of other equivalent conditions.

Definition 7.16. We define .# to be the set of all Coxeter systems (W, S), where
W is finite.

Definition 7.17. For m,n € Z-, we define Loy, 41,2041 and Loy,4+1 to be the Cox-
eter systems given by the Coxeter diagrams shown below:

L2m+1

LZTn +1,2n+1

® ® ® ° 2m +1

2m+1 oo 2n+1

Definition 7.18. We define 27 to be the smallest set containing .%# and every
Coxeter system of the form L,,,, or L,, such that if M is an n X n matrix repre-
senting a Coxeter system in 27 and k,n are positive integers with 1 < k < n then
the Coxeter system (W', S") given by the (n+ 1) x (n + 1) matrix M’ defined by:

My, if1<ij<n
om 41 if {i,j} = {k,n+1}
1 ifi=j=n+1

oo otherwise

/ p—
M, =

is also an element of 27. We call the Coxeter system (I¥’, S") a (2m+1)-extension
of (W,S). Note that this operation corresponds to adding a vertex to the Coxeter
diagram of (W, S) and joining it to one vertex by an edge labelled 2m + 1 and
every other vertex by an edge labelled oc.

Definition 7.19. Finally we define 2" to be the closure of 27 under free products.
That is, 2 is the set of Coxeter systems of the form

(Wi s Wos ...« Wy, S1U...USk),

where each pair (W;, S;) is a Coxeter system in 27.
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In this chapter we will prove the following theorem:

Theorem 7.20. Let (W,S) be a Cozeter system. The following statements are
equivalent:

(a) The Coxeter system (W, S) € Z .

(b) W is virtually free and there exists a finite generating set S C W which
contains S and a function f : S' — 2Zso + 1 such that T/(W,S’) is almost
geodetic. (See example 4.11 for the definition of T7(W,S").)

(c) W embeds into a virtually free almost geodetic group G.

(d) W is virtually free and contains no two-ended non-basic subgroups.
(e) W is virtually free and the group 7 x Zs is not a subgroup of W.
(f) Every wall in the Cayley graph T'(W, S) is finite.

We will prove this in a long implication chain of the form:

(a) = (b) = (¢) = (d) = (¢) = (f) = (a)

The implications (b) = (¢) = (d) = (e) = (f) are fairly straightforward
consequences of previous results in this thesis, so we will prove them immediately.

We will prove that (a)= (b) in theorem 7.31 and, finally we will prove that
(f)= (a) in theorem 7.51 to complete the chain of implications.

Proposition 7.21. ((b)=(c)) Let (W,S) be a Coxeter system with W virtually
free and let S’ be a generating set for W which contains S. Suppose further that
there exists some function f : S" — 2Z>o+1 such that T/ (W, S") is almost geodetic.
Then W embeds into a virtually free, almost geodetic group G.

Proof. We know from example 4.11 that there is an integer k£ and a generating set
S" for G * F), such that every block in T'(W * F},, S”) is isomorphic to I'/ (W, S").
Therefore, since I'/(W,S’) is almost geodetic, every block in T'(W * Fy, S”) is
almost geodetic. Therefore, I'(W x F, S”) is an almost geodetic graph, so W * Fj,
is an almost geodetic group. Therefore, W embeds into the almost geodetic group

Finally, since W is virtually free, W x I} is also virtually free. So W embeds
into the almost geodetic, virtually free group W x Fj,. O

Proposition 7.22. ((¢)=(d)) Let W be a Coxeter group. If W embeds into a
wirtually free, almost geodetic group G then W is wvirtually free and contains no
two-ended subgroups.

Proof. Since G is virtually free and almost geodetic, we know by theorem 6.13 that
G does not contain any two-ended non-basic subgroups. Therefore, W contains no
two-ended subgroups. Moreover, since W is a subgroup of a virtually free group,
W is virtually free. O
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Proposition 7.23. ((d)=(e)) Let W be a virtually free Cozxeter group which con-
tains no two-ended, non-basic subgroups. Then Z X Zo is not a subgroup of W.

Proof. The only two-ended basic groups are Z and D, so Z X Zs is a two-ended,
non-basic group. Therefore, Z X Zs is not a subgroup of W. O]

Proposition 7.24. ((e)=(f)) Let (W, S) be a Coxeter system, with W virtually
free. If Z X Zs is not a subgroup of W then every wall in the Cayley graph T'(W, S)
is finite.

Proof. We will prove the contrapositive of this statement:

Let (W, S) be a Coxeter system with W virtually free such that I'(W, S) has a
wall which is infinite. We will show that Z x Z, is a subgroup of W.

Let Q" be an infinite wall in I'(W, S) and let r be the corresponding reflection.
Since " is infinite and there are only finitely many labels on the edges, 2" must
intersect infinitely many edges in I'(W, S) with the same label s;. Let e be an edge
with label s; which intersects with €2". Since e has label s;, there is an isomorphism
f of I'(G, S) which sends e to the edge labelled s; which connects to the identity.
Therefore, f sends (2" to the wall (2%. Moreover, every intersection of 2" with an
edge labelled s; is sent to an intersection of 2% with an edge labelled s;, so 2%
must intersect with infinitely many walls labelled Q% .

Let Ey be the set of edges in I'(G, §) with label s; which intersect 2. Then
Ey is infinite. Let H be the set of group elements corresponding to vertices at
the ends of edges in Fy. If h € H then the edge labelled s; which connects to h
is flipped by s;. Therefore, the reflection s; sends h to hs;, so sjh = hs;. Also, if
g € G and s;h = hs; then the action of s; on I'(G, S) sends g to s;g = gs; and gs;
to sjgs; = g, so s; flips the edge between ¢ and gs; (which, of course, is labelled
s;). Therefore, this edge intersects the wall 2%, so g € H. Therefore, H is the
centraliser of s;.

So H is an infinite subgroup of W. Since W is a virtually free group, H is a
virtually free group, so H must contain an element g of infinite order. Hence, (g)
is isomorphic to Z. Also, g € H which is the centraliser of s;, therefore, gs; = s;g.
Finally, s; is in the generating set for W so it has order 2. Therefore, (g, s;) is
isomorphic to Z X Zs, so Z X Zs is a subgroup of W. O]

7.3 Coxeter groups in 2 embed into almost geode-
tic groups
In this section we will prove the implication (a) = (b). We will first define the

set of Coxeter systems which satisfy condition (b) to be .7. Then we just need to
prove that 2" C 7.

Definition 7.25. Let .7 be the set of Coxeter systems (W, S) such that there exists
a finite generating set S’ for W, such that S C S” and a function f : " — 2Z>o+1
such that I'/ (W, S’) is almost geodetic.

Lemma 7.26. If (W,S) is a Coxeter system and W is finite, then I'(W,S) is
almost geodetic.
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Proof. Since W is finite, I'(W, S) is a finite graph, so it is certainly almost geodetic.
O

Lemma 7.27. Cozeter systems of the form Loy, 19041 are is 7.

Proof. Let S =a,b,c,d and let W be given by the presentation
W = {a,b,c,d | a®,b*,c, d? (ab)*™ !, (cd)® ™, (ac)?, (bc)?, (bd)?).

Then (VV, S) = L2m+172n+1-

Now let S" = {a,b,c,d,ac,bd} and let f:S" — 27>+ 1 be the constant func-
tion with image {1}. We will show that I'/(W, S") = I'(W, ") is almost geodetic.

Let d be the path metric in I'(W, S") and let u and v be vertices in I'(W, S")
with d(u,v) > max{2m+1,2n+1}. We will show that any two geodesics between
u and v intersect at some point between u and v, hence showing that I'(W, S") is
almost geodetic.

Recall that W decomposes as an amalgamated free product

W =Wl sy, Wit

so we can consider the Bass-Serre tree for the amalgamated free product. The
chambers of the Cayley graph I'(WW, S”) are shown below. The edges are highlighted
if they are on a geodesic in I'(W, S’) from the red vertex at the bottom left of each
diagram. The Cayley graph I'(IW,S’) is made up of these chambers, attached to
each other on the squares with edges labelled by b and c.

Since d(u,v) > max{2m+1,2n+1}, the vertices u and v cannot be in the same
chamber of W. Let e and €’ be the edges in the Bass-Serre corresponding to the
cosets uWyy ¢y and vWy, .y respectively. Since u and v are not in the same chamber,
the edges e and €’ do not meet at a vertex. Let (e =e1),e9,...,e,_1,(ex =€) be
the simple path between the two edges e and €/, so k > 3. Then, since each element
of S’ is in one of the groups Wi W4 the left coset of Wi,y corresponding to
any edge e; must intersect with any path between u and v.
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Let g1Wibey, 92Winey and gsWy, .y be the left cosets corresponding to e, e
and ez respectively. Let z and y be vertices in the Bass-Serre tree such that x is
contained in both e; and e; and y is contained in both e; and e3. Then g, Wy, ., and
g2Wipey are both in the chamber corresponding to z, and similarly g.Wy, .y and
93Wis.ey are both in the chamber corresponding to y. Without loss of generality, the
chamber corresponding to x is a left coset of W% and the chamber corresponding
to y is a left coset of Wit

Let g be the vertex in goWy, 4 which is on the same side of the wall 282" as
91Wipey, and the same side of the wall g»€2° as gsWy,.p. We will show that any
geodesic in I'(G, S”) between u and v passes through g.

Let p be a geodesic between u and v and let u’ and v’ be vertices in p such that
u' € giWyep and v € gsWyp. Then the part of p which lies between v’ and v/
passes through one of the vertices in {g, gc, gb, gcb}. Now,

d(ul7g) = d(ulvgc) = d<u/agb) 1= d(u/790b) -1
and
d(l}l,g) - d(vlagc) 1= d(l}l,gb) = d(vlngb) - 17

SO
d(u', g)+d(g,v") = d(u', gb)+d(gb,v")—1 = d(u', gc)+d(ge,v")—1 = d(u', gbc)+d(gbe, v')—2.
Hence p passes through g. O

Lemma 7.28. Cozeter systems of the form Lo, 1 are is 7.

Proof. Let S = a,b,c,d and let W be given by the presentation
W = (a,be,d | a?, B2, c2, d2, (ab)*™*1, (ac)?, (be)?, (cd)?, (bd)?).

Then (W, S) = Loy1.
Now let f: .S — 2Z>¢ + 1 be defined by

fla) =17, f(b) =3, flc)=1and f(d) =T

We will show that T'/ (W, S) is 1000m-almost geodetic.

Let d denote the path metric in T'/(W,S). Let u,v be vertices in I'/(W, 5)
such that d(u,v) > 1000m and and let p;, py be geodesics between u anv v.
Then we just need to show that p; and p; intersect at some point between u
and v. Since Lgpy1 splits as an amalgamated free product of Wy, .4y = Az and
Wiapey = Iomg1 X Zy over the subgroup Wy, .y, we can consider the Bass-Serre tree
T of this amalgamated free product. We will slightly abuse terminology by referring
to chambers in the graph I'/ (W, S), where we mean subgraphs of I'/ (W, S) which
correspond to chambers in I'(W, S). The chambers of the cayley graph I'(W,5),
for the case where (2m + 1) = 5 are shown below. The edges are highlighted if
they are on a geodesic in T'/(W, S) from the red vertex at the bottom left of each
diagram.
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Let «' and v’ be the vertices in T corresponding to chambers which contain u
and v respectively, such that the distance between ' and v in T is minimal. Since
d(u,v) > 1000m, the distance between u' and v’ in T is certainly greater than
6. Hence, there are vertices ¢y, co, c3, ¢4, c5 in T such that ¢, c3, ¢5 correspond to
cosets of Wy, .qy = As and ¢y, ¢4 correspond to cosets of Wigp ey = Ionq1 X Zo. Let
w1, T1, Y1, 21 be the vertices along p; in the cosets of Wy, corresponding to the
edges (1, ¢a), (co,¢3), (c3,¢4) and (cy, ¢5) in T, such that d(wq,x1) and d(yy, z1) are
minimal. Let ws, 9, Yo, 29 be defined similarly along p,.

Note that wq, x1,ws, x5 are all in the chamber corresponding to ¢y, which cor-
responds to a coset of Iy, 11 X Zy. Also, wy,w; are in the same left coset of Wy )
as each other and z;,z, are also in the same left coset of Wy, as each other.
Moreover, since d(x1,w;) is minimal, there is a geodesic path given by p; between
wy and z; which does not intersect the coset x1Wy, ) at any point other than x,
so 1 must be in the closer of the two left cosets of Wy, in Wy to wi Wy
Similarly x5 must also be in this coset, so x5 = bxy or x9 = x;. Similarly yo = by,
or a = Y1

Now we just need to consider paths in the chamber L which contains 1, y1, 22, yo.
Note that L corresponds to a coset of Wy, .qy = As, so there are six cosets of
Wiy in L. Let H, be the coset 21Wy, oy = x2Wy, o and let H, be the coset
11 Wiy = 22Wyey. Let Hy and H?’J be defined similarly. If H, and H, are not oppo-
site faces in L, then there is exactly one edge (of length 7) labelled by ¢ which joins
them. Hence p; and p, must both pass through this edge, so p; and p, intersect
at a point between v and v.

If H, and H, are opposite faces in L, then H; and H, contain unique points 3
and y3 respectively such that d(z3,ys) = 18, which is minimal. We can easily see
that the only geodesics between x; and y; pass through these points, so p; passes
through z3 and y3. Similarly ps passes through x3 and ys3, so p; and py intersect
at a point between v and v. O

Lemma 7.29. Let (W1, 51) be a Coxeter system in . Letm € Z~q and let (W, .S)
be a (2m + 1)-extension of (W1,S1). Then (W,S) € 7.

Proof. Let S| be a finite generating set for W; which contains S; and let f: S| —
27, + 1 be a function such that I'V(W7,S}) is k-almost geodetic. Let s be the

89



generator in S but not S; and let ¢ € S be the generator such that (st) has order
2m + 1. Finally, let S” = 5] U {s}. Define f':S" — 2Z + 1 by

(s = f(s') for s € S, and f'(s) = f(t) + 2.

We will show that I'/' (W, S') is (k+ (2m + 1)(2f(t) + 2))-almost geodetic. Let u, v
be vertices in I'/'(W, 8") and let [, and I, be non-intersecting geodesics between u
and v. We will show that d(u,v) < k+ (2m + 1)(2f(t) + 2).

Note that W splits as an amalgamated free product of W, and Wi,y = Iopp
over the subgroup Wyy. Hence we can consider the Bass-Serre tree T' of the
amalgamated free product. Note that the chambers in T/ (W, ") which correspond
to cosets of Wi, = Iopqq are cycles of size (2m 4 1)(2f(t) +2). Let v’ and v be
the vertices in T' corresponding to chambers which contain v and v respectively,
such that the distance between «' and v’ in T' is minimal. Since the geodesics [; and
Iy do not intersect, there cannot be any chambers corresponding to Wy, = Iomy1
which lie strictly in between v and v, so any vertices in T" which lie strictly between
u' and v’ correspond to cosets of W. Hence there is at most one vertex x in T,
corresponding to a coset of W which lies non-strictly between u' and . If there
are no such vertices x, then v’ and v" must be the same vertex and must correspond
to a coset of Wy, = Iopmy1, 50 v and v are in the same finite chamber and

(2m 4+ 1)(2f(t) + 1)
2

d(u,v) < <k+(2m+1)2f(t)+2).

Hence we may assume that there is exactly one vertex x in 7" which corresponds
to a coset of W and which lies (non-strictly) between « and v’. Let X be the
chamber corresponding to x, so X is k-almost geodetic.

Now we will construct a vertex v, in X, which satisfies d(v,v,) < (2m +
1)(2f(t) + 2)/2, along with a pair of geodesics ] and I} between u and v, which
only intersect at w and v,. If v’ = z, then v is in X, so we can simply let v, = v.

If v # x, then let z; and x5 be the vertices on [; and [, respectively, such
that x; and x, are in the coset of Wy which corresponds to the edge (v',z) in
T. Since l; and [, do not intersect except at their endpoints, x; # x5. Hence
1 = Sxs, so the geodesic between x; and x5 is the path p of length f(¢) which
corresponds to an edge in I'(W, S") labelled by t. Now, by the triangle inequality,
|d(v,z1) — d(v,z2)| < f(t). Moreover, since the chamber containing v, x; and
xo is a cycle of even length, d(v,x1) — d(v,z5) and f(t) have the same parity (in
particular, they are both odd). Therefore, there is some vertex v, on the path p
such that d(v,z1) — d(v, z2) = d(vy, x1) — d(v,, 2). Now for ¢ = 1,2 we construct
the path [} between u and v, by joining the part of the /; which lies between u
and z; to the geodesic between z; and v,. Then since any path between u and v,
passes through one of the two vertices x; and x5, at least one of the paths [, [}
must be a geodesic. But

(u, x9) — d(u, 1) = d(v,z1) — d(v, x2) = d(vp, 1) — d(vp, T2),

so I} and [} have the same length. Therefore, both I} and [}, are geodesics, so we
have constructed a pair of geodesics between u and v, which only intersect at u
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and v,. Finally, since v and v, are in the same cycle of size (2m +1)(2f(t) +2) we
must have

(2m 4+ 1)(2f(t) + 2)
5 :

In the same way we construct a vertex w, in X, which satisfies d(u,u,) <
(2m+1)(2f(t)+2)/2, along with a pair of geodesics I and 14 in T'/' (W, S) between
u, and v,, which only intersect at u, and v,.

Since {f and [ are geodesics in X which only intersect at their endpoints u,
and v,, we must have d(u,,v,) < k. Therefore,

d(v,v,) <

d(u,v) < d(u,u,) + d(up, v,) + d(v,v,) < k+ 2m+1)(2f(t) +2).
Hence, T/ (W, S") is (k + (2m + 1)(2f(¢) + 2))-almost geodetic. O

Lemma 7.30. Let (W1,S1) and (Wa, Sy) be two Coxeter systems in 7. Then the
Coxeter system (W1 x Wy, 51U S,) € T

Proof. Let S} be a generating set for W, which contains Sy and let f; : S7 — 2Z+1
be a function such that I'/1(1, S]) is almost geodetic. Let f, and S, be defined
similarly. Now define f : S] U S, — 2Z + 1 by f(s) = fi(s) for s € S]. Then
every block in I'(W; x W5, St U S,) is isomorphic as a labelled graph to a block in
(W1, S7) or T'(Ws,, S5). Hence, every block in T'/ (W * Wy, S; U S%) is isomorphic
to a block in T/1(Wy,S)) or TV2(Ws, S5). Hence, I/ (W * Wy, S; U S3) is almost
geodetic, so (W x W5, S1US,) € 7. O

Theorem 7.31. ((a)=(b)) If (W, S) is a Coxeter system in X, then W is virtu-
ally free and there exists a generating set S’ for W which contains S and a function
f:8" — 2Z>¢+ 1 such that TY(W, S") is almost geodetic.

Proof. 1f (W, S) is a Coxeter system in .#, then W is finite, so it is certainly
virtually free and almost geodetic. If (W,S) is either Lop412n41 OF Loy for
positive integers m, n, then W decomposes as an amalgamated free product of two
finite groups, so W is virtually free. If (W, S) is a 2m + l-extension of a Coxeter
system (W’ S’), then W is an amalgamated free product of W’ with a finite group
over a finite subgroup, so if W’ is virtually free, then W is also virtually free.
Hence, if (W,S) € 27, then W is virtually free. Finally, the free product of
finitely many virtually free group is virtually free, so if (W, S) € 27, then (W, 5)
is virtually free.

Finally, from lemmas 7.27, 7.28, 7.29 and 7.30, any group (W, S) € 2" satisfies
(W,S) € 7. Soif (W,S) € 2, then there exists a generating set S’ for W
which contains S and a function f :S" — 2Zs¢ + 1 such that I'V (W, S’) is almost
geodetic. O]

7.4 Coxeter groups where all walls are finite are
in 2

Lemma 7.32. Let (W,S) be a Coxeter system such that all walls of T'(W,S) are
finite. If T C S, then all walls of U'(Wr,T) are finite.
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Proof. Since T' C S and Wy is the subgroup of W generated by T', the graph
I'(Wr,T) is a subgraph of I'(W, S). Let f : I'(Wy,T) — I'(W, S) be this embed-
ding. Then if Q" is a wall in I'(Wr,T'), the image f(Q2") is contained in a wall
F(Q7) in T(W, S). Since f(Q") is finite, f(Q") must also be finite. O

Definition 7.33. Let (W, S) be a Coxeter system. We define the parity graph Py,
of (W, S) as follows:

e The vertex set of P is equal to S.

e for each pair s,t € S with s # ¢, we join s and ¢ with a red edge if the order
of st is even. We join s and ¢ with a blue edge if the element st has odd
order. Finally, if st has infinite order, then s and ¢ are not joined by an edge.

Note that we can obtain this graph from the Coxeter diagram of (W,S) by
replacing each edge with an even label by a red edge, replacing each edge with an
odd label with a blue edge and, finally, removing each edge labelled by oo.

Lemma 7.34. Let (W, S) be a Coxeter system such that all walls of T'(W,S) are
finite. If Py is complete, then W 1is finite.

Proof. Let L be the nerve of (W, S). Since all walls of I'(W,S) are finite, W is
not one-ended. Therefore, either W is finite or there is some closed simplex in L
whose removal will disconnect L.

Since Py is complete, for every pair of generators s,t¢ € S the element st € W
has finite order, so Wy, ; is a finite dihedral group. Therefore, the 1-skeleton of L
is a complete graph. Therefore, if we remove any subset of the vertices of L and all
simplices attached to those vertices, the 1-skeleton of the new simplicial complex
will still be complete. Therefore W must be finite. n

Lemma 7.35. Let (W,S) be a Coxeter system such that all walls of T'(W,S) are
finite. If ¢ is a simple cycle in Py of length at least J then there are two vertices
S1, 82 in ¢ which are not adjacent in ¢ but which are adjacent in Py . In graph
theory terminology, the graph Py, is chordal.

Proof. Suppose that c¢ is a simple cycle in Py of length at least 4 and any two
vertices s1, so in ¢ which are not adjacent in ¢ are not adjacent in Py. Let T'C S
be the set of generators which correspond to vertices in the cycle c¢. Let L be the
nerve of (Wp,T). Then the 1-skeleton of L is a cycle of the same length as c.
Since this contains no triangles, L must not contain any simplices with dimension
greater than 1. So L is a simple cycle. Therefore, if we remove any closed simplex
from L, it remains connected, so Wy is one-ended.

But by lemma 7.32, all walls of Wr are finite, so this contradicts lemma 7.13.
O

Lemma 7.36. Let (W, S) be a Cozeter system such that all walls of T'(W,.S) are
finite. Then there is no simple cycle in Py which is entirely blue.

Proof. Suppose the contrary, that there is a cycle ¢ in P, which is entirely blue.
We will assume that the vertices in ¢ are sy, Ss,...,s; in that order. Then
m; i1 is odd for 1 < i < k — 1 and my;, is also odd. Note that the subgroup
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of W generated by si,...,s, cannot be a finite group since the Coxeter diagram
contains a cycle of edges with labels greater than 2. Therefore, by lemma 7.34,
the subgraph of Py defined by the vertices in ¢ is not complete. So there exist
1 <4< j <k with m;; = oo. Without loss of generality we can assume that 7 = 1.
Then j # 2 or k, so k > 4.

Let h = crac12¢23 . .. Ck—2x—1Ck—1 % We claim that h is in the centraliser of s
and h has infinite order. Since

sph = SkCk,1C1,2C23 - - - Ck—2 k—1Ck—1,k
= Ck,151€1,2€23 - . . Ck—2 k—1Ck—1,k
= Ck,1C1,252C23 - - . Cp—2 k—1Ck—1k
= Ck,1C1,2C23 - - . Ck—2 k—15k—1Ck—1,k
Ck,1C1,2C23 - - . Ck—2 k—1Ck—1,kSk
= hSk,

h is in the centraliser of s;. By proposition 7.15, ¢y 1c12 ¢ Wisit Therefore,
CriC12 € Wsik \ Wisesit o Similarly Cj—1,jCjj+1 € Wisih\ Wisusit . Now, since
Ciiv1 € Wit if 1 <i < kand i ¢ {j — 1,5}, then we have

C23...Ck2k 1Ck—1k € W{Sl} \ W{Sl’sj}.

Finally, since the vertices sjand s; are joined by an edge labelled oo in the Coxeter
diagram of (W, S), we know that W decomposes as an amalgamated free product
W = wis} Ky {a1,s5) WHisit. Therefore, by proposition 1.13, we know that h =
(ckic12)(c2s ... Ck—ak—1Ck—1x) has infinite order. Therefore the centraliser of sy, is

infinite, so the wall Q% is infinite. A contradiction. O
Lemma 7.37. Let (W,S) be a Coxeter system such that all walls of T'(W,S) are
finite. Suppose that we have a vertex path s,,, Say, - - -, Sa, 1 Py, such that the two

edges at the ends of the path are both red while the other edges are all blue. Then
the element

I = Ca; a5Cas.a5 - - - Cap—s.a_1Can—1.axCan_2,a5_1 - - - Caz,as
has finite order in W. Note that this is not necessarily a simple path.

Proof. From the colouring of the edges in Py, we know that m,,, is even for

t=1,k—1and odd for 1 <7 < k — 1. Now, since

@it1

SCLQh = Sa26a17a26a27a3 R Cak72$ak71cakfl’akcak727ak71 R Ca27a3
= Ca17a23a20a27a3 PN Cak72»ak—1Cak—lﬂkcak—%ak—l e Caz,as
= Cay,a2Cas,a35a3 - - - Cap_s.ar—1Cap_1,arCap—2,ak-1 - - - Caz,a3
= Ca17a26a27a3 R Cak72’ak71Sakflcakfl’akcak727akfl R Ca27a3
= Cay,a2Caz,a3 - - - Cap_s,ax_1Car_1,ar5ak_1Car_2,a5_1 - - - Caz,as
= Cay,a2Caz,a3 - - - Cap_s,ax-1Cap_1,axCap_2,ar_1 - - - SazCasz,as
= Ca1,a2ca2ya3 R cak72aak71Cakflvakcak72zak71 R Ca27a38a2
= hSq,,
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h is in the centraliser of s,,. Also, since the wall {2%2 is finite, we know from
proposition 7.10 that the centraliser of s,, is finite. Since h is an element of this
centraliser, (h) is a subset of this centraliser. Therefore, (h) is finite. So h has
finite order in W. O

Lemma 7.38. Let (W,S) be a Coxeter system such that all walls of T'(W,S) are
finite. If p is a simple edge path in Py of length at least 2 between vertices s and
t such that the two edges on the ends are red and all of the other edges are blue,
then there is an edge between s and t.

Proof. We will assume that the vertices in the path are sy, s, ..., s, where s; = s
and s = t. Since the path contains at least two edges, it contains at least
three vertices, so k& > 3. From lemma 7.37 we know that the element h =
€12€23 - . . Ck—2 —1Ck—1 kCk—2,k—1 - - - C2,3 has finite order in W.

Now suppose for the sake of contradiction that there is no edge between s = s;
and ¢t = s;.

From proposition 7.7 we know that W5 0 Wiy v = Wiy = {1,52}, so
cro ¢ Wil Therefore, ¢ € Wik \ Wistsil Similarly ¢,y € Wi\
W istsih, Now, since ¢; ;41 € Wistsid for 1 < i < k — 1, we have

s 51,8
€23+ -Ck—2k—1Ck—1kCk—2k-1---C23 € W{ 1} \ W{ ! k}

Finally, since the vertices sjand sj are joined by an edge labelled oo in the Coxeter
diagram of (W, S), we know that W decomposes as an amalgamated free product
W = wist *pylsrisn} Wiskl. Therefore, by proposition 1.13, we know that h =
(c12)(c23 ... Ch—2k—1Ck—1kCk—2k—1 - - - C23) has infinite order. A contradiction. [

Lemma 7.39. Let (W, S) be a Cozeter system such that all walls of T'(W,S) are
finite. Let s185...5,81 be a cycle in Py such that the edges (s1,s2) and (s1, Sg)
are red and all other edges in the cycle are blue. Then every vertex in the cycle is
joined to s; by an edge.

Proof. From lemma 7.37 we know that the element h = ¢y 2¢23 . . . Ck—1 £Ck1Ch—1k - - - C2.3
has finite order in W.

Now suppose for the sake of contradiction that there is some j with 2 < j < k
such that s; and s; are not joined by an edge.

From theorem 7.7, we know that Wy, . NW st = Wisyy. Clearly 12 & Wis,y,
soc1a ¢ Wisth, Therefore, C19 € Wsih\ Wisussd - Similarly Ck1 € Wssh\ T isussl,
By proposition 7.15, ¢; 1 ;¢; j+1 &€ Wb, Therefore, ¢; i jc; 01 € WstH\ Wisusi},
Therefore,

C23...Ck—1% € W{Sl} \ W{Sl’sj}.

Finally, since the vertices s; and s; are joined by an edge labelled oo in the Coxeter
diagram of (W, S), we know that W decomposes as an amalgamated free product
W = wist} Ky o155} WHisit. Therefore, by proposition 1.13, we know that h =
(c12)(cas .- cr_1x)(cri)(cas. .. cx_1x)"" has infinite order. A contradiction. O

Definition 7.40. We will call a Coxeter system (W, S) reduced if the parity graph
Py of (W,S) is connected, and there is no vertex with degree 1 which is only
attached to a blue edge.
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Lemma 7.41. If (W, S) is a reduced Cozeter system such that all walls of T'(W, S)
are finite then Py is 2-connected.

Proof. Since (W, 5) is reduced, Py is connected.

Suppose that Py is not 2-connected. Then there is some vertex v in Py, whose
removal disconnects Py. Let B] and B} be 2-connected components of Py \ {v}.
Let By = Bj U{v} and let By = By U {v}. Call a vertex in By good if it connects
to a red edge in B;.

We construct a simple path starting at v by travelling along blue edges until we
reach a good vertex, a vertex that we have been to before, or a vertex that is only
connected to the previous vertex in the path. If we reach a vertex u which is only
connected to the previous vertex in the path, then u has degree 1 and the edge it
is connected to is blue, contradicting the fact that (W, S) is reduced. If we reach
a vertex that we have been to before, it implies that there is a blue cycle, which
contradicts lemma 7.36. Therefore, the path must take the form wug,uq, ..., u
where 1o = v and, since we stopped at u; and not earlier, the only good vertex in
the sequence ug, . .., uy is uy.

Let ui11 be a vertex in By which is attached to u; by a red edge. Then w1 is
good, so it is not already in the path. Therefore, ug, u, ..., ury1 is a simple path
in By such that the last edge is red and all other edges are blue. Similarly we can
construct a simple path vy, v1,..., U, Une1 in By with vg = v such that the last
edge is red and all other edges are blue. Then attaching these two paths together
at v, we get the path

Um+1yUmy---501,U0 = U, Uty - -, Uk, Uk11,

which has red edges at its ends but all other edges are blue. Therefore, by lemma
7.38, the vertices u,,11 and vy, are joined by an edge. But ux1 € B} and v, €
B!, so this contradicts the fact that B} and B are disconnected components of

Py \ {v}. O

Lemma 7.42. If (W, S) is a reduced Cozeter system such that all walls of I'(W,.S)
are finite and |S| < 3 then Py is complete.

Proof. From lemma 7.41, we know that Py is 2-connected. Therefore, since Py
has at most three vertices, it must be complete. ]

Lemma 7.43. If (W, S) is a reduced Coxeter system with |S| > 3 and s € S, then
s is part of some cycle of length 3 in Py .

Proof. Since Py is 2-connected and contains more than two vertices, s must be
part of some simple cycle in Py,. Let ¢ be the cycle of minimum length. If ¢ has
length at least 4, then by lemma 7.35 there are two vertices v and v in ¢ which
are adjacent in Py but not in ¢. Then s is on (at least) one of the two arcs [
of ¢ between u and v. Hence, the union of [ with the edge between u and v is a
simple cycle containing s which is shorter than ¢, contradicting the minimality of
c. Therefore, ¢ has length 3. O

Lemma 7.44. If (W,S) is a reduced Coxeter system and |S| > 4, then there is
some s € S such that (W1} S\ {s}) is reduced.
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Proof. Lett € S. If (W1 S\ {t}) is not reduced, then the graph Py \ {t} is either
disconnected, or contains a vertex with degree 1. Since Py is 2-connected, Py \ {t}
must be connected, so there is some vertex s which has degree 1 in Py \ {¢t}. But
s must have degree at least 2 in Py, since Py is 2-connected. So s has degree
exactly 2 in Py .

By lemma 7.43 there is a cycle of length 3 which contains s. So the two vertices
u and v which are attached to s are joined by an edge. If either u or v has degree
2 then removing the other one of these vertices will disconnect the graph. So both
u and v have degree greater than 2. Therefore, every vertex in Py \ {s} has degree

at least 2. Therefore, (W} S\ {s}) is reduced. O

Lemma 7.45. If (W, S) is a reduced Cozeter system and |S| > 3, then the number
of edges in Py is at least 2|S| — 3.

Proof. We will proceed by induction. For |S| = 3, by lemma 7.42, the graph Py
is complete, so it has 3 = 2|S| — 3 edges.

For | S| > 3, we will assume that the result holds for all reduced Coxeter systems
(W', 8") where |S'| < |5].

From lemma 7.44, we know that there is some s € S such that (W} S\ {s})
is reduced. Therefore, by the inductive hypothesis, the number of edges in Py s
is at least 2|5\ {s}| —3 = 2|S| —5. But Py is 2-connected, so s has degree at least
2. Therefore, the number of edges in Py is at least 2|S| —5+2=2|5|—-3. O

Lemma 7.46. If (W,S) is a reduced Cozeter system such that all walls of T'(W,.S)
are finite and |S| = 4 then Py is complete or Py is isomorphic to a graph with
vertices {a,b,c,d} such that all pairs of vertices except a and d are joined by an
edge and the edges (a,b) and (b, c) are both red, while the edges (a,c) and (b,d) are
both blue. Note that the edge (c,d) may be either red or blue.

Proof. Let the vertices of Py be {a,b,c,d}. If Py is not complete, then there is
some pair of vertices, say a, d, which are not joined by an edge. From lemma 7.45,
Py, contains at least 5 edges. Therefore Py, contains exactly 5 edges, and every
pair of vertices apart from a,d form an edge. Therefore, a,c,d,b,a is a cycle in
Py . So by lemma 7.36, at least one of the edges in the cycle a,c,d, b, a must be
red. So, without loss of generality, assume the edge (a, b) is red. Since a and d are
not joined by an edge, by lemma 7.38 the edge (b, d) must not be red, so it is blue.
Similarly, at least one of the edges (a,c) and (¢, d) must be blue.

If the edge (a, ¢) is red, then (¢, d) must be blue. But then the cycle a, b, d, ¢, a
contradicts lemma 7.39. So (a, ¢) must be blue.

If the edge (b,c) is blue, then (¢,d) must be red, or we would have a blue
triangle. But then the path a, b, ¢, d contradicts lemma 7.38. So (b,¢) is red. [

Lemma 7.47. If (W, S) is Cozeter system such that all walls of T'(W,S) are finite
and Py is isomorphic to a graph of the form described in the previous lemma, then
(W, S) is either Loy11 or Lopm 12041 for some m,n € Zy.

Proof. Let the vertices in the graph Py be s1, $2, 53, S4 such that all pairs of vertices
except $1, s, are joined by an edge. Moreover, assume that the edges (si, s2) and
(s2,53) are both red, and the edges (si,s3) and (sq,s4) are both blue. We will
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show that if the edge (s3,s4) is blue, then (W, S) = Ly, 1 for some m € Z- and
if (s3,54) is red, then (W, S) = Loy11.2n41 for some m,n € Zy.

Case 1: The edge (s3, s4) is blue.

We will first prove that m, o and mq 3 are both equal to 2. By lemma 7.34,
the group W} is finite. Hence we must have mi2, M3 < 6. Also, at least one
of mi 9 and ma 3 is equal to 2. Therefore, if either m;o > 2 or mg 3 > 2, the one
which is not equal to 2 must be equal to 4. Moreover, in this case we must have
my 3 = 3. Therefore, (my 2, my 3, ma3) is either (4,3,2), (2,3,4) or (2,2n+1,2) for
some n € Z-g.

Note that ss, 51, S3, S4, S2, S1 is a path with red edges at its ends and blue edges
everywhere else, so by lemma 7.37, the element

h = C2,1C1,3C3,4C4,2C21C4,2C3 4C1 3

has finite order. Hence, ¢ 3¢2,1€1,3¢34C42C21¢42¢3 4 also has finite order.

Now, by proposition 7.15, we have ¢34¢42,C12¢34 ¢ Wisst and by proposition
7.14, we have ¢y ¢ W11}, Hence, if ¢; 3¢01¢13 ¢ W1}, then by proposition 1.13,
the element ¢ 3¢2,1¢1,3¢3 4Ca,2C2 1€ 2C3 4 has infinite order in W, a contradiction. So
C1,3C2,1C13 € Wisi}, Therefore,

C1,3C2,1C1,3 € Wit n W{81,52,83} = W{Smss}'

Now we can just check the Cayley graph of C5 to see that this is not the case when
(M2, My 3, ma3) is either (4,3,2) or (2,3,4). Therefore, m; 5 = mg3 = 2.

We will now prove that mg4 and ms,4 are both equal to 3. By lemma 7.34,
the group Wst} is finite, hence we must have Mo, M3 < 6. Also, ma4 and mg 4
cannot both be equal to 5. Therefore, (mq4,m34) is either (3,3), (3,5) or (5, 3).

Note that sq, s9, S4, S3, S2 i a path with red edges at its ends and blue edges
everywhere else, so by lemma 7.37, the element

h = C1,2C2,4C4,3C32C4 3C2 4

has finite order.

Now, by proposition 7.14, we have ¢, ¢ Wt} hence, if cy4c43¢32¢43¢04 ¢
Wisst then by proposition 1.13, the element ¢; 2¢2 44 3¢3 2€4 3¢2 4 has infinite order
in W, a contradiction. So ¢34¢43C32C43C24 € Wisat . Therefore,

C2,4C4,3C32C43C2 4 S W{84} N W{Sl} = W{52,53}-

Now we can just check the Cayley graph of Hj to see that this is not the case when
(ma3, Mo, msy4) is either (2,3,5) or (2,5,3). Therefore, mo4 = mg4 = 3. Hence,
(W, S) = Lopt1, where 2n + 1 = my 3.

Case 2: The edge (s3,s4) is red.

As in Case 1, (my2,m1 3, ma3) is either (4,3,2), (2,3,4) or (2,2n + 1,2).

Note that sg4,ss,s1,s3 is a path with red edges at its ends and blue edges
everywhere else, so by lemma 7.37, the element

h = C4,2C21C1,3C21
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has finite order. Now, by proposition 7.14, we have ¢, » ¢ W4} hence, if C2.1C13C21 &
Wistt then by proposition 1.13, the element ¢4 2¢2 11 32,1 has infinite order in W,
a contradiction. So cy1c13¢21 € Wisitt Therefore,

C21C13C21 € w0 Wisisa.85) = Wisn,sa}

Now we can just check the Cayley graph of (3 to see that this is not the case
when (mq 9, m13,ma3) is either (4,3,2) or (2,3,4). Therefore, m; 5 = ma3 = 2.
Similarly, ms4 = 2. Hence, (W,S) = Lont12n+1, Where 2m + 1 = my 3 and
2n+1= ma.4. ]

Lemma 7.48. If (W, S) is a reduced Cozeter system such that all walls of T'(W,.S)
are finite and |S| = 5 then Py is complete.

Proof. Let S = {s1, s2, S3, 84, S5}. Suppose for the sake of contradiction that Py
is not complete. The structure of the proof is shown in the diagrams below. Grey
edges mean there may or may not be an edge and black edges denote edges of
undetermined colour.

s
o
Caze 1 5. @ ®S; Case 2
1 5 s, Case 2d
s 32‘/ e T S
5 Sy S3 5.@ s,
— >
S S )
4 3 S
'/ Case 2a S4 3 s s
s 4 3
1 S, Case 2b'/ \Case 2c ;
s
S 31 S 1
p) 1
S5 Se S;
s s s $)
. . Sg 2 s 2 5
4 3
s, S, . .
$4 S3 S, S5 4 3
S, l
s
1 s
1
S; S S
S5 s !
S5 s 2 s
5 s S, S 2
4 $3 5
s s
4 3 s, S, . 8 s
S4 3
s, . i
S 1
1
S5 S2 s S
S S S 1
S5 2 5 2 s
s s 2
s s S5 2 °
4 3
s, S, S, 83 s s
4 3
S, S,

We will consider two cases:
e (Case 1: Each vertex in Py has degree at least three.

e Case 2: There is a vertex in Py with degree (at most) two.
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Case 1:

Since Py is not complete, there is a pair of vertices which are not joined by
an edge. Without loss of generality they are s; and s;. Since s; and s, have
degree at least 3, the pairs (si,s3), (s1,54), (S1,85), (S2,83), (S2,54) and (s9, S5)
must all be edges in Py,. Also, since s1, S3, $2, S4, $1 18 a cycle, the Coxeter system
(Wss} s, 59,53,54}) is reduced. Moreover, since s; and s, are not joined by an
edge, the graph Py, (s;; is not complete, so by lemma 7.46, each vertex in Py (ss)
is attached to at least one blue edge. Therefore, the edges (s, s3) and (s1,4) are
not both red. By the same argument, no pair of edges in Py, involving s; are red.
So s7 is attached to at most one red edge in Py,. Similarly, s, is attached to at
most one red edge in Py .

Now, since si, 83, So, S4, 51 forms a cycle in Py, at least one of the edges in
this cycle is red. Without loss of generality, let the edge (si,s3) be red. Then
(s1,54) and (s1,s5) are both blue. Similarly, at least one of the edges in the
cycle sy, Sy, S2, 85,51 is red. So either (so,54) or (sq,s5) is red. Without loss of
generality we may assume that (s, s4) is red. Then (s, s3) and (s9, s5) are both
blue. Therefore, s1, s3, S2, S5, S1, S4, S2 is a path with red edges at its ends and blue
edges everywhere else. So by lemma 7.37, the element

h = C1,3C32C2 5C5 1C1,4C4 2C1 4C5,1C2 5C3 2

has finite order.
Now, by proposition 7.15, we have c32¢s 5, Cascso ¢ W2 and ¢51¢14, c1405.1 ¢
Wsith Also by proposition 7.14, we have c;» ¢ W12} and ¢; 3 ¢ W51}, Therefore,

C3,2C2.5,C42,C25C32 € Jytsnd \ Ty {sns2}

and
S 81,8
€1,3,C5,1C1,4,C1,4C51 € Ty {s2} \ W istsa}

Finally, since m; o = oo, we have
W = W{Sl} *py{s1.52} W{SQ}'

Therefore, by pI‘OpOSitiOIl 113, the element C1,3C3,2C2 5C5 1C1,4C4 2C1 4C5 1C2 5C3 2 has
infinite order in W, a contradiction.

Case 2: There is a vertex in Py with degree (at most) two.

Without loss of generality we will assume that s; has degree at most two. Note
that since Py is 2-connected, s; has degree at least two, so it has degree exactly
two. Without loss of generality s; is joined to sy and sz, but not s, or s;. From
lemma 7.45, the graph Py contains at least 7 edges, so there is at most one pair
of vertices in {sq, $3, sS4, 55} which are not joined by an edge. The pairs (s, 4),
(s2,S5), (s3,54) and (s3, s5) are all equivalent, so without loss of generality, we can
assume that if there is a pair of vertices in {ss, s3, 84, $5} which are not joined by
an edge, the pair is either (sq,s3), (s4,55) or (sg,s4). So we will break this into
four cases:

e Case 2a: Every pair of vertices in {ss, $3, 54, S5} are joined by an edge.
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e Case 2b: sy and s3 are not joined by an edge.
e Case 2c: s4 and s are not joined by an edge.
e Case 2d: sy and s, are not joined by an edge.

Case 2a: Every pair of vertices in {ss, s3, 54, S5} are joined by an edge.

If (s1, 82) is red, then by lemma 7.38 using the path si, so, s4, the edge (s2, s4)
is not red. So (s2,s4) is blue and similarly (sq,s5) is blue. Now by lemma 7.36,
the edge (s4,s5) is not blue. So (s4,s5) is red. But now the path si,s9, s4, S5
contradicts lemma 7.38. Therefore, (s1, $2) is blue, and similarly (si, s3) is blue.

Now we will consider the case where both of the edges (s, s4) and (s3, s5) are
red.

By lemma 7.37, the element c42c21¢13¢35¢C1 3¢21 has finite order in W. Now,
by proposition 7.15 we have ¢y 1¢13,¢13¢21 ¢ Witk Also, by proposition 7.14 we
have ¢s0 ¢ Wisst and Cs5 & Wiss} so Ca2,C35 € Wisysy- Therefore, cyo,c35 €
W{sl}\W{SQ,SS} and cg1¢13,€13C21 € W{S4’S5}\W{32783}. Now, since my 4, my 5 = 00,
we have W = Wisass} KW ey 0a) Wi}t therefore by proposition 1.13, the element
C42C21C1,3C35C1 3C21 has infinite order, a contradiction.

Therefore, the edges (s2,s4) and (ss, s5) are not both red. Similarly the edges
(s2,55) and (s3,s4) are not both red. Without loss of generality we may assume
that (sg,s4) is blue. Then by lemma 7.36, the edge (s3, s4) must not be blue, so it
is red. Since (s, s5) and (s3, s4) are not both red, (sg, s5) must be blue. Therefore,
using lemma 7.36 on the triangle ss, s4, s5, the edge (s4, s5) must be red. Finally
the cycle sy, s5, 89, 51, S3, 54 satisfies the conditions in lemma 7.39, so s; must be
joined to sy by an edge, which is a contradiction.

Case 2b: sy and s3 are not joined by an edge.
Then s1, $2, 84, 83,51 18 a cycle in Py, so by lemma 7.35 either (s1,s4) is an
edge, or (sg,s3) is an edge. A contradiction.

Case 2c: s4 and s5 are not joined by an edge.

Note that now the three vertices s;, s4 and s5 are symmetric to each other,
and no two of them are joined by an edge. By lemma 7.38, no two of the edges
(s2,51), (s2,54) and (s2, s5) are both red. Similarly at most one of the edges (s3, s1),
(s3,54) and (s3,s5) is red. Now by lemma 7.36, at least one of the edges in the
cycle sg, 34, S3, 51, So is red. Without loss of generality, we will assume that (s, s4)
is red. Then the edges (s2,s1) and (sg,s5) are both blue. Now again by lemma
7.36, at least one of the edges in the cycle sq, s5, 53, 1, S is red. So either (s3, s5) or
(s3,s1) is red. Without loss of generality, we will assume that (s3, s5) is red. Then
(s3,51) and (s3,84) are both blue. But now the path sy, s, s1, 83, S5 contradicts
lemma 7.38.

Case 2d: sy and s4 are not joined by an edge.

Note that if we swap s; with s4 and also swap sy with s5, then the edges do
not change. If we remove s; from Py, to form Py, (s there are still no vertices of
degree 1, so the Coxeter system (W{*1} S\ {s;}) must be reduced. Therefore, by
lemma 7.46, the graph Py (5,3 must be isomorphic to one of the coloured graphs
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described in that lemma. In particular, this means that the edge (s3,ss5) is red.
Similarly, (ss,s2) is red. Now, since Py s,) is isomorphic to one of the graphs
described in lemma 7.46 and the edge (s3,s2) is red, both the edges (ss,s4) and
(82, 85) must be blue. Similarly to (ss, s4) being blue, the edge (s3,s1) is blue.

Now, by lemma 7.36, the edges in the cycle sy, s9, s5, 54, S3, S1 are not all blue.
So either (s, s9) or (S4,s5) is red. Without loss of generality, (s4, s5) is red. Now
if (s1,s9) is red, then the path si, s, s5,s4 contradicts lemma 7.38. Therefore,
(s1,82) is blue.

Now we can use lemma 7.37 on the path sy, s5, s9, 51, S3, 5. S0 the element

h = C4,5C52C21C1.3C3,5C1,3C2,1C5 2

has finite order in W. Therefore,

-1
05,2hC5,2 = C5,2€4,5C52C21C1,3C3,5C1,3C2 1

has finite order in W.

Now, by proposition 7.14, we have cy5 ¢ Wisst However, Cso € W isal,
Therefore, C5,2C4,5C5 .2 ¢ W{S4}, SO C5,2C4,5C52 ¢ W{sg,sg}- AAISO7 C35 ¢ W{55}, SO
35 & Wis,,s5). Therefore,

C52€15C5,2, C35 € W\ Wi, (.
Also, by proposition 7.15 we have ¢y 1¢1 3, ¢13¢21 ¢ Wisitt Therefore,
C2,1€1,3,C1,3C21 € J Lsasss) \ Wiss,s3}-

Finally, since s; is not joined to s4 or s; by an edge, both m; 4 and m; 5 are
infinite. So we have

W =Wty W),

So by proposition 1.13, the element c;9¢45¢5 2C2.1¢1,3¢35¢1,3¢21 has infinite order in
W. A contradiction. O

Lemma 7.49. If (W, S) is a reduced Cozeter system such that all walls of T'(W, S)
are finite and |S| > 5, then Py is complete.

Proof. We will prove this by induction on |S|. For |S| = 5 we know that the result
is true from lemma 7.48. For the inductive step we will assume that [S| > 5 and
the result is true for any S with |S’| = |S| — 1.

By lemma 7.44, there is some s € S such that (W1} S\ {s}) is reduced. Now,
by the inductive hypothesis, Py (s is a complete graph. Now let t € S\ {s} be
any vertex other than s. We will show that (s,t) is an edge in Py .

By lemma 7.41, we know that Py is 2-connected, so s has degree at least 2.
Let s; and s, be vertices in Py which are both joined to s by an edge. If t = s
or s, we are done. Otherwise, let s3 € S\ {s1, s2,¢,s} be an arbitrary vertex and
let T = {s,s1,59,53,t}. Then, since Py is a complete graph, each vertex in
Py, has degree at least 2 and Py, is connected. Therefore, (W, T) is a reduced
Coxeter system, so by lemma 7.48, the graph Py, is complete. Therefore, s and
t are joined by an edge. Since this works for any vertex t € S\ {s}, the vertex s
is joined to every other vertex in Py by an edge. Finally, since Py (s is complete,
Py is also complete. ]
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Theorem 7.50. Let (W,S) be a reduced Cozeter system such that all walls in
I'(W,S) are finite. Then (W,S) € F or (W,S) is given by Lomi12n+1 07 Lomi1

for some m,n € Z,.

Proof. From lemmas 7.42, 7.46 and 7.49 we know that Py is either complete or
isomorphic to one of two graphs described in lemma 7.46. If Py, is complete, then
by lemma 7.34, the group W is finite, so (W, S) € .%. If Py is isomorphic to one
of the graphs described in lemma 7.46, then by lemma 7.47, the Coxeter system
(W, S) is equal to some Loy, 11,2041 O Lop 1. O

Theorem 7.51 ((f)=(a)). Let (W, S) be a Cozeter system such that every wall in
the Cayley graph T'(W,S) is finite. Then (W,S) € 2.

Proof. We will prove this by induction on |S].

If |S| = 1, then W is isomorphic to Z,, which is finite. Hence (W, S) € 2 .

Now assume that the statement of the theorem is true for all Coxeter systems
(W', 8" with |S’| < |S]. If (W,S) is reduced, then by the previous theorem,
(W, 8) € .F or (W,S) is given by some Loy, 1.90+1 OF Loy, hence, (W, S) € 2.
If (W, S) is not reduced, then either Py is disconnected or Py contains some vertex
s which has degree 1 and is only connected to a blue edge.

If Py is disconnected, then W decomposes as a free product, W = Wy« WT
for some subset T C S with T' # ¢. By lemma 7.32, all walls in I'(Wz, T') and
L(WT S\T) are finite, so by the inductive hypothesis, we have (Wr,T), (W7T, S\
T) € 2. Therefore, (W,S) € Z .

Finally, if Py contains some vertex s which has degree 1 and is only connected
to a blue edge, let this edge be (s,t). Then (W,S) is a (2m + 1)-extension of
(Wt S\ {s}), where 2m + 1 is the label on the edge (s,t) in the Coxeter diagram
for (W, S). Moreover, by lemma 7.32, all walls in T(W{} S\ {s}) are finite, so
by the inductive hypothesis, (W} S\ {s}) € 2. Therefore, since 2" is closed
under (2m + 1)-extensions, the Coxeter system (W, S) € 2. O
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